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Abstract—The presence of axial nonuniformity poses
challenges in the modelling of induction machines by dis-
rupting the machine cross-sectional consistency. To tackle
these challenges, this article presents a multi-slice mag-
netic equivalent circuit-based modelling approach. In this
model, a machine with axial nonuniformity is partitioned
into axially uniform sections along its axial direction, each
treated as a slice. The length, angular displacement, and
radial translation of each slice are determined using Gaus-
sian discretisation. Magnetic equivalent circuits are con-
structed for all slices and integrated under an identical
current excitation, forming a multi-slice magnetic circuit
model. The resultant magnetic circuit equations are com-
bined with temporally discretised electrical circuit equa-
tions, establishing a strong electromagnetic coupling. This
electromagnetic model is further weakly coupled with a
mechanical model to fully characterise machine dynamics,
thus completing an electro-magneto-mechanical coupling.
The effectiveness of the proposed modelling approach is
confirmed through experimental validation.

Index Terms—Axial nonuniformity, induction machines,
magnetic equivalent circuits, multi-slice approach.

I. INTRODUCTION

AXIAL nonuniformity in an induction machine (IM) refers
to variations in cross-sectional characteristics along the

axial direction of the machine. Among the various types of
nonuniformity, skewed slots and rotor inclination are partic-
ularly prevalent and often coexist, as illustrated in Fig. 1.
Skewed slots are widely adopted in IM designs to alleviate
permeance harmonics caused by slotting [1], [2], therefore re-
ducing electromagnetic torque ripple, total harmonic distortion
of current, mechanical vibration, and acoustic noise produced
in IMs. Rotor inclination, also known as axially nonuniform
eccentricity, is commonly observed in IMs, whose presence
can be mainly attributed to manufacturing imprecision, mis-
alignment, unequal bearing loading, and worn bearings [3],
[4]. An inclined rotor leads to an unbalanced magnetic pull
(UMP) [5]. This force amplifies motor vibration, accelerating
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Fig. 1. Side view of an IM with axial nonuniformity.

bearing wear and aggravating eccentricity [6]. Addressing
axial nonuniformity in IM modelling benefits improving mod-
elling accuracy and understanding machine intricacies.

The magnetic equivalent circuit (MEC) implemented in this
article was initially proposed by Ostović in the 1980s [7]. MEC
modelling strikes a balance between finite element modelling
[8], [9] and electrical equivalent circuit modelling [4], [10]
and offers moderate computational burden and reasonable
accuracy. It represents a machine using a geometrically based
reluctance network, thereby inherently accounting for spatial
dependencies and nonlinear ferromagnetic properties [11].
MECs have been successfully applied to characterise various
types of machines, such as squirrel-cage IMs [11], wound
rotor synchronous machines [12], single-phase machines [13],
permanent magnet machines [14], axial flux machines [15],
and switched reluctance machines [16]. Beyond performance
analysis, MEC-based approaches have been used to study short
circuit faults [17], broken rotor bars [18], and magnet defects
[19]. Coupling MECs with sophisticated shaft suspension
models allows for investigating the consequences of bearing
faults [20], gear box faults [21], and eccentricity-induced UMP
[22]. Moreover, hardware-in-the-loop simulations based on
MECs using field-programmable gate arrays were explored in
[23], [24], showing their potential in computation cost-critical
applications such as controller designs and digital twins.

Most MEC-based IM models adhere to the 2D framework
introduced in [7], where the most critical and challenging
task to account for axial nonuniformity is the parameterisation
of equivalent air gap permeance. Prior works, such as [11],
[20], [23], [24], have demonstrated the air gap permeance
calculation for a machine with skewed slots. For such cal-
culation, all possible tooth overlap scenarios need to be
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Fig. 2. Overview of the proposed method, which comprises an electromagnetic model and a mechanical model.

enumerated. Moreover, axially nonuniform eccentricity can
be modelled by considering an equivalent air gap length,
as discussed in [7]. However, enumerating possible tooth
overlaps renders this method non-generalisable and accounting
for both skewed slots and axially nonuniform eccentricity
simultaneously brings significant difficulty in evaluating the
permeance expression, which limits the application of this
method. Recently, an analytical air gap permeance expression
accounting for axially uniform eccentricity was developed in
[25], which is built on curve-fitting to a finite element method
(FEM). It offers an accurate permeance approximation and
preserves analytical expressions of derived torques and UMP.
Later, this method was extended in [26] to cover skewed
slots. Unfortunately, axially nonuniform eccentricity remains
undiscussed.

Besides, an inherent limitation of employing a 2D MEC for
modelling axial nonuniformity lies in its inability to represent
variations in the flux distribution along the axial direction of
a machine, which can be overcome by using 3D MECs [27]–
[29]. For instance, a 3D MEC-based IM model was developed
in [28], aiming to use MECs as an computor-aided design tool
for a 500 W IM. Moreover, a 3D MEC has been reported in
[29] to analytically evaluate IM characteristic inductances in
the presence of eccentricity. However, despite the remarkable
accuracy achieved by 3D MECs, the dramatically increased
model complexity significantly increases the computational
burden. In addition, the general 3D air gap permeance calcu-
lation that accounts for axial nonuniformity can be complex,
which may further introduce difficulties in torque and force
calculations.

Another promising alternative to address the aforementioned
limitations in axial nonuniformity modelling is the multi-
slice model structure, which has been widely employed in
the FEM-based models [8], [9], [15], [30]. This technique
can be considered quasi-3D since it divides a machine into
several 2D layers along the shaft, neglecting the axial fluxes.
Compared to a 3D FEM-based IM model, a multi-slice FEM-
based IM model achieves results with comparable accuracy

while requires significantly less time to solve since the number
of variables does not increase substantially. While the multi-
slice approach has demonstrated success in FEM-based IM
modelling, its implementation in MEC-based IM models to
address axial nonuniformity remains scarce. In a broader
context, it has been implemented in wound rotor synchronous
machines to study the effect of rotor skewing [12], showing
the effectiveness of the multi-slice MEC models.

