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ABSTRACT

In this work, we investigate the potential of considering a non-uniform material distribution in
the design of panel partitions, in order to achieve a superior vibroacoustic performance close to a
given target frequency. In order to achieve this goal, we apply numerical topology optimization to
find the optimal material thickness distribution for both single and double panels. Two formulations
of the optimization problem are employed: in the first one, we suppress the resonance dips in the
sound transmission loss by simply pushing the system eigenfrequencies far away from the target
frequency. In the second formulation, we directly maximize the sound transmission loss of the system
at the target frequency. In the iterative design process, the panels are modelled by mechanical
plate finite elements. For double panels, the vibro-acoustic coupling between the panels and the
internal air cavity, which is modelled analytically, is accounted for. The sound insulation properties
are evaluated by transmission loss computations through hybrid Deterministic-Statistical Energy
Analysis (Det-SEA) simulations. The method is applied considering different target frequencies in
the audible range and focusing on practically relevant design cases. For both single PMMA panels
and double glazing panels, it is demonstrated how a non-uniform thickness distribution allows for
significant transmission loss improvements close to the target frequency, that are in the range of 5-15
dB with respect to uniform panels with the same mass.
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(a) Single panel layout, where the plate is
discretized by finite elements. (b) Double panel layout, where the two plates are

discretized by finite elements.

Figure 1: Layout of single and double panels.

1. INTRODUCTION

Single and double panels are commonly employed in noise control, e.g., as partitioning elements
between rooms and to enclose noisy machines. When focusing on specific frequency ranges, e.g. in
presence of narrowband disturbances related for example to rotating machines, further improvements
in sound insulation can be obtained by non-uniformly distributing the material within the area of
the panels, i.e. considering a varying thickness within the panel area. The suitability of this design
approach has been demonstrated for single panels, for which topology optimization [1] has been
employed to achieve an efficient design procedure.
In [2], the thickness distribution within the panel area has been optimized to achieve a maximum
sound Transmission Loss (TL) in specific frequency bands, while employing a hybrid deterministic
- statistical energy analysis (Det-SEA) model [3], in which the deterministic (FE) model of the
plate is coupled with the sound fields in the source and receiving rooms, modelled as diffuse (SEA)
subsystems. Following different works in topology optimization that focus on eigenfrequencies
control to obtain the desired dynamic vibroacoustic performance [4–6], in [7] the thickness
distribution in single panels has been optimized to push the structural eigenfrequencies as far as
possible from a given disturbance frequency. The optimal layouts were found relying on an in-vacuo
mechanical finite element model of a simply supported plate, that allows for a computationally
efficient optimization. The sound insulation performance of the optimized layouts were verified a
posteriori through Det-SEA simulations, showing the effectiveness of the chosen design strategy in
avoiding resonance dips in the TL curve.
In this paper, the two different design strategies presented in [2] and [7] are compared for a
selected design case of PMMA single panels, and then extended towards double glazing panels,
when considering in the deterministic model of the panel the vibroacoustic coupling between the
mechanical plates and the acoustic cavity.
The paper is organized as follows. Section 2 describes the vibroacoustic modelling employed for
single and double panels. Section 3 introduces the design variables of the topology optimization
problem, along with the two proposed formulations of objective and constraints, and the considered
solution procedure. The optimized layouts and their vibroacoustic performance are discussed in
Section 4, while Section 5 gives some conclusions and remarks.

2. VIBROACOUSTIC MODELLING OF THE PANEL

Referring to Figure 1, the focus of the present work will be both on single panels and on double
panels, consisting of two single panels separated by an air cavity. In this Section, the modeling
strategy for the different panel components, and their coupling, will be described: the focus will be



on the more general case of a double panel with 3 components (plate-cavity-plate), while the single
panel can be treated as a related simplification when only one plate is considered.

2.1. Model of the panel components
Following what proposed in [8], the out-of-plane displacement fields of the two plates, u1(x, ω)

and u2(x, ω), and the pressure field within cavity, pcav(x, ω), at spatial location x and frequency ω,
are approximate using a set of basis functions Φ that correspond to generalized coordinates q:

u1(x, ω) = Φ1(x)q1(ω)
u2(x, ω) = Φ2(x)q2(ω)
pcav(x, ω) = Φcav(x)qcav(ω)

(1)

The basis functions in Φp =
[
ϕp,1, ...,ϕp,np

]
(p = 1, 2), used to describe the displacement

fields in the plate, are the mass-normalized mode shapes of the in-vacuo mechanical plate. The
eigenfrequencies ωp,k and the modal shapes ϕp,k of the p-th plate can be found by solving the
following eigenvalue problem:

(ω2
p,kMp +Kp)ϕp,k = 0 (2)

where Mp and Kp are the mass and stiffness matrices of the plate, coming from finite element
discretization (cf. Figure 1), and the eigenfrequencies in Hz can be found as fp,k = ωp,k/2π. p is the
index of the plate, i.e. p = 1 for single panels and p = 1, 2 for double panels. In particular, for both
single and double panels each plate is discretized by Kirchhoff plate elements and modelled as simply
supported on its four edges.

