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Abstract: We study point-line configurations through the lens of projective geometry and matroid
theory. Our focus is on their realization spaces, where we introduce the concepts of liftable and
quasi-liftable configurations, exploring cases in which an n-tuple of collinear points can be lifted to
a nondegenerate realization of a point-line configuration. We show that forest configurations are
liftable and characterize the realization space of liftable configurations as the solution set of certain
linear systems of equations. Moreover, we study the Zariski closure of the realization spaces of
liftable and quasi-liftable configurations, known as matroid varieties, and establish their irreducibility.
Additionally, we compute an irreducible decomposition for their corresponding circuit varieties.
Applying these liftability properties, we present a procedure to generate some of the defining
equations of the associated matroid varieties. As corollaries, we provide a geometric representation
for the defining equations of two specific examples: the quadrilateral set and the 3 x 4 grid. While the
polynomials for the latter were previously computed using specialized algorithms tailored for this
configuration, the geometric interpretation of these generators was missing. We compute a minimal
generating set for the corresponding ideals.
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1. Introduction

The axiomatic definition of matroids was established in 1935 by Whitney [1], with
MacLane highlighting their intimate connection with projective geometry soon after [2].
One prominent tool in this context is the Grassmann—Cayley algebra, which constructs
polynomial equations from a given set of synthetic projective geometric statements, see
e.g., [3,4]. Here, we provide other geometric tools for constructing such polynomials and
apply them in specific examples to demonstrate that the constructed polynomials minimally
generate the corresponding ideal.

A matroid, denoted by M, is a combinatorial object that extends the notion of linear
independence from vector spaces. The matroid records all possible combinations of linearly
independent vectors within a given set of vectors in a vector space; see [1,5]. If this process
is reversible, meaning that given a matroid M, we can identify such a vector collection,
these vectors are called a realization of M. The space of all realizations of M is denoted as
I'p1. The matroid variety Vs of M is defined as the Zariski closure of this realization space.
This notion, introduced in [6], gives rise to a deep combinatorial structure called the matroid
stratification of the Grassmannian. However, understanding the geometric properties of
these strata, such as their irreducibility and defining equations [7], is a challenging problem.
So, it is natural to consider specific classes of matroids. For instance, the matroid varieties
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of uniform matroids have been extensively studied in commutative algebra, in the context
of determinantal varieties; see e.g., [8-12].

In this work, we focus on matroids of rank three, represented by point-line configu-
rations, and use tools from incidence and projective geometry to study their associated
varieties and define polynomial equations. Specifically, we develop methods to translate
the incidence structure of the underlying configuration into a geometric representation for
their polynomials.

The matroid varieties arising from point-line configurations are a rich and diverse
family. For example, the Mnév-Sturmfels Universality Theorem [13-15] shows that matroid
varieties satisfy Murphy’s law in algebraic geometry, i.e., given any singularity of a semial-
gebraic set, there is a matroid variety with the same singularity, up to a mild equivalence
on singularities. See also [16]. Here, the matroid varieties associated with a point-line
configuration can achieve all such singularities. Additionally, the extra structure induced
by point-line configurations is mirrored in other contexts such as conditional independence
constraints in algebraic statistics [17-21].

While the relationship between matroids and projective geometry is now well
established [2], the utilization of projective incidence geometry in investigating matroid
varieties is a relatively recent development. For example, the Grassmann—Cayley algebra
can be employed to construct some polynomial equations in the matroid ideal Iy;; see the
example below from [7,22].

Example 1. The associated ideal of the matroid in Figure 1a contains three degree-3 polynomials
reflecting collinearities, alongside a degree-6 polynomial derived via the Grassmann—Cayley method.

Among the generators of the ideal I, associated with a given matroid M, some
polynomials are determinantal conditions that can be read from the dependence relations
of M. We store this information in the circuit ideal Iy (yy), which is generated by the circuits
of the matroid M, and contains all those polynomials that must vanish on a collection of
vectors satisfying the dependencies (but not necessarily the independencies) of M.

Our work centers on the challenging task of describing the generators of I that do
not lie in Ig(5p). Given a matroid M, classical tools such as the Grassmann—Cayley algebra
can be employed to construct some polynomial equations in I that are not determined
by the circuits of the matroid, i.e., they lie in In\Ix(pr). However, the description of
all such polynomials remains incomplete because the construction of the ideal involves
a saturation step that encodes the independence relations of the matroid, potentially
introducing additional polynomials not necessarily derived from this method [7,18]. The
current algorithms to compute saturation of ideals have high complexity and, consequently,
provide results only for small matroids. When results are obtained in this way, the outputs
often consist of non-human-parsable long polynomials that give little geometric intuition;
see the following two examples (the first one computed in Macaulay? [23]).

Example 2. The ideal of the quadrilateral set in Figure 1b is generated by 14 polynomials:

a.  Four of degree 3, deduced directly from the collinearities in the point-line configuration.
b.  Ten of degree 6, in 18 variables, each consisting of 14 or 16 terms.

Example 3. Consider the matroid of the 3 x 4 grid from Figure 1c. To compute the associated ideal
of this matroid, the standard Grobner basis computation algorithms do not terminate. Pfister and
Steenpass, in [24], developed and optimized a specific algorithm for this case. Through numerical
analysis, they demonstrated that the corresponding ideal has 44 generators:

c. 16 of degree 3, each deduced from collinearities in the point-line configuration.
d. 28 of degree 12 in 36 variables, each consisting of around 250 terms.

Howeuver, there is no geometric description of these polynomials in terms of Grassmann—Cayley algebra.
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Figure 1. (a) Three concurrent lines; (b) quadrilateral set Ls; (c) 3 x 4 grid L:GQ

Motivated by the above example, we investigate a new process to construct polynomials in
the matroid ideal. Adopting an incidence-geometry viewpoint, we explore the conditions
under which a tuple of collinear points in P4 can be lifted to a nontrivial realization of a
given point-line configuration C.

Question 1. Let C be a point-line configuration with n points, ¢ a line in ]P’%C and P a point in
P2\ (. Under what conditions is any generic n-tuple of distinct points on ¢ the image, under the
projection from P to £, of a nontrivial realization of C?

When this is always the case, we refer to C as liftable; and when this is always the case,
up to removing a line, we then call C quasi-liftable. See Definitions 13 and 14. In Section 3, we
analyze such configurations and their associated matroid and circuit varieties and ideals.

The following theorem summarizes our main results from Section 3. Below, we denote
by Vm = V(Im) and Vi) = V(g () the varieties of the matroid ideal and circuit
ideal, respectively.

Theorem 1. Let M be a rank-3 matroid whose associated point-line configuration Cyp; has no
triplets of concurrent lines. Then, the following hold:

*  The matroid variety V) is irreducible. (Theorem 4)
° IfCM is liftable, then V%(M) = VM and A /I%ﬂ(M) = IM (Theorem 5)
*  IfCp is connected quasi-liftable, then Vig (pry = Vo U Vi and | /1 (pr) = Io N Iy (Theorem 1)

where Vy is the matroid variety whose associated configuration is a line with n marked points.
Furthermore, the decompositions are, respectively, irreducible and prime.

Specifically, Theorem 1 offers a geometric approach to generating certain polynomials
in the ideal Iy, as demonstrated in Proposition 4. In Sections 4 and 5, we illustrate how
these polynomials suffice to generate the matroid ideal for the quadrilateral set and the
3 x 4 grid. Moreover, we address Question 1 for these two matroids. More precisely, we
provide a characterization of 6-tuples of collinear points that can be lifted to a quadrilateral
set, and of 12-tuples that can be lifted to a 3 x 4 grid. For the quadrilateral set, this provides
a new characterization, equivalent to the one in [25,26].

Additionally, in the context of utilizing incidence geometry to explore realization
spaces of matroids, we demonstrate that a subset of the introduced polynomials generates
the ideal of the matroid varieties for both configurations. Notably, these polynomials rewrite
the numerically obtained high-degree polynomials as sums of determinants involving the
coordinates of the points.

Theorem 2 (Theorems 8 and 11). Let {R1, Ry, R3, U} = {(é), (g), (%), G)} be the

canonical frame of reference in P%, and let £1p3 and c, be as in Figure 1b,c.
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e The 10 generators in Example 2b can be replaced by the following polynomials defined in (3):
QS(f123; R;, R;, Ry) foranyi <j <k, withi,jk e {1,2,3}.
o The 28 generators in Example 3d can be replaced by the following polynomials from (5):
Gi(ci;R;, R, Ri, R, R, Ry)  foranyi < j <k <I1<m <nuwithi,jklmn e {1,2,3}

To the best of our knowledge, there is currently no established method for com-
puting the equations defining the matroid varieties, aside from the Grassmann—Cayley
method [3,4,27]. Furthermore, current computer algebra programs cannot handle the
computations. The above theorems provide a geometric representation of the generators.
Furthermore, we prove that the generated polynomial forms a minimal generating set for
the corresponding matroid ideals.

We conclude the introduction by giving an outline of the paper. In Section 2, we fix our
notation for matroids, matroid varieties, circuit varieties, and point-line configurations. In
addition, we describe an explicit way of associating a matroid variety and a circuit variety
with a point-line configuration. In Section 3, we present our main results, providing an
irreducible decomposition of the circuit variety associated with point-line configurations
having certain liftability properties. In Sections 4 and 5, we apply and complete the results
of Section 3 for the quadrilateral set and the 3 x 4 grid.

2. Preliminaries

In this section, we provide background on the theory of matroids arising from point-
line configurations and fix our notation. We recall some known results about matroid
varieties and their defining equations. For further details, we refer the reader to [5,18,22],
and specifically for commutative algebra, we refer to [28].

Notation 1. Throughout, we fix natural numbers n, d with1 < d < n. We write [n] = {1,2,...,n}
and ([Z}) = {A C [n] | #A = d} for the collection of d-subsets of [n]. Given a collection of subsets
2 C 21", we define min(2) = {D € 2 | if D' € 9 and D' C D then D' = D}.

Let k be a field and let X = (xl]);j’fl be a d x n matrix of variables. We denote by
R = K[X] the polynomial ring in the variables x;j. In addition, if A C [d], B C [n], and #A = #B,
then we denote by [A|B]x € R the minor of the submatrix of X with rows indexed by A and
columns indexed by B. If #A = #B = d, then denote this minor by [B]x € R.

2.1. Matroids and Matroid Varieties

Definition 1 (Matroid). A matroid M is the datum of a finite ground set E, which will typically be
[1], together with a nonempty collection B(M) C 2F of bases, satisfying the basis exchange axiom:

if B,B' € (M) and B € B\ B', then there exists B’ € B\ B such that
(B\{B}) U{p'} € Z(M).

Remark 1. There are other equivalent definitions of a matroid in terms of other data. The bases of a
matroid determine these other data and we list the ones of relevance to us below:

e J(M):={I CE|IC BforsomeB € B(M)} the independent sets are subsets of
the bases;

e 9P(M):={D CE|D¢ .7(M)} the dependent sets of M are the nonindependent sets;

e ¢(M):=min(2(M)) the circuits of M are the minimal dependent sets;

o rkys: 28 — Zdefined by tkp(S) = max{#I |  C S, I € .#(M)} is the rank function of
M. By the basis exchange axiom, each basis has the same cardinality, which is equal to ks (E)
and we call this value the rank of the matroid M denoted rk(M);

e ZF(M):={FCE|rk(FU{x}) =rk(F) +1forall x € E\F} the flats of M;
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o Theclosure operator cly;: 28 — F (M) of M is defined as clp(S) = {x € E | rkpr(SUx) =
rky(S)}. The closure of a subset of E is the smallest flat containing the subset.

Definition 2 (Realization space of a matroid). Given a matroid M on E and a field k, a
realization of M over k is a collection of vectors {v; }icp C K such that for any subset I C E we
have that {v;}ic; is linearly independent if and only if I € % (M) is an independent set of M.
Typically, E = [n], and we arrange the vectors v; as the columns of a matrix V. € X", Note,
for any realization, the value r is at least the rank of M. The realization space of a matroid in k"™ is

Ty, ={V € K" | V is a realization of M}.

Remark 2. The columns of a matrix always give rise to a matroid, but the converse is not true. If a
matroid has (resp. does not have) a realization over a field k we call it realizable (resp. nonrealizable)
over k. Throughout the paper, we typically work over C so, unless otherwise specified, we will say
that a matroid is realizable if it is realizable over C.

Definition 3 (Matroid variety). Let M be a matroid on [n] and r > rk(M) be a positive integer.
The matroid variety Var, = Ta, is the Zariski closure in K" of the realization space. We denote
by Iniy = 1(Vm,) C k[X] the ideal of the matroid variety where X = (xl]);j; isarxn
matrix of variables. If r is fixed, then we write 'y, Viy and Ipg for Tpgr, Vr, and Iy ., respectively.

