Techl-xv

Powered by IEEE

MAXVAR-based Distributed Correlation Estimation in a
Wireless Sensor Network

This paper was downloaded from TechRxiv (https://www.techrxiv.org).
LICENSE

CCBY 4.0

SUBMISSION DATE / POSTED DATE

17-02-2022 / 03-03-2022

CITATION

Hovine, Charles; Bertrand, Alexander (2022): MAXVAR-based Distributed Correlation Estimation in a Wireless
Sensor Network. TechRXxiv. Preprint. https://doi.org/10.36227/techrxiv.19188143.v2

DOI

10.36227/techrxiv.19188143.v2


https://www.techrxiv.org
https://dx.doi.org/10.36227/techrxiv.19188143.v2

MAXVAR-based Distributed Correlation Estimation
in a Wireless Sensor Network

Charles Hovine

, Alexander Bertrand

KU Leuven, Department of Electrical Engineering (ESAT)
STADIUS Center for Dynamical Systems, Signal Processing and Data Analytics
KU Leuven Institute for Artificial Intelligence (Leuven.Al)
Leuven, Belgium
{charles.hovine, alexander.bertrand } @esat.kuleuven.be

Abstract—The performance of most array signal processing
tasks relies on the presence of correlation between sensor signals.
In a wireless sensor network, where sensor nodes are spread out
over a relatively large area, it is useful to identify nodes observing
similar sensor signals and hence common phenomenons, for
example to partition the network according to the observed latent
signals and corresponding correlation structure. This can be
achieved via the so-called MAXVAR formulation of generalized
canonical correlation analysis, which finds a low-dimensional sub-
space that highlights correlated signal components between mul-
tiple nodes’ observed signal subspaces. The classical procedure
for computing the solutions of MAXVAR consists in performing
a generalized eigenvalue decomposition after collecting all the
sensors’ signals at a fusion center. However, this typically incurs
high communication and computational costs. In this paper, we
describe a low communication and computational cost distributed
algorithm that computes the solutions of MAXVAR without
aggregating the nodes’ observations at a central location. We
show how a subset of those solutions can be used locally by
each node to estimate the global correlation structure across all
nodes in the network, thereby allowing any node to evaluate the
presence of correlated signals at any other node, even if no direct
link is shared. We prove the convergence of the algorithm and
validate our method for estimating the correlation structure via
simulations.

Index Terms—Wireless sensor networks, distributed array
processing, generalized canonical correlation analysis, MAXVAR,
network pruning.

I. INTRODUCTION

Wireless Sensor Network (WSN) consists of a collection
A of nodes that are equipped with one or more sensors,
wireless communication capabilities, and a processing unit.
The sensor observations collected in a WSN can either be
forwarded to a “fusion center” (FC) where all the data is
collected and centrally processed, or the data processing task
can be collaboratively performed in a decentralized fashion by
the sensing nodes themselves [2]. Centralized computation has
the advantage of allowing the use of off-the-shelf algorithms
and techniques, but comes at the cost of greater bandwidth
requirements, since all nodes have to send their raw data to
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the FC, as well as a large computational cost at the FC, which
scales poorly with respect to the number of sensor nodes. The
aforementioned increase in bandwidth is even more severe in
the case of networks relying on multi-hop routing towards
the FC, where some nodes act as data relays for other nodes.
Furthermore, the FC constitutes a single point of failure which
compromises the robustness of the network. In comparison,
distributed processing only requires each node to solve a local
low-complexity task to collaboratively complete a global task
of higher complexity.

Array signal processing tasks such as signal estimation,
filtering, or subspace estimation, generally boil down to the ex-
traction of specific signal components, often split across many
sensor signals. Due to the presence of sensing noise and the
spatial distribution of the underlying signal sources, different
nodes typically observe different but correlated signals, some
sharing common components and others not. It is therefore of
great importance to identify which node pairs share a common
latent signal subspace and which do not, as this knowledge can
be used to prune the network or cluster the nodes according
to the similarity between their signal subspaces, resulting in
further bandwidth and computational complexity reduction at
each node [3], [4].

In this paper, we leverage the fact that the so-called principal
angles derived from the solutions of the canonical correlation
analysis (CCA) problem can be used to quantify the similarity
between two nodes’ sensor signal subspaces [5], [6]. Indeed,
CCA can be used to estimate the signal components that
are maximally correlated between two different nodes. It is
closely related to principal component analysis (PCA) [7] and
the Karhunen—-Lo¢ve transform (KLT) [8], which extracts the
highest power components, yet not necessarily observed by
both nodes. As CCA is only applicable to identify the most
correlated signal components within the signal subspaces of
two nodes, applying it to a network of more than two nodes
would result in a combinatorial complexity scaling. In this
paper, we show that one of its multi-set generalizations, the so-
called “Maximum Variance” (MAXVAR) generalization [9]-
[11], can be used to approximate the solutions of the pairwise
CCA problems and therefore the complete correlation structure
of the network with a complexity that scales linearly with the
network’s size. MAXVAR has indeed been shown to provide
a description of the intersection between multiple subspaces
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[12], which fits with the general purpose of finding “shared”
signals subspaces across multiple nodes of a WSN.

There exist multiple multi-set generalizations of CCA, each
characterized by a specific objective function and set of con-
straints. The MAXVAR formulation historically refers to the
objective function introduced by Horst [9]. Carroll [10] later
introduced a new set of constraints for this objective which
turns the formulation into an easily interpretable subspace
decomposition and on which we focus in this paper.

As using MAXVAR in a centralized fashion would hinder
our progress towards bandwidth and complexity reduction, we
present a distributed algorithm for obtaining the solutions of
MAXVAR, relying on the exchange of compressed signals
between the nodes. We describe variants of this distributed
MAXVAR (D-MAXVAR) algorithm for fully connected, star-
topology and tree-topology networks, and describe how it can
be extended to arbitrary topologies. We then explain how
its solution can be used to evaluate the pair-wise correlation
between any pair of nodes in the network, even if they are not
connected via a direct link.

Previous works have investigated similar distributed sub-
space decompositions, targeting the union of the nodes’ sub-
spaces by extracting the components of greatest power [13],
[14], maximal SNR [15], [16] or maximizing correlation
between two sets of signals [17], [18]. In this work, we focus
on finding the components that most adequately describe the
inter-node correlation coefficient, also known as Pearson’s
correlation coefficient. Distributed algorithms already exist for
the so-called SUMCORR generalization of CCA [19] but, to
our knowledge, no distributed algorithm has been developed
for MAXVAR, which, contrarily to SUMCORR, admits an
analytical solution. In addition, the focus of [19] was on
computational efficiency, rather than on bandwidth scaling, as
is the case of the present work. In our previous work [1], we
presented a condensed description of the algorithm for star-
and tree-topology networks. In this paper, we provide a proof
of convergence and explain how the algorithm’s outputs can be
used to estimate the network’s correlation structure. We also
provide numerical simulations to demonstrate the algorithm’s
effectiveness and its convergence properties.

