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Powell-Sabin spline based multilevel
preconditioners for elliptic partial differential
equations

Jan Maes
Departement Computerwetenschappen, K.U.Leuven
Celestijnenlaan 200A, B-3001 Heverlee, Belgié

Abstract

In this dissertation we are concerned with the development of multilevel
preconditioners for linear systems that arise from Galerkin methods for
fourth order elliptic equations on two-dimensional polygonal domains. The
key ingredients are the construction of multiscale bases for C'* conforming
finite element spaces of Powell-Sabin type, and the characterization of cer-
tain Sobolev spaces by weighted norm equivalences related to the multiscale
representation of functions. The latter immediately yields bounds on the
growth rate of the condition numbers of the preconditioned systems. Multi-
scale bases that characterize a large range of Sobolev spaces are preferable,
since the corresponding preconditioners are more robust. We explore dif-
ferent types of multiscale bases, such as a suboptimal standard hierarchical
basis, an optimal hierarchical basis based on Lagrange interpolation, and
several wavelet-type bases. On non-uniform triangulations we construct
a biorthogonal wavelet basis that characterizes the Sobolev spaces H*(2)
with s € (0.802774,2.5). On uniform triangulations we construct a semi-
orthogonal wavelet basis that characterizes the Sobolev spaces H?®(2) with
|s| < 2.5. Furthermore we develop an elegant way to extend the obtained
results to similar constructions on the surface of the two-sphere.
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1 Inleiding

De geconjugeerde gradiéntmethode is zeer efficiént voor het oplossen van
grote lineaire stelsels, waarbij de matrix van het stelsel overeenkomt met
een Galerkin discretisatie van een elliptische partiéle differentiaalvergelijk-
ing. Deze stelsels lineaire vergelijkingen moeten dan wel op gepaste wijze
voorgeconditioneerd worden. Gedurende de voorbije 15 jaar is er actief
gezocht naar verscheidene efficiénte preconditioners die qua complexiteit
vergelijkbaar zijn met de optimale multigridmethode. In deze thesis willen
we zulke optimale preconditioners ontwikkelen voor vierde orde elliptische
partiéle differentiaalvergelijkingen.

1.1 Elliptische partiéle differentiaalvergelijkingen

7Zij par, een veelterm van graad 2k op R?. Met poy. (D) bedoelen we de differ-
entiaaloperator waarbij elke veranderlijke in poj; vervangen wordt door de
overeenstemmende partiéle afgeleide. We zijn geinteresseerd in het oplossen
van randwaardeproblemen van de vorm

pa(D)u=f op @,  Bu=0 op 0,

waarbij B een operator is die de randvoorwaarden uitdrukt. De zwakke
formulering van zulk randwaardeprobleem is steeds van de vorm

a(u,v) = (f,v) voor alle v € HE(Q),
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waarbij a(-, -) een bilineaire vorm is en waarbij H () een deelruimte van de
Sobolev ruimte H*(Q) is die afthangt van de randvoorwaarden. De Sobolev
ruimte H*(9) is gedefinieerd als de ruimte van functies op 2 waarvoor alle
zwakke parti€le afgeleiden tot orde k in Lo liggen. We veronderstellen dat
de partiéle differentiaaloperator elliptisch is:

a(v,v) ~ [[vFn ), v € HE(Q).

Met a ~ b bedoelen we steeds dat a < b en a 2 b gelden, waarbij a < b
betekent dat a kan afgeschat worden door een constant aantal keren b en
a 2 b betekent b < a. De stelling van Lax—Milgram garandeert het bestaan
van een unieke oplossing voor de zwakke formulering van een elliptische
partiéle differentiaalvergelijking.

Stel dat we beschikken over een nodale basis ¢; := {¢;; | i € I;} die
een deelruimte S; C H g (Q) opspant. We zoeken een benaderende oplossing
u; € S; van de zwakke formulering door het lineaire stelsel

Ag e = by, (Ag))ij = aldit, D), (bg)i == (f, bi1)

op te lossen. De benaderende oplossing wordt dan gegeven door w; =
>_;¢j¢ji. De matrix Ay wordt de stijtheidsmatrix genoemd. De gecon-
jugeerde gradiéntmethode is zeer efficiént voor zulke lineaire stelsels op voor-
waarde dat het conditiegetal van de stijfheidsmatrix klein blijft. Het is
welbekend dat de equivalentie

Ky Z lei? <

2

Zci¢i,l < k2Z|Ci|2

i€l i€l HFE(Q) i€l
impliceert dat
ko
K(A¢l) 5 k_u
1

waarbij k(Ag,) het conditiegetal van de stijtheidsmatrix Ay, is. Idealiter
willen we dat k1 en ko constanten zijn, zodat k(Ay,) = O(1).

1.2 Voorconditionering

Voor een typische nodale basis is het conditiegetal #(Ag,) van de orde h~*#/4
met h de stapgrootte van de discretisatie. Daarom is het noodzakelijk om
een geschikte preconditioner te vinden voor het lineaire stelsel Ay, c = by,.
Dit kan door een andere basis te gebruiken. Stel dat ¢ := {¢; | j € J},
#J = #I;, een andere basis is voor S; en dat L de transformatiematrix is
tussen de twee basissen. Dan geldt er dat

Ay =LTA, L.
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Als nu

2
Y 1P <D dj <TY d;f

jed jeJ H Q) jeJ

geldt, zodat het quotient T'/v klein is vergeleken met h~*¥/¢ dan is LL”
een geschikte kandidaat preconditioner.

Ondertussen bestaan er verscheidene preconditioners die geinterpreteerd
kunnen worden als een verandering van basis, zoals de hiérarchische ba-
sis preconditioner en de nauw verwante BPX-preconditioner. Ook wavelet
basissen kunnen gebruikt worden voor voorconditionering. Deze voorcon-
ditioneringstechnieken werden in eerste instantie geformuleerd voor tweede
orde problemen op twee-dimensionale vlakke domeinen, zoals de vergelijking
van Poisson.

1.3 Overzicht van de thesis

In deze thesis richten we ons vooral op de constructie van preconditioners
voor vierde orde elliptische partiéle differentiaalvergelijkingen. Als model-
probleem beschouwen we de biharmonische vergelijking met Dirichlet rand-

voorwaarden:
ou

A2u=fopQ, u=— =0opaQ,
on
waarbij n de normaal is op 0f2.

In Hoofdstuk 2 herhalen we de fundamentele theorie van Bernstein—
Bézier veeltermen en voeren we de ruimte van Powell-Sabin splines in. We
onderzoeken de stabiliteit van een klasse van B-spline basissen en tonen aan
dat gladde functies en hun afgeleiden optimaal benaderd worden door de
Hermite interpolerende PS spline.

Hoofdstuk 3 start met spline subdivisieschema’s voor PS splines. Deze
schema’s laten toe om geneste PS spline ruimten te creéren en we bewij-
zen dat deze ruimten een multiresolutie analyse vormen voor de Banach
ruimte C*(), waarbij Q = Q U 0. We onderzoeken de stabiliteit van de
hiérarchische basis. Uit die stabiliteitsresultaten volgen twee toepassingen.
Als eerste toepassing gebruiken we de hiérarchische basis voor de compressie
van oppervlakken, en als tweede toepassingen leiden we de suboptimale
hiérarchische basis preconditioner en de optimale BPX-preconditioner voor
vierde orde elliptische parti€le differentiaalvergelijkingen af. Numerieke ex-
perimenten staven de theoretische bevindingen.

In Hoofdstuk 4 construeren we een stabiele lokale Lagrange basis voor de
ruimte van PS splines. Door spline subdivisie bekomen we een hiérarchische
basis van Lagrange type. We tonen theoretisch aan dat deze basis als pre-
conditioner robuuster is dan de standaard hiérarchische basis van Hermite

type.
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In Hoofdstuk 5 geven we een algemene constructiemethode voor wavelets
op willekeurige domeinen, waarbij we gebruik maken van het lifting schema.
Tevens tonen we hoe men de stabiliteit van deze wavelet basissen kan schat-
ten. We besteden ook aandacht aan de constructie van wavelets op uniforme
domeinen.

Hoofdstuk 6 behandelt elliptische partiéle differentiaalvergelijkingen op
een boloppervlak. We introduceren Powell-Sabin splines op de bol en hier-
mee construeren we een hiérarchische basis preconditioner en een BPX-
preconditioner op de bol.

Tenslotte geven we een overzicht van de nieuwe bijdragen en enkele sug-
gesties voor verder onderzoek in Hoofdstuk 7.

2 Powell-Sabin splines

Verscheidene C! continue eindige elementen ruimten zijn reeds onderzocht
voor de numerieke oplossing van vierde orde elliptische partiéle differen-
tiaalvergelijkingen, zoals C! stuksgewijs kwadratische veeltermen op een
Powell-Sabin 12-split, C'* stuksgewijs kubieke veeltermen op Clough-Tocher
driehoeken en op quadrangulaties, and C' stuksgewijs vijfde orde veel-
termen van Argyris-type. In deze thesis beschouwen we C! stuksgewijs
kwadratische veeltermen op een Powell-Sabin 6-split, omdat deze splines
een redelijk eenvoudige structuur hebben en omdat ze een lage dimensie
hebben in vergelijking met andere constructies.

2.1 Bernstein—Bézier veeltermen

Beschouw een driehoek 7(V1, Vs, V3) in het vlak met hoekpunten V; met
Cartesische coordinaten (z;,y;), ¢ = 1,2,3. Elk punt v met Cartesische
codrdinaten (x,y) kan voorgesteld worden door middel van zijn barycen-
trische codrdinaten ten opzichte van 7, die gedefinieerd zijn als de unieke
oplossing van het stelsel

1 Ty T3 b1 (v) x
Y1 Y2 Y3 ba(v) | = | ¥
1 1 1 b (v) 1

Zij P4 de ruimte van bivariate veeltermen van graad < d. Elke veelterm
pa(v) € Pg heeft een unieke Bernstein-Bézier voorstelling

pa(w) = Y eBli(v),
i+j+k=d
met

Blu(v) = gt 0B OH)
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de Bernstein veeltermen op de driehoek. De coéfficiénten c;;; worden de
Bézier ordinaten genoemd.

2.2 Powell-Sabin splines

Zij A een willekeurige driehoeksverdeling van een domein Q@ C R? met
polygonale rand 952, bestaande uit punten V;, i = 1,..., N, en driehoeken
Tj, j =1,...,t. De spline ruimte S;(A) is gedefinieerd als

SH(A):={seC"(Q) | s|; € Py for all T € A},

waarbij d > r > 0 gegeven natuurlijke getallen zijn. Wij zijn voornamelijk
geinteresseerd in 7 = 1 en d = 2. In het algemeen is de dimensie van de
ruimte S3(A) niet gekend. Daarom beperken we ons tot de Powell-Sabin 6-
split A5 van A. De ruimte S3(AP) wordt de ruimte van de Powell-Sabin
splines genoemd.

De Powell-Sabin 6-split AP verdeelt elke driehoek T; in zes kleinere
driehoeken met een gemeenschappelijk hoekpunt als volgt (zie Figure 2.3):

1. Kies een punt Z; in elke driehoek 7}, zodat als twee driehoeken T;
en T} een gemeenschappelijke zijde hebben, de lijn die de punten Z;
en Z; verbindt deze gemeenschappelijke zijde snijdt in het punt R;;
tussen de hoekpunten.

2. Verbindt elk punt Z; met de hoekpunten van T;.
3. Voor elke zijde van Tj

o die tot de rand van ) behoort, verbind Z; met een willekeurig
punt tussen de hoekpunten.
o die gemeenschappelijk is met een driehoek T;, verbind Z; met
Elk van de 6t drichoeken in A”S wordt het domein van een kwadratische
Bernstein—Bézier veelterm. Zij f een voldoende gladde functie op 2. Powell
en Sabin toonden aan dat het interpolatieprobleem

S(Vk) = f(Vk), DzS(Vk) = sz(Vk), DyS(Vk) = Dyf(Vk), k= 1, N .,N,

een unieke oplossing s(z,y) € Sa(AF¥) heeft. De dimensie van S3(AFS) is
dus 3N. We tonen aan dat

HDng(f - S)HLP(Q) < |A|3_a_ﬂ

voor alle p > 1, waarbij |A| het maximum is van de diameters van de
driehoeken in A en waarbij 0 < oo+ § < 2. De functie f en haar afgelei-
den worden dus optimaal benaderd door de Hermite interpolerende Powell-
Sabin spline. Optimaal hier wil zeggen dat de optimale benaderingsorde
|A|?*! bereikt wordt, met d de graad van de splines.
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2.3 De B-spline basis

In deze thesis gebruiken we voornamelijk een klasse van B-spline represen-
taties

N 3
S((E,y) = chl]Bl](‘ruy) ) (‘ruy) S Q7
=1 j=1

waarbij elke B-spline basis uit die klasse een eenheidspartitie op €2 vormt.
Dat wil zeggen dat de B-splines niet negatief zijn en optellen tot één. Verder
hebben de B-splines een lokale drager.

Stabiliteit is een belangrijke eigenschap voor een basis. Het is van groot
belang in toepassingen dat een kleine storing op de coéfficiénten niet resul-
teert in een grote verandering van de functie zelf. We bewijzen dat

N 3
Fillelloo < {0 i Bij < kaflc]loo,
i=1j=1 Loo ()
met .
192v/3K
kh=(1+——— ko = 1.
! < +tan(9APs/2)> y 2

Hierbij is K een factor die verbonden is met de keuze van de B-spline basis
uit de klasse. Typisch is K kleiner dan één. Met O rs bedoelen we de
kleinste hoek in de driehoeksverdeling A”S. We tonen ook aan dat

1/p
N 3 N 3
Z Z CijBij ~ Z Z |Cij|p Vol(supp Bz;)
i=1j=1 () i=1 j=1
voor alle 0 < p < co. Merk op dat || - ||, een quasi-norm is voor p < 1.

3 De hiérarchische basis

Het vertrekpunt in de constructie van een hiérarchische basis is steeds een
rij van eindig dimensionale functieruimten die genest zijn:

SoCS i CSyC---CS, C--

Hoe hoger de waarde van n, hoe meer detail kan voorgesteld worden door
functies in S,,. Elke functieruimte S,, heeft een eindige basis, en de verza-
meling functies

U {d’k,l }ke]l
=0
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is een hiérarchische basis voor S,, als

U {britper,

=0

een basis is voor S, voor alle m =0,1,...,n.

3.1 Powell-Sabin spline subdivisie

Het doel van PS spline subdivisie is om de B-spline representatie van een
PS spline s op een driehoeksverdeling A; te berekenen, waarbij s gegeven
is op een initiéle driehoeksverdeling A en waarbij A; verkregen is door Ay
te verfijnen. Als we een verfijningsstrategie vinden die ervoor zorgt dat

AOCAlCAQC"'
PS PS PS
Ay CATZ C A7 C---

dan vinden we onmiddellijk PS spline ruimten S; := S3(AF®) die genest
zijn. We kunnen dan een willekeurige s € Sy voorstellen als lineaire combi-
natie van basisfuncties in S,,.

In deze thesis beschouwen we drie verfijningsstrategieén. De meest ge-
bruikte procedure om driehoeksroosters te verfijnen is dyadische subdivisie
(Figure 3.1). Hierbij wordt een nieuw punt toegevoegd tussen elke twee
oude punten en elke oorspronkelijke driehoek wordt gesplitst in vier nieuwe
driehoeken. Dyadische subdivisie is echter enkel toepasbaar voor PS splines
als de initiéle driehoeksverdeling Ay niet sterk onregelmatig is. Daarom
beschouwen we ook triadische verfijning (Figure 3.2). Hier wordt een nieuw
hoekpunt geplaatst in elke oude driehoek, en twee nieuwe hoekpunten wor-
den geplaats op elke zijde in de oude driehoeksverfijning. De oorspronkelijke
driehoeken worden gesplitst in negen nieuwe driehoeken. Een nadeel van
triadische verfijning is dat het aantal driehoeken te snel stijgt per subdivisi-
estap, zodat in de praktijk maar enkele subdivisiestappen mogelijk zijn. Tri-
adische subdivisie is echter wel steeds toepasbaar voor PS splines. Een derde
mogelijkheid is v/3-subdivisie (Figure 3.3). Hier wordt een punt toegevoegd
in elke driehoek en de punten worden opnieuw getriangulariseerd. De oude
zijden van de driehoeken worden niet behouden, maar worden vervangen
door nieuwe zijden die het nieuwe punt verbinden met de oude hoekpunten
en met de nieuwe punten in de aangrenzende oude driehoeken. Tweemaal
V/3-subdivisie toepassen geeft triadische subdivisie. Een nadeel van V3
subdivisie is dat er op de rand van het domein speciale constructies nodig
zijn.

Een subdivisieschema resulteert in geneste spline ruimten. Daarom kan
een basisfunctie op een ruw niveau steeds geschreven worden als een lineaire
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combinatie van basisfuncties op het volgende fijnere niveau:

¢l = ¢l+1A17

waarbij de rijvector ¢, alle basisfuncties op niveau [ bevat. We kunnen
¢, splitsen in een deel ¢}, ; dat de basisfuncties bevat die overeenkomen
met de hoekpunten in A; en een deel ¢;' ; dat de basisfuncties bevat
die overeenkomen met de hoekpunten in A;1; \ A;. We definiéren de
hiérarchische basis voor S, als de verzameling basisfuncties

¢ U U @
=1

De resultaten in deze thesis zijn steeds geformuleerd voor geneste PS
spline ruimten die verkregen zijn door triadische verfijning. De resultaten
blijven geldig voor dyadische of /3 subdivisieschema’s na enkele kleine aan-
passingen.

3.2 Multiresolutie analyse

Een multiresolutie analyse bestaat uit
1. een Banach ruimte B met norm || - |5,
2. een rij van geneste ruimten Sy C S C --- C B die dicht zijn in B,

3. een verzameling operatoren Q; : B — S; met de eigenschappen

Q19 = 9,
Q1911 = Qi
Qi(B) = 9.

We kunnen B schrijven als de directe som
B=SooWodW, &dWo®---,

waarbij Sjp1 =S ® W, en W, := {s € S;41|Q;s = 0}.

We tonen aan dat een multiresolutie analyse verkregen kan worden met
Sy := S3(AF®) en met B = C*(Q). Als operatoren Q; nemen we de Hermite
interpolatoren Z;: voor een willekeurige f € C*(Q) is Z; f uniek gedefinieerd
als de Powell-Sabin spline die de functie f en haar afgeleiden interpoleert
in de hoekpunten van de driehoeksverfijning A;. De ruimten W; worden
in dit geval opgespannen door de basisfuncties in de rijvector ¢, ;. Deze
multiresolutie analyse wordt dus opgespannen door de hiérarchische basis.
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3.3 Stabiliteit van de hiérarchische basis

Stel dat we beschikken over een multiresolutie analyse waarbij B kan ont-
bonden worden als

B=SeWoaW,eWaee---,

en dat we beschikken over een stabiele basis ¢ := {¢x, |k € J;} voor elke
W;. Elke f,, € S, kan geschreven worden in de nodale basis voorstelling als

fn = Z Ck,n¢k,n

kel,
of in multischaal voorstelling als
n—1
Fo= D> diiny,
I=—1keJ,

waarbij ¥_1 = {dk,0lk € Ip}, Jo1 := Iy. Deze multischaal voorstelling is
vooral nuttig als de norm van f in een L, of Sobolev ruimte kan afgeleid
worden door de grootte van de coéfficiénten dy; te onderzoeken. Stel dat
voor elke n > 0

o H(dk,l)leKmkeJl < Z Z di k|| < Cs H(dk,z)leKmkeJl}
Y ek, ke, B !
met || - ||, een vector norm en K, := {—1,...,n — 1}, dan zeggen we dat

de multischaal basis sterk stabiel is als C7, Cy niet afhangen van n. Indien
de constanten C7, C5 nog athangen van n, maar niet van exponentiéle orde,
dan zeggen we dat de multischaal basis zwak stabiel is.

We tonen aan dat de hiérarchische basis van Powell-Sabin splines een
zwak stabiele basis is voor de Banach ruimte C'(Q), maar dat ze een sterk
stabiele basis is voor de fractionele Sobolev ruimten H*(£2) met 2 < s < 3.
Als onmiddellijk gevolg kunnen we dan bewijzen dat het conditiegetal van
de stijtheidsmatrix van een vierde orde elliptische partiéle differentiaalver-
gelijking, gediscretiseerd met deze hiérarchische basis, van de orde |log h|?
is, met h de stapgrootte van de discretisatie. Deze discretisatie is equivalent
aan de hiérarchische basis preconditioner.

3.4 Compressie van oppervlakken

Sterke stabiliteit duidt aan dat kleine coéfficiénten in de basisvoorstelling
weggelaten kunnen worden. Dit vormt de basis van compressie. We be-
schrijven hier een compressie-algoritme dat gebaseerd is op niet-lineaire N-
termen benadering, waarbij men een basis kiest en dan een gegeven functie
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zo goed mogelijk benadert door een lineaire combinatie van N termen uit
die basis te nemen.

We hebben reeds aangetoond dat de hiérarchische basis sterk stabiel
is voor de Sobolev ruimten H*(Q2) met 2 < s < 5/2. Bijgevolg is de
hiérarchische basis geschikt voor compressiedoeleinden. Stel dat we een PS
spline benadering S van f zoeken zodat de benaderingsfout ||f — S|z (o)
onder een gegeven drempelwaarde e ligt. Dan zoeken we eerst een K € N
en een PS spline s € Sk zodat

If- S”Lm(ﬂ) <e€/2

Hier is s een lineaire benadering van f. Vervolgens schrijven we s in de
hiérarchische basisvoorstelling en laten we alle coéfficiénten weg die kleiner
zijn dan de drempelwaarde €¢/(2K + 2). De gecomprimeerde benadering S
van f voldoet nu aan || f — S| (o) <e

Stel nu dat we een gecomprimeerde niet-lineaire benadering S en een
lineaire benadering s hebben van f, waarbij beide benaderingen S en s uit
N termen bestaan. Dan tonen we aan dat ||f — S|/, = O(N~7/2) als f
beschikt over o “afgeleiden” in Lo/, en dat ||f — s|[L.. = O(N~/2) als f
beschikt over o “afgeleiden” in L., wat een veel strengere voorwaarde is.

3.5 De BPX-preconditioner

De BPX-preconditioner is nauw verwant aan de hiérarchische basis pre-
conditioner. We hebben reeds gezien dat de hiérarchische basis precon-
ditioner equivalent is aan het discretiseren van een gegeven partiéle dif-
ferentiaalvergelijking met de hiérarchische basis. De BPX-preconditioner
is equivalent aan het discretiseren van een differentiaalvergelijking door
alle basisfuncties B;;; op alle niveau’s [ te gebruiken. Bijgevolg maakt de
BPX-preconditioner niet echt gebruik van een basis, maar van een frame.
Aangezien het aantal basisfuncties in het BPX-frame veel groter is dan de
eigenlijke dimensie van de ruimte opgespannen door deze basisfuncties zal
het conventionele conditiegetal van de bijhorende stijfheidsmatrix oneindig
zijn. Men kan echter aantonen dat niet het conventionele conditiegetal van
belang is, maar wel het veralgemeende conditiegetal dat gedefinieerd is als de
grootste eigenwaarde gedeeld door de kleinste eigenwaarde verschillend van
nul. Dit veralgemeende conditiegetal is van constante orde voor de BPX-
voorgeconditioneerde stijfheidsmatrix voor vierde orde elliptische partiéle
differentiaalvergelijkingen. Deze BPX-preconditioner is dus optimaal.
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4 De hiérarchische basis van Lagrange type

In het vorige hoofdstuk construeerden we een multiresolutie analyse met
behulp van Hermite interpolatoren. Die Hermite interpolatoren zijn enkel
goed gedefinieerd voor voldoende gladde functies, meer bepaald functies in
de Sobolev ruimten H?®(2) met s > 2. In dit hoofdstuk construeren we een
multiresolutie analyse met behulp van Lagrange interpolatoren. Deze inter-
polatoren zijn reeds goed gedefinieerd voor functies in de Sobolev ruimten
H?(Q) met s > 1. We kunnen dus minder gladde functies benaderen
en dit opent perspectieven voor meerdere toepassingen. Wij zijn vooral
geinteresseerd in de constructie van een optimale preconditioner.

4.1 Een stabiele lokale Lagrange basis

Zij © een gebied in R? met polygonale rand waarvoor er een driehoeksver-
fijning Ao bestaat zodat

(a) Q= UTGAO T,

(b) de doorsnede van twee driehoeken in Ag is ofwel leeg ofwel een gemeen-
schappelijk hoekpunt ofwel een gemeenschappelijke zijde,

(c) alle inwendige hoekpunten hebben waarde zes,

(d) alle driehoeken in Ay kunnen wit of zwart gekleurd worden zodat elk
inwendig hoekpunt in Ag tot juist één zwarte driehoek behoort.

Zo een driehoeksverfijning kan geconstrueerd worden voor elk willekeurig
domein Q. Stel nu dat A; de triadische verfijning is van Ag. Dan is het
eenvoudig om na te gaan dat A; nog steeds voldoet aan (a)—(d). Bijgevolg
voldoet elke verfijning A; aan (a)—(d). Definieer A als de deelverzameling
van A; die bestaat uit de zwarte driehoeken en Af als A; \ AP.

We willen een elliptische partiéle differentiaalvergelijking met Dirichlet
randvoorwaarden oplossen. Daarom zijn we vooral geinteresseerd in de mul-
tischaal ruimten S; C S3(AF9) gegeven door

Si:={seC*Q)| sl ePaVr e A® s=D,s=Dys=0o0pIQ}.

De ruimten S; zijn genest. Voor elk inwendig hoekpunt V; € A; bestaat
er een driehoek Ty, € A} zodat V; tot Ty, behoort. Definieer D;(V;) als
de verzameling {V;,V;;, Vix}, met Vi; en Vii zo gekozen dat de driehoek
T(V;,Vij, Vik) behoort tot de triadische verfijning van driehoek Ty, € A?.
Definieer Z; als de unie van alle verzamelingen D;(V;),

== J D)

ViEA\OQ
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We tonen aan dat voor een willekeurige functie f € C°(Q) er een unieke
spline s € S; bestaat zodat s(§) = f(§) voor alle € € =,.

Bijgevolg kunnen we Lagrange basisfuncties B¢; met £ € =; definiéren
voor de ruimte S;. Zij zijn de unieke oplossingen van het interpolatieprob-
leem

nyl(C) = 5&(5 v&ac € Ela

met 0¢ ¢ de Kronecker delta. De Lagrange basisfuncties hebben een com-
pacte drager en ze zijn stabiel:

> ceBe ~ el

§EE, Loo(2)

en
1/p

Z Cngﬁl ~ Z |C§|p VOl(Supp Bg,l)

EGEZ LP(Q) 5651

4.2 Een hiérarchische basis van Lagrange type

We introduceren de Lagrange interpolant £; : C°(Q) — S; die gedefinieerd

is als
Lif = f(€)Be.

£EE,

Deze operator is geschikt voor het construeren van een multiresolutie ana-
lyse voor de Banach ruimte CJ(£2), de ruimte van C° continue functies die
verdwijnen op de rand 92 van het domein 2. De operator £; is uniform
begrensd in C§(£2) en de splineruimten S; zijn dicht in CJ(£2). We kunnen
C(£2) nu schrijven als de directe som

QA =SgaoWeoW, oW @ -,

met Wi :={s € S;41 | L£1s = 0}. De ruimten W; worden opgespannen door
de basisfuncties {Be¢ 41 | £ € Ei41 \ i}
We tonen tevens aan dat de hiérarchische basis

oo

U {3(1_8)13571 | ¢eg \EH}

=0

cen sterk stabiele basis is voor de Sobolev ruimten H§ () voor alle s € (1, 2).
Door Lagrange interpolatie te gebruiken in plaats van Hermite interpolatie
breiden we het stabiliteitsinterval dus uit van 2 < s < 5/2naar 1 < s < 5/2.
We kunnen nu praktisch onmiddellijk aantonen dat het conditiegetal van de
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stijfheidsmatrix van een vierde orde elliptische parti€le differentiaalvergeli-
jking, gediscretiseerd met deze hiérarchische basis, van constante orde is.
De Lagrange type hiérarchische basis preconditioner is optimaal.

5 Optimale wavelet preconditioners

In plaats van nodale basisfuncties te gebruiken in de discretisatie van ellip-
tische partiéle differentiaalvergelijkingen kunnen we ook wavelets gebruiken.
We beschrijven meerdere methoden voor het creéren van wavelets die geschikt
zijn voor de discretisatie van differentiaalvergelijkingen.

5.1 Multischaal decompositie en lifting

Stel dat Q een begrensd domein in R? is of R? zelf, en dat we beschikken
over een rij geneste splineruimten Sy C S; C --- C Lo(2) waarbij elke S
opgespannen wordt door de verzameling basisfuncties {¢r; | k € I;}. De
basisfuncties ¢ ; worden ook wel schaalfuncties genoemd. Zij ¢, de rijvector
van alle schaalfuncties ¢ ; met k € I;. Dan bestaat er een subdivisiematrix
Ay zodat ¢; = ¢, A;. De subdivisiematrix A4; heeft de vorm

_ | O
w[g]

waarbij het deel O; de coéfficiénten berekent van de basisfuncties ¢, ;11 die
geassocieerd kunnen worden met oude punten en waarbij het deel N; de
coéfliciénten berekent van de basisfuncties ¢y ;41 die geassocieerd kunnen
worden met de nieuwe punten. Op dezelfde manier delen we ¢;,, op als

(@11 iyl
We willen S;41 schrijven als S;® W, waarbij W; opgespannen wordt door
wavelets 1, ;. Dit wordt uitgedrukt in matrixvorm als

[, )] = 1[A B,

waarbij ¥; = ¢;,1B; de rijvector met wavelets is die W; opspannen. De
wavelets 1), zijn initieel gedefinieerd als ¢}, ; zodat

n-[]

We vertrekken dus van de standaard hiérarchische basis. Het lifting schema
laat nu toe om de wavelets te wijzigen op de volgende manier:

Y= P — HC
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met Cj de lifting matrix. Er geldt nu dat
(o1 ¥ =d 1 [A B — AC.

De matrix C; wordt zo gekozen zodat de wavelets bepaalde gewenste
eigenschappen hebben. De semi-orthogonale constructie bijvoorbeeld or-
thogonaliseert de wavelets 1; ten opzichte van 5;. De lifting matrix C; wordt
nu gevonden als de oplossing van het lineaire stelsel C; = (¢, ;) " (P, dy41).
Deze keuze geeft een stabiele multischaal basis, maar de wavelets zijn niet
bruikbaar in de praktijk omdat ze een globale drager hebben.

Om ervoor te zorgen dat de wavelets een lokale drager hebben is het
voldoende te eisen dat de lifting matrix C; een bandmatrix is. Dit betekent
in de praktijk dat een waveletfunctie in de liftingstap

Y= P — HC

niet door alle schaalfuncties in ¢; aangepast wordt, maar slechts door enke-
len.

Onze constructiemethode is als volgt. Voor elke waveletfunctie ¢y, ; in
1; kiezen we op voorhand een beperkt aantal schaalfuncties die we mogen
gebruiken in de liftingstap. De vrijheidsgraden worden dan zo gebruikt dat
de wavelets één nulmoment hebben en dat ze zo orthogonaal mogelijk zijn
ten opzichte van de gekozen schaalfuncties in de liftingstap. We kunnen
aantonen dat de wavelets in 1p; een stabiele basis vormen voor Wj.