The basis functions Φcav =
[
ϕcav,1, ...,ϕcav,ncav

]
are instead chosen as the analytically computed

normalized mode shapes of the decoupled, hard-walled, rectangular cuboid cavity:

ϕcav,k(x) = ak cos
(
mkπx

Lx

)
cos

(
nkπy
Ly

)
cos

(
pkπz
Lz

)
(3)

where Lx,Ly are the in-plane dimensions of the plates and the cavity, Lz is the cavity depth (cf. Figure
1), mk ∈ N0, nk ∈ N0 and pk ∈ N0 are the number of half wavelengths in the x, y and z coordinate
directions. The normalization constant satisfies

ak =
caγ(mk)γ(nk)γ(pk)√

LxLyLz
with: γ(s) =


√

2 if s , 0
1 if s = 0

(4)

and ca = 343 m/s is the speed of sound in air. The angular natural frequency correspoding to mode k
equals:

ωcav,k = ca

√(
mkπy

Lx

)2

+

(
nkπ

Ly

)2

+

(
pkπ

Lz

)2

(5)

2.2. Fluid-structure interaction at the cavity boundaries
Let’s now consider the coupling between the cavity and the panel plates. The load onto the k-th

mode of the first plate, due to the cavity pressure pcav(x, ω), can be expressed as [8]:

f1,k,cav(ω) = −
∫
Γ1

ϕ1,k(x)pcav(x, ω)dx ≈ −
ncav∑
l=1

L f 1,klqcav,l(ω)

where: L f 1,kl =

∫
Γ1

ϕ1,k(x)ϕcav,l(x)dx

(6)

where Γ1 denotes the interface surface area between the plate and the cavity.



The load onto the k-th mode of the cavity, due to the displacement of the first plate u1(x, ω), can
be expressed as [8]:

fcav,k,1 = −ρaω
2
∫
Γ1

ϕcav,k(x)u1(x, ω) ≈ −
n1∑
l=1

Ls1,klq1,l(ω)

where Ls1,kl := ρaω
2L f 1,kl

(7)

where ρa = 1.20 kg/m3 is density of air. The number of considered modes np (p = 1,2) and ncav, for
the plates and the cavity respectively, is such that we retain all the modes below 2 times the frequency
of the analysis.

2.3. Model of the coupled system
The equations of motion of the coupled panel system, in terms of the generalized coordinates of

its components, will be:
D1 0 L f 1

0 D2 L f 2

Ls1 Ls2 Dcav



q1

q2

qcav

 =

f1

f2

0

 ⇒ Ddq = f (8)

Where D1, D2, Dcav represent the dynamic stiffness matrices of the plates and the cavity, that
refer to the generalized coordinates related to the normalized modes. The f vectors represent instead
external fluid loading onto the plates, e.g. due to the acoustic pressure in the adjoining rooms.

In particular, the dynamic stiffness matrix of the p-th plate Dp is a diagonal matrix with entries:

D1,kk = −ω
2 + ω2

1,k(1 + iη1,k), (9)

where i :=
√
−1 is the imaginary unit and η1,k denotes the damping loss factor of mode k.

The dynamic stiffness matrix Dcav of the cavity is instead a diagonal matrix with entries:

Dcav,kk = −ω
2 + ω2

cav,k(1 + iηcav,kk) (10)

and ηcav,k denotes the damping loss factor of mode k. We here consider an empty cavity and determine
the modal loss factor from ηcav,k =

4.4π
ωcav,kTcav

, for a chosen reverberation time Tcav = 2 s.
When considering homogenous equations of motions, the eigenfrequencies ωk and the modal

shapes ϕk of the coupled system can be found by solving the following eigenvalue problem:

Km,1 0 L f 1

0 Km,2 L f 2

0 0 Km,cav

 − ω2
k


Mm,1 0 0

0 Mm,2 0

−ρaL f 1 −ρaL f 2 Mm,cav


ϕk = 0 (11)

where Mm,p, Km,p (p = 1, 2) are the modal mass and stiffness matrices of the plates, while Mm,cav,
Km,cav are the modal mass and stiffness matrices of the cavity.

