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Abstract

Serial dependence is present in most time series data sets collected in psychological research. This
paper investigates the implications of various approaches for handling such serial dependence, when one
is interested in the linear effect of a time-varying covariate on the time-varying criterion. Specifically,
the serial dependence is either neglected, corrected for by specifying autocorrelated residuals, or modeled
by including a lagged version of the criterion as an additional predictor. Using both empirical and
simulated data, we showcase that the obtained results depend considerably on which approach is selected.
We discuss how these differences can be explained by understanding the restrictions imposed under
the various approaches. Based on the insight that all three approaches are restricted versions of an
autoregressive distributed lag model, we demonstrate that accessible statistical tools, such as information

criteria and likelihood-ratio tests can be used to justify a chosen approach empirically.
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1 Introduction

In recent years, psychological science has started to devote increasing attention towards studying intra-
individual variability in psychological phenomena over time (Molenaar, 2004). Affective science in particular
has seen a steep rise of studies investigating within-person linear relationships between momentary affect
and time-varying covariates of interest, such as influential events (e.g. Vanhasbroeck et al., 2022; Takano
et al., 2014; Silk et al., 2003; Lafit et al., 2021). This entails gathering intensive longitudinal data (ILD)

which consist of many repeated measurements (Ariens et al., 2020) of both the criterion and the covariate.

To study the within-person relationship of interest, researchers often specify linear regression (LR) mod-
els, regressing the criterion y;, e.g. negative affect, on the covariate x;. Nevertheless, the ubiquitous phe-
nomenon that observations closer in time are typically more similar than those further apart can imply a
form of dependence between the observations which is not accommodated for by the classical LR model.
Indeed, a textbook issue for regression based analysis of repeated measures designs is the possibility that the
model residuals are correlated over time, violating the independence assumption and detrimenting inference

(Wooldridge, 2012, p.412-414).

Reviewing empirical studies, one can broadly delineate three approaches in how researchers have ad-
dressed the issue of serial dependence. Firstly, some researchers neglect the serial dependence by fitting a LR
model, and proceeding with inference about the relationships in the data (e.g. Silk et al., 2003; Gard et al.,
2014). A second approach consists of adjusting the model specification to correct for the autocorrelation in
the residuals. The most popular specification, which we will focus on in this manuscript, is the specifica-
tion of an autoregressive (AR) equation for how the residuals behave over time (e.g. Takano et al., 2014;
Myin-Germeys et al., 2001; Asparouhov and Muthén, 2021; Ravindran et al., 2020; Mak and Schneider,
2020; Dixon-Gordon and Laws, 2021; Johnson et al., 2020; Kung et al., 2021; Whelen and Strunk, 2021).
The idea is that with the temporal dependence controlled for, inference on the regression effect of X on Y
can safely proceed. A third option is to include additional effects in the model, by adding lagged versions of
the observed criterion and sometimes also the covariate as predictor variables (e.g. Stevenson et al., 2022;
Hamaker et al., 2018; McNeish and Hamaker, 2020). Adding the lagged criterion makes it explicit that one
expects current criterion scores to depend on previous ones. We term these three approaches neglecting,

correcting, and lagged observed variables respectively.

The question of when which approach should be used for a given data analytic problem naturally rises.
Answering this question is important, since conclusions about the effects of the covariate on the criterion can
differ depending on which approach is selected (e.g. Asparouhov and Muthén, 2020). While the neglecting

approach can be understood as a model without serial dependence and thus as a special case of both
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correction and lagged observed variable approaches, the differences between the correction approach and the

lagged observed variables appear less well understood in the behavioral sciences literature.

In this paper we therefore provide an overview of the differences between these approaches. This is
accomplished by considering the approaches and the models they imply as restricted versions of a more
general autoregressive distributed lag (ADL) model (e.g. Hendry et al., 1984), and studying the restrictions
each approach imposes. Importantly, recapitulating econometric literature (e.g. Hoover, 1988), we demon-
strate that the correcting approach imposes non-linear (so-called common-factor (CF)) restrictions on the
parameters of the ADL model. We highlight that these CF restrictions imply a particular form of dynamics
which may or may not be valid for the relationships in the data at hand. We go on by illustrating that
simply picking an approach and imposing restrictions without testing their adequacy is a poor strategy,
since imposing invalid restrictions can bias the estimated regression parameters as well as the estimated SEs,
seriously distorting inference. We demonstrate such misspecification biases in a simulation study and pay
attention to model selection procedures, which can be used by applied scientists to justify a chosen approach
empirically. Specifically, we discuss information criteria (AIC and BIC) and formal likelihood-ratio tests of
the restrictions imposed under the approaches. The relevance of these topics for the behavioral literature is
emphasized by applying the various approaches to data from a behavioral experiment. We place the reader in
the position of an applied scientist modeling the relationship between a contextual cue and affect over time.
We find substantial differences in the estimated effects depending on which serial dependence approach one
employs. Moreover, the size of these differences in parameter estimates directly corresponds to the extent

that the restrictions implied by the various approaches appear violated.

To make the materials as accessible as possible, we focus on N = 1 versions of the employed models. We
nevertheless show that the restrictions and considerations for misspecification biases extend straightforwardly
to multilevel models in Appendix 3. In this appendix, we also provide simulation evidence by reanalysing

data generated by Asparouhov and Muthén (2020).

The structure of the manuscript is as follows: In section 2, we tie the various approaches to different
models, providing the necessary background for the remainder of the paper. In section 3, we discuss how the
various approaches can be considered as special cases of the ADL model, paying particular attention to the
CF restriction. Section 4 discusses estimation, model comparison, and misspecification biases. In section
5 we present the N = 1 simulation study. Section 6 contains our data analytic example. The discussion
focuses on a number of important implications of these findings for the analysis of ILD in the behavioral

sciences.
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2 Regression models for the analysis of ILD

Regarding notation, we use § to denote a regression effect. We specify which predictor it relates to in
subscript. Whenever this predictor is actually a lagged variable, we include L in the subscript. In the

superscript we specify which model the regression effect belongs to.

2.1 Linear regressions

We start from the LR model, which posits a linear relationship between a covariate X and a criterion Y.
When the LR is applied to time series x; and y; where t € N indexes discrete time, the formulation is

straightforward:

Yo = Bo" + Br'we + o

v A N(0,02)

(1)

The model thus assumes that the criterion score at time t is a linear function of the covariate at time ¢
and the error, v;. The parameters 5" and [5* are intercept and slope parameters respectively. The errors
vy are assumed to be independently and identically distributed (iid) according to a normal distribution with
zero mean and variance o2. When applying such models to time series, one may find after fitting the model
that the observed errors or regression residuals, Uy, are correlated with themselves at previous time points,
which violates the independence assumption. When one ignores this assumption violation and proceeds with

inference, one follows the neglecting approach.

2.2 Autoregressive residuals

Many researchers opt to 'correct’ for serial dependence in the residuals of a LR model by specifying an AR

model (Hamilton, 1994 p.53-56) for how they behave over time. Such a model can be formulated as:

yr = By + By e + uy
Up = BryUi—1 + vt (2)

Ut (S N(O?03)7

and has been termed the autocorrelation correction LR (ACLR, McGuirk and Spanos, 2009) model. The

reason for the superscript CF for the ACLR model parameters will become evident in section 3.1. Again,
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¢" is an intercept and B¢" a slope parameter. The error process u; is assumed to follow an AR equation,
with AR effect 57" . Throughout the manuscript we confine ourselves to AR processes with stable and finite
means, variances, and auto(co)variances, and as such the AR effects in this manuscript are assumed to be
smaller than 1 in absolute value (for more details about this restriction, see Hamilton, 1994, p. 45-47).
Furthermore, we confine ourselves to first-order or AR(1) processes, the temporal dependence of which is

captured by a single AR parameter, linking current values of the variable to preceding values (at time t-1).