The paper is organized as follows. In Section II, we cover
the preliminaries and algebraic concepts related to MAXVAR
and explain how it can be used in the context of WSNs. In
Section III, we describe a distributed MAXVAR algorithm
for fully connected networks and discuss its convergence
properties. The algorithm is extended to abritrary topologies
in Section IV. Section V discusses how the solutions of
MAXVAR can be used by each node to estimate the inter-node
correlation structure, and in particular evaluate the degree to
which each node’s signals correlate with any other node, even
several hops away. In Section VI, we assess the algorithm’s
performance through various simulations. We conclude by a
brief discussion in Section VII.

II. PRELIMINARIES
A. WSN Setting and Notation

We consider a WSN consisting of K nodes in which each node
ke K={1,...,K} collects discrete observations of a real-

valued Mj-channel sensor signal xp = [zg1,..., Tk a7 -
We model x;, € RMk as a stochastic process and denote xy,[t]
its value at time ¢. We assume that xj, is zero-mean, ergodic
and short-time stationary, allowing us to estimate the slowly
varying covariance matrices from sample averages over finite

segments of data:

1
= kawz ~ 7X/€[t]XlT[t] (1)

E {xx[t]x] [t]} T

where E {-} denotes the expectation operator and Xj[t] de-
notes the M}, xT' observation matrix containing 7' consecutive
observations of xj centered around ¢ in its columns. Finally,
we define the network-wide observation vector as the M-
channel vector x obtained by stacking the x;’s and where
M =3, M.

B. Canonical Correlation Analysis (CCA)

We wish to characterize the intensity of correlations between
the signals of any two nodes. The so-called canonical cor-
relation coefficients provide such a characterization, which
can be found by means of canonical correlation analysis [20].
Considering two multi-channel signals «; and x; associated
with two nodes k,1 € K, CCA computes spatial filters wy, and
w; that maximize the correlation coefficient p*! between their
output signals z; = w} xy, and z; = w x;. The output signals
z; and z; are referred to as the first canonical directions,
and p*! is referred to as the first canonical correlation co-
efficient. Additional canonical directions and coefficients can
be found by computing additional pairs of spatial filters that
maximize the correlation between their outputs while having
their outputs remain uncorrelated (orthogonal) to the previous
canonical directions. Formally, the ¢-th canonical correlation
coefficient pi?l and canonical directions zy ;, z,; are defined
as

P =E {2} = Jnax E {w] zrz] w} (2a)
s.t. oz = wgmk, = wlTa:l (2b)
E{z}=E{s} =1 (2¢)
E{zk[zk1,---s2Ki-1]} =0 (2d)
E{z[z1,...,21i-1]} =0 (2e)

The three last conditions require the canonical directions to
have unit-variance and be orthogonal with respect to each
other. Note that p¥! = 1 implies that the pairs (2 ;, 2;;) span
the exact intersection between the sensor signal subspaces of
nodes k and [.

If we now express the set of canonical directions of node &
with respect to node [ as

T T
2l = [2hi1s o 20T = Wik 3)

with My, = min(My, M;) and Wy, € RMexMet it can
be shown [21] that the canonical directions and coefficients
between two nodes k and [ are the solutions of the following



generalized eigenvalue problem:

0 Ry 2| |Wh R, O Wi
= Ay
lewk 0 VVlk 0 R:l:l mk
(4a)
R, 0 Wi
wi wil =1 @
0 Rw[ mk

where R, is a shorthand notation for R;,,, and Ay is
a diagonal matrix whose diagonal entries are non-negative
and correspond to the canonical correlation coefficients. As
a result, the optimal solution of (2) is given by the gener-
alized eigenvectors corresponding to the largest generalized
eigenvalues. By expressing the canonical directions via the
parametrization introduced by (3), CCA can indeed be seen
as the problem of finding two sets of spatial filters whose
corresponding outputs have maximal correlation.

Remark IIL.1. Although we have thus far assumed real sig-
nals, the developments in this paper can be straighforwardly
extended to the complex case by replacing transposes by con-
jugate transposes where appropriate. This would turn problem
(2) into a maximization of the real part of E {2y, ;2 ;} (which
would enforce the phases of the two signals 2 ; and z; ; to be
perfectly aligned). Note that, as the pencil in (4) is symmetric,
okl i.e. the i-th largest diagonal element of Ay, is guaranteed
to have no imaginary part in the complex or real case [22].

C. Total Squared Correlation

From the definition of canonical correlation coefficients, we

can define the rotal squared correlation (TSC)

My,
Om 2D (pf')? =Tr (A}) 5)
i=1
which can be interpreted as a generalization of correlation
between random variables to correlation between sets of
random variables. Indeed, if we denote X}, = Spanxy, i.c.
the signal subspace spanned by the channels of x, we have:
Ou=0c X, LA (6)
Okt = My < X C &) (7
assuming dim(X;) < dim(A;). Note that in the one-
dimensional case (M = M; = 1), the TSC reduces to the
usual squared correlation coefficient. Contrarily to correlation,
the TSC is not concerned with the direction of the relationship
(i.e. positively or negatively correlated), only the absolute
magnitude of the relationship is captured. The TSC is positive
and symmetric but does not satisfy the triangle inequality and
is therefore not a distance [23]. Still, in the case where the
channels of x; and z; are linearly independent (which is in
practice always true in noisy settings), it can easily be turned
into one by defining

di = \/Inax{Mk, Ml} — O (8)
which satisfies the triangle equality [24] and corresponds to
the so-called Chordal distance in the particular case where
My, = M; [25]. Considering these above properties, the TSC
is an adequate metric for characterizing the degree to which
the signals of two nodes correlate, which is the main goal

of this paper. In a WSN context, the TSC could for example
be used as the key ingredient to an adaptive network where
links between low-TSC node pairs are pruned, while more
bandwidth is allocated to links between high-TSC node pairs.
Similarly, the TSC could be used to define a weighted graph
describing the correlation structure of the network, and on
which spectral clustering techniques could be applied [26].

D. MAXVAR: Extension to more than two Subspaces

Problem (2) can be generalized to more than two nodes or
subspaces in various fashions. As it admits a closed form
solution!, we consider here the so-called Maximum-Variance
(MAXVAR) generalization of the CCA problem, as described
by Carroll [10] and defined as follows for K signal subspaces:

K
min mi E- s — z? 9a
min sm]; {Ils = 2} (%)
stz = Wlay (9b)
E{ss"} =1, 9¢)

where () is the number of desired components. From the
parametrization introduced by constraint (9b), the problem be-
comes equivalent to finding a Q-outputs filter W, € CMx*x@
per node such that the filtered observations zj;, which we
refer to as the per-node MAXVAR directions, are as close
as possible to some common network-wide ()-dimensional
signal s, and hence as close as possible to each other. From
(9), it is clear that the per-node MAXVAR directions are the
orthogonal projections of s onto the nodes’ signal subspaces
Span(xy). Hence, Span(s) is the @-dimensional subspace
whose signals have minimal average projection error onto the
nodes’ individual signal subspaces.
In [27], it is shown that the solution of (9) satisfies

1
SZE%:ZIC:WT:E

where W £ [W{ ... WZI|T is the matrix obtained by
stacking the W}, ’s. Substituting (10) in (9a), the objective can
be reformulated as

(10)

min

(Wi} k=1
The problem therefore consists in finding finding the set of
node-specific filters whose outputs are as close to each other
as possible in a minimum squared error sense. Furthermore,
it is also shown in [27] that the W} s are solutions to the
following eigenvalue problem:

RpW = Ry WA (12a)
WTR W = I, (12b)

where Rp = Blkdiag(R,,, ..., Rz, ) is the block diagonal
matrix containing the node-specific covariance matrices and
A is a diagonal matrix. Solving problem (9) is therefore
equivalent to computing the generalized eigenvalue decompo-
sition (GEVD) of the matrix pencil (Rp, Rzz), keeping only
the generalized eigenvectors (GEVC) corresponding to the @)
smallest generalized eigenvalues (GEVL).