If a matroid is nonrealizable over k, then its realization space, and its associated variety
is empty.

Definition 4 (Circuit ideal and basis ideal). Let M be a matroid on [n] and fix some positive
integer r > rk(M). Recall that €' (M) are the circuits of M. Consider the r x n matrix of variables
X = (xlj);j; We define the circuit ideal I (yp) and the basis ideal Jpg in R as follows:
LIy = ([AlB]x | B € €(M) and A C [r] such that #A = #B) and Jy= [] Js,
Be#A(M)

where Jp = ([A|B]x | A C [r], #A = #B) for each B € A(M). In addition, we define the circuit
variety of M as Vig gy = V(Igar) S K70

Remark 3. For each realization V' of M, observe that each generator of Iy (pr) vanishes on 'V by the
linear dependence of the circuits. Hence Iop(pp) C Ing. The points of V(Jp) are matrices V = (v; ;)
where the submatrix Vg = (v; j) e[y jep are not full rank. We note that V(Jm) = Upezm) V (Jp)
is the union of these varieties. Therefore, a point V of Veg(pyy is a realization of M if and only if
V ¢ V(Jp). Note, when r = rk(M) each ideal ] is principal, [ is principal, and its generator is
nowhere vanishing on I'y;.

Notation 2. Given two matroids M and N on the same ground set E, we say that M < N if
2(M) C 2(N), i.e., the dependent sets of M are a subset of the dependent sets of N. This defines a
partial order on the set of matroids with ground set E, which we call the dependency order. We note
that, in the literature, this order is the opposite of the order known as the weak order.

Definition 5 (Combinatorial closure of a matroid variety). Let M be a matroid and fix
r > rk(M), we define the combinatorial closure of the matroid variety as:

b
Viere = | V-
M<N

We denote by If\%’;b the ideal I (Vﬁ,’r”b ). Whenever r is fixed, then we omit it from the notation.
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We recall the following result from ([18] Lemma 3.5, and Proposition 3.9) that the
combinatorial closure is Zariski closed and its defining ideal is the radical of the circuit

ideal Icg(M) .

Proposition 1. Let M be a matroid, let € (M) be the set of its circuits, and fix r > rk(M).
The ideal I of the matroid variety is the radical of the saturation Iy by Jm:

I =/ (e J53).

where (L,f(M) : ]Xj’[) = {f € R | forall g € Ju there exists k > 1 such that fg* € L (ary }- The
circuit variety of M coincides with the combinatorial closure of the matroid variety:

Ve my = veomb  and equivalently  IS9™ = /I ()

2.2. Point-Line Configurations

Throughout this paper, we consider matroids of rank at most three as incidence
structures referred to as point-line configurations. This approach enables us to analyze the
realization space of these matroids using techniques from incidence geometry.

Definition 6 (Abstract and linear point-line configuration). An abstract point-line configura-
tion is a triple (P, L,T), where the elements of P and L are called points and lines, respectively.
The elements (p,£) € Z C P x L are the incidences. In this case, we say that p lies on ¢ or,
equivalently, that ¢ is incident to p. An abstract point-line configuration is linear if there is at most
one line incident to a pair of given points, and every line is incident with at least two points.

Typically, we think of linear point-line configurations that arise from the Euclidean
or projective plane. In these cases, the lines are 1-dimensional affine or linear subspaces,
respectively.

Notation 3. For each line { € L, we identify { with {p € P | (p,£) € L} the set of points lying
on the line. So, we write p € £ whenever p lies on £ and #¢ for the number of points on £. For each
p € P, wedenote by L, = {{ € L | p € L} the set of lines passing through p.

Given a realizable rank-three matroid, we define its induced point-line configuration
as follows.

Definition 7 (Point-line configuration of a matroid). Let M be a matroid of rank 3. We define the
point-line configuration C g := ([n], Ly, Zar) as follows. The point set of Cyy is the ground set [n]
of M. The set of lines Ly is defined as follows: Ly := {F € # (M) | rk(F) =2, |F| > 3}. Here,
F (M) denotes the collection of all flats of the matroid M. The elements F in Ly are specifically the
rank-two flats, meaning that they span a two-dimensional subspace. Furthermore, we require that
the size of each flat F is at least three, ensuring that these lines consist of a sufficient number of points.
The incidences I py are given by inclusion, i.e., (p,{) € I 4 if and only if p € {. Furthermore, if M
has a realization, then we write C 4 for the point-line configuration C .

As examples, we introduce here the point-line configurations that have inspired this
work, namely, quadrilateral sets and 3 x 4 grids.

Example 4 (Quadrilateral set). A quadrilateral set in a projective plane ]P’lz( is the datum of
4 lines and their 6 intersection points. By Definition 6, the linear point-line configuration cor-
responding to a quadrilateral set consists of 6 points and 4 lines (see Figure 1b), denoted by
Cos = {Pqgs, Lgs, Lgs}, where Pos = {P1, ..., P}, Los = {l123, (156, Loa6, l3as } and Lg
is the incidence relation shown in the picture.
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The configuration C g arises, as in Definition 7, from the simple matroid QS over [6] whose
set of circuits are min (A U ([Z])) , where A = {123,156,246,345}.

Example 5 (3 x 4 grid). Ann x m grid configuration is a plane point-line configuration consisting
of the n - m points of intersection of two pencils of n and m parallel lines. When we take realizations
of such a grid, the realizations of two lines of the same pencil will intersect in the projective plane.
Howeuver, these intersection points will not be part of the realization itself.

Our main example is the 3 x 4 grid G3. Mirroring our construction for the quadrilateral set, we

begin with the linear point-line configuration with 7 lines and 12 points CGZ = (PGE’ EGE’IGA%)’
see Figure 1c. Following the diagram, the lines are referred to as rows and columns in EGZ. The un-

derlying simple matroid G3 on [12], has circuits min (A U ([142])) where A = {123,...,101112}.

In general, the point-line configuration of a realizable matroid is not linear. As the
next example shows, this is due to the loops and nontrivial parallel classes of the matroid.

Definition 8 (Loops and parallel classes of a matroid). Let M be a matroid on ground set E.
An element e € E is a loop if, for every basis B of M, we have e & B. Equivalently, an element
e € Eisaloop if, for every flat F of M, we have e € F. The parallel classes of M are the rank-one
flats. A parallel class is trivial if it contains one nonloop element. Equivalently, a parallel class is an
inclusion-wise maximal subset of E such that any pair of elements of the subset are dependent.

Example 6. Consider the matroid M on ground set [6], realized by the columns of the matrix:
0
0

12010
A= 0 0 1 1 0f.
00001

o

The first column of A is the zero vector, hence it belongs to no bases of M, and so 1 is a loop of
M. The parallel classes of M are {123,14,15,16}. So 123 is a nontrivial parallel class of M.
The point-line configuration C 4 has lines

L4 = {12345,1236, 146,156 }.
This configuration is not linear, since the lines 12345 and 1236 are incident to 3 common points.

We now recall the notion of simplification of a matroid, leading to linear point-line
configurations.

Definition 9 (Simple matroid and simplification of a matroid). We say that a matroid M is
simple if M has no loops and every parallel class is trivial. The simplification of M is a matroid M’
on ground set E' = {F € .Z#(M) | tk(F) = 1} of rank-one flats of M. A set {Fy,F, ..., F} C E’
is a basis of M if for each i € [k] there exists f; € F; such that {f1, fa, ..., fx} is a basis of M.

It is straightforward to check that the simplification of a matroid is indeed a matroid
and moreover that it is simple. The simplification of a simple matroid M is itself, and so
simplification is a closure operator on the class of matroids. In the language of matroid
deletion, see [5], the simplification of M can be viewed as the matroid obtained by deleting
the loops of M and, for each parallel class of M, deleting all but one nonloop element.

Proposition 2. Let M be a simple matroid over [n]. Then, the point-line configuration C py is linear.
In particular, if M has a realization A € C*", then the columns of A are distinct points in IP’%C and

the lines of C g naturally correspond to 1-dimensional linear subspaces in P2.

Proof. We start the proof by pointing out the following:
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e  Singletons in [n1] are all the rank-one flats of M and correspond to points of P%;
e Rank-two flats of M of cardinality at least 3 correspond to lines in PZ.

Thus, assuming that M is simple, immediately yields that its rank-two flats of cardinality > 3
contain at least three nontrivial parallel classes. Thus, every line of Cj, is incident with at
least 3 > 2 points. We additionally have to check that any pair of points in C lies in at most
one line. We prove equivalently that, if {pgqrs} C [n] is such that rkys(pgr) = rkp(pgs) = 2,
then rky;(pgqrs) = 2. As M is a simple matroid, all 2-subsets of [n] are elements of .# (M).
Thus pgr and pgs are circuits of M and the statement follows by the Circuit Elimination
Axiom (see e.g., ([5] Lemma 1.1.3)). O

For the rest of this paper, we fix the following conventions for working with realiz-
able matroids.

Notation 4. Let M be a realizable matroid on ground set E of rank at most three, and M’ its
simplification. The point-line configuration C of M is taken to mean Cyy the point-line configuration
of M'. So the points of C are the subsets of E given by the parallel classes of M. By a slight abuse of
terminology, we say loops of C for the loops of M, and two points coincide in C when two nonloop
elements of E belong to the same parallel class of M.

Suppose that M and N are matroids of rank at most three on the same ground set E.
Recall from Notation 2 the dependency order on matroids. Assume that M < N, i.e., that
every dependent set of M is dependent in N. In general, the point-line configurations C
and Cy are different as they have different numbers of points and lines. We introduce the
following notation for the purpose of comparing the configurations Cjp; and Cy.

Notation 5. Assume the above setup. We say that a pair of lines {1 and {5 in Cp; coincide in Cn
if the rank-two flats Fy and F, of M, which give rise to {1 and {5 respectively, are contained in a
common rank-two flat of N. Suppose that £ € Cp is a line that arises from a rank-two flat F of M.
The closure cly (F) gives rise to a collection of points of C. If these points do not lie on a line of
Cn, then we say that these points lie on the ghost line of £ in Cy.

We conclude the section by stating some results that correlate the irreducibility of
certain matroid varieties with properties of the corresponding point-line configuration.

Proposition 3 ([18], Theorem 4.2). If M is a simple matroid of rank 3, whose point-line configu-
ration Cpy has at most six lines, then V) is irreducible with respect to the Zariski topology.

Notation 6. Let C = (P, L, T) be a point-line configuration and ¢ a line in L. We denote as C \ £
the point-line configuration (P', L', I") where:

o P =P\{peP|(pl) el and#L, =1},

o ['=r\{¢}, and

 I'=1\{(g0]q€P}

Theorem 3 ([18], Theorem 4.5). Let M be a simple rank-3 matroid, and let C p; be its point-line
configuration. Suppose that £ is a line of Cpy such that #{p € £ | # L, > 3} < 2. Let M, be the
simple matroid such that C 1, = Cpr \l. If Ty, is irreducible, then so is T py.

3. (Quasi-)Liftable Configurations

In this section, we introduce the notions of liftable and quasi-liftable for point-line
configurations and prove the associated varieties of such configurations are irreducible.
Moreover, we present an irreducible decomposition for their circuit varieties. In particular,
given a point-line configuration C with n points, we explore the property that an n-tuple of
collinear points can be lifted to a nondegenerate realization of C. Typically, this task is highly
nontrivial and requires additional conditions on the coordinates of the collinear points.
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E={pipj| pi pj

We first introduce the notion of liftability property for point-line configurations, which
plays a central role in the irreducibility of the corresponding circuit variety.

Definition 10 (Strictly liftable configuration). A linear point-line configuration C with n points
is called strictly liftable over a field k if any n-tuple of distinct collinear points in P4 is the image
under a projection of a nondegenerate realization of C. Here, by nondegenerate realization, we mean
the datum of an n-tuple of points in P%, and a bijection with the points of C such that (non-)collinear
points in C correspond to (non)collinear points in P%.

For example, the next result shows that forest configurations are strictly liftable over C.
We first recall their definition. Consider a point-line configuration C = (P, £,Z) whose
points P are endowed with a total order p; < --- < p,. We associate to C the graph
Ge = (P, E), where:

€ (forsome ¢ € L, p; < pj, and for all py € £ we do not have p; < py < pj}.

We define the connected components of C to be set of subconfigurations corresponding to the
connected components of G¢. We write w for the number of connected components of C.
The configuration C is called a forest if its graph is a forest. This definition is well posed by
([18] Lemma 5.2).

Lemma 1. Forest configurations are strictly liftable over C.