2.3 Lagged criterion variables

The third strategy for accommodating serial dependence is to specify a lagged effect of the criterion variable

(LCV). Such a model can be written as:

ye =B + B e+ Bry ye—1 o

(3)
vy ~ N(0,02)

The model formulation is similar to the LR model, but now y;_1 serves as a predictor for y; in addition

Lcv

to the covariate x;. The effect of y;_1, B Ty > is an AR effect conditional on ;.

2.4 Distributed lags: Unifying the approaches

Less common in the behavioral sciences is to allow for lagged covariate effects on top of lagged criterion
effects. Nevertheless these models, which are termed ADL models, will play a crucial role in what follows.

The simplest ADL model may be formulated as:

ADL ADL ADL ADL
ye = Bp"" + By + BLy Yt—1+ Bry Te—1 + vt

vt Z-Zf;fl]\f(O,oi)

(4)

Each of the previous three approaches can be considered a special case of this ADL model (see also

Hendry et al., 1984), which brings us to the next section.

3 Restrictions on ADL parameters

It is evident that the full or free ADL model contains the LCV model as a special case. Specifically, the LCV

model imposes a restriction on the effect of x;_; , namely that this effect equals zero, 5;°" = 0. The LR
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model is also a special case of the ADL model in that it imposes two restrictions, namely that 872" = 0 and
52‘; = 0. As will be shown in the next section, the nature of the restriction is a bit more involved for the
ACLR model. To facilitate its exposition, and since the presence of an intercept term has no implications
for the results presented in the manuscript, we assume that the data is centered prior to analysis such that

the various intercept terms become 0.

3.1 The common factor restriction

The simplest way to notice that the regression parameters are constrained in a nonlinear way when a LR
with AR errors is specified (see Hoover, 1988), is by noting that equation 2 specifies two equalities for u,:
uy = Bihus—1 + vy and uy = yp — B x¢. If the equations are assumed to describe the evolution of y; and u,
for all time points, it is obvious that u;—; = yr—1 — 8" z+—1 also holds. Substituting the first equality for u,

and subsequently the second equality for u;—; we find that:

Yt = By T+ w |Equation 2
yr = By e + Bryue—1 + vt |[Substitute wu;
Yt = By 2t + B (Ye—1 — B we—1) + vp. |Substitute ;1

Writing these terms out, we obtain that:

Yt = Bruyi—1 + By w — BLuB T + v (5)

The ACLR model can thus be written as an ADL model:

Yt = Bry Yi—1 + By w + Bra xi—1 + vt (6)

by imposing the nonlinear CF restriction 875" = —3;”*877" (Hendry and Mizon, 1978), with 87}, = B7.".
To understand why this restriction is referred to as a ’common factor’ restriction - and has nothing to
do with common factors as in common latent variables -, we introduce the lag operator L. The operator
simply returns the variable at the previous time point, and thus acts on a variable z; such that Lx; = x¢—1

(see Hamilton, 1994, chapter 2). This allows us to represent an AR(1) process y: = Br,yi—1 + v¢ simply as’

IThe term (1 — BryL) is a lag polynomial, and if |Br,| < 1, it is invertible (Hamilton, 1994, p.28-29). It is well known
that inverting an AR(1) process yields an equivalent infinite order moving average (MA) process: y; = ve(1 — BryL)~1.
Here, (1 — ﬁLyL)*1 =14+ (BryL) + (ﬁLyL)2 + ...), and as such inverting the polynomial corresponds to solving by recursive
substitution.
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(1 — BryL)ys = vi. In terms of lag operators, the ADL under the CF restriction can be written as:

Yt = BryYs—1 + Bzt — BeBryTi—1 + v
Yt — BryYi—1 = BaTs — BaBryTi—1 + vy (7)

(1 - BLyL)yt = /Bx(l - /BLyL)mt + v

The common factor corresponds to the presence of the factor (1 — 8, L) for both y, and x; (Hoover,

1988).

3.2 Implications of the CF restriction

ADL

The role of the nonlinear CF restriction ;5" = —f87,78;"" might seem rather abstract, but is actually very

concrete: It ensures that x; has only a transient effect on y;. That is, the constrained direct effect of x;_1

ADL QADL

1y Bz"" This cancelling out implies that the

on y; cancels out its indirect effect via y;_1, which equals

influence of x; on y; does not accumulate over time:

(1 - BLyL)yt = ﬂm(l - BLyL)xt + vt
(1= BryL) 11 = BryL)ye = Bu(l = Bry L) (1 = Bry L)z + (1 = Bry L) oy
Y = Bz + (1 — [3LyL)717)t (8)

Yr = Bats +v¢ + Bryvio1 + BLyvi2 + ...

e = Bai+ > Bryvi

=0

Hence, if a CF restriction holds, previous covariate values z;_1, x¢_2, ..., ;—; do not enter into the
equation. In other words, x; has no lasting effects on y;. Only the variation in y; due to the error process
v; - and hence the variation independent of x; - is carried over in time. In contrast, both the LCV and
ADL models imply such carry over effects of covariate influences, to the extent that g2 is different from
—Biy Bz (see Appendix 1).

Whether the CF restriction is appropriate thus depends on whether we may presume that a particular
covariate has a purely transient effect which does not last in the above sense. From a substantive perspective,
this appears overly restrictive for many commonly used covariates in affective science. Imagine y1,yo, ..., Yt

reflect measurements of negative affect, and x1, xs, ..., x4 reflect emotionally relevant events. The CF restric-

tion implies that the effects of the events on negative affect do not last, while the effects of all unmeasured
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factors in vy do.

A CF specification nevertheless makes sense in some situations, which we can investigate by formulating
particular models for how the covariate behaves over time. For instance the CF restriction holds when the
covariate is time itself (x; = ¢, see Hendry and Juselius, 2000, equation 7). Such a model is used to model
a linear time trend in the data around which the process displays AR(1) dynamics. One can think of this
situation as first detrending the data to then yield the AR(1) dynamics contained in the error terms of this
regression (Michaelides and Spanos, 2020; Wooldridge, 2012, p.368).

A second plausible model for the behavior of a covariate is an AR(1) process. Indeed the covariate
may also display serial dependence and and one might think of joint VAR(1) process having generated the
covariate and criterion data. In this VAR(1) process, the contemporaneous effect of z; on y; is accommodated
by a contemporaneous covariance between the error terms (see Appendix 2). In this case, we can delineate
two situations in which the CF restriction holds. The first situation is that y; and x; have identical AR
effects and no crossregressive effects, implying that y; and x; have equal lag one autocorrelations (Appendix
2a; see also Spanos, 1987; Mizon, 1995). A second situation pertains to unequal AR effects, but then the
CF restriction implies the presence of an additional compensatory crossregressive effect from z;_1 to y:. In
this situation, the lag one autocorrelations of y; and z; will also differ (Appendix 2b; see also McGuirk and
Spanos, 2009).

The above examples show that CF constrained model structures can imply highly restrictive relationships
for how criterion and covariate behave over time, which may not be valid for a particular data analytic
problem (as stressed in the econometric literature; Hendry and Mizon, 1978; Hoover, 1988; Mizon, 1995;
Spanos, 1987; McGuirk and Spanos, 2009). The utility of the CF restriction for psychological science can

thus best be gauged by providing empirical evidence for its absence or presence.