In this article, we address the modelling of an IM with
axial nonuniformity using a multi-slice MEC-based approach.
As shown in Fig. 2, the proposed method involves an electro-
magnetic model and a mechanical model. Axial nonuniformity
is discretised across all machine slices in the electromagnetic
model. These two sub-models are coupled mainly by the
magnetic potentials and rotor mechanical angles. The main
contributions of this article are summarised as follows.

1) The multi-slice structure is incorporated into the MEC-
based IM models to capture axial nonuniformity. The govern-
ing equations are formulated and the analytical expression of
the produced electromagnetic torque is derived.

2) The Gaussian discretisation, initially proposed in [30]
for determining the length and the angular displacement of
each slice for an IM with skew, is extended to handle axially
nonuniform eccentricity.

3) The electrical and magnetic circuit equations are inte-
grated within the multi-slice structure, resulting in a strong
electromagnetic coupling. The global error of the resultant
equations due to temporal discretisation is second-order.

Throughout this article, the following notations are used: R
denotes the set of real numbers, Z denotes the set of integers,
A represents a scalar, A denotes a vector or a matrix, AT

is the transpose of A, A−1 is the inverse of A, ∥A∥p is the
p-norm of A, 0 represents a null matrix.

The remainder of this article is structured as follows. Sec-
tion II sets forth the model structure. Section III formulates the
governing equations. Section IV presents the model integration
and solution method. Section V verifies the proposed model.
Section VI draws the concluding remarks.
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II. MODEL STRUCTURE

This section first outlines the machine discretisation using
the multi-slice approach. Subsequently, the magnetic circuit of
an arbitrary slice is defined.

A. Multi-Slice Approach
A common practice for organising slices is to use a uniform

discretisation, where the total axial length of a machine is
equally divided into all slices. However, the findings from
[30] have demonstrated that Gaussian discretisation produces
a smaller discretisation error than a uniform discretisation for
an equal number of slices, where the discretisation coefficients
are determined using the Gaussian quadrature approach. This
approach is a numerical integration method used to approxi-
mate the definite integral of a function f(β) in the reference
interval [−1, 1] using N points:∫ 1

−1

f(β) dβ ≈
N∑

k=1

αkf(βk). (1)

In (1), αk are the weights and βk are the abscissas (see
calculations in [31]). The weights sum to 2 and abscissas
range from −1 to 1. Gaussian quadrature is known for its
high approximation accuracy and is particularly effective for
polynomial functions of degree 2N−1 or less since the results
are exact. These properties can improve the discretisation
accuracy, as, e.g., field wave is an integral of flux density
functions over a range of angular positions [30].

Now consider an IM, with a total length of lz along the
z-axis (axial axis), is composed of N slices. The length of the
kth slice is given by:

l(k)z = αk
lz
2
, k ∈ [1, N ] ∩ Z. (2)

Note that the weights sum to 2 in the Gaussian quadrature
approach, i.e.,

∑N
k=1 αk = 2, which guarantees

∑N
k=1 l

(k)
z =

lz . Moreover, the angular position of each slice can be written
as:

θ(k)r = θr + βk
γ

2
, k ∈ [1, N ] ∩ Z, (3)

where θr is the rotor position defined at the half-depth of the
machine, and γ is the skewing angle.

Furthermore, we extend this method to discretise axially
nonuniform eccentricity. Without loss of generality, we con-
sider a rotor with mixed eccentricity being present at both
ends. The coordinate (xf , yf ) of the geometrical centre of the
rotor front end surface on the x − y plane (radial plane) can
be expressed by: {

xf = g0ρmf cosφmf

yf = g0ρmf sinφmf

, (4)

where g0 is the normal air gap length of the machine.
Additionally, ρmf and φmf are the mixed eccentricity de-
gree (0 ≤ ρmf ≤ 1) and the minimum air gap position
(0 ≤ φmf ≤ 2π) at the front end, given as the functions
of the rotor angular position θr:

ρmf =
√
ρ2sf + ρ2df + 2ρsfρdf cos(θr − φsf ), (5)

𝛾𝛾

Axially nonuniform
rotor

Multi-sliced rotor
(𝑁𝑁 = 3)

−0.39𝛾𝛾

0.39𝛾𝛾

Fig. 3. An illustrative example of rotor axial nonuniformity discretisation
with three slices.

and

φmf = φsf + arctan

(
ρdf sin (θr − φsf )

ρsf + ρdf cos (θr − φsf )

)
, (6)

where ρsf and ρdf are the static and dynamic component.
φsf is the position of the static component. Analogously, the
coordinate (xb, yb) of the centre of the rotor back end surface
can be determined based on the static and dynamic eccentricity
components, denoted as ρsb and ρdb, along with the position
of the static component φsb.

Assuming an unbent rotor, the radial displacements along
the x- and y-axes of each slice can be expressed as:

r(k)x =
xf + xb

2
+ βk

xb − xf

2

r(k)y =
yf + yb

2
+ βk

yb − yf
2

, k ∈ [1, N ] ∩ Z. (7)

An example of the axial nonuniformity discretisation for
a skewed IM is depicted in Fig. 3, where the machine is
segmented into three slices. By solving Gaussian quadrature
coefficients with N = 3, one can obtain that the weights αk,
for k = 1, 2, 3, are 0.556, 0.889, and 0.556, while the abscissas
βk, for k = 1, 2, 3, are −0.775, 0, and 0.775. Furthermore,
by substituting these coefficients into (2) and (3), it can be
calculated that the lengths of the three slices are roughly
27.8%lz , 44.4%lz , and 27.8%lz , and the angular displacements
of the first and third slices relative to the second slice are
approximately −0.39γ and 0.39γ, respectively.