Een belangrijk aspect van het lifting schema is het bestaan van een
biorthogonale basis. Dit wil zeggen dat er duale schaalfuncties en duale
wavelets bestaan die voldoen aan de relatie

(& ¥ =lA] Bl
met filters gl, El zodat
(Dhts B 1) = Oty (Pt Y 1) = Ot
(.1, Yma) =0, (1, dra) =0,

geldig is voor alle k, k', m,m/.

5.2 Stabiliteit over alle resolutieniveaus

De wavelets 1); zijn een stabiele basis voor W, maar dat impliceert niet
dat de multischaal basis [J;~, ¥, een sterk stabiele basis is. We willen alle
Sobolev ruimten H*(2) kennen waarvoor |J;=, %, een stabiele basis vormt.

Men kan aantonen dat [J;°, 1, een sterk stabiele basis is voor H*(Q)
voor alle s met —s5 <5 <sg,,. Met sy bedoelen we de Sobolev regular-

iteit van een functie f

spi=sup{s: fe H(Q)}.
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Het is dus voldoende om 53, 1 84, te berekenen. Aangezien ¢y ; meestal
een goed gekende splinefunctie is, is het berekenen van sg, , niet zo moeilijk.
Men maakt hiervoor gebruik van zogenaamde Jackson en Bernstein afschat-
tingen. De duale functie ¢y is echter meestal niet expliciet gekend. Vaak
beschikt men enkel over een recursiebetrekking van de vorm a&l = (751 +1/TZT
en is het berekenen van 8% moeilijk. De enige mogelijke berekeningswijze
momenteel maakt gebruik van Fouriertechnieken.

Het gebruik van Fouriertechnieken legt echter enkele ernstige beperkin-
gen op de geneste splineruimten. Ze moeten namelijk invariant zijn ten
opzichte van verschuivingen en dilaties. Realistische toepassingen houden
hier natuurlijk geen rekening mee, daarom ook dat de constructiemethode
van de vorige paragraaf geldig is op willekeurige domeinen. Voor onze sta-
biliteitsanalyse zullen we echter eisen dat de splineruimten invariant zijn
voor verschuivingen en dilaties. We hopen dat de zo bekomen resultaten
goede schattingen zijn voor de constructies op willekeurige domeinen.

5.3 Wavelet constructies

We construeren verscheidene wavelet basissen. Hiervoor maken we gebruik
van het lifting schema en de stabiliteit wordt geanalyseerd met Fouriertech-
nieken. We vinden

e cen lineaire wavelet basis op R die sterk stabiel is voor H*(R) met
—0.440765 < s < 1.5,

e cen lineaire wavelet basis op R? die sterk stabiel is voor H*(R?) met
—0.328857 < s < 1.5,

e cen Powell-Sabin spline wavelet basis op R? die sterk stabiel is voor
H*(R?) met 0.802774 < s < 2.5,

e cen kubische spline wavelet basis op R die sterk stabiel is voor H*(R)
met —0.828823 < s < 2.5,

e cen lineaire wavelet basis op R? die sterk stabiel is voor H*(R?) met
—0.440765 < s < 1.5.

Tevens bespreken we ook een andere constructietechniek waarbij we
semi-orthogonale Powell-Sabin spline wavelets creéren die sterk stabiel zijn
voor H*(R?) met —2.5 < s < 2.5.
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6 Elliptische partiéle differentiaalvergelijking-
en op de bol

Stel dat 2 een deelverzameling is van de eenheidsbol S in R3. We willen
het modelprobleem
Aiu=f op 9 u:a—E:O op 0N
on
oplossen, met Ag de Laplace—Beltrami operator op S, en 7 de normaal op
0f) rakend aan S. De Laplace-Beltrami operator is gedefinieerd als

Ag=Vgs-Vg
met Vg de tangentiéle gradiént
Vsu:=Vu— (n-Vu)n,

waarbij n de normaal is op het boloppervlak S.

Om dit modelprobleem te discretiseren gebruiken we eindige elementen
op de bol. Meer bepaald zoeken we naar een geschikte stabiele basis waarvan
de basisfuncties lokale dragers hebben.

6.1 Homogene en sferische spline ruimten

Een functie f gedefinieerd op R? is homogeen van graad d als en slechts
als f(aw) = a?f(v) voor alle reéle getallen o en voor alle v € R3. Met Hy
bedoelen we de ruimte van trivariate veeltermen van graad d die homogeen
zijn van graad d. Dit is een (d;rz) dimensionale deelruimte van de ruimte
van trivariate veeltermen van graad d. Stel dat {v1,v2,v3} een verzameling

onafhankelijke eenheidsvectoren zijn in R3, dan noemen we
T :={veR® | v=>by(v)vy +ba(v)va + bz(v)vs met b;(v) >0}

de trihedron gegenereerd door {vi,vs,v3} en elke v € R3 kan geschreven
worden als
v = by (v)vy + ba(v)vg + bs(v)vs.

We noemen by (v), ba(v), bg(v) de trihedrale codrdinaten van v met betrekking
tot 7. De homogene Bernstein basisveeltermen van graad d op 7 zijn de
veeltermen

d!

d __al
B (v) := B

b (v)'ba(v)bs(v)F, i+ j+k=d,

en zij vormen een basis voor Hy. Een sferische driehoek is gedefinieerd als
de beperking van een trihedron 7 tot de eenheidsbol S. De beperkingen
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van de trihedrale co6rdinaten tot een sferische driehoek worden de sferische
barycentrische coérdinaten genoemd. Elke homogene veelterm p van graad
d en zijn beperking tot een sferische driehoek 7 heeft een Bernstein—Bézier
voorstelling met betrekking tot 7

p(v) = Z cijk Bl (v),

i+j+k=d

en de coéfficiénten c;;1 zijn de Bézier ordinaten.

Met Hg4(£2) duiden we de beperking van Hy tot een deelverzameling €2 van
de eenheidsbol S aan en we noemen dit de ruimte van sferische veeltermen
van graad d. Zij A een conforme sferische driehoeksverfijning van 2 C S. De
ruimte van sferische splines van graad d en gladheid r op A wordt gegeven
door

SH(A) :={s e C"(S) | s|» € Hy(r), 7 € A},

waarbij s|, de beperking van s tot de sferische driehoek 7 is.

6.2 Sferische PS splines

De Powell-Sabin 6-split A” van een sferische driehoeksverfijning A wordt
analoog gedefinieerd als de PS 6-split van een vlakke driehoeksverfijning.
Het klassieke resultaat van Powell en Sabin kan uitgebreid worden naar de
sferische splineruimten die we zonet geintroduceerd hebben. Zij g; en h; on-
afhankelijke eenheidsvectoren die liggen in het raakvlak aan S in hoekpunt
Vie A;i=1,...,N. Gegeven is een willekeurige verzameling van triplets
(s, Biyvi), i =1,..., N. We tonen aan dat er een unieke sferische PS spline
s(v) € S3(AF9) bestaat zodanig dat

S(‘/;) = Q, D%S(Vvl) = Bis ths(v;) =
voor allei =1,..., N. Bijgevolg is de dimensie van de sferische splineruimte

S3(AFI) gelijk aan 3N.

6.3 Een B-spline basis voor sferische PS spline ruimten

Als we voor elk hoekpunt V; in A getallen (oij, Bij,%ij), J = 1,2, 3, kiezen
die een verzameling van 3 lineair onafhankelijke triplets vormen, dan heeft
elke s(v) € S3(APS) een unieke voorstelling

s(w) =YD eiiBi(v)

i=1 j=1
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waarbij de B-splines B;;(v) gedefinieerd zijn als de unieke oplossing van het
interpolatieprobleem

Bij(Vi) = dincvij, Dg,Bij(Vi) = 6irBijs  Dn,Bij(Vi) = irvij-

Door een goede keuze van de triplets (o, 8ij,7:j) kunnen we B-splines
creéren met bepaalde nuttige eigenschappen zoals stabiliteit, het vormen
van een eenheidspartitie, rakende controledriehoeken, enzovoort.

6.4 Preconditioners op de bol

De constructie van geneste sferische Powell-Sabin spline ruimten is volledig
analoog aan het bivariate geval. We kunnen dyadische, triadische of v/3-
subdivisie gebruiken. Eveneens kunnen we, volledige analoog aan het bi-
variate geval, een suboptimale hiérarchische basis preconditioner en een op-
timale BPX-preconditioner construeren voor vierde orde elliptische partiéle
differentiaalvergelijkingen op de bol. De bewijzen die we hiervan geven zijn
echter geen triviale uitbreiding van het bivariate geval, maar zijn gebaseerd
op de expliciete constructie van de sferische B-splines.

7 Besluit

7.1 Belangrijkste bijdragen

e We bewijzen dat de B-spline basis een stabiele basis vormt voor de
Powell-Sabin spline ruimte voor alle L, normen met 0 < p < oo.

e We tonen aan dat de Hermite interpolerende Powell-Sabin spline een
gegeven functie en haar afgeleiden optimaal benaderd.

o We tonen aan dat de standaard hiérarchische basis een multiresolutie
analyse vormt voor de Banach ruimte C'(Q). Deze basis is zwak
stabiel met betrekking tot de norm in C'(Q), maar sterk stabiel met
betrekking tot de norm in de deelruimten H*(Q2) met s € (2, 5).

e Bijgevolg is de hiérarchische basis geschikt voor de compressie van
oppervlakken. We leiden a priori foutengrenzen af die scherp zijn.

e We bewijzen dat de hiérarchische basis suboptimaal is als precondi-
tioner voor vierde orde elliptische partiéle differentiaalvergelijkingen.
Nauw verwant is de BPX-preconditioner en we tonen aan dat deze
preconditioner optimaal is.

e We constueren een nieuwe basis voor S3(AF%) door gebruik te maken
van Lagrange interpolatie. De bijhorende hiérarchische basis is stabiel
voor H*(€2) met s € (1, 2).
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e We gebruiken het lifting schema om wavelets te construeren. Dit is
werk tesamen met Evelyne Vanraes.

e Door middel van Fouriertechnieken kunnen we de stabiliteit van de
wavelets onderzoeken. We breiden enkele bestaande resultaten uit
naar een algemener geval.

e Op uniforme rooster construeren we lokale prewavelets voor S3(AF9).
Deze wavelet basis is stabiel voor H*(Q2) met s € (-2, 3).
e We werken een elegante manier uit om de ruimte van Powell-Sabin

splines te definiéren op het oppervlak van de bol in R3.

e Bijgevolg vinden we een hiérarchische basis preconditioner en een
BPX-preconditioner voor vierde orde elliptische partiéle differentiaal-
vergelijkingen op de bol.

7.2 Suggesties voor verder onderzoek

e De sferische “shallow water equations” zijn een verzameling vergelij-
kingen die de beweging beschrijven van een dunne laag gas of vloeistof
op het oppervlak van de bol. We hebben reeds een framework beschre-
ven voor de constructie van eindige elementen op de bol en we hebben
optimale preconditioners ontworpen voor elliptische vergelijkingen op
de bol. Het zou de moeite waard zijn om eens een iets moeilijker
probleem aan te pakken, zoals de sferische “shallow water equations”.

e De constructie van multivariate wavelets op willekeurige driehoeksver-
delingen is zeer moeilijk. Tot nu toe bestaat er nog steeds geen C'*
continue wavelet basis op een willekeurige driehoeksverdeling die sterk
stabiel is voor de Lo norm.

e We hebben reeds een semi-orthogonale basis gecreéerd voor de ruimte
van Powell-Sabin splines waarbij de basisfuncties compacte drager
hebben. Misschien is het mogelijk om een lokale orthogonale basis te
creéren.

e Door het lifting schema te gebruiken kan men spline wavelets op de
bol construeren.

e We hebben steeds de ruimte van Powell-Sabin splines op de PS 6-
split gebruikt om preconditioners af te leiden. Men kan ook andere
C" spline ruimten gebruiken. Het zou interessant zijn om deze ver-
schillende preconditioners numeriek met mekaar te vergelijken.
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e Het \/3-subdivisie schema laat zeer gemakkelijk lokale subdivisie toe.
Adaptieve eindige elementen methoden voor elliptische vergelijkingen
zijn in de praktijk vaak beter dan niet-adaptieve methoden. Men zou
een optimale adaptieve eindige elementen methode voor vierde orde
elliptische partiéle differentiaalvergelijkingen kunnen afleiden, zowel
in het vlak als op de bol.
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Chapter 1

Introduction

The conjugate gradient method is a very efficient solver for large linear
systems arising from the Galerkin method for elliptic boundary value prob-
lems, provided that these systems have been suitably preconditioned. Dur-
ing the past 15 years very efficient preconditioners have become available
[11, 30, 31, 33, 65, 103, 131] that achieve optimal multigrid complexity. In
this dissertation we explore the potential of these techniques for fourth order
elliptic problems.

1.1 A boundary value problem in 1D

Let us first explain the principles of multilevel preconditioning by means of
a simple example. Consider the two-point boundary value problem

—u" =f on Q:=][0,1], u(0)=u(l)=0. (1.1)

Although (1.1) is a simple problem for which many simple solution methods
exist, we use a finite element Galerkin method to solve (1.1). The advantages
of a Galerkin method are the ability to cope with complicated domains and
the fact that the use of compactly supported basis functions leads to sparse
stiffness matrices. Hence, the resulting system of linear equations can be
solved efficiently with an iterative method.

We start from the standard weak formulation

<ulvvl> = <f7v>7 CAS H&([O, 1]), (1'2)

i.e. we multiply both sides of (1.1) by smooth test functions that vanish
on 00, the boundary of Q, and then we integrate by parts. Here (,-)
is the standard Lo inner product and H}([0,1]) is the closure of all C*°
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functions with compact support in (0, 1) relative to the norm || f|| g1 (jo,1)) :=
| fllLacoa)) + 11 | Laq0,1))- Note that the weak formulation requires less
regularity than the original equation. The latter form makes sense even
when u and v belong to the Sobolev space H}([0,1]), and whenever f is
only a distribution in the dual space (Hg([0,1]))".

In order to solve (1.2) we employ piecewise linear continuous functions
as building blocks to approximate the solution. We define trial spaces S; C
H}([0,1]) that are spanned by so-called hat functions

bra() :=2202 - k), k=0,...,2" (1.3)
with ®(x) the generator ,

1+z, —-1<z<0,
O(x) := l—2z, 0<2<1, (1.4)
0, otherwise.

With the spaces S; defined, the Galerkin conditions

<U2av/> = <f7’U>7 u; = ch(bk,lu v E Sl
k

give rise to a linear system of equations
A¢ZC = b¢l, (1.5)

where Ay, is the stiffness matrix relative to the basis functions ¢, be, is
a vector with (bg,)r = (f, dr1), and c is a vector of unknown coefficients
relative to the basis functions ¢ ;. In this particular case the stiffness matrix
Ay, is tridiagonal, such that (1.5) is efficiently solvable without the use of
an iterative method. This is not the case anymore for higher dimensional
problems, so we will proceed by applying an iterative method to (1.5).
The performance of an iterative scheme for a symmetric positive definite
system is known to depend on the spectral condition number « of the system
matrix. Here, the condition number & is given by the maximum eigenvalue
divided by the minimum eigenvalue, see also (1.11). It can easily be shown
that the condition number of Ay, grows like 22! with the resolution level I.
This growth can be explained by noting that the second order derivative in
(1.1) treats highly oscillatory functions very differently from slowly vary-
ing functions, and the spaces S; contain functions with frequency ranging
between 1 and 2!, see [31, Sec. 10.3] for a rigorous proof. A high con-
dition number slows down the convergence speed of the iterative method.
Therefore, it is of primary importance to precondition the linear system.
The discussion in the previous paragraph motivates the split of .5; into
subspaces consisting of functions with fixed frequency. Then, on each sub-
space, the differential operator would be well conditioned. This is the
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essence of multilevel preconditioning. The key is that the main building
block is refinable. In this particular example we have indeed that

1 1
O(z) = 5(1)(21' +1)+ ®(2x) + 5(1)(2.%' -1,
1 1 1
bk = i §¢2k—1,l+1 + Poki41 + §¢2k+1,l+1 ;

so the spaces S; are nested, i.e.
SopC S5 CSC---.

One can now build a multilevel basis for S,, by keeping the basis functions
on the lower levels and adding additional basis functions in a complement
space between two successive spaces S; and S;+1. This means that we look
for a suitable basis for the complement space W; with

Sl =S ®W,.

The space Si41 is spanned by the basis functions of S; and the basis func-
tions of the complement space W;. In our example the simplest complement
spaces are those spanned by the hat functions corresponding to the new
nodes that are added when going from a coarse level to a finer level. The
resulting multilevel basis is better known under the name hierarchical basis
[129]. For the specific case of (1.1) one can check that the stiffness matrix
relative to the hierarchical basis is diagonal and a simple diagonal scaling
would yield uniformly bounded condition numbers independent of the res-
olution level [ and thus independent on the mesh size. For two dimensions
we do not have a diagonal stiffness matrix anymore, but it turns out that
the hierarchical stiffness matrices can still be preconditioned by diagonal
scaling to obtain condition numbers that only increase logarithmically with
the resolution level. Moreover, later on, we will derive several multiscale
bases that perform better than the hierarchical basis.

1.2 Elliptic boundary value problems

Let par be a polynomial of degree 2k on R?, with d the spatial dimension.
Denote by pax (D) the differential operator where each variable is replaced by
the corresponding partial derivative. We are interested in solving boundary
value problems of the form

po(D)u=f on €, Bu=0 on 09, (1.6)

where B is a suitable trace operator expressing the boundary conditions,
and Q C R? has a local Lipschitz continuous boundary 92 . The weak
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formulation of (1.6) is given by
a(u,v) = (f,v) for allv € HE(Q), (1.7)

where a(-,-) is the bilinear form induced by (1.6), and H(Q) is a suitable
subspace of the Sobolev space H*(Q) depending on the boundary conditions
in terms of the operator B. The reader is referred to Section A.1 for the def-
inition of a Sobolev space. We assume that the partial differential operator
is elliptic, which can be expressed by the equivalence

a(v,v) ~ ||’UH§{’€(Q)7 v e HE(9Q). (1.8)

We always mean by a ~ b that a < b and a 2 b hold, where a < b
means that a can be bounded by a constant multiple of b uniformly in any
parameters on which a, b may depend, and a 2 b means b < a. We will also
refer to || - ”?f"(ﬂ) as the energy norm induced by the bilinear form af(-,-).
The ellipticity condition (1.8) implies, by the Theorem of Lax—Milgram (see,
e.g., [132]), the existence of a unique solution u to the problem (1.7) for all
fe (HE(Q))/ Here the prime denotes that (HE(Q))I is the dual function
space of HE(Q).

Denote by S; a (finite or infinite dimensional) subspace of H% (), and
let A denote the positive definite self-adjoint operator on .S; that is uniquely
defined by

a(u,v) = (Au,v)sixs,, v E S (1.9)

The operator A maps the function space S; into the topological dual function
space S7, and (-, -) syx s, is the dual form. We have to solve the linear operator
equation

Au=b (1.10)

for some u € S;, where b € 5] is defined by (b, V)syxs, = <f7v>Sl'><Sl7 v ES].
The conjugate gradient method is a very efficient solver for large linear sys-
tems arising from problems such as (1.10). However, because of stability
reasons, it is necessary that these systems have been suitably precondi-
tioned. The extreme eigenvalues of some linear self-adjoint positive definite
operator Q can be characterized by

Qu,v)gr
Ain(Q) = min (20 UIsixst
vES,v#0 <v’v>5{><51
Qu,v)gr
)\max(g) = < >Sl alil

max ————,
vES,v#0 <v’v>5{><51
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and the spectral condition number of Q is given by
(1.11)

It is known (see, e.g., [33, 74]) that if for some constants 0 < 7, I' < co and
some positive definite self-adjoint linear invertible operator C

7<C71u,u>sl/xsl < a(u,u) < F<Cilu,u>5l/><sl for all u € Sy, (1.12)

then the spectral condition number x(C*/2AC'/?) is bounded by T'/~.
Let us represent the operator A by the stiffness matrix

A¢z = (a(¢i,l, ij,l))i,jell

with respect to some typical nodal basis ¢; := {¢i; | i € [;} of S;. Then it
is known that the spectral condition number x(Ag,) of Ay, grows at least

like (#Il)%/d, see, e.g., [120, Chap. 5] for spatial dimension d = 1. In order
to precondition the system

A¢zc = bd’z’ (b¢z)i = <fa ¢i,l>7 i €1, (113)

one can perform a change of basis. So let ¢ := {v; | j € J}, #J = #I;, be
another basis of S;, and L be the transfer matrix between the two bases.
Then we can transform the stiffness matrix with respect to the nodal basis
into the stiffness matrix with respect to ¥; by

Ay = LT A, L.

Now, suppose that the equivalence

2
k1 Z |d;[* < Zdﬂ/)j < k2z |d;|? (1.14)

jed j€J Q) j€J
holds, then by (1.8) and (1.12) we find that

ko

Ay) S —.

K(Ay) S P

Suppose that the quotient ks /k is small compared to the bound (#Il)%/d,

then LLT is a candidate for a preconditioner. Ideally k; and ks are con-
stants, such that x(Ay) = O(1).
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1.3 Preconditioners

Several approaches exist to construct a suitable preconditioner for systems
arising from discretizations of elliptic operator equations, such as the hierar-
chical basis preconditioner [129] and the closely related Bramble—Pasciak—Xu
preconditioner [11]. In both cases the preconditioning is realized through a
change of basis, as explained in the previous section. Originally, these pre-
conditioners were formulated for second order problems on two-dimensional
planar domains, such as the model problem

—Au+gqu=fon€Q, u=0ondN, (1.15)

where Q C R? is a polygonal domain. The bilinear form a(-,-) induced by
the model problem (1.15) satisfies (1.8) with k = 1, and a suitable basis for
preconditioning should satisfy (1.14) for H!(Q) such that the quotient ko /kq
does not increase too fast with the resolution level. The growth rate of the
condition numbers for the hierarchical basis preconditioner was shown to
be logarithmic in the size of the problem in [129]. Moreover, it was proved
there that this bound is sharp. For the Bramble-Pasciak—Xu preconditioner
initially only a logarithmic upper bound was established in [11]. Later an
uniformly bounded condition number was established in [33, 103].

Also wavelet bases can be used for preconditioning purposes. Jaffard [65]
has obtained a number of interesting results applicable to elliptic boundary
value problems. Essentially his results imply that linear elliptic boundary
value problems preconditioned by a suitable normalized wavelet basis yield
uniformly bounded condition numbers independent of the resolution level.

Numerical experiments in [71, 81, 82] show that for the Poisson problem,
ie. ¢ =01in (1.15), the Bramble—Pasciak—Xu preconditioner is superior to
the wavelet Galerkin methods. Both the number of iterations needed to
ensure a desired accuracy, and the cost of each iteration are higher for
the wavelet methods. The situation changes for, e.g., so-called Helmholtz
problems, where the value of ¢ > 0 increases. Here the additional zero order
term starts to affect stability, and the efficiency of the Bramble—Pasciak—Xu
scheme starts to deteriorate. What happens is that, for large ¢, the zero
order term qu becomes more important than the second order term Auw.
Therefore, in practical situations, we have

a(y-) ~ |- ||L2(Q)

instead of (1.8) with £ = 1. In contrast to the Bramble—Pasciak—Xu pre-
conditioner, wavelet based preconditioners are more robust for the class of
problems (1.15). Wavelets often form a Riesz basis for a larger range of
Sobolev spaces including L2(€2), so that the zero-order term qu is handled
better.
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Robustness is an important issue, and it favors the wavelet based dis-
cretization methods. However, one should also compare the optimal wavelet
method with multiplicative multigrid schemes, which are usually more effi-
cient than the additive counterparts (we note that the Bramble—Pasciak—Xu
scheme is in fact an additive multigrid preconditioner). The performance
of multigrid methods is best understood with respect to uniform mesh re-
finements. However, in many practical cases singularities in the data or the
domain geometry may necessitate very high local resolutions, making dis-
cretizations on uniform grids unsuitable due to memory requirements. Such
singularities can be handled by adaptive refinement. By their very nature,
wavelet representations have a naturally built in adaptivity, and a nice the-
ory has been developed by Cohen, Dahmen and DeVore [18, 19, 20] with
regard to the following goal: keep the computational work proportional to
the number of significant terms in the wavelet expansion of the searched so-
lution, see also [7, 13, 21, 24, 27, 34]. Wavelets are much more sophisticated
tools than conventional discretizations and their potential may eventually
lead to competitive or even superior schemes compared to multiplicative
multigrid.

1.4 The scope of this thesis

In this thesis we focus on the construction of preconditioners for fourth
order elliptic problems. More specifically, as model problem we consider
the biharmonic equation with Dirichlet boundary conditions, i.e.

A2u=fonQ, u= % =0 on 092, (1.16)
on

where n is the outward normal to 92. The biharmonic equation is encoun-
tered in plate bending problems (u is the Airy stress function), and it is
also used to describe slow flows of viscous incompressible fluids (u is the
stream function). Note that, due to different boundary regimes for plate
bending, from an applied point of view mixtures of all kind of boundary con-
ditions are possible. For simplicity we will only consider Dirichlet boundary
conditions.

The hierarchical basis preconditioner and Bramble-Pasciak—Xu precon-
ditioner could also be established for fourth order elliptic equations [36, 102].
As in the second order case, the hierarchical basis preconditioner yields
logarithmic rates, while the Bramble—Pasciak—Xu preconditioner gives uni-
formly bounded condition numbers. The underlying bases consist of C!
continuous conforming element spaces on regular partitions of the underly-
ing domain, such as C'! piecewise cubics and quintics in [36], and C* piece-
wise quadratics and cubics in [102]. In this thesis we will consider another
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kind of C! piecewise conforming finite elements: the C'! piecewise quadratic
Powell-Sabin splines on the Powell-Sabin 6-split (in [102] PS splines were
used on a PS 12-split). The spline spaces that we consider have a much
lower dimension than the spaces spanned by the C' finite elements con-
sidered in [36, 102]. Moreover, our constructions are straightforward and
simple to implement. Furthermore we will see later that our constructions
can be elegantly extended to spline spaces on the surface of the two-sphere.

In Chapter 2 we briefly recall the fundamental theory of Bernstein—
Bézier polynomials and we introduce the space of Powell-Sabin splines. We
summarize the construction of a class of B-spline bases for PS splines, de-
veloped by Dierckx [48], that form a partition of unity. Then we prove that
these B-spline bases are stable, i.e., the L, norm of a PS spline is of the same
magnitude as the discrete I, norm of its coefficients in the B-spline repre-
sentation. The stability depends on the smallest angle in the underlying
triangulation and on a variable that is inherent to the actual B-spline basis
that is used from the class. Furthermore we show that sufficiently smooth
functions and their derivatives are approximated up to optimal order by the
Hermite interpolating PS spline.

Chapter 3 starts with spline subdivision schemes for Powell-Sabin spline
surfaces as developed in [126]. We are now able to calculate the B-spline
representation of a surface on a refinement of the initial triangulation. We
prove that the resulting nested sequence of PS spline spaces forms a mul-
tiresolution analysis for the Banach space C'!(Q) and we introduce the cor-
responding hierarchical basis. We show that the hierarchical basis is weakly
stable with respect to the norm in C*(€2), but for certain subspaces of C*(Q)
we prove strong stability. As an immediate consequence of these stability
results we find that the hierarchical basis preconditioner yields condition
numbers for the problem (1.16) that increase logarithmically with the prob-
lem size, as expected. Key ingredients are the construction of suitable inter-
polation operators, and Jackson and Bernstein estimates that are derived
in Appendix B. Next we investigate how the hierarchical basis performs as
a surface compression tool. Strong stability indicates that small coefficients
in the hierarchical representation can be omitted, and this feature forms the
main idea for a very simple surface compression algorithm. Following the
framework developed by DeVore et al. in [43] we derive optimal a priori
error bounds with respect to the Lo, norm. The last part of this chapter
is dedicated to a Bramble-Pasciak—Xu preconditioner that is optimal for
problems of the form (1.16), and we numerically compare this BPX precon-
ditioner with the HB preconditioner.

In Chapter 4 we construct a Lagrange basis for the space of Powell-Sabin
splines with homogeneous boundary conditions, and we prove that this basis
is stable and local. We also consider the multiresolution setting, and prove
that the hierarchical basis of Lagrange basis functions is stable with respect



1.4. THE SCOPE OF THIS THESIS 9

to the norm in the Sobolev spaces H*(Q) with s € (1,2). This stability
range is larger than the stability range for the hierarchical basis of Hermite
type from the previous chapter, and leads to a more robust preconditioner.

In Chapter 5 we present a general construction method for wavelets
on arbitrary domains that are suitable for preconditioning systems arising
from elliptic variational problems. First we give a short overview of the
principles of lifting. Furthermore we explain how wavelets can be created
on arbitrary domains and we discuss the design of the second lifting step,
the update, in detail. Then we theoretically investigate the Riesz basis
property in the Sobolev space H*(R?) of a given hierarchical system with
Fourier techniques. Crucial here is the derivation of the smoothness of the
dual system. In order to be able to use Fourier techniques we will only
consider the shift-dilation invariant setting of a multiresolution analysis,
although realistic applications require other settings. Then we explicitly
construct wavelets with the lifting scheme and we investigate their stability
with the Fourier techniques described before. Linear spline wavelets are
treated in one and two dimensions, and we also construct Powell-Sabin
spline wavelets. Furthermore we provide some numerical experiments that
confirm the theory. Next we briefly discuss a strategy to construct stable
wavelets on uniform grids. Using this strategy we find connections with
other constructions in the literature. Finally we give an explicit construction
of compactly supported Powell-Sabin spline prewavelets on the uniform
hexagonal grid. The obtained prewavelet basis is stable in the Sobolev
spaces H*(Q) for |s| < 2.

Chapter 6 is devoted to elliptic PDEs on the sphere. In Section 6.2 we
introduce homogeneous and spherical spline spaces which will allow us to
create bases on the sphere. More specifically we consider C'' continuous
piecewise quadratic spherical spline spaces of Powell-Sabin type in Section
6.3. In order to apply the theory from Section 1.2 we need suitable basis
functions for these spaces that are stable in some sense. In Section 6.4,
we present an algorithm to extend bivariate PS B-splines to spherical PS
B-splines. Furthermore we prove that certain important properties of the
bivariate basis such as stability are inherited by the spherical B-splines.
Then, in Section 6.5, we construct a weakly stable hierarchical basis on
the sphere, and in Section 6.6 we construct optimal BPX preconditioners
for 2nd and 4th order elliptic PDEs on the sphere and we provide some
numerical experiments.

Finally we give an overview of the contributions, conclusions and sug-
gestions fur further research in Chapter 7.
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Chapter 2

Powell-Sabin splines

2.1 Introduction

In [36, 102] several C! conforming finite element spaces are investigated for
the numerical treatment of fourth order elliptic problems, such as C'' piece-
wise quadratics on a Powell-Sabin 12-split, C'' piecewise cubics on Clough—
Tocher triangles and on quandrangulations, and C' piecewise quintics of
Argyris-type. In this dissertation we consider C'!' piecewise quadratics on a
Powell-Sabin 6-split, because their patch structure is not very complicated,
and because the space that they span has low dimension compared to the
constructions in [36, 102].