Proof. Let C = (P, L, T) be a forest configuration with n points. Starting from n collinear
points and a projection center P in P%, one can concretely construct a realization of C
projecting from P to the n-tuple of given points. We pick a point P’ € P such that Lp =1
(the existence of such a point is ensured by the forest assumption), and lying on a line
¢ € L. We associate P’ to an arbitrary point in the n-tuple, which is the projection image of
any point in the line joining itself with the center. We fix a point on this line and we take a
line ¢’ through it. By taking the intersections of ¢’ with #¢ fibers of points in the p-tuple, ¢/
becomes a realization of /.

The points in ¢ projecting to points Q, such that L5 > 2, give rise to branches
of the configuration C which do not contain any other point of ¢, because of the forest
assumption. So, we take arbitrary lines through these points and iterate the argument
until the configuration C is fully chased. Figure 2 shows how this is performed in a
sample configuration. [

H ¢ ;
e ¢
3 P \ \\ ~ d
a7
N
/
M M M

Figure 2. From left to right the figure shows a forest planar configuration with ten points and how it
is realized starting from ten collinear points, following the proof of Lemma 1.

3.1. Realization Space of Liftable Configurations

The liftability problem involves uniquely realizable configurations. Nevertheless,
the general setting can be formulated for all kind of configurations. Now, for any point-line
configuration C with n points, we introduce an algebraic tool that plays a crucial role in the
liftability problem. In particular, it gives insights about whether C is (quasi-)liftable and the
conditions that 7 collinear points must satisfy so that they may be lifted to a nondegenerate
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realization of C. For the following construction, we keep in mind the purpose of checking
the liftability of a point-line configuration over C.

Construction 1 (Collinearity matrix). Let C = (P, L, T) be a point-line configuration with
n = #°P points and let k be a field. Consider an n-tuple of collinear points Py, ..., P, in the
projective plane P%. Let P be a point that is not collinear with Py, ..., P,. After a change in
coordinates, we may assume the points lie on the line z = 0 and we may write

P = (?) and Py = (E),...,Pn = (x(l;i)forsomexi ck.

Xi
The problem is to find z1,. . .,z, € k such that the points ( 1 > form a realization of C.

We denote by [P;Pj] the 2 x 2 minor x; — x;. The collinearity matrix A of C encodes the
collinearity conditions imposed by the configuration. The columns of A are indexed by the points P;
of C for j € [n], and the rows of A are indexed by each triple i = (iy, i, 13), where P; , P;,, P;, are
collinear points. The entries of A are given by:

[Pizpi3] lf] = il/
_[Pilpis] if]':Z'Z/
[Pilpiz] ifj=1is,
0 otherwise.

(A)i)j =

Suppose that £ C P is a set of collinear points with #¢ > 3. For each 3-subset of £, the above
construction gives a row of A. These rows are linearly dependent. Moreover, it is straightforward to
show that the set of such rows has rank #¢ — 2.

Definition 11 (Space of lifts, trivial and degenerate liftings). Let C be a linear point-line
configuration with n points. We follow the notation from Construction 1 for the collinearity matrix
A. The matrix A defines the linear system:

Z1 0
Al =11 (1)
Zn 0
The solution space of (1), denoted as L ¢, is the space of lifts for C.
Xi
For each z € £, we obtain a lifted configuration of points P; with coordinates ( 1 )

By construction, these points realize all the collinearity conditions of C. We call Z trivial if
these lifted points are collinear. We say z is a degenerate lift if these lifted points are not a realization
of C but do not lie on a single line.

Lemma 2. The linear system (1) has nontrivial solutions if and only if dim(Z¢) > 3.
Proof. Trivial liftings of the n points contribute 2 dimensions to the dimension of .Z¢.

Therefore, a nontrivial lift exists if and only if the solution space has a dimension of at least
three. [

This leads to an efficient method to check if an arrangement is not strictly liftable.

Example 7. By applying Lemma 2 to the collinearity matrices of the quadrilateral set and the 3 x 4
grid, in the proofs of Theorems 7 and 10, we observe that they are not strictly liftable.

For the following family of point-line configurations, the fact that System (1) has a
solution space of dimension > 3 - w completely solves the liftability problem.
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Definition 12 (Maximal matroid). Let M be a simple matroid of rank 3, whose configuration C p
has no triplets of concurrent lines. We say that M is maximal if it is maximal, with respect to the
dependency order (see Notation 2), among the realizable simple matroids of rank 3 whose point-line
configuration has no triplets of concurrent lines.

Example 8. The underlying simple matroids of the quadrilateral set are maximal. This can be
deduced by how the property of being maximal reflects on the point-line configuration associated
to the matroid. In particular, the fact that there are no simple rank-three matroids N > M over
[n], with C having no triplets of concurrent lines, is equivalent to the fact that there is no linear
point-line configuration C' # C 1, with n different points, satisfying the following conditions:

o All the collinearities (i.e., triplets of collinear points) of Cp are collinearities of C';

»  The points of C' do not lie on a single line.

In other words, the underlying simple matroids of the quadrilateral set is maximal because any
nontrivial lifting of them in P% is a realization of the matroid.
. . . o : 12
Differently, the simple matroid M over [12], whose circuits are €' (M) = min (A U ([4])>,
where A = ([g]) U {178,289,379,41011,51012,6 11 12}, is not maximal. Indeed, one can con-
sider, for instance, the simple matroid My over [12], whose circuits are € (M) = min (A1 U ([142])) ,

where A; = (1) U {41011,51012,61112}. As €(M) G €(M), we have that M; > M.
In particular, M is contained in the two maximal matroids My and My, whose configurations are
depicted in Figure 3. Their maximality can be verified by the method mentioned at the beginning
of the Example. In particular, both of them have triplets of non-collinear points but they are not a
realization of M. Adding further dependencies on My and My would lead to a nonsimple matroid
or to a rank drop (see matroid M3, in Figure 3).

CMl CM?
1 2 3 7 8 9 4 5 6 1
2
3
10 4
9 1 5
6
7
8 12 s
Y 9
10
1 2 3 4 5 6 1 12 "
10
Cu, 12

Figure 3. In the notation of Example 8, from left to right there are the linear point-line configurations
of the matroids M, My, My, and M3.

Example 9. Similarly, one sees that 3 x 3 grids (and m x n grids in general) are not maximal. Let
G2 be the simple matroid ([9],%(G3)), with €(G3) = min ({123, 147,258, 369,456,789} U ([Z])).
Consider the matroid G = ([9], ¢ (G)), with associated point-line configuration depicted in Figure 4,
with €(G) = min<{123, 147,148,149, 178,179,189, 258, 369, 456, 478,479, 489, 789} U ([?j)).
The matroid G is strictly bigger than G3, depicted in Figure 5a, with respect to the dependency order.
Furthermore, the matroid G is maximal. Indeed, consider the associated point-line configuration

Cg, and impose any additional collinearity (avoiding triplets of concurrent lines). This forces the
collinearity of points laying on different lines of a same pencil of a 3 x 3 grid, leading to a rank drop.
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3 6
Figure 4. The configuration C¢ realizes all the dependencies of the 3 x 3 grid matroid, but not
all independencies.

Lemma 3. Let C = (P, L, 1) be a linear point-line configuration with n points, with connected
components Cy, . ..,Cy. Assume that Cq,...,C,, derive from a maximal matroid. Then, the follow-
ing statements are equivalent:

o The configuration C is strictly liftable.
o The linear system Az = 0, where A is the collinearity matrix of C, has solution space of
dimension at least 3 - w, or equivalently n — 3 - w > rk A.

Proof. Follows from Lemma 2 and Example 8. O

Example 10. Let 1,...,9 be collinear points in the projective plane. On the one hand, the collinear-
ity matrix A of a 3 x 3 grid configuration imposes a linear system with solution space of dimension
3. On the other hand, the 3 x 3 grid matroid is not maximal, so we cannot use Lemma 3 to conclude
information about its strict liftability.

23] —[13] [12] © 0 o 0 0 0

477 0 0 -[17] 0 0 [14 o0 o0

A_| 0 B8 o 0 -8 0 0 25 0
“lo 0o 9 0 0 -9 0 0 [36]
0 0 0 [56] —[46] 45 0 0 0

o 0 0 0 0 0 [89] —[79] [78]

However, the fact that tk(A) = 6 ensures the existence of nontrivial liftings of 1,...,9.
Furthermore, up to relabelling the points, the only simple rank-3 matroid over [9] with no triplets of
concurrent lines which is strictly bigger than G3 in the dependency order is the maximal matroid G
from Example 9. As a consequence, there are only two options for a nontrivial solution of the linear
system A(zq ...29)t = (0...0). Either it fully realizes G3, or it realizes the matroid G (because of
its maximality).

We conclude the example by pointing out that, an arbitrarily small translation of 2 points in
any realization of G allows to fully realize a 3 x 3 grid.

Notation 7. Let C be a linear point-line configuration with n points that is not strictly liftable over
C, and let € be a positive real number. We say that C has property = if for any n-tuple of collinear
points in P2 and any value of ¢, there exists a lifting of the n points to a degenerate realization
C € C® of C and a full realization C' € C®" of C such that ||C — C'|| < e.

Example 10 shows that 3 x 3 grids have the property *.

Definition 13 (Liftable point-line configuration). A linear point-line configuration C is liftable
over C if:

e (s strictly liftable over C, or

e C has the property * in P%.

Remark 4. The liftability property is preserved by certain operations on point-line configurations.
If C is liftable, then C \ £ (if realizable) is still liftable for any ¢ € L. In addition, adding a point to a
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line (with no extra collinearity requirement) does not affect liftability. In this case, both the number
of points and the rank of the collinearity matrix increase by one.

Lemma 4. Let M be a simple matroid of rank 3 over [n], whose associated point-line configuration
C o is liftable. Then, any realization of the 2-uniform matroid over [n], in C>", is an element of the
matroid variety V.

Proof. It is enough to prove the result when C; is strictly liftable. Let C € C* be a
realization of the 2-uniform matroid over [#]. Then the coordinates Cy 5, ..., C3, of C can
be seen as the (x, y, z)-coordinates of n collinear points in the projective plane. These can
be represented with the 3 x n matrix below, up to performing a change in coordinates in
PZ—as in Construction 1—which yields, in turn, a change in coordinates on C*".

Cl,l C1/2 ‘e Cl,n X1 X2 ... Xp
C= C2,1 C2,2 Ce Cz/n = 1 1 N 1
Cs1 C3p ... Can 0 0 ... 0

The liftability of C); ensures the existence of z1, ...,z; € C, such that the points of coor-
dinates (x;1z;)!, fori =1,...,n, are a nondegenerate realization of M. Now, let ¢ be an
arbitrary positive real number and set z := max;_1_, |z;|. Let D € C3" be the point of the
following coordinates:

X1 X2 - Xn
D= 1 1 . 1
€ € &
EZ] EZZ e Ezn

The point D is still a realization of M because I'y; is a semialgebraic set defined by the
(non-)vanishing of determinants of 3 x 3 matrices whose columns are (x, y, z)-coordinates
of points in the projective plane. In our case, by multilinearity of determinants:

X x] X e X x]- X
1 1 1 =—11 1 1], forany1 <i<j<k<n.
%Zi ézl %Zk Zj Z]' Zj

As the left-hand side vanishes if and only if the right-hand side vanishes; this proves that
any Euclidean open subset of C*" containing C intersects I'y;. In turn, this implies that any
Zariski open subset containing C intersects [y, thus C € Ty = V. O

Definition 14 (Quasi-liftable configuration). A linear point-line configuration C = (P, L, T)
is called quasi-liftable if C is not liftable but C \( is liftable for every £ € L.

Example 11. Our configurations of interest, namely the quadrilateral set and the 3 x 4 grid, are
quasi-liftable (see Figure 5b,c). However, when a line is added to a quasi-liftable configuration,
the quasi-liftability property is not preserved.

(a) 3 x 3Grid (b) Quadrilateral set (c) 3 x 4 Grid

Figure 5. Examples of liftable and quasi-liftable plane arrangements.
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3.2. Irreducible Decomposition of Varieties of (Quasi-)Liftable Configurations

In this section, we prove the irreducibility of the matroid varieties of liftable and
quasi-liftable point-line configurations, assuming there are no triplets of concurrent lines in
the configuration. Specifically, in Theorem 4, we establish the irreducibility of the matroid
variety in both cases. However, for the circuit variety, we demonstrate that while it is
irreducible for the liftable configuration (Theorem 5), the circuit variety of the quasi-liftable
matroid has two irreducible components (Corollary 1).

In this section, unless stated otherwise, we assume that all configurations are
for simple matroids of rank three and preserve their realizability when considering
a subconfiguration.

We first prove the irreducibility of the matroid and circuit varieties of liftable configurations.

Theorem 4. Let M be a matroid, whose associated point-line configuration C s has no triplets of
concurrent lines. Then, the matroid variety V) is irreducible.