E{ Wz~ Wila’}. (11)

I'Which is not the case for SUMCORR, discussed in Section L.



E. Problem Statement

For each pair of nodes, we wish to assess how ‘“close”
their observed signal subspaces are to each other. This can
be achieved by computing the TSC as described by (5).
However, this approach has two major drawbacks. Firstly, it
requires the computation of R, 5, which is only possible if
the full observations x; and x; are co-located at a single
node (or an FC), therefore incurring high communication cost.
Secondly, a CCA solution needs to be computed for each
of the K(K — 1)/2 pairs of nodes, further increasing the
communication and computational cost of the procedure. As
an efficient alternative, we propose to jointly approximate the
TSCs between all node pairs using a distributed MAXVAR
procedure. Indeed, we will show in Section V that solving
the MAXVAR problem produces a joint approximation of the
TSC of each node pair. In order to find the solution of (12), all
nodes would typically need to share their observations to an
FC where the full covariance matrix could be estimated. This
requires a large communication bandwidth between the nodes
and the FC, in particular if all nodes are not directly connected
to the FC, which increases the stress on the communication
links of the nodes that are close to the fusion center. In
addition, such a centralized processing does not leverage the
fact that the signal subspace in which inter-node correlation
is present typically manifests a low dimension, and that its
signals can therefore be efficiently described by only a few
components.

In Section III, we present a distributed algorithm for solving
(12) in a distributed fashion and relying on the transmission
of low-dimensional compressed views of the data between
neighboring nodes, thus lifting the need to transfer the raw
M;,-channel sensor observations of all nodes to an FC through
a possibly multi-hop network. Instead, the signal observations
are directly fused with other observations within the network,
and such that each node eventually has access to an estimate
of (5) (which is established in Section V), thereby avoiding
the need for a fusion center altogether.

III. DISTRIBUTED MAXVAR IN FULLY-CONNECTED
NETWORKS

In this section, we derive a distributed iterative algorithm
for computing the @ first per-node MAXVAR directions
associated with each node, and which is such that each node
k eventually has access to the network-wide estimate of s
and its own per-node MAXVAR direction z; as defined in
(9b). In Section V, we explain how the TSC between any
node pair can be approximated based on only those quantities
(even for those nodes that do not share a direct communi-
cation link). Relying on our interest in the first components
only (which is motivated in Section V) and the particular
problem structure, we show that neighboring nodes only need
to share ()-dimensional compressed views of their observed
signal subspaces at each iteration, which eventually converge
to their first () per-node MAXVAR directions zj. In order
to facilitate the reader’s understanding and intuition in the
algorithm development, we first derive the algorithm for the
simpler case of fully-connected networks and later extend it
to more general topologies.

A. Algorithm Derivation

In a fully-connected network, any node can communicate
with any other node via a single hop. By denoting the set
of neighbors of node & as N}, we have for such networks
N, =K~ {k}.

Considering the GEVD formulation (12), the problem of
finding the @ first per-node MAXVAR directions is equivalent
to finding the @ GEVCs of the matrix pencil (Rp, Ryq)
associated with its smallest GEVLs and corresponding to the
columns of W. The algorithm iteratively updates the M}, x @
matrices W} (where the superscript i denotes the iteration
index), which act as the local estimates of W}, and, as will be
shown, as a node-specific compressor of the nodes’ signals. It
can be shown [28] that the GEVCs (corresponding to columns
of W) associated with the () smallest GEVLs from the GEVD
in (12) and hence the MAXVAR solutions of (9) coincide with
the solution of the following trace minimization problem

. T
Lo o Tr (W'RpW) (13a)
st. WIR,,W =1I, (13b)

where Tr () denotes the trace operator. The core idea of
the algorithm is to have the nodes solve a local version of
(13) in turns, and expressed in terms of the node’s own raw
observations and the other nodes’ compressed observations
zi = Willz), (W}H denotes the compression matrix associ-
ated with the signals of node k at iteration ¢ of the algorithm).
The notation z}, Wi for the compressed observations and
compression matrices is chosen deliberately, as they also
correspond to node k’s local estimate of its part of the solution
of (9). We indeed expect that eventually

hm Wk =W, and lim zk = z. (14)
i—00

The algorlthm in fully connected networks is as follows.
At the beginning of each iteration, an updating node ¢ is
selected. Every other node transmits a batch of its compressed
observations zi Vk € N to the updating node, such that it
can locally solve the following problem:

min  Tr (WH R, W) (152)
W q
st. W R%qEqW =1 (15b)
where quiq is the covariance matrix of
A P P A Z%T} (16)
and
b, = Blkdiag(R,,, RL,, ...
R;q LRI .. RL) (7
is a block diagonal matrix with RZk =E izkziT}. Note that

the solution of (15) can again be found from a GEVD, this
time applied to the pencil ( ianR%q)- An update rule for
the network-wide W't emerges naturally by noticing that
solving the local problem (15) is equivalent to solving the
original centralized problem (13) with additional constraints:

min Tr (W"RpW) (18a)

w

st. WHR,,W =1, (18b)
C(Wi) CC(Wy) Vk#g (18c)



where the operator C(-) denotes the column space of its
argument. These range constraints make (18) different from
a traditional nonlinear Gauss-Seidel approach where all W,
would be fixed to Wkﬁ for k # ¢, in which case (18) can not
be solved as a GEVD anymore.

The range constraints in (18c) result in the following
parametrization of W in (13):

iy \T
W =[(W,)" (W]G1) p

i T i T
(Wir1Gon) - (WiGr) 1" (19)
where the multiplication with G}, € RP*? allows to select
a new Wj, within the column space of W}. The elements

of this parametrization are therefore related to the solution of
(15) through the partitioning

C(W_1Gyn)'

T

GKT]

(20)

The parametrization also defines the update rule for the local
estimate of W}, at each node:

i1 Wy ifk =¢q

Wi = {W,ij ifk # q

where W, and G, are extracted from the solution of (15)

based on the partitioning (20).

Concretely, the procedure at each iteration can be divided
into three steps (the detailed procedure is formally described
in Algorithm 1):

1) Aggregation: Each node k € N, sends a new batch of T
observations of the locally compressed signals z, to the
updating node q.