Let A be an arbitrary triangulation of a subset Q € R? with polygonal
boundary 0. The polynomial spline space S}(A) is defined as

SH(A):={seC"(Q) | s|; € Py for all T € A}, (2.1)

where d > r > 0 are given integers and Py is the space of bivariate polynomi-
als of total degree < d. Determining the dimension of spline spaces S%(A) is
a nontrivial task for » > 0, and can only be done for general triangulations
A when d > 3r + 2, see [66]. A common solution for the case d < 3r + 2
is the use of split triangulations: each triangle is split into smaller triangles
in a structured manner and the dimension of that refined triangulation can
uniquely be determined. In this chapter we study C' continuous piecewise
quadratic splines, i.e. 7 = 1 and d = 2. Because there exists no solution
for general triangulations, we restrict ourselves to the Powell-Sabin 6-split
AP3 of A. The corresponding splines are called Powell-Sabin splines [107].

Section 2.2 gives a very short introduction to the Bernstein-Bézier rep-
resentation of polynomials on triangles and Section 2.3 introduces the space
of Powell-Sabin splines. Then, in Section 2.4, we review a class of B-spline

11
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bases of PS splines introduced by Dierckx [48]. Several other bases than
the one described in this section are around in the literature [5, 77, 110].
Their main drawback is that they do not form a convex partition of unity.
If properly normalized, these B-spline bases are stable with respect to the
L, norm for all 1 < p < oo and with respect to the L, quasi-norms for all
0 < p < 1. We note that a quasi-norm satisfies the same properties as a
norm, except that the triangle inequality is replaced by the weaker form

[z +yll < [l + [lyll,

see, e.g., [44]. We have published these stability results in [90, 93] and
we reproduce the proofs in Section 2.5. Finally, in Section 2.6, we prove
that sufficiently smooth functions and their derivatives are approximated
up to optimal order by the Hermite interpolating PS spline. This result is
published in our paper [91].

2.2 Bernstein—Bézier polynomials

Consider a non—degenerated triangle 7(V7, Va, V3) in a plane, having vertices
V; with Cartesian coordinates (z;,y;), ¢ = 1,2, 3. This triangle will be called
the domain triangle. Let v be an arbitrary point in R? with Cartesian
coordinates (z,y). We define the barycentric coordinates bi(v),ba(v), bs(v)
of v with respect to 7 as the unique solution to the system

r1 Xo X3 b1 (v) x
Yro Y2 Y3 ba(v) | = |y |- (2.2)
1 1 1 b3 (v) 1

Each polynomial ps(v) € Py on 7 has a unique representation

pa(v) = Z cije Biiy (v), (2.3)

i+jit+k=d
with

Bl(0) = 7t B0 0) (2.0

the Bernstein polynomials on the triangle [55]. The coefficients c¢;;, are
called the Bézier ordinates, and the Bézier domain points £;;, are defined
as the points with barycentric coordinates (é, %, %) with respect to 7. By
associating each ordinate c;;; with the domain point &;;, we can display this
Bernstein-Bézier representation schematically, as in Figure 2.1. The linear
interpolant of the Bézier control points (;jk,ciji) € R? is called the Bézier
control net, and this control net mimics the shape of the Bernstein—Bézier

surface z = py(v), see Figure 2.2.
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€002

€101

Co11
€20
€110

€020

Figure 2.1: Positions of the Bézier ordinates for d = 2.

Figure 2.2: A quadratic Bernstein-Bézier surface with its control net.

13
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2.3 The space of Powell-Sabin splines

Consider a simply connected subset 2 C R? with polygonal boundary 952.
Suppose we have a conforming triangulation A of §2 that consists of triangles
T; ,j=1,...,t, and vertices V; with Cartesian coordinates (z;,y;), i =
1,...,N. The Powell-Sabin 6-split AP of A divides each triangle T} into
six smaller triangles with a common vertex. It can be constructed as follows
(see Figure 2.3):

Figure 2.3: A PS 6-split A9,

1. Choose an interior point Z; for each triangle T, so that if two triangles
T; and T; have a common edge, the line joining Z; and Z; intersects
this common edge at a point I;; between its vertices. We will choose
Z; as the incenter of triangle Tj.

2. Join the points Z; to the vertices of Tj.
3. For each edge of T}

o which belongs to the boundary 052, join Z; to some point on the
edge. We choose the middle point of the edge.

e which is common to a triangle Tj, join Z; to R;;.

Now we consider the space of piecewise quadratic C'' continuous poly-
nomials on €2, the Powell-Sabin splines. This space is denoted by

SHAFSY = {s€ C(Q) | 8], € Py for all T € APSY. (2.5)
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Each of the 6t triangles resulting from the PS-refinement becomes the do-
main triangle of a quadratic Bernstein—Bézier polynomial, i.e. we choose
d = 2 in Equation (2.3) and (2.4), as indicated for one subtriangle in Figure
2.3. Powell and Sabin [107] showed that the following interpolation problem:

S(Vk) = fk, DIS(Vk) = fmk, DyS(Vk) = fyk, k’ = 1, e 7]\77 (2.6)
has a unique solution s(x, %) in S3(AF?). Hence, the dimension of the space
S3(APS) equals 3N.

2.4 A B-spline representation

Dierckx [48] presented a B-spline representation for Powell-Sabin splines

N 3
s(z,y) =D > cBy(ny)  (r,y) €9, (2.7)
i=1 j=1

where the B-splines form a convex partition of unity on €2, i.e.

Bij(z,y) > 0 for all (z,y) € Q, (2.8)

N 3
ZZBij(;v,y) =1 for all (z,y) € Q. (2.9)

i=1 j=1

Furthermore these basis functions have local support: B;;(x,y) vanishes
outside the so-called molecule or 1-ring M; of vertex V;, which is the union
of all triangles T in A containing V;. Figure 2.4 shows such a PS B-spline.

Figure 2.4: A PS B-spline surface.

The basis functions B;;(z,y) can be obtained as follows: find three lin-
early independent triplets of real numbers («j;, 8ij, vij), 5 = 1,2, 3, for each
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vertex V;. Bj;(x,y) is the unique solution of the interpolation problem (2.6)
with (fk, faks fyk) = (Oki®ij, OkiBij, Okivij), where dy; is the Kronecker delta.
The triplets («ij;, Bij,7ij), J = 1,2, 3, must be determined in such a way that
Equations (2.8) and (2.9) are satisfied. We use the algorithm from [48]:

1. For each vertex V; € A, find its PS-points. These are the immediately
surrounding Bézier domain points of the vertex V;, and vertex V; itself.
Figure 2.5 shows the PS-points L, L, L’ and V; for the vertex V; in
the triangle T'(V7, Va, V3).

2. For each vertex V;, find a triangle ;(Q;1, Q:2, @:3) that contains all
the PS-points of V; from all the triangles T} in the molecule M;. These

triangles t;, i = 1,..., N, are called PS-triangles and we denote their
vertices with @;;(X;;,Y:;). Figure 2.5 also shows such a PS-triangle
ty.

3. Three linearly independent triplets of real numbers (aj, Bij,vij), J =
1,2, 3, can be derived from the PS-triangle ¢; of a vertex V; as follows:

(i1, auo, auz) are the barycentric coordinates of
V; with respect to t;,

Yio—Yis Y —Ya Yu-Yi
(ﬂiluﬁi2uﬁi3) = ( 3 3 ) )

€ € €

Xiz —Xip Xj1 — Xyz Xio — X
('71'1;71'2;71'3) == ) ) 9

e e e
where
X Y 1
e:=1| X2 Yo 1
Xis Y3 1

A useful byproduct for CAGD purposes is the notion of control triangles.
First, we define the PS-control points as

Cij(Xij,Yij, cij). (2.10)

For fixed 4, they constitute a triangle .7;(C;1, Cj2, Ci3) that is tangent to the
surface at (V;, s(V;)), see Figure 2.6. The projection of the control triangles
7, in the (z,y) plane are the PS-triangles ¢;. For later use we note that the
area of a PS-triangle ¢; equals

! _ Ll (2.11)

vol ti =
(t:) 2|Bi1vi2 — i1 Bizl 2
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Q13

Figure 2.5: PS-points L, L/, L, V; for V1, and a corresponding PS-triangle
t1(Q11, Q12, Q13)-

Figure 2.6: A PS spline surface with control triangles.
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2.5 Stability of the B-spline basis

In this section we prove that the set of basis functions {B;; |i=1,..., N, j =
1,2,3} forms a stable basis for S3(APS). Stability is very important for a
spline basis. This property guarantees that a small perturbation on the
coefficients does not lead to a large perturbation on the surface itself. As
we will see throughout this thesis, several applications rely on the stability
of the underlying basis, see, e.g., (1.14).

Definition 2.5.1. Let B be a Banach space, and let || - ||, be some yet
unspecified vector norm. The basis {B;; | i+ = 1,...,N, j = 1,2,3} is
said to form a stable basis for the norm in B if for any coefficient vector

c:= (Cij)ij

N 3

lell, ~ 1D S eiiBis]| (2.12)

i=1 j=1 5

and the constants of equivalence depend only on the smallest angle in the
underlying triangulation.

We show that (2.12) holds for all L, norms with corresponding l,, vector
norm for all 0 < p < oco. As already mentioned in the introduction, for
p < 1 we do not really have a norm but a quasi-norm. Before we prove the
main theorems, we introduce some lemmas and notation.

Let T be a triangle, then

pr := the radius of the largest disk contained in T,
vol(T) := the area of triangle T,
emax(T) := the longest edge in T,
Or := the smallest angle in T,
Orrs := the smallest angle in AP,
0an := the smallest angle in A.

The first lemma gives an upper bound for || Dys||z_ () and || Dys||1_(7),
where 7 is a triangle in the PS-refinement A5, This is some kind of Markov
inequality [95]. Several versions can be found in [16], see also [76, Lemma
4.2]. We give a proof here because we want to derive the exact bounding
constants for this particular case of bivariate quadratic polynomials.

Lemma 2.5.2. Suppose s € S3(ATS). Consider a triangle T of the PS-
refinement APS of A. Then

12
1Dzl Lsir) < Z=lsllc)
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and r
Dyl pwr) < — sl L (r)-
pr
Proof. We can write s|, in its unique Bézier representation:
s(x,y) = Z cz-jkajk(x,y), V(z,y) €T
i+j+k=2

Denote the vertices of 7 as V;(x;,v;), i = 1,2,3. Let u=Vo — Vi = (z2 —
x1, y2—y1) and v = V3 — V] = (x5 — x1, y3 — y1) define two vectors. Then
the directional derivatives of s at (z,y) € 7 with respect to the directions u
respectively v are given by

Dys(z,y) = (z2 — 21)Das(z,y) + (Y2 — y1)Dys(z, y),
Dys(x,y) = (z3 — x1)Das(x,y) + (ys — y1) Dys(z, y).
Solving for Dys(x,y) and Dys(z,y) gives
(ys —y1)Dus(@,y) — (y2 — y1)Dus(z,y)
T1Y2 + Toy3 + T3y1 — T1Y3 — T2y1 — T3y
(x2 — 21)Dys(7) — (3 — 1) Dy s(x, y)
T1Y2 + T2ys + T3y1 — T1Y3s — T2Y1 — T3Y2 ’
from which we find that

< lys — y1|
~ 2vol(r)

Dys(z,y) =

Dys(x7y) =

|y2 —y1|

HDUSHL"O(T) + 2vol(r)

D5l Lo (r) [ Dus| Lo (7)-

The area vol(7) is bounded below by

prlys — y1| < vol(r), prly2 — y1| < vol(r).

Substituting in the previous equation gives
1
[DasllL(r) < g(llDuSHme + 1Dosll L (r)-

The estimate for || Dys||z__(r) can be established in the same way.
Vector u has barycentric coordinates (—1,1,0). The directional derivative
of s at (z,y) € 7 with respect to direction u is given by [56]

Dus(a,y) =2 > (=Cip1k + Cijrir) Bl (,y).
it k=1

‘We now have

[Dusl| Lo (ry < max | 2 2llelloo) Biji(2,9) | = 4llelloo-
(z
e i+jt+k=1
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The same reasoning gives an analogous estimate for || D, s||z_ () . Combin-
ing these two estimates yields

4
D28l 10e(r) < —llelloo
"=

and

4
[Dys|lror) < —llefloo-
pr
It suffices to prove that

llelloo < 38l Locir)-

= _ . — = >
3 {(T2’2> i+J+k 27%Lk_0}

as the set of Bézier domain points. Then

(5(6)e = (BA(©) ¢ 1 (i)

Define

holds, where (s(§)), and (cijk), ;, are 6x1 vectors, and (ijk (5)) isa6x
) & ijk
6 matrix. Since interpolation at the Bézier domain points £ by polynomials
in P, is unique, (ijk (5))£ " is invertible, and we find
€ ,ij

lelloo < 11 (BZ(€) ¢ 1ip oo - 11 (5(E))e ll
<1 (BEr(9) g iy oo - I8ll -
-1

= 3. O

o0

It can easily be verified that

](ijk@))

§,ijk

Now we introduce a definition and a lemma that deal with the choice
of the PS-triangles. Obviously there are infinitely many possibilities for a
PS-triangle because the only condition is that it contains the appropriate
PS-triangle points. It is important to choose small PS-triangles in the con-
struction of the basis functions. The control points will be closer to the
surface, which gives the user more local control. Therefore Definition 2.5.3
introduces a constant K that reflects the size and shape of the PS-triangles.
One can always find PS-triangles that satisfy K = 1, and in practice K will
be typically smaller than 1. If PS-triangles with minimal area are used, then
K can be bounded in function of the smallest angle in the triangulation, see
Proposition 2.5.8.
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Definition 2.5.3. Let D; be the smallest disk with vertex V; as center that
contains all the PS-triangle points of V; as in Figure 2.7 and denote its
radius as ;. For each vertex V; we define K; as the smallest value such
that there exists an equilateral triangle tp, with barycenter Vi and inradius
K;r; that contains the actual PS-triangle t;. Define K as the maximum of
all constants K; in the vertices V; of A.

Note that any triangle {p, with barycenter V; and inradius K;r; with
K; > 1 is a valid PS-triangle for V;. Therefore, in practical situations, we
only use PS-triangles t; for which K; <1, and thus K < 1.

Figure 2.7: The disk D; and an equilateral triangle ¢p, for K; = 1.

Lemma 2.5.4. Denote the PS-triangle point with the longest distance to
vertex V; as L and define T, € ATS as either one of the two triangles in
APS that contain the PS-triangle point L. Then

|emaX(ti)| < \/gK
|emaX(TL)|

Proof. By the definition of K there exists an equilateral triangle ¢p, that
contains the PS-triangle ¢;. Hence it is sufficient to prove that

|€max (tDi )
|emax (T2) |

Denote 7; as the radius of the disk D; defined in Definition 2.5.3. Then
= 2V3K;r; < 2V3Kr;.

< V3K.

|€maX(tDi)
If we combine this inequality with the fact that
lemax ()| = 2[|Vi = Llli, = 2r4,
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then we have proven the lemma. O
Now we come to the main theorem of this section.

Theorem 2.5.5. The B-spline basis for Powell-Sabin splines is a stable
basis for the max norm, i.e., for any arbitrary coefficient vector ¢ we have

N 3
Fillelloo < {0 i Bij < kallclloo,
=15=1 Loo(9)
with .
192V/3K
k=14 ——— ko = 1.
! ( +tan(0Aps/2)> b2

Proof. The right inequality follows immediately from (2.9). Let s be short-
hand notation for the PS spline sz\il 23:1 ¢ijBi;j. Then we have that

s(Vi) Qi1 Oup Q3 ci1
Dys(Vi) | = | Bin Biz PBis cio | =: Ac.
Dys(Vi) Yir Yi2 o Vi3 Ci3
If we take into account that ays = 1 — a1 — ay2, Biz = —Bi1 — Bi2, and

Vi3 = —7Yi1 — Vi, then we find that

1 ma 7a
AN =11 me W2 |,
L miz i3
where
- Qi2i1 — Qi1Yie + 0j1%i2 — 2% (2.13)
v Biviz — Biavin ’ ’
Beo — uin B — 81 Bio - S0 B:
f]ij — 0411612 Oéz2611 J1612 + 32611, (214)

Bi1viz — Bizvi1
with d;; the Kronecker delta. Note that the volume of PS-triangle ¢; is given
by m, see (2.11). We can find upper bounds for #;; and 7;; by

using the fact that |a;;| < 1 and |d;;] < 1, and by using the explicit formulas
for B;; and ~;;:

|Oéz'2%'1 — Q172 + 5;‘1%‘2 - 5j2”Yi1| : 2V01(ti)
2(| X3 — Xio| + | X1 — Xisl)
4|emax ()]

|77ij|

IA N IA
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Similarly we find that |7;;] < 4|emax(t;)], and in combination with Lemma
2.5.4 we find

|77ij|5 |771J| < 4\/§K|€max(TL)|, (215)

for some 7, € ATS as defined in Lemma 2.5.4. Suppose that ||c|/oc = |cij]-
Then

lelloo = [8(Vi) +1ij Das(Vi) + 11i; Dys (Vi)

If we use Lemma 2.5.2 we deduce that

12 .12
181 2o (72) 1+|77ij|p_+|77ij|p— ;

TL TL

IN

l[€llo

IN

24
15l trn) (1 T p—mmemax(mn) .
TL

It is a well-known result from goniometry that

a+b6—c
Pr, = tan(gTL/Q) 5 >
with a, 6, and ¢ the side lengths of the triangle 7. Side length ¢ corresponds
to the side opposite to the angle 6,,, and thus has the smallest value. The
following inequalities hold:

2 a+b6b—c¢ > |€max(TL)|'

tan(oTL) B Prr - Prr,
We find that

(2.16)

192v3K )

llelloo < sl < + tan(fars/2)

O

Note that it is also possible to give coefficients k; and ke in Theorem
2.5.5 that depend only on the smallest angle 6 in A. This is an immediate
consequence of the inequality Oars > 4 sin(fa)/4, which is established in
[77].

We will now extend Theorem 2.5.5 to arbitrary L, norms. First we need
the following lemma.

Lemma 2.5.6. Consider a triangle T; € A such that V; € T;, and let M;
be the molecule of vertex V;. Then,

vol(T;) ~ vol(M;),

with constants of equivalence that depend at most on the smallest angle A
in the triangulation A.
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Proof. Let T; be another triangle in M;, then

VOl(Ti) < 7T|€max(T%>|2 (2 17)
vol(Ty) = mp3, |

Let e and é be two edges of the same triangle T;, then sin(fa)le| < |é|. If
we iterate this principle we find that

|lemax (T3)| < sin(0a )~ W/0A+1)|emaX(TJ)| (2.18)

because there always exists a sequence of edges of maximum length |7/0A +
1] between the two edges emax(T;) and emax (1), since the maximum number
of triangles in the molecule M; is bounded by 27 /0a. If we combine (2.17)
and (2.18) we find

vol(T3) < |emax (T5)*

VT~ A

j
The righthand side can be bounded by an expression only depending on 6
by using a similar reasoning as in (2.16). Hence

vol(T;) ~ vol(T}).

Since the number of triangles in M; is bounded we have proven the lemma.
O

Corollary 2.5.7. Under a suitable normalization we find that the B-spline
basis for PS splines is a stable basis for the L, norm with 0 < p < oo, i.e.

N 3 N 3 L/p
ZZCUBZ'J' ~ ZZ |Cij|p VOl(Ml) y (219)
i=1 j=1 L) i=1 j=1

with M; the molecule of vertex V;.

Proof. Let s := sz\il E?Zl ¢ijBij. From Theorem 2.5.5 we get

leij| S lIsll Loz
with T; € A such that V; € T;. By mapping T; to the standard simplex
T :={(z,y)|0 <z,y <1, z+y < 1}, and using the fact that all norms on
a finite dimensional space are equivalent, we infer
Isll oy S VOUT) ™ Pl 112
Now, using Lemma 2.5.6, we get

1/p 1/p

N 3 N 3
DD leylPvold) | S (DY sl o S lsllz, @)

i=1 j=1 i=1 j=1
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The other inequality follows from the observation that
3 P

N 3
SN B y)| SDD leiIBi (@ v)IP,

i=1 j=1 i=1 j=1

which holds because at any (z,y) € €2 there are at most 9 non-zero B-splines.
We find that

N 3 P
/szcijBij(x’y) dxdy

||S||1[),p(ﬂ) =
i=1 j=1
N ZZ|CU|p/ |Bij(z,y)|Pdzdy
i= 1] 1
S ZZ|Cz‘j|pV01(M
i=1 j—1

O

Proposition 2.5.8. Suppose that the basis functions {B;; |i=1,...,N, j =
1,2,3} have PS-triangles with minimal area. Then the equivalence con-
stants in Theorem 2.5.5 depend only on the smallest angle Oars in the
PS-refinement ATS.

Proof. It is sufficient to prove that there exists a set of triangles ¢p,, such
that the corresponding K can be bounded in function of the smallest angle
Oars, with K the constant defined in Definition 2.5.3. Let us concentrate
on triangle 7, € APS, with 7, as defined in Lemma 2.5.4. Then, from
geometry, we know that

2vol(7r)

a+b+c

with a, 6, ¢ the side lengths of triangle 7;,. Some simple computations yield

Prp =

) 2
sin“(0 V;—L
(Oars)l ”l2 a+b6+c< (2+sin_1(9Aps))||Vi—L||l2,

vol(rr,) >

2 )
hence
.2
6 Vi—L
> sin®( A,PS,)|1| ||l2' (2.20)
2 +sin” " (Oars)
Now, choose
|emaX(ti)| (2.21)

- 2V3|Vi - Ll
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then the PS-triangle ¢; is contained in an equilateral triangle ¢p, with side
length 2v/3K||V; — L||1,, cfr. Definition 2.5.3, and the bounds in Theorem
2.5.5 hold with the K given in (2.21). The area of PS-triangle ¢; can be
bounded below by combining (2.20) and (2.21),

V3K sin?(0ars)||V; — L|I3,

1(t;) >
vol(ts) 2+Sin71(9APs)

On the other hand, there exists a valid equilateral PS-triangle with area
3V3||V; — LI}, (see, e.g., the PS-triangle depicted in Figure 2.7) . Thus, we
find that

6+ 3sin" " (Oars)

K <
- sin2 (HAPS)

)

otherwise we get a contradiction with the minimality of the area of PS-
triangle ¢;. O

2.6 Approximation power

In [76], Lai and Schumaker show how to construct stable approximation
schemes in the bivariate spline spaces S;(A) with d > 3r + 2 which achieve
optimal approximation power, i.e., the error of approximation is of the order
|A|?*! with |A| the maximum of the diameters of the triangles in A. The
diameter of a triangle T" is denoted as |T'| and it equals the diameter of the
smallest disk containing 7. In this section we extend their results to the
spline space S3(AF?). Our approach is different from the one in [76], since
we make use of the Bramble-Hilbert lemma [10].
Let us define the quasi-interpolant operator Z : C*(Q) — S3(AFS) by

N 3
If:=> > wiy(f)Bij, (2.22)

i=1 j=1
where the p;; are linear functionals of the form
g (F) 1= F(Vi) + 155 D f (Vi) + 75 Dy F(V2), (2.23)
with 7;5, ;5 as in (2.13) resp. (2.14). It is easy to check that
Is=s, Vsec Sy(AFPY),

and

Note that this quasi-interpolant Z is just the Hermite interpolant of f in
the space S4(AP®). This Hermite interpolant can also be expressed, e.g.,
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in the Hermite basis from [110] as follows. Setting e; and ey as the unit
directions corresponding to the coordinate axes, we have

If =Y (f(Vi)gi + VI(Vi)erxi + VF(Vi)eaths)
i=1
where ¢, xi, ¥ € S3(AT) and ¢;(V;) = Vxi(Vj)er = Vipi(Vj)ea = 6y,
the other Hermite data being zero. See also [94] for other kinds of PS
quasi-interpolants.

The Hermite interpolant Z plays a crucial role in characterizing the
approximation power of Powell-Sabin splines. We prove in Theorem 2.6.2
that the PS spline Zf approximates the function f up to optimal order,
provided that f is sufficiently smooth. The crucial ingredient of the proof
is the Bramble—Hilbert lemma. We refer to Section A.1 for the definition of
the Sobolev space W) (Q) .

Lemma 2.6.1 (Bramble—Hilbert [10]). Let Q2 be a bounded domain in
R? with diameter |9, let f be a function in WF(Q), and let F be a linear
functional on C7(Q) with 0 < j < k satisfying

LAF(H)] S0 o 190" flne, where

|.f|n,Q = sup Z |D?D§f(£€,y)|7
(z,y) €N at+B=n
2. F(q) =0 for all polynomials q such that DgDqu =0 forala+p=k.
Then for p > 2/(k — j) we have

EA] S 19057 flws .

Theorem 2.6.2. Let 0 < a+F<landp>1, ora+5=2andp > 2.
For every f € W3(S),

IDSDY(f =)z, S AP | flws@)-

Here |A| is the mazimum of the diameters of the triangles in A and T is
the Hermite interpolant defined in (2.22). The bounding constant depends
at most on the smallest angle Oars in the PS-refinement ATS.

Proof. Fix (z,y) in a triangle T € A. By Theorem 2.5.5,

3
Zfy)l < YD i (F)IBij(,y)

i|VieT j=1

i“r/lilg%j |f(Vi) + mijf(Vi) + ﬁwDyf(Vz” (2.24)

IN
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From (2.15) we infer
951, 175 < 1T, (2.25)

with |T| the diameter of triangle T. By substituting the upper bounds for
n;; and 7;; in Equation (2.24) we find that

Zf (@ )| Sl +IT1 sup (|Def(z,y)| + Dy f(z,9)]).

(z,y)eT
This immediately implies
1
IZf(2.9) = f@. )] < D TI" Flnrs
n=0

with |f|n 7 as defined in Lemma 2.6.1. The Bramble-Hilbert lemma implies

IZf (@ y) = @)l S ITP>7 | flws ey,
provided that p > 1. We find that

1/p
1Zf = flloc ( [ i - st y>|pdwdy)

< TP flwsry - (vol(T)"/”
S TP flws -

By summing over all triangles we get

1/p
IZf = flle,@ = <Z||If—f||’zp<T>>

TeA

1/p
S\ (Z |f|€vgm>

TeA
S AP flws -

These equations establish the theorem for o = 8 = 0 and for arbitrary
p>1.

Suppose 1 < a+ 3 < 2. Let 7 € AP9 then Zf|, is just a bivariate
polynomial of total degree at most 2. The Markov inequality

IDSDITfriry S o7 PNl (2.26)

holds. The proof of (2.26) is similar to the proof of Lemma 2.5.2; see, e.g.,
[16] or [76]. The inequality
prt Sl
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can be deduced from (2.16). Using techniques from the proof of Lemma
2.5.6 we find
=t < T

with T € A such that 7 is contained in 7. Hence, for any (z,y) € T,
DS DYTf (2, y)| S |TI 7 (|flogr + T flr)

and
a+p3

IDEDYTf(2,y) — DE DY f(w,y)| S |TI7* Y |T" | flnr

n=0

The remainder of the proof is similar to the case « = 8 = 0. O
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Chapter 3

The hierarchical basis

3.1 Introduction

The starting point for the idea of hierarchical bases is a nested sequence of
finite dimensional spaces of real-valued functions

S()CS1CSQC"'CSnC"'. (31)

As n increases, the resolution (i.e. level of detail) of functions in S, in-
creases. Each space S), has a finite basis and a set of functions

U {Qbk,l}kg]l
=0

is a hierarchical basis for .S,, given that
m
U {¢k7l}kelz
1=0

is a basis for .S, for each m = 0,1,...,n. Here I; denotes a yet unspecified
index set. Every s € S, can be written in the form

5= Z Z C,1Pk,1

1=0 keI,

and the partial sums

m
Sm = Z Z Ck 1Pk 1

1=0 keI,

31
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are functions in the spaces S, for each m =0,1,...,n.

This idea, the hierarchical representation of functions, essentially goes
back to a paper [54] by Georg Faber published in 1909 in “Mathematische
Annalen”. Faber’s idea spread out through many parts of applied mathe-
matics. The wavelet transform [96], for instance, is widely used nowadays
in signal analysis and image processing. Subspace decompositions of finite
element spaces, like Faber’s decomposition, are an indispensable tool in the
construction and analysis of fast solvers [129)].

In Section 3.2 we discuss a dyadic, triadic and /3 subdivision scheme
for PS splines as in [126]. These schemes yield nested spline spaces in the
sense of (3.1). The rest of the chapter mainly summarizes the work that
was done in our paper [90]. In Section 3.3 we prove that the correspond-
ing hierarchical basis forms a multiresolution analysis for the Banach space
C1(Q). Although the hierarchical basis is only weakly stable with respect
to the norm in C'(Q), we prove strong stability for certain subspaces of
Sobolev type in Section 3.4. These proofs are based on techniques from the
theory of approximation spaces, see, e.g., [45, 124]. As a result, we find
that the hierarchical basis as preconditioner for the model problem (1.16)
yields logarithmically growing condition numbers with the size of the prob-
lem. Then, in Section 3.5, we consider a very simple surface compression
algorithm. Although surface compression is not immediately related to the
main topic of this thesis: preconditioning, we find it useful to investigate in
some sense the compression properties of the hierarchical basis. We derive
optimal a priori error bounds for surface compression with respect to the
Lo norm, see [43, 90]. We explain how this surface compression algorithm
can be viewed as a greedy algorithm for best N-term nonlinear approxima-
tion [42]. We note that best N-term nonlinear approximation is one of the
main tools for the adaptive wavelet schemes from [18, 19, 20], and, therefore,
Section 3.5 can be viewed as a first step in developing adaptive schemes for
the solution of fourth order elliptic equations, although we will not explore
this any further. Finally, in Section 3.6, we proceed with the results from
Section 3.4, and, by adding redundant basis functions to the standard hi-
erarchical basis, we derive a Bramble-Pasciak—Xu-preconditioner [11] that
is optimal for the model problem (1.16). Moreover we numerically compare
the BPX preconditioner with the HB preconditioner.

3.2 Powell-Sabin spline subdivision

The goal of PS spline subdivision is to calculate the B-spline representation
(2.7) of a PS spline surface on a refinement A; of the given triangulation Ag.
The new basis functions after subdivision have smaller support and, thus,
give more local control for manipulating surfaces. So, assume that some
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initial triangulation Ay is given. If we can find a refinement procedure that
yields nested sequences

AgCAL CAyC--- (32)
ADS c APS c APS ...

then we immediately find Powell-Sabin spline spaces S; := S3(AF%), 1 >0,
that are nested, i.e. (3.1) holds.

In the previous chapter we derived some stability results in terms of
the smallest angle in the underlying triangulation AP, Starting from a
uniform initial triangulation Ag it is clear that the smallest angle in AP
for an arbitrary [ > 0 cannot become arbitrarily small, provided a regular
refinement strategy is used. In fact, in the uniform case, the minimal angle
in AlP 9 equals /6. For arbitrary initial triangulations Ag we do believe that
there always exists a nested sequence of triangulations such that the smallest
angle in A9 is at least a fixed 6 > 0 independent of [, but we cannot prove
this. Intuitively one can argue that such a nested sequence exists by looking
at a uniform triangulation and then use perturbation arguments. For most
applications later on we will assume that the nested sequences (3.2) and
(3.3) are regular, which means that the minimum angle of any triangle in
any 4; remains bounded away from zero and that

12 o < ~1/2
(#4A) S i IT| < max IT| < (#A) : I € Ny, (3.4)

where |T| is the diameter of triangle T, and #A; denotes the number of
triangles in A;. Automatically the same holds for the triangles in the PS-
refinement

-1/2 . < —1/2
(#A) S, o, 7] < max, Tl S #A) 7, e No,

The most obvious choice for creating nested sequences (3.2) is dyadic
subdivision. In this scheme a new vertex is inserted on every edge between
two old vertices and every original triangle is split into four new triangles,
hence (#Al)_1/2 ~ 27! In order to satisfy (3.3) we place those new vertices
on each edge at the position of the intersection with the PS-refinement, see
Figure 3.1. Note that this dyadic refinement principle can not be used for
arbitrary initial triangulations Ag. For example in Figure 3.1, the interior
point Z;;;, of the PS-refinement of the original triangle must lie inside the
middle new triangle T'(Vi;, Vji, Vii). This condition is easily violated when
Ay is highly irregular.