Gaussian quadrature is typically effective for integrating
smooth functions, meaning the Gaussian discretisation is more
suitable for addressing machine axial nonuniformity with
continuous geometries, such as the rotor inclination and linear
rotor skew shown in Fig. 1. Therefore, Gaussian discretisation
is not advocated if a machine features regular discontinuities
such as step-skewed rotors, as discontinuities across all slices
are difficult to avoid. Moreover, while an unbent rotor is as-
sumed, it is important to note that the developed discretisation
approach is ready to accommodate rotor deformation.

B. Magnetic Network Definition
Figure 4 illustrates a sector of the magnetic circuit rep-

resenting an arbitrary slice of an IM, where the machine
magnetic behaviour is approximated by employing geomet-
rically based flux tubes. In this context, R, P , u, Φ, and F
denote the reluctance, permeance, magnetic scalar potential,
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Fig. 4. Magnetic network definition of one machine slice. Nodes are
placed in the tooth heads and the yoke segments. Flux paths that link the
adjacent nodes are predefined based on the machine working principle.
Magnetic circuit excitation is the currents flowing through the slots.

magnetic flux, and magnetomotive force (MMF), respectively.
The MMF sources are placed in the stator and rotor yoke
segments so their values are directly related to the currents
flowing through the corresponding slots, which will be further
explained in Section III.

The superscript (k) indicates the association of each symbol
involved in the magnetic circuit with the kth slice. The
subscripts comprise two parts separated by a comma. In the
first part, st, sy, rt, ry, sσ, and rσ serve as the location
indicators, representing the stator tooth, stator yoke, rotor
tooth, rotor yoke, stator slot, and rotor slot, respectively. The
second part includes h and l that are the ring-mapped integer
indices for the stator and the rotor. The indices h and l range
from 1 to Ns and 1 to Nr, where Ns and Nr are the number
of stator and rotor teeth, respectively. One exception in the
notation is made for the permeances placed in the air gap, with
both two parts in the subscript being ring-mapped indices. For
example, P(k)

h,l is the air gap permeance element connecting the
stator tooth h and the rotor tooth l.

The majority of the reluctances and the permeances can be
calculated based on the IM geometry. Their parametrisation
has been detailed in the previous works (e.g., in [7], [11], [25])
and is therefore omitted here. The permeances situated in the
air gap are rotor position-dependant and are influenced by the
fringing effect and the rotor radial displacement [25]. Their
calculation will be elaborated later in Section III. Moreover,
though not visualised in the diagram, the stator and rotor
leakage fluxes are considered in the flux linkage calculations
(20) and (24). The slice angular position θ

(k)
r is defined with

respect to the first stator tooth and the first rotor tooth. The
counterclockwise direction is defined as the positive direction
of rotor rotation.

III. GOVERNING EQUATIONS

This section constructs the circuit equations and coupling
equations for the proposed multi-slice MEC.

A. Magnetic Model
According to the MEC presented in Fig. 4, the magnetic

potential drops between the two nodes situated in the adjacent
stator tooth heads can be expressed as:

u
(k)
st,h+1 − u

(k)
st,h =−R(k)

st,hΦ
(k)
st,h + F (k)

sy,h −R(k)
sy,hΦ

(k)
sy,h

+R(k)
st,h+1Φ

(k)
st,h+1, h ∈ [1, Ns] ∩ Z,

(8)

where the MMF F (k)
sy,h depends on the current and the number

of conductors in the slot:

F (k)
sy,h = W s,his. (9)

In (9), W s,h ∈ R1×3 contains the number of turns of all three
phases in the hth slot and is ∈ R3×1 is the stator current
vector. In addition, applying Gauss’s law to stator yoke nodes
leads to:

−Φ
(k)
st,h+1 +Φ

(k)
sy,h+1 −Φ

(k)
sy,h = 0, h ∈ [1, Ns − 1]∩Z. (10)

Similar to (8), the derived potential drops in the rotor circuit
can be written as:

u
(k)
rt,l+1 − u

(k)
rt,l =R(k)

rt,lΦ
(k)
rt,l + F (k)

ry,l −R(k)
ry,lΦ

(k)
ry,l

−R(k)
rt,l+1Φ

(k)
rt,l+1, l ∈ [1, Nr] ∩ Z.

(11)

In (11), the MMF F (k)
ry,l is numerically equal to the current in

the lth rotor bar, which is denoted as irb,l:

F (k)
ry,l = irb,l. (12)

The rotor tooth and yoke fluxes are related by:

Φ
(k)
rt,l+1 +Φ

(k)
ry,l+1 − Φ

(k)
ry,l = 0, l ∈ [1, Nr] ∩ Z. (13)

Furthermore, Gauss’s law applied to one stator tooth node
and one rotor tooth node yields:

Φ
(k)
st,h + P(k)

sσ,h

(
u
(k)
st,h − u

(k)
st,h+1

)
− P(k)

sσ,h−1

(
u
(k)
st,h−1 − u

(k)
st,h

)
−

Nr∑
m=1

P(k)
h,m

(
u
(k)
rt,m − u

(k)
st,h

)
= 0, h ∈ [1, Ns] ∩ Z,

(14)
and

− Φ
(k)
rt,l + P(k)

rσ,l

(
u
(k)
rt,l − u

(k)
rt,l+1

)
− P(k)

rσ,l−1

(
u
(k)
rt,l−1 − u

(k)
rt,l

)
+

Ns∑
m=1

P(k)
m,l

(
u
(k)
rt,l − u

(k)
st,m

)
= 0, l ∈ [1, Nr] ∩ Z.