Proof. If Cj; has less than 6 lines, then V) is irreducible by Proposition 3. Assume that
Cum has more than 6 lines. Consider a subconfiguration C' = Cp \{¢1,..., bz, 6},
for {¢1,..., sz, —6} C Lm. Now, let M’ be the corresponding matroid. Then, T'yy is
irreducible with respect to the Zariski topology, as V) is irreducible by Proposition 3 and
[y is Zariski dense in V). Note that # £, < 2 for any p € P by assumption. Let us now
consider C" = Cpy \{¢1,...,lsr v —7)- Among the intermediate configurations between
C"and Cp;, C" is such that ' = C" \ly,, —6 (denote as M" the corresponding matroid).
Theorem 3 implies that I'y~ is irreducible and so is its Zariski closure V. If C "=¢C M, We
are done. If not, we introduce a configuration C"”" and we argue analogously. The process
terminates after # £y —6 steps. O

Remark 5. In view of Lemma 1, Theorem 4 generalizes Proposition 5.9, and Theorem 5.11 from [18].
Thereby, an analogous result was proved for forest configurations.

Recall that for every matroid M, the circuit variety Ve (y) is equal to the combinatorial

closure Vlf,‘fmb, but not necessarily to the matroid variety V);; see and Definition 5 and
Proposition 1. In the following theorem, we demonstrate that for liftable configurations,
all these varieties coincide. We first establish the theorem and subsequently prove the
technical lemma, Lemma 5, used in the proof.

Theorem 5. Let M be a matroid whose associated point-line configuration Cpy is liftable and has
no triplets of concurrent lines. Then,

Vemy = Vm and equivalently L) = Im-

Proof. We prove the result by induction on the number of lines in Cj;.

If C s has no lines, then M is the 3-uniform matroid. In this case, the realization space
T is a Zariski open subset, and Vj; = Ty = c3 = ch( M)-

Assume that the result is true for any matroid fulfilling the hypotheses with < m lines.
Consider a configuration Cy with m + 1 lines and let C be a point in Vg () \ I'mt, which
equals to Vﬁ’mb \ T'p, by Proposition 1. We want to prove that C € V. If M is a matroid
over [n], the point C € C" realizes a matroid N > M, over [n], which is dependent for M.
In particular, the coordinates of C can be represented as a matrix whose columns are the
(x,y,z)-coordinates of n points in the projective plane. As C), is liftable (Lemma 5), we
restrict it to the case where N is a simple matroid.

If the associated point-line configuration C consists of collinear points, the result
holds by Lemma 4. Otherwise, for any line ¢ € L, there is a well-defined projection
T C3 — C3* for some k < 1, which deletes from the matrix C the columns that are
coordinates of points in C)z, but not in Cjs \£. Now, for any line ¢, let us denote M, for the



Mathematics 2024, 12, 3041

15 of 34

simple matroid whose point-line configuration is Cp \£. Then, 77,(C) € Vi, because Cpy \ ¢
is liftable. Thus, C € Nyer n[l(VMé). To conclude, we prove that Ny, n[l(VM() C Vu.
This is equivalent to the inclusion:

(ﬂ ”ﬁ(VMI)) 2 (V)" = (Tw)" = (Tw)".

lel

Now, as M is not 3-uniform, (I'{,)° is not empty. Let D = (D;,...,D3,) be in the
Zariski interior of I'),;. We show that there exists a line ¢ such that 77,(D) ¢ Vj,. Now,
'y is the semialgebraic set defined by p;(x11,...,%3,) = 0and q(x11,...,x3,) # 0 for
certain homogeneous polynomials p; and g imposing, respectively, the dependence and
independence relations for the matroid M.

If one of the polynomials p; does not vanish when evaluated at the coordinates of D,
then there is a collinearity of Cj;, which is not satisfied by D. Let £ be any line in £, not
requiring the critical collinearity, then 77,(D) ¢ V),. Hence, C € Nyer n[l(VM() C V.

The only excluded case is when, for all i, p;(D11,...,D3,) = q(D11,...,D3,) = 0.
We show that this cannot happen; specifically, we prove that D is a point of Vjs. On the one
hand, the vanishing of the p;’s implies that D € V() \ I'm. On the other hand, as long as
D is in the interior of I'};, there exists a Zariski open subset entirely contained in I'{; and
containing D.

Now, Lemma 5 allows us to restrict to the case where D realizes a simple matroid,
dependent for M, and Lemma 4 excludes the possibility that the n points given by the
realization of D are collinear. In other words, the point-line configuration realized by D
has n distinct points, among which at least three of them are not collinear, and it respects
all the collinearities of M. There are some extra-collinear points which are the projective
image of a subconfiguration of Cps. As C is liftable, all its subconfigurations are liftable as
well. Thus, the unwanted collinearity can be resolved by a small arbitrary lifting.

To conclude, if D satisfies p;(D11,...,D3,) = q(D131,...,D3,) = 0, then any Eu-
clidean open subset containing D intersects I'ys, contradicting that D is in the Zariski
interior of I'y,;. O

We now prove the technical lemma used in the proof of Theorem 5.

Lemma 5. Let M be a matroid whose point-line configuration C s is liftable and has no triplets of
concurrent lines. Let C € C>" be a point in Vig(m) \ T, realizing a nonsimple matroid N > M.
Then, for any € > 0, there exists C' in the Euclidean open ball B(C, €) realizing a simple matroid
N’ which is dependent for M, or equivalently, is M < N'. Further, if C' € V), then C € V).

Proof. The coordinates of the point C can be represented by the 3 x n matrix:

C1,1 C1,2 e Cl,n
C= C2,1 C2’2 ‘e C2,n = (Cl Cy ... Cn),
C3[1 C3,2 ce C3,n

where ¢; € C3 for each i. Since the matroid N , realized by C, is nonsimple, the matrix above
might contain zero vectors ¢; = 0 or linearly dependent pairs of columns ¢; = A - ¢; for
some A € C*. To prove the result, we proceed by induction on n. Since the base case is
trivial, we may assume that the result holds for any subconfiguration of C s, having less
than n points. We recall that the point-line configuration C of N is associated with the
simplification of the matroid.

Fixed a positive real number ¢, the procedure to obtain the point C’ will consist in
perturbing the columns of C finitely many times by adding to them vectors whose norm
is bounded by ¢. For the choice of the base-field C, and the continuity property of the
Euclidean distance over C", the value of ||C — C’|| will eventually be bounded by a
continuous function of «.
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By assumption we have that N > M, so every flat of rank 2 in M is dependent in N.
This means that for every line £ of Cyy, the points ¢, := {c; : i € £} lie in a 2-dimensional
linear subspace ? C C%, which we call the ghost line of £. There are two possibilities for the
points c¢;:

e Either their linear span is 2-dimensional, in which case 7 is uniquely determined;
e  Thelinear span has dimension strictly less than 2, in which case we choose / generically
such that it contains ¢;.

We construct the point C’ algorithmically by performing the following steps.
Loops: Suppose there is a zero column ¢; = 0 of C. By assumption, the point i of Cj; lies on
at most two lines ¢; and ¢, (if this is not the case, then the same strategy can be performed
with fewer constraints). Let v € £ N £, be a point in the intersection of the two ghost lines.
Without loss of generality, we may assume that |v| = 1. We perturb ¢; by moving it to the
point ¢'v. This results in a configuration N’ with N’ > M.

From now on, we assume that all points c¢; are nonzero.
Multiple points: Let .# = {I3, ..., Ix} be the set of multiple points of Cy, i.e., the rank-one
flats of N of cardinality strictly higher than one. For any I € .# let % = {iy,...,iy, } be
the corresponding set of points in C such that Spanc{c;,, ..., Ciyy } is one-dimensional. We
introduce a procedure to perturb these points so that they realize the point-line configura-
tion of a simple matroid, dependent on M. We address cases based on the 7;’s. Initially, we
handle points lying on no lines of C (step S1) and points lying on one line of C; (step S2).
At this stage, all multiple points can be assumed to consist of points belonging to two lines
of Cp1. Now, either all (ghost) lines through a multiple point coincide or not. In the former
case, we proceed as in step S3; in the latter case, we apply steps 54 and S5.

S1. For anyindexk = 1,...,Kand for any | = 1,...,n, if the point i; € .#, does not
belong to any line in Cj;, then it can be translated along any direction. In other words,
we perturb the column ¢;, by adding to it a vector €v, where v has unitary norm (see
Figure 6 for an example). In turn, we can assume that for any k =1, ..., K, all points
in .# lie at least on a line in Cj,.

CM CN
a (2,8} a
&
b/ o %S b f b f
&
c d e c d e c d e
T

Figure 6. The figure refers to step S1 and illustrates how to solve the double point {4, g}. In view of
the fact that the point g does not lie on any line of Cy, it can be translated along the direction .

S2. Forany k =1,...,Kand forany ! = 1,...,n,, we check whether the point i; € .7
belongs to a single line £ in Cps. If this is the case, the point i; can be realized by
translating the corresponding column ¢; along the ghost line 7, as in Figure 7. Thus,
we can further assume that for any k = 1,. .., K, all points in .# lie at the intersection
of two lines in C ;.

s

Figure 7. The figure illustrates step S2, and how to solve the double point {4, f}. In the starting
configuration Cy, the point f lies solely on the line £ and can be translated along the direction v.
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S3. For any k, if all the (ghost) lines through I coincide on a unique (ghost) line ¢, then we

perturb all points of .# along /. Figure 8 illustrates that this operation might not lead
to a full realization of Cjy, as it does not take the independence relations into account.
However, it generates all required collinearities, leading to a dependent matroid for
M. Any remaining multiple point now lies at the intersection of the realization of at
least two nonoverlapping lines.

Cy
{d,e g} s
a b c f a b c f e
h=4=6=1 h=5==17

Figure 8. The realization of lines /1, ..., ¢, of Cj all coincide in Cy. Therefore, following step S3,
the triple point {d, e, g} can be split along the line [1 = ... = {, to realize all collinearities of C M-

S4. We now remove all remaining multiple points from the configuration, and we consider

the multiple lines L that are incident to them. We resolve the multiple lines using a
lifting procedure, which can be followed graphically from Figure 9. We consider the
following two steps:

54.1. In view of the liftability property of C); and the induction hypothesis, we can
perform a lifting of the subconfiguration of N that involves only the remaining
points on L and the (ghost) lines that coincide with L. Here, we pick our projection
point in general position, away from all lines generated by points of Cn. It
follows from the proof of Lemma 4 that the distance between C and the lifted
configuration can be bounded by .

S4.2.1f a lifted point i was the intersection of L with another (ghost) line Z, prior to the
lifting, then we need to further perturb it. In Cpy, the point i lies at the intersection
of two lines £ and ¢'. In Cy;, 7 coincides with the line L. After the lifting, we have
that 7' is lifted and intersects # at a unique point. We redefine i to be this unique
intersection point, whose distance from the previous lifted point is a continuous
function of e.

For any lifted (ghost) line resulting from this operation and containing a point in one of
the multiple points through /, we can assume, without loss of generality, that it is still
arbitrarily close to the concerned multiple points. This can be explained considering
that if the multiple points had not been removed from the configuration, the lifting
could still have been performed. In particular, any such lifted line intersects all the
other lines incident to the multiple point in a neighborhood of the multiple point itself.

a 8

Figure 9. The figure demonstrates step S4 in action from left to right. Here, we address a triple point
through liftings. Both lines incident to c, e, i in Cjy realize two rank-two flats of M. Therefore, a lifting
procedure is necessary to resolve the multiple point. In the final square, we illustrate how to intersect
the lifted lines to complete the configuration.
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S5.  For any multiple point Iy € .#, we consider the lines through I; excluded from step S4.
Namely, those corresponding to rank-two flats of N that do not contain more than a
rank-two flat of M. Let m be the number of such lines. If m; > 3, we have to perturb
my — 2 of them so that they are not all concurrent on the same point in the projective
plane. This can be performed considering that none of these lines is a multiple line,
and for any such line ¢, we perform the following two steps, depicted in Figure 10:

S5.1. We pick a generic direction v € C2. Our goal is moving all points on / in the
direction of v.

S5.2. We select a basis B for the (ghost) line /. Then, fixing a unitary vector v, we
consider the linear subspace y = Span{b + v : b € B}. For each point i lying
on £, we perturb i as follows. By assumption, i belongs to exactly one or two lines
of Cp. If i belongs to two lines £ and ¢/, then we move i to the closest point in the
intersection of the ghost line /” and p. Otherwise, if i belongs uniquely to the line
£, we move i to the closest point of y.

The total distance that points have moved is a continuous function in ¢'.

Figure 10. From left to right, the figure shows how a triple point can be solved via the line translation
introduced in step S5. The point {a,b,e} in Cy is such that m {abe} = 3. Therefore, it suffices to
perform the translation of one of the three lines incident to it. As in Figure 8, the final configuration
realizes a matroid which is dependent for M.