Therefore Vanraes et al. considered a triadic subdivision scheme [126].
The principle is shown in Figure 3.2. Here a new vertex is placed at the
position of the interior point Z;;;, in the PS-refinement, and two new vertices
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Figure 3.1: Principle of dyadic refinement. We place a new vertex on each
edge at the position of the intersection with the PS-refinement.
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are inserted on each edge, one at each side of the intersection with the PS-
refinement. Every original triangle is split into nine new triangles, hence
(#Al)_l/ ? ~ 3-!. With this refinement procedure it is always possible to
create nested sequences (3.2) and (3.3) for any initial triangulation Ag.

A PS spline s; € S; can now be represented as

N 3
5, = Z Z cijiBijis (3.5)

i=1 j=1

where NNV, denotes the number of vertices in A;, and B;;; represents a B-
spline on A; with corresponding coeflicient ¢;;;. The subscript I denotes
the resolution level . If the refinement is regular (3.4), then Corollary 2.5.7
holds with vol(M;) ~ (#A;)~!. It is convenient to use matrix notation for
the following. We write a Powell-Sabin spline s; € S; as s; = ¢;c;, where
¢, denotes the row vector of basis functions B;;,; and ¢; the column vector
with the coefficients ¢;;;. Because the spaces S; are nested there exists a
subdivision matriz A; such that ¢; = ¢; A, or equivalently ¢;11 = Ajq.
Such a subdivision matrix A; can be written in block matrix form as

_| O
=27

We distinguish between a part O; that computes the coefficients of the new
basis functions on the finer triangulation A;4; associated with old vertices
(i.e. vertices that also belong to A;), and a part N; that computes the
coefficients of the new basis functions associated with vertices in A;11 \ A;.
Note that, by the definition/construction of the B-splines B;;;, the square
matrix O; is always invertible.

Remark 3.2.1. In [126] an algorithm is given that automatically constructs
control triangles (2.10) for the basis functions at the next resolution level.
Furthermore the resulting subdivision formula are convex combinations, i.e.
the rows of O; and N; contain a finite number of elements, each of them
positive but smaller than one, and each row sums up to one. Hence the
subdivision algorithm presented in [126] is stable.

We split ¢, in functions ¢;,, associated with the old vertices (i.e. the
vertices in A;) and functions ¢}, ; associated with the new vertices that are
added when going from A; to Ay,

i1 =01 Dl
Theorem 3.2.2. For each m > 0, the set of splines

doUJ o1 (3.6)

=1
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Figure 3.2: Principle of triadic refinement. We place a new vertex at the
position of the interior point in the PS-refinement and two new vertices on
each edge, one at each side of the intersection with the PS-refinement.
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forms a (hierarchical) basis for Sy,.
Proof. From the previous we know that

[Cbl d’?—i—l] = ¢l+1 [ gi (1) ] :

Because O is invertible we get

oyt o

_N, (01)71 1 ] [Cbz d’?ﬂ} :¢l+1-

Hence for all [ we have proven that the set of functions [¢; ¢}, ,] forms a
basis for the space S;. The theorem follows by induction. O

One of the points of criticism in this construction is the use of the triadic
refinement, which is prohibitive in many real-world applications because the
number of degrees of freedom grows too rapidly with the number of refine-
ment levels. However, it is possible to work around the triadic refinement.
There is another possible refinement strategy that is very close to the tri-
adic refinement. Note that the nested sequences (3.2) and (3.3) are in fact
a little bit too restrictive to create nested PS spline spaces. It is sufficient
to demand that only (3.3) holds, and that we replace (3.2) by

{ViEAo}C{ViEAl}C{ViEAQ}C“'.

It was pointed out by Vanraes et al. in [126] that applying a /3 refinement
scheme also yields nested PS spline spaces. Applying the /3 scheme twice
yields a triadic scheme. The v/3 scheme was first introduced by Kobbelt
[72] and Labsik and Greiner [75]. Instead of splitting each edge and per-
forming a 1-to-4 split for each triangle (dyadic refinement), we compute a
new vertex for each triangle and retriangulate the old and new vertices. A
/3 scheme performs slower topological refinement than dyadic refinement,
the number of triangles only triples each step. So we have a finer grada-
tion of hierarchy levels. Figure 3.3 shows the principle of /3 refinement.
Note that at the boundary special constructions are necessary. Another
interesting point about the v/3 scheme is that it allows for local refinement.
The scheme can be applied locally to one triangle and the resulting locally
refined spline space is nested into the previous coarser spline space in a
natural way. In [114] Speleers proposes a parameter driven heuristic for re-
finement propagation in order to avoid triangle degeneration after applying
local v/3-subdivision.

In this thesis we will always use the triadic refinement scheme to prove
certain approximation or stability properties, unless stated otherwise. How-
ever, the results remain valid for the dyadic and /3 subdivision schemes,
with some minor modifications.
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Figure 3.3: Principle of v/3 refinement. The PS-refinements are not shown.
Each time we place the new vertices at the position of the interior point in
the PS-refinement. Applying the v/3 scheme twice results in triadic refine-
ment.
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3.3 Multiresolution analysis

In this section we relate the hierarchical basis (3.6) to the following fairly
general definition of a multiresolution analysis given in [14, 28, 29].

Definition 3.3.1. A multiresolution analysis consists of

1. A Banach space B of functions defined on a bounded subset Q C R?
with associated norm || - || 5.

2. A nested sequence of subspaces So C S1 C Sy C --+ C B that are dense
mn B,
o0
Us =8
1=0

8. A collection of uniformly bounded operators

Q,:B— 5
with the properties
QQ = 9,
Q1 = Qi
QB) = S

for all integers 1 > 0.

We are interested in how much an approximation f; € S; of a given
function f € B changes when progressing to the next higher resolution
Si+1. Therefore we look for suitable complement spaces W; such that

Siri=5owW

as well as for stable bases of W; by which one can describe the differences
between the approximations f; € S; and fi41 € S;41. With the projectors
Q,; given, we can define these complement spaces as

W, .= {S S Sl+1|QlS = 0}.
Hence we get a decomposition of B as the direct sum
B=SseaWoeW, eWyd---.

Obviously we are interested in PS spline spaces, so consider nested trian-
gulations (3.2) and (3.3), obtained by regular triadic refinement, and let S,
be the PS spline space S3(AF®). We will look for a suitable Banach space
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B and suitable operators Q; such that we get a multiresolution analysis in
the sense of Definition 3.3.1.

Recall the Hermite interpolant Z : C1(Q) — S3(AF9) defined in (2.22).
We extend this operator to the multilevel setting: define Z; : C1(Q) — S,
by

N3
Lf =Y wija(f)Biji, (3.7)

i=1 j=1
where the p;;,; are linear functionals of the form

pija(f) = f(Vi) + 0ija Do f (Vi) + 0ija Dy f (Vi) (3.8)
with 7,51, 7:5,; as in (2.13) resp. (2.14) (with obvious modification). By the
regularity (3.4), by the fact that (#AZ)A/2 ~ 371 and by (2.15),

[migals izl < 37" (3.9)

We have
118 = Si, Vs, € Sl,

and
LfVi)=fVi), VLf(Vi)=VfVi), i=1,...,N.

These operators Z; will play the role of the operator Q; in Definition 3.3.1.
Remark that the complement spaces

W, .= {S € S[+1|Ils = 0}
are spanned by the set

{Bij,l+1 | i such that V; € Al—i—l \Al, j= 1,273}.

Thus, decomposing S,+1 as Sg @ @?:0 W; is equivalent to writing each
s € Sp+1 in its hierarchical basis representation.

As Banach space B we take C1(€2), the space of functions defined on Q
that are continuous and have continuous first derivatives in Q. There is a
natural norm for C*(Q) that is defined as

Hf”cl(ﬁ) = ma‘X{HfHLm(Q) ) ||sz||Lm(Q) ) ||Dyf||Lm(Q)} (3.10)

and every function f in C*(Q) satisfies 1fllcr ) < oo
The following proposition shows that the operators Z; from (3.7) are
suitable for constructing a multiresolution analysis.
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Proposition 3.3.2. For each | > 0 we have
LIy =1,

Proof. From the construction of Z; we know that

L f(Vi) = f(Ve), VI f(Vi) =V f(Ve), ¥V Vi € A
Then it is also obvious that
LT f(Vi) = f(Vi), VL1 f (Vi) = V(Vi), V V€A CAn,
and

Tif(Vie) = f(Vi), VIif (Vi) = Vf(Vi), V Vi€ A CAL.

From the uniqueness of the interpolation problem (2.6) we conclude that
T T =1 O

In the next proposition we prove that the operators Z; are uniformly
bounded.

Proposition 3.3.3. For every f € C*(Q) and every point (x,y) € Q the
inequalities

Zuf (2, )l S M1 fler oy - (3.11)
DT f (z,y)| < ||f||01(§) ) (3.12)
1DyZif (@, 9)| S 1 fller @y (3.13)

hold. Therefore the operators I; are uniformly bounded in C*(Q).
Proof. The inequalities

N, 3
Zuf(z,y)] < H}%X|Mij,l(f)| > Biju(x,y) (3.14)
’ i=1 j=1

S Ml

hold because of (2.9), (3.8) and (3.9). The other two inequalities (3.12) and
(3.13) are similar. We only give the proof of the first one. We have

N; 3
DT f(@,y)l = D) piga(f)DaBija(w,y)
i=1 j=1
N; 3
S Z Z f(Vi)DyBiji(z,y)
i=1 j=1

N; 3
1S3 ey DeBiala,v)

i=1 j=1
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Now suppose that (x,y) belongs to triangle T' € A; with vertices V7, V5 and
V3. Then we deduce from the local support of the basis functions that

3 3
|D2Tif(x,y)| S ZZ Vi)DeBija(z,y)

3
Z Z?’_l Hf”cl(Q) D, B;; Wz, y) . (3.15)
From the Markov inequality for polynomials in Ps (see, e.g., Lemma 2.5.2,
[16] or [76]), and the regularity (3.4) it follows that
1Dy Bija(x,y)| S 3" (3.16)

Hence the second part of (3.15) can be bounded by a constant multiple of
IIf ||Cl(§)' Now we need to prove that the first part is also bounded by a
constant multiple of || f[[c1 ). Hereto we use the equality

3 3
> > DuBiju(z.y) =0, (3.17)

i=1 j=1

which follows immediately from (2.9). Using (3.17) and the mean-value
theorem the first part of (3.15) can be bounded by

»

Vi)DyBiji(x,y)

V1)) DiBaji(,y) + (f(Vs) = (V1)) DuBsja(2,y)

2
30

S ZDﬁl 137 Dy Baji(x,y) + D2 f(€2)37' Dy Bsju(x,y) |,

where ¢! and €2 are points on the line segments [V1, V3] resp. [Vi, V3], and
B! and B2 are unit directions that point from V; to Vs resp. Vs. From the
Markov inequality (3.16) we deduce that [D.Z f (. y)| < || fll o1 opy- O

The following proposition is the last step in showing that the spaces
Ui>0S5; form a multiresolution analysis. We verify that every function in
C1(Q) can be approximated by functions from U;>0S; with arbitrarily small
error.
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Proposition 3.3.4. The space U;>0S; is dense in the Banach space C*(Q)
with norm ||| o1 ) -

Proof. 1t is sufficient to show that limi—cc ||f = Zif||ca g, = 0 for every

function f € C1(Q2). As in the proof of Proposition 3.3.3 let (z,y) be an
arbitrary point in triangle T' € A; with vertices V1, V5 and V5. Then from
(2.9), (3.8), (3.9) and the mean-value theorem we find

|f(x7y) _Ilf(x7y)|
3 3 3 3
= |f@w)) Y Biju(x,y) = > pii(f)Biji(x,y)
i=1 j=1

i=1 j=1
3
S (f(z,y) = f(V)) Bija(,y)
i=1 j=1
3 3
+D > I ey 37 Bija(a, ) (3.18)
i=1 j=1

3 3

S DD De (€3 By, y)| + 1| fllcr @y 37
i=1 j=1

S Mlerva 3™

and we obtain that limy—oo [[f = Zif[|;__ () = 0, where & denotes a point
on the line segment connecting V; with (z,y), and §; is the unit direction
that points from V; to (z,y). Now we prove that the derivatives of Z;f
converge to the derivatives of f. We only give the proof for the derivative
with respect to x. Denote the Cartesian coordinates of vertex Vi, € A; with
(g, yx). Then the equations

N3
r = ZZ(Ii+77ij,l)Bij,l($ay)v

i=1 j=1

N, 3
Z Z(yi + i) Bija (2, y)

i=1 j=1

<
I

hold. If we take the derivative with respect to x and we evaluate in (z,y) € T
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then we infer

3 3

L= Y (@i +m5.0DaBijalx,y), (3.19)
i=1 j=1

0 = > i+ 7. DaBija(e.y). (3.20)
i=1 j=1

If we use (3.19) and (3.20) we can deduce that

e = |Duf(z,y) — DI f(z,y)]
3
= Df:cy (szz+nzngBlgl('r y))
i=1 =1

3 3
+Duf z, y (ZZ yz+771]l D Bzgl(x y))

i=1 j=1
3

_ZZ Vi) + ijaDa f (Vi) + 0ija Dy f (Vi) Do Biji(x,y)| -

i=1 j=1

If we use (3.17) we can rewrite e as

3 3
DD (Daf(wy) = Daf (Vi) 1 DaBisa(7,9)

3 3
+ 303 (D @y) = Dy (Vi) iga Da B (.9)

+
S
\
=
NP
1]
—

(2 — 21)DyBaji(z,y) + (x5 — x1) Dy Bs,i(x, y))
3
+Dy f(z,y) Z ((y2 —y1) Dy Baji(x,y) + (y3 — yl)DmB3j,l(x7y))

=3 ((F(0) = SR D Bajala, y) + (F(Vs) = F(VA) DaBaja(a,))

J=1
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and from (3.9), (3.16) and the mean-value theorem we get

e S |22 (Daf(@y) = Duf(Vi))

+ > (VF(@y) = VF(E), Vo= Vi) DuBaj(w,y) - (3.21)

+ <Vf(z,y) - Vf(£2), ‘/3 - ‘/1> DIBBJ('rvy)) )

where ¢ and ¢2 are points on the line segments [V7, V5] resp. [V1, V3], and
(+,-) is the usual dot product. The upper bound in (3.21) goes to 0 as | — oo
because of the uniform continuity of the partial derivatives of f. O

Remark 3.3.5. Propositions 3.3.3 and 3.3.4 are inherent to the spline
spaces Sy and do not depend on any particular basis. One can prove these
propositions using any basis for S; that is stable in the sense of Definition
2.5.1, such as for instance the Hermite basis of [110].

3.4 Stability of the hierarchical basis

Suppose that we are given a multiresolution analysis in the sense of Defini-
tion 3.3.1 and a corresponding decomposition

B=SeWoaW,eWee---,

as well as stable bases ¢ := {¢ |k € J;} for W; by which one can describe
the differences between the approximations f; € S; and fi41 € Si+1. Here J,
denotes an index set. We will refer to the complement spaces W; as wavelet
spaces and the functions vy ; € W, as wavelets , despite the fact that they
might not have a vanishing moment (which is for instance the case for the
hierarchical basis). The spaces S; are spanned by bases ¢; := {dw,|k € I}
with I; an index set. We refer to the functions ¢y ; as scaling functions.
Then any f, € S, can be written in single scale representation

fo="> Cknbrn (3.22)

keln
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or in multiscale representation

n—1

In= Z Z die 1Yk, 1, (3.23)

l=—1keJ;

where we have set for simplicity ¥_1 := ¢g, J_1 := Iy. Because the spaces
S; are dense in B, every function f € B has a representation (3.23) with
n — oo.

The decomposition (3.23) is particularly useful if the norm of f in some
L, space or Sobolev space can be determined solely by examining the size
of the coeflicients dj; because we do not want that the overall shape of
the surface changes when a small coefficient dj; vanishes. In other words,
we want that the multiscale basis forms a strongly stable basis for some L,
space or Sobolev space.

Definition 3.4.1. Let B be a Banach space with a multiresolution analysis
and corresponding multiscale basis ¥ := Ufi_l ;. The multiscale basis ¥
is said to form a weakly stable basis for B if for each n >0

Z Z dr, 1V,

leK,, keJ;

v

< Cqy H (de)iexc,, ke,
B

-1
01 H(dk,l)zeKn,keJl v

where || - ||, is some vector norm, K,, := {—1,...,n—1}, and the constants
C1 and Co have at most polynomial growth in n. If the constants C1 and
C5 are independent of n, the basis is said to be strongly stable.

Let us return to the MRA (Multiresolution Analysis) for C*(Q) devel-
oped in the previous section, i.e. the spaces S; are defined as the PS spline
spaces S3(AF9), and the operators Q; from Definition 3.3.1 are the Hermite
interpolation operators Z; from (3.7). The multiscale representation (3.23)
is in this situation just the representation with respect to the hierarchical
basis from Section 3.2.

We prove that under a suitable normalization the hierarchical basis of
PS splines forms a weakly stable basis for C*(Q). Define the index sets

I = {(GJ)]i=1,...,N, j=1,2,3}, (3.24)
Jpo= {(Zaj) | Vi€ Al-i-l \Aluj = 1u273}7 (325)

with J_1 := Iy. We need the following lemma.

Lemma 3.4.2. Let g; be the wavelet component of f in W given by

g=Iinf-Iif = E Ciji+1Biji41 = g dij 1 Biji+1,
(4,5)€li41 (i,7)€Nt
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with f in CY(Q). Then the coefficients Ciji+1 and dij1 are bounded by
izl 37 allerg S 37 If e -

(gl S 37 gillormy S 37 1oy -

Furthermore we have that the estimates

lorll @) £ 3 el Norllz @) < 3" il -
1Degillz ) $3' leilloe s 1D2gill (o) < 3" ldill »

IDygill, oy S 3 Nlersillae s I1Dyall o) < 3" il
hold where |ci41]| o, = max jyer,,, {lcijis1|} and ||di|| . == max; je.J, {Idij |}
Proof. Because g; satisfies Z;g; = 0 we know that
a(Vi) =0, Vg(V)=0, forall V}; €A

Because g; € W; C Siy1 we have Zy1g; = g; which yields ¢;j,11 = tiji+1(g1)
by (3.7) and by (3.8) we find that

Ciji+1 =0 forall {i|V;e A} (3.26)

Choose i such that V; € A1\ A;. Let k be such that Vi, € A; and such
that V; and Vj, are contained in the same triangle 7' € A;. Then

lcijarrl = |91(Vi) + 1iju+1D291(Vi) + Tija+1Dygi(Vi)]
S 19i(Ve) = Vo)l + 37 gl o
N ?’_l||9l||c*1(§)7

where the last step follows from the mean-value theorem. Because the
operator Z; is bounded in C*(Q2) (Proposition 3.3.3) we find that |c;j 41| <

37 fll e -
From Theorem 2.5.5 we immediately find that

!
l9ill o) S llailloe < 3"l o -

Let (z,y) be an arbitrary point in triangle T' € A;4q with vertices Vi, Vi
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and V3. Then the inequalities

3 3
Degi(z, )] = D cijur1DaBijiia(z,y)
i=1 j=1
3 3
< atille DD IDeBijita(,y)]
i=1 j=1
3 3
< el D Y 3
i=1 j=1
5 3l ||Cl+1Hoo

hold. We have used the Markov inequality (3.16). This yields

1D2gully 0 < 3" el

and the proof for ||Dygi| () 1s similar.
From (3.26) and the fact that the multiscale basis is a hierarchical basis,
we easily infer

lettalloo = [t o
O
Most of the work for proving stability in C!(€2) is done in Lemma 3.4.2.

Theorem 3.4.3. Let f be a function in C1(Q) and define the wavelet com-
ponents g € W as

g =T f=Tf = Y, dijiBijis1.
(6,5)€T

Then, under a suitable normalization, the hierarchical bastis is a weakly sta-
ble basis for C*(Q), because the following inequalities hold:

max|[3'dy]| S N Zns1f = Tofllenm S nmax 3] - (3:27)

Proof. Suppose max;<, ||f$ldl||oO = ||3"d,|| - Then from Lemma 3.4.2 we
find

IlnSai(Hyleoo S ||IT+1f_ITf||Cl(§)

S N f =Zofller@ + 1 Znf = Zofllery
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Because Z, 11211 f =Zry1f and T, 11Zo f = Zo f we deduce that

max H3llem S NZriiZoiif = LrniZofll vy + 1T Zosi f — Lo fll oy

S (||Ir+1||cl(§) + ||Ir||c1(§)) 1Zn+1f = Zofllor @)

which yields
max 13| . S N o f ~Lofllermy

because of Proposition 3.3.3. Using Lemma 3.4.2 the right inequality in
(3.27) follows from

n

1 Zns1 f —IOchl(ﬁ) < Z ||ngcl(§) < Z ||3lleoo .
1=0 1=0

O

So, unfortunately, not all functions in C'(Q) can be characterized by
the coefficients of their representation with respect to the hierarchical basis.
Therefore we will now look for certain subspaces of the Banach space C'!(Q)
for which the hierarchical basis is a strongly stable basis. These subspaces
are the Sobolev spaces H*() with s € (2,32). We refer to Section A.1 to
recall the definition of a Sobolev space. Crucial for the stability proof are
estimates of Jackson and Bernstein type. The proofs of these estimates can
be found in Appendix B.

We have shown that the operator Z; from (3.7) is suitable for construct-
ing an MRA. This same operator will play a key role in proving strong
stability.

Lemma 3.4.4. The Sobolev space H*(Q) with s > 2 is a subset of C*(Q).
Therefore the operator I; is bounded on H*(S)) with s > 2.

Proof. Because €2 is a bounded domain with polygonal boundary we have
that €2 satisfies the strong local Lipschitz property and the uniform cone
property, see, e.g., [1]. From Theorems 5.4 and 7.58 in [1] the embeddings

H*(Q) C W3)5_,) C CH(Q)

hold for 2 < s < 3. The case s = 3 follows immediately from Theorem 5.4
in [1] and the case s > 3 is obtained from the embedding H*(2) C H3().
The boundedness of Z; follows from Proposition 3.3.3. O

The operator Z; is only useful if there exist function spaces for which Z; f
converges to f in some L, norm as the resolution level ! increases. From
Theorem 2.6.2 we know already that this holds for all f € W2(Q), p > 1.
The following lemma extends these results.
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Lemma 3.4.5. For each f € H*(Q), s > 2, and arbitrary p > 1 we have
that

If=Ziflle,c —0 as [— oo

Proof. First we consider the case 2 < s < 3. Let (x,y) be some arbitrary
point in triangle 7 € AF®. From (3.18) we immediately get that

1f(@,9) = Tf @) SIfllpe iy +37 Ml -

Then the Bramble-Hilbert lemma [10] (Lemma 2.6.1) implies
[ @y) = Tuf (2,9)] S G774 flywacry

for arbitrary ¢ > 2. If we take ¢ = 2/(3 — s) then Theorem 7.58 in [1]
yields H*(1) € W2(r) for 2 < s < 3, and Theorem 5.4 in [1] yields H?(7) C
W2(r). So

|f(CC,y) —Ilf(d?,y” S 37l(s*1) |f|H5(‘r) :
By using (3.4) we find that

1/p
17 =Tl = ([ 1) = Tl asy)

S 3~ I(s— 1)|f

—2]
Hs(T) 3 /p
Then taking the sum over all triangles 7 € AFS yields

IF =Tl = D W =Tfl, ) S3PEPN" ffesy

TeAfs TeAfs

and using the fact that #{7 € AP} ~ 3% implies

||f —IlfHL ) S < 3~ Ip(s— 1+2/p)32l |f

Hs(9)
hence
If=Zifllp, 0 < 37— | flas o) -
The case s > 3 follows from the embedding H*(2) C H3(Q). O

From Lemma 3.4.5 we known that each function f € H*(Q2), s > 2, can
be decomposed as

o0
F=> o, @€,
=0
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in the sense of L,. Moreover, we can use the decomposition

o0
F= @7/,
1=0
with Z_1 := 0.

We now introduce auxiliary spaces A5 (L,(£2)) . Under certain conditions
these auxiliary spaces can be related to Besov spaces, which implies that
the norm of an auxiliary space is equivalent to the norm of its corresponding
Besov space. This important property is needed for proving stability. An
introduction to Besov spaces can be found in Section A.2.

Definition 3.4.6. A function f € Ly(2) belongs to Ay (Ly(2)) for some
fized s > 0, 1 < p,q < oo if there exists a sequence g; € S;, Il = 0,1,...
such that f =" g1 in the sense of Ly, and ||{3"||gill 1, )}, < oo. The
norm on Aj (Ly(€2)) is defined as

oo

1/q
1/ lag(L,(0) = inf <Z€: FVSHQzILP<Q)}q>

=0

where the infimum must be taken with respect to all admissible represen-
tations Y ;oo g1 of f. With an admissible representation we mean that

lim,, o0 ”f - Z?:O ngLp =0.

So in order to work with the abstract A (L,(£2))-spaces, we relate them
to the more convenient function spaces of Besov type , see Section A.2. The
following fact can be extracted from the results in [102].

Proposition 3.4.7. Suppose the nested spaces {Si}7°, satisfy Jackson es-
timates (B.9) for all f € L,(Q), as well as Bernstein estimates (B.10) for
r=23, then for 1 <p,g< o0, s>0

A5 (Ly(Q) 2 B (L(Q), 0<s<2+ %. (3.28)

The space By (Lp(S2)) is a Besov space, and the notation = indicates the
equivalence between the two function spaces.

If we take p = ¢ = 2 then Proposition 3.4.7 is not valid for s > g, so it
reduces the range of Sobolev spaces H*(£2) for which the hierarchical basis
is possibly strongly stable from s > 2 to s € (2, %), since the equivalence
(3.28) is crucial for proving stability. Equation (A.5) and Proposition 3.4.7
yield

oo

5
2 i)~ inf 325 g% cons 0<s<-~. 3.29
£ 1% () gz€Szif:Zlgz; ||91HL2(Q) D) ( )
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Using the norm equivalence (3.29) we can now prove the following the-
orem which is inspired by the work in [36] and [41]. This theorem is the
most important step in proving stability in H*(€2).

Theorem 3.4.8. Choose s € (2, ) Then it holds that

£ 3oy ~ D32 @ = L) f I3y F € HY(Q). (3.30)
=0

Proof. Because of the norm equivalence (3.29) it is sufficient to prove that

mf 23% |ngL2 «@ "~ 23%” L —1i- 1)f||L2 Q)"

=20 1=0
Since (Z; — Zj—1)f € Sy and Y ;20(Z; — Zi—1)f = f the inequality “<” is
trivial and we will concentrate on the inequality “2>”. Let f = Z[’io g; with
g1 € S;. Since the operators Z; are projectors and the spaces S; are nested,
we have (Z; — Z;—1)S, = 0 when n <1 — 1. Moreover the operators Z; also
satisfy

1Zisnll oy < 32 Isullpyay . S0 € Sue n>1. (3.31)

Q€S f

Indeed, from (3.8) and (3.9) we get
1Zesnllooccry < lsnllp ) + 37" 1Dasnlly z) + 37" 1Dysnllp () »

with T € A;. Then we use the Markov inequality (Lemma 2.5.2) and the
regularity (3.4) and we obtain

HIlSWHLm(T) < HSnHLm(T) +3713" ||5n||Lw(T) <3 ||5n||Lm(T) :

Now (3.31) can be deduced by using Theorem 2.5.5 and Corollary 2.5.7.
From the properties above and the Cauchy—-Schwartz inequality we have

> 3T - D) gn (T — 1) gn ) (o)
n,n'=0 =0
oo min{n,n’}
- Z Z 35T — Ti-1)gn, (T — Ti-1)9nr ) 1o (0)
n,n’=0 =0
oo min{n,n'}
< Y > 3 (1Twgallrae) + 1T-19nl o)
n,n’=0 =0
“(1Zi90 | 2o(0) + 1Zi-190 | o))
min{n,n'}
< Z Z 321532(n+n 4l||gnHLg Q)”gn/”Lz

n,n’=0 =0
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The last expression can be rewritten as

>

n,n’=0

min{n,n’}

Y 33 g L) B g o),
=0

which is equivalent to

oo

Z 3(s=2)(2min{n,n'}—n-n )(3ns||gn||L2(Q))(3n S”gn/HLg(Q))-

n,n’=0
The factor 3(s=2@min{n.n}=n=n") hecomes very small if |n —n’| > 0. In

fact, the infinite matrix [3(s=2)@min{nn'}=n-n")] o defines a bounded
mapping on 5. Therefore

Z 3(s=2)2min{n,n'}—n—n )(3"S||gn||L2(Q))(3" S”gn’”Lg(Q))

n,n’'=0

o0
SO 03" gnll7 00
n=0

Since the splitting f = >;°) g; was arbitrary, we have derived that

inf 32T — Ti—1) gy (T) — T1—1) g
QZGSL:f:EL!]znn/:(); <( ! ! l)g ( ! : 1)9 >L2(Q)
< inf 32751, l1% oo
Ngzesl:f:Eng; ||9 ||L2(Q)

Because f € A5 (L2(R2)) (Proposition 3.4.7) we know that the right expres-
sion is bounded. Then from the derivation made above it follows that the
left expression is absolutely convergent and we are allowed to write that

i § § 3 ! 1 v ") v . 9n' ) Lo (Q
l Llnf L Ln l : <( l l 1)9 ( l l 1) > 2( )
i 32l5 I Z , :z Z /
= N Sl:,nf Lo lE E/ <( l l—l)gn ( l l—l)gn >L2(Q)

_ ZgzlsH(Il _ 1171)f||%2(9)'
1=0
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The last step is obtained by moving the summation over n and n’ inside
the Lo inner product, and by using the linearity of the operators Z;. We
conclude that

32ls T — T 2 < inf 32ls 2 .
; (T — Zi—1) fll2,0) S s s gl; 9:117. ()

O

Proving that the hierarchical basis is a strongly stable basis for H*(Q2)
with 2 < s < g involves only a few steps now.

Corollary 3.4.9. The multiscale basis
U{3l(175)sz,l | (3,7) € Ji—1}
1=0

is a strongly stable basis for H*(Q), 2 < s < 3.

Proof. Since, from Corollary 2.5.7, the set {3!'B;;; | (i,j) € Ji—1} is an
Lo-stable basis for W;_; we find from Theorem 3.4.8 that

o0
2 21 I 2
ey ~ D3 Y. ciud'Bijlli, @
=0 (4,7)€J1-1
o0
ST e
=0 (4,7)€J1-1
Hence,
2
o0 o0
> > a3 UTBu ~Y 0 Y el
1=0 (i,j)€Ji_1 He(Q) =0 (i,5)€Ji-1

O

Let us now consider the model problem (1.16). The weak variational
form is given by

(Au, Av) =: a(u,v) = (f,v) for all v € HZ(Q), (3.32)

where a(+, -) is the bilinear form induced by (1.16). Because of the Dirichlet
boundary conditions we have that

a(v,v) ~ ||’UH§{2(Q) for all v € HZ(Q),
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and the condition number of the stiffness matrix for (1.16) with respect to
the hierarchical basis is determined by the stability of the hierarchical basis
with respect to the norm in H?(f2), see Section 1.2. Unfortunately, the
space H?(f2) is not included in Theorem 3.4.8 and Corollary 3.4.9, which
implies that the hierarchical basis is not a strongly stable basis for H?(€2),
but we can prove the following suboptimal results.