2.4. Transmission suite
In what follows, the model of the panel will be coupled to the sound fields in the adjoining

rooms, in order to compute the sound transmission loss (TL) of the panel through the hybrid
Deterministic-Statistical Energy Analysis (Det-SEA) modelling framework [3, 9]. While the panel
is modelled deterministically to capture its vibroacoustic behaviour in full detail, the sound fields in
the source and receiver rooms are modelled as random diffuse (SEA) subsystems. The diffuse sound
fields in the transmission rooms and the deterministic plate model are coupled by employing the



diffuse field reciprocity relationship [10], resulting in a full transmission suite (room-panel-room)
model [3, 11, 12]. This Det-SEA model yields the diffuse field transmission loss of the (single or
double) panel, accounting for its finite size and boundary conditions.

The sound transmission loss is computed as T L = 10 log(1/τ), where the sound transmission
coefficient τ is defined as the ratio between the power flow from the source room (room 1) to the
receiver room (room 2) through the panel and the incident sound power on the panel in the source
room. τ can be computed from the so-called coupling loss factor η12 between the rooms as:

τ =
4V1ω

LxLyc
η12 (12)

where V1 denotes the volume of the sending room.
Within the hybrid Det-SEA framework, the coupling loss factor η12 can be evaluated by

considering the interaction between the panel and the direct field response of the rooms, i.e. the
sound field that would occur if the rooms would behave as acoustic half-spaces. The related so-called
direct field dynamic stiffness matrix of the room describes the relationship between the (generalized)
displacements of the plate qp and the interface forces f̃dir,p due to the pressure field in the acoustic
half-space. For example, for room 1:

Ddir1q1 = f̃dir1 (13)

The direct field dynamic stiffness matrix Ddir1 can be numerically computed via evaluation of the
Rayleigh integral, e.g. using a wavelet discretization of the baffled interface [13].

After computing the direct field acoustic dynamic stiffness matrices of both rooms, the coupling
loss factor is obtained from

η12 =
2
πωn1

∑
rs

ℑ(D′
dir2,rs)(D

−1
totℑ(D′

dir1)D−H
tot )rs (14)

where Dtot is the total dynamic stiffness matrix of the system, and D′
dir1 and D′

dir2 are the direct field
acoustic dynamic stiffness matrices expressed in terms of the reduced panel coordinate vector:

Dtot :=Dd +D
′
dir1 +D

′
dir2, D′

dir1 =


Ddir1 0 0

0 0 0

0 0 0

 , D′
dir2 =


0 0 0

0 Ddir2 0

0 0 0

 (15)

3. TOPOLOGY OPTIMIZATION PROBLEM

3.1. Design variables
Once the modelling framework has been established for the computation of both system

eigenfrequencies and sound transmission loss, a set of design variables is chosen in order to describe
the material thickness distribution to be optimized.

The thickness distribution within each plate area is described by considering a design variable
γe ∈ [0, 1] for each e-th finite element. The set of design variables γ is used to scale the thickness of
the elements, but first a convolution filter is applied [14], in order to avoid mesh dependence of the
solution and convergence to checkerboard layouts. The filtered design variables are obtained as:

γ̃e =

∑
j∈Ns,e

w(xj)A jγe, j∑
j∈Ns,e

w(xj)A j
(16)

where A j is the area of the j-th element and Ns,e is the set of elements lying within a circle with radius
rmin centred on the centroid of element e, and belonging to the same plate. The linear weighting
function w(xj) is given as:

w(xj) = rmin− | xj − xe | (17)



where xj = (x j, y j) and xe = (xe, ye) are the centroid coordinates of elements j and e.
The filtered design variables are used to scale the element thicknesses between a minimum value tmin

and a maximum value tmax, and then to accordingly scale the element stiffness and mass matrices [7]:

te = tmin + (tmax − tmin) · γ̃e ⇒ Ke(te) =Ke(t = 1) · t3
e , Me(te) =Me(t = 1) · te (18)

The scaled element matrices are finally assembled to find the global plate stiffness and mass matrices
Kp and Mp used in Equation 2.