4 Estimation, model comparison, and misspecification biases

4.1 Estimation

The parameters of the considered models can be estimated in a variety of ways?. In this paper we employ
maximum likelihood (ML) estimation as implemented in the Mplus (Muthén and Muthén, 2017, ver. 8.5)
software, placing constraints on the regression parameters where appropriate. For instance, when estimating

ADL

the parameters of an ACLR model, we specify a CF restricted ADL with the non-linear constraint on 572"

We opt for ML estimation since we shall use the log-likelihood values for model comparison and selection

20rdinary least squares is the classical approach for estimating the parameters of the ADL, LR, and LCV models. Generalized
least squares is the classical method employed for the ACLR (Aitken, 1936, Cochrane and Orcutt, 1949)
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(see next subsection). It is important to note that the implications of the different approaches that we aim
to point out are related purely to the model structures rather than the method by which their parameters
are estimated. It is straightforward to replicate the various results presented in the manuscript using other
estimation methods. For example, in our reanalysis of the multilevel data generated by Asparouhov and

Muthén, 2020 in appendix 2, we employ Bayesian estimation as done in their original paper.

4.2 Model selection

Model selection procedures enable to empirically decide among the various model structures discussed. In
this paper we discuss two approaches, one based on information criteria, and the other based on formal
statistical testing.

Information criteria do not require the considered models to be nested, and as such can be used to directly
compare the various approaches. The two most popular criteria are the Bayesian information criterion (BIC,
Schwarz, 1978) and the Akaike information criterion (AIC, Akaike, 1974). For the ADL model for instance,
these information criteria are calculated as BIC*?" = —2£*?* + p*?* [n(N) and AIC*"" = —2(*"" 4 p*P* 2
respectively. After computing the AIC (resp. BIC) values of all considered models, the model with the
lowest value is selected. AIC and BIC thus differ in the imposed penalty term, in that AIC only considers
the number of model parameters p, whereas BIC also takes the number of time points IV into account. For
the sample sizes we consider in this paper, the penalty value will be lower for AIC, implying that AIC will
favor more general models than BIC.

Likelihood-ratio tests can also be considered for the models we discuss, since each model is nested in
the free ADL model. The free ADL model can thus be used as a full model, and a chosen competitor as
the alternative model. Concretely, a likelihood-ratio test of the CF restriction (e.g. Burridge, 1981) tests
the null hypothesis Ho : 875" + 8,781, = 0 against the alternative Hy : 875" + 53781, # 0. The test
statistic A is obtained by calculating the difference between the log-likelihood values associated with the
ML solutions of the CF constrained and the free ADL model, " and ¢***, and multiplying this difference
by —2, hence A = —2(£°" — ¢***). The test statistic is compared with a central x? distribution with a
single degree of freedom, stemming from the additional free parameter [, in the free ADL relative to
the CF constrained ADL. Although other tests can be considered (e.g. Sargan, 1980), MCMC studies on
the performance of likelihood-ratio tests of the CF restriction have reported to perform adequately (e.g.
Garijo and Lacambra, 2011) even when the number of time points are relatively limited (Mur and Angulo
(2006) considered T' = 25, for instance). Tests of the other restrictions can be formulated in analogous

ways, comparing the log-likelihood of a model under the desired restrictions with the one of the free ADL
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model using a central x? distribution with degrees of freedom equalling the difference in the number of freely

estimated parameters.

4.3 Misspecification biases

As highlighted previously, imposing CF and other restrictions without putting them to a test can have
detrimental effects for estimation if restrictions are invalid. Specifically, regression effect and SE estimates
can be biased. We refer to these as misspecification biases. Biased regression effect estimates can arise due
to omitting a relevant predictor (omitted variable bias, Wooldridge, 2012, p. 88-92), or due to ’forcing’ a
relationship to hold which does not (e.g., the CF restriction on the ADL parameters). Biased SE estimates
can arise if temporal dependence is not properly modeled leading to correlated errors. This is particularly
relevant in the context of a LR fit to serially dependent data (the neglecting approach). It is important
to note that, unlike small sample biases that are known to affect AR modeling (see Maeshiro, 2000; Krone
et al., 2017), the discussed misspecification biases do not diminish as sample size increases. They instead
persist as we illustrate in the following section.

To already provide two more concrete examples in the context of the models we discuss, omitted variable
bias is for instance to be expected when data generated by a free ADL model is fit with the LCV model. The
data generating model implies a nonzero 1., yet the LCV estimation model incorrectly restricts Br, = 0.
Since the omitted x;_1 also correlates with y;_1, Bf;jv will display bias. An example of forcing an invalid
restriction to hold would occur when the the ACLR model is fit to the data generated by the free ADL
model (Spanos, 1987). The ACLR constrains 1, in the ADL in a specific way, forcing 377" = —ﬁz‘;f AP as

ADL ADL

we have seen. If however 377" # —f Ly B2°*, the estimation model is misspecified. As such, the estimates of

the ACLR model parameters will deviate from the true values to the extent the restriction is invalid.

5 Simulation study

5.1 Problem

The purpose of our simulation study is to compare the performance of four approaches for dealing with serial
dependence in ILD: neglecting (LR), correcting (ACLR), and two approaches that include lagged observed
variables (ADL and LCV). Modeling performance is cast in terms of biases in the regression effect estimates
and SE estimates, and estimation precision. The theory above allows us to make specific predictions about
the emergence of misspecification biases (see section on expectations). As for model selection, we assess AIC

and BIC performance in selecting the true data generating model, and the performance of likelihood-ratio
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tests, particularly when testing for the adequacy of a CF restriction and LCV restriction.

5.2 Design

The present simulation study is based on a recently reported simulation study by Asparouhov and Muthén
(2020) in which they pitted a multilevel LCV (DSEM) against a multilevel ACLR, (RDSEM). We build on
their design, refining and extending it in a number of ways. Importantly, although we focus on N =1
models, the results we report here generalize to the multilevel case (see reanalysis of the original datasets in

appendix 3).

5.2.1 Data generation

Concerning data generation, we include the free ADL as a simulation model, on top of the LCV and ACLR.
We further distinguish 2 conditions for the ADL simulation models, one where the CF restrictions are 'far’
from holding (ADL), and one in which the CF restrictions are only ’slightly’ violated (ADLg). Our data
generating models can thus be seen as ADL models differing in their implications for 51, (see Table 1).
Next to the data simulation model, we vary two more data characteristics, further extending the design
of Asparouhov and Muthén (2020) . Firstly, we include 3 settings for T, {50, 150,1000}. Additionally, we
vary the serial in dependence in the covariate, v. We generate the covariate according to an AR(1) model
with AR effect v = .7 or v = 0, implying lag-one autocorrelations of the same size. We thus have 24 (4 x
3 x 2) data cells in our simulation design. Per design cell, we generated 500 data replications using Mplus
(Muthén and Muthén, 2017, version 8.5). Data were generated with an intercept of 0, and were centered

prior to analysis. For all data simulation conditions, we set 8, = .7.

5.2.2 Estimation and Analysis

Per replicated dataset we fit four estimation models: LR, ACLR, LCV, and ADL. In total we have 96 (24 x 4)
estimation conditions, the data from each cell being estimated by the 4 estimation models. Model fitting was
also conducted in Mplus, and the Mplus results were processed in R (R Core Team, 2021, version 4.1.1). In
each case, the intercept was fixed to 0 during estimation. Per design cell and estimation model, we extracted
the mean of each parameter estimate and SE estimates over replications from the Mplus output. To assess
biases of the regression effect estimators, the average of the parameter estimates was compared with the
parameter value underlying the data generating model. For biases in the SE estimators, the average of the
SE estimates was compared with the empirical SD (i.e. the observed precision) of the parameter estimates.