Theorem 3.4.10. The multiscale basis

oo

UGB "B | (i,4) € Ji1}

=0

is a weakly stable basis for H*(Q),

n
w0 el S

1=0 (i,5)eJ1-1
2
n n
2
E g cij 1 Bij1 S g g leijil*.
=0 (i,9)€J1-1 H2(Q) 1=0 (i,5)€J1—1

Proof. Suppose that s = Y_)' ; ¢; with each g; € S;. Starting from (3.31)
and the Cauchy—Schwartz inequality we derive that

> 3T - Ti1)sllzao

1=0
min{m,m’}
= Z Z (T = Tim1) 9y (T = Ti-1)9mr) Lo ()
min{m,m’} )
S Z Z 34 g2imem )_4ngmHL2(Q)”gm/”Lz(Q)
m,m’=0
S > min{mm'y (37 gmlnae) (3 9w .o )
m,m’=0
< nf Z 34m||9m||%2(sz)-
m=0

Since the splitting s = >_;"; g; was arbitrary, we have derived that

*223“” (Zi = Ti-1)sl o) S Zi”4m||gm||L2
1=0 gme _Em I =
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Of course the inequality

n

infz , > 3 gmllT, ) S D03 N@ — Tim)s] Lo
m Jdm m:0

Gm €Sm 5= 1—0

also holds. Furthermore, by (3.29),

n

inf g4m 2 s|12
gmESmis=y, gm = ”gm”Lg(Q) ~ || ||H2(Q),

and similar reasoning as in the proof of Corollary 3.4.9 yields the desired
result. O

From Theorem 3.4.10 and the theory in Section 1.2 we find that the
condition number of the stiffness matrix for the problem (1.16) with respect
to the hierarchical basis is of the order n2, with n the maximum resolution
level. Equivalently, we can say that the condition number is of the order
|log h|? with h the mesh size of the underlying triangulation A,,.

3.5 Nonlinear approximation and surface com-
pression

Nowadays surfaces in Computer Aided Geometric Design are often described
with millions of control parameters. These control parameters can for in-
stance arise from measurements of a physical model. Surface compression,
which is in fact a tradeoff between maintaining accuracy and reduction of
the amount of data, is essential in these settings.

Nonlinear approzimation [42] means that the approximants do not come
from fixed linear spaces (such as for instance the spline space S;), but the
idea is that the elements used in the approximation are allowed to depend
on the function being approximated. The standard problem is the problem
of N-term approximation where one fixes a basis and looks to approximate
the target function by a linear combination of N terms of the basis. When
the basis is a wavelet-type basis, then N-term approximation is the starting
point for compression algorithms. Nonlinear approximation explains the
thresholding and quantization strategies used in compression and noise re-
moval, and it explains precisely which surfaces/images can be compressed
well by certain thresholding and quantization strategies.

In [43] a surface compression algorithm was given by means of multiscale
decompositions of certain box splines and error bounds were given in terms
of the smoothness of the input surface. The theory behind the surface com-
pression algorithm comes from the field of nonlinear approximation. The
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purpose of this section is to extend these ideas to the case of a multiresolu-
tion analysis over triangles, based on quadratic Hermite interpolation.

In the previous sections we have sufficiently demonstrated that Powell—
Sabin multiscale decompositions are suitable for surface compression. We
have proved that the norm of f in several smoothness classes can be de-
termined from the size of the coefficients in the multiscale decomposition.
In this section we consider a simple surface compression algorithm and we
give an error bound for the approximation of f by its compressed multiscale
decomposition. The most natural norm for compression is the L., norm,
so our approximation results take place in this norm. These results are ob-
tained by following the framework given in [43], adapted to the special case
of PS splines.

Not all functions f are suitable for compression by Powell-Sabin splines.
If we use the operator Z; (3.7) to project given functions f into S;, then we
need at least that the gradient Vf is well defined at the vertices V; € A;.
However we would also like to compress continuous functions f for which
Z;f might not be well defined. Therefore we construct a new operator Z,
that only uses values of the given function f. It suffices to approximate
the gradient V f(V;) by a linear combination of values of f such that the
approximation is exact for quadratic polynomials. Let V;, R; and Z; denote
the vertices of a triangle 7 € AP as in Figure 3.4. Then we can estimate
the gradient V f(V;) by

+ro

[ R =vE RV T Af(E) = 3F(V) - f(R)
NCLCE I ST By B i
(3.33)

and because s; € S; is a quadratic polynomial on each triangle 7 € AP we
find that

VS;(V;) = Vlsl(‘/;). (3.34)

Indeed, first note that the Bézier ordinates (Figure 2.1) of the unique
quadratic polynomial that interpolates the given function f at the position
of the Bézier ordinates, are given by

ca00 = [(Vi), ciiop = 2f(¥3H) - j:(%:.) B f((%,)7
co0 = f(I), con = 2f(EFE) - j.(%,.l) B f%l)v
C002 - f(ZfL), C101 = 2f(Vr|2’Z1) — j(21) _ j(21)

Define the directions v := R; — V; and v := Z; — V;, then

Dys|] [RI—=V® RY-VY [ Dys
Dys | | 22—V® ZV—VY || Dys



58 CHAPTER 3. THE HIERARCHICAL BASIS

and (3.33) follows from the equations

Vi+ R;
Dus(vl) = 2(—6200 + 0110) = 4f(

)= 31(Vi) — f(Ry),

Vit Ziy 31w - 1(2).

D,s(V;)

2(—ca00 + c101) = 4f(

R;
Figure 3.4: A triangle 7 € AP that contains vertex V; € A.
Note that

Rp—Ve RY-VYDT L [ 2V VR
Zr -V 2] -V vol(r) | Vit =2 Rf -V

which yields
IVif (VI S 3 f ey - (3.35)

Thus we define the operator Z;” analogous to the operator Z; from (3.7)
with the minor modification that we replace V f(V;) by the approximation
Vif(V;). Because of (3.34) it is easy to see that the operators Z; satisfy
I} s, = s; and

L'fVi)=f(Ve), VL f(Vi))=Vif(Vi), i=1,...,Np.

Furthermore, from (3.35) we find that |Z)Y f(z,y)| < /1l () for arbitrary

(z,y) € Q, so the operator Z,Y is uniformly bounded in C°(f2).

Still not all functions f are suitable for compression by Powell-Sabin
splines. We need at least that the functions are C¥ such that Z)7 f is well
defined. Furthermore we would like that f can be represented as

f= Z Z Cij i Biji (3.36)
1=0 (i,5)€J1—1

with convergence in Lo, where J; is defined as in (3.25). Therefore we
are particularly interested in functions f lying in Besov spaces that are
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embedded in BZ, (L () = Lip(8, Q) for § > 0. For the remainder of this
section we define

R0

2 2
v:=—and §:= - (3.37)
s o

for some o > 0. If 0 > v then we have § > 0.
Lemma 3.5.1. Let s >0 and o > v, then
B3 (Ly() € BY. (Loo(®) = Lin(3, ).
Proof. The case o > 1 follows immediately from Theorems 7.69 and 7.70 in

[1]. For the case o < 1 we can use Theorems 12.3, 12.5 and 12.7 from [46].
(]

Lemma 3.5.1 guarantees that Z” f is well defined for all f € BS (Ls(£2))
given that o > v. The following corollary validates the representation (3.36)
with convergence in Lo for all f € B (L,(£2)), 0 > v.

Corollary 3.5.2. Assume the constants v, s, §, o satisfy (3.37). For all
f € B:(Ls(Q) with s <3, all 0 > v, and arbitrary | > 0 we have that

Hf _IlfoLoo(Q) 5 375[ |f|B§(LU(Q)) .

Proof. Since ZY is bounded on C°(Q) we find that

I =T ey < ot (1F =gl + 5 0= Pl e)
< (1 + HIZVHLOO(Q)> giélél 1f =9z
S nf If =9l

and from applying Corollary B.1.3 to the right hand side of the previous
equation, we get

||f_Ilvf||Lm(Q) §w3(f33_l)oo- (338)
By (A.4) and Lemma 3.5.1 we know that

3%w3(f,37 oo < |f1Bs. (L)) S |f1Bs (Lo (02))-
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Suppose we are given a function f € B (L,(2)), o > v that represents
the surface that is being compressed. The surface compression algorithm is
as follows: Let K be such that f ~ Z}, f, then we obtain the decomposition

K
f%Z Z CijiBij,i-

=0 (i,5)€

At all levels [ > 0 we only retain those coefficients c;;; that satisfy
lciji| > €/ (2K +2).

We will need some estimation for the constant K, i.e. the maximum
number of resolution levels. Suppose we are looking for a compressed ap-
proximant S of f such that

1f =Sl @ <e

Corollary 3.5.2 gives us an a priori bound for the number of resolution levels.
Choose K such that

Hf_z-lv{fHLm(Q) < 6/23 (339)
then we find that
1 20 1f 15 (L, (2))
> CAS .
K > 5Tog3 log ( . (3.40)

where C' is the equivalence constant in Corollary 3.5.2.
From (2.9) we find that

Z |Biji| < 1.

(4,9)€J1-1

If we retain only the coefficients ¢ of Iy f that satisfy [ciji| > 575y,
then

1Zkf =S|I, (o) < €/2 (3.41)
because the maximal error is given by
€ K €
2(K + 1) ; (J)Ze‘; Bur =y

From (3.39) and (3.41) we deduce that

1f =Sl S IF = Tif o + IZRS =Sl S (342)
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We will now examine the coefficients c;; ;. We have that

(Tiy1 — LIk f = Z Ciji+1Bijit1,
(3,9)€J1

and from (3.4) and the construction of the projectors Z; we infer

|Cijyl+1| /S ”Ilv{fHLoo(n) ~ ||f||Loo(T1)

with 7; a triangle in AZPS such that supp B;j; N 7; # 0. Now let m € Py be
an arbitrary bivariate polynomial of degree at most 2. Then

(T —T)IRf = (T — D) (IR f — ),
so we also find that
st S inf ||f -
lcijasi| S ﬂlen% IIf 7T||Lm(n)

The following lemma gives an upper bound for magnitude of the coefficients
Ciji+1 in function of |f‘Bg(LU(Q))'

Lemma 3.5.3. Assume the constants v, s, §, o satisfy (3.37). Let s < 3
and let f € BE(Ly(2)). Then the coefficients c;j 141 in the decomposition
(8.86) satisfy

lcijas1] S37P|f

forallo > v.

B3 (Lo(r) (3.43)

Proof. From the derivation above and Whitney’s Theorem (see, e.g., [16,
119]) we infer

lcijir1] S ws(£,3 oo,

and the same reasoning as in the proof of Corollary 3.5.2 yields

|Cij,l+1| S 371 |f|B§(Lo(Ti)) .
o

We now give a bound for the number of terms N in the compressed
approximant S such that the error remains bounded by the threshold e.

Theorem 3.5.4. Assume the constants v, s, 6, o satisfy (3.37). Let f be a
function in BE (Ly () with s < 3 and such that |f|B§(Lg(Q)) <1 for some
o > v. Then the surface compression algorithm provides an approximation
S such that

If- SHLDO(Q) e (3.44)
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and
N < e ?/s (3.45)
where N represents the number of terms in S.

Proof. Under the assumptions of the theorem, the bound for K (3.40) does
not depend on f anymore. We already know that (3.44) is true, see (3.42).
Let N(I) denote the number of terms at resolution level I, then a trivial
bound for N(1) is

N() <9 (3.46)

which follows from the fact that we have used triadic refinement to create
the nested subspaces {S;}7°,. We give another bound for N(l). We know
that each coefficient ¢;;,;41 in S satisfies |c¢;;1+1] > €/(2K + 2) but we have
also the upper bound (3.43). If we raise ¢;; ;41 to the power o and sum over
all m € J; then we obtain that

€ 7 o —old g
N <m) < Y legunl” S0 Y0 37 B, )

(4,5)€J1 (4,9)€J1
S 3B @) -

Under the assumption \f|BS(LU(Q)) <1 we find

N(l) S e 3790, (3.47)

~

From (3.46) and (3.47) we find for an arbitrary integer k that

k K
NSY 94> e 737710 <ok emogmoko,
=1 =k

Choose k such that 9% ~ ¢77379% then N < 9*. Furthermore we deduce
that 9537%0 = 326(1+%) L =0 and that 9% ~ e/ (1+%) = €25 s0

N <9F ~ /s,
O

The following corollary is the main result of this section. It is a direct
consequence of Theorem 3.5.4.

Corollary 3.5.5. Assume the constants v, s, §, o satisfy (3.37). If f €
B: (Ly(2)) with s < 3, and N € N is given, then one can choose the
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threshold € and the mazimum resolution level K such that the compression
algorithm generates an approximant S to [ with at most N terms and

1F = Sllpe ) S 182 (1, ) N7

for arbitrary o > v.

Proof. This proof is the same as the proof of Corollary 5.4 in [43] but we
give it here for completeness. Let € := C*/2N~5/2 |fls (. ) With C the
bounding constant from (3.45). If we apply the algori?chm to f and € we
get a compressed approximant S. If we apply the algorithm to

s (Lo @)

and then the algorithm returns as compressed ap-

€
[FlBs (L, @) Flss (o)
proximant. From Theorem 3.5.4 the number of terms in S does not exceed

—2/s
C|+77——— which is equal to N. O
1155 (Lo @)

We can compare the error bound for the compressed approximant S of
f to an error bound for the linear approximant Z;” f. If each approximation
has N coefficients then we have that

1F =Sl SN flpsroy, 5<3 (3.48)

and

If _IlfoLoo(Q) SN2 [fles (L)) $<3 (3.49)

for all f € B: (Ls(2)) and for all ¢ > v. The error bound for Z” f follows
immediately from Corollary 3.5.2 and N ~ 9!. These error bounds (3.48)
and (3.49) show that [[f — S|, o) = O(N~%/2) if f has s “derivatives”
in L, while ||f _IlfoLm(Q) = O(N—%/2) if f has s “derivatives” in Ly
which is a much stricter requirement. It can often happen that the right
hand side of (3.48) is finite for certain values of s for which the right hand
side of (3.49) is infinite. This is best illustrated by Figure 3.5. Each point in
the (1/p, s)-plane corresponds to a smoothness space describing smoothness
s measured in L,. The spaces located left of the fat line are embedded in
L. The spaces of smoothness on the vertical line above Lo, (i.e. the s-
axis) are essentially those spaces whose elements can be approximated with
accuracy O(N —s/ %) by approximants from regular meshes, i.e. linear ap-
proximation. On the other hand, the spaces on the critical embedding line
are characterized by nonlinear approximation like best N-term approxima-
tion. Thus, while moving to the right in the figure, the smoothness spaces
admit increasingly stronger singularities, but this loss of regularity can be
compensated by nonlinear approximation such that the same convergence
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A

S
B3 (Loo(92)
S By (L)
Embedding in L
[ O(Nfs/i) Linear O(Nf'q/Q) Nonlinear :
No embedding in Lo

i

0.0)(Z) ;
P

Figure 3.5: Topography of smoothness spaces

rate, i.e. O(N~%/?), is retained, provided that we stay to the left side of the
critical embedding line.

To demonstrate the accuracy of the error bounds we performed exper-
iments with several test functions. In all cases we choose Aq as the trian-
gulation that is constructed by dividing the unit square [0,1]? € R? by its
bisector in two triangles. We selected the following bivariate test functions
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given by
filz,y) = 0.75exp {_ (92 —2)° Z (9y — 2)2]
+0.75 ex [ (99”I b? (9y1+01)2}
+0.5exp [ (92 — (9?/ 3)2}
—0. 2exp[ 995 — (9y 7) ]
R A ]
fa(z,y) = 97(x —0.5)tanh { 7((;5 — 052+ (y— 0.5)2)1/4] 7
falz,y) = exp[—|z—yl],
fs(zy) = ((296 —1)% 4 (2y — 1)2)1/4'

Function f; is Franke’s test function [57] and it is smooth everywhere.
Function f5 is C! but its partial derivatives have singularities on the line y =
x. Function f3 is also C'' but its partial derivatives have a cusp singularity at
(1/2,1/2). Function fy4 is only Lipschitz continuous and it has singularities
on the line y = x. And finally function f5 is C° (not Lipschitz) with a
cusp singularity at (1/2,1/2). Because the error bound (3.48) is valid for
all Besov spaces B2 (L,(€2)) as long as o > v we will base our discussion on
the Besov spaces B2 (L, (2)) which are close to B: (L,(Q2)) (take o = v +e€
and let € — 04).

For the function f; we do not expect much advantage from the com-
pressed approximant to the linear approximant. Because f; is C'° the
norms | f1|ps (L, (@) and |fi|Bs_ (L. (o)) are comparable for all o > 0.

For the function f, we compute that |(A? f2)(z,y)| = [1|*/* in a band
of width |h| along the line y = x. It follows that

wg(fo, ), /4T <t <1, 0<v<oo.

Therefore we have that f € BS (L, (f2)) provided that s < 2 while f; €
B3, (Lo (£2)) provided s < 2.

The 3-th order difference |(A} f3)(z,y)| is approximately equal to |n3/2|
in a disc with diameter |h| around (1/2,1/2). This yields ws(fs,t), =
t3/2+2/” and f3 € B (L,(Q2)) for all s < 3 while f3 € B, (L (§2)) provided
S < 5

The function f, has singularities along the line y = x and similar com-

putations as before yield ws(fs,t), ~ t'*1/¥. Therefore the function f; is
in BS (L,(€2)) provided that s < 2 and f4 is in B (L (f2)) for s < 1.
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v

(a) Original (b) N =181

(c) N =232

Figure 3.6: Test function f; and the residuals of two compressed approxi-
mants.

The last function f5 has a cusp singularity in (1/2,1/2) and the modulus
of smoothness ws(fs,t), ~ t1/242/v  Therefore the function f5 is in all of
the spaces B2 (L,(£2)) for all s < 3, while f5 is in the spaces B, (Loo(£2))
only for s < 1/2.

Table 3.1 presents the error of approximation produced by the com-
pression algorithm for various numbers of coefficients. Note that for test
function f5 we have shown less data than for the other test functions. This
is due to the fact that the error with respect to f5 only starts to increase
when we have less than 1000 coefficients. This is because the cusp singu-
larity cannot be approximated up to arbitrary precision by the C'' splines.
Table 3.2 compares the nonlinear error rates (3.48) to the experimental error
rates and shows how much is gained with respect to linear approximation.
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(a) Original (b) N =108

(c) N =152

Figure 3.7: Test function fo and the residuals of two compressed approxi-
mants.

Figures 3.6 up to 3.10 depict the original test functions together with the
residual of some compressed approximants. Notice the large artefacts in
Fig. 3.9 (b) and (c). Because the bisector of the unit square [0,1]? is an
edge of the initial triangulation Ag, our compression algorithm needs a lot
of derivative information on this bisector (which coincides with the ridge).
Therefore, at one side of the ridge, we get a very good approximation be-
cause the derivatives are estimated well, and on the other side we get the
artefacts.

Finally let us make a comparison with other similar methods in the
literature. Since the construction of multivariate wavelets on arbitrary tri-
angulations is very challenging, and, except for box spline spaces, little is
known yet about higher order spline spaces, we will restrict ourselves to a
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Test function Error Number of coefficients

1 . x10~

f 5.94 x10~° 6666
1.01 x10—4 4156
4.36 x10~4 1455
6.06 x10~4 1175
1.17 x10~3 944
4.71 x10~3 340
6.45 x10~3 258
8.00 x10~3 232
1.17 x10~2 181

> .55 x10~ 5

f: 6.55 x10~F 610
1.34 x10~2 4838
4.30 x10~° 4094
1.67 x10—4 2664
5.54 x10~4 1156
1.51 x10~3 474
3.36 x10~3 272
6.35 x10~3 152
1.02 x10~2 108

3 . x107°

f: 1.12 x107° 2174
5.67 x10~° 798
9.12 x10~° 498
1.83 x10~4 336
4.15 x10~4 198
6.01 x10—4 174
8.97 x10~4 148
1.10 x10~3 116
2.10 x10~3 74

fa 1.10 x10~° 2232
4.99 x10—4 1949
7.87 x10~* 1691
2.42 x10~3 1477
4.27 x10—3 725
6.42 x10~3 499
1.19 x10~2 246
2.25 x1072 125
3.68 x10~2 81

fs 4.26 x10~ % 1006
5.02 x10~4 868
1.02 x10~3 578
4.45 x1073 216
1.08 x10~2 114
4.53 x10~2 48

Table 3.1: Errors and number of coefficients for the surface compression
algorithm applied to the test functions f1, fo, f3, f4 and f5.
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(a) Original (b) N=174

—_——

(c) N =116

Figure 3.8: Test function f3 and the residuals of two compressed approxi-
mants.

comparison with the results of [43]. Here C? continuous box splines on uni-
form partitions are used. As can be deduced form (3.48), the best rate that
we can get with the compression method presented here is O(N ~3/2). Recall
that the fact that s < 3 in (3.48) is a direct consequence of the C* conti-
nuity of the splines that we use. If we compress a function f € BS (L,(f2))
with some s > 3, then our compression algorithm treats this function f as
a member of BS (L,(Q2)) with s = 3. In comparison, the best compression
rate that can be achieved with the C? box splines of [43] is O(N~?), due to
the smoother splines that are used. Table 3.3 shows the error of approxima-
tion produced by the compression method from [43] for the test functions
f1 and f5. The experimental rates for f4 and f5 are given by 3.36 N ~1:01
resp. 604N ~2:99 Note that both compression algorithms give almost equal
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(a) Original (b) N =81

(c) N =246

Figure 3.9: Test function f4 and the residuals of two compressed approxi-
mants.

results for test function f,;. For test function f5 the compression algorithm
of [43] gives an error rate of O(N~2) which is superior to our error rate,
although our method gives better results for N small.

3.6 The BPX-preconditioner

In this section we construct a Bramble-Pasciak—Xu-type preconditioner [11]
for the model problem (1.16), and we compare this preconditioner numer-
ically with the suboptimal hierarchical basis preconditioner from Section
3.4.

Let Q;, 1 =0,1,..., be a sequence of projectors on the PS spline space
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| Linear approximation  Nonlinear approximation Experimental compression rate

f1 O(N—3/2) O(N—3/2) 29.8 N 151
fa O(Nfs/s) O(N*5/4) 3.68 N —1.26
fa O(N*3/4) O(N—B/z) 1.19N—1.47
fa O(N—1/2) O(N—1) 3.37TN—1.03
fs O(N—1/4) O(N—3/2) 24.0N—1.62

Table 3.2: Error rates for the test functions fi, fo, f3, f1 and fs.

Test function Error Number of coefficients

fa 1.60 x10~3 1934
6.49 x10~3 482
1.30 x10~2 237
2.59 x10~2 116
4.22 x10~2 80

fs 1.38 x10~3 618
2.76 x10~3 463
1.38 x10~2 222
2.69 x10~2 163
7.13 x10~2 91
1.05 x10~1 70

Table 3.3: Errors and number of coefficients for the surface compression al-
gorithm from [43] applied to the test functions f4 and f5. (Results extracted
from [43])
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Y %

(a) Original (b) N =48

(c) N =216

Figure 3.10: Test function f5 and the residuals of two compressed approxi-
mants.

S; that are orthogonal with respect to the standard L, inner product and
let @_1 =0. Suppose s, € S,,. Then (3.29) immediately implies

n

R 5
||5n||%rs(9) ~ Z32l 1(Qi — Ql—l)f||%2(g)v 0<s< 5 (3.50)
1=0

see [45, 102] for a rigorous proof. In view of (1.12) let us define the self-
adjoint positive definite operator C,;! on S,, by

n

Crtu,v) = 3M(Q = Q1)u, (Q — Qio1)v), VYo eE S, (351)

=0

and let A, be the operator defined by (1.9) for a(-,-) the bilinear form
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induced by the model problem (1.16), i.e
a(u,v) = (Au, Av).
Because of the Dirichlet boundary condition, the ellipticity condition
a(v,0) ~ V3. Vo € HEQ),
holds, and by (3.50) and (1.12) we find that
K(CH2ACL?) = 0(1). (3.52)

Note that, by (3.51), we have

n

Cli=) 3%(Q - Q). (3.53)

1=0
Indeed, by the Lo-orthogonality of the operators Q; we find

n

(Cluwy = (O 3"(Q— Qa)u,v)

=0

O 3" - Qn)u, y (Q5— Qj-1)v)
=0 j=0

Zn:?’“«Qz — Qi 1)u, (Q — Qi1)v).

Using techniques developed in [74] we now replace C,, by a computation-
ally simpler preconditioner C,, given by

n._Z?ﬁlZZ Bij1)Biji. (3.54)

=1 j=1

We will show that 5n is spectrally equivalent to C,,. We say that two oper-
ators X and ) are spectrally equivalent if

(Xv,v) N (Yv,v)
(v,v) (v,v)

By the orthogonality of the projectors Q; one finds from (3.53) that

C, = Z?ﬁ‘”(Ql — Q).
=0
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Because of the decaying scaling factors we can replace C,, by the spectrally
equivalent operator

n
C, = 23_41Ql.
1=0
From Corollary 2.5.7, we have the equivalence
2
N, 3 N, 3
chij,lBij,l ~ 372[22 lcijal?,
i=1 j=1 Ly i=1 j=1

and by the Riesz property (see, e.g., [30]) this implies the existence of a
dual basis {B;;,1} such that

2

N; 3 N 3
o 21 2
Y N ciiBija|  ~3"D 0> el

=1 j=1 Lo =1 j=1

The orthogonal projector Q; has the representation

N3
Af= ZZ(f, Bij1)Biji-

i=1 j=1

Hence,

N; 3
(Quf £y =(Quf, Qf) = 1 QuflIF, ~ 3 YD f Bij)l> = (Quf. ),

i=1 j=1

with

R N, 3
Q= 3% Z Z<'a Bij1)Biji,

i=1 j=1

which shows that CAn defined in (3.54) is spectrally equivalent to C, such
that, by (3.52),
w(C/2ALC%) = 0(1).

In other words, the BPX-preconditioner works with a frame of redundant
basis functions, instead of a basis.

In the paper [61] Griebel shows that the conjugate gradient (CG) method
for the semidefinite system that arises from the Galerkin scheme using the
nodal basis functions of the finest level and of all coarser levels of dis-
cretization, is equivalent to the BPX-preconditioned CG method for the
linear system that arises from the Galerkin scheme using only the nodal
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basis functions of the finest level. We will briefly sketch the proof here. The
interested reader is referred to [61].

As in Section 3.2, let ¢,, denote the row vector of basis functions B;; r,
at level n, and let A,, denote the subdivision matrix. Then

[0 1] = d1[A0 1],

with I3 the dim Sy x dim S; identity matrix. If Ty := [Ay I1] then we find
in a similar way

[¢0 ¢1 452] = ¢2[A1T1 12]-
Again, if Ty := [A1Ty  Lo], then

[Cbo ¢1 ¢2 ¢3]:¢3[A2T2 IS]

and so on. Now, using the nodal basis functions B;;, at the fixed resolu-
tion level n, the Galerkin approach leads to the linear system of equations
Lyuy, = fn, where (Ly)sitj,3k+1 = a(Bijn, Bkin), with a(-,-) the bilinear
form induced by the elliptic PDE, and (fy)sk+1 = (f, Bki,n). If we use the
nodal basis functions of the finest level and of all coarser levels, then the
Galerkin approach leads to the enlarged system of equations LPwZ = fF,
where (Lg)é,liizjngrl = a(Biji,, Buyg,) and (fF)3,, = (f, Bu,), with
li,l = 0,...,n. Note that, to compute LZ it is not necessary to ex-
plicitly compute a(B;j1,, Bkii,) and (f, Bi,i,) which involves integration
on all levels 0, ...,n, but we can use

The matrix LZ is relatively densely populated, but in practical implemen-
tations it is not necessary to know the matrix explicitly. We only need the
matrix vector multiplication LZw?Z, such that the product representation
(3.55) can be used, which can be computed in O(dim S,,) operations. The
matrix LZ is semidefinite and has the same rank as the matrix L,. The
system LEw? = fF is solvable, but it has numerous different solutions.
However, for two different solution wZ! and wf-2

n n )
anf’l = anf’2 = Up

holds, where u,, is the unique solution of the system L., u,, = f,. Therefore,
it is sufficient to compute just one solution of the enlarged semidefinite
system to obtain via T;, the unique solution of the system L,u, = f,.

Now we consider the diagonally preconditioned CG method for the en-
larged semidefinite system. A major task in the CG method is the compu-
tation of the residual
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of the semidefinite system for a given w”. Using (3.55) we find
Tf (T, ) fo= (T ) Ln(Th)w f = (Tn)T(fn — Lyuy) = (Tn)TTn-

Let DZ be a diagonal matrix that we use as a preconditioner. With DZ-
preconditioning we must compute (rZ)TDErE in the preconditioned CG

algorithm. Since rZ = (T,,)Tr,, we find that
(ra) " Dyryl = 1 Tn D (Tn) T
Hence, the DE-preconditioned CG algorithm for solving LEwZ = fF is
equivalent to the CG algorithm with preconditioner T}, DZ(T,)T for solving
Now consider the BPX-preconditioner (3.54). If we apply the precondi-
tioner to the residual r,, we get

n Ny 3
§ § § Tnv i, l 13 l-
1=0 i=1 j=1

This preconditioner can easily be expressed in terms of the enlarged lin-
ear system LEwE = P Computation of the residual rf = ¥ — LEyE
produces

Tf = (T’n)T'f'n - (T(l)T T(2)T e 'f'(n_l)T TnT)Tu

where
(T(l))3i+j = <T’n, Bij,l>Bij,l7 l = 0, .o, n

The BPX-preconditioner resembles just a multiplication of the residual rZ
with a diagonal matrix DZ where the diagonal entries are given by the scal-
ing factors 32!, In [130] Yserentant suggested to replace the scaling factors
3% by 1/a(Byj.1, Bij,1), which leads to the so-called multilevel diagonal scal-
ing preconditioner. This preconditioner is further analyzed in [128, 133].
Multilevel diagonal scaling can be expected to work better in practice than
BPX for non-model problems since it reflects more closely the properties
of the problem. However, for elliptic problems with constant coefficients it
is equivalent to BPX up to a constant multiple. In our implementation we
have used the multilevel diagonal scaling.

Let us take a look at the condition numbers of the DZ-preconditioned
semidefinite system. Of course, the conventional condition number is infinity
because the matrix LE is singular. In [61] it is shown that the condition
numbers of the preconditioned enlarged and original systems are the same,
provided that a generalized condition number is used that considers the
preconditioned matrix restricted to the orthogonal complement of its null
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space. In practice this means that the generalized condition number that
we use is given by

#((DEYV2LE(DEYY2) = M ax/ Amins

where Apax denotes the largest eigenvalue of (DZ)Y2LE(DEY/2 and Apin
its smallest non-zero eigenvalue, and

K(CY2ALCY?) = k((DEYV2LE(DE)Y/?)

holds.