2) Local solution: The updating node ¢ solves problem
(15), expressed exclusively in terms of locally available
data. From the solution, it extracts the update of its own
local estimate of the solution W, as well as the update
matrices G, corresponding to each other node, as defined
by the partitioning (20). Due to the sign ambiguities of
the GEVCs and a potential collapse of the eigenspace
in case of GEVLs with multiplicity larger than 1, the
solution of (15) is not unique. Therefore, in order to
ensure convergence, we select the solution resulting in
the smallest difference |W;it! — W[ ..

3) Update: Node ¢ sends the update matrices {G}rzq
to each node, which update their local estimates W}
according to (21). Note that the transmission cost of
these (Q x @ update matrices is negligible compared to
the transmission costs in the aggregation step (assuming
T > @Q?). The role of the updating node is finally passed
on to node (¢ mod K)+ 1.

If required, the common components s can be estimated at
any iteration by performing an in-network summation:

i 1 i
STFK >z
k
It is noted that the updating node ¢ has access to all the data
required to compute (22), such that no additional bandwidth
is required to compute s at node gq.
Remark III.1. The batch of T' (compressed) samples that is

transmitted by each node during the aggregation step would
typically consist of different samples than the ones used in the

w=\w" " Gy Gy’

2y

(22)

previous iteration, in order to avoid retransmitting the same
data multiple times which would substantially increase the
bandwidth. Therefore, the time index ¢ corresponding to the
first sample of a batch is typically updated as ¢ + ¢7” at each
iteration (with 7" possibly smaller than T'). This implies that
the iterations are spread out over time, and that the algorithm
behaves as an adaptive filter tracking the signal statistics over
time. In order for the algorithm to converge, we therefore have
to assume that the signal statistics change sufficiently slowly
compared to the convergence dynamics of the algorithm. To
make the convergence analysis mathematically tractable, all
convergence proofs in the remaining of this paper implicitly
assume that the signal statistics remain stationary during
convergence of the algorithm.

Algorithm 1: D-MAXVAR algorithm in a fully connected
network.
begin
140
g1
Randomly initialize W°
loop
for k € K\ {q} do
At node £
Send a new batch of 1" samples
zi[t] = WiTx,[t] to node g

At node ¢
Compute R’;q and Rﬁ;,q based on the received
samples and according to (16) and (17)
Compute the Q GEVCs corresponding to the @
smallest GEVLs of the matrix pencil
( Da> qu), scaled to satisfy constraint (15b)
and minimizing W, — Wy,
Put the @ resulting GEVCs in the columns of
W,
qu+1 — [IMQO] W,
for k € K\ {q} do
Select G, as the block of W, (see (20))
corresponding to node k£ and send to node

At nodg k _
| Wit « WGk

it
| ¢+ (¢ mod K)+1

B. Convergence and Optimality

In this subsection, we provide some insight in the convergence
and optimality properties of the D-MAXVAR algorithm, and
establish formal convergence proofs.

A first important observation is that the solution of (18) at
iteration ¢ is by definition in the constraint set of the problem at
iteration ¢ + 1 (corresponding to selecting G, = I). As a re-
sult, the objective function (18a) decreases monotonically and
must therefore converge, as the objective function is bounded
in the constraint set. However, the convergence of the sequence
of optimization variables (W?);cy is less straighforward.
Indeed, monotonic convergence of the objective function does
not imply convergence of its arguments, nor that the global
minimum is eventually attained. Nonetheless, by making an



assumption which is always satisfied in practice, we can show
several interesting properties about the convergence behavior
and limit points of the algorithm.

Assumption IIL.1. The accumulation points of the sequence
of local pencils ( })q,qu)ieN are non singular and have
distinct Q-th and (Q + 1)-th smallest GEVLs.

Due to the presence of uncorrelated sensor noise, the non-
singularity assumption is always verified. The assumption
about distinct eigenvalues is merely technical, as we can show
that such points corresponding to degenerate local problems
would be unstable in practice, unless they correspond to
the global solution of (13) (see Theorem III.3 below), and
the algorithm would therefore enventually diverge from such
points.

In what follows, a fixed point W* is defined as a point
which is invariant under the updates of Algorithm 1, i.e.,
(Whien = (W*);en if WO = W*, The following theorem
gives an important characterization of the algorithm’s fixed
points:

Theorem IIL.1. The columns of matrices which are fixed
points of Algorithm 1 are stationnary points of problem (13)
and therefore GEVCs of the pencil (Rp, Ry ).

Proof. See Appendix A. O

Assumption III.1 guarantees that the local problems have
well-defined solutions at accumulation points of the algorithm,
allowing us to state our main convergence result:

Theorem IIL2 (Convergence). If Assumption IIl.1 holds,
(W)ien converges to a fixed point, and hence stationary
point, of problem (13).

Proof. See Appendix B. [

Finally, we show that the global minimizers of (13) are
the only stable fixed points. In other words, all convergence
trajectories to limit cycles or stationary points where (13) is
not minimized are unstable in the sense that the algorithm
can be kicked out of such trajectories by infintesimally small
perturbations. This is formalized in the following theorem:

Theorem III.3 (Unstable Accumulation Points). Let W* be
an accumulation point of Algorithm 1. Then W* is an unstable
accumulation point if and only if it is not a global minimizer
of problem (13).

Proof. See Appendix C. O

Therefore, in the presence of numerical noise, we expect the
algorithm to converge to a global minimizer of problem (13),
as demonstrated by the simulations performed in Section VI.

IV. DISTRIBUTED MAXVAR IN GENERAL NETWORK
TOPOLOGIES

Before describing the D-MAXVAR algorithm for more general
topologies, we first explain how it can be established in a star
topology, thereby introducing some important insights towards
further extensions.

2 1 )

\F\\C; rl:\ />| N
N ‘ RN
3\'\ e I
ke : z] = WfHa{l |

Oci' N Y Wi = lecl !
’ ON T T
o C; N

3 4

(a) The updating node is the center node (¢ = k¢). As in the fully
connected case, one update matrix G;jl is computed for each leaf

node.
SN .’ i i N i)
(SN O + X =z
2N » - ke{1,2,3} _
7

(b) The updating node is a leaf node (g = 4). A single update matrix
G;:l is computed.

Fig. 1: D-MAXVAR data flow in a star-topology network with K = 5
A. Star-Topology Networks

In a star-topology network, we can distinguish two kinds of
nodes: the central node k., which shares a link with all other
nodes in the network, and the leaf nodes k € £ = I\ {k.},
which are exclusively connected to the central node. Therefore,
Ny, =L (23)
Ni = {k¢} vk e L. (24)

A naive strategy to apply the algorithm presented above for
fully connected networks to a star-topology network would be
to let the central node act as a relay between the leaf nodes. We
discard this solution for two reasons: Firstly, the bandwidth re-
quired at the central node would grow linearly with the number
of nodes in the case of a broadcast communication protocol
or quadratically in the case of one-to-one communication. The
maximum network size would therefore largely depend on
the bandwidth available at the central node. Secondly, further
bandwidth savings can be achieved by allowing the central
node to compress and fuse the signals it receives from the
leaf nodes.

