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Abstract

A two-stage inversion scheme is proposed to determine the full set of 9

complex-valued stiffness properties of orthotropic viscoelastic plates using

their 3D surface velocity response to a broadband vibrational excitation.

After converting the surface velocity response to frequency-wavenumber do-

main by means of a 2D Fast Fourier Transform, the hybrid TLS-ESPRIT

and IWC methods are employed to extract complex-valued wavenumber-

frequency pairs corresponding to relevant Lamb wave and shear horizontal

plate waves from the data. Particle swarm optimization is chosen to inversely

determine the orthotropic viscoelastic properties of plate-like objects, using
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the semi-analytical finite element method as a forward model to compute the

real and imaginary parts of the wavenumbers. The inversion procedure first

identifies the elastic parameters by matching the real wavenumber values, fol-

lowed by the characterization of the viscoelastic properties which are rather

linked to the imaginary wavenumber values. To validate the accuracy of the

proposed method, a series of numerical simulations of 3D wavefield data using

a finite element model (COMSOL) is conducted, as well as broadband exper-

imental measurements obtained by means of a 3D Infrared Scanning Laser

Doppler Vibrometer. The optimization process for each numerical or exper-

imental case study is repeated 20 times to obtain statistics, and the median

and median absolute deviation values are reported. It is shown that the in-

verted orthotropic viscoelastic properties based on the virtual wavefield data

are in close agreement with the target values, showing a mean relative error

of less than 2% and 5% error on the elastic and viscous properties, respec-

tively. Additionally, the median absolute deviations are negligible showing

the robust convergence of the inversion procedure to a global minimum, and

giving the confidence to apply the method on experimental wavefield data

in order to reveal the full (unknown) C-tensor for material characterization.

The proposed characterization method can be used for various orthotropic

viscoelastic materials, including metal sheets, carbon/epoxy laminates, and

wooden plates.

Keywords: Non-destructive testing, Material characterization, Lamb

waves, Viscoelasticity, semi-analytical finite elements (SAFE), Particle

swarm optimization, Orthotropy
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1. Introduction

In the last decades, the development and use of high-performance materi-

als such as fiber-reinforced polymers, or composites in general, has increased

rapidly because of their high specific strength and stiffness, exceptional fa-

tigue strength, and good chemical resistance [1]. Additionally, the produc-

tion flexibility makes it possible to design composites to meet the (structural)

requirements for a particular application which is crucial for many engineer-

ing components in various demanding industrial sectors such as aeronautics,

automobile manufacturing, wind mill blade production, etc. Naturally, the

stacking orientation and interaction between fiber and epoxy cause mechan-

ical anisotropy and heterogeneity in composites, leading to a complex elastic

wave propagation behavior. As a result, structural health monitoring (SHM)

and non-destructive evaluation (NDE) of such composite materials become

more advanced compared to isotropic materials such as in homogeneous met-

als. Yet, for accurate detection, localization and/or assessment of potential

damage, the viscoelastic-dynamic behavior of the composite material needs

to be thoroughly analyzed [2]. In literature, vibrational and wave propa-

gation methods are generally advertised as the most suitable methods to

identify the viscoelastic parameters [3].

In vibrational methods, the material is excited via a shaker or a trans-

ducer. Then, the recorded frequency response of the material is used to ex-

tract modal parameters, such as natural frequencies, modal damping, modal

amplitude, and mode shapes, which can be used to characterize certain mate-

rial properties [4, 5, 6]. For instance, the extraction of viscoelastic orthotropic

material properties for composite laminate beams has been studied by Ko-
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rontzis, Vellios, and Kostopoulos [7], leading to the identification of two com-

plex elastic moduli, one complex shear modulus, and one complex poisson

ratio by using free vibration of a viscoelastic beam via the Euler–Bernoulli

beam theory. Later, transversely isotropic media have been characterized

by Melo and Radford based on the reduced parameter nonlinear viscoelas-

tic model and dynamic mechanical analysis (DMA) [8]. An accurate shell

element model derived from the higher-order shear deformation theory was

used by Matter et al. to extract six elastic parameters and six loss factors [9].

Elasticity and damping properties in sandwich structures with a relatively

stiff core were examined by Schwaar et al. [10], providing a characteriza-

tion of five elastic parameters and five loss factors. A sensitivity study for

the elasticity characterization of wood has been conducted by Longo et al.

using resonant ultrasound spectroscopy (RUS) [11]. The results revealed

that viscoelastic damping might cause overlapping and/or disappearing res-

onant peaks, which makes it necessary to proceed to the use of mode shapes.

Even then, only five or six elastic parameters out of nine could be identified

based on the first nine natural frequencies. The problem can be solved by

increasing the number of used natural frequencies, but this implies examin-

ing a broader frequency regime which can become problematic. Indeed, the

identification of viscoelastic parameters for orthotropic plates in the higher

frequency range is quite sophisticated due to the requirement for advanced

mathematical models and the increasing complexity and importance in re-

alizing appropriate boundary conditions which might lead to large errors in

the characterized stiffness parameters.

In wave propagation methods, ultrasonic waves are typically generated
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and recorded by using a pair of emitting and receiving transducers. The

recorded wave propagation signal characteristics depend on several factors

such as the stiffness properties of the material (both the elastic and viscous

parts), the geometry of the part, as well as the amplitude and frequency

content of the excited signal. Several analytical and numerical methods have

been developed to predict the wave propagation behavior and to character-

ize the (visco)elastic properties. One of the most commonly used methods is

based on bulk wave propagation, as proposed in some of the earliest studies

in the field by Hosten et al. [12]. This pioneering method has been vali-

dated for various plate materials including wood and fiber-reinforced poly-

mers [13, 14, 15]. Although the bulk wave-based characterization method

is computationally efficient, it has certain limitations. First of all, as this

approach assumes that the medium is infinite in every direction, the ultra-

sound wavelength has to be much smaller than the plate thickness (λ << d),

which puts a lower boundary on the frequency range. On the other hand,

frequency dependent damping characteristics and restrictions on the validity

of the homogenization condition put an upper boundary for the “frequency ×

thickness” (fd) regime [16, 17]. Secondly, in realistic finite thickness plates,

discontinuous phase shifts might occur in the transmitted signals which is

in contrast to the infinite body assumption. These phase shifts need to be

accounted for in order to invert the stiffness constants with high accuracy

[16, 17]. Thirdly, bulk wave methods often require the sample to be immersed

in a coupling fluid (generally water), introducing problematic measuring con-

ditions for moisture-sensitive materials, such as wood. And finally, the main

axes of orthotropy of the sample under consideration need to be known a
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priori in order to correctly identify the material parameters [16, 17].