(15)
The air gap permeances in (14) and (15) are calculated using
the analytical model developed in [25], which is built on curve-
fitting to a FEM. Specifically, the permeance P(k)

h,l connecting
the stator tooth h and the rotor tooth l is given as:

P(k)
h,l =

P(k)
0 g0

g
(k)
h

e
−
(

γ
(k)
h,l

θst
th

)2

−
(

γ
(k)
h,l

θrt
th

)2

, (16)
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where γ
(k)
h,l is the angular distance between the two teeth, P(k)

0

the mean air gap permeance neglecting fringing for γ(k)
h,l = 0,

g
(k)
h the effective air gap length, θstth the angle spanned by the

stator tooth head, θrtth the angle spanned by the rotor tooth
head. Since fluxes tend to flow through the path with the least
reluctance, the effective air gap length g

(k)
h can be calculated

from the geometry:

g
(k)
h =

√(
rstin cosα

(k)
h − r

(k)
x

)2

+
(
rstin sinα

(k)
h − r

(k)
y

)2

− rrtout, h ∈ [1, Ns] ∩ Z,
(17)

where α
(k)
h is the angular position of the hth stator tooth,

rstin the stator inner radius, rrtout the rotor outer radius. In
addition, r(k)x and r

(k)
y denote the horizontal and vertical rotor

translations, as given in (7).
In addition, to guarantee a unique solution, the magnetic

scalar potential of the first stator tooth node is set to zero as
a reference:

u
(k)
st,1 = 0. (18)

B. Electrical Model

The circuit equations of stator phase windings are given by:

vm = Rmim +
dλm

dt
, m ∈ [1, 3] ∩ Z, (19)

where vm, im, and Rm denote the stator phase voltage, phase
current, and winding resistance, respectively. Moreover, λm

denotes the stator phase flux linkage, as given by:

λm =

N∑
k=1

Ns∑
h=1

Sm,hΦ
(k)
st,h + Lσmim, (20)

where Lσm is the stator leakage inductance and Sm,h is the
mth element in the hth column of the flux transformation
matrix. The flux transformation matrix is calculated from the
machine winding arrangement, as presented in [11].

Equation (19) is suitable for stator windings connected in a
”delta” or in a ”star” with a connected neutral point, since in
both cases phase voltages are typically known. For windings
connected in a ”star” with an isolated neutral point, line
voltages νm (m ∈ [1, 3] ∩ Z) should be used as the input.
They are related to the phase voltages by:[

0 0 −1
−1 0 −1

] ν1
ν2
ν3

 =

[
1 0 −1
0 1 −1

] v1
v2
v3

 . (21)

Moreover, in this scenario, an additional constraint on phase
currents is added such that the currents comply with the
Kirchhoff’s circuit law:

3∑
m=1

im = 0. (22)

Replacing phase voltages with line voltages in (19) using (21)
and combining the resultant equations with (22) lead to the
stator electrical circuit equations for ”star” connected windings
with an isolated neutral point.

Furthermore, the circuit equation for each rotor loop can be
written as:

dλrt,l

dt
=−Rrb,l−1irb,l−1 + 2Rrr,lirr,l

+Rrb,lirb,l, l ∈ [1, Nr − 1] ∩ Z,
(23)

where irr,l is the current in the lth rotor ring segment, Rrb,l

the resistance of the lth rotor bar, Rrr,l the resistance of the
end ring segment connecting the (l− 1)th bar and the lth bar.
Moreover, the flux linkage λrt,l in (23) is given by:

λrt,l =

N∑
k=1

Φ
(k)
rt,l + Prb,lirb,l + 2Prr,lirr,l − Prb,l−1irb,l−1,

(24)
where Prb,l and Prr,l are the permeances of the flux paths in
the rotor bar and the ring segment. The Kirchhoff’s current
law applied to the nodes placed in the ring segment yields:

irb,l = irr,l − irr,l+1, l ∈ [1, Nr − 1] ∩ Z. (25)

Assuming undamaged rotor rings, i.e., all ring segment resis-
tances Rrr,l are equal, the ring currents irr,l can be eliminated
by manipulating (23), (24), and (25), giving rise to:

d (λrt,l+1 − λrt,l)

dt
=− 2(Rrb,l +Rrr,l)irb,l +Rrb,l+1irb,l+1

+Rrb,l−1irb,l−1,
(26)

and

λrt,l+1 − λrt,l =

N∑
k=1

(Φ
(k)
rt,l+1 − Φ

(k)
rt,l)− 2(Prb,l + Prr,l)irb,l

+ Prb,l+1irb,l+1 + Prb,l−1irb,l−1.
(27)

Since rotor bars are shortened by end rings, the summation of
rotor bar currents is equal to zero:

Nr∑
l=1

irb,l = 0. (28)

C. Mechanical Model
The equation of shaft motion can be formulated as:

J
d2θr
dt2

+D
dθr
dt

= Te − Tl, (29)

where J is the rotor inertia, D the rotational damping, Te the
total produced torque, Tl the load torque.