We will apply a separate treatment to the iterations where
the updating node is the central node and those where it is a
leaf node, of which we give a brief overview hereafter:

a) The updating node is the central node (q = k.)

As all nodes share a link with the updating node, the
network proceeds as in the fully-connected case. All nodes
send their compressed observations z; to the central node
which then solves (15). The leaf nodes update their local
estimates of the solution as in the fully-connected case.

b) The updating node is a leaf node (q # k.)

As only the central node shares a link with the updating
node, it collects the compressed observations of the other leaf
nodes. It fuses (i.e. adds) them together with its own observa-
tions and sends them to the updating node. The updating node
now acts as if the data received from the central node were



the compressed observations of a single node and proceeds
to compute its local solution estimate and the single update
matrix G, for the central node accordingly. The central node
then relays the update matrix G, to the other leaf nodes,
which then all update their local estimate with this single
update matrix. The data flow for star-topology networks is
illustrated in Figure 1. Note that the computation of the local
solution at node ¢ also requires aggregating and fusing the
second order signal statistics through the network similarly to
the signal observations, as will be explained below.

Formally, for a star-topology network, when the updating
node is a leaf node ¢ € £, node q receives the following from
the central node:

Z =z + >, 2 (25)

k€N, ~q
bk =RL + >, RL (26)

k:E/\/kC\q

It then constructs

) ) T
w2 ol 2] @7)
b, = Blkdiag(Rq,, Ry o) (28)

as it did in the fully-connected case according to (16)-(17), and
solves problem (15). With those new definitions, we can show
that solving the local problem (15) is equivalent to solving

min  Tr (WHRpW) (29a)
st. WHR,,W =1, (29b)
C(W_g) CC(WL)ifqge L (29¢)
C(Wy) CC(WH)VkeLifqg L (29d)

where W_, is the matrix obtained by removing the rows of
W corresponding to W,. Note that when the updating node
is the central node (i.e. ¢ ¢ L), problem (29) reduces to the
fully connected case problem (18). When ¢ € L, constraint
(29c¢) results in the equivalent parametrization

T
w=w," wi,G.)"] (30)

where Gy, € RO*Q,

Remark IV.1. Note that the number of degrees of freedom
is lower for iterations where the updating node ¢ is a leaf
node (constraint (29c¢) is active) than for iterations where the
updating node q is the center node (constraint (29d) is active).
We therefore generally expect a lower decrease of the objective
function (on average) for iterations in which a leaf node is the
updating node.

B. Tree-Topology Networks

A tree-topology network has an acyclic graph, which implies
that there is a unique path between any two nodes. The nodes
with a single neighbor are also referred to as leaf nodes and
constitute the end points of the branches in the tree. As we did
for star-topology networks, we denote the set of leaf nodes L.

The procedure in tree-topology networks is conceptually
similar to the star-topology case, where the updating node
behaves as if it were the center node of a star-topology
network, as described in Section IV-A. Consider the two
isolated subtrees obtained by disconnecting the updating node

Algorithm 2: Recursive procedure for aggregating obser-
vations in the branch By, to obtain 2z,

procedure aggregate (k,p)
for [ € N \ {p} do
| aggregate(l,k)
At node &
if k ¢ L then
Compute zkp[t] = zk[t] + 32, v, - 2k t] from
a new batch of T samples zi[t] = Wil . [t]
Rzkp =Ry, + ZleNk\p Rsx,,
Send (zkp, Rx,,) to node p
else
| Send zi, = zi to node p

¢ from one of its neighbors k € N,. We denote By, the set
of nodes in the subtree containing k (see Figure 2). At each
iteration, each of the neighboring nodes k € A, of node ¢
recursively collect and sum the compressed observations and
related covariance matrices of their respective subtree By, and
sends them to node ¢. The updating node ¢ therefore receives

Zh, 2 Zzli:z};—i— Z z, YkeN, 31

1€Bq leNk~q
. . _ _
b= Y RL=R, + > Ry, VkeN, 32
lequ IGNk\q

Note that these definitions are recursive and that those values
can be efficiently computed by performing an in-network
summation in a recursive fashion. This recursive aggregation
procedure is described by Algorithm 2 and illustrated in Figure
3. Note that even in nodes where Q > M}, (e.g. in case of
single-channel sensor nodes) this aggregation process realizes
an overall bandwidth reduction due to the in-network fusion of
data (as opposed to straightforwardly relaying the raw data).
Similarly to the other topologies, we define

P T

W, 2 WlGl |16l ] (33)

o 2 (ol |20, | - | &0 ] (34)
b, = Blkdiag(Ra,. R, 4-- - Zk) (35)

with ng = |Ng| and {ki,...,kn,} = N;. This allows us
to solve the local problem (15) which is again equivalent to
the global problem (13) equipped with additional range con-
straints, this time for each subtree B.). A complete description
of the procedure is given by Algorithm 3.

Finally, note that similarly to (22), the common components
in s can be estimated as

i 1 i
st = ?Xk:qu. (36)

Bkzq

Nl

Fig. 2: In this example tree, the subtree By, 4 is highlighted in orange,
Biyq in blue and By, 4 in green. Leaf nodes are colored red.



Updating node ¢

Leaf node [

Fig. 3: In-network summing and aggregation at the updating node.
Covariance matrices and compressed observations are recursively
propagated from the leafs towards the updating node.

Algorithm 3: D-MAXVAR algorithm in a tree-topology
network.

begin
140
Initialize updating node as q < 1
Randomly initialize the the W ’s
loop
for k € N do
| aggregate (k,q) (see Algorithm 2)
At node g
Compute the Q GEVCs corresponding to the Q
smallest GEVLs of the matrix pencil
(Rbp,, Rz, ), scaled to satisfy constraint (15b)
and minimizing W, — Wg|| .
Put the @ resulting GEVCs in the columns of
W,
qu+1 — [IMQO] W,
for k € N do
Select G as the block of W, (see (33))
corresponding to node k£ and disseminate
within subtree B4
for [ € By, do
At node !
1141
| ¢4 (¢ mod K)+1

C. Arbitrary Networks

It is in tree-topology networks that our algorithm offers the
greatest benefits in terms of complexity and communication
costs. Even though tree-topology networks are quite specific,
the D-MAXVAR algorithm can be generalized to networks
with arbitrary topologies by pruning the network to a (possibly
different) tree in each iteration. Ideally, the tree at iteration
1 should preserve all the neighbors of the updating node q.
Indeed, cutting off neighbors would reduce the number of
update matrices G in (33), which would reduce the degrees
of freedom in the minimization of (15), using the definitions
in (33)-(35).

A similar convergence statement as for fully-connected
networks can be made for arbitrary networks, and the as-
sociated proof can be relatively straightforwardly adapted to
these cases, although the notation and definitions becomes
substantially more convoluted.

D. Complexity and Communication Cost

Table I summarizes the communication cost and complexity
of our algorithm. The major benefit of the arbitrary-topology
variant is that it scales well, i.e. the per-node communication
cost and transmission cost is independent of the network size
(as opposed to a naive multi-hop relay procedure, which would
grow with the depth of the tree). This is because the sensor
observations of the different nodes are fused along the way
when the data travels through the network, as described in the
aggregation step of Algorithm 2.