Lamb wave propagation-based characterization methods can overcome

many of the limitations of the bulk wave-based characterization methods.

The downside, however, is that Lamb wave-based inversion methods require

a more sophisticated forward calculation model, and the typical computa-

tional efficiency of such models is lower compared to bulk wave calculation

methods. In literature, the elastic properties of orthotropic plates have al-

ready been successfully identified in several studies [18, 19, 20, 21]. Addi-

tionally, some of the studies are focused on the uncertainty of the extracted

stiffness parameters by using a fuzzy-based inversion approach or Bayesian

inference scheme with surrogate modeling from experimental guided wave

data [22, 23]. However, the next step, which is the characterization of the

viscoelastic parameters of orthotropic plates, is more demanding as eighteen

parameters (nine elastic and nine viscous) need to be identified. Marchetti

et al., for instance, used Hankel functions, equivalent single layer thin plate

model and the inhomogeneous wave correlation (IWC) method to identify

five flexural rigidities and the corresponding loss factors for composite plates

[24, 25]. Even though this method successfully inverted the properties for

a transversely isotropic material, it is not capable to identify all eighteen

parameters of an orthotropic material because the sensitivity of the out-of-

plane (C13,C23 and C33) stiffnesses is extremely small in the low fd regime,

which is consistent with the conclusions reported by Longo et al. for wooden

samples [11]. To overcome this problem, an extension of the study to a higher

fd regime is necessary, but entails the disadvantage that the negative effect of

noise and environmental fluctuations becomes larger in such high-frequency
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regimes.

In terms of excitation and recording, the earliest studies, e.g. as con-

ducted by Hosten, used two ultrasonic immersion transducers to excite and

measure bulk and Lamb waves in the MHz range in view of identifying the

stiffness parameters of an orthotropic plate [26]. As an alternative, and cer-

tainly interesting for materials that cannot be examined in immersion condi-

tions, contact transducers can be used, as in the work of Fathi, Kazemirad,

and Nasir who studied the moisture-dependent isotropic viscoelastic prop-

erties of wood by using two ultrasonic contact transducers operating at a

200 kHz center frequency [27]. Even though the validity of these methods

is proven, the use of immersed, contact or even air-coupled transducers in

recording mode has certain limitations. Firstly, these methods commonly

measure the response along just a single line, which only gives the stiffness

for that particular orientation, whereas most of the engineering applications

require general 3D stiffness parameters for design and modeling. Secondly,

ultrasonic transducers should be coupled with an intermediate medium such

as water or air, or attached to the sample. Using water as a coupling medium

is impractical for many applications involving porous materials such as wood

or isolation foams. On the other hand, air-coupled experiments in the ul-

trasonic regime exhibit poor efficiency due to the typically large acoustic

impedance between air and the analyzed material [28]. Finally, the use of

glued or gel-coupled transducers becomes unworkable to efficiently obtain

line or surface scans.

In recent years, the recording of wave propagation by ultrasonic trans-

ducers is gradually substituted by scanning laser Doppler vibrometry, which
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offers a contactless interferometric measurement of the broadband vibration

velocity of object surfaces. However, for an optimal acquisition, surface

preparation, such as applying retro-reflective tape or small glass bead spray,

is generally required to increase the back-scattered laser signal and to im-

prove the signal quality. Recently, scanning laser Doppler vibrometers with

infrared lasers and three scanning heads have entered the market [29]. The

infrared laser wavelength shows improved sensitivity for a range of techni-

cal materials, and yields acceptable signal quality over a wide vibrational

frequency range, even for untreated surfaces and obliquely incident laser

beam. Furthermore, the angled configuration of the three laser heads allow

to extract the three velocity components (both in-plane and out-of-plane ve-

locities) over the measurement surface. In recent studies, the Polytec 3D

SLDV-PSV500 XTRA has been intensively used to record Lamb wave prop-

agation wavefield data in 3D for the inversion of the elastic parameters of

orthotropic materials [30, 31]. The all-new patented QTec®technology from

Polytec will even further enhance the sensitivity. This technology uses a

heterodyne multi-path interferometer concept, supported by a parallel sig-

nal processing step for four detectors within each of the sensor heads, which

considerably avoids speckle dropouts.

To further analyse the acquired data and extract the dispersion and at-

tenuation information, a post-processing procedure is required. As usual in

this research field, the recorded (raw) signals at the surface S(x, y, t) con-

sist of a combination of several Lamb wave modes, measurement noise, as

well as forward and backward propagating waves due to edge reflections.

Various methods have been introduced to extract the complex wavenum-
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bers from these pre-processed signals, such as the Fast Fourier Transform

(FFT) [32], the time–frequency analysis (TFA) [33], the zero-crossing tech-

nique (ZC) [34], the matrix pencil decomposition method (MPDM) [35], the

sparse wavenumber analysis (SWA) [36], the spatial Laplace transform (SLT)

[37], the inhomogeneous wave correlation (IWC) [38], and the Estimation of

Signal Parameters via Rotation Invariant Technique (ESPRIT) [39]. Among

these, MPDM, IWC and ESPRIT have already been used and validated for

the characterization of material properties [40, 24, 39].