The virtual work theory determines the produced torque by
taking the partial derivative of the magnetic co-energy with
respect to the rotor angle. For each machine slice, the magnetic
co-energy stored in the air gap, denoted as W

(k)
co , is given by:

W (k)
co =

1

2

Ns∑
h=1

Nr∑
l=1

(
u
(k)
rt,l − u

(k)
st,h

)2

P(k)
h,l . (30)

Accordingly, the torque produced by the kth machine slice is
given by:

T (k)
e =

∂W
(k)
co

∂θr
=

1

2

Ns∑
h=1

Nr∑
l=1

(
u
(k)
rt,l − u

(k)
st,h

)2 ∂P(k)
h,l

∂θr
. (31)
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Note that:

∂P(k)
h,l

∂θr
=

∂P(k)
h,l

∂θ
(k)
r

∂θ
(k)
r

∂θr
=

∂P(k)
h,l

∂θ
(k)
r

. (32)

This partial derivative is analytically solvable, as given by:

∂P(k)
h,l

∂θ
(k)
r

=
−2P(k)

0 g0γ
(k)
h,l

g
(k)
h

θstth
2
+ θrtth

2

(θstthθ
rt
th)

2
e
−
(

γ
(k)
h,l

θst
th

)2

−
(

γ
(k)
h,l

θrt
th

)2

.

(33)
Therefore, the total produced electromagnetic torque Te is the
summation of the torques produced by each individual slice:

Te =

N∑
k=1

T (k)
e =

1

2

N∑
k=1

Ns∑
h=1

Nr∑
l=1

(
u
(k)
rt,l − u

(k)
st,h

)2 ∂P(k)
h,l

∂θ
(k)
r

.

(34)
Similarly, the horizontal UMP and vertical UMP experienced
by the rotor can be evaluated by taking the derivative of mag-
netic co-energy with respect to rotor horizontal and vertical
translations, respectively.

IV. MODEL INTEGRATION AND SOLUTION

This section first sets forth the temporal discretisation of the
differential equations and the assembly of the electromagnetic
model. Subsequently, the solution method to the proposed
model and the simulation flow are presented.

A. Temporal Discretisation
Both the stator and rotor electrical circuit equations are

temporally discretised using the second-order implicit Runge-
Kutta method. For a given step-size τ , the stator circuit
differential equations (19) can be discretised as:

λm[n+ 1] +
τ

2
Rsim[n+ 1] =

τ

2
λm[n] (vm[n+ 1]

+vm[n]−Rsim[n]) ,
(35)

where n represents the discrete time index. The temporal
discretisation of the rotor circuit equations (26) is similar
to (35) and omitted here. Note that all terms on the right
hand side of these discretised differential circuit equations
are known when solving for the unknown quantities at the
step n + 1. Hence, it is feasible to couple these equations
with the magnetic circuit algebraic equations, allowing for
implementing a time-stepping.

The equation of motion (29) is converted to two first-order
differential equations and discretised as:ωr[n+ 1] = (1− τD

J
)ωr[n] +

1

J
(Te[n]− Tl[n])

θr[n+ 1] = θr[n] + τωr[n]
, (36)

where ωr is the mechanical rotor speed.

B. Electromagnetic Model Assembly
For a clearer representation, we introduce the vectors de-

noted as u(k)
st , Φ(k)

st , Φ(k)
sy , u(k)

rt , Φ(k)
rt , Φ(k)

ry , is, and irb. These
vectors succinctly organise the corresponding quantities. For
example, u(k)

st ∈ RNs×1 is given by:

u
(k)
st =

[
u
(k)
st,1, u

(k)
st,2, · · · , u

(k)
st,Ns

]T
. (37)

Furthermore, we define composite vectors that are denoted by
x(k) ∈ R(3Ns+3Nr)×1 and y ∈ R(3+Nr)×1:

x(k) =

[
u
(k)
st

T
,Φ

(k)
st

T
,Φ(k)

sy

T
,u

(k)
rt

T
,Φ

(k)
rt

T
,Φ(k)

ry

T
]T

,

(38)
and

y =
[
iTs , i

T
rb

]T
. (39)

First, the 3+Nr−1 discrete-time circuit equations, obtained
from (19) and (26), can be organised as:

N∑
k=1

A(k)
x x(k) +Ayy = z, (40)

where z ∈ R(3+Nr−1)×1 is the known vector that is related
to the voltages and the flux linkages. Second, the 3Ns + 3Nr

MEC equations, namely (8), (10), (11), (13), (14), (15), and
(18), can be organised as:

B(k)
x x(k) +B(k)

y y = 0, k ∈ [1, N ] ∩ Z. (41)

Last, the rotor bar current equation (25) can be expressed as:

Cyy = 0. (42)

In (40), (41), and (42), A(k)
x , Ay , B(k)

x , B(k)
y , and Cy are the

coefficient matrices with proper dimensions.
Combining (40), (41), and (42) leads to the system of

equations ΘΞ = Ω which characterises the electromagnetic
behaviour of a voltage-fed IM with N axial slices:

A(1)
x A(2)

x · · · A(N)
x Ay

B(1)
x 0 · · · 0 B(1)

y

0 B(2)
x · · · 0 B(2)

y
...

...
. . .

...
...

0 0 · · · B(N)
x B(N)

y

0 0 · · · 0 Cy


︸ ︷︷ ︸

Θ


x(1)

x(2)

...
x(N)

y


︸ ︷︷ ︸

Ξ

=



z
0
0
...
0
0


︸ ︷︷ ︸

Ω

,

(43)
where Θ is the coefficient matrix, Ξ the solution vector, Ω
the constant vector. This system of equations comprises 3 +
Nr +N(3Ns + 3Nr) equations and unknowns in total.

C. Solution Method
Although appearing similar to a linear matrix equation,

the system of equations (43) necessitates an iterative solving
approach due to the nonlinearity arising from saturation ef-
fects. Specifically, the reluctance of the lumped ferromagnetic
material elements is magnetic flux-dependent, meaning that the
coefficient matrix Θ has dependency on the solution vector Ξ.