S6. For any k, after having performed steps 4 and 5, all lines incident to Iy € ¥ now
intersect in points whose coordinates can be obtained by adding a vector ¢v to the
coordinates of I (v is supposed to have unit norm). Therefore, we can finally resolve
all multiple points by taking the intersection of the corresponding lines, as in the
right-most representations of Figures 9 and 10.

By construction, the point C’ and its associated matroid N’ has the desired properties. [

Before stating our decomposition theorem for quasi-liftable configurations, we state
the following remark which allows us to restrict to connected point-line configurations.

Remark 6. Let I and | be ideals in polynomial rings Clxy, ..., x| and Clyy, ..., ym|, respectively,
with prime decompositions = 1N ---Nlgand [ = JyN---N Jj,. Then,

I+]=10Cly1,....yu] +Clx1,.., vl ® = () L+]J;

Moreover, [29], Theorem 7.4.i ensures that, in our setting, tensor product and finite intersections
commute, and [30], Proposition 5.17.b, implies that the ideals I; + ]j are prime.

The above remark applies in particular to disconnected configurations, allowing us
not to lose any generality by adding the connectivity assumption to the statement below.
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Corollary 1 (Decomposition theorem for quasi-liftable configurations). Let M be a matroid,
whose point-line configuration Cp is connected, quasi-liftable and has the property that every point
lies on at most two lines. Then,

Ve = VoUVum and equivalently Igvy = ToNIm, )

where V) is the matroid variety whose associated configuration is a line with n marked points.
Furthermore, the decompositions in (2) are, respectively, irreducible and prime.

Proof. Let C € Vi (). By Proposition 1, we have that C € Vf/‘l’mb. If C € Ty, then
C € Vi = IT'y. Thus, from now on, we assume that C € V]f/?mb \ I'ps and we prove that
C € Vo U V. If M is a matroid over [n], the point C € C>" realizes a matroid N > M over
[n], which is dependent for M.

Now, if the point-line configuration Cy consists of collinear points, then C € V.
If Cn has more than one line, then Cj; has at least two lines as well. In particular, if some
subconfigurations of Cy; are flattened in Cy, then these subconfigurations are liftable as
Cum is quasi-liftable and Cy consists of more than one line. Thus, in view of Lemma 5,
we can assume that N is simple. For any line ¢ € Ly, there is a well-defined projection
T C3 — 3" for some m < n, which deletes the coordinates of the points which are in
Cum, but not in Cpy \¢. Now, for any line ¢, let us denote M, for the simple matroid whose
point-line configuration is Cps \£. Then, 71,(C) € V), because Cy is quasi-liftable. Thus,
C € Neer 7([1 (Vim,) which is contained in V) by Theorem 5. (]

3.3. The Ideal of Quasi-Liftable Configurations

We apply the results to compute the generators of an ideal whose radical contains the
ideal of the matroid variety; see Proposition 4. We first set up our notation.

Let M be a matroid over [n] with point-line configuration Cj; and the collinearity
matrix A. Consider the notation of Construction 1. Then, the nonzero entries of A are

P x;i xi 0
_ i
SEENE

for certain 1 <7 < j < n, where all columns are the coordinates of points P;, P, and P,in a
frame of reference {R, Ry, P, U} with Ry, R, U being in general position with P.

Let B(A,; ;) be a polynomial in the entries of A, which is the determinant of a square
submatrix of A itself. In this case, 98 is the sum of products of k nonzero entries of A.

In Construction 1, the choice of P as a reference point of the projective plane was
intended to simplify the notation. In general, one can fix an arbitrary frame of reference
{R1,Ry,R3,U} in IP’%C, and use it to take coordinates for P = (xp,yp,zp). Let A’ be the
matrix constructed as A but considering an arbitrary frame of reference. The nonzero
entries of A’ are

X x]' Xp
[P,PiP] = |yi yj yp|-
Zj Zj Zp

Let 33'(A] ;) be the polynomial defined as 9, but with entries in A’. Now, the vanishing
of the polynomial *B is a projective invariant property. Since changes in coordinates are
projective transformations, ‘B vanishes if and only if the polynomial 3’ vanishes.

By multilinearity of determinants, the polynomial 3’ is the linear combination of
3k copies of 9 itself, each of them corresponding to a k-tuple of points of the frame of
reference (with repetitions). Each copy is the sum of products of k 3 x 3 determinants of
matrices whose first two columns are as in ‘P and whose last column is a point of the frame
of reference, determined by the corresponding k-tuple (see Example 12). We call each copy
of B’ an extension of B.
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Example 12. Consider a matroid M over [5] with circuits C(M) = {123,345}. The configuration
C consists of two lines incident at a point. Take 5 distinct points of ]P’é lying on the same line and
a point P not collinear with them. With the above notation and Construction 1, we have

/23] —[13] 12 0 0 ,  ([23P] —[13P] [12P] 0 0
A= ( 0 0 [45] —[35] [34])’ and A < 0 0  [45P] —[35P] [3413})'

Take B (resp. ') to be the minor generated by the second and third column of A (resp. \). Then,
P = —[13][45], and
—sp’

[13P)[45P] TV P (13 3 bRy + ypRy + 2pR3] (45 xpRy + ypRo + zpR3)
x3[13R1][45R1] + xpyp[13R1][45R5] + xpzp[13R1][45R3]+

+ xpyp[13R2][45R 1] 4 y3[13R,][45R,] 4 ypzp[13Ry] [45R 3]+

+ xpzp[13R3][45R1] + ypzp[13R3][45Ry] + z3[13R3] [45R3].

Here, each summand of ' is a copy of P associated with a pair (R;, R;), with i,j € {1,2,3}, which
is an extension of B.

Proposition 4. Let M be a maximal matroid over [n), whose point-line configuration Cyy is
quasi-liftable. Then the ideal 1y is contained in the radical of the ideal I generated by the following:

*  The collinearity conditions of Cy;
*  The extensions of the n — 2 minors of the collinearity matrix Ac,,.

Proof. From Example 8, we know that an n-tuple of different points in C*" realizes M if
and only if it contains at least 3 non-collinear points. Every point P in V(I) belongs to the
interior of the matroid variety V), since, after a suitable change in coordinates, it satisfies
the equality A¢,,(z1 ... zx)" = (0 ... 0)" and has (at least) three non-collinear points in the
projective plane (we are considering 7 — 2 minors). Thus, V(I) C Vysand so Iy C V1. O

In the following sections, we prove that for the quadrilateral set and the 3 x 4 grid,
the two ideals in Proposition 4 are equal. Furthermore, we see that for both examples,
the ideal I is actually radical, and we provide a minimal generating set for I.

4. The Quadrilateral Set

We now apply the results of Section 3 to the quadrilateral set. Furthermore, we provide
a minimal and geometrically meaningful set of generators for the corresponding ideal.
Finally, we outline the method for interpreting these generators from the arrangement,
highlighting the underlying symmetries.

We recall that, as point-line configurations C os, quadrilateral sets arise from the simple
matroid QS, introduced in Example 4. The matroid QS is realizable over C, thus Cog can
be embedded in P4. We take (xy z)-coordinates for 1, . .., 6, with respect to a fixed frame
of reference {R1, Ry, R3, U}. Without loss of generality, we assume that the points of the
frame are in general position with any couple of points of the embedded configuration,
and we encode the coordinates in the matrix:

X1 X2 X3 X4 X5 Xg
X=|v Y2 Y3 Yya Y5 Ve |-
21 Z2 Z3 Z4 Zs Zg

Our aim is to understand the variety V55, whose ideal, by Proposition 1 is:

Tos = /{123]x, [156]x, [246]x, [345] ) - J%
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where ]s is the principal ideal ([124]x - [125]x - - - [456]x). We achieve this by identifying a
geometrically meaningful set of generators for the ideal Igs.

Notation 8. Let ¢ be a line in L, whose points are P, sz and PE. Let P, P!, P2 and P3 be points of
the projective plane, not necessarily distinct. Denote as P},, P and P3, the three points of P which
do not belong to {: two of them will be collinear with P} (wlog P}, and P3,), two with P (wlog P2,
and P3), and two with Pg’ (wlog P}, and P3). We denote the following:

QS(£;P', P2, P%) = [P} P} P"|[P2P3P?] (PP, P°) — [P} P3P (P3P (P3P, P
QS(4; P) = [P}PLP|[P2P2P| (PP} P| — [P P2 PI[PP)PI[PEPLPI.

Note that, once the line £ and the points P, Pl P2 P3 gre fixed, the polynomials above are
well-defined up to the sign. However, for our purposes, we only concern ourselves with their
(non)vanishing.

Example 13. Let us compute the QS-polynomials for £ = 153, P = P2 = Ry and P = R,.

QS(£123; R1, Ry, Rp) = [15R][26R1][34R] — [16R1][25R1][34R7]
X1 XSl JCZX61 X3X4O X1 X61 XZX41 JC3X5O
= [yl Y5 0} [yz Y6 0] [ya Ya 1] — [m Y6 0} [yz Y4 0} [ys Y5 1]
Z1 Z50 Zn ZéO Z3 240 Z1 260 Zn Z40 Z3 Z50
= —X5Y4Y6212223 + X4Y5Y6212223 — X3Y5Y6212224 + X5Y2Y62123Z4 1
+ X3Y4Y6212225 — X4Y1Y6222325 — X3Y2Y6212425 + X3Y1Y6Z22425+
— X4Y2Y5212326 + X5Y1Y4222326 + X3Y2Y5212426 — X5Y1Y223Z4Z6+
— X3Y1Y4222Z526 + X4Y1Y22325Z6.

Remark 7. We introduce two different multidegrees on the monomials of the ring R = Clxy, ..., z¢].

*  The letter multidegree (dy, dy, d;) € (220)3, where dy, dy, and d are, respectively, the
numbers of x, y, and z variables.

o The point multidegree (dy,...,dg) € (Z>0)® where d; is the number of variables correspond-
ing to coordinates of the point p; foranyi =1,...6.

Notice that, by construction, the QS-polynomials are homogeneous of point multidegree (1,...,1).

We now provide a family of polynomials that vanish when evaluated on the coordi-
nates of the points of a quadrilateral set.

Theorem 6. Let C g be a quadrilateral set in PZ. Then, for any line { € L s, and any three points
P!, P2, P8 € P2:
QS(¢; P, P?, P%) = 0.

Proof. We have to show that QS(¢; P!, P2, P?) = 0 for any choice of ¢ and points P!, P?, P3.
As a summand of QS(¢; P!, P?, P?) vanishes if and only if the other vanishes too, we can
assume, without loss of generality, that the points P!, P2, P? do not belong to any of the lines
in £. Due to the multilinearity of determinants, the claim follows if QS (6;R;, Rj, Ry) =0,
for any line ¢ and any (i, ], k) € {1,2,3}3. (Note that we fixed {Ry, Ry, R3, R; + Ry + R3} as
the frame of reference.)

We now show the argument for a particular choice of ¢. It can be easily adapted for
other possible choices. Let us assume ¢ = /13. We want to show that

QS(4; Ry, R;, Ry) = [15R,][26R][34R] — [16R;][24R,][35R;] = 0. 3)

By construction, 6 € {155. Now, {1,5,1+ 5} is a frame of reference for the line ¢54. This
means that there exists a unique choice of ¢, 8 € C such that a1 + 85 = 6. Here, it is
important to remark that 1,...,6 are fixed representatives of the corresponding points
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in P%, which makes the choice of & and B unique. If we plug this into QS(4; R;, R, Ry),
we obtain
QS(L;R;, Ry, Ry) = [15R][26R ] [34Ry] — [16R][24R;][35R

Itilin.
TS [15R;][26R)[34Ry] — a[11R;][24R;][35R] — B[15R;][24R;][35Ry]
= [15R;][26R;][34Ry] — B[15R;][24R;][35R].
In this way, we managed to have the same term as the first factor of both products. Via

the same argument, the structure of the quadrilateral set also yields that 4 = a2 + 56 and
5 = a’'3 + B4 for a unique choice of &/, &, B/, " € C. Finally, we have that

QS(6;Ry, Ry, Ry) = [15R;][26R ] [34R¢] — BB'B"[15R,|[26R][34Ry] = (1 — BE'B")[15R ] [26R ] [34R].

As a consequence, proving (3) is equivalent to show that f’'8” = 1. On the other hand,

5 — “//3+ﬁ//4
— “//3+“/‘8//2+‘8/ﬁ// 6
— a,13+“,‘8//2+a13/’8”1+ﬁlBI‘B”5.