In the present study, a new material characterization method is proposed

to identify the homogenized viscoelastic parameters of materials from 3D

Lamb wavefield data. The aspiration behind the proposed method is to iden-

tify the full set of viscoelastic parameters of arbitrary orthotropic materials

by using full field data acquired in the mid fd regime (up to 1.5 MHz.mm)

to overcome the limitations of the existing methods. This study is a follow-

up of our previous study [41] which focused on the identification of stiffness

parameters for elastic materials by using full field Lamb wave data. The nov-

elty of the proposed method is its ability to extract complex wavenumbers

via hybrid TLS-ESPRIT (total least square estimation of signal parameters

via rotation invariant technique) and the IWC method (inhomogeneous wave

correlation method). The extracted complex wavenumbers are essential to

identify viscoelastic orthotropic stiffness parameters. To test the accuracy

of the proposed method, a series of numerical simulations applying a finite

element model (COMSOL) for different materials is studied at first. For the

inversion, the semi-analytical finite element (SAFE) method is embedded as

a forward model in the two-stage particle swarm optimization (PSO) proce-
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dure. The inversion procedure is repeated 20 times to avoid local minima

and to obtain statistics on the results. Following the numerical validation,

actual Lamb wavefield data measured on carbon epoxy (C/E) and glass fiber

(G/F) woven plates is used for the experimental validation. The obtained

viscoelasticity results appear highly reasonable and substantiate that the

proposed inversion technique can indeed be used to identify the homoge-

nized complex valued stiffness properties of orthotropic viscoelastic plates.

The paper is structured as follows. In Section 2, the most important

aspects of the forward model (SAFE) and the optimization procedure (PSO)

are recalled. In Section 3, the virtual and actual measurement protocols for

COMSOL and for the experimental wavefield acquisition, respectively, are

outlined, along with some details about the hybrid ESPRIT-IWC method.

In Section 4, the results of the numerical studies as well as of the experiments

are presented for different materials.

2. Optimization Procedure

2.1. Forward model SAFE

To efficiently model Lamb wave propagation behavior for use in the op-

timization procedure, the approximate method called semi analytical finite

element method (SAFE) is adopted in this study [42]. The forward model is

implemented in a standalone MATLAB toolbox called ‘The Dispersion Box’,

and can be downloaded freely from GitHub [43]. The accuracy as well as

the computational efficiency of the method are shown in literature [44]. The

method assumes an infinite geometry along the in-plane directions and thus
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ignores the effect of reflections coming from edges. Further, it uses a far-field

wave propagation equation, neglecting near-field features introduced by the

vibrational actuator. In the SAFE method, the medium is discretized in the

through-thickness direction, and the stiffness and mass matrices of each ele-

ment is calculated. By imposing energy equilibrium, the problem transforms

into a generalized eigenvalue problem, which is numerically stable [42].

[K1 + ikK2 + k2K3 − ω2M ]MU = 0 (1)

The solution of the generalized eigenvalue problem in Eq. 1 supplies

the (homogenized) complex wavenumber values, k = kr + jki, which are

characteristic for the plate material and geometry (thickness and stacking).

More precisely, the dispersive variation of the real wavenumber (kr) values

with respect to fd provides the dispersion curves which fundamentally relate

to the elastic part of the stiffness tensor. On the other hand, the imaginary

wavenumber (ki) values link to the attenuation behavior of the material, and

thus essentially to the viscoelastic part of the tensor.

2.2. Inversion Optimizer PSO

For the inverse characterization of material parameters, a proper selection

of the optimization algorithm is crucial. Obviously, it should be able to

handle the dimensionality, the topology and the size of the parameter search

space, and to provide accurate results in a computationally efficient manner

[3]. To characterize a homogenized viscoelastic orthotropic plate, a total of

eighteen independent parameters (nine elastic and nine viscoelastic) need to

be identified. Therefore, it is no longer convenient to use gradient-based
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optimization methods, which have a high possibility of converging to a local

suboptimal minimum. Heuristic algorithms can overcome the drawbacks

of gradient-based algorithms as they achieve stable inversion for even very

high dimensional optimization problems. In literature, different optimization

algorithms have been proposed for material characterization such as genetic

algorithm (GA) [21], particle swarm optimization (PSO) [17, 39], simulated

annealing optimization (SAO) [45], and surrogate optimization (SO) [46]. In

the present study, PSO was selected and used because of its computational

efficiency and superior accuracy, as obtained as the outcome of an extensive

study by the authors [46].

The study of bird flock preying behavior serves as the inspiration for

the particle swarm optimization (PSO) [47]. Considering that the algorithm

uses a heuristic approach and swarm dynamics, the objective function does

not need to be differentiable. Briefly recapitulated, the swarm dynamics

such as position, speed, and fitness value of each individual particle are first

calculated. The position of each particle is then used to determine the best

position of the swarm, and this best position is subsequently used as a guide

until reaching the global minimum. For the practical implementation of

the optimization algorithm, the MATLAB Global Optimization Toolbox� is

used due to its speed, efficiency and accuracy. To improve the convergence

and accuracy, the constrained nonlinear multivariable function ‘fmincon’ is

combined with PSO.

After embedding SAFE as the forward model in the hybrid PS-fmincon

optimization, it is possible to determine the orthotropic viscoelastic tensor

coefficients. To increase the convergence of the algorithm, we propose a
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two-stage inversion algorithm in which real and imaginary wavenumbers are

employed successively to obtain our premise.

In Stage I, the inversion procedure focuses on the identification of 9 elastic

parameters. The procedure is initiated by randomly selected swarm param-

eters and elastic parameters within the search domain, which is defined by

estimates from literature with −40 to +60% bounds. The non-symmetric

boundary conditions are adopted because black-box optimization algorithms

tend to take middle points as an initial solution which conflicts the blind

search of the parameters. The error between the measured and computed

(via SAFE) real wavenumbers is then minimized by updating the elastic pa-

rameters (C ′), while the viscous parameters (C ′′) are assumed to be zero

during Stage I. The objective function of Stage I is therefore simply defined

as the sum of absolute percentage error between the experimental and sim-

ulated real wavenumbers:

fobj1 =
F∑
i=1

K∑
j=1

L∑
l=1

∣∣ki,j,l
r,exp − ki,j,l

r,sim

ki,j,l
r,exp

∣∣ (2)

where F is the total number of frequencies used, K is the total number of

wave modes, and L is the total number of in-plane propagation directions (ϕ).

Upon convergence, Stage I yields the best estimation of the nine homogenized

elastic parameters of an orthotropic material.