Here, we use the Newton-Raphson method to solve the
system of equations (43). First, we define F as:

F = ΘΞ−Ω. (44)

Accordingly, the aim shifts to finding the root of F in (44)
at every time step through a number of iterations. Second, the
solution vector can be updated as:

Ξp+1 = Ξp + δ
(
Ξp − J−1

p F p

)
, (45)
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Fig. 5. Simulation flowchart of the proposed modelling approach.

where p denotes the iteration index. The Jacobian matrix J is
given by:

J =
∂F

∂Ξ
=

∂Θ

∂Ξ
Ξ+Θ. (46)

Additionally, δ is the damping factor aimed to avoid numerical
instability, designed as:

δ = γ1e
γ2p + γ3, (47)

where γ1, γ2, and γ3 are the hyperparameters that control
the speed of convergence. Last, the convergence is considered
attained if the ℓ2 norm of F falls below the pre-defined
threshold ϵ:

∥F ∥2 < ϵ. (48)

Note that the only nonlinearity arises from the dependency
of the reluctance of the lumped ferromagnetic elements on the
flux, implying that most entries in ∂Θ

∂Ξ are equal to zero. The
non-zero terms can be evaluated based on:

dR
dΦ

=
dR
dµ

dµ

dΦ
=

d L
µA

dµ

dµ

dBA
= − L

A2

1

µ2

dµ

dB
, (49)

where R is the reluctance, Φ the flux, B the flux density, µ
the permeability, L the length of the flux tube, A the cross-
section of the flux tube. Additionally, both µ and dµ

dB can be
evaluated according to the ferromagnetic material B-H curve
for a given flux Φ.

D. Simulation Flow

Figure 5 illustrates the simulation flow of the proposed
method. Specifically, at each time step, the system of elec-
tromagnetic equations (43) is solved iteratively as mentioned
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No offset
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a) Test machine
b) Test machine drive
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d) Servo machine drive
e) DC power supply

f) Encoder
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i) Oscilloscope
j) Misalignment

b
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d

e

f

g
h

i

j

Fig. 6. Experimental setup.

above. Its solution is used to evaluate the produced electro-
magnetic torque using (34). This torque, in turn, determines
the rotor angle for the next time step by solving the equation of
motion (36). The updated rotor angle is essential for evaluating
the radial translations and air gap permeances involved in the
electromagnetic model at the subsequent step. Moreover, a
maximum number of iterations is set to prevent excessively
long solving procedure. Therefore, a time-stepping iteration is
established.

V. RESULTS AND DISCUSSION

This section discusses the selection of the number of slices
in the proposed model and verifies the model by comparing its
results with the measured data in two scenarios: the fault-free
case (skew only) and the eccentric case (both skew and axially
nonuniform eccentricity).

The experimental setup is shown in Fig. 6. The machine
under investigation is a 400V, 50 Hz, 1.1 kW, one-pole-pair,
double-end squirrel cage IM, with its rotor skewed by one slot.
The machine parameters are listed in Table I. The test machine
is supplied by an inverter and loaded by a servo machine.
Notably, its safety bearing at the non-load end is removed. The
injected axially nonuniform eccentricity fault can be controlled
by changing the installation positions of the external bearing.
The 0.12 mm and 0.24 mm offsets correspond to roughly
25% and 50% static eccentricity. The stator phase winding
currents and line voltage were measured using the current
probes (Tektronix TCP0030A) and voltage probe (Tektronix
THDP0200), respectively. The rotor mechanical speed was
measured using the encoder (Kübler 8.5020.8842.1024) pow-
ered by the DC supply (Keysight E36313A). The measured
quantities were displayed and recorded using the oscilloscope
(Tektronix DPO3054).

In this section, unless otherwise specified, the model was
solved for 50k steps on a working station laptop (processor: i7-
11800H @ 2.30 GHz / RAM: 32 GB) using Matlab 2023b with
a step size of τ = 0.1 ms. The parameters γ1, γ2, and γ3 in (47)
were set to 1, −0.015, 0.1, respectively. The threshold ϵ in (48)
was set to ϵ = 1× 10−6 and the maximum iteration was 150
(not reached in any simulation). Each measurement recorded
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TABLE I
MACHINE PARAMETERS

Parameter (stator) Value Parameter (stator) Value

Inner radius [mm] 32.077 Outer radius [mm] 60
Stack length [mm] 80 Number of slots 24
Tooth base length [mm] 11.945 Tooth base width [mm] 4.75
Tooth head length [mm] 0.6 Tooth head width [mm] 6.078
Number of turns per slot 66 Phase belt [deg] 60
Phase winding
resistance [Ω] 6.2 Phase leakage

inductance [mH] 6.235

Parameter (rotor) Value Parameter (rotor) Value

Inner radius [mm] 5.975 Outer radius [mm] 31.6
Stack length [mm] 80 Number of slots 17
Tooth base length [mm] 11.2 Tooth base width [mm] 5.25
Tooth head length [mm] 0.4 Tooth head width [mm] 10.216
Inertia [kg·m2] 0.0011 Damping [N·m·s/rad] 0.0005
Bar resistance [µΩ] 78.09 Ring segment

resistance [µΩ] 2.5988
Bar leakage
permeance [nH] 67.6 Ring segment leakage

permeance [nH] 0.9273

one million datum points for all channels under a sampling
frequency of 250 kHz. Both simulations and measurements
implemented a rated power supply and a ”star” winding
connection with an isolated neutral point.

A. Determination of the Number of Slices

To select an appropriate number of slices, the magnetic co-
energy stored in the air gap and the input electrical power
were simulated under a locked rotor condition with different
slice numbers. The simulation results are presented in Fig. 7.
Overall, as the slice number increases, both the magnetic
co-energy and input electrical power converge. Additionally,
the time consumption increases quadratically, even though the
number of unknowns grows linearly.