Fully-connected Arbitrary Topology

x Q x Q

Transmission cost per node

Complexity at updating node ¢ ||ox (Mg + Q(K — 1))3| o< (Mg + Q|Ng|)?

TABLE I: Communication cost and complexity of the D-MAXVAR
algorithm

The above figures assume the transmission cost of the update
matrices G to be negligible compared to a batch of T samples.

V. CORRELATION STRUCTURE ESTIMATION

After convergence of the D-MAXVAR algorithm, each node
has access to estimates of its own per-node MAXVAR di-
rection zg, of its own spatial filter W}, and of the common
components s. In this section, we describe how these variables
can be used to efficiently approximate the TSC of all node
pairs, even for a pair of nodes that do not directly exchange
signals with each other. We first describe how the TSC relates
to a low-rank approximation of a particular block-whitened
correlation matrix (defined below). We then show how this
low-rank approximation can be computed from the per-node
MAXVAR directions. Finally, we describe a practical solution
for selecting an adequate value for @, the number of computed
directions.

A. MAXVAR as a low-rank approximation

The covariance matrix between node k and [ of the (per-node)
whitened signals is
1 1

Ppi2; £ Rel? Ryyz Re)”. (37

The TSC between nodes k and [ can be shown to be equal
O = HPwk:cz H; (33)

where ||-||» denotes the Frobenius norm. See supplementary
materials for a proof.

We now show how W, i.e. the MAXVAR solution of
9), 1relaxtes t(l) the eigenvalue decomposition of P, =
R,?*R,,R,?, the network-wide covariance matrix of the
(per-node) whitened signals. Note that P, is a block matrix
such that

[Pa:m}kl = szml (39)
where [-]g; denotes the M}, x M; block corresponding to node
k and I, and where in particular the diagonal blocks [Py |rr =
I. We stated earlier that the spatial filters W were solutions of
the GEVD (12). If we assume that A only contains non-zero
GEVLs (which is always the case in practice), we can define

U2R,2WA?, (40)



allowing us to write (12) as

U=PF,,UA 41
vip,,U=A" (42)
which can be reorganized as
P, U=UA" (43a)
U"U = I. (43b)

The columns of U are therefore orthogonal eigenvectors of
P, and A~! contains the corresponding eigenvalues. As a
result, the (Q-dimensional filters computed by MAXVAR relate
to the eigenvectors corresponding to the () largest eigenvalues
of Py, (i.e. the smallest diagonal elements of A) via (40). If
we denote the Q-rank approximation of Py, as wa, we have
Ppp = argmin Y [|Pp,a, — [Alu]l7 (44)

klex
s.t.  Rank(A)=@Q 45)

P, can therefore be interpreted as a joint low-rank approxi-
mation of the matrices Py, &, .

B. TSC Approximation

We now propose to approximate the TSC by using Pmm =

[Prz)r: instead of Pyy in (38). We define the approximate
TSC as

O 2 (46)

TELy

2 2
= lUR (AR —1UQHH
. = |veae o]

where Uy = R2,WiA~% (from the definition of U in
(40)), and the superscript () indicates that we only consider
the columns of U and elements of A corresponding to the
Q@ largest eigenvalues of P,,. From the definition of the
Frobenius norm, we have

2
o as-we],

=T (UZ(A) UM UR (A oY) @)
and from the cyclic property of the trace
2
|peanoe],
=T (UZ"UR (M) URTUR(A9) ) @8
From (40), we find that
U2"URL = (A9 PWRTRE RE,WR(AQ)E (49)
= (A9) 2R, (A9) 2 (50)
such that we finally obtain
Op = Tr (R, (A?)?R,,, (A9)?) (51)

The TSC approximations can therefore be computed from
D-MAXVAR’s compressed observations’ covariance matrices
R, , which can locally computed at node k and be shared
with negligible communication cost compared to the com-
pressed signal observations themselves. Indeed, instead of
sharing M} T samples (1" being the window length considered)
samples, the nodes only need to share () x () matrices, which
is cheap even for nodes several hops away.

We can show that the approximation error in each off-
diagonal block of P, constitutes an upper bound to the TSC
approximation error, as stated in the following theorem:

Theorem V.1. Let If’kam, denote the block of the best QQ-rank
approximation of Py corresponding to nodes k and 1. We
have

" 2 . 2
<\/@7,?l— @) < ‘Pq?m — Pz, VQ.ED (52)
Proof. See supplementary materials. [

Note that we are indeed only interested in the off-diagonal
blocks, as the diagonal blocks (i.e. k = [) are always equal to
the identity matrix and do not carry any useful information
regarding the network’s correlation structure. Theorem V.1
implies that if the network-wide covariance matrix R, has
rank (@, the TSC can be perfectly recovered. This occurs
when Spans = Spanwz, i.e. & is in the (-dimensional
subspace spanned by s. Furthermore, note that any com-
ponent in & which is observed by a single node does not
contribute to the off-diagonal blocks of P,,. Therefore, if
Spanx; = Spans @ Spanmny, where nj are node specific
signals (which are considered noise for our purposes), we ex-
pect dim(Span s) < dim(Span ) and the off-diagonal blocks
of Py, can be described by only dim(Span s) components,
even if R, has full rank.

C. A Heuristic for Selecting Q

Note that the TSC estimator defined by (46) relies on the
blocks of the low-rank approximation of the full matrix Py,
and not on the low-rank approximation of the blocks them-
selves?. What we are effectively minimizing is the total error
for all blocks as defined by the joint low-rank approximations
(44). From Eckart-Young Theorem [29], we know that this
error decreases with increasing (), but this unfortunately also
includes the approximation error of the diagonal blocks, in
which we have no interest (as they are always equal to the
identity matrix). A pragmatic strategy could be to increase
@ as long as the total compound error of the off-diagonal
block decreases. The question that then arises is whether one
can easily check whether adding a component will result in
a decrease of the low-rank approximation error of the off-
diagonal blocks. This is stated in the following theorem:
Theorem V.2. The average approximation error of the off-
diagonal blocks of the (Q + 1)-rank approximation of Pyg
is smaller than the average approximation error of the off-
diagonal blocks of the Q-rank approximation, i.e.

2 2
SO+ R
Z HPiQka:; _Pwkml F < Z ‘Pkaw; _Pwk,wz F, (53)
k,l#£k k,l#k
if and only if
AR+ _ /Q 2
Z (Gkk - @kk) > 20Q+1 — Mg+ 54
k
where \g denotes the Q) largest eigenvalue of P>
Proof. See supplementary materials. O

@ should therefore be incremented as long as (54) holds and as
long as the available bandwidth permits it. Note that this does

2We remind the reader that this follows from the fact that we wished to
avoid the combinatorial complexity scaling which would have resulted from
solving all pair-wise CCA problems (each yielding a low-rank approximation
of the blocks of Pgg).