Stage II focuses on matching the imaginary wavenumber values to infer

the unknown viscous parameters (C ′′). Considering that the weak coupling

between viscosity and elasticity was ignored in Stage I (the viscous param-

eters (C ′′) were set to zero in Stage I), only a small tolerance on the elastic

parameters (C ′) is allowed in Stage II. In particular, the elastic parameters

in Stage II are initialized by the optimized values obtained in Stage I, while
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the spread is limited to their median absolute deviation (± MAD). The vis-

cous counterparts (C ′′) are initially set at estimates found in literature with

−40 to +60% bounds. In a case where the viscous stiffness parameters are

unknown, certain percentage (between 1% and 5%) of the inverted elastic

stiffness parameters are taken as initial guess for the actual viscous stiffness

parameters. When the optimization process converges to the pre-set bound-

aries, the inversion is restarted with new estimates for the corresponding

viscosity to prevent the algorithm from converging to the wrong stiffness pa-

rameters during the determination of the unknown viscous parameters. As

a result, Stage II operates in an 18 dimensional search space, of which 9

dimensions are largely reduced. The congregated objective function of Stage

II is specified as:

fobj2 = fobj1 + w
F∑
i=1

K∑
j=1

L∑
l=1

∣∣ki,j,l
i,exp − ki,j,l

i,sim

ki,j,l
i,exp

∣∣ (3)

where w is a weighting factor, representing the relative attention of the in-

version to the viscosity parameters. In case w is taken too small, large errors

might emerge in the viscous tensor. On the other hand, if w is too large, less

consideration is given to the inversion of the elastic parameters. Besides, w

also allows to take into account the scale difference between real and imag-

inary wavenumbers. As in this two step approach the elastic parameters as

outcome of Stage I are assumed to be close to their optimal values, a value

of w equal to 10 is selected in this study.

The flowchart of the complete two stage inversion procedure can be found

in Fig. 1. Both stages are repeated 20 times, and median values are reported

as the optimized stiffness parameters. Moreover, to evaluate the precision and
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robustness of the inversion method, the median absolute deviation MAD for

each stiffness parameter is also reported. In all inversion examples considered

here, the following input variables for the hybrid optimization variables and

search space bounds were assumed:

� Stage I search bounds:

– C ′ → [-40%;+60%] of the literature values

� Stage II search bounds:

– C ′ → C ′
StageI

± MAD

– C ′′ → [-40%;+60%] of the literature values

� Maximum Iterations: 100

� Swarm Size: 100

� Maximum Stall Iterations: 20

� Interior-point Algorithm (fmincon)

� Maximum Iterations (fmincon): 1000
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Figure 1: Flowchart of the inversion procedure to determine the viscoelastic stiff-

ness parameters. This entire procedure is repeated 20 times in each case study

and for each stage to obtain median values and median absolute deviations on the

output parameters.

3. Data generation and conditioning

3.1. Simulation data - COMSOL

To test the accuracy, validity and robustness of the inversion procedure,

a finite element model is constructed in COMSOL to numerically compute

the wave propagation dynamics for a range of plates for which the actual

orthotropic viscoelastic tensor is known. Several aspects of typical 3D finite

element models make the computation of the wave propagation behavior over

an extended frequency range a quite challenging task. Firstly, as reported

in literature, the number of elements per wavelength should ideally be some-
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where between 10 and 20 for damped wave propagation [48]. Secondly, to

avoid near source transient effects and to observe stabilized wave dynamics,

the in-plane size of the plate needs to be large enough. Consequently, mil-

lions of degrees of freedom need to be solved in each step, which requires

high computational power and time. Alternatively, the model could be sim-

plified by using several 2D finite element mockups, but these models can

only be used in principal directions in an orthotropic medium because of

the presence of shearing effects in the non-principal propagation directions.

For these reasons, a comprehensive 2D semi-analytical finite element model

which accounts for the contribution of shearing effects along non-principal

wave propagation directions is employed in this study. This 2D SAFE model

is computationally efficient and can easily be implemented in COMSOL Mul-

tiphysics’ Partial Differential Equation Solver following the work of Predoi et

al. [49]. Note that the 2D SAFE method from Predoi et al. is fundamentally

different from the SAFE method by Bartoli et al. that was introduced earlier,

as the former calculates the full wavefield whereas the latter only provides the

individual wavenumber-frequency pairs that correspond to potential Lamb

& SH waves. The details of the COMSOL simulation model can be found in

literature [41] .

3.2. Experimental data – 3D IR SLDV

To experimentally demonstrate the performance of the proposed method,

actual wavefield measurements are performed on a 330 × 330 × 2 mm3 Car-

bon Epoxy (C/E) UD laminate with stacking sequence [45/0/−45/90]s and a

600 × 600 × 6 mm3 glass fiber (G/F) woven laminate with stacking sequence

[45/ − 45/0/90]3s. For the excitation, a single piezoelectric actuator (type
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EPZ-20MS64W) is positioned at the center of each plate, and is driven by

a 100 Vpp voltage supplied by a Falco systems WMA-300 voltage amplifier.

A broadband sweep sine voltage signal with frequencies between 5 kHz to

300 kHz is used, having a time duration of 16 ms. The full-field 3D vibra-

tional surface response is recorded, on a similar star-like grid as for the above

mentioned virtual experiments, by an infrared 3D SLDV (Polytec PSV-500-

3D-Xtra) [41]. The three laser heads are set up in an angled configuration

in order to measure both the out-of-plane and in-plane vibrational response

with good sensitivity. The vibrational response signals are recorded at a sam-

pling rate of 625 kS/s. The C/E layered and G/F woven composite plates

are scanned with a grid step Dr ≈ 1 mm and Dr ≈ 1.25 mm, respectively.

Each scan point is measured 20 times to improve the signal-to-noise ratio.