For the hierarchical basis preconditioner we use a similar strategy. De-
note by LIB the stiffness matrix that uses only the basis functions in the
hierarchical basis. Then

LHE = (THP)" L, THE

holds, with

THB _ A, 0O Apr O] [ A O
n 0 I 0 I 0 I |-

Let us numerically solve the problem (1.16) with the right hand side f
such that the exact solution u is given by u(z,y) = (x(1—2x)y(1—y))?. Table
3.4 shows the results. We have used a nested iteration conjugate gradient
method to solve the problem, i.e., by means of an outer iteration loop going
from a coarse resolution level to the finest resolution level n,.x we compute
the solution at each level with the conjugate gradient method and we use the
solution obtained at the previous coarser level as an initial guess. At each
level we stop the conjugate gradient iteration if the energy norm (H2-norm)
of the residual is proportional to the discretization error. By Theorem 2.6.2
we know that this discretization error measured in the H?2-norm is of O(h)
with h the mesh size. In [35] arguments are given for the fact that nested
iteration is an asymptotically optimal method in the sense that it provides
the solution u at the finest resolution level ny.x up to discretization error
in an overall amount of O(N,,,. ) operations, provided that an optimal
preconditioner is used. The optimality of nested iteration combined with
an optimal preconditioner is also explained in any good multigrid textbook.

The first column in Table 3.4 contains the resolution level n. Then we
distinguish between the results for the BPX preconditioner and the results
for the hierarchical basis preconditioner. For each preconditioner we display
the spectral condition number x of the system matrix for the linear system
of equations that is solved. Moreover we show the H2-norm of the residuals
corresponding to the approximate solution, and the number of iterations
that are needed on this level to reach discretization error accuracy.
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BPX HB
K residual # K residual #iter
125.4 | 1.1066e-05 | 16 207.7 1.0121e-05 22
176.9 | 3.5235e-06 | 16 492.6 2.9262e-06 39
216.9 | 8.4733e-07 | 17 950.4 1.1454e-06 52
236.1 | 3.4569e-07 | 15 1584.6 | 3.9780e-07 79

T w3

Table 3.4: Tteration history for problem (1.16).

Remark 3.6.1. Any basis for S; that is stable in the sense of Definition
2.5.1 gives rise to an optimal BPX preconditioner and suboptimal HB pre-
conditioner for (1.16).

Remark 3.6.2. Computing the H?-norm of the residual is easy. In fact
we have that

lun —ullgz ~ [ Aun = fllaey
n N 3
= D200 (Biju Alw — ) By,
=0 i=1 j=1

(H2)

~ Z32lZZ| iy Alur — ))|?

11_]1

= 232122 ”l,Aul ( z],l7f>)2'

=0 =1 j=1

Here {B;‘ l}”l is the dual frame to {B;j;i}iji. The first equivalence is due
to the ellzptzczty of the operator A. The second equivalence is because the
dual frame is a Riesz frame for the dual function space (HQ) . The last
expression is just the la norm of the residual of the system (1.13) with
respect to the suitably normalized frame {Byj i }iji. This trick only works for
elliptic PDEs, because the first equivalence above makes use of the ellipticity
condition (1.8).



Chapter 4

A hierarchical basis of
Lagrange type

4.1 Introduction

In the previous chapter we constructed a hierarchical basis by using the Her-
mite interpolant Z;. Therefore the range of stability is restricted to values
s > 2, since, by the Sobolev embedding theorem, this Hermite interpolant is
only well defined for functions in H*(2), s > 2, cfr. Lemma 3.4.4. With this
in mind, the construction of hierarchical bases based on C'! finite elements
of Lagrange type instead of Hermite type should allow to enlarge the range
of stability from s € (2,3) to s € (1, 2). Recently Davydov and Stevenson
[41] constructed such hierarchical Riesz bases for H*(2), s € (1, ), based on
a Lagrange type interpolation operator for C'' piecewise cubic polynomials
on certain triangulations obtained from checkerboard quadrangulations.

In this chapter we construct hierarchical Riesz bases for C'! piecewise
quadratic polynomials on Powell-Sabin triangulations. Inspired by the work
of Davydov and Stevenson we look how we can extend the range of stability
from s € (2, g) to s € (1, g) by using a Lagrange interpolation operator.
While the construction of Davydov and Stevenson is rather technical, espe-
cially near the domain boundary, our construction is easier and straightfor-
ward. The work in this chapter is published in our paper [89].

In Section 4.2 we construct a Lagrange basis for the space of Powell-
Sabin splines with homogeneous boundary conditions, and we prove that
this basis is stable and local. Section 4.3 is devoted to the construction of a
H*(Q) stable hierarchical basis for s € (1, 2). The corresponding hierarchi-
cal basis preconditioner is an optimal preconditioner for the model problem
(1.16).
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4.2 A stable local Lagrange-type basis for nes-
ted PS spline spaces

Let  be a domain in R? with polygonal boundary for which there exists a
conforming triangulation Ag such that

(@) @=Urea, T,

(b) the intersection of any two different triangles in Ag is either empty or
a common edge or vertex,

(c) all interior vertices have degree six,

(d) all triangles in Ay can be colored black and white in such a way that
every interior vertex in A belongs to exactly one black triangle.

Such a triangulation can be constructed for any domain with a polygonal
boundary. First we create a so-called checkerboard quadrangulation [100]
for Q. This is a quadrangulation consisiting of quadrilaterals with largest
interior angle less than 7, and the quadrilaterals can be colored black and
white in such a way that any two quadrilaterals sharing an edge have the
opposite color. If we allow triangles at the boundary, see Figure 4.1, then
such a checkerboard triangulation can always be constructed for a polygonal
domain, see [41] for a proof. Note that all interior vertices in the checker-
board quadrangulation are of degree four. Next we construct a triangulation
by adding the north-west south-east diagonal to each quadrilateral in the
quadrangulation, see Figure 4.2. Note that all interior vertices have degree
six. A suitable coloring can be obtained easily by applying a regular coloring
pattern since, by construction, our triangulation has a “regular” pattern,
i.e. looking closely at Figure 4.2 we see a distorted uniform triangulation.
So construct a regular coloring pattern satisfying (d) for a uniform trian-
gulation and apply that pattern to the constructed triangulation. Let A
be the triadic refinement of Ag, see Figure 3.2. It is trivially checked that
Ay still satisfies (a)—(d). By induction, each triangulation A; satisfies the
properties (a)-(d). We define A} as the subset of A; consisting of the black
triangles, and A} as A;\ A7.

We are interested in the multiscale spaces S; C S3(AF¥) satisfying ho-
mogeneous boundary conditions, i.e.

S :={seC*Q)|s|, ePrforall T e Al s =Dys=Dys=0on00}.
The spaces S; are nested:

SoCcSiCc---CcSC---.
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Figure 4.1: Checkerboard quadrangulation without coloring.

Figure 4.2: Construction of a suitable triangulation.
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The remainder of this section is devoted to the construction of a suitable
Lagrange basis for the spaces ;.

For each interior vertex V; € A; we have a corresponding triangle Ty, €
A?. Define Di(V;) as the set {V;,Vi;,Vix}, with Vi; and Vi chosen such
that the triangle T'(V;, Vj;, Vix) belongs to the triadic refinement of triangle
Ty, € A}, see Figure 4.3. Define =; as the union of all sets D;(V;), i.e.

(1]

| = U Dl(‘/z)

VieA\O2

Figure 4.3: With each interior vertex V; € A; we associate the set D;(V;) :=
{Vi, Vij, Vi }. The figure also depicts the sets D;(V;) := {V}, Vi, V;i} and
D; (Vi) :={Vk, Vii, Vii;} (assuming that V; and Vj, are interior vertices) .

Theorem 4.2.1. The set =; is a Lagrange interpolation set for S;, I > 0,
i.e., for any arbitrary function f in C°()) there exists a unique spline s € S
such that

S(g)zf(g)v § €.

Moreover,
Isllp(ry S max{|f(E)| | £ €ENnstar(T)}, T el (4.1)

with star(T) the union of all triangles in A; having at least one vertex in
common with T. The bounding constant in (4.1) depends at most on the
smallest angle in the triangulation Alps.
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Proof. From the classical work of Powell and Sabin [107] we know that
the dimension of the spline space S3(AF) equals 3N, with N; the num-
ber of vertices in A;. Let N; = N/ U NP with N/ the number of inte-
rior vertices and with Nlb the number of boundary vertices. The spline
spaces S; satisfy homogeneous boundary conditions, therefore we find that
dim S; = 3N} = #E;. Proving that the set Z; is a Lagrange interpolation
set is now equivalent to the statement that s(§) = 0, £ € =, implies s = 0.
So let s be in S; with s(§) = 0 for all € € =;.

Suppose that e is an edge of a triangle in A} that contains four interpola-
tion points. Then, from the univariate theory, this set of four interpolation
points on e is a Lagrange interpolation set for the space of quadratic C*
spline on this edge e with one interior knot in e. Therefore, we find that
sle = 0 holds for all edges e in A that contain exactly four Lagrange inter-
polation points.

Next, consider an edge e of a triangle in A} that contains only two
interpolation points. Then one endpoint of this edge is on the boundary of
the domain and we have homogeneous boundary conditions in this endpoint.
Again, from the univariate theory, we find that s|. = 0 holds. Similarly we
find that s|. = 0 for all edges e of the triangles in A} that do not contain
any interpolation points.

We have now proven that s|. = 0 for all edges e € Ap. Therefore, we
immediately deduce that the function value and the gradient of s vanish at
all vertices in A;, and the classical interpolation conditions of Powell and
Sabin imply that s = 0.

Now we prove (4.1) in a similar way. From the univariate theory we find
that

sl 0y S max{[F©)] | € €Zine}

for each edge e € AP. Hence, because of the C! continuity conditions, (4.1)

follows.
O

Next, we define the Lagrange basis functions Be; , £ € Ey, for the space
S;. They are the unique solutions of the interpolation problem

nyl(C) = 5&(5 v&ac € Ela

with d¢ ¢ the Kronecker delta. By Theorem 4.2.1, this interpolation problem
is well defined and the basis functions Bg ; satisfy

supp B, C star(T), EeT CAy,

and
||BEJ||LDO(Q) ~ 1
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Figure 4.4: The Powell-Sabin macro-element.

It is a simple exercise to show that

> ceBey ~ |lefls - (4.2)
teE Loo(9)
Figure 4.5 depicts the typical forms of these Lagrange basis functions.

Define A ; as the area of the support of the corresponding basis function
Be .

Theorem 4.2.2. Let s; € S; be given by ZEGEz 0535)“4;11/]0, then for any
1 <p < oo we have

1/p
lsill oy ~ llelly, == [ D leel” | (4.3)
€T,
The constants of equivalence depend at most on the smallest angle in the

triangulation AFS.

Proof. For p = oo the normalization factor A;ll/ P equals one and we find
(4.2). Next, we treat the case 1 < p < oo. Choose a triangle T' € A; and
let Ip := {€ | suppBe; NT # 0}. Let 1/p+1/¢g = 1, then by Hélder’s

inequality

P
/ |si|” dw
T

/ Z CngJA;ll/p dw

gelr

p/q

> |c§|”/ STBLAT] dw.

gelr T \¢eir

IN
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A\

(a)

(b)

Figure 4.5: (a) Basis function Bg; with & corresponding to a vertex in A;.
(b) Basis function Bg; with £ corresponding to a vertex in Ajy; \ Ay,

Since #Ir < 9 and B¢ is uniformly bounded by a constant C'

(T
/|sl|pdw§0p9p/qmaxvo—() E |ce|? < CPYP E |cel? .
T celr Agl

7 gElr (elr

We sum over all triangles T € A;. A certain c¢¢ can appear more than once
on the right-hand side and the number of times it appears can be bounded
by the maximum number of triangles in the support of B¢ ;. We find

1/p

1/p
||Sl||Lp(Q) = (Z / |Sl|pdw) S Z |cel? )
TeN; T

€T,

which proves the upper bound in (4.3).

To prove the lower bound, we use the fact that all norms on a finite
dimensional vector space are equivalent (in our case this is the finite di-
mensional space of bivariate polynomials of degree 2). Consider a triangle
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T € A; and the standard simplex T := {(z,y) | 0 < 2,y < L,z +y <
1}. We know that [|si|;_ 7y < ||5l||Lp(TS) and therefore ||si||;_r) <

vol(T)~ /P l[stll,, (- Note that from (4.2)

-1
lstll oo ry ~ max e A7)

therefore
P —1/p|? -1/p|?
c < maxA ‘CA ‘ < 9max Ar;max |ccA ‘
> leel” < max A, > leede, | < max A¢ max|ceAg
celr celr

Ac
< A P < S P
S max el S max o o, o
From similar reasoning as in the proof of Lemma 2.5.6 we easily deduce that
maxeer, %% < 1. Summing over all triangles T' € A; yields

Do leel” < Y0 > leel” S llsillf, o

£es; TeA Eelr

which proves the lower bound in (4.3). O

4.3 (C! hierarchical Riesz bases for H;(f2) with
s€(1,2)

In the previous section we constructed a hierarchical basis of Lagrange type
on arbitrary polygonal domains and we derived some stability results at
most depending on the smallest angle in the underlying triangulation A,
We now assume that the nested sequences (3.2) and (3.3) are regular.

Let us introduce the interpolant operator £; : C°(Q) — S that is defined
as

Lif =Y f(&)Beu. (4.4)

£EE,

It is obvious that this operator returns the unique spline function in S; that
interpolates the given function f at the positions of the & € Z;. We show
that this operator is suitable for constructing a multiresolution analysis in
the sense of Definition 3.3.1.

As Banach space B we take C{(£2), the space of C° continuous functions
that vanish on 02, and its associated norm is the Lo, norm. By Theorem
4.2.2 for p = oo and (4.4), we get ||Lifllz ) S IfllL. (), so the operator
L; is uniformly bounded in C§(92). Proving that the spaces S; are dense in
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C9(9) is equivalent to proving that limy .o || f — Lif]|L_ (o) = 0. Let (2,y)
be an arbitrary point in triangle 7' € AP with T'N 0 = (). Then

|f($,y)_£lf($,y)| = |f(33,y) Z Bﬁ,l(xay)_ Z f(f)Bg,l(l',y”

£eg; £eg;

| > (Fl@y) = F€)Beala,y)l,

£EE,

and, provided that Bg,(z,y) # 0, f(z,y) — f(§) goes to zero as I — oo
because f is continuous. Similar arguments hold when T'N 9Q # () or
when T € A7, so the spaces S; are dense in C§(£2). The last property,
LiL141 = Ly, follows immediately from the fact that the sets Z; are nested,
ie.

EoCE1C---CEC---.

Since for { > 0, the sets {By¢ | £ € E; \ Ei—1} are Loo-stable bases for the
spaces Im(L; — £;-1), we find that ;2 {Bie | £ € =/ \ Ei—1} is a weakly
Loo-stable hierarchical basis for CJ(£2). The remainder of this section is
devoted to the proof of the fact that

U {3(1_8)13571 | Eeg \El—l}
=0

is a strongly stable Riesz basis for Hg(€2) for any s € (1,3). The operators
L; will be essential tools. Note that, by the Sobolev embedding theorem,
L, is only well defined on H§(2) given that s > 1.

Lemma 4.3.1. For each f € H(Y), s > 1, and arbitrary p > 0 we have
that
If—=LifllL, @ —0 as | — oco.

Proof. Suppose that 1 < s < 2. Let (z,y) be some arbitrary point in
triangle T' € A;. A simple calculation yields

[f(@y) = Lif (@) S WL -

Then the Bramble-Hilbert lemma [10] (Lemma 2.6.1) and Theorem 7.58 in
(1] imply
(@, y) = Lof (2,9)] S 377 | gy -

Using (3.4), we get

1/p
I~ Caflyry = (/T If(:v,y)—ﬁzf(cv,y)l”dwdy>

3—l(s=1) |f|HS(T) 3—2l/p7

N
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and some elementary calculations yield

Hf _ ElfHLP(Q) ,S 37l(571+2/17) |f|H5(Q) .

The case s = 2 can be proven using the same techniques, and the case s > 2
follows from the fact that H*(Q) C H*~1(Q). O

From Lemma 4.3.1 we know that each function f € Hj5(Q2), s > 1, can
be decomposed as

o0
F=>a, @es,
=0

in the sense of L,. Moreover, we can use the decomposition

NE

=) (Li—Li)f,

Il
=]

with £_1 :=0.

Recall Proposition 3.4.7. Using the norm equivalence (3.28) we can now
prove the following theorem, which is essentially the same as Theorem 3.4.8.
The proof is inspired by the work in [36] and [41].

Theorem 4.3.2. For any s € (1,3), it holds that
Hf||§{s(9) ~ 23%”(5! - ﬁl—l)fH%Q(Q)a f e Hg(9Q).
1=0
Proof. Because of the norm equivalence (3.28) it is sufficient to prove that

inf 32ls 2 ~ 32ls L1 — L 2 .
HESHI=T, gzg ||ngL2(Q) ; [[(£4 l 1)f||L2(Q)

Since (£; — Li—1)f € Sy and D5 (L1 — L1—1)f = [ the inequality “<” is
trivial and we will concentrate on the inequality “>”. Let f = Y,°, g; with
g1 € S;. Since the operators £; are projectors and the spaces S; are nested,
we have (£; — £;-1)S, =0 when n <1 —1. Moreover the operators £; also
satisty

1eisallza@y S 3" Usallays 50 € S (45)
Indeed, from the construction of £; and (3.4) we easily get
HEZSnHLOO(T) S ||5n||L,,o(T) , T el

Then (4.5) can be deduced by using (4.2) and Theorem 4.2.2.
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From the properties above and the Cauchy—Schwarz inequality we have

Z Z32ls<(£l —Li-1)gn, (L) — Elfl)gn’>L2(Q)
/=0 1=0
min{n,n'}
_ Z Z 32ls El Li_ 1)97“ (El - El—l)gn’>L2(Q)
n,n’=0
oo min{n,n'}
< S Y 5 (1Ll + 1€ 10allna)

n,n’=0 =0

(1219 | Loy + 1L1=19n | La())

min{n,n'}

S Z > 32esm 2 g Lo llgn [l o) -
n,n’=0 =0

The last expression can be rewritten as

min{n,n’}

) D s (8" gl 2(0) 3" g | (1)

n,n’=0

which is equivalent to

oo

Z 3(5—1)(2 min{n,n’}—n—-n") (3n5||gn||L2(sz))(3"/5||gnf ||L2(Q))-

n,n’=0
The factor 3¢~ DEmin{n.n}=n=n") hecomes very small if |n — n’| > 0. In

fact, the infinite matrix [3(s=1D@min{nn'}=n=nl] o defines a bounded
mapping on 5. Therefore

Z g(s=1)(2min{n,n'}—n—n )(3"S||gn||L2(Q))(3" S”gn’”Lg(Q))

n,n’=0

o0
SO 3" gnll 700
n=0

Since the splitting f = Y° g, was arbitrary, we have derived that

inf 325((Ly = L1-1)gn, (L1 — L1—1)Gnr
gzeSL:f:Engnnz,Og (Lr = Li=1)gn, (L1 = L1-1)gn') Lo ()

< inf 32ns
HESHI=S, . lz ||gn||L2(Q
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Because f € A (L2(2)) (Proposition 3.4.7) we know that the right expres-
sion is bounded. Then from the derivation made above it follows that the
left expression is absolutely convergent and we are allowed to write that

inf 32((L1 = Li=1)gns (L1 = Li-1)gnr
glesﬁj’:&gln;og (L 1-1)9n» (L1 1-1)9n') Lo ()
= inf 32ls Ly —L— nuﬁ_ﬁ_ n'
gLESzif:Zzgl;nnzlzo (L 1-1)9n: (L1 1-1)9n7 ) La(22)
- Z?WSH(EI—Ezfl)fH%Q(Q)-
1=0

We conclude that
32ls L — L 2 < inf 32ls 2 ]
; 1L = Li1) 1 e ~gles£?:zlgzl; lgel 2.
O

Since, by Theorem 4.2.2, the subsets {3lBg,l | €€ =\ El_l} form an
Ls-stable Riesz basis for Im(£; — £;—1), we find from Theorem 4.3.2 that

2
1y ~ D8 D ced'Be
1=0 EEENEI1 Lo (Q)
C S Y kb
1=0 EEEINE_1

Hence,

2

> e B ~Y T el se(l,g). (4.6)

=0 £€5\5;1 Hs(Q) =0 £€E1\E; 1

This result immediately implies that, by the theory from Section 1.2, the
corresponding hierarchical basis preconditioner is optimal for fourth order
elliptic equations.

Remark 4.3.3. A local Lagrange interpolating scheme on Powell-Sabin
triangulations was developed in [101] which is similar to our construction.
The construction in [101] was not placed in a multiresolution context, but a
similar reasoning as above can be applied. The basis functions in [101] have
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a larger support sometimes, but, on the other hand, their construction holds
for arbitrary initial triangulations Ag. By merging the approach described
above and the approach in [101] one can easily create a hierarchical basis
starting from an arbitrary initial triangulation Aq that is stable with respect
to the norm in H*(Q) for all s € (1,3).

Remark 4.3.4. As already mentioned in the introduction, experience in
the second-order case shows that often the BPX scheme is superior to most
HB and wavelet schemes derived from the same MRA, and equally cheap in
its implementation. There is no implementation of this HB-type precondi-
tioner, but a similar picture would probably emerge when compared to the
BPX preconditioner.
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Chapter 5

Optimal wavelet
preconditioners

5.1 Introduction

In recent years wavelets have become a well-appreciated discretization tool
for solving elliptic variational problems, see, e.g., 21, 24, 29, 33, 65, 71, 105].
In this chapter we present a general construction method for wavelets on
arbitrary domains that are suitable for preconditioning systems arising from
elliptic variational problems.

Section 5.2 gives a short overview of the principles of multiresolution
analysis and lifting [40, 121, 122, 123]. Furthermore we explain how wavelets
can be created on arbitrary domains and we discuss the design of the second
lifting step, the update, in detail, which is joint work with colleague Evelyne
Vanraes and published in our paper [125]. Section 5.3 contains theoretic ma-
terial to investigate the Riesz basis property in the Sobolev space H*(R?) of
a given hierarchical system. Crucial here is the derivation of the smoothness
of the dual system. In order to be able to use Fourier techniques we will
only consider the shift-dilation invariant setting of a multiresolution anal-
ysis, although realistic applications require other settings. Recently there
has been a growing interest in the numerical computation of the smooth-
ness of refinable functions (or function vectors), see, e.g., [22, 39, 67, 108]
and references therein. However, a necessary condition in those papers is
that the refinable functions (vectors) exist in Ls. From [121] it appears
that the duals arising from the lifting scheme do not necessarily satisfy this
condition: it is possible that they only exist in distributional sense in Ls.
This difficulty was dealt with by Lorentz and Oswald for the single function
refinable case. In their paper [82] they provide sharp stability estimates

93
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for systems where the duals do not belong to Lo. Our main result in this
section is Theorem 5.3.4 which extends the result of Lorentz and Oswald to
refinable function vectors, and it is published in our paper [88]. In Section
5.4 we explicitly construct wavelets using the method from Section 5.2 and
we investigate their stability using the theoretical framework from Section
5.3. Piecewise linear and quadratic spline wavelets are treated in one or two
dimensions. Furthermore we numerically compare the constructed wavelet
systems to standard finite element hierarchical bases. These numerical ex-
periments confirm the theory. Then, in Section 5.5, we briefly discuss a
strategy to construct stable wavelets on uniform grids. Using this strategy
we find connections with other constructions in the literature. Finally, in
Section 5.6, we give an explicit construction of compactly supported Powell-
Sabin spline prewavelets on the uniform hexagonal grid, see our paper [87].
The obtained prewavelet basis is stable in the Sobolev spaces H*(2) for
|s| < 3, see, e.g., [104].

5.2 Multiscale decomposition on non-uniform
grids

Let © be a bounded polygonal domain in R? or R? itself, with d the spatial
dimension, and suppose that we are given a sequence Sy C S; C So C--- C
L2(9) of closed spline subspaces S; of La(€2) where each S; has the form
S; = span{oy |k € I;}, and we refer to the spline functions ¢y as scaling
functions. It will be convenient to use matrix notation. Define ¢, as the
row vector of all scaling functions ¢ ;, k € I;. We assume that the scaling
functions form an Lo Riesz basis for S, i.e.

ucllf, ~ e (5.1)

Because the spaces S; are nested there exists a subdivision matrix A; such
that ¢; = ¢;,,A;. Such a subdivision matrix A; can be written in block
matrix form as

We distinguish a part O; that computes the coefficients of the basis functions
on the finer grid associated with old vertices, and a part N; that computes
the coefficients of the basis functions on the finer grid associated with new
vertices. Each space Sj41 contains splines on a finer grid than the previous
coarser space S; and therefore can describe more detail of a surface. These
details are captured in an algebraic complement W; such that S; & W; =
Si+1. We will refer to the basis functions of W; as wavelets and we denote
1, as the row vector of all wavelets that span W;. The relation between 1,
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and ¢, is given by a filter B; , i.e. ¥; = ¢;,1B;. In order to go from a
coarse grid to a finer grid we use a regular refinement. This implies that
there exists a constant p such that diam(supp ¢y ;) ~ p~7. Typically we
have p = 2 (dyadic refinement).

The main idea is to start with a hierarchical basis and apply a local
correction process on the scaling functions at each level in order to achieve
certain stability properties (1.14) for the wavelets. This technique fits in
the framework of both the lifting scheme [122] and the stable completion
technique [14]. We split ¢, in functions ¢j,; associated with old grid
points and functions ¢, ; associated with new grid points when going from
S; to Si41, ie.

¢l+1 = [¢?+1 ¢?+1]'

The wavelets ¢, are then initially defined as ¢;', ;, and

n-[]

We have now made a choice for the complement space W;. This construction
gives us a set of biorthogonal filter operators {A;, By, A;, B;} such that

[ ¥ = ¢[A B,

] I 62
gz [Ai Bl = I

We also find dual scaling functions dN)l (that mainly consist of Dirac distri-
butions and differential operators) and dual wavelets 1; satisfying

& ¥)= ¢l+1[A;f BlT]a (5.3)
and they are biorthogonal in the sense that

(Ghts O 1) = Ok krs (Dt Vs 1) = O
(Pr1s Ymy) =0, (Y1, i) = 0.

As discussed before it can be desirable to have another complement
space with certain properties. The new wavelet functions can be found
by projecting the ¢ ; into the desired complement space W; along Si,
ie. ¥, = ¢,y — ¢,C). For each wavelet function there is a corresponding
column in the lifting matriz C;. The possibly nonzero entries in this column
together will be called the stencil for that wavelet function. Note that if

(5.4)
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there are no zero entries in Cj, the wavelets will have the whole domain 2
as their support.

The semiorthogonal construction orthogonalizes the new basis functions
1; to S;. The lifting matrix C; is found as the solution of the linear system
Cy = (¢, ¢;) " (¢, ¢;1). Although this construction process produces a
stable multiscale basis, the wavelets are not practically useful because they
are globally supported on 2. However, the semiorthogonal lifting matrix has
exponential off-diagonal decay [113, Lemma 5.2]. This motivates the use of
local semiorthogonalization [83]. This construction method fixes the stencil
in advance in order to have local support for the wavelet functions. Hence,
a wavelet function on a new grid point is updated by the scaling functions
of some neighbouring old grid points. The lifting matrix orthogonalizes
the wavelets to their predefined set of scaling functions. Unfortunately this
method does not yield stable multiscale bases. Hereto we need at least
one vanishing moment, which implies that the dual scaling functions repro-
duce constants, a necessary condition for stability [112]. This leads to an
overdetermined system because we do not have sufficient degrees of free-
dom. However, as already briefly mentioned in [83], enforcing a vanishing
moment is easy. During the partial orthogonalization process, one simply
adds a linear constraint that forces the wavelet to have a vanishing mo-
ment. This will be our approach here. Once the lifting matrix is chosen we
find a new set of biorthogonal filter operators {A;, B; — A;C;, A; + C; By, B, }
satisfying similar relations as above.

Theorem 5.2.1. Suppose that the scaling functions satisfy ¢ > 0 for all
k,l. Then for each level I, the set of wavelets 1p; that have one vanishing
moment and are as orthogonal as possible in a least squares sense with
respect to the scaling functions in their predefined update stencil, forms an

Lo Riesz basis of W.
Proof. Denote the one level wavelet transform filters as M, i.e.
[ il = ¢y M

We show that ||M|2, | M; ||z = O(1), uniformly in I. Then, by (5.1), the
theorem follows. The filters M; and Mfl can be factored as

_[o o I 0 I -G
e[S L vl 7
L_[ral [ 1 o] ot o
Ml_[o 1}[—N11}[0 I

Hence it is sufficient to prove that ||Cy|2, | Nil|2, [|Oill2, |O; |2 = O(1). Be-
cause of (5.1) one can show, using results from [14], that | N ||z, [|O¢]l2, |O] ]2 =

and
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O(1). It remains to check whether the update is stable, i.e. ||Ci]|2 = O(1).
For band matrices with uniformly bounded bandwidth, the 1-norm and the
2-norm are equivalent uniformly in the dimensions of the matrix. Therefore
it is sufficient to show that ||Ci|l1 ~ max;; [(C1)i;| is uniformly bounded.
Let us focus on the update of a particular wavelet function 1, ;, where m
represents a new grid point. The update involves a set of neighbouring scal-
ing functions corresponding to old grid points. Let us denote these scaling
functions by {¢x |k € Uy} with U, an index set representing the old grid
points and U,,, satisfies by construction #U,, < 1. Define the Gram matrix
G as G := ((@k1,1s Phs ) La )k, yev,, - Lhe update step solves the following
overdetermined system

G-c=b with b= ((ktsbmi1)Ls) ey, -

(<1, ¢k7l>L2)keUm c= <17 ¢m,l+1>L2

in a constrained least squares sense such that the vanishing moment condi-
tion is satisfied. Hence the column vector ¢, that is part of the lifting matrix
C), satisfies

G -c=0b+e€ with e the least squares error, (5.5)
(L, k) L) per, € = (L, Pmit1) Lo

Suppose that {¢} ;|k € Un} is a dual base for {¢y |k € Up.}, i.e.

(Dky.t> Pha ) Lo = Ok ks

and suppose that ¢y ; =: 3 bk n®n.1, then G = (bg )k nev,, and

nelU,,

65117, = (Ph1> Dridrs = <¢7§,la > bk,n¢n,l> = bk, k- (5.6)
L

neUpm, 5

From the L stability of the scaling functions (5.1) it follows that

>0}, S ekl

nelU,,

So ZnGUm bim S bi., and we derive bim S bi.x. For k = n this becomes
br.r; S 1. Combining these two yields

[bk,n| S 1. (5.7)
Due to (5.5)

llelloe < NG oo (l1blle + Nlelloc)- (5.8)
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Combining (5.6), (5.7) and (5.8) gives
llelloe S ll€llso- (5.9)

Suppose that we choose for the column vector ¢ a solution in which all the
entries ¢k, k € U,,, are equal to zero, except for one entry ¢,,, n € U,,. From
the vanishing moment condition we find

(1, O i41) Lo
<17 ¢n,l>L2

Because the scaling functions form a Riesz basis of Ly and because they are
positive, we can deduce that

<1u¢m,l+l> 5 <17¢7€,l>7 (510)

and thus |cx| < 1 for all k € Uy, independent of the level [, and ||e|j2 =

|G - ¢ —b|l2 < 1. Since the least squares method finds a ¢ that minimizes
|G- c—b||2, we have ||¢||oc < 1 and from (5.9) we get max;; |(Cr)i;| S 1. O

~

Cp =

Remark 5.2.2. Note that we only use the positivity of the scaling functions
to prove that (5.10) holds. Theorem 5.2.1 is also true for several other
constructions for which ¢r; > 0 not necessarily holds. One only has to
validate (5.10) for the specific set of scaling functions at hand. One can, for
instance, use a reasoning as follows. A necessary condition for (5.1) to hold
is the reproduction of polynomials of degree 0, see for instance [112]. In the
shift invariant case this implies that the generator ® satisfies (1, ®)r, # 0.
Therefore, by perturbation arguments, on can show that (1, 1), # 0 for
all k and 1, and (5.10) holds.