3.2. Problem formulations
Following [2] and [7], two formulations of the topology optimization problem are used.
In the first formulation (F1), the objective is to find the optimal thickness distribution that

maximizes the width of the frequency band without any structural eigenfrequencies around a given
target frequency fc. This is achieved by considering the following objective function and constraints:

max
γ

β = min
i

(
| fi − fc|

fc

)
subject to tavg,p =

∑
ep

tep Aep∑
ep

Aep

≤
tmin + tmax

2
∀p

(19)

We therefore formulate a max-min problem, in which we maximize the minimum normalized distance
| fi− fc |

fc
between the eigenfrequencies fi and the target frequency fc. An additional constraint is imposed

to set the maximum material usage, by prescribing that for each plate the average thickness tavg,p

should not exceed the mean value between tmin and tmax. The computation of the eigenfrequencies
follows Equation 2 for single plates, where the simple finite element model of the in-vacuo mechanical
plate is considered. For double plates, we instead compute the eigenfrequencies through Equation 11,
when considering the coupled plate-cavity-plate system.

In the second formulation (F2), we instead maximize the sound transmission loss (TL) computed
at the target frequency fc:

max
γ

T L( fc)

subject to tavg,p =

∑
ep

tep Aep∑
ep

Aep

≤
tmin + tmax

2
∀p

(20)

where the TL computation has been discussed in Section 4, and the same constraints as (F1) on the
maximum material usage have been introduced.

3.3. Solution of the problem
The formulated optimization problems in Equation 19 and Equation 20 are solved through the

Method of Moving Asymptotes (MMA) [15], as a gradient-based optimizer searching for local
optimality. In order to iteratively update the designs until convergence, the sensitivities of objective
function and constraints with respect to changes in the design variables are needed to be computed.
We here compute the sensitivities analytically through the adjoint method, where the expression for
eigenvalue sensitivities can be found in [1], and the expression of the TL sensitivity can be found
in [2].
As the local optimum found by the MMA generally depends on the choice of the initial guess,
we perform multiple optimizations for each design case when considering different uniform initial
thickness distributions. This mitigates the drawbacks related to the chosen local optimality algorithm
and allows to better approximate the global optimum.



Table 1: Material and geometrical properties of the considered single PMMA panels and double
glazing panels.

ρ E ν η Dim. tmin tmax

Single PMMA 1275 kg
m3 4.5 GPa 0.35 0.06 1 m × 1 m 15 mm 60 mm

Double glazing 2500 kg
m3 62 GPa 0.24 0.01 1.25 m × 1.5 m

pl.1: 3 mm

pl.2: 4 mm

pl.1: 5 mm

pl.2: 8 mm

Table 2: Final value of the objective functions, obtained for the optimized layouts.

fc Obj. (F1) Obj. (F2)

Single PMMA
500 Hz

1000 Hz

β(∗) = 0.3218

β(∗) = 0.2057

TL = 41.37 dB

TL = 41.46 dB

Double glazing fmsm = 222.86 Hz β(∗) = 0.083 TL = 39.89 dB

(∗) β = 0.1225⇒ 1/3-octave band with no eigenfrequencies

β = 0.4142⇒ octave band with no eigenfrequencies

4. OPTIMIZATION RESULTS AND DISCUSSION

4.1. Single panel
As a first case, we consider the design of a single PMMA panel. Table 1 lists the related material

properties (mass density ρ, Young modulus E, Poisson ration ν, damping loss factor η), along with the
panel dimensions and the range of variation for thickness [tmin, tmax]. The considered 1 m × 1 m panel
is dicretized by 50 × 50 finite elements, and the filter radius rmin is set to twice the dimension of one
single element. We also note that, due to the varying thickness, the designed panel will be translucent
but not fully transparent.

The PMMA panel is optimized when considering two different target frequencies fc = 500 Hz and
fc = 1000 Hz, and the related layouts when considering also the two different formulations of the
optimization problem are shown in Figures 2 and 3. It can be seen how more complex layouts, with
finer details, are designed at higher frequencies, as a more local modulation of the stiffness and mass
properties through thickness is needed to control the response related to higher order modes.

Also, the corresponding final values of the objective functions β and T L are shown in the first row
of Table 2. Here we also show the correspondence between the objective function β of formulation
(F1) and the width of the obtained frequency band with no eigenfrequencies: for both the considered
target frequencies, layouts without eigenfrequencies in a band wider than a 1/3-octave band are
obtained.