To further improve the measurement quality, the entire surfaces of the plates

have been covered with retro-reflective tape. Especially for the recording of

the in-plane velocity components, this surface preparation provided a huge

improvement in the signal-to-noise ratio, which is crucial for correct identi-

fication of imaginary wavenumbers. An example of the recorded time signal

is also provided in Fig. 2(a). The total execution time of the experimental

scans amounted to around 1 hour. Fig. 2(b) and Fig. 2(c) illustrate a snap-

shot at a randomly chosen time instance of the recorded vibrational response

of the plates in such a star-like configuration corresponding to a discrete set

of angles (ϕ between 0 and 180 degrees, ∆ϕ=15 degrees).
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(a)

(m/s)

(b)

(m/s)

(c)

Figure 2: Wave propagation using a 3D infrared SLDV, a) The out-of-plane re-

sponse to a broadband sweep excitation (50-300 kHz in 16 ms) recorded on a 5 mm

thick UD C/E plate when ϕ=45 at a distance of 15 cm from the actuator, b) The

recorded wave propagation on a C/E layered plate at t =1.2 ms along a discrete

set of angles, and c) The recorded wave propagation on a G/F woven plate at t

=1.2 ms along a discrete set of angles.
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3.3. Hybrid ESPRIT-IWC method

As explained before, the proposed two-stage inversion algorithm operates

on complex wavenumber-frequency data. To achieve comparable datasets,

additional post processing procedures are needed to extract the complex

wavenumbers from the experimental and numerical full-field velocity data.

For an accurate extraction of the imaginary wavenumbers of the Lamb wave

modes, several factors that affect the recorded signals should be considered.

Firstly, the SAFE model uses a far-field wave propagation equation, ne-

glecting near-field features introduced by the vibrational actuator. In litera-

ture, it is indicated that the near-field typically end, and far-field effects start

after a distance of about a wavelength or three times the largest dimension of

the source [35]. Moreover, it is commonly recognized that a better approxi-

mation of the attenuation effect of Lamb waves can be obtained for sampling

points that are located away from the excitation source. Therefore, only

those measurement points that are at least 5 cm away from the piezo-electric

actuator were selected and used to overcome near-source effects.

Secondly, the effect of the geometric attenuation for circular waves (
√

S(r, t)

with S the signal and r the propagation distance) needs to be accounted for

in order to only retain material damping effects. This can be easily done by

correcting the amplitude of the propagating wave signals following the work

of Ramadas [50].

Thirdly, wave reflections coming from free edges need to be removed be-

cause they interfere with the direct wave signals, leading to changes in the

local amplitude. For this reason, the simulated and/or experimentally mea-

sured wavefield data along each direction, S(x, y, t) or S(r cos(ϕ), r sin(ϕ), t)
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or S̃∗(r, ϕ, t) with r the distance to the actuator, and ϕ the in-plane orienta-

tion angle, is converted into the frequency-wavenumber domain by means of

a 2D Fourier transform yielding S̃∗(k, ϕ, f), and the quadrants of frequency-

wavenumber domain that contain backward propagating waves are forced to

zero. Then, by taking the inverse Fourier transform, the backward prop-

agating waves are effectively removed, and the amplitude of the signals is

corrected. Note however, that for very lightly damped plates, double edge

reflections may still appear in the wavefield data as these are not filtered out

by the above approach. In such cases, a suitable time windowing could be

applied in addition.

Fourthly, the response to the broadband chirp signal used in the experi-

ment to measure the dispersive behavior is recorded in the time-domain, but

the final goal is to arrive at the complex wavenumber values which change as

function of frequency. To extract the wavenumbers on specific frequencies,

the broadband chirp signals are converted into 5 cycle Gaussian windowed

tone burst signals following the method of Michaels et al. [51]. To minimize

the effect of noise on the recorded data, a rational transfer function is used.

Finally, an appropriate complex wavenumber extraction method needs

to be selected and implemented. The matrix pencil decomposition method

(MPDM), the estimation of signal parameters via rotation invariant tech-

nique (ESPRIT), and the inhomogeneous wave correlation (IWC) method

stand out among the variety of complex wavenumber extraction methods

because of their established superiority. Whereas MPDM and ESPRIT re-

spectively employ singular value decomposition and eigen-decomposition of

the multi-channel covariance matrix, IWC simply optimizes the measured
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and simulated wave propagations by changing the wavenumber values. Al-

though IWC shows high accuracy in extracting complex wavenumbers, its

disadvantages are that it employs a peak searching algorithm which requires

the setting of a threshold and that is not capable of determining the number

of modes. Especially for cases where higher-order Lamb modes are available,

the determination of the complex wavenumbers becomes more sophisticated,

and the IWC algorithm becomes computationally inefficient, in contrast to

the MPDM or ESPRIT methods which tend to be more convenient for such

cases. As the total least square ESPRIT (TLS-ESPRIT) is found to give

much better results compared to the direct MPDM when the noise level is

above a certain threshold [52],the TLS-ESPRIT algorithm is adopted in the

present study to extract the real wavenumbers and the number of Lamb wave

modes. With this knowledge, the IWC approach is employed to subsequently

find the imaginary wavenumbers. This hybrid approach thus takes the best

of both methods, resulting in a robust extraction of complex wavenumbers

from multi-modal data.

The flowchart showing the various phases in the proposed hybrid wavenum-

ber extraction method is outlined in Fig. 3. The blocks that apply to the

various steps in the post-processing are indicated in color: Red for the cor-

rection due to spreading, Green for the elimination of the back-propagating

waves, Blue for Michaels method for the variation in frequency, and Purple

for the hybrid TLS-ESPRIT and IWC.

More details on the mathematical formulations of TLS-ESPRIT and IWC

can be found in literature [38, 53]. As a final outcome of this algorithm, the

extracted complex wavenumber values are individualized, stored and ready
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for use in the inversion algorithm for identifying the full viscoelastic tensor.

Measurements

Geometric attenuation

Removing back propagations

Inverse Fourier transform

Conversion of a broadband chirp 
signal to narrowband tone burst

Noise filter

Hankel matrices

Calculate covariance matrix ( )

Calculate Eigenvalues and 
Thresholding

Calculate number of modes and 
real wavenumbers 

Using IWC to calculate imaginary 
wavenumbers

2D - Fourier transform
ሚ𝑆∗ 𝑘1, 𝜙, 𝜔 , ሚ𝑆∗ 𝑘2, 𝜙, 𝜔 , … , ሚ𝑆∗(𝑘𝑀 , 𝜙, 𝜔)

Figure 3: Flowchart of the post processing procedure to estimate complex

wavenumbers from virtual or experimentally obtained wavefield data. The

flowchart is represented by (colors) based on various steps in the post-processing:

In concreto: Correction spreading - Red, Elimination back-propagating waves

- Green, Michaels’ method for variation in frequency - Blue, and Hybrid TLS-

ESPRIT and IWC - Purple

4. Results and discussion

In this section, the material characterization results using the proposed

two-stage inversion method for two numerical (virtual experiments) and two

experimental case studies (actual measurements) are reported.