3i.e. the diagonal elements of A~ 1.



not guarantee that the TSC approximation error will decrease
in each (k,l) pair, only that the total upper bound derived
from Theorem V.1 on the total approximation error of TSC will
decrease. The advantage of this heuristic is that each node can
locally evaluate (:)gk using (51) and the nodes can therefore
efficiently verify wether (54) holds.

VI. SIMULATION RESULTS

In this section, we validate the TSC approximation and heuris-
tic described in Section V and demonstrate the convergence
properties of the D-MAXVAR algorithm in tree-topology
networks.

A. Simulation Settings

In the context of WSNs, it is appropriate to model the ob-
served signals as noisy observations of a mixture of uniformly
spatially distributed latent sources, i.e.

x, = Arps +any (55)
where nj is Mj-dimensional spatially white sensing noise at
node k and uncorrelated with the noise at other nodes, s is a d-
dimensional spatially white latent signal and Ay, is the mixing
matrix associated with node k. Finally, « is a network-wide
parameter allowing us to modulate the signal-to-noise ratio
(SNR). Let Ay = [a},...,a], where aj, denote the steering
vector at node k associated with source s7. We model it as
i
max{0.1, |my. — L]}
where gi is an Mj-dimensional vector of random variables
drawn uniformly from [0.95,1.05], modelling the slight dis-
crepancies in the channel gains, and my, and [; are the random
coordinates of node k and source j, uniformly drawn from a
10 by 10 square. With this model the sources can be seen as
point sources radiating energy uniformly in all directions. The
associated covariance matrice can be computed as
R=AA" + o’ (57)

where A is the matrix obtained by stacking the Aj’s. The
total power of the latent sources picked up by the nodes is
P, = ||A|? and the total noise power is a2M. We set a2 =
P;(M SNR)™! to obtain the desired SNR.

For each simulated scenario, we perfomed 1000 Montecarlo

runs where the covariance matrices were directly computed via
(57). Additionally, we set My = 8 and d = 3.

J_
a;, =

(56)

B. TSC Approximation

Using the above model and settings with K = 10, we obtained
the results depicted by Figure 4 with the average absolute error

E defined as )
A .
E= m Z |@kl —9k1|
k,l#k

In low SNR regimes the latent subspace is completely shad-
owed by noise. The average TSC is close to zero and correctly
approximated as such. In medium SNR regimes, the latent
subspace is observed by most nodes, but in a noisy fashion,
such that the subspace in which correlation occurs has a
possibly large dimension. Indeed, both the latent subspace and
per-node noise components are needed to correctly evaluate
the degree of correlation between two nodes. The error is

(58)
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Fig. 4: Montecarlo simulations of the TSC approximation error and
selected () according to the method described in Section V-C for
varying SNR values. Blue curves depict the median values. Red
shaded areas depict the 5-95% percentile regions. The top plot
depicts the average pairwise absolute TSC approximation error E.
The middle plot depicts the average pairwise TSC in the network.
The bottom plot depicts the number of components @ as selected by
the heuristic described in Section V-C.

TSC Matrix

Approximate TSC Matrix

Fig. 5: Example TSC matrices obtained with K = 20, M, = 8, 3
latent sources and SNR = 1. Each pixel represents the (approximate)
TSC of a pair of node. Only the lower triangular half is shown.

therefore largest in this region, but stays reasonable when
compared to the true average TSC with a relative error of
approximately 3%. In high SNR regimes, the latent subspace
is perfectly observed and dominates the noise, which results
in an almost perfect approximation of the TSC with a relative
error of approximately 1% and decreasing towards 0% with
increasing SNR. As expected, the number of components used
(Q) increases with the SNR and never over-estimates the
dimension of the latent subspace (dim Spans = d). Thanks
to this last fact, the algorithm can adaptively set its overall
bandwidth to match the SNR. Figure 5 depicts an example
matrix of pairwise TSCs for a unit SNR. In this example,
we see that nodes sharing common components are correctly
identified.

C. Convergence

Figure 6 shows the convergence of the D-MAXVAR algorithm
to the global solution. The metric used is
eh=1- / -

fw?)

(59)
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Fig. 6: Montecarlo simulations of the convergence of the D-
MAXVAR algorithm in tree-topology networks. Solid curves depict
the mean values. Shaded areas depict the 5-95% percentile regions.
The top plot was generated with K = 13. The bottom plots were
generated with K = 4,13, 40.

where f(W) = WHRpW is the objective function of (13)
and f* is its value at a global minimizer. In the top plot, we
see that convergence is indeed faster with a larger number of
components (. In the bottom plot, we see the impact of the
tree depth: the deeper the tree, the higher the compression
(due to the recursive summing resulting from Algorithm 2).
We see that, in practice, convergence to a global minima is
always achieved due to the instability of other fixed points
(see Theorem II1.3).

VII. CONCLUSION AND DISCUSSION

In this paper, we have presented an algorithm which computes
the solution of the so-called MAXVAR problem in a dis-
tributed setting. Our algorithm displays significant savings in
computational and communication requirements compared to a
centralized procedure where signal observations are collected
at a single location. In particular, in abritrary-topology net-
works, the communication cost is independent of the network
size and only depends on the degree of each node and the
chosen compression factor (). We have proven the convergence
properties of the algorithm, and shown via simulations that the
condition for global convergence hold in practice.

We have also shown how the networks’ correlation structure
can be efficiently estimated from the algorithm’s outputs and
for negligible additional cost, via an approximation of the
total squared cosine. However, this TSC approximation suffers
from one drawback: we cannot guarantee that the signal
components used for its computation result in the lowest
possible approximation error, only that they correspond to the
minimum of an upper-bound on the error. Nevertheless, we
have demonstrated that the approximation is quite accurate
and allows significant computational savings compared to the
exact computation of all pair-wise TSCs. Finally, we note
that, in most cases, there will be no interest in perfectly
estimating the TSC. Indeed, for most applications, the TSC
will be thresholded in order to determine whether the link

between two nodes should be kept alive, or simply used as a
distance input to some clustering algorithm.

APPENDIX
A. Proof of Theorem III.1

Proof. Let us assume that W* is a fixed point of Algorithm 1.
Then W* is a solution of problem (18) when W = W* for
any g € KC. The Lagrangian of this problem can be expressed
as

Ly(W,A9Ty) =Tt (W'RpW)
— Tr (AI(WTRpe W — I9))

=) Tr (TyWI'Ny)  (60)
k#q
where A? and T'y, Vk # ¢ are matrices of proper dimensions
containing the Lagrange multipliers and N}, is an M}, x (M}, —
@) whose columns span the left null space of W;'. As W*
is a solution of (18), it must satisfy
%Lq =0=2RpW* - 2R, ., W*A?— NI
where I'? is the matrix obtained by vertically stacking all the
rows of I';, and IN? is the block diagonal matrix whose blocks
are N, and where the entries of the blocks corresponding to
q are set to zero for both matrices. Left-multiplying by W*”
and using constraint (18b), we obtain

(61)

1
*T * *T
=AT— = NI . 2
W* RpW 2 w Vq (62)
0
Since the left-hand side is independent of ¢, we can conclude
that A? = A is the same for every choice of ¢q. From this and
(61), we have
0
—L,=0= QREqWJ—QquwW*A—NqI‘q
——

oW, Vq (63)