Thus, (1 — Bp'B")5 = a”3 + &’ "2+ ap’ 1. Here, on the Lh.s., there is another representa-
tion of point 5; whereas, on the r.h.s., there is a point in the line ¢153. As far as 5 ¢ {153 by

construction, the equality above holds if and only if both sides give ((é); that is if and only
if Bp'B" =1, as desired. O

Furthermore, projective transformations keep track of the vanishing of these polynomials.
Lemma 6. The vanishing of a polynomial QS({; R;, R;, Ry) = 0 is a projective invariant property.
Proof. We prove the lemma for the line ¢1,3. We need to show that

QS(123; Ry, R}, Ry) = [15R;][26R;][34R;] — [16R;][24R;][35Ry] = 0

is a projective invariant property. Therefore, we consider T € GL(C, 3) and D € diag(C, 3),
and we write down QS(T¥¢123D; TPD), as follows:

QS(T123D; TR;D, TR;D, TR, D) = [T1D T5D TR;D][T2D T6D TR;D][T3D T4D TR;D]+

— [T1D T6D TR;D][T2D T4D TR;D][T3D T5D TR;D]
= det T° det D*([15R;][26R][34Ry] — [16R;][24R;][35Ry]).

At this stage, we can see that
QS(TliD; TR;D, TR;D, TR{D) =0 <= QS({123;R;,Rj,Rt) =0

which completes the proof. The same argument applies analogously to other choices
of lines. [

In [25,26], the vanishing of the bracket polynomials QS(¥; R3) is proved to characterize
the liftability of six points in P to a quadrilateral set. More generally, the whole family of
QS-polynomials just introduced offers a characterization of the liftability of a 6-tuple of
collinear points in P2 to a quadrilateral set. In particular, we prove the following result.

Theorem 7. Let r be a line in P2 and 1,...,6 distinct points of r. Consider the collection
L = {l123, 156, Loas, 345}, where Cijk is the combinatorial line consisting of points i, j, and k.
Then, the following statements are equivalent:
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i.  Thepoints 1,...,6 are the projective image of a quadrilateral set.

ii.  The polynomials QS(¢; P*, P2, P%) vanish for any ¢ € L and any P!, P2, P3 € P,

iii. The polynomials QS(¢; R;, Rj, Ry) vanish for any ¢ € L and any (i, j,k) € {1,2,3}3.
iv.  The polynomials QS({123; R;, R;, Ry) vanish for any (i, j, k) € {1,2,3}3.

0. The polynomials QS (¢123; R;, R;, Ry) vanish for any (i, ], k) € {1,2,3 3 withi < j < k.

Proof. It is immediate to see that (ii) = (iii) = (iv) = (v).

(i) = (ii) By Lemma 6, the vanishing of the QS polynomials is a projective invariant
property, thus when six collinear points are the projective image of a quadrilateral set,
QS(¢; pl,p2 p3 ) = 0 where ¢, P, P2 and P3 satisfy the assumptions of Theorem 6.

(ii) = (i) Conversely, let 1,...,6 be collinear points that make the polynomials
QS(¢; P, P%; P3) vanish for ¢ € {123, {156, {246, {345 } . We then computationally verify that
the vanishing of the QS polynomials is equivalent to requiring the collinearity matrix Agg
not to have maximal rank.

23] —[13] [12] 0 0 0
Ao |1B8] 0 0 0 —[16] [15]
B~ 0 [46 0 —[26] 0 [24]
0 0 [45] —[35] [34] O

As a consequence, the linear system Apg(z1...26)" = (0...0)" has a solution space of
dimension at least 3. In other words, by Construction 1, there exists a nondegenerate
quadrilateral set whose image via the projection through P on the line r consists of exactly
points 1,...,6.

(iii) = (ii) The implication is followed by the following equalities of ideals in
Clx1,...,2):

([123], [156], [246], [345], QS(¢; P!, P2, P3) for ¢ € £ and P!, P?,P3 € P%) =
= ([123], [156], [246], [345], QS(£; R, R, Ry) for £ € £ and (i,j, k) € {1,2,3}3).

However, the equality of the two ideals holds by the multilinearity of determinants.

(iv) = (iii) Similarly to the previous implication, we check that:

([123], [156], [246], [345], QS(¢; R;, R, Ry) for € € L and (i, ], k) € {1,2,3}%) =
= <[123], [156], [246], [345], QS(€123; Ri/ R], Rk) fOI' (i,j, k) S {1, 2,3}3>

More generally, if we fix a line ¢, the polynomials QS(4; R;, R]-, Ry) together with [123]x,
[156]x, [246]x, and [345]x generate the corresponding polynomials for the other lines.

Assuming that QS(¢123; R;, Rj, Ry) = 0 for any (i,j,k) € {1,2,3}3 for any line
¢ € L£\{l123}, we construct a projection ¢ that sends ¢1p3 to ¢ and keeps the quadri-
lateral set globally fixed (so that the intersection points in P are just permuted by ¢). We
can define these projections explicitly. The points {1,2,5,4} are a frame of reference for the
projective plane and each permutation of these four points defines uniquely a projection ¢
that permutes the 3 diagonal points (3,6, 14 A 25). If we add the requirement that 14 A 25
is fixed (which is necessary for the ¢-stability of the quadrilateral set), we find the three
desired projections. By Lemma 6 the vanishing of QS(¢123; R;, Rj, Ry) = 0 is a projective
invariant property. Hence, to obtain all the polynomials QS(¢; R;, Rj, Ry), we can choose
the generators among the polynomials QS(/123, R;, R;, Ry).

(v) = (iv) We check the following equality of ideals in C[x, ..., z¢]:

([123], [156], [246], [345], QS (¢103; Ry, R;, Ry) for (i, ], k) € {1,2,3}°) =
= ([123], [156], [246], [345], QS (f123; Ri, R, Ry) for (i, ], k) € {1,2,3}> withi < j < k).
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We point out that a choice of (i, ], k) determines the letters appearing in the terms of
QS(123; R, Rj, Ry). For example, QS(¢123; R1, Ry, Ry) is the sum of monomials of degree
6, where each of them are the product of one x coordinate, two y coordinates, and three
z coordinates. The same holds for QS(¢123; Ry, Ry, R1) and QS(¢123; Rz, R1, R1). In spite
of that,

QS(l123; R1,R1, Ry) # QS(f123; R1, Ry, R1) # QS(f123; Ro, Ry, Ry).

In other words, the selection of (i, j, k) determines the letter multidegree of the QS polyno-
mial. However, multiple choices of (i, j, k) can yield the same letter multidegree. Specifi-
cally, having a generator per letter multidegree is sufficient to generate all the polynomials.
The remaining QS-polynomials with the same multidegree are obtained by adding the
corresponding generator to a polynomial combination of [123], [156], [246], and [345],
with coefficients stored in Table 1. [

Table 1. This table allows one to reconstruct how the polynomials that have been removed from item
(iii) to item (iv) can be written as a polynomial combination of the generators in (iv). Each block
of rows corresponds to a different letter multidegree. In the first column, we select the excluded
choices of R;, Rj, Ry, and, in the second one, there is the generator of the ideal in (iv) having the same
letter multidegree. Each of the excluded polynomials is the sum of the corresponding generator and
a combination of [123], [156], [246], and [345] whose coefficients are specified in the corresponding

entry of the table.
i,k Gener. Coeff. of [123] Coeff. of [156] Coeff. of [246] Coeff. of [345]
1,2,1 1,1,2 —VY6Z42Z5 + Y524Z¢ Y322Z4 — Y22324 —VY5212Z3 + Y12325 —VY62122 + V12226
2,1,1 1,1,2 —VY6Z42Z5 + Y425Z¢ Y42223 — Y223Z4 —1Y3212Z5 + Y12325 —VYe6Z1Z2 + Y2212Z6
1,3,1 1,1,3 YaYeZ5 — YaY5Ze —Y3Yaz2 + Y2Y4Zz3 Y3Ys521 — Y1Y325 Y2YeZz1 — Y1Y2%6
3,11 1,1,3 YsYeZ4 — YaYs5Ze —Y3Yaz2 + Y2Y324 Y3Ysz1 — Y1Y523 Y1YeZ2 — Y1Y226
2,1,2 1,2,2 X5242Z6 — X4Z5Z¢ —X42223 + X3Z2Z4 —X52123 + X32125 —X2Z1Z¢ + X122Z¢
2,2,1 1,2,2 X6Z4Z5 — X4Z5Z¢ —X42223 + X0232Z4 X32125 — X123Z5 X6Z1Zp — X2Z1Z6
1,3,2 1,2,3 —X4Y6Z5 + X4Y5Z6 X4Y322 — X4Y223 —X3Y521 + X3Y125 —X2YeZ1 + X2Y1Z6
2,1,3 1,2,3 —X5Y4Z6 + X4Y5Z6 X4Y3Z2 — X3Y422 X5Y321 — X3Y521 X2Y126 — X1Y226
2,3,1 1,2,3 —XeY425 + X4Y5Z6 X4Y3Z2 — X2l4Z3 —X3Y521 + X1Y3Z5 —XeY221 + X2Y1Z6
3,1,2 1,2,3 —X5Y6Z4 + X4Y5Z6 X4Y32Zp — X3Y2Z4 —X3Y521 + X5Y123 —X1Y6Z2 + X2Y1Z6
3,2,1 1,2,3 —XeY524 + X4Y5Z6 X4Y32p — X2VY3Z4 —X3Y5Z1 + X1Y523 —XpY122 + X2Y1Z¢
3,1,3 1,33 X5Y4Y6 — X4Y5Y6 —X4Y2Y3 + X3Y2Y4 —X5Y1Y3 + X3Y1Y5 —X2Y1Y6 + X1Y2Y6
3,3,1 1,33 XeYaY5 — X4Y5Y6 —X4Y2Y3 + X2Y3Y4 X3Y1Y5 — X1Y3Y5 XeY1Y2 — X2Y1Ye
2, 3,3 2, 2, 3 X4X6Z5 — X4X52¢ —X3X42p + X2X42Z3 X3X5Z1 — X1X3Z5 X2XeZ1 — X1X2Zg
3, 2,2 2, 2, 3 X5X6Z4 — X4X5Z¢ —X3X422 + X2X3Z4 X3X5Z1 — X1X5Z3 X1X6Z2 — X1X2Zg
3, 2,3 2, 3, 3 —X5XelY4 + X4X6Y5 X2X4Y3 — X2X3Y4 X1X5Y3 — X1X3Y5 X2XeY1 — X1X6Y2
3,3,2 2,3,3 —X5X6Y/4 + X4X5Y6 X3X4Y2 — X2X3Y4 —X3X5Y1 + X1X5Y3 —X1X6Y2 + X1X2Y6

Applying the characterization in Theorem 7, we now compute a minimal generating
set for IQS-
Theorem 8. The associated ideal Ios of the quadrilateral set is minimally generated as:
Ins = ([123]x, [156]x, [246]x, [345]x, QS (£123; R;, R}, Ry Vi <j<k withi,jk € {1,2,3}). 4)

Proof. For the ease of notation, we denote I for the ideal on the right-hand side of (4). By
Theorem 6, we have that I C Ips. By numerical computations available on GitHub: https:
/ /github.com/ollieclarke8787 /PointAndLineConfigurations (accessed in February 2024).

We verify that the natural GRevLex term order gives a square-free initial ideal for
I. Thus, the ideal [ is radical, and verifying that I D Igs is equivalent to showing that
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Let A€ C®bea point in V(I). The coordinates A%, A%, A%,. .., A%, A%, Ag of A can be
seen as the (x,y, z)-coordinates of 6 points in the projective plane, which can be represented
by the 3 x 6 matrix:

Ai A% A%
A= A% A% Ag
Al A L A

The columns of A generate a realizable matroid M4 which corresponds to a point-line
configuration C4 (as the columns of A are coordinates of points). Since A € V(I), A
satisfies the determinantal collinearity conditions. Hence, A is a point in the combinatorial
closure of the matroid QS. Corollary 1 ensures that after a suitable perturbation, A becomes
either a realization of the matroid corresponding to a 6-pointed line or a realization of QS.

The fact that A € V(I) implies that the coordinates of A satisfy also the QS poly-
nomials, implying that, if the points of A lie on a line, then A is the projective image of
a quadrilateral set and therefore becomes the realization of a quad-set with an arbitrary
small lifting. This holds also if only some of the points in C4 are loops. To check this is
enough to consider the case where we have 5 points on a line and a loop. We want to
verify the existence of a sixth point in the line such that 1, .. ., 6 is the projective image of
a quadrilateral set. To this purpose, following Figure 11, we consider the two lines of the
quadrilateral set that are not involved by the loop point and represent them as collinear
points in the fibers of the nonloops. At this stage, the sixth point of the quadrilateral
set is uniquely determined by the intersection of the corresponding ghost lines, and its
projection on £ is the point we wanted. Therefore, A is in the Euclidean closure of T'gs.
Hence, A € V(Igs).

Figure 11. From left to right, this figure justifies the existence of at least a choice of 6 completing
1,...,5 to a projective image of a quadrilateral set.