Regarding model selection and comparison, we extracted BICs and log-likelihoods for each estimated

10
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Models B, Bry

Restriction on Br,

ﬂLz

ADL 1 07
ADL, 1 07
ACLR 1 07
LCV 1 07

None
None

_632/8Ly
0

0.5
-0.5
-0.7

Table 1: Data generating models of the simulation study with utilized parameter values, and the restrictions implied for 8.
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model. As an index of performance, we calculated the proportion of cases that each estimation model
attained the lowest BIC when fit to data generated by a particular simulation model. For the LR tests,
our index of performance is obtained by calculating the proportion of times H, was rejected, allowing us to
assess the power and type 1 error rates, depending on whether the data were generated under one of the

constrained models or an ADL respectively. All utilized scripts can be found in the supplementary materials.

5.3 Expectations
5.3.1 Misspecification biases

For our specific design, we can summarize our expectations on (mainly) misspecification biases per estimation
model, with two exceptions. The first obviously concerns the cases where the data simulation model is fitted
and for which we expect no misspecification biases in neither regression effect nor SE estimates. This case
is not re-iterated in the following list. The second exception, which is detailed in the following, concerns the
situation where the LR is fitted to data from the ACLR, which is different from the situation where data

come from the full ADL or the LCV model.

o ADL (fitted to LCV or ACLR data): Since the various models are nested in the ADL and it thus
represents an over-specified model, we do not expect to find any biases when the ADL is fit to data

generated by the competing models.

o LCV (fitted to ADL or ACLR data): In these cases x;_; is omitted from the model while it has unique
effects on y; conditional on the predictors in the estimation model, z; and y;_;. It is also correlated
with y,—1. We therefore expect omitted variable bias for the effect estimate of y;_1, nyv If z; is
autocorrelated (i.e., z; and x;—; and consequently z; and y;—1 become correlated, see Ariens et al.
(2022)), we additionally expect omitted variable bias for the effect estimate of x, B;C" (see Section

4.1.3). We do not have specific bias expectations for SE estimates.

o ACLR (fitted to ADL or LCV data): The corresponding CF restricted ADL imposes the restriction
Lo = —Bry Bz"". We thus expect misspecification biases in both Bff and Bﬁ/ If data are generated

under the ADLg, we expect biases to be less pronounced, because the restriction is less strongly violated.

We do not have specific expectations for the SE estimates.

o LR: If fitted to ADL or LCV data, x;—; and/or y;_; are omitted while both or at least y;—; have
unique effects on y; conditional on the predictor in the LR. However, only if x; is autocorrelated will

it be correlated with x;—; and y;_1, and will there be omitted variable bias for B;R

12
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e LR: If fitted to CF restricted ADL data, ;1 and y;_1 are again omitted, but only the part of y; 1
independent of x;_; has a unique effect on y; conditional on the predictor in the LR. This part of y;_1
is thus per definition not correlated with z;, also if x; is autocorrelated, so we expect no biases in the
regression effect estimates. In fact, it is actually simpler to think explicitly of the ACLR as underlying
the data: In this case we omit only w;_1, which is under no circumstances correlated with x;, hence,
there cannot be omitted variable bias. For the SE estimate of B;R we expect - generally under the LR
model based on various textbook warnings - bias, at least if the covariate is autocorrelated (Woolridge,

p. 413 £).

Importantly, we expect all misspecification biases to persist in large samples.

5.3.2 Model selection

Regarding model selection, both for BIC and likelihood-ratio tests, we expect good model selection perfor-
mance in large samples, with a slight attenuation in small samples (e.g. Mur and Angulo, 2006). Specifically,
we expect nominal type 1 error rates (o« = .05) and low type 2 error rates for the likelihood-ratio analysis,
and we expect AIC and BIC to accurately select the correct model over competitor models. We have no
particular expectations with respect to v. We are interested in how the performance of a likelihood-ratio
test of a CF restriction depends on the extent of misspecification, i.e. the comparison between ADL and

ADL, data simulation conditions.

5.4 Results

For reasons of presentability, we report for misspecification biases the conditions T' = 50 (small samples) and

T = 1000 (large samples). The supplementary materials contain the results for all conditions.

5.4.1 Misspecification biases and estimation precision

13
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Estimation condition ADL LCV ACLR LR
Y T BLy /81 ﬁLy ﬁx /BLy ﬁ’l‘ ﬁz
ADL
0.0 50 -0.03 (0.07) [-0.01]  0.00 (0.14) [ 0.00] 0.07 (0.07) [ 0.01] -0.01 (0.16) [ 0.00] 0.05 (0.09) [ 0.01] -0.57 (0.16) [ 0.03] -0.06 (0.29) [ 0.01]
0.7 50 -0.01 (0.04) [-0.01] 0.00 (0.14) [ 0.00] 0.06 (0.04) [ 0.01]  0.23 (0.13) [ 0.01]  0.20 (0.06) [ 0.01] -0.33 (0.23) [ 0.05] 1.29 (0.35) [-0.19]
0.0 1000 0.00 (0.01) [ 0.00] 0.00 (0.03) [ 0.00] 0.09 (0.01) [ 0.00] 0.00 (0.03) [ 0.00] 0.09 (0.02) [ 0.00] -0.58 (0.03) [0.01] -0.01 (0.07) [ 0.00]
0.7 1000 0.00 (0.01) [ 0.00] 0.00 (0.03) [ 0.00] 0.07 (0.01) [ 0.00] 0.23 (0.03) [ 0.00]  0.23 (0.01) [ 0.00] -0.34 (0.05) [ 0.01] 1.63 (0.08) [-0.05]
ADLs
0.0 50 -0.06 (0.10) [-0.01] 0.00 (0.14) [ 0.00] -0.22 (0.09) [-0.03] 0.01 (0.15) [-0.01] -0.05 (0.11) [-0.01] -0.09 (0.12) [ 0.00]  0.00 (0.19) [-0.01]
0.7 50 -0.07 (0.10) [-0.01]  0.00 (0.14) [ 0.00] -0.22 (0.08) [-0.03] -0.16 (0.13) [-0.03] -0.02 (0.10) [-0.01] -0.02 (0.15) [ 0.00]  0.21 (0.15) [-0.10]
0.0 1000 0.00 (0.02) [ 0.00]  0.00 (0.03) [ 0.00] -0.17 (0.02) [-0.01] 0.00 (0.03) [ 0.00]  0.00 (0.02) [ 0.00] -0.09 (0.03) [ 0.00] 0.00 (0.04) [ 0.00]
0.7 1000 0.00 (0.02) [ 0.00]  0.00 (0.03) [ 0.00] -0.17 (0.02) [ 0.00] -0.20 (0.03) [ 0.00] 0.04 (0.02) [ 0.00] -0.02 (0 03) [ 0.00] 0.27 (0.03) [-0.02]
LCV
0.0 50 -0.04 (0.09) [-0.01] 0.00 (0.14) [ 0.00] -0.03 (0.08) [-0.01]  0.00 (0.14) [ 0.00]  0.00 (0.10) [ 0.00] -0.33 (0.13) [ 0.01] -0.03 (0.23) [ 0.00]
0.7 50 -0.03 (0.07) [-0.01]  0.00 (0.14) [ 0.00] -0.02 (0.05) [-0.01] 0.01 (0.12) [ 0.00]  0.15 (0.08) [ 0.00] -0.17 (0.18) [ 0.02]  0.75 (0.23) [-0.13]
0.0 1000 0.00 (0.02) [ 0.00] 0.00 (0.03) [ 0.00] 0.00 (0.02) [ 0.00] 0.00 (0.03) [ 0.00] 0.05 (0.02) [ 0.00] -0.34 (0.03) [ 0.00] 0.00 (0.05) [ 0.00]
0.7 1000 0.00 (0.01) [ 0.00] 0.00 (0.03) [ 0.00] 0.00 (0.01) [ 0.00]  0.00 (0.03) [ 0.00] 0.19 (0.01) [ 0.00] -0.18 (0.04) [ 0.01] 0.95 (0.05) [-0.04]
ACLR
0.0 50 -0.06 (0.11) [-0.01] 0.00 (0.14) [ 0.00] -0.29 (0.09) [-0.04] 0.01 (0.16) [-0.01] -0.06 (0.11) [-0.01]  0.00 (0.12) [ 0.00]  0.01 (0.19) [-0.01]
0.7 50 -0.08 (0.11) [-0.01] 0.00 (0.14) [ 0.00] -0.30 (0.10) [-0.04] -0.25 (0.14) [-0.05] -0.07 (0.11) [-0.01]  0.00 (0.14) [ 0.00]  0.00 (0.14) [-0.09]
0.0 1000 0.00 (0.02) [ 0.00] 0.00 (0.03) [ 0.00] -0.24 (0.02) [-0.01]  0.00 (0.04) [ 0.00]  0.00 (0.02) [ 0.00] 0.00 (0.03) [ 0.00]  0.00 (0.04) [ 0.00]
0.7 1000 0.00 (0.02) [ 0.00] 0.00 (0.03) [ 0.00] -0.24 (0.02) [-0.01] -0.32 (0.03) [-0.01]  0.00 (0.02) [ 0.00]  0.00 (0.03) [ 0.00]  0.00 (0.03) [-0.02]
Table 2: Results for misspecification biases. Columns denote estimation models, rows denote simulation conditions. Per estimation model, we report bias of parameter