First, two numerical simulation studies were conducted, one for a homo-

geneous C/E plate and another for an orthotropic wooden plate. However,
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as finite element simulations assume a controlled and noise-free environment,

and in reality environmental fluctuations introduce noise to the experimen-

tal measurements, 3% random noise is added to both the real and imaginary

wavenumbers deduced from the wavefields calculated in the numerical case

studies in order to mimic real life measurement conditions. As such noise

levels cause significant errors in the extracted imaginary wavenumbers, espe-

cially for higher order Lamb wave modes, only the three fundamental wave

modes (A0, S0 and SH0) will be used to identify the set of viscous parameters.

Additionally, to avoid supplementary negative effects of higher mode mis-

matches on the attenuation characteristics, the considered frequency range

for the imaginary wavenumber analysis will be limited. Conversely, as the

characterization of the elastic parameters is more noise-resistant, the real

wavenumbers of all the wave modes are considered in the inversions.

After the numerical validation of the proposed two-stage inversion method,

the method is further demonstrated based on input data from experimental

wavefield datasets for the characterization of the viscoelastic parameters of

a [45/0/− 45/90]s C/E layered laminate and a [45/− 45/0/90]3s G/F woven

laminate.

4.1. Numerical case study 1: Homogeneous C/E plate

The first case study considers a homogenized viscoelastic orthotropic UD

carbon epoxy material with a thickness of 5 mm and a density of 1560 kg/m3.

Details on the complex stiffness tensor can be found in Neau [54], and are

listed in column 1 and 2 of Table 1. Lamb wave propagation data was numer-

ically simulated in the frequency range of 15-300 kHz, and analyzed using the

hybrid TLS-ESPRIT and IWC method to provide the wavenumber spectrum
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on a 15 kHz frequency grid. The results of the inversion procedure are sum-

marized in Table 1. An average relative error of 1.30% for the elastic tensor

is observed after Stage I, further reducing slightly to 1.27% after Stage II.

The largest error is found to be around 4% for C ′
12, while the lowest errors

are obtained for the shear parameters (C ′
44, C

′
55, and C ′

66) with less than 0.5%

error. Additionally, the median absolute deviations, which are represented

between brackets in column 4,5, and 6, are extremely small and close to zero

for most of the stiffness parameters, implying a good precision and robust-

ness of the inversion method. For what concerns the viscous parameters, the

inversion was performed for a restricted frequency range up to 100 kHz and

was based on only the first three fundamental modes. The mean percentage

error is considerably higher than for the elastic values, around 4.75%, with,

at the same time, a median absolute deviation that increased significantly.

The largest relative error is obtained for the C ′′
22 and C ′′

23 parameters. Nev-

ertheless, on the whole, the proposed two stage inversion method managed

to characterize both the elasticity and the viscous stiffness parameters with

a satisfactorily high accuracy. A visual representation of the wavenumber-

frequency pair agreement after inversion is shown in Fig. 4 on top of the

optimized dispersion and attenuation curves.
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Table 1: PSO inversion results (in GPa) based on a numerically generated COM-

SOL dataset for a 5 mm thick UD carbon epoxy plate with orthotropic nature,

density 1560 kg/m3, in the fd range of 75-1500 kHz·mm. The statistics (median

and median absolute deviation) are performed using the output of 20 individual

PSO simulations.

True Stage I Stage II

ij C ′
ij C ′′

ij C ′
ij C ′

ij C ′′
ij

11 86.60 7.50 87.95(±0.04) 87.94(±0.02) 7.66(±0.11)

12 9.00 0.30 8.63(±0.04) 8.65(±0.02) 0.30(±0.06)

13 6.40 0.60 6.49(±0.02) 6.49(±0.01) 0.58(±0.11)

22 13.50 0.60 13.39(±0.01) 13.39(±0.00) 0.66(±0.02)

23 6.80 0.25 6.68(±0.01) 6.68(±0.00) 0.30(±0.02)

33 14.00 0.28 14.14(±0.00) 14.14(±0.00) 0.27(±0.06)

44 2.72 0.10 2.71(±0.00) 2.71(±0.00) 0.10(±0.00)

55 4.06 0.12 4.05(±0.00) 4.05(±0.00) 0.12(±0.00)

66 4.70 0.28 4.68(±0.00) 4.68(±0.00) 0.28(±0.00)
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(a)

Inversion range for Stage II

(b)

Figure 4: Wavenumber-frequency pairs calculated via the optimised stiffness

values (using SAFE, red dots), compared to the hybrid (TLS)-ESPRIT-IWC

wavenumber-frequency pairs (black open circles), extracted from a FEM (2D SAFE

in COMSOL) simulation on a 5 mm thick homogeneous C/E plate with orthotropic

nature, and overlayed on a) the dispersion curves resulting from the simulated full

motion COMSOL data, and b) the attenuation curves results when ϕ = 90.
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4.2. Numerical case study 2: Homogeneous wooden plate

In the second case study, a homogenized orthotropic wooden plate (beech

wood) with a thickness of 5 mm and a density of 674 kg/m3 is considered.

Details on the complex stiffness tensor can be found in Bucur and Rocaboy

[55], and are listed in column 1 and 2 of Table 2. The excitation signal was

assumed to be identical to case 1. The inverted stiffness tensor components

are listed in Table 2. The results show that the elastic tensor is inverted with

an average 3.62% and 3.58% error after Stage I and Stage II, respectively.

Similar to the first case study, the results only slightly improved thanks to

Stage II. The relative error levels for beech wood are comparably higher than

in case 1 because the elasticity components of beech wood are in absolute

value much smaller than those of the homogenized composite material. Con-

sequently, the wavenumber values are much higher in wooden materials for

the same frequency, and the slight errors in the numerical modeling and/or

noise effects therefore affect the characterized elasticity parameters in an

equivalently higher manner. Still, the error levels are within the acceptable

range even with 3% random noise, and the precision is high. Again, the

relative error levels the for viscous parameters (obtained by restricting the

frequency range to 100 kHz) raise to 7%, which is again comparably higher

than in case 1 due to the same reason as for the deviations in the elastic pa-

rameters. As for case 2, an overlay of the results on the optimized dispersion

and attenuation curves of the beech wooden plate is shared in Fig. 5.