We now prove the minimality of the generating set. In particular, we show that all
the polynomials we used to generate I are independent. By reasons of degree and point
multidegree, the generators of degree 3 are polynomially independent over R. Hence,
it is enough to check that generators of degree 6 having different letter multidegree are
polynomially independent over C[xy, ..., zg]. The fact that all the generators have point
multidegree (1,1,1,1,1,1) and letter multidegree fixed by the partition of variables plays a
central role in this proof.

First, we note that any choice of (i,j,k) € 1,2, 33 results in certain variables not
appearing in the polynomial QS(¢123; R;, Rj, Ry). In Table 2 below, each row corresponds
to a choice of (i, ], k) with i < j < k and indicates the variables that do not appear in the
corresponding generator.
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Table 2. For each generator of degree 6, identified by a choice of i, j, and k in the first column, the table
shows which variables do not appear in the polynomial.

(i, k) 1 2 3 4 5 6
(1, 1,1) X1 X2 X3 X4 X5 X6
(2,2,2) V1 Y2 v3 Y4 Y5 Ye
(3,3,3) Z1 Zn Z3 Z4 Z5 Z6
(1,1,2) X1 X7 y3 - - X6
(1, 1, 3) X1 X2 Z3 - - X6
(1,2,2) X1 Y2 Y3 Ya - -
(1,3,3) X1 Z Z3 Z4 - -
(2,2,3) 1 y2 z3 - - Y6
(2,3,3) " Zn z3 Z4 - -
(1,2,3) X1 Y2 Z3 - - -

Keeping this in mind, we can deduce that the generators of letter multidegree (3,3,0),
(3,0,3), (0,3,3), namely, the ones corresponding to the first three rows in Table 2, are poly-
nomially independent with respect to the others. For ease of computation, let us focus on
the specific case of QS(¢123; R1, R1, R1), which has a letter multidegree of (0,3,3) and does
not contain any x variables. Since all the other generators are the sum of monomials contain-
ing x variables, any polynomial combination of them would result in the sum of monomials
with a multidegree of (a,b,c) where a > 0. This demonstrates that QS(¢123; R1, R1, Rq)
is not contained in the ideal generated by the other generators. An analogous argument
applies to the generators with letter multidegrees of (3,0,3) and (3,3,0).

Now, let us consider the other generators of degree 6. We show preliminarily the
following claim.

Claim 1. In the notation above, none of the generators having a permutation of (1,2,3) as letter
multidegree, i.e., rows 4 to 9 in Table 2, is contained in ([123]x, [156]x, [246]x, [345]x).

Proof of the Claim. If QS(¢123; Ry, Ry, Rp) were in the ideal ([123]x, [156]x, [246]x, [345]x),
it would be a polynomial combination of the four generators with at least one nonzero
coefficient of letter multidegree (0,1,2). Three x variables never appear, namely x1, X2,
and x¢; these appear in [123]x, [156] x, [246] x. If any of these variables appear in a monomial
of the combination, this monomial must be canceled out using the other degree 3 generators
containing the same variable.

Now, assume by contradiction that [123]x is multiplied by a nonzero coefficient y;z,,z,
of point multidegree (0,0,0,1,1,1). Here I # 4,5, for reasons of point multidegree. So
the only possibility is y¢z4z5. Then, two x; monomials must be cancelled: x11,y¢2z32425 —
X1Y3Ye222425. For this purpose, we have to multiply [156]x by y2z3z4 + y32224. The second
term gives rise to an x monomial that cannot be canceled for reasons of point multide-
gree. A symmetric argument works starting from [156]x, [246]x. Thus, the coefficients of
[123] x, [156] x, [246] x have to be zero. The only possibility left is that QS(¢123; R1, R1, Rp) is
the product of [345]x by a homogeneous polynomial of degree 3, letter multidegree (0,1,2)
and point multidegree (1,1,0,0,0,1). But this can be excluded because such a multiplication
cannot give rise to any of the monomials x,1,.2425z, appearing in QS(¢123; R1, R1, Rp).

By symmetry, an equivalent strategy can be performed with the generators of letter
multidegree (1,1,3),(1,2,2),(1,3,3),(2,2,3) and (2,3,3). O

Now, on the contrary, assume that a 6-degree generator is a polynomial combination
of the others, i.e.,

4 9
§=Y pigsi+ Y kige
i=1 i=1
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where p; € R, k; € k, the g3;’s are the generators of degree 3 and the g4;’s are the
generators of degree 6. By reason of the letter multidegree, none of the monomials of g
can arise from the generators of 6-th degree. In addition, the product of a monomial for
a degree 3 generator either gives rise to monomials of the same letter multidegree of g or
to monomials of the same letter multidegree of one of the other generators. This implies,
in turn, that both g and Y-_, k;gs; are in ([123]x, [156]x, [246]x, [345]x)-

If ¢ has a letter multidegree of (1,2,3) (possibly permuted), the statement follows because
it leads to a contradiction with the claim. If g is the generator with a letter multidegree of
(2,2,2), then we can conclude due to the fact that Y7, k;gs; € ([123]x, [156], [246]x, [345]x)-
Indeed, since the g ;s all have different letter multidegrees, this implies that at least one of
the g¢,i’s is contained in ([123]x, [156] x, [246]x, [345] x), contradicting Claim 1. [J

As an immediate consequence of Corollary 2 and Theorem 8, we have the following:

Corollary 2. The circuit variety Ve (g) decomposes irreducibly as
Vias) = Vo U Vos = V({[ijk] | {i,j,k} € {1,...,6})) UV(Igs)-

5. The 3 X 4 Grid Matroid

In this section, we focus on the 3 x 4 grid matroid and its defining equations. This
example is chosen based on the work of [24], where a generating set for the matroid ideal is
computed using a specialized algorithm tailored for this configuration. Here, we give a
geometric description of the generators.

In Example 5, we introduced the simple matroid G}, whose point-line configuration
is a 3 x 4 grid. Such matroid is realizable over C and any realization is represented as a
3 x 12 matrix whose columns are coordinates of points in Pé, with respect to a reference
{R1, Ry, R3,U}. In view of Proposition 1, we study the ideal IGZ’ = Lg(ci) : ]""2 of the

algebraic variety VGi,.

Notation 9.
e Letc;beacolumnin KGE’ whose points are P!, P? and PZ.3, where the upper index labels the

row. Then, the points in G3 \ ¢; are in natural bijection with a 3 x 3 matrix. ‘
o Let X be the set of permutation matrices o over three elements. For j = 1,2,3, we denote as o/

the nonzero entry of the j—th row and as P; the corresponding point in G3 \ c;.
e Fork € {1,2,3,4} \ {i} = {ky, ko, k3}, each column cy has a single point paired with a

nonzero entry of o. We label Q,‘:'l and QZ’Z the points in Pes which belong to ¢y \ {P(],}

In particular, Q7' is the point with the lowest index.
o Let Pl,..., PO besix points in P2, not necessarily distinct. We introduce the polynomials:

Gi(ciiP',...,P?) = Y sgn(o)[P} PLPY[P2R2PY (PRI PY) QU QU P IQF QP PO Q) QE2 P,

e

Gi(ci;P) = Y sgn(o) [P P;P][PFPZP][P] P2PI[QY Q72 PI[QY Q2 PI[QF, Q2 Pl.

e

The G polynomials are defined by a sum over all permutation matrices, making
them independent of the bijection between the points of G3 \ ¢; and the entries of a 3 x 3
matrix. This choice only affects the sign of the polynomials. We focus on configurations
that cause the G} polynomials to vanish.

Theorem 9. Let C be a 3 x 4 grid configuration in P%. Then, for any column c; and any six points
P, ..., PS in general position with respect to any couple of points of the configuration, G3(c; P!, ..., P®)
=0.
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Proof. Due to the multilinearity of determinants, the statement follows if GZ (c;; Ri,..., Rié) =0,
foranyi =1,...4and any (iy,...,is) € {1,2,3}°, where we have fixed {Ry, Ry, R3, Ry +
Ry + R3} as the frame of reference on P%. We now prove the statement for a particular
choice of i. It can be easily repeated for other possible choices. Let us assume i = 1. We
want to show that

G3(ci;Ri, ..., R;,) = [14R; ][28 R,][312R;,][56 R;,][79 R;,][1011 R; ]+ ()
+[17R;][211R;,][36 R;,][45R;,][89 R;,][1012 R;, ] +
+[110R;,][25R;,][39R;,][46 R;,][78 R;,][11 12 R;, ] +
—[14R;][211R,,][39R;,][56 R;,][78 R;,][1012 R, ]+
—[17R;,][25R;,][312R;,][46 R;,][89 R;,][1011 R;, |+
—[110R;,][28R;,][36 R;,][45R;,][79R;][1112R; ]

=0.

We rewrite all terms of the polynomial as multiples of the first one. So, we consider
the following:

{1,4,1+ 4} is a basis for the projective line r;. Thus, there exists a unique choice of
a,a’,b,b" € Csuch that: (i) 7 = a0 + b4 and (ii) 10 = 4’0 + b'4.

{2,8,2 + 8} is a basis for the projective line r,. Thus, there exists a unique choice of
¢, c’,d,d € Csuch that: (iii) 5 = 2 + d8 and (iv) 11 = /2 + d'8.

{3,12,3 + 12} is a basis for the projective line r3. Thus, there exists a unique choice of
e,e,f,f € Csuch that: (v) 6 = e3+ f12 and (vi) 9 = '3 + f'12.

{5,6,5+ 6} is a basis for the projective line c,. Thus, there exists a unique choice of
«, B € Csuch that: (vii) 4 = a5 + 6.

{7,9,7 + 9} is a basis for the projective line c3. Thus, there exists a unique choice of
7,6 € C such that: (viii) 8 = v7 + 9.

{10,11,10 4 11} is a basis for the projective line c4. Thus, there exists a unique choice
of ¢,¢ € C such that: (ix) 12 = €10 + 11.

Here, it is important to remark that 0, ..., 12 are fixed representatives of the corresponding
points in ]P’%C, which makes the choice of the coefficients in (i)-(ix) unique. Now, we exploit
(i)—(ix) to modify the columns of the matrices showing up in the second, third, fourth, fifth
and sixth summands of GZ’ (c1; Ry, ..., R;,). By multi-linearity, we obtain:

Gz(cl;Rilw . 'rRi6)

—=1-[14R;][28R;

J312R;,][56R;,][79 R, ][1011 R;, ]+
—bd' fBy([14R;,][28R;,][312R;,][56 R;,][79 R;,][1011 R;, ]+
—V'df'ade[14R; ][28R;,][312R;,][56 R;,][79 R;,][1011 R;, |+
—d'f'87[14R; ][28R;,][312R;,][56 R;,][79 R;,][1011 R;, |+
— bday[14R;,][28 R;,][312R;,][56 R;,][79 R;][1011 R;, ]+
— V' fBe[14 R, |28 R;,][312R;,][56 R;,][79 R, ][1011 R;,]

= (1—bd fByl —V'df' aée —d'f'67 — bday — V' fBe)-

-[14R;][28R;,][312R;,][56 R;,][79 R;,][1011 R;,]

As a consequence, the claim is equivalent to bd’ f By + b'df'ade + d' f'67 + bdary + b'fPe = 1.
However,



Mathematics 2024, 12, 3041 29 of 34

(vlz

a5+ B6

(:')coc2+e,83+M+fﬁ12

(viii,ix)

=" ca2 +ep3 4 day7 + dad9 + ef p10 + fB11

(i,ii,iv,0i)

=771+ %92 + #3383 + (bday + b fBe)d + d' fBL8 + df w12

(viii,ix)

=" 1+ %02 + %33 + (bday + b' fBe)d + d' fByL7 + d' fBSC9 + df adel0 + df asZ11

(4,i1,iv,vi)

Z 01 4 %02 + %33 + (bd' fByT + V'df wde + bdary + b fBe)4 + dd' f'ad78 + d' f f By12

(iii,v)

= 1+ %02 + 33 + (bd fByl + b'df ade + bday + ' fBe)d + d' fadl5+d f'B5C6
(vii)

k11 4 %22 + %33 + (bd' f Byl + V' df ade +d' {57 + bdary + V' fBe)4,
which implies that:
(1—0bd fByl —Vdf'ade —d' f'57 — bday — ' fBe)4d = 11 + %22 + *33.