Based on the above observations, the number of slices is
chosen to be the minimum such that the discretisation errors
(relative to the values obtained using ten slices) fall below a
certain threshold. Here, a threshold of 0.5% was considered,
leading to a slice number of N = 5. Specifically, the errors for
N = 5 are 0.3484% for the magnetic co-energy and 0.0016%
for the input electrical power. Additionally, at other rotor
speeds, the errors are found to be generally smaller than those
presented in Fig. 7. Therefore, we conclude that using five
slices is sufficient for modelling this machine. In the remainder
of this section, the simulation results were obtained using five
slices.

Furthermore, Fig. 7 illustrates that a multi-slice MEC
achieves a computational cost balance between a 2D MEC
model and a 3D MEC model. Specifically, the multi-slice
model (with 3+Nr+3N (Ns+Nr) unknowns) reduces to a 2D
model (with 3+Nr+3(Ns+Nr) unknowns) if N = 1, and it ex-
tends to a 3D model (with 3+Nr+(5N -2)(Ns+Nr) unknowns)
if axial fluxes are considered. Back to our earlier choice of
five slices, the proposed multi-slice method has 635 unknowns
that need to be solved simultaneously at every time step
and requires 10.77 times more computation time (1708.35 s)
compared to a 2D model (143 unknowns, 158.64 s), while an
extended 3D model has 963 unknowns and is estimated to
require 24.24 times more time (3844.71 s).
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Fig. 7. Results of locked rotor simulations with the slice number ranging
from 1 (axial nonuniformity neglected) to 10.
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model, the EP-MEC model, the datasheet, and the experiment.

B. Model Validation: Skewed Machine

The machine static performance was simulated using the
proposed multi-slice MEC-based model with a time-step of
1 ms. The data obtained from both the experiment and the
machine datasheet are used as the reference. Additionally, the
results obtained using the recently developed equivalent air gap
permeance calculation-based MEC model [26] were added for
comparison. In the remainder of this section, for simplicity,
we refer to these two MEC-based models as MS-MEC model
and EP-MEC model, respectively.

Figure 8 compares the simulated and measured steady-state
torque-speed characteristics of the machine operating at the
nominal voltage and frequency. Both the proposed MS-MEC
model and the EP-MEC model predict accurate torques at the
machine working points, i.e., at the low slips. However, the
produced torque at a high slip predicted by the EP-MEC model
is deviated from the reference. This implies an underestimated
air gap flux density, which may stem from the equivalent
air gap permeance calculation. The discrepancy between the
proposed method and the measurements can be attributed in
part to the estimation of the rotor bar resistance, as it is
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TABLE II
MACHINE PERFORMANCE AT DIFFERENT LOAD CONDITIONS

Data
Source

Load
[%]

I
[A]

P1
[kW]

P2
[kW]

Speed
[rpm] cosφ

η
[%]

MS-MEC 125 2.87 1.66 1.36 2815 0.841 81.84
EP-MEC 125 2.84 1.66 1.36 2814 0.847 81.92
Datasheet 125 2.96 1.70 1.38 2818 0.829 80.94
MS-MEC 100 2.46 1.33 1.10 2856 0.782 82.99
EP-MEC 100 2.43 1.33 1.10 2854 0.790 83.09
Datasheet 100 2.51 1.34 1.10 2861 0.770 82.07
MS-MEC 75 2.13 1.01 0.84 2893 0.687 83.10
EP-MEC 75 2.09 1.01 0.84 2892 0.698 83.26
Datasheet 75 2.15 1.00 0.83 2900 0.677 81.92
MS-MEC 50 1.89 0.70 0.57 2929 0.536 81.02
EP-MEC 50 1.84 0.70 0.57 2928 0.549 81.27
Datasheet 50 1.88 0.70 0.55 2934 0.534 79.14
MS-MEC 25 1.77 0.40 0.29 2962 0.328 72.25
EP-MEC 25 1.70 0.40 0.29 2962 0.338 72.54
Datasheet 25 1.73 0.40 0.28 2966 0.335 68.41
Remark: I, P1, P2, cosφ, and η denote the stator current RMS, input
active power, output mechanical power, power factor, and efficiency.
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Fig. 9. Comparison on the transient stator phase winding current and
rotor speed under a sudden change in the load torque.

affected by the skin effect that is not considered in this work.
An accurate prediction of IM performance at low slips

is crucial since the majority of IMs are operated at speeds
that are close to the synchronous speed. Table II details the
performance metrics of the machine under different loads.
The average percentage errors of the MS-MEC model, across
all load conditions, for stator current, rotor speed, power
factor, and efficiency are 1.76%, 0.17%, 1.39%, and 2.33%,
respectively. These errors of the EP-MEC model are 2.78%,
0.20%, 2.32%, and 2.56%, respectively. Overall, the multi-
slice approach provides a slightly better approximation of the
machine behavior at typical working points.

Figure 9 compares the transients of the stator phase winding
currents and rotor speed caused by a sudden change in the
load torque (from 4 N·m to 0 N·m). Here, the experimental
data were sampled at 5 GHz to precisely capture the encoder
pulses. All three sources indicate that the stator current reaches
the new steady-state within approximately three electrical
periods. However, noticeable discrepancy in the rotor speed is
observed. Both simulation models show a larger acceleration
at the beginning of the transient and underestimate the time
needed to reach the new steady-state speed. The MS-MEC

Fig. 10. Stator current comparison in the frequency domain. The test
machine experiences a 25% static eccentricity at the non-load end.

model predicts a peak speed closer to the measured speed
than the EP-MEC. The discrepancy between the simulations
and the experiment in the speed transient may stem from the
simplified mechanical model and idealised load torque jump
used in the simulations.