Remark 5.2.3. Suppose that the scaling functions reproduce polynomials of
degree N—1. Then, using the local semiorthogonalization philosophy, we can
demand up to N vanishing moments. If the update stencil is too small, the
update coefficients in C; might be unbounded. Simoens [113] gives examples
of this phenomenon in the one-dimensional case and proposes a stabilized
variant.

5.3 Stability over all levels

Theorem 5.2.1 does not imply that the multiscale basis Ufio 1, is a uni-
formly stable Riesz basis for L(£2). More generally, we are interested in
the range of s for which the multiscale basis | J;°,%; forms a Riesz basis
for the Sobolev space H*(f2). The range of such s is determined by the
Sobolev regularity of the scaling functions ¢ ; and the Sobolev regularity
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of the dual scaling functions 5,“. The Sobolev regularity or smoothness of
an arbitrary function f on 2 is measured by the critical exponent

spr=sup{s: fe H(Q)}.

It is known from [29] that if ¢y, QNS;CJ € Ly(€) have compact support, then
the multiscale basis | J;~, ¥, is a Riesz basis for H*() for all s with —sz <
5 < 8¢, and that this interval is sharp. ’

Realistic applications often require a multilevel basis on bounded do-
mains 2, such that the nested spaces S; are not shift-dilation invariant.
However, for our stability analysis we will assume a shift-dilation invariant
setting for our multilevel basis, because this allows us to obtain estimates
for the Sobolev regularity. We start with a geometric refinement described
by the dilation matrix M which is of the form M := o1, with o an integer
greater than 1, and denote m := |det M| = 0. Let \x + MZ? be the m
distinct elements of Z¢/(MZ?), with \g = 0. Define the sets

Ai={\,k=0,....m—1}, A :=A\{)\o}.
In the most general case we find a multilevel system
U= {®(z—a),m/? VN Mz —a),acZl=01,..., xe N}, (5.11)
where
() = (61(x), ba(a), ..., 6, (2))" VM) = (@), 2 (@), .. 0} (@)

are r x 1 function vectors on R? that satisfy vector refinement equations of
the form

) = > Aa®(Mz—a), (5.12)
aeZd

W) = Y AN(Mz - o), (5.13)
aeZd

with {A, } and {A},, finitely supported sequences of r x r mask coefficient
matrices .

We now introduce a lot of new notation and some theorems to estimate
the range of stability for some given multilevel system.

Taking the Fourier transform of both sides of (5.12), we obtain

d(w) = P(M~Tw)d(MTw), weRY

and .
P(w):=m™! Z Age e, weRY

acZd
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is the symbol associated with (5.12). Here P(w) is an r x r matrix function.
Its entries are trigonometric polynomials with real coefficients. It is well-
known that if P(0) satisfies Condition E, i.e., 1 is a simple eigenvalue of
P(0) and all other eigenvalues of P(0) lie inside the open unit disk, then
there exists a unique compactly supported distributional solution vector
®(u) satisfying (5.12) and ®(0) = ygr, with yr (yr) the normalized right
(left) eigenvector of P(0) associated with eigenvalue 1, see [106].

Without loss of generality we assume that the support of the symbol
P(w) is in the cube [~N, N]¢ for some fixed N > 0, so A, = 0 for all
a ¢ [-N,N]% Let

K = <§: M~Y([-2N, 2N]d)> nze.
=1

Define the torus T := [0,27]¢ and let Co(T)"*" denote the space of all
r x r matrix functions with trigonometric polynomial entries. For a given
refinement equation with symbol P(w) € Co(T)"*" we define the associated
transition operator Tp on Co(T)"™*" by

=

TpH(w) := S P(M T (w427X)H(M T (w+27X\)) P(M T (w+27\))*.
k=0

Define

H = {H(w) € Co(T)™": Hw) = Y Hae '},
acK

then H is invariant under Tp. Furthermore we know from [63, 68] that the
eigenfunctions of Tp corresponding to nonzero eigenvalues lie in H. So it
is sufficient to consider the restriction of Tp to H in order to study the
eigenvalues and eigenfunctions of Tp.

Let us define the refinement operator Rp on La(R?)"*! by

RpF:= Y A F(M - —a),

a€Z?

then ® solves (5.12) if Rp® = ®. The cascade algorithm [39] consists in
the repeated application of Rp. If for some compactly supported initial
F € Ly(R%)™ ! the cascade algorithm converges in the Ly norm, then the
vector function obtained in the limit is an Ly (R¢)"*!-solution of (5.12). The
following theorem gives necessary but sufficient conditions to guarantee that
(5.12) has a solution in Ls.
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Theorem 5.3.1. The cascade algorithm associated with the symbol P(w)
converges in the Ly norm if and only if P(w) satisfies sum rules of order 1,
i.e.,

yrPRrM~TX\) =0, k=1,....,m—1,
and the transition operator Tp satisfies Condition E.

Proofs can be found in [63, 79, 112]. Note that the requirement that
P(w) satisfies sum rules of order 1 is equivalent to the requirement that the
shifts of the solution ® of (5.12) reproduce polynomials of degree 0. The
following theorem is the main result of the paper [67], and it can be used
to estimate the smoothness of the solution to (5.12).

Theorem 5.3.2. Let ® € Ly(R?)"™! be the normalized solution of (5.12)
with symbol P(w). Suppose the highest degree of polynomials reproduced by
®isk—1. Let

By o= {mo .m0 Il < kg =2 .r} Uo ™ : ] < 243,
with = (1,...,p0a) € Nd, 07# 1= o7 ...07R and {n1,...,n.} =

spec(P(0)) , where my =1 andn; # 1 for j =2,...,r. Here spec(-) denotes
the spectrum. Define

pr :=max{|v| : v € spec(Tp|y) \ Ex}.

Then

d
S > —Elogm P

If ® is La-stable then we have equality:

d
S = _5 IOgm Pk

Suppose that the multilevel system (5.11) is a Riesz basis of Lo(R?).
Then equations (5.2) and (5.3) yield a dual system

U= {&(z—a),m?VN( Mz —a),acZ1=0,1,..., xe A'}
which is also a Riesz basis of Lo(R?) satisfying (5.4). Furthermore

O(z) = Y AO(Mz—a), TMNz)= Y A\B(Mz-—a).

a€Zd aczd

The following theorem is due to Dahmen [29].
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Theorem 5.3.3. Assume that ¥ and ¥ are dual Riesz bases in Lo(R%)
with compactly supported basis functions. In particular the symbols P(w)
and ﬁ(w) of the scaling functions ® resp. ® are trigonometric polynomials
(i.e. they have finitely supported masks (Aa)a, (ga)a) Then the reqularity
exponents of ® and ® are positive, and

W is a Riesz basis in H*(RY) < —55 < 5 < 59,
U is a Riesz basis in H*(RY) & —s4 <s< 5%,

where sg and sz are the smoothness exponents of ® resp. 3.

Theorem 5.3.3 is not always applicable because it assumes that P €
La(R4)™1 which can be checked by Theorem 5.3.1. Generally we do not
know in advance whether our multilevel system W of the form (5.11) is an
Ly Riesz basis. Therefore, it is possible that the dual system only exists in
distributional sense in Lo which is not sufficient. In that case we cannot use
Theorem 5.3.2 either to compute sgz. This problem was solved by Lorentz
and Oswald in [82] for the case r = 1. For the remainder of this section we
will treat here the more general case r > 1 which is a generalization of the
results in [82]. We prove the following theorem.

Theorem 5.3.4. Assume that ¥ and ¥ only contain compactly supported
basis functions. If s := —% log,, p < 0 satisfies —5 < s¢ with p := max{|v| :
vE speC(Tﬁ‘H)}, then the multilevel system W of the form (5.11) is a Riesz
basis in H*(R?) for all s in the interval

—5<5< 855.
Furthermore, W is not a Riesz basis in H*(R?) for any s < —3.

First we introduce some notation and we prove some auxiliary lemmas.
Suppose that (¢q)q is a sequence of 7 x 1 vectors, then we denote the periodic

function vector
c(w) == g cqe "
acZd

by the same letter. Likewise we have

We introduce the matrix function

L(w) i= (P (w + 2rM~1A))

i,JEN
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which is invertible for all w € T if and only if {®(x — ), ¥(z — a),a € Z¢}
is an Ly Riesz basis in S, see [118, Theorem 13]. For our purposes this is

satisfied, see Theorem 5.2.1. From (5.2) and (5.3) we get

L) = (1% (w+ sz—TAj)*)i en”

Lemma 5.3.5. Consider the unique decomposition of v1 € Si:

ZCT‘I) c—a) =g + wy,

acZd

with

(5.14)

voi= Y (d)T(-—B) €S0,  wii= Y > (dyTV(-—B) € W,

Bezd AEN Bezd

Then, with

c(w) = aneﬂ'o"‘”,

a€Zd
dow) = ) dyen
pezd
we have that
7n—1~
d*(Mw) =m™" > Plw+2rM~"X;) c(w + 2rM~TN).
j=0

Proof. This is a straightforward generalization of Equation (41) in

Some algebra using (5.12) and (5.13) gives
votwr =Y [ DD (@)TA) s | B(M - —a),
a€Zd \A€A gezd

with A2 := A,. Hence,

=D D @) AL

XEA pezd

(5.15)

[82].

Since M is defined as ol; we have that M8 -w = - Mw and we infer

—mz (dMT (Mw)Pw).
AEA
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Substituting the arguments w + 27 M ~T\; we get

_ m—1
W = (Fw+2rM T/\j)jzo

m—1 m—1

= m (Z ()T (Mw) P (w + 27TM_T)\J‘)>
1=0 §=0

m—1

= m (@) (Mw) - (PN (w+2mM )
= md'(Mw)- LT (w),

4,J=0

where ¢’ (w) and d¥ (Mw) are 1 x rm row vectors. We find that
d(Mw) = m™ 'L} (w)c(w)
and (5.15) follows from (5.14). O

Let us define the projection operators

Qfi=) (@M —a),f)r,®(M" - —a).

a€Zd

These operators satisfy Q;Q;r = Q; for all 0 < [,k < co. We also define
the following norm on Co(T)"*":

ITEH|loo := Y sup{le] TEH (w)e;},
lgingrwe'ﬂ“
with e;, e; the i-th resp. j-th column of /., and

ITEH oo

Tk ‘= sup .
I 7o oo = sup S -

Lemma 5.3.6. For arbitrary k > 0 we have the norm equivalence
I Qs 17, =1 Qols, 17, ~ ITEL o

Proof. First we show that || Qolg, [I7, ~ [[T5 [|oo- Define vo, v1 and w as
in Lemma 5.3.5. Then, by the Riesz basis property of {®(M!- —a),a € Z7}
and because {e®“ «a € Z% w € T} is an orthonormal basis for L (T),

1Qow1 13 14 [y
| Qolg, I7, = sup ———5—2 ~
Silbe o (uillg, 0 ez

3

where

ey = Z Idi112,m)

1<j<r
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is the Frobenius norm of the function vector d(w) = [d1 (w) - - - d,-(w)]T. Note
that we have the equivalence

mJaXdeH%Qm < lldlFr) < Tm]aXdeH%Qar)- (5.16)

Now we use Lemma 5.3.5, Equation (5.16), and Holder’s inequality to derive
that

m||d|| %)
= m*d(M)|Far-rr)
m—1
= || ) Plw+2rM A c(w + 20M "N [
k=0
m—1 r 2
~ max/ ZZé—j(w—l—27rM*T)\k)ci(w—|—2ﬂ'M7T/\k) dw
7OJIMTT 2 i
m—1 r
< max/ |Pyj(w + 20 M =T\
m—1
. (Z |c(w—|—27TMT/\k)||l22> dw
k=0
T m—1 N o
< DD Pylw+2rM TN Py (w + 2eM - T)
i,j=1 || k=0 Loo (M—TT)
m—1
/ S lle(w + 20 M TN 12, | deo
M-TT \ .26

IT5 1l - el ry-

Thus we have || Qolg, |7, < 1751 ]lco- Since Holder’s inequality is a sharp
estimate we can find a function vector ¢(w) such that

m—1 r
mlld| ) ~ m?X/MJT (Z D o 1Pjw+ 27TM_T)\k)|2>

k=0 i=1
m—1
) (Z lle(w + 27TM_T)\k)||l22> dw.
k=0

Indeed, take c(w) = a(w) (ﬁu (w)) ) with a(w) an arbitrary measurable

function on M~TT. Now choose a(w) as the characteristic function of the
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set of all w € M~TT for which for arbitrary 4, j

m—1 m—1
S P (w+2aM TN > (1—€) || D [ Pyj(w +20M A2
k=0 k=0 Loo(M~-TT)
and let € — 0. We find
r m—1 N
mlld| ey~ mjaxz D IPyw+2rM AP
=1 || k=0 Lao(M*TT)
m—1
/ Z le(w + 20 M~ TN )7, | dw
M=TT \ k=0

~ NTsLrllss - el Bery-
Hence || Qolg, [I7, ~ [T ||oo- By iterating Lemma 5.3.5 one obtains
k
I Qols, 12, ~ ITE1 ]l
in the same way. This concludes the proof. O

Proof of Theorem 5.3.4. It follows from properties of the spectral radius
and Lemma 5.3.6 that

1Quisrll7, S o vk, LkeN, vk € Sy (5.17)

Indeed, we have the equality p = limy_ ||(T]3‘H)k||éék. Choose an € > 0.

The spectral radius of the operator (p + ¢)~* Tlng is strictly smaller than
one. Therefore we find that

Jim (54 )~ To|) e =0,
such that for arbitrary k& > 0 there exists a constant C. for which

1B+ &)™ Tp[) e < C,
or
(T3] ) Ml S (7 +€).
Because I, € H and ||I;||oc ~ 1 we find from Lemma 5.3.6 that

1Quirklli, S B+ ) lvigrll,-

By definition of 5 and by taking a sufficiently small € > 0 we find (5.17).
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It is by now well known, see, e.g., Proposition 3.4.7 or [105, Lemma 2],
that

oo
2 . s 2
s~ inf o"®|lv 5.18
[ERT S St U (515)

for all 0 < s < s¢. Because of the norm equivalence (5.18) it is sufficient to
show that

n

n
inf > o uli, ~ > o (Q - Qior)uall7,
=0

€S;v,=
v ESUR=)], v =0

for all =5 < s < s which follows from standard techniques as used in
Theorems 3.4.8 and 4.3.2. This equivalence implies the H® Riesz basis
property for the finite set

U, = {®(z—a),cd 20N Mz —a),a ez 1=0,1,...,n, A€ A'}.

Then we let n — oo to obtain the H® Riesz basis property for the (normal-
ized) multilevel system .

Now suppose that s < —35. Let s’ € (s,—3). Similar to the derivation
of Equation (5.17) we can now find a sequence v,, € S,, with n — oo such
that || Qovnl|2, 2 02" ||ua||3,. Using (5.18) we obtain

n

Jonllers S inf > o™ ull, <o) Qouall3,
v ESUR=)_, VI =0

g2n(s=+) (ngmniz +3 (- Qll)”n||2Lz> -

=1

A

The factor g2n(s=s") goes exponentially fast to zero as n — oco. Therefore
the equivalence

n
loallzrs ~ D 0™ I1(Q = Qi—1)uallZ,

1=0
does not hold. This establishes Theorem 5.3.4.
O

Remark 5.3.7. Q. Jiang and P. Oswald have written Matlab routines for
numerically estimating smoothness exponents, see their papers [69] and [T0].
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5.4 Explicit constructions

Many real-world applications require multilevel bases on bounded domains
Q and discretization spaces S; that are not shift-invariant. Therefore we
will construct wavelet bases in this section using the construction method
described in Section 5.2. On the other hand, from a theoretical point of
view we are interested in determining the range of Sobolev exponents for
which these systems do form a Riesz basis. The theory developed in Section
5.3 gives such estimates for shift-invariant MRAs on R?. The following
constructions are therefore explicitly derived on a uniform grid in order to
be able to compute the range of stability. The numerical stability results
for uniform grids that we obtain give estimates for the range of stability on
non-uniform grids.

5.4.1 Linear spline wavelets on R

The shifts

o =®(2" - —k), kez,
of the generating function

1+t —-1<t<0,
B(H)={ 1-t, 0<t<1,
0, else

form a basis of the space of linear splines S; with knots at 27 'k, k € Z.
Furthermore the scaled set {2l/ 201, k € Z} satisfies the Riesz basis property
(5.1). The wavelets 1)y ; are initially defined as g := pogt1,141. It is easy
to see that a scaling function ¢ corresponds to an old knot at 27!k while
a wavelet function 1, ; corresponds to a new knot at 27'k + 1/2. We fix
the update stencil in advance in order to have local support for the wavelet
functions in W;. A wavelet function v; € W; corresponding to a new
knot 27 'k + 1/2 is updated by the two neighbouring scaling functions in
S, corresponding to the two neighbouring old knots 27 'k and 27!(k + 1).
Applying the construction method described in Section 5.2 we find that

1 1
Vi = Port1,1+1 — Zébk,l - Z¢k+1,l, keZ,



5.4. EXPLICIT CONSTRUCTIONS 109

which is the CDF(2,2) wavelet [23]. The scaling functions and the duals
satisfy the refinement relation

d(t) = <I>(2t)+%(@(27&—1)—&-@(21&—1—1)), teR
B(t) = 35(275)—&—%(5(2t—1)+&>(2t+1))

—i (&)(%— 2) +§>(2t+2)) , teR.

It is well-known that s¢ = 1.5. So we only need to investigate the Sobolev
regularity of the dual scaling function ¢. Using Theorem 5.3.2 we compute
in Matlab that sz ~ 0.440765. We used the software from Remark 5.3.7 and
double checked the results in Maple. From Theorem 5.3.3, the linear spline
wavelets are a Riesz basis for H*(R) with —0.440765 < s < 1.5. Figure 5.1
depicts &, ¥ and ®. Note that, on uniform grids, the wavelets have two
vanishing moments, although our construction method only demands one
vanishing moment.

(a) ® (b) ¥ () @

Figure 5.1: Linear spline wavelet on R.

Suppose that we do not demand a vanishing moment, but that we or-
thogonalize the wavelet 1 ; to ¢, and ¢gr1,;. Then we find that

3 3

- S - kez
Vi = G2r41,141 1O¢k,z 1O¢k+1,l, €Z,

which yields a Riesz basis for H*(R) with 0.064715 < s < 1.5. As expected
we do not get an Lo stable Riesz basis.

In the introduction we motivated the use of wavelets for solving elliptic
equations. Consider the two-point boundary value problem

—u" +qu=f on Q:=]0,2], u(0) = u(2) = 0. (5.19)
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If we take f(z) = e®(2?(1 — z) + 2z(1 + q) — 2), then u(z) = e*z(2 — z)
is the exact solution. For the discretizations and solvers we use the linear
finite element hierarchical basis and the linear wavelet basis constructed
above. Near the boundary the wavelets are corrected following the strategy
of Section 5.2 subjected to the boundary constraints. For instance, in the
uniform setting we find that vy ; = @arr1,141 —%qﬁk,l near the right boundary.
To solve the boundary value problem we employ a nested iteration conjugate
gradient method with as extra preconditioner the diagonal of the stiffness
matrix. In fact, the extra diagonal preconditioner makes sure that the basis
functions are suitably normalized. Tables 5.1 and 5.2 show the condition
numbers k of the related stiffness matrices, the error norms of the residuals
corresponding to the approximate solutions, and the iteration numbers, for
the cases ¢ = 1 resp. g = 10%. See Section 3.6 for a detailed explanation
of the structure of these types of tables. It is well known that for problems
with ¢ small wavelet basis methods perform slightly worse than traditional
finite element preconditioners, as can be seen in Table 5.1. The situation
changes when the value of ¢ is increased. The better behaviour for the
wavelet basis is due to its Ls-stability which becomes more important for
large ¢, because a large zero-order term in (5.19) affects the energy norm.

Linear wavelets Linear FEM

n residual # K residual # K

4 2.3826e-04 | 6 | 4.2707 1.3960e-04 | 2 1.2880
5 1.1810e-04 | 6 | 4.6169 3.5487e-05 | 2 1.2887
6 1.3758-04 5 | 4.8821 8.8724e-06 | 2 1.2889
7 4.5134e-05 5 | 5.0910 4.5287e-05 1 1.2890
8 2.7058e-05 | 4 | 5.2576 7.3693e-06 1 1.2890
9 1.1858e-05 | 4 | 5.3925 2.4101e-06 1 1.2890
10 4.1122e-06 | 4 | 5.5031 5.2695e-07 1 1.2890
11 4.4043e-06 3 | 5.5949 1.4313e-07 1 1.2890
12 1.6728e-06 3 | 5.6717 3.4457e-08 1 1.2890

Table 5.1: Iteration history for problem (5.19), ¢ = 1.

5.4.2 Linear spline wavelets on R?

Let A by a type-1 triangulation, i.e. a triangulation formed by a rectangular
partition plus northeast diagonals. Define the dilation matrix M := 2I5.
Each scaling function ¢y takes the value 1 at vertex £ € A and is zero
at all other vertices. Let S; be the space of linear splines with vertices at
M~'A. We update a wavelet at a new vertex m in M ~'~1A by the four old
vertices ki,...,ks in M~'A that define the two triangles T(k1, ko, k3) and
T(k1, k2, ks) in M~'A with common edge [k, k2] containing m. We find
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Linear wavelets Linear FEM

n residual # K residual # K

4 2.5106e-04 | 6 | 6.1018 4.9987e-04 9 120.9161
5 1.6339¢-04 | 5 | 6.6487 1.2481e-04 | 13 287.7855
6 1.3260e-04 | 4 | 7.1602 5.9980e-05 | 14 667.1219
7 3.4732e-05 | 4 | 7.5836 5.5237¢-05 | 10 | 1.5158e+03
8 2.1101e-05 | 3 | 7.9610 3.5013e-05 | 16 | 3.3852e+03
9 1.6646e-05 | 2 | 8.2814 1.9165e-05 | 35 | 7.4039e+03
10 6.5550e-06 | 2 | 8.5351 8.2853e-06 7 1.5504e+04
11 2.5265e-06 | 2 | 8.6829 3.9577e-06 | 29 | 2.8954e+04
12 1.3461e-06 | 3 | 8.7174 2.2209e-06 | 69 | 4.3179e+04

Table 5.2: Iteration history for problem (5.19), ¢ = 108.

that 13 3
Yt = Pm,i41 — 0 (Grr i + Dry) + 20 (Pks,i + Pral) -

The scaling functions and the dual scaling functions satisfy

1 2

O(z) = ®(Mz)+ > d(Mz—k), xR’
keK,
~ 41 ~ 13 ~ 7 ~
B(r) = SG®(Mz)+ > o(Mz—k) - 0 > d(Max— k)
ke K, keK,
—23—0 ®(Mz — k), z € R?,
keKs

with

{(07 1)7 (170)7 (_1v 0)7 (07 _1)7 (1, _1)7 (_17 1)}7
Ky = {(072)7(270)7(_230)7(07 _2)7(27_2)7(_272)}7
Ky = { -1,-1),(-1,2),(-2,1),(1,-2),(2,-1)}.

We find that s = 1.5 and sz ~ 0.328857 using Theorem 5.3.2. The bivari-
ate linear spline wavelets are a Riesz basis for H*(R?) with —0.328857 < s <
1.5, and in the uniform setting they have two vanishing moments. Figure
5.2 depicts @, ¥ and ®.

Consider the elliptic problem

—~Au+qu=f on Q:=][0,1]? ulyn =0, (5.20)

with f(z,y) = 2y(1 —y) + 22(1 — z) + ¢z(1 — 2)y(1 — y). Then u(z,y) =
(1 — 2)y(1 — y) is the exact solution. For the discretizations and solvers
we use the linear finite element hierarchical basis of Yserentant [129] which
is suboptimal, the above constructed bivariate linear spline wavelet basis,
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(a) @ (b) ¥

() @

Figure 5.2: Linear spline wavelet on R2.
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and the BPX preconditioner from [11]. Near the boundary we correct the
wavelets such that they satisfy the boundary conditions. We can do this
easily by only using scaling functions in the update stencil that do not
intersect with the domain boundary. The boundary wavelets still have at
least one vanishing moment and are as orthogonal as possible with respect to
the scaling functions in the update stencil. To solve the elliptic problem we
employ a nested iteration preconditioned conjugate gradient method with
preconditioner the diagonal of the stiffness matrix. Tables 5.3 and 5.4 show
the results for the cases ¢ = 1 resp. ¢ = 108.

BPX Linear wavelets HB
n residual # K residual # K residual # K
2 2.4722e-5 8 7.82 1.2454e-5 10 9.57 1.8931e-5 9 10.65
3 9.6674e-6 10 9.47 1.0494e-5 12 12.66 8.3467e-6 12 19.64
4 3.3323e-6 11 10.88 4.3585e-6 13 14.88 4.4168e-6 14 32.04
5 1.2316e-6 12 12.06 2.7091e-6 13 16.50 3.0692e-6 15 47.41
6 8.8959e-7 12 13.06 8.6482¢-7 14 17.74 1.2663e-6 18 65.74
Table 5.3: Iteration history for problem (5.20), ¢ = 1.
BPX Linear wavelets HB
n residual # K residual # K residual # K
2 1.2421e-3 5 6.47 1.3974e-3 8 14.62 1.5714e-3 8 108.24
3 6.5035e-4 7 10.71 1.1266e-3 10 19.40 1.0239e-3 10 607.60
4 3.1799e-4 9 14.82 3.6792e-4 13 23.90 4.3267e-4 23 3.13e+3
5 3.0483e-4 10 18.83 2.9078e-4 14 27.74 2.9046e-4 39 1.53e+4
6 1.3945e-4 12 22.76 1.1941e-4 17 31.04 1.5280e-4 97 7.25e+4

Table 5.4: Iteration history for problem (5.20), ¢ = 108.

5.4.3 Powell-Sabin spline wavelets on R?

Define the hexagonal lattice A in R? as the image of Z? under

= [ (1) \‘ég } : (5.21)

and let A9 be its PS-refinement by drawing in the additional grid lines

y=1,y= 73(96 +m), and y = —\/Tg(:v +n), l,m,n € Z, see Figure 5.3.
Define a function vector ® = [¢1, ¢a, ¢3]T, where the functions ¢;, i =

1,2,3, are the unique solutions in S3(A”®) of the Hermite interpolation

problem
(@1(V}), 62(Vi), 65(V3)) = 0 (1/3,1/3,1/3),
(Da1(Vy), Dada(Vy), Dada(V) = b0y (—4/3,2/3,2/3),
(Dy61(Vy), Dyoa(V3), Dyds(Vi)) = o, (0,2v/3/3,2V3/3).
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Figure 5.3: Hexagonal lattice A (black lines) with Powell-Sabin 6-split AT
(black and dotted lines).

with V some vertex in A. Then the integer translates under I' of the basis
functions ¢; form a basis for S3(APS). In fact, the functions ¢; correspond
with the basis functions from [48] where the PS-triangle is chosen as in
Figure 5.4, hence all results from Chapter 2 apply.

Figure 5.4: PS-triangles with PS-points in a hexagonal triangulation.

Define the 2 x 2 dilation matrix M := 3I,, then we consider the refine-
ment A; := M~'A, and the corresponding PS 6-split AlPS = M~'APS In
general, the basis function vectors on all standard refinements A; of A can
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be written as
bri(x) = ®(M'z —Tk), kez? zeR?

and the set {3l¢k,l | ke ZQ} forms an L2-stable basis of S;, see Corollary
2.5.7. The scaling vector ® satisfies a matrix refinement equation of the
form

O(x) = Y A®(Mz—Tk), xR’ (5.22)
kez?

where the 3 x 3 mask coefficient matrices Ay are given in Appendix C. The
update stencil for the wavelet function vectors is different for a new vertex
on the edge or a new vertex in the interior of an old triangle. Both stencils
are shown in Figure 5.5. A wavelet function of a new vertex on an edge is
updated by the scaling function vectors of the two neighbouring old vertices
on that edge. Because there are three basis functions associated with each
function vector, the width of this stencil is six. For the wavelet functions of
a new vertex in the interior of an old triangle, the scaling function vectors
on the corners of the triangle are used. This yields a stencil of width nine.
After an extensive but straightforward computation we find that the dual

(a) vertex on edge (b) vertex in interior

Figure 5.5: The update stencil.

scaling function vectors satisfy the refinement equation

O(x) = Y A®(Mz—Tk), xR (5.23)
kez?

where the 3 x 3 mask coefficient matrices A, are given in Appendix C.
These dual function vectors exist in Lo in distributional sense (the symbol
P(w) satisfies Condition E: 1 is a simple eigenvalue of P(0) and all other
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eigenvalues lie inside the open unit disk), but Theorem 5.3.1 is not satisfied.
The transition operator Tz does not satisfy Condition E. Hence we cannot
use Theorem 5.3.2 to estimate the range of stability, but we use Theorem
5.3.4 and we find that these Powell-Sabin spline wavelets are a Riesz basis
for H*(R?) for all 0.802774 < s < 2.5. Figure 5.6 depicts ® and W.

Remark 5.4.1. The same can be done for dyadically refined PS spline
spaces, provided that the initial triangulation is not highly irregular, see
the discussion in Section 3.2. On uniform triangulations we can show, by
Theorem 5.3.4, that these wavelets are a Riesz basis for H*(R?) for all
0.431898 < s < 2.5, see [84].

5.5 Playing around on uniform grids

When a certain application does not require to work on a non-uniform grid,
uniform grids are a much better choice, since all computations can be done
in advance. The lifting scheme allows one to create wavelets with certain
properties such as vanishing moments, symmetry, etc. The remaining de-
grees of freedom can be chosen in such a way that the range of stability is
as large as possible by solving a minimization problem. Let us demonstrate
this principle with an example. Consider the piecewise Hermite cubics de-
fined by

_ ( 2(—2z+1), x€[-1,0],
h@) = {<1—w>2<2w+1>, ze0,1)
(e +1)
(

pa(z) = {

2z, xe[-1,0],
1—2)%z, z€l0,1]

Integer translates of ¢, ¢» generate the space of C' piecewise cubic func-
tions on R which interpolate function values and first derivatives at the
integers. Define the generator ®(z) = (¢1(z), #2(x))T. Then ®(z) satisfies
the refinement equation

4 10

O(x) = { _%% Z% ]@(2x+1)+{0 1 }@(21:)4—{

00 0| =
00| 4| 0o

- B } (20 —1).

The wavelets can be represented by the generator W(x) = (1 (), ¢2(x))T.
We define the update stencil for a new grid point as the two neighbouring
coarser grid points. So we get

U(z) = P2z — 1) — { %1 g; ]fb(x)— { gj gz ](I)(:v—l).

Suppose that we want two vanishing moments, 17 has to be symmetric, like
¢1, and 19 has to be anti-symmetric, like ¢o. Then we need 6 degrees of
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(c) ¥ (vertex on edge)

Figure 5.6: Powell-Sabin spline wavelet on R2.
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freedom to satisfy these properties. Hence 2 degrees of freedom remain and
the dual generator ®(z) satisfies the refinement equation

o(z)

_ B 7.
60 510 ] B(2z +2)
2

r 1 1 482 7

5| &2z +1)

0 4—ay+ fo ]@(2@

EETNPT A
3005 | B(2r— 1)

10 6_70 + % o
+ 382 a2+ @(2% - 2)
2

Theorems 5.3.3 and 5.3.4 characterize the range of stability, and Theorem
5.3.2 tells us how to compute the smoothness of ®(x). We use the minimiza-
tion toolbox in Matlab to compute the optimal values (i.e. those values that
give the largest range of stability) for the two remaining degrees of freedom
ag and s . Weﬁndagzﬁandﬂgz 6 or

7 1
U(r) =d(2z —1) - [ _i% _71% ]cb(:c)— { %%% :E }@@:-1).