28



Table 2: PSO inversion results (in GPa) based on a numerically generated COM-

SOL dataset for a 5 mm thick wooden plate with orthotropic nature, density 674

kg/m3, in the fd range of 75-1500 kHz·mm. The statistics (median and median

absolute deviation) are performed using the output of 20 individual PSO simula-

tions.

True Stage I Stage II

ij C ′
ij C ′′

ij C ′
ij C ′

ij C ′′
ij

11 17.33 0.87 18.10(±0.00) 18.10(±0.00) 0.95(±0.01)

12 3.03 0.15 3.18(±0.01) 3.19(±0.00) 0.17(±0.00)

13 1.69 0.08 1.82(±0.00) 1.82(±0.00) 0.09(±0.00)

22 3.26 0.16 3.36(±0.02) 3.35(±0.00) 0.17(±0.00)

23 0.74 0.04 0.78(±0.01) 0.78(±0.00) 0.03(±0.00)

33 1.64 0.08 1.55(±0.00) 1.55(±0.00) 0.06(±0.00)

44 0.62 0.03 0.61(±0.00) 0.61(±0.00) 0.03(±0.00)

55 1.09 0.05 1.09(±0.00) 1.09(±0.00) 0.05(±0.00)

66 1.52 0.08 1.51(±0.00) 1.51(±0.00) 0.08(±0.00)
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(a)

Inversion range for Stage II

(b)

Figure 5: Wavenumber-frequency pairs calculated via the optimised stiffness

values (using SAFE, red dots), compared to the hybrid (TLS)-ESPRIT-IWC

wavenumber-frequency pairs (black open circles), extracted from a FEM (2D SAFE

in COMSOL) simulation on a 5 mm thick wooden plate with orthotropic nature,

and overlayed on a) the dispersion curves resulting from the simulated full motion

COMSOL data, and b) the attenuation curves results when when ϕ = 90.
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4.3. Experimental case study 1: Homogenized C/E plate

In the first experimental case study, Lamb wave propagation data has

been acquired for a quasi-isotropic [45/0/ − 45/90]s C/E laminate with a

thickness of 2 mm and a density of 1572 kg/m3. The individual elastic-

ity properties of the C/E plies are taken from the literature [17], and the

homogenized (real) stiffness parameters, listed in column 2 of Table 3, are

estimated by accounting for the assumed layer thickness and stacking ori-

entation parameters [56]. Unfortunately, both literature and actual viscous

stiffness parameters are unknown for this specimen, and therefore, appropri-

ate target values cannot be shared in this study. At the start of the inversion

process, values of 2% of the inverted stiffness parameters are consistently

taken as initial guess for viscous stiffness inversion. The inversion process

is however restarted with new estimates when the optimization process has

converged to the range boundaries to prevent the algorithm to converge to

wrong stiffness parameters.

The inverted real and imaginary stiffness parameters are presented in

Table 3. For a quasi-isotropic stacking sequence, the elastic tensile param-

eters in the in-plane directions are expected to be similar (C ′
11 ≈ C ′

22),

while both should be larger than the value in the out-of-plane direction

(C ′
11 ≈ C ′

22 >> C ′
33). Similarly, the shear values along the 1 − 3 and 2 − 3

planes are expected to be similar to each other (C ′
44 ≈ C ′

55), and smaller

than the shear value in 1-2 direction (C ′
44 ≈ C ′

55 << C ′
66). These expected

relations are clearly retrieved in the inverted elastic parameters, although

the inverted C ′
22 value seems to be notably higher than C ′

11. Most probably,

deviations from an ideal quasi-isotropic stacking may be the cause of the ob-
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served difference between the direction 1 and 2. Further, the median absolute

deviations, in range of 5%-7%, are much higher compared to numerical case

studies because of experimental noise. Still, this is quite satisfactory as in

literature, deviations up to 10% are reported to be acceptable for NDT [21].

Similar to numerical cases, only a small frequency range (up to 100 kHz) has

been used for the inversion of viscous stiffness parameters. The final viscous

stiffness parameters results vary between 1% and 6% of the elastic stiffness

parameters, which is similar to literature [17]. The imaginary stiffness pa-

rameters in the principal directions (C ′′
11, C

′′
22, and C ′′

33) are typically 3%,

whereas the shear viscosity parameters (C ′′
44, C

′′
55, and C ′′

66) are around 2%.

The largest deviation was found for the C ′′
12 value, i.e. 6% of real stiffness

values, and the main reason behind this deviation is possibly the effect of

homogenization.

To visualize the accuracy of the inversion results, the dispersion and atten-

uation curves based on the inverted stiffness parameters are plotted in Fig. 6

as an overlay for the wavenumber-frequency pairs (optimized and determined

from the hybrid TLS-ESPRIT&IWC method). As can be seen from the fig-

ure, both the real and imaginary inverted wavenumbers match well with

the experimentally extracted wavenumber values, and their frequency de-

pendence nicely follows the experimentally obtained dispersion curves shown

in the background of Fig. 6(a).
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Table 3: PSO inversion results (in GPa) based on a 3D infrared SLDV measure-

ment dataset for a 2 mm thick C/E laminate with orthotropic nature, density

1572 kg/m3, in the fd range of 10-600 kHz·mm. The statistics (median and me-

dian absolute deviation) are performed using the output of 20 individual PSO

simulations.