The TL curves of the optimized layouts are shown in Figures 4 and 5, where a comparison with a
uniform plate with constant γ = 0.5, i.e. constant thickness equal to (tmin + tmax)/2, is also shown. We
see how, for the same total amount of used material and mass, a non-uniform thickness distribution
allows for superior sound insulation properties around the targeted frequency, with TL improvements
around 5-10 dB. Similar final performances are obtained when using the two different formulations,
as in both cases the algorithm uses the same strategy of suppressing resonance dips. It can be however
seen how (slightly) wider frequency bands with no resonance dips around fc are created when using
formulation (F1), and a (slightly) higher TL at fc is obtained when using formulation (F2).



(a) Optimized single PMMA panel layout for fc =
500 Hz, using formulation (F1).

(b) Optimized single PMMA panel layout for fc = 500 Hz,
using formulation (F2).

Figure 2: Optimized single PMMA panel layouts for fc = 500 Hz.

(a) Optimized single PMMA panel layout for fc =
1000 Hz, using formulation (F1).

(b) Optimized single PMMA panel layout for fc = 1000
Hz, using formulation (F2).

Figure 3: Optimized single PMMA panel layouts for fc = 1000 Hz.

Figure 4: Transmission loss of the single PMMA panel layouts optimized for fc = 500 Hz.



Figure 5: Transmission loss of the single PMMA panel layouts optimized for fc = 1000 Hz.

4.2. Double panel
The second considered case is related to the design of a translucent double glazing with non

uniform material distribution. The material properties, panel dimensions and thickness ranges are
again shown in Table 1. The 1.25 m × 1.5 m panel is here discretized by 50 × 60 finite elements, with
a filter radius rmin again set to twice the dimension of one element.

In this case, the considered baseline uniform panel is constituted by uniform plates with 4 mm and
6 mm thickness, separated by a 12 mm cavity, denoted as a 4-12-6 glazing. The target frequency
for the optimization fc will be equal to the mass-spring-mass resonance fmsm of the double glazing:
this frequency is characterized by a sourrounding band with low TL, with both plates that vibrate
almost as rigid masses and the air cavity that is compressed as a spring. For uniform panels, the
mass-spring-mass resonance frequency can be approximated as [16]:

fmsm =
ca

2π

√
ρa

Lz

(
1
ρt1
+

1
ρt2

)
(21)

Figure 6 shows the sound transmission loss of a uniform 4-12-6 glazing, and highlights the frequency
band with reduced TL close to fmsm = 222.86 Hz. The objective of the design is therefore to obtain a
non-uniform double glazing panel with superior vibroacoustic behavior, when keeping the same plate
masses as the uniform 4-12-6 glazing panel.

The optimized double glazing layouts when using the two formulations (F1) and (F2) are shown in
Figure 7, and the corresponding final values of the objective functions are shown in the second row of
Table 2. The related TL curves compared with the uniform 4-12-6 glazing are instead shown in Figure
8. In the case of the double glazing, we can see how maximizing the width of the frequency band with
no eigenfrequencies (formulation (F1)) successfully suppresses resonance dips around fc = fmsm, but
it is not enough to achieve an adequate increase of the TL. A direct maximization of TL (formulation
(F2)) allows to achieve a clear peak in the TL, and the related layout overperforms the uniform 4-12-6
panel by ∼15 dB at the target frequency.



Figure 6: Sound transmission loss (TL) of a uniform 4-12-6 double glazing, with highlighted mass-
spring-mass resonance frequency fmsm and related frequency band with low TL.

(a) Optimized double glazing layout using
formulation (F1).

(b) Optimized double glazing layout using formulation
(F2).

Figure 7: Optimized double glazing layouts.



Figure 8: Transmission loss of the optimized double glazing panel layouts.

5. CONCLUSIONS

In this paper, topology optimization has been used to increase the vibroacoustic properties of
single and double panels around a specific target frequency, through a non uniform distribution
of the plate thicknesses. When constraining the maximum material usage, two design objectives
have been proposed, i.e. suppressing the resonance transmission loss dips by pushing the system
eigenfrequencies away from a target frequency, and directly maximizing the value of the transmission
loss at the target frequency. In a first design case, related to single PMMA panels, the layouts
optimized with the two formulations have shown a similar improvement of the transmission loss
performance, overperforming corresponding uniform panels with equal mass by 5-10 dB around the
target frequency. In a second design case, related to double glazing panels, the results have shown
how simply suppressing the resonance dips is not enough to adequately improve the sound insulation
properties, but a direct maximization of the sound transmission loss is needed. In this last case it has
been possible to overperform the transmission loss of a uniform panel with same mass by ≈15 dB at
the target frequency.

The proposed approach can be extended to target a wider band improvement of the vibroacoustic
behaviour in panels, e.g. by maximizing a single-number rating for airborne sound insulation [17].
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