Here, on the Lh.s., there is another representation of point 6; conversely, on the r.h.s., there is
a point in the line c1 Since by construction 4 ¢ c;, the equality above may hold if and only

if both sides give ( 0 ) that is if and only if bd f By + b'd f'ade + d' /67 + bday + b’ fBe = 1.
The thesis follows. [

Furthermore, projections keep track of the vanishing of these polynomials.
Lemma 7. The vanishing of the polynomial G (cy; Rj,,...,R;,) is a projective invariant property.
Proof. We prove the lemma for the column c;. We need to show that

Gi(er; P!, P®) = ) sgn(o)[1P;PY][2P2P?] 3PP [QF Q72 PHI[QY Q72 P [QF QU2 PF] =
gEL

is a projective invariant property. We consider T € GL(C,3) and D € diag(C,3) and we
write down

G;(Te1D; TP'D, ..., TP°D) = Y sgn(c)[T1D TP;D TP'D][T2D TP;D TP?D]-
gEX

-[T3D TPD TP®D][TQ' D TQ]*D TP*D]-
: [TQ,‘ij TQZ;ZD TP°D] [TQZ;}D TQZfD TP°D]

= det T° det D3< Y sgn(c)[1PLP][2P2P?][3P2P)-
oEL

105 QP g QPR OF P ).
We observe that
G3(Te,D; TP'D,...,TP°D) =0 <= Gj(cy;PL,...,P®) =0,
which completes the proof for ¢;. The analogous proof works for other choices of ¢;. [

The family of G polynomials introduced in Theorem 9 characterizes the liftability of
12-tuples of collinear points to a 3 x 4 grid. Specifically, the following holds.
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Theorem 10. Let r be a line in P2 and 1,...,12 distinct points of r. Consider the collection
= {1 = {1,2,3},c2 = {4,5,6},c3 = {7,8,9}, ¢4 = {10,11,12},r; = {1,4,7,10},

rp ={2,5,8,11},r3 = {3,6,9,12} }, where each of the tuples is the combinatorial line consisting

of the points thereby contained. Then, the following statements are equivalent:

i.  Thepoints1,...,12 are projective image of a 3 x 4 grid.

ii. The polynommls G3(ci; PL,..., P®) = 0 vanish for any c; € £ and any P!, ..., P% € P2.

iii.  The polynomials Gi(ci; R;,...,Ry) vanishforanyc; € Landany (i,],k,1,m,n) € {1,2,3}°.

iv.  The polynomials G3(c1; R, . .., Ry) vanish for any (i,j,k,1,m,n) € {1,2,3}°.

v.  The polynomials G;Z’(cl;Ri,. .., Ry) vanish for any (i,j,k,1l,m,n) € {1,2,3}° with

i<j<k<I<m<n

Proof. It is immediate to see that (ii) = (iii) = (iv) = (v).

(i) = (ii) By Lemma 7, the vanishing of the G} polynomials is a projective invariant
property, and so, if twelve collinear points are the pro]ectlve image of a 3 x 4 grid, then
Gi(ci; Pl,...,P%) = 0wherec; Pt,..., P® satisfy the assumptions of Theorem 9.

(ii) = (i) We now consider twelve collinear points 1, ...,12 which satisfy the van-
ishing of the polynomials G} (c;; P!, ..., P®), for any choice of ¢; € £, and any choice of
Pl ... pPbe IP%C. Let P be a point which does not lie on the line of points 1, ..., 12.

Claim 2. The condition that the polynomials G3(c;; P', ..., P®) vanish for any choice of ¢; € L
and any choice of P, ..., P® € IP’%C implies that the collinearity matrix AGZ has rank < 9.

[23] —[13] [12] 0 0 0 0 0 0 0 0 0
0 0 0 [56] —[46] [45] 0 0 0 0 0 0
0 0 0 0 0 0 [89 —[79] [78] 0 0 0
0 0 0 0 0 0 0 0 0 [1112] —[1012] [1011]

477 0 0 -[17] © 0 14 o0 0 0 0 0
[4100 0 0 —[110] © 0 0 0 0 14 o0 0
710 0 0 0 0 0 —[110] © 0 17 o 0
Ao — 0 0 0 [7100 © 0 —[410] © 0 471 o 0
G}~ 0 [58) 0 0 —[28] © 0 [25] 0 0 0 0
0 [511] 0 0 —[211] © 0 0 0 0 25 o0
0 [811] 0 0 0 0 0 —[211] 0 0 28 0
0 0 o0 0 [811] © 0 -—[511] 0 0 58 0
0 0 [69 © 0 —B9 o 0 [36] 0 0 0

0 0 [612] 0 0 —[312] © 0 0 0 0 [36]

0 0 [912] © 0 0 0 0 —[12] 0 0 [39]

0 0 0 0 0 [912] © 0 —[612] 0 0 [69]

Proof of the Claim. We aim to prove that all 10 minors of the matrix AG3 vanish when

evaluated at the coordinates of points 1 through 12. In considering the 10 minors of
the matrix AGE’ we note that each line contains the variables of three collinear points.

Specifically, we can introduce the following partition of the rows of the matrix AGZI’:

e Rows % = {I,II,111,1IV} correspond to the columns of the grid.

e Rows%; ={V,VI,VII,VIII} correspond to the first row of the grid.

e  Rows % = {IX, X, XI,XII} correspond to the second row of the grid.

*  Rows %3 = {XIII,XIV,XV,XVI} correspond to the third row of the grid.

The submatrices of AGE formed by the rows in one of the Zi’s and the corresponding

nonzero columns have rank 2. Thus, whenever a 10 x 10 submatrix of AGE contains
three rows of one of the %;’s, the corresponding minor is automatically 0. Consequently,
the only minors that can possibly be nonzero are those generated by a selection of rows
including the four rows from % and two rows from each %;. Furthermore, the choice of
two rows in each of the #;s does not affect the final computation of the 10 minors. This
is because the determinant of a matrix remains unchanged if one replaces two rows with
linear combinations of them.
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[23]-21—[13]-z2+
[4 7]'21—

[58]z

[69]-23—[39]-z6+

To sum up, after having chosen a 10 x 10 submatrix of AGi there are only three
possible patterns for its nonzero entries, up to switching its columns and rows.

In each of the matrices among the patterns above, there are three clear blocks of columns.
Each of these blocks corresponds to one of the rows of the grid. Since the rows of the grid
play a symmetric role, up to relabeling the points, we can associate the leftmost block with
r1, the central block with rp, and the rightmost block with r3. This reduces the study cases
to 6 minors having the first pattern, 4 minors having the second pattern, and 12 minors
having the third pattern.

These 10 minors are all contained in the ideal generated by the polynomials G} (c;; (0,0,1)"),
as shown in the computations available on GitHub (accessed in 10 February 2024). O

It follows from the claim that the linear system A (z1...z12)! = (0...0)! has a

solution space of dimension at least 3. In other words, it is possible to choose zy, ..., z12
such that

'212:0

410]-21—[110]-z4+[14]-219=[710]-21 —[110]-27+([17]-219=[7 10]-24 — [4 10]-z7+[4 7]-219=0

5 11} “Zp— [2 11} -Z5+ [2 5] Z11= [8 11] *Zp— [2 11] Zg+ [2 8] ‘211 :[8 11] Z5— [5 11] -Zg+[5 8 Z11 =0

[
[
[
[

612)-23—[312]-26+[36]-212=[912]-23— [312] 29+ [3 9] 21, =[9 12] 26— [6 12]-29+[6 9] -212=0

X;
and such that the points ( 1 ) fori =1,...,12 span the whole projective plane. This ensures

Zl
the existence of a nondegenerate 3 x 4 grid whose image via the projection through P on

the line r consists exactly of points 1, ..., 12.

(iii) = (ii) The implication follows because the polynomials in (i7) and (iii) generate
the same ideal by the multilinearity of determinants.

(v) = (iii) The implication follows from direct computation. For each polynomial
g = G3(ci;R;, ..., Ry), we verify that g belongs to the ideal generated by 3 minors arising
from the collinearity constraints and the polynomials in (v). The code is available on
GitHub (accessed in 10 February 2024). O

This characterization is crucial to provide a minimal generating set for the ideal IGi'

Theorem 11. Let G} be the simple matroid underlying the grid configuration with 3 rows and 4
columns, and let IGE denote the ideal of the matroid variety. Then,

Igy = ([123],...,[101112), G}(c1; Ri, Ry, Re, Ry, Ry R)Vi < j Sk < I <m <,
withi,j,k,1,m,n € {1,2,3}),

where [123],...,[101112] are the collinearities given by the grid.

Proof. For ease of notation, we denote I for the ideal on the right-hand side of the above
equation. By Theorem 9, we have that I C I G We prove the converse inclusion in the
following 3 steps.

V() = V(IGi). We prove this equality by double inclusion. Since I C I3, we have that

VG:I’ C V(I). We prove V(I) C V(G}). Let A € C% be a point in V(I). The coordinates
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A%, A%, A?, ey, A%z, A%z, A?z of A can be seen as the (x,y, z)-coordinates of 12 points in the
projective plane. These can be represented with the following 3 x 12 matrix:

Ai A% Aiz
A= A% A% A%2
A3 A3 L. A

The columns of A generate a realizable matroid M4 which corresponds to a point-line
configuration C 4 (as the columns of A are coordinates of points). Since A € V(I), A
satisfies the determinantal collinearity conditions. Hence, A is a point in the combinatorial
closure of the matroid associated with the grid configuration G;. Corollary 1 ensures that A
is close either to a realization of the matroid corresponding to a line with 12 marked points
or to a realization of G3.

The fact that A € V(I) implies that the coordinates of A satisfy also the G polynomials,
implying that, if the points of A lie on a line, then they can be lifted to a 3 x 4 grid. This is
true also in the case of having 11 points on a line and a loop, indeed we can always find a
12th point on the line such that 1, ..., 12 are the projective image of a 3 x 4 grid. Among the
11 points there is a 3 x 3 subgrid which can always be lifted by Remark 10. The two other
points are determined by the intersection of this grid with the fibres and the last one comes
consequently (see Figure 12). Now, via the perturbation procedure, we conclude that A is
in the Euclidean closure of FGZ' Hence, A € V(IGZ)‘

e | A | 5

12
10 10 1 10 10
& ¢ 7 ’ oI ’ - S ' - S !
g H H H
78 78 74 78
i

1 1 1

Figure 12. From left to right, this figure justifies the existence of at least a choice of 12 completing
1,...,11 to a projective image of a 3 x 4 grid.

The ideal IGi is radical. The circuit ideal of the 3 x 4 grid is radical by the explicit
computation in [24], where the authors show that the circuit ideal is the intersection of two
prime ideals, hence it is radical. We also have that I G = VI. In addition, in the proof of
Theorem 10, we have computed in Macaulay?2 that I is equal to one of the prime ideals in
their decomposition, by reducing their generators modulo the G} polynomials, which all
reduce to zero. Thus, as I is a radical ideal, I G = I

Minimal generating set. To prove the minimality of the generating set, we show that none
of the generators belong to the ideal generated by the others. This is verified numerically,
and the code is available on GitHub (accessed in 10 February 2024). O

As a direct consequence of Corollary 1 and Theorem 11, we have

Corollary 3. The circuit variety V%(Gi) decomposes irreducibly as
Vip(a) = Vo UVes = V(K | {1,/ k) € {1,...,12})) UV (Igs).

6. Conclusions

We conclude this paper by outlining several potential extensions of our work. Our
main focus has been the challenging task of identifying the generators of the matroid
ideal Ij;. Classical tools like the Grassmann—-Cayley algebra can be used to construct such
polynomials. However, a complete characterization of these polynomials remains elusive,
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primarily due to the saturation step involved in constructing Is, which encodes matroid
independence relations and may introduce additional polynomials beyond those generated
by circuit relations [7,18].

In this paper, we introduced a new geometric notion, “liftability”, which we used
to study the varieties associated with matroids and their defining equations. We showed
that when a matroid is liftable, the circuit variety and matroid variety coincide. In cases
where M is quasi-liftable, the circuit variety can be expressed as the union of the matroid
variety and the variety of a line. Finding an irreducible decomposition of matroid varieties
in general, however, remains a difficult problem, and proving irreducibility is known only
for specific cases. For instance, the matroid varieties of positroids are irreducible [31],
possessing unique combinatorial structures [32-34]. Other families of matroids for which
irreducibility has been studied include forest-type point-line configurations, as well as
nilpotent, solvable [35], and paving matroids [36]. An interesting problem is to identify
additional families of matroids for which this property can be characterized.

In this paper, we presented two explicit examples of matroids—namely, the 3 x 4 grid
and the quadrilateral set—where we computed all their defining equations and determined
their irreducible decompositions. However, Theorem 1 applies to a broader class of ma-
troids beyond these examples. A key question for future investigation is to identify other
matroids that are liftable (Definition 13) or quasi-liftable (Definition 14). One important
open problem is to establish a combinatorial criterion that guarantees the applicability
of our theorem. Another promising direction is to develop sufficient conditions for the
liftability of higher-rank matroids, as suggested by our results in Section 3.

Notably, the grid matroids naturally arise in the study of conditional independence
models in statistics While our results are specifically demonstrated for the 3 x 4 grid, they
may offer insights into more general cases of s x t grids. It would be valuable to explore the
existence of nontrivial polynomials for higher-dimensional grids, as well as the irreducible
decompositions of their varieties.
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