estimates, (SD of parameter estimates), and [bias of SE estimates] for the parameter given in the corresponding column.
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Table 2 displays the results regarding misspecification biases and estimation precision, which we briefly
summarize. The results in general confirm our expectations regarding misspecification biases. Firstly, the
ADL does not display evidence of misspecification bias. Small sample biases in Bf{f appear to be present,
as expected, and can also be found for correctly specified LCV and ACLR models. Estimating the ACLR
model parameters results in biased regression effect estimates when data was generated by the LCV or the
ADL conditions. We observe biases both for 322 and 3;‘“. Especially the latter effect estimate is biased. The
covariate being autocorrelated changes the bias pattern. In the ADLg condition, biases remain present, but
are attenuated, confirming our expectation that the extent of bias depends on the extent of misspecification.
These biases persists in large T situations. The LCV displays biases in ny‘ when data is generated by the
ADL or ACLR models. Biases in ﬁ;“’ are however found only if the covariate is autocorrelated. Again
these biases persist in large samples. The LR displays biases in B;R when data is generated by the ADL or
LCV models, but only when the covariate is autocorrelated. In these cases we see that the SE estimates
also display bias, they are in fact deflated, see Wooldridge (2012), p. 414. These biases persist in large
samples. When data is generated under the ACLR, B;” appears unbiased regardless of autocorrelation in
the covariate.

Looking at estimation precision, we note that the observed SD of ﬁ;” always appears larger compared to
those of the well-specified competing models. This indicates that, although omitting temporal relationships

present in the data does not always cause misspecification bias, it can improve estimation precision®. These

precision differences are substantial in small samples.

5.4.2 Model selection

Figure 1 panels A and B show the proportion of cases each estimation model was selected based on AIC and
BIC respectively, with panels showing the different data generating models. In panel C, the results of the
likelihood-ratio tests are presented. We first remark on likelihood-ratio test performance in terms of type 1
and 2 error rates, after which we discuss the information criteria results.

Likelihood-ratio tests of the CF restriction

e For data generated by the ACLR model we find that likelihood-ratio tests of the CF restriction have
nominal type 1 error rates. For v = 0, the type 1 error rates are .07, .06, and .05 for T = 50, 150, and

1000 respectively. v = .7 does not alter these results, where we find .06, .06, and .06 respectively.

e For data generated by the ADL, we find that likelihood-ratio tests of the CF restriction do not result

in type 2 errors, the tests correctly refuted the null hypothesis for all datasets.

3In general however, the inclusion of irrelevant predictors is known to decrease estimation precision (Wooldridge, 2012, p.
88)
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Figure 1:  Results of the model comparison analysis. In panels Aand B, we report the results for the AIC and BIC analysis
respectively, and in panel C the results for the likelihood-ratio tests are shown. In panels A and B, the proportion of cases where
AIC or BIC was lowest (y-axis) over estimation models (x-axis) is displayed. The plots are faceted by simulation condition,
further separating the different simulation models and the case where the covariate was not autocorrelated (left, v = 0) with
cases where the covariate was autocorrelated (right, v = .7). Colors denote settings for 7. In panel B, the proportion of cases
Ho was rejected is displayed (y-axis). Here, the plots are faceted by which Ho was tested, with on the x-axis the simulation

model employed. Dotted lines are included within plots to facilitate discrimination.
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o For data generated by the ADLg, we find that likelihood-ratio tests of the CF result in increased type
2 error rates in small samples. For v = 0, the type 2 error rates are .8, .5, and 0 for T = 50, 150, and

1000 respectively. For v = .7, the type 2 error rates are .51, .12, and 0 respectively.
Likelihood-ratio tests of the LCV restriction

e For data generated by the LCV, we find that likelihood-ratio tests of the LCV restriction have nominal
type 1 error rates. For v = 0, the type 1 error rates are .07, .06, and .05 for T = 50, 150, and 1000

respectively. v = .7 does not alter these results, where we find .06, .05, and .04 respectively.

e For data generated by the ADL, we find that for v = 0, the type 2 error rates are .09, 0, and 0 for T

= 50, 150, and 1000 respectively. For v = 0.7, we find .16, 0, and 0.

Information criteria results

Figure 1, panels A and B, show that AIC and BIC respectively yield fairly similar model selection results
as using likelihood-ratio tests. Yet there are some discernible differences. For smaller sample sizes (i.e.
T = 50 or T = 150) and when data was generated under either the LCV or ACLR models, AIC tends
to incorrectly favor the more general ADL compared to the likelihood-ratio tests, and especially compared
to BIC. If the data were generated under an ADL, we see that AIC tends to outperform BIC, at least for
T = 50. For data generated under the ADLg condition, we observe worse AIC and BICperformance in that
they both often erroneously select the ACLR or LCV models, as was also the case for the likelihood-ratio
tests. In comparative terms, AIC performed best in this condition, followed by the likelihood-ratio tests and
BIC. In large T situations, BIC and the likelihood-ratio tests appear to perform particularly well, while AIC
still often incorrectly selects the ADL model. It is known that AIC tends to overestimate model orders in
AR settings, even in large T situations (Talata, 2005)

To conclude this section, the results suggest that these accessible model selection tools can perform well
in selecting the simulation model. However, model selection accuracy appears strongly dependent on both
the effect sizes and the number of available time points: ’slight’ violations of the CF restriction resulted in

worse model comparison performance, particularly in small samples.