0

Combining those equations for ¢ € K yields RpW* =
R, W*A. As W* is computed via the GEVD of the local
pencil (RiDq, R%q) corresponding to Wi = W*, it must be
such that the local W in (15) diagonalizes Rﬁjq at every
updating node g. As a consequence, and considering that the
update matrices G, are identity matrices due to the fact that
W* is a fixed point,

W' R, W=WTRyW" = A (64)
is a diagonal matrix and the columns of W* are therefore

GEVCs of the pencil (Rp, Rgz).
O

B. Proof of Theorem III.2

In order to prove Theorem III.2, we first prove two interme-
diate results. In the following, let f : RM _, R denote the
objective function (13a) and let the constraint set (13b) be

D={WecR” | WI'R,,W =15} (65)

Furthermore, let the constraint set of the local problems (18)
be

Dy(V) ={W € D [C(Wi) CC(Vi) VEk#q}  (66)



where V. = W in (18). For convenience, we define the
following equivalent procedure to an update of Algorithm 1:

Wit = argmin Hqu - qu HF (672)
WeMm:i

M= argmin f(W)
WeD,, (W)

where ¢; = ¢ mod K. We denote F, the mapping producing a
new iterate W*+! from W at the updating node ¢ at iteration
1. For simplicity, we assume that (67a) is uniquely defined. If
this is not the case, we select the matrix Wit! associated
with the update matrices G, closest to identity matrices with

respect to the Frobenius norm.

Lemma B.1. Let m, : RM*% — R be such that {m,(W)} =
F(Fy(W)), i.e. mapping W to f(W'HL) in procedure (67).
Then my is a continuous function for any q at points where
the blocks Wy.q have full column rank.

(67b)

Proof. The constraint set of the local problem (15) can be
expressed as

D, (W) ={P&,V |V eRY}ND (68)
where Py, denotes the orthogonal projection matrix on the
linear subspace (66). mq(W) therefore corresponds to the
sum of the ( smallest GEVLs of (P{, Rp Pl , P&, Ry PLL)
(which is found by substituting the optimization variable in
(15) by Py, V). As the GEVLs of a pencil vary continuously
with the entries of its constituent matrices [30], and as ng
varies continuously with W at points where its blocks Wy,
have linearly independent columns [31] (which is true under
the assumption that the local problems are non-singular), m,
is a continuous function at points where the blocks W}, have
full column rank. O

Let (W?);en be any sequence of iterates satisfying the
mapping defined by Algorithm 1 and therefore procedure (67).
We now show that if (W?%),cy is a convergent sequence, then
its limit lim;_,., W% = W*, is a fixed point of Algorithm 1
and therefore a stationary points of problem (13).

Lemma B.2. If (W?%),cy is a convergent sequence, it con-
verges to a fixed point of Algorithm 1.

Proof. Let W* be the unique limit of (W?);cy. From the
continuity of m, (see Lemma B.1), and under the assumption
of non-singular local pencils, we have:

WILH‘;V mE(W) =mp(W*) VkeK. (69)

As (f(W?));en is bounded and decreases monotonically, it
converges to some f* and therefore, from the continuity of f,
f(W™*) = f*. By definition of m, we have

mg, (W) = f(W) (70)
with ¢; = ¢ mod K. Therefore,
lim m,, (W' = f* (71)
71— 00

and, in particular, every subsequence such that ¢; = k for
some node k£ converges to f* and

mp(W*) = f* = f(W*) VEkeKk. (72)
As, by definition (66), W* is in Dy(W™*), and by the
definition of mg, the minimum value of f in Dy(W™*) is
m(W*) = f*, W* must be in M (as defined in (67b)).

In virtue of (67a), it must be that Fj,(W*) = W* and W*
is therefore a fixed point of F}, for any node k. O

We can now finally prove Theorem III.2.
As, by hypothesis, the @Q-th and (@ + 1)-th smallest GEVLs
of the local pencils (R, , RE, ) are distinct at the accumu-
lations points of (W");cn, a small pertubartion of the pencil
around an accumulation point results in a small perturbation
of the generalized eigenspace [6], [30]*. As a consequence,
the convergence of some subsequence (W);cnr to W*
(which is a stationnary point) implies the convergence of
(M?);en to some M*, which from (67) corresponds to the
sequence of sets of generalized eigenvectors of the local
pencils (R , RY, ), where the convergence of (M?");ex must
be understood in terms of the Haussdorf distance between sets
5

As the sublevel sets of f in D are compact and f decreases
monotonically, there indeed exists a convergent subsequence
(W1),en converging to some W*, which defines a corre-
sponding M* according to (67b). As mi(W™*) = f* Vk € K,
it must be that W* € M?*. Therefore, there exists some con-
vergent sequence {Vit1},cn with Vit € M? converging
to W* (As the convergence of (M?);car to M* implies that
for any point W in M* we can find a set M* € (M");en
containing a point arbitrarily close to W). As both sequences
converge to the same point,

Clim W -V =0, (73)
i—00,i€EN
and as ViT1 € M?, we have from (67a) that
i -wil.s
min [ Wy, W, = Wi - W

(73) in combination with the squeeze theorem therefore im-
plies that

lim W =W [ =0. (75)

1—00,1€
Without loss of generality, we could have chosen N such
that (g;)ienr = (k)ien for any abritrary node k. Indeed,
because the sublevel sets of f in D are compact any sequence
(W), is guaranteed to have a convergent subsequence, and in
particular sequences such that (g;);cas is a constant sequence.
As a consequence of this and (75), for every node k, there
exists some set of indices Ny such that (W}});cn, converges
to some W' and
lim
i—00,i1EN}
The convergence of (W});cn;, to W} therefore implies the
convergence of (W, ™!);cr;, to the same point. By induc-
tion, it must be that (W;*");cn; converges to W for any
offset [ and (W});en is therefore a convergent sequence (as
Uien{N + 1} = N). As this is true for every node k, every
block of the solution converges and (W);cy is a convergent

Wit — Wi, =o0. (76)

4The result is established for non-generalized eigenspaces, but it can be
straightforwardly extended to generalized eigenspaces by performing a change
of variables similar to (40) in order to turn the GEVD into an equivalent
eigenvalue decomposition.

>The Haussdorf distance dg(V, W) between two sets V and W is de-
fined as max{supxcy infyew [|X — Y| ,supycy infxew [| X — Y|}.
dgr (V, W) = € implies that for any point in VV we can find a point in W at
a distance at most € and vice-versa.



sequence which, from Lemma B.2, converges to a fixed point,
and hence to a stationary point (see Theorem III.1). O

C. Proof of Theorem II1.3

Since W* is not a global minimizer and since (13) has no local
minima®, every neighborhood V C D around W* contains a
continuum of points U € V for which f(U) < f(W*). Now
take any point U in U. Since (f(W?));en is monotonically

decreasing, setting WY = U will result in a sequence

(W*),;en that remains at a finite distance from W*. Therefore,

W™ cannot be a stable accumulation point. O
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