Literature[17] Stage I Stage II

ij C ′
ij C ′

ij C ′
ij C ′′

ij

11 57.70 47.06(±0.03) 47.06(±0.02) 1.60(±0.00)

12 18.40 19.04(±0.06) 18.99(±0.00) 1.21(±0.00)

13 6.70 3.39(±0.04) 3.43(±0.00) 0.03(±0.00)

22 57.70 60.96(±0.01) 60.96(±0.00) 2.07(±0.01)

23 6.69 10.94(±0.00) 10.94(±0.00) 0.11(±0.00)

33 13.73 9.85(±0.00) 9.85(±0.00) 0.31(±0.00)

44 4.22 2.83(±0.00) 2.83(±0.00) 0.05(±0.00)

55 4.22 2.80(±0.00) 2.80(±0.00) 0.06(±0.00)

66 16.65 17.06(±0.00) 17.06(±0.00) 0.28(±0.00)
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(a)

Inversion range for Stage II

(b)

Figure 6: Wavenumber-frequency pairs calculated via the optimised (homogenized)

stiffness values (using SAFE, red dots), compared to the hybrid (TLS)-ESPRIT-

IWC wavenumber-frequency pairs (black open circles), extracted from an experi-

ment on a 2 mm thick quasi isotropic C/E plate, and overlayed on a) the dispersion

curves resulting from the experimentally obtained full motion data, and b) the at-

tenuation curves results when ϕ = 90.
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4.4. Experimental case study 2: Homogenized G/F woven plate

The second experimental case study considers a [45/ − 45/0/90]3s G/F

woven laminate with a thickness of 6 mm and a density of 1730 kg/m3. The

layer elasticity properties of the glass fiber reinforced polyamide 6 is taken

from the literature [57], and the homogenized (real) stiffness parameters are

again estimated by using the proper layer thickness and stacking orientation

parameters [56]. The latter values, which are used to initialize different

parameter sets for the Stage I inversion, are listed in column 2 of Table 4.

As in the previous case study, the viscous stiffness parameters were unknown

for this specimen. Therefore, the viscous parameters are initially assumed

to be 2% of the inverted stiffness parameters, and the inversion process is

restarted with new estimates if intermediate optimization results converge

near the boundaries of the search domain.

The inverted complex valued stiffness parameters resulting from Stage

I and II can be seen in Table 4. As for the experimental case study 2,

the deviations are again acceptable. Yet, in this experiment, the median

absolute deviation values dropped significantly because of the presence of

higher-order Lamb modes in the frequency range 5-300 kHz, leading to a more

robust and stable identification of the elastic parameters. For the inversion

of the viscous stiffness parameters, using only a small frequency range (up

to 100 kHz) the result shows values between 1% and 4% of elastic stiffness

parameters. The viscous stiffness parameters for in-plane principal directions

(C ′′
11 and C ′′

22) are typically 3%, whereas out-of-plane stiffness parameter (C ′′
33)

is around 1%. The relative shear viscosity parameters (C ′′
44, C

′′
55, and C ′′

66)

are around 2%, similar to experimental case study 1, whereas the other shear
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viscosity parameter values (C ′′
12, C

′′
13 and C ′′

23) are close to 4% of real stiffness

values. In literature, similar attenuation ratios relative to the corresponding

elastic parameters have been reported for glass fiber laminate [12], which

substantiates the obtained results.

Again, the dispersion and attenuation curves are shared for the optimized

stiffness parameters in Fig. 7. The figure shows that the optimized wavenum-

bers provide a good correspondence with the wavenumbers derived from the

experimental measurements, and an excellent match with the experimentally

obtained dispersion curves.
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Table 4: PSO inversion results (in GPa) based on a 3D infrared SLDV measure-

ment dataset for a 6 mm thick G/F woven laminate with orthotropic nature,

density 1730 kg/m3, in the fd range of 30-1800 kHz·mm. The statistics (median

and median absolute deviation) are performed using the output of 20 individual

PSO simulations.

Literature[57] Stage I Stage II

ij C ′
ij C ′

ij C ′
ij C ′′

ij

11 21.43 22.73(±0.00) 22.73(±0.00) 0.69(±0.12)

12 8.51 9.22(±0.00) 9.22(±0.00) 0.41(±0.00)

13 5.41 5.71(±0.00) 5.71(±0.00) 0.23(±0.00)

22 21.43 23.25(±0.01) 23.25(±0.00) 0.78(±0.06)

23 5.41 5.87(±0.01) 5.87(±0.00) 0.24(±0.05)

33 12.3 13.34(±0.00) 13.34(±0.00) 0.10(±0.00)

44 3.28 3.23(±0.00) 3.23(±0.00) 0.07(±0.00)

55 3.28 3.32(±0.00) 3.32(±0.00) 0.09(±0.00)

66 6.46 7.37(±0.00) 7.37(±0.00) 0.15(±0.00)
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(a)

(b)

Figure 7: Wavenumber-frequency pairs calculated via the optimised (homogenized)

stiffness values (using SAFE, red dots), compared to the hybrid (TLS)-ESPRIT-

IWC wavenumber-frequency pairs (black open circles), extracted from an experi-

ment on a 6 mm thick quasi isotropic G/F woven plate, and overlayed on a) the

dispersion curves resulting from the experimentally obtained full motion data, and

b) the attenuation curves results when ϕ = 90.
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5. Conclusions

In the present study, a two-stage inversion scheme has been proposed

to inversely characterize the complex valued stiffness properties of an ar-

bitrary orthotropic viscoelastic plate from the 3D surface velocity response

to a broadband vibrational excitation. The method first converts the 3D

wavefield data measured (or simulated) on a star-like configuration into the

frequency-wavenumber domain by means of Fast Fourier transform, followed

by the extraction of the complex-valued wavenumber values as function of

frequency using a hybrid TLS-ESPRIT and IWC method. Then, particle

swarm optimization is used to minimize the difference between the experi-

mentally obtained wavenumber values and the computed wavenumber values

(and their dispersion) using a fast semi-analytical finite element method as

forward model in the optimization. To increase the accuracy, robustness and

speed of the inversion process, a two-stage inversion algorithm is adapted. In

stage I, the optimization algorithm first identifies 9 elastic parameters, fol-

lowed by the full characterization of all 18 viscoelastic properties in stage II.

The proposed inversion method is validated on a series of synthetic datasets,

representative for composite and wooden plates, showing high performance

with an average relative error of 2% and 5% on the elastic and viscous param-

eters, respectively, and small median absolute deviations. Finally, the inver-

sion procedure is applied on experimental data, obtained by 3D Infrared

Scanning Laser Doppler Vibrometry, in view of inferring the orthotropic

viscoelastic parameters of (woven) composite plates and wood in practice.

Thanks to proposed two-stage inversion scheme, elastic and viscous parame-

ters of orthotropic plates can be identified with less computational time and

39



high accuracy.
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