6 A data-analytic example

In this section we analyze data from a simple experimental paradigm, a variant of which is reported in
Vanhasbroeck et al. (2022). The purpose is to make the role of the restrictions more tangible, and emphasize

the relevance of these issues for applied work. In the experiment, a gambling paradigm, participants (N =
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89) were asked to repeatedly chose between 4 choice options (doors), behind which were located monetary
gains or losses. Unbeknownst to the participants, the series of gains or losses was predetermined by the
experimenters. Figure 2 panel A displays an example of an experimental trial, showing that the cumulative
gains or losses were available as cue at the top of the screen. After each trial they were asked to report
their affective state on the evaluative space grid (Larsen et al., 2009, see Figure 2 panel A). The next
trial commenced 1 second after the affective evaluation, the participant’s reported position on the grid
disappearing with each new trial. As such, positive and negative emotions were measured over 152 trials
(preceded by 10 practice trials). Figure 2 panel B displays a time series of (within-person) standardized NA

responses and gambling winnings for a single participant.

A B

€3.00

I I I I = NA
il Dutdsel

Negatief | N FJ‘; L&}Mﬁk

ol g ey 00

Variable

Standardized value
[=]

Trial

Figure 2: Panel A displays an example of a trial. Participants see four doors (middle), the evaluative space grid (bottom)
and their cumulative gambling winnings (top). Upon selecting a door, a monetary win or loss was displayed behind the door,
and participants asked to indicate their emotional state on the evaluative space grid. Panel B displays a time series of a single

participant. Standardized gambling winnings and NA reports are displayed.

We are interested in the relationship between negative affect (NA) and the gambling winnings displayed
on the screen, where NA functions as the criterion variable y; and the gambling winnings as the covariate
x;. To this end, we extract the NA responses by using the y—coordinates of the evaluative space grid.
Moreover, the practice trials are removed, and all variables are standardized to have mean zero and unit
variance. For each participant, we then fit four models: (1) the LR, (2) the LCV (3) the ACLR, and (4)
the ADL model, and compute their BIC values. All four models postulate within-subjects variation in NA
and a contemporaneous effect of the displayed gambling winnings on NA, but they assume different forms
of serial dependence, as previously explained. To again highlight the specificities of the ALCR model, recall
that it assumes that only the variation in NA that is not due to the gambling winnings carries over across
trials. The ADL and LCV in contrast allow also the effects of the experimental manipulation to be lasting

in time.
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We first inspect the autocorrelations in the residuals* of a simple LR model, displayed in Figure 3, panel
A. As expected, serial dependence is present for many individuals. Moreover, BIC never favored the LR
model. Rather, the ADL, ACLR, and LCV models were selected for respectively 72, 14, and 3 participants.
AIC favored these models in 77, 9, and 3 participants, hence selecting the more general ADL model for 5
participants. This result pattern is in line with the pattern observed in section 5.4.2 where we saw that AIC
tends to favor more general models than BIC for the sample sizes we consider. While we by no means have a
guarantee that the ADL is the "correct” model, and we should further verify the adequacy of the restrictions
it invokes, these values suggest to refute both the CF specification, the LCV, and the LR for the majority
of participants.

Next, Figure 3, panel B displays violin plots of the estimates of the four models over individuals. Overall,
the estimates of the gambling stimuli effects BI are negative, indicating that increased winnings are associated
with decreased NA. The estimates of the serial dependence BLy are positive overall. Importantly, there are
substantial differences between the approaches, since the violins display different characteristics (e.g. spread)

depending on which approach is selected. For a small number of participants the LR even results in positive

LR
x

estimates 5 which would rather paradoxically imply that larger winnings are associated with increased
NA. The estimates of the error variance are on average largest for the LR model and smallest for the ADL
model. The ADL model appears to explain most variability in the affective responses on average, over
competitor models.

We then try to tie the size of these estimate differences to the extent that the restrictions appear violated,
based on the ADL estimates. Concretely, we expect that the differences one obtains in the covariate effect
(ﬁ;) when fitting an ADL model versus an ACLR model depend on how strongly the CF restriction appeared
violated. The researchers conclusions regarding the covariate should thus differ as a function of the extent
that |Bzf;f + B;”ﬁg‘;f\ > 0, where |.| denotes absolute value. For the LCV model, we expect conclusions to
differ as a function of the extent that | Bﬁﬂ > 0. This is indeed what we see in Figure 3, panels C1 and
C2. Finally, we also inspect the BIC values, expecting that BIC favors the ADL model over a particular

competitor to the extent that the restriction imposed by the latter appears violated. This pattern is indeed

found in Figure 3 panels D1 and D2.

7 Discussion

In this manuscript, we have endeavored to address the important issue of how to select an appropriate

technique for handling serial dependence in the context of regression models of ILD. We compared the

4These residuals were extracted using the Im() function in R.
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Figure 3: Panel A displays a histogram of the lag-1 autocorrelations in the residuals of a LR model fit to the data. Panel
B displays violin plots of the estimates of the parameters over individuals. Colors distinguish the estimates of covariate effect
(E’z), the serial dependence (BLy or BLu), and the error variance (62). The x-axis denotes which estimation model the estimates
belong to. Dotted lines are included to facilitate discrimination. Panels C1 and C2 show how the estimates differ between the
ACLR and ADL (C1), and LCV and ADL (C2). The y-axis displays the difference in estimates of 5 between the approaches
in absolute value. The x-axis displays the the extent to which the corresponding restriction appeared violated based on the
ADL estimates. Color is included to show the interaction between the extent of change and the estimated effect of ﬁfz (C1)
and Bzz" (C2). Panels D1 and D2 show that the differences in BIC (y-axis) depend on the extent to which the corresponding

restriction appeared violated.

practice of neglecting serial dependence with two common forms of dynamic specification, allowing for AR
errors versus allowing for AR effects for the observed variables. We first elucidated the differences between
the various approaches by considering a more general ADL model, where the restrictions implied under
each approach can be scrutinized. The restrictions imposed under the LR and LCV modeling approaches

are relatively straightforward, hence attention was paid to the nonlinear CF restriction imposed under the
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correction approach, and reference to the econometric literature was provided. The CF restriction provides
a general condition by which a LR model with AR(1) errors can be written as an equivalent ADL model. It
implies that the covariate only has a transient effect on the criterion variable, its influence does not carry
forward or last in time.

As evidenced in our simulation studies and analytic example, when presented with serial dependence,
neglecting this information (i.e., neglecting approach) and proceeding with inference based on the LR model
parameter estimates can evidently be problematic. The estimates of the regression effects can be biased,
sometimes to the point of implying nonsensical results. Furthermore, SE estimates can be biased, which
can invalidate the results of hypothesis tests. These considerations become particularly important when
covariates are autocorrelated. Importantly, misspecification bias also occurs when erroneously using the
correcting and lagged criterion variable approaches. Furthermore, the size of the biases depends on the
extent to which the restrictions are violated. Yet, the ADL was able to accurately recover the parameters
in each case, since it relaxes the various restrictions. These considerations extend to multilevel models (i.e.
DSEM and RDSEM), as demonstrated in appendix 3.

Regarding model selection, in large T situations (e.g. 7" = 1000), BIC and the likelihood-ratio tests
performed well at selecting the true model from the competing approaches, whereas AIC often wrongly
selected the more general ADL model. In smaller samples, (e.g. T" = 50), the decision can become more
difficult in some conditions. Particularly choosing between the ACLR and ADL models for data generated
under a ’slight’ violation of the CF restriction was troublesome. Likelihood-ratio tests suffered from larger
type 2 errors in these conditions. AIC tended to favor the more general ADL model, both correctly and
incorrectly, while BIC displayed a tendency to favor more restrictive alternatives. We conclude that for
shorter time series AIC appears to be the more prudent index in the sense of avoiding misspecification
whereas for longer time series BIC appears to be the better option.