C. Model Validation: Skewed Machine with Axially
Nonuniform Eccentricity

Since the equivalent air gap permeance approach has not
been extended to cover both skew and arbitrary rotor inclina-
tion, this section focuses the comparison between the proposed
model and the experimental results for different eccentric sce-
narios. The comparisons were made in the frequency domain
as the eccentricity-triggered characteristics are inconspicuous
in the time domain. For both the simulations and experiments,
the frequency spectra were obtained by performing the fast
Fourier transform on the data recorded in a four-second-long
window.

Figure 10 shows the comparison results of the stator currents
recorded at the steady state, where the machine operates
at 2882 rpm with a static eccentricity of 25% introduced at
the non-load end by adjusting the external bearing housing
mouting positions in Fig. 6. The fundamental frequency com-
ponent, observed at the supply frequency fs, is dominant in
the spectrum, followed by its integer-order harmonics. The odd
order harmonics mainly due to the saturation are predicted
by the MEC, while the even order harmonics are not since
they stem from the unbalance that are not considered in
the simulation. The spectral characteristics observed in the
measured current spectrum are much broader and encompass
minor peaks that are not predicted by the MEC model. Such
disparities are anticipated as slight asymmetries inherent in
the physical system and the pulse-width modulation supply
voltage can broaden spectral features and introduce additional
frequency components. Additionally, the predicted harmonics
are generally smaller in amplitude than those measured, since
the factors mentioned above as well as the errors in approxi-
mating the material B-H curve and other machine parameters
contribute to the inaccuracy in current distortion prediction.
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TABLE III
PSH AMPLITUDE COMPARISON

Frequency
component

Eccentricity Amplitude [mA]

0% 25% 50% 75% 100%
load load load load load

Lower PSH
(Simulation)

0% ecc. 0.00 0.00 0.01 0.01 0.01
25% ecc. 1.68 1.43 1.20 1.06 1.37
Increment 1.68 1.43 1.19 1.05 1.36

Lower PSH
(Experiment)

0% ecc. 2.14 1.82 1.61 1.44 1.53
25% ecc. 2.07 2.16 1.53 1.67 1.80
Increment -0.07 0.34 -0.08 0.23 0.17

Upper PSH
(Simulation)

0% ecc. 0.00 0.00 0.00 0.01 0.01
25% ecc. 1.48 1.88 2.09 2.03 2.29
Increment 1.48 1.88 2.09 2.02 2.28

Upper PSH
(Experiment)

0% ecc. 3.74 3.14 3.05 2.83 3.40
25% ecc. 4.10 5.14 3.23 4.87 5.34
Increment 0.36 2.00 0.18 2.04 1.94

Specifically, The relative errors of 1st-, 3rd-, and 5th-order
harmonic amplitudes are 5.6%, 51.8%, and 32.3%, respec-
tively. The simulated static eccentricity-induced fault charac-
teristic frequencies fse are observed at 668.48 Hz, 768.48 Hz,
868.48 Hz, and 968.48 Hz, respectively. These frequencies
align well with those measured with errors below 1%. These
frequency components are present at the rotor slot harmonic
frequencies, and the 768.48 Hz and 868.48 Hz component are
the lower and upper principle slot harmonics (PSHs) [6].
The errors in lower and upper PSH amplitudes are 15.7%
and 46.4%, respectively. Moreover, the dynamic eccentricity-
induced frequencies fde are found only in the measured
currents at 816.50 Hz and 916.50 Hz. This clearly illustrates
that the test machine has an inherent dynamic eccentricity,
which may be attributed to the modified shaft supporting
structure, the manufacturing imprecision, and the wear of the
bearing.

Table III compares the PSH amplitudes across various load
and inclined eccentricity conditions. Overall, the simulated
PSH amplitudes tend to increase as the eccentricity level rises,
with the upper PSH being notably larger than the lower PSH.
Most experimental results confirm these trends. Due to the
inherent eccentricity, the measured PSH amplitudes at non-
eccentric conditions are much higher than those predicted.
Moreover, both simulations and experiments show that the
PSH amplitudes do not monotonically increase with heavier
loads. This is beacuse equalising currents induced in the rotor
cage of an IM tend to dampen the asymmetry in fields due to
eccentricity [32]. Specifically, the average errors of lower PSH
and upper PSH amplitudes across all load conditions at 25%
inclined eccentricity are 26.9% and 55.6%, respectively. The
simulated upper PSH amplitude increments at relatively high
loads are close to those measured. The relative errors are 1%
and 17.5% at 75% load and 100% load, respectively. Despite
the accurate prediction of the fault characteristic frequencies,
the simulated and measured amplitudes of eccentricity-induced
frequency components are less aligned. This discrepancy may
be attributed to the susceptibility of small harmonic amplitudes
to factors such as measurement noise.

VI. CONCLUSION

A multi-slice MEC-based modelling has been presented to
model axial nonuniformity in an IM. The proposed method

neglects axial fluxes and divides a machine into 2D slices.
Each slice remains axially uniform with its length, angular
displacement, and radial translation determined by Gaussian
discretisation. All slices share an identical current excitation.
The good alignment between the simulated and measured
data shows that the proposed model is capable of predict-
ing the behaviour of an IM with axial nonuniformity. The
computational cost of the multi-slice MEC is considerably
less than that of a 3D MEC for an equal number of axial
nodes. Additionally, this study finds that the amplitudes of
eccentricity-induced frequency components in stator currents
generally show an increase with the escalating fault severity,
and load can lead to alleviated current harmonics. Notably, the
fault-induced harmonics exhibit small amplitudes, rendering
them susceptible to factors such as measurement noise. This
implies that using harmonic amplitudes as a fault severity
indicator can be challenging in practical applications.
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