In practice the number of available time points may be low, and uncertainty about these decisions high.
In these cases, the researcher must contemplate the possibility of bias by constraining (7., and the cost
in terms of estimation precision due to estimating S, freely (Hendry and Mizon, 1978). Nevertheless, we

found that freely estimating lagged effects when these are present in the data can increase the precision of

A

Ba-

In our data analytic example, we showed that our findings are relevant for psychological science. Dif-
ferences obtained between the approaches when applied to a data analytic problem displayed a direct cor-
respondence with the extent to which the various restrictions appeared violated, and BIC favored the ADL
model to the extent that the various restrictions appeared violated. Interestingly, we also found evidence

that different model structures appeared appropriate for different individuals.
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An at once exciting and unnerving conclusion is that whenever serial dependence is present, it should
be included in the modeling strategy. Moreover, by simply ’correcting’ for the dependence in the residuals,
one is inadvertently implying a specific form of dynamics, which to the best of our knowledge never appears
tested for in applied work, nor justified in the first place.

For applied researchers who have reason to believe that one of the models discussed in this manuscript
is applicable, we therefore recommend that the analysis commences with an ADL model. From this ADL
model, the appropriateness of imposing various specific restrictions corresponding to the more widely used
and reported LCV, ACLR, or LR models can be tested empirically using model selection techniques.

The strategy of starting with fitting a general model and sequentially imposing restrictions and testing
their adequacy is referred to as general to specific modeling in the econometric literature. This strategy is
intended to safeguard applied researchers from the perils of misspecification (Sims, 1980; Campos et al.,
2005). Our results suggest that the strategy should play an important role as well in the analysis of ILD in
the behavioral sciences. An important disclaimer in this respect is that the ADL model we discussed in this
manuscript needs not be the appropriate general model. Therefore, the restrictions it imposes can also be
scrutinized in the context of yet more general models. For instance, one could include higher-order lags of
the variables in the model to check whether the serial dependence is appropriately dealt with by conditioning

on the previous time point.
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«~ 8 Appendices

=~ 8.1 Appendix 1: Lasting effects of the covariate in the ADL and LCV models

a3 In the manuscript we noted that the special case for which the ADL model implies only a transient effect
s of the covariate is when the CF restriction holds. To see that an ADL model in general, and also a LCV
s model, implies lasting effects of previous covariate scores on the criterion at time ¢, we present derivations

w6 analogue to the ones presented in the manuscript.

ar7 First, we express the general ADL model in terms of lag operators (cf. Hoover, 1988) as:

Yt = BryYi—1 + Be®t + BraTi—1 + ve

Yt — Bryyt—1 = Lot + Bra®i—1 + vt (9)
(1 - BLyL)yt = Ba:(l + BBLw L)xt + vg.
ar8 Now we can again divide by (1 — 1, L):
_ BL:c
(1= BryL)ye = B (1 + 5 L)z + v
(1= BryL)ye = (Bs + BraL)a: + v
(1= BryL) ' (1 = By L)y = (1 = Bry L)~ (Be + Bral)as + (1 = BryL) oy IDivide by (1 — 81, L)

Yt = (B + BraL)zs + BLy(Be + BraL)mi—1 + 87, (Ba + BraLl)me—s + ...
+ v+ Bryvi—1 + Biyvt,g + ...
(1= BryL)~! =1+ (BryL) + (BryL)* + ...
Yt = Bo®t + Bro®i—1 + BryBe®i—1 + PryBrati—2 + 5%74519%72 + ﬁ%yﬂLxxth% + ..

+ v + Bryve—1 + 5%3!11,5_2 + ...

o0 (oo}
e = Beti + > BLy(Bra + BeBry)Ti—ivr) T Y Blyvi—i.
1=0

= =0
479

480 In case of the LCV model, where 81, = 0, the obtained result simplifies to:
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481

482

483

484

485

486

487

488

489

490

491

492

493

494

495

496

e = Bt + Y By (0 + BaBry)Te—ip1) + Y Bhyvi—i

=0 =0
o0 o0

Yo = Bawi+ > BE Beti— vy + Y Biyvi
=0 1=0

o0 o0
ve =Y BryBewii+ Y Biyvii:
=0 i=0

In both cases, the ADL and the LCV model, we see an accumulation of past effects of x; on y; because
covariate influences carry over in time. This is in contrast to the CF constrained ADL (equation 8 in the

manuscript), where the covariate only has a transient effect.

8.2 Appendix 2: Common factor restrictions in a VAR(1) model

In these appendices we investigate what a CF restriction implies if the covariate follows an AR(1) process,
with AR effect 7, and covariate and criterion are represented jointly in terms of a VAR(1) process. Similarly
to how we could observe the ACLR’s CF restriction as a restriction on the parameters of an equivalent
ADL, we now investigate the CF restriction on the ADL parameters as restrictions on the parameters of an
equivalent VAR(1) model (see Mizon, 1995, McGuirk and Spanos, 2009).

In the manuscript we distinguished two cases depending on properties of the VAR(1) transition matrix.

To make matters as digestible as possible, we discuss the two separately.

8.2.1 Appendix 2a: Common factors and equal AR effects in a diagonal transition matrix

Consider the following bivariate VAR(1) with a diagonal transition matrix where {|3r,|, |v|} < 1:

Yt Bry Of |yi—1 €
= + ,
Tt 0 Y Tt—1 G
- (10)
2
€4 iid MVN 0 7 0 O
Ct 0 O¢¢ 0’?

Since the transition matrix is diagonal, the variables are 'mutually granger non-causal’ (Spanos, 1987,

Hamilton, 1994, p.303-304). There is a contemporaneous relationship, at each time point the error processes®

5The terminology ’innovation process’ is usually used for error processes in time series contexts, we use the error terminology
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a7 covary with covariance o.c. We specify a direction of this contemporaneous relationship by decomposing e;

w8 into a part of variability explained by (;, and a part v; which is unrelated to (;:

€ = PGt + vt (11)
299 Here, 8, = TCG% = ‘;5 The variance of the remaining term v, o2, is restricted by this decomposition:
500 0'12) zaf—ﬁgag.G
501 By design, v; is uncorrelated with (;, so we may express the system as:

Ye = BryYi—1 + Bl + vy,
Ty = YTi-1 + G,

V| s 0 g2 0
Yo vy N 1
Ct 0 0 O'g

502 Since x¢, is generated by a stable AR(1) process with coefficient ~, it follows that (; = (1 — yL)x;. This

s03  implies that

Yt = BryYi—1 + Bule + Ve,

Gt = (1 - ’)/L)th,

v | s 0 g2 0
vy 1
Ct 0 0 0'?

504 We thus may express the equation for y; as an ADL in lag operator notation:

(1= BryL)ys = B(1 —yL)xy + vy (15)

505 From this, it is evident that the system will common factor if 51, = v, which we could define as 6zy

here due to its familiarity for researchers working with with linear regression models.
6In terms of error variances, we get:

= E(})

= E((BxCt + ve)?)

= B(B2¢? + 2BoCeve +v7) (12)
= B2E(GF) + 2B E(Grve) + E(v7)

_ P2 2 2
= x0C+UU'

Q9 9 9 Q9
MM AN N AN NN

Q
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s Hence, if the AR effects in the diagonal transition matrix are equal, there exists a common factor (1— ﬁzyL):

(1 =By L)y = (1 = L, L)zs + vy (16)

507 This implies that y; and x; have identical lag-one autocorrelations, which are in this case both equal to
ss 7,1 From Liitkepohl (2005), p.27, eq. 2.1.31, we know that the lag-one autocovariances implied by a VAR(1)
s0 model can be obtained via B ¥,,, where B is the transition matrix and ¥, is the model-implied (lag-zero)
s0  covariance matrix. In our case, with the diagonal transition matrix, we get the following expressions for the
su  lag-one autocovariances of y, and 2y, oyry and ozr,:

OyL :Bz O-Qa

* 2
OxLx = /BLsz'

2

Y and ‘7925 yields the model-implied autocorrelations pyr, and pzrz,

s Dividing by the respective variances o

si3 - which equal ﬁzy in both cases.

su 8.2.2  Appendix 2b: Common factors and unequal AR effects in a triangular transition matrix

sis Consider the unrestricted ADL, where we specify an AR(1) model for the serial dependence in the covariate:

Y = Ba®y + PryYi—1 + BraTe—1 + vy,

Ty = yT4—1 + (i,

(18)
V| 4 0 a2 0
" v N ,
Ct 0 0 0'2
516 We will write this system in reduced form (i.e. as a VAR, containing lagged predictors and covarying

siz - errors), and use the lag operator consistently:
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Yt = BryLyt + Buwe + Bro Lz + v |ADL definition for y;

Yt = BryLly: + Bo(VLx: 4 G) + BroLla: + vy |z = yLog 4 G
Yt = BryLyt + BevLws + BreLas + BuCe + vt |Distribute and rearrange
Yt = BryLys + BavLwy + Bro Ly + & |Define €; = B¢ + vy
Yt = BryLys + (Bey + Bra) Lo + €. |Factorize
518 As in the previous section, defining €; = 8,(;+v; implies that €; and (; covary with covariance ¢ = ,6’3002,

sio furthermore, 02 = o2 + ﬁgag.

e =

520 Now we impose a CF restriction: S, = —fryfBs:
Yt = BryLys + (Boy + Bra) L + € |[Previous equation
Yt = ﬁLyLyt + (5:67 - BzﬁLy)Lmt + € |/8La: = _5IﬁLy
Yo = BryLye + B (v — Bry) Lai + €. |Factorize
521 And as such the system is:

Yt = ﬁLyLyt + ﬁz('y - ﬁLy)Lmt + €,

zy = yLxy + (s
(19)
€ -< 0 0'62 O¢
YN , ¢
Gt 0 Oec ag

522

5!

]
@

In typical VAR notation, and knowing that o.c = 8,07 and 07 = 707 + 07, we are left with the result

s2« found in McGuirk and Spanos, 2009 (equation 18), but for a single covariate:
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ye|  |Bry Baly—Bry)| |41 e
Tt 0 ¥ Tt—1 Gt
- (20)
€t iy vy 0 | 02 o
Ct 0 O¢¢ O'g
525 We can see that the CF restriction implies a crossregressive effect of x;—1 on y;, Sz(v — Bry), that is

26 proportional to the difference in AR effects resulting in an upper triangular transition matrix. In the case of
s»  equal AR effects, said crossregressive effect becomes 0 and the transition matrix diagonal. This special case

s thus corresponds to the previously discussed VAR(1) system.

520 The lag-one autocorrelation of y; implied by the model can be derived as (see again Liitkepohl, 2005,

o p.27, eq. 2.1.31):

5.

@

_ TyLy
PyLy = o2
ﬁLyO'2 + ﬁ¢(’¥ - ﬁLy)o'wy
PyLy = . 2 (21)
9y
Oy
PyLy = BLy + Bw('y - BLy)?
Yy
531 The implied lag-one autocorrelation of x; is:
OxLx
PxLx = )
UI
Vs
PxLz = ; (22)
O—.’E
PxLx = 7
532 Also at the level of the implied lag-one autocorrelations, we see that if v # (1, then the autocorrelation

s3 of y, will differ from the one of x; as a function of the difference between the AR effects.
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8.3 Appendix 3: Multilevel (Hierarchical) models
8.3.1 Multilevel CF restrictions

ILD often consist of N = many individual time series from different participants. In such designs, the
regression models are often formulated as multilevel models and modeling the level 1 (i.e., within-subjects-
level) residuals as AR(1) processes has also been considered (Asparouhov and Muthén, 2020). Consider as a
simple example a multilevel ACLR model, where parameters 85" and 5%, are fixed across individuals (i € N

indexes the individual):

Yit = By Tit + Ui,
Uit = Brylit—1 + Vit, (23)

vie & N(0,02).
It is evident that the same substitution procedure employed for the errors u; in the N = 1 case can be
employed for the within-subjects-level errors of the above multilevel model, u;¢. Doing so, one finds that the

multilevel ACLR model corresponds to a multilevel ADL model constrained by the CF restriction —/3¢", 35"

Yit = By Tit + BLyYit—1 — BLubs Tit—1 + Vit, (24)

vir & N(0,02).
If p¢%, and Bg" were allowed to vary across individuals by specifying them as random effects, then also
the CF restriction would turn into a random effect. The take away message is that multilevel specifications

with AR(1) residuals impose the analogue kinds of restrictions on the model parameters as those discussed

for N = 1 models. These restrictions will therefore again lead to misspecification bias.

8.3.2 Reanalysis of Asparouhov and Muthén (2020)

Asparouhov and Muthén (2020) conducted a simulation study, pitting a multilevel LCV model (DSEM in
their terminology) against a multilevel ACLR model (RDSEM in their terminology), finding biases in the
estimates of the regression effects when the models were fit to data generated by the alternative. Specifically,
they conducted simulations with the following parameter settings for the DSEM and RDSEM specification:
Bz =1, By, = —1 (a between person-level effect of the covariate), 51, (DSEM) or S, (RDSEM) = 0.7. The

covariate x;; was generated according to an AR(1) model, with an AR effect of 0.7. The researchers reported
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566
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568

569
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573

574

575

576

biases for BAM me, and B Ly OF B .« when the models were fit to data generated under the alternative.

It follows from the exposition we provide in this manuscript that fitting a multilevel ADL model to this
data will lead to an accurate recovery of the parameters from data generated under either the DSEM or
RDSEM specification. Specifically, data generated by the RDSEM model will, when estimated with the
multilevel ADL model, result in a within-subjects effect 57" = —3;7*817". Data generated under the DSEM
model will simply result in the ADL recovering 577" = 0. For this analysis, we employed Bayesian estimation

using Mplus as in Asparouhov and Muthén (2020). The only modification we made to their code was to

include a lagged effect for the covariate in the DSEM estimation code.

8.3.3 Results

Simulation models RDSEM DSEM True value
BLy 69 [-01] .70 [.00] 0.7
4 70 [00] .70 [.00] 0.7

B 1.00  [.00] 1.00 [.00] 1
Bre -69 [-.01] .00 [.00] -0.7 or 0
By -1.01 [01] -96 [-.04] -1

Table 3: Results of the reanalysis of the simulation data reported in Asparouhov and Muthén (2020). We report the average

ADL parameter estimates over replications, and bias in square brackets.

Table 3 shows that, as expected, the parameters are estimated accurately by the multilevel ADL model
when data are generated under either the DSEM or RDSEM specification. Importantly, we obtain for the
RDSEM condition an estimate of the effect of the lagged within-subjects covariate ;5" = —5;""7,/, and

for the DSEM condition we recover 577" = 0.
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