These wavelets are stable for H*(R) with —0.828823 < s < 2.5. Figure 5.7
visualizes the constructed functions.

Note that these cubic Hermite spline wavelets are similar to the ones
constructed in [32].

We conclude with a last example. Let us try to construct linear wavelets
in R? on the hexagonal lattice. We want them to have two vanishing mo-
ments, and we want hexagonal symmetry. If we use the same setting as in
Section 5.4.2, then we initially have

Vmil = Omi+1 — A1Pky 1 — 02Pky | — O3PRy 1 — QaPly 1

After some straightforward algebra we find that, in order to satisfy our wish
list, we need three degrees of freedom out of four. Hence we keep one degree
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1 .
09)
0]
08
o] 00s|
08
0
05
005
04
03 o1
02)
015
01
0 02 o4 06 08 1 12 14 16 18 2 o 02 04 06 08 1 12 14 16 18 2

02) 00s|

o -0
01 o
0 015

0 02 o4 05 o8 1 12 1¢ 15 18 2 0 oz 0s s 08 1 1z 1¢ 15 18 2

(e) o1 (f) ¢2

Figure 5.7: Cubic Hermite spline wavelets on R.
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of freedom to stabilize our wavelet. The dual ®(z) satisfies

d(z) = (4—1201)P(Mz)
+on Y ®(Mx —Tk)
keK,
1 ~
+(201 - ) Y ®(Mz —Tk)
keK>o
1 ~
+(5 — 4a1) > &(Mx—Tk), v € R?,
keKs3

with I" as defined in (5.21). The optimal value for a; is computed with the
optimization toolbox of Matlab and we find a; = %. The resulting wavelet

3 1
Yal = dai41 — 6 (it + Do) + 6 (Dyst + Pyat)

is the same as the one constructed in [25] and the multilevel basis is a stable
basis for H®(R?) with —0.440765 < s < 1.5.

5.6 Powell-Sabin spline prewavelets on uni-
form grids

Several (pre-)wavelet constructions on polygonal domains generate Riesz
bases on H* for s in a range around zero, see, e.g., [38, 116] and the con-
structions in Section 5.4.1 and Section 5.4.2. However, for most construc-
tions at least a subset of the wavelets is only continuous, so that the range of
stability is restricted to s < %, see, e.g., [38, 116]. The only available wavelet
Ly-Riesz basis on general polygons for s > % is the basis constructed in [37],
but, from a practical point of view, this basis is very hard to construct. Note
that the C'' wavelet basis from Section 5.4.3 is only stable for Sobolev spaces
with smoothness s > 0.802774. The wavelet basis that we present in this
section is easy to construct, and it forms a Riesz basis for H*, |s| < 3, which
makes it a useful basis for preconditioning all kinds of elliptic problems. It
is however restricted to uniform triangulations. Another construction that
provides a Riesz basis for H*, |s| < g, is the cubic spline prewavelet basis on
the uniform four-directional mesh [12]. The dimension of the cubic spline
space in [12] is larger than the Powell-Sabin spline space that we use here,
which gives more degrees of freedom in constructing prewavelets with cer-
tain properties, but at the cost of the construction complexity. The extra
degrees of freedom are used to obtain symmetry properties. In comparison,
the Powell-Sabin spline prewavelets have hexagonal symmetry for free.
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The setting is almost the same as in Section 5.4.3. Define the hexagonal
lattice A in R? as the image of Z2 under I' (5.21) and let AP be its
PS-refinement, see Figure 5.3. Define a function vector ® = [¢1, 2, (bg]T,
where the functions ¢;, i = 1,2,3, are the unique solution in S3(A%) of
the Hermite interpolation problem

(@1(V;), 02(Vj), d3(Vy)) = o, (1/3,1/3,1/3),
(D2§1(V), Daa(Vi), Daps(Vi)) = doj (—4/3,2/3,2/3),
(Dy1(V;), Dyéa(Vi), Dys(Vi)) = o (0,-2v/3/3,2V5/3).
Then the integer translates under I of the basis functions ¢; form a basis for
S3(APS). Define the 2 x 2 dilation matrix M := 21, then we consider the
dyadic refinement A; := M~!A, and the corresponding PS 6-split AP :=

M~'APS . In general, the basis function vectors on all standard refinements
A; of A can be written as

bri(x) = ®(M'z —Tk), keZ? zeR?

and the set {2l¢k,l | ke ZQ} forms an L2-stable basis of S;, see Corollary
2.5.7. The function vector ® satisfies a matrix refinement equation of the
form

O(u) = Y A®(Mu—Tk), ueR? (5.24)
kez?

where Ay, are 3x3 mask coefficient matrices. Moreover, A(_; _1y and Ay _1)

are given by
1 1 0 2 1 1 0 0
o2 2l2 o0 2
0 0 0 1
e

A(71,o)7 A(oyo) and A(o,l) are given by

2 4 1 1
o tol i
1 1 1 4

0

2

2
and A1) and A(; 1y are given by

1 2 0 1
i 00 0], i 0 ,
2 1 2
see e.g. [127].

We are interested in complement spaces W; of .S; such that

O =N

0
1
0

0
01,
1

X oo o

N = O
o O O

Siy1 = S &2 W,
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hence N
Ly(R?) =P “w.
lez

We will refer to the basis functions of W; as prewavelets or semi-orthogonal
wavelets. Note that the prewavelets have three vanishing moments since
constant, linear and quadratic polynomials are contained in the space 5.

The construction of PS prewavelets consists of two steps, cfr. [115]. First
we construct a dual basis

(b1 | k€ A} C Sia (5.25)
for the basis {¢k,l (k.1 %2)_1 | ke Al} of Sy, i.e.

~ 2 k=m,
<¢k,la %,1>L2 = { H¢k,é||L2 k£m (5.26)

with ||pr[|7, := diag({¢r.i, (b{)l}h). Since we search for a dual basis in the
space S;+1 which is much larger than S, this basis is not unique. We will
use this freedom to select a dual basis that is locally supported. Then, as
the second step, for m € A;y1 \ A; we define

_1 ~
U= Gmirr = Y (bmarrs Sho)p, (l0kal3,) " duke (5.27)
keA,;
Note that, because of (5.25) and (5.26), ¥, € Si+1() SZJ'LZ.
ks ko
k4 kl
Fs B

Figure 5.8: Grid around k.

Let k € A; and define k1,...,ks € A; and my,...,mg € A1 as in
Figure 5.8. We look for a dual function vector ¢y, ; of the form

6
Gr = Aok i1 + 3 Aim, 141

=1
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that satisfies (5.26), where the A; are 3 x 3 mask coefficient matrices. By
construction we know that the support of each scaling vector ¢y, ; is the set
of all triangles in A; that have k € A; as a common vertex. Note that, by
construction, the support of ¢ ; equals the support of ¢, see Figure 5.8.

Therefore it is sufficient to solve the system

(Dt . = lowall,
<¢7€;l7¢£¢,l>L2 =0 >

i=1,...

767

(5.28)

to obtain a dual basis. We have 63 equations and 63 unknown matrix
entries. Since the system (5.28) is non-singular we find a unique solution,

382603 _ 318649 318649
go _ _ dikio 3SR _38128662499
_38128662499 _ dikio 3SR ’
82620 82620 41310
1691 551 551
P I S
B N T U T
1836 165240 20655
10241 4123 2204
- | EE I m
T O
165240 165240 20655
608 779 11761
I_ | %P e IoRp
TP 2B RO |
165240 1836 20655
6346 82783 82783
| 2% ARO R0
7 T
20655 18360 82620
608 11761 779
| T TRp W
S L A T O I
718360 18360 2754
10241 2204 4123
oo | %8s GO0 s
0 193310 29800 AR
18360 20655 82620

Theorem 5.6.1. The set

{2l+1$k,l | ke A U2 hiqn | m e Appr \ A}

is a Riesz basis for the space Sit1.

(5.29)
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Proof. We know that {2/71¢y 111 | k € Ajyq} is a Riesz basis for Sj11, see
Corollary 2.5.7. Furthermore we have that the basis {2/+1¢y 111 | k € Aj11}
can be transformed into the set (5.29) by a matrix operation of the form

(5.30)

e[ 5 5],

0 I,
where I, denotes the n x n identity matrix with n = #{m € A1 \ A}

Note that we assume here that all basis function vectors are in a column
vector. The matrix K has a block-structure of the form

A, 0 0
0 Ay 0

K=1 19 o 4, ;

and the matrix L is a sparse block-structured matrix with blocks A;, i =
1,...,6. Note that

K-' —-K'L

-1 _
M= 0 I,

Clearly M is uniformly bounded and has full rank which proves our claim.
O

For all I, for all m € Aj41 \ A, we define the prewavelets ¢, as in
(5.27). Note that these prewavelets are compactly supported. It is easily
checked that W; = span{¢m,; | m € A1\ A}, Indeed, suppose w € W;.
Then by Theorem 5.6.1 we have

w= Y chbmin+ Y bk,

meALI\A kEA,
or
[0 0 O] = <w7 ¢£l>L2 = Z Cﬁ<¢m,l+la¢£[>L2 + c£||¢/€7l| %27
TTLGAL+1\AZ
which yields
1
k== > chbmirr b, (I6rll,)
meA;11\4

and we get

w = Z Czﬂ/)m,l-

meN; 1\



5.6. PS SPLINE PREWAVELETS ON UNIFORM GRIDS 125

Theorem 5.6.2. The set
{2 W | moe Appr \ A} (5.31)
s a Riesz basis for the space W.

Proof. 1t is sufficient to show that

T ol+1
Yoo a2l ~llelscanan -
meA; 11\ Lo

With 75**(A) we denote the Banach space of all sequences of 3 x 1 vectors
¢y, for which Y7, [lex]|f, < oo. By Theorem 5.6.1 and (5.27) it holds that

2

T ol+1 T
E cn2 + UV, 1 ~ E CrnCm

meA; ;1\ Lo meN;;1\4

+> > bmar1 dh) L, (lowal2,) "

keEA; \meA;1\A;

> bmar dh) L, (lowal2,) "

meAl+1\Al

Both for fixed k € A; or for fixed m € A1 \ A; the number of nonzero
inner products (¢m i+1, ¢£l> L, is bounded above by an absolute constant.
Furthermore it is straightforward to check that

-1
0 < (Gmt1, Ok i) e (6rallZ,) < C
with C' an absolute constant. This concludes the proof. O

Remark 5.6.3. Note that the prewavelets 1, and the dual functions QNS;CJ
can be obtained as scaled translates of a finite subset of them. Indeed, we
have that

wmﬁl(u) = \I](Ml(u_m))7 meAl+1\Ala ’LLERQ,

bpi(u) = (M (u—k)), ke, ucR?

with U and ® a generating wavelet vector resp. a generating dual scaling
vector. Therefore the inner products appearing in the construction above
have to be computed only once. As a consequence of the hevagonal symmetry
of ®, both ® and ¥ have also hexagonal symmetry, i.e. the corresponding
generating functions are invariant by a rotation of 2w /3.
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Remark 5.6.4. We are interested in determining the exact range of Sobolev
exponents s for which the prewavelet basis forms a Riesz basis for H®. It
turns out that the range of such s is determined by the Sobolev reqularity
s(®) of the scaling vector ®, i.e. the wavelet system is a Riesz basis for H®
for all s with —se < s < s¢ and that this interval is sharp, cfr. [104]. We
already know that PS splines are in the Sobolev spaces H® for any s < 5/2,
see Chapter 3.

Remark 5.6.5. The above construction can be used to construct prewavelets
on bounded domains in R? due to the explicit construction that we use.

Finally we visualize a a dual scaling function and a prewavelet, see Fig-
ures 5.9 and 5.10.

Figure 5.9: Dual scaling function.
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Figure 5.10: Prewavelet.
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Chapter 6

Elliptic PDEs on the
two—sphere

6.1 Introduction

The biharmonic equation on a sphere arises from several applications in
physical geodesy, oceanography and meteorology, see, e.g., [15]. For in-
stance, the stream function of incompressible Stokes flow, a widely used
model equation in meteorology, is the solution of a biharmonic equation.
The geometry of the sphere is a major obstacle in constructing a suitable
approximation space for solving the biharmonic equation or any other par-
tial differential equation. Often a transformation into spherical coordinates
is used which gives rise to singularities at the “poles” of the sphere. Our
approach to deal with the spherical geometry will be to work with homo-
geneous polynomials in the three-dimensional Cartesian space. In this way,
operations such as integration and differentiation can be carried out directly
within the usual context of Cartesian coordinates.

Let Q be a subset of the unit sphere S in R3. We are interested in solving
the boundary value problem

ou

Aiu=f, on Q, u=—=0, on 09, (6.1)
on

where Ag is the Laplace—Beltrami operator on S, and 7 is the outward

normal to 02 tangent to S. In order to work with Cartesian coordinates it

is important that we write down the Laplace—Beltrami operator in terms of

the tangential gradient

Vsu:=Vu—(n-Vu)n,

129
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with % a smooth continuation of u to a neighborhood of S, and n the
(outward) normal to the surface S. Note that Vsu depends on u|g only.
The Laplace—Beltrami operator on S can now be defined as

Ag :=Vgs-Vg.

We also define the spherical Sobolev space H2(f2) [80, p. 37] that we shall
use throughout this chapter. This is the smoothness space of functions that
have weak tangential derivatives up to order two which are in Lo(f2), i.e.

H?*(Q) = {u| u € Ly(Q), Vsu€ La(Q), Vs(Vs)Tue Ly(Q)}. (6.2)
With H?(£) we can associate the norm
||u||H2(Q) = ”u”Lz(Q) + I Vsull Ly + HVS(VS)TUHLz(Q) ’ (6:3)

and with HZ () we mean the closure of C§°(€2), the space of C* continuous
functions with compact support in Q, in H?(2). We now formulate the
basic existence of a solution for (6.1) (see, for example, [6, 52]). Suppose
that 9Q # (. For every f € La(Q) there exists a unique weak solution
u € HZ(Q) of the problem (6.1), i.e. for every v € HZ(Q)

(Asu, Asv),0) = (V) Lo(@)- (6.4)

Suppose that 9Q = 0. For every f € Lp(Q2) with [g f dw = 0 there exists
a weak solution u € H?(12) of the problem A%u = f, i.e. Equation (6.4)
holds for all v € H?(Q2), and u is unique up to a constant.

All known constructions of C'* hierarchical finite element bases (see [36,
41, 102], and the constructions in the previous chapters) have a planar
parameter domain. In consequence, when solving the biharmonic equation
(6.1) on the complete surface of the unit sphere S, difficulties will arise at
the “poles” of the sphere when using these preconditioners. Therefore it
is the objective of this chapter to construct a C'! hierarchical basis with a
spherical parameter domain that is suitable for the numerical treatment of
the biharmonic equation on the sphere.

Equation (6.4) defines an energy norm || - || ; given by

I g = (As . As )i -

Assume that for all test functions v in some subspace S C H%(Q)
[ollz ~ [0l g2 (q) (6.5)

holds, and assume that we find a multiscale basis for S that is strongly
stable with respect to the norm || - || g2(q) in the sense of Definition 3.4.1,
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then, by (1.12), we find that the stiffness matrix for (6.1) with respect to
this multiscale basis has a uniformly bounded condition number.

This chapter is organized as follows. In Section 6.2 we introduce ho-
mogeneous and spherical spline spaces as in [2, 3, 4] that will allow us to
create bases on the sphere. More specifically, in Section 6.3, we extend the
classical result of Powell and Sabin [107]: we derive C'! continuous piecewise
quadratic spline spaces of Powell-Sabin type on the sphere, see our paper
[86]. In order to apply the theory above we need suitable basis functions
for these spaces that are stable in some sense. In Section 6.4 we present an
algorithm to extend bivariate PS B-splines to spherical PS B-splines. Fur-
thermore we prove that properties of the bivariate basis such as partition of
unity and stability are inherited by the spherical B-splines. Then, in Section
6.5, we construct a weakly stable hierarchical basis on the sphere, and in
Section 6.6 we construct optimal BPX preconditioners for 2nd and 4th order
elliptic PDEs on the sphere and we provide some numerical experiments.
All these results are published in our papers [86, 92].

6.2 Homogeneous and spherical spline spaces

We begin by introducing homogeneous and spherical spline spaces following
[2, 3, 4]. A function f defined on R? is homogeneous of degree d provided
that f(av) = alf(v) for all real a and all v € R®. We are interested in
the space Hy of trivariate polynomials of degree d that are homogeneous
of degree d. The space Hy is a (‘“2'2) dimensional subspace of the space
of trivariate polynomials of degree d. Let {v1,v2,v3} be a set of linearly

independent unit vectors in R3. We call
T :={v e R® | v=>by(v)vy +ba(v)va +bs(v)vs with b;(v) >0} (6.6)

the trihedron generated by {v1,v2,v3}. Each v € R3 can be written in the
form

v =b1(v)v1 + b2 (v)vg + b3(v)vs, (6.7)

and we call by (v), ba(v),bs(v) the trihedral coordinates of v with respect to
7. Given an integer d > 0, the homogeneous Bernstein basis polynomials of
degree d on T are the polynomials

d! - ‘ o
ngk(v) = Wbl (’l})zbg(?})]bg(’l})k, i+j+k=d, (6.8)

and they form a basis for H;. We define a spherical triangle as the restriction
of a trihedron 7 to the unit sphere S. The restrictions of the trihedral
coordinates (6.7) to a spherical triangle with vertices vy, ve and wvs are
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called spherical barycentric coordinates. Any homogeneous polynomial p of
degree d and its restriction to a spherical triangle 7 has a Bernstein-Bézier
representation with respect to 7

p(v) := Z cij B (v), (6.9)

i+j+k=d

and the coefficients c;;, are the Bézier ordinates.
Homogeneous polynomials in their Bernstein—Bézier representation can
be evaluated efficiently using the classical de Casteljau algorithm:

p(v) = Cgoo(”)
with

C?jk (v) = Cijk,

- - -
Céjk (v) = bl(v)ci+})j7k + bz(v)ci,j}kl,k + bg(v)ci)j}k+l,

l=1,....d, i+j+k=d—1L

Also continuity conditions can be expressed analogous to the classical bivari-
ate case. Let 7 and 7 be trihedra with vertices {v, v2, v3} and {vy, va, v3}.
A necessary and sufficient condition for p and p to be C" continuous across
the common boundary is

ik = Chp(va), 1=0,1,...r, i+j+k=d (6.10)

The directional derivative of a homogeneous Bernstein-Bézier polynomial
with respect to direction g is given by

Dgp(v)=d > ciu(9)Bh (v). (6.11)
i+j+k=d—1

We write Hy(Q2) for the restriction of Hy to any subset Q of the unit
sphere S, and refer to H;(2) as the space of spherical polynomials of degree
d. Similarly, we write Hy(H) for the restriction of Hy to any hyperplane H
in R3. This is just the well-known space of bivariate polynomials. All these
spaces have the same dimension (d;'Q). Let A be a conforming spherical
triangulation of & C S. Then we define the space of spherical splines of

degree d and smoothness r associated with A to be
Sg(A) :=={s € C"(S) | s|; € Hq(r), T € A}, (6.12)

where s|, denotes the restriction of s to the spherical triangle 7. Keeping
up continuity conditions (6.10) between neighbouring spherical triangles
results in nontrivial relations between their Bézier ordinates. Therefore we
will focus on the Powell-Sabin 6-split of a triangulation to overcome this
problem.
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6.3 Spherical PS splines

The Powell-Sabin 6-split A”S of a spherical triangulation A is of course
very similar to the PS 6-split of a planar triangulation, see Figure 2.3. Each
spherical triangle T; € A is divided into six smaller triangles with a common
vertex as follows:

1. Define the interior point Z; for each triangle T} as the incenter of
the triangle T;. If Vi, Vs, Vs are the vertices of T then we define
its incenter as the point on S that is obtained by radially projecting
the incenter of the planar triangle with vertices V;, ¢ = 1,2, 3, onto
S. Suppose that two triangles T; and T; have a common edge (circle
segment), then the arc that joins Z; and Z; intersects this common
edge (circle segment) at a point R;; between its vertices. The arc
between two points on S is defined as the circle segment connecting
these two points obtained as the intersection of S with a plane passing
through the two points and the origin.

2. Join the points Z; to the vertices of Tj.
3. For each edge (circle segment) of T}

e that belongs to the boundary 02, join Z; to some point of the
edge.

e that is common to a triangle Tj, join Z; to R;;.

We restrict our attention to one of the original triangles in A with ver-
tices V1, V5, V3 and incenter Z, and the intersection points on the edges
are Ris, Ro3, R31. Let g; and h; be independent unit vectors lying in the
tangent plane of S at V;, i = 1,2,3 (see Figure 6.1). The following inter-
polation problem can be considered for spherical splines. Given any set of
values (o, Bi,7i), i = 1,..., N, find s(v) € S3(APS) such that

s(Vi) = au,
Dgs(Vi) = B, (6.13)
Dy,;s(Vi) = i,
for all i = 1,..., N. Below we calculate the unique Bézier ordinates of a

spherical PS spline satisfying (6.13). This shows that the classical result
of Powell and Sabin [107] can be extended to spherical domains, i.e. the
dimension of the spherical spline space Si(AT%) equals 3N.

Let the different points in T'(Vi, V2, V3) € A have the trihedral coordi-
nates

Vi =(1,0,0) Vs = (0,1,0) Vs =(0,0,1)

6.14
Riz = (A1,X2,0) Raz = (0,2, 3) Ray = (v1,0,v3) (6.14)
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Figure 6.1: The spherical Powell-Sabin macro-element.

and let Z with trihedral coordinates (a, b, ¢) be the incenter of the triangle.
Denote the 19 Bézier ordinates in triangle T by s;, u;, v;, w;, 74, 05, @ =
1,2, 3, and w, as in the planar case, see Figure 4.4. From (6.11) the following
formula is derived:

Dgs(Vi) = 2[b1(g)c2,00 + b2(g)c11,0 + bs(g)cr0a] -
If we apply this formula to triangle 71 (V1, Ri2, Z) we deduce that
18(V1) = B =2[b1* (g91)s1 + b3 (91)ur + b3’ (g1)wn] (6.15)
and
Dy, s(Vi) =1 = 27" (h1)s1 + b3" (h1)uy + b5 (hy)w:], (6.16)

where b1', b3', b3" are the trihedral coordinates with respect to 71 (V1, R12, Z).
Similarly for triangle 72(V1, R31, Z) we find

18(V1) = Br = 2[b7* (g1)s1 + b3° (91)v1 + b3 (91)wn ] (6.17)
and
Dy, s(Vi) =y = 2[b7%(h1)s1 + b3 (hi)vr + b3 (ha)wn] . (6.18)
From the C! continuity (6.10) across the edge [V1Z] we deduce that

V] = Slbﬁ{1 (Rgl) + ulbgl (R31) + ’wlb;;l (Rgl). (619)
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From (6.14) we find after some straightforward computations that
)\1 )\11) — )\ga

D) = bi() — “tby(r) + 2220

) 10) = 3 b + = =0s (),

B0 = 3obal) — pbl) (6.20)

2 n )\2 2 )\26 VS ’

: 1

by’ () = —bs(),

where by, by, by are the trihedral coordinates with respect to T'(V7, Vs, Vs),

and similarly

Vic — Vsa

) = bi() = —ha() + b)),

V3 V3
B0 = o) - b, (6.21)
() = 3ha).

Equations (6.15)-(6.21) together with s; = ay give the following unique

solution for the Bézier ordinates sy, uq, v1, wy:

S§1 = O, (622)
ba(g1) ba(h1) Ao | b03(91) B b1(g1) bi(h1)
wy = M| b(g1)  ba(ha) ‘_ 2 | b3(h1) m ‘_al)‘Q‘ b3(g1) bs(h1)
ba(g1) b2(h1) ’
| b wath |
(6.23)
ba(g1) b2(h1) vy | b2(g1) B bi(g1) bi(h1)
v = | e ity |+ % | ity |+ o] 550 )
ba(g1) ba2(h1) ’
‘ b3(g1) b3(h1) ‘

)\1 %1 b C
w=|la——b——c)ag +—u +—u.
)\2 V3 /\2

V3

(6.24)

(6.25)

In a similar way we can compute the Bézier ordinates ss,uo,vo, ws and
s3,us, U3, ws. The remaining Bézier ordinates are obtained from the C'-
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continuity conditions (6.10), i.e.

L = Hou2 + U3Us,

th = pew2 + pzws,

ry = V3ug+ Vv,

0y = wv3ws+riwy, (6.26)
T3 = Atur + Agve,

03 = Awi+ daws,

w = awi + bwy + cws.

6.4 A B-spline basis for spherical PS spline
spaces

If for each vertex V; in A we choose numbers (ai;, 8ij,7i;), 7 = 1,2, 3, that
form a set of 3 linear independent triplets, then every s(v) € S3(AP) has
a unique representation

N 3
S(’U) = CijBij (’U) (627)
i=1j=1
where the splines B;;(v) are defined as the solution of the interpolation
problem (6.13) with

(e, Br, Vi) = (Sintij, OinBijs OikYij ) k=1,...,N, (6.28)

where §;;, represents the Kronecker delta. Such a spline B;;(v) will further
be called a spherical PS B-spline. It can easily be shown that the spherical
PS B-spline B;;(v) vanishes outside its molecule M; (i.e. the union of all
triangles T}, € A that contain vertex V;). So our definition of spherical PS
B-spline implies local support.

Let us focus again on triangle T'(V1, Va2, V3). Assume that V; has co-
ordinates (0,0,1) in R? and that g; and hy have coordinates (1,0, 0) resp.
(0,1,0) in R3. Let V5 and V3 have coordinates (xa,y2, 22) resp. (73,3, 23)
in R3. By using Equations (6.22)-(6.26) we find the Bézier ordinates of the
B-spline Bj;(v) as shown in Figure 6.2 where

~
&
|

Ao+ %(ﬁljm + Y1Y2 + 2a1522)

L'y vio; + 5§ (B1es + 715y3 + 200,523)

Lyj = aoy;+ 2(Brze + vy + 200522) + S(Brws + y15ys + 200523)
(6.29)
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Figure 6.2: Schematic representation of the Bézier ordinates of a spherical
B-spline.

We would like these spherical B-splines to have good properties such as
the partition of unity property, i.e.

Bij(v) > 0 forallveQ, (6.30)

N 3
ZZBU(U) = 1 forallveq, (6.31)
i=1 j=1

and stability with respect to the max norm, i.e.

N 3
lelloo ~ 1Y~ eii Bijllo ) (6.32)

i=1 j=1

for all choices of the coefficient vector c. We prove that these useful proper-
ties can be obtained by a good choice of the triplets (aj, 5i;,7vij). For the
remainder of the paper we assume that the directions g; and h; are chosen
such that the set (V;,g;, h;) forms an orthonormal basis for R3. This as-
sumption is without loss of generality. We shall make use of known results
for bivariate splines, along with a natural radial projection operator that
we define here.
Given a subset €2 of S, we define its diameter to be

diam(Q?) := sup{arccos(u - v), u,v € Q}.

By |A| and |M;| we denote the mesh size of A resp. M;, i.e. the diameter of
the largest triangle in A resp. M;. Let T, be the tangent plane touching
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S at vertex V;. We define the radial projection from T}y, into S by

E

Ryv:=v:=—=¢€8, veTn, (6.33)

=l

where [v] denotes the Euclidean norm of v. Because Ry, is one-to-one,
the inverse R;}i is well defined. Let M, be the image of M; under RJT411

Then M; is only well defined if we assume that the molecule M; satisfies
|M;| < /2. Since great circles are mapped into straight lines under R]Tji,

M ; consists of planar neighbouring triangles with one common vertex V;.
In the following we assume that |M;| < 1 such that the spherical triangles
T € M; will have a similar size and shape as their mappings under R;}i.

Let us consider the planar molecule M;. Without loss of generality we
may assume that the tangent plane Ty, touching S at V; is equal to the
z = 1 plane, and that the directions g; and h; coincide with the = resp. y
direction. We define bivariate PS B-spline functions B;;(z,y), j = 1,2,3,
on the domain M; as solutions to the interpolation problem
Bij(Ry Vi) = 0@y,  DoBij(Ry. Vi) = 6inBij,  DyBij(Ryp Vi) = 0¥,
for all Vi € M;. In this way we can identify three bivariate B-spline func-
tions B;j(z,y), j = 1,2,3, with each vertex V; € A, and each B;;(z,y) is
completely determined by the triplet (aij,Bij,iij) and the molecule M;.
The construction of bivariate PS basis functions is well-understood, see e.g.
[5, 48, 77, 110] or Chapter 2. These constructions provide an algorithm
for calculating the triplets (@;;, Bijﬁij), and such an algorithm depends at
most on the geometry of the molecule M ;. Not all constructions of bivariate
PS basis functions satisfy the properties (6.30), (6.31) and (6.32). In fact,
only the basis from [48] satisfies all three properties. However, all construc-
tions can be extended to the sphere by choosing the triplets (cvj, Bij,Vij)
equal to the corresponding triplets (aij,ﬁij,iij). We prove that the re-
sulting spherical PS B-splines B;;(v) form a partition of unity provided
that the bivariate PS B-splines B;;(x,y) have this property and that the
spherical B-splines are stable given that the bivariate B-splines are stable.
Our approach will be to view each spherical B-spline function B;;(v) as a
restriction of a trivariate homogeneous function to the unit sphere S. In
particular, let f be any function on the sphere and d € N, then we define
(f)a as its homogeneous extension of degree d, i.e.

v

(Dalv) = o]f ( ) . weR\ (o). (6.34)

[l

Theorem 6.4.1 points out the strong connection between the spherical PS
B-splines B;;(v) and the bivariate PS B-splines B;;(z,y).
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Theorem 6.4.1. The restriction to the plane Ty, of the homogeneous ex-
tension of degree 2 of the spherical B-spline B;j(v) coincides with the bi-
variate B-spline Eij (z,y) associated with vertex V; and molecule M;, orin
other words

(Bij)2|TMi = Bij,
where (Bj;), is the homogeneous extension of degree 2 of Bij.

Proof. We will focus on the triangle T'(V1,Va, Vs). We assume, without
loss of generality, that V7 has coordinates (0,0,1), that Ty, is the z = 1
plane, and that the directions g1 and h; are given by the vectors (1,0, 0)
resp. (0,1,0). The PS 6-split divides triangle T into six smaller triangles
Ti, ©=1,...,6. Equations (6.8) and (6.9) yield

21 o
Bii(v) = Z Cijkmh(v)zbz(vy%(v)k,
i 15'k!

with (b1, be, b3) the trihedral coordinates of v with respect to 7;, and with
v € 7;. Define 7, as the trihedron (6.6) that satisfies 7r,|g = 7;. Let w be
an arbitrary point in trihedron 7-,, then it is easily verified that

2! ; .
(B11)y (w) = Z Cijkmbl(w) b (w)? b3 (w)*,
itj+k=2

where (B11)2 is the homogeneous extension of degree 2 of Bj;. Using
straightforward calculations it is easy to prove that the values of (By1), and
its partial derivatives at the vertices V1, V2 and V'3 coincide with the corre-
sponding values of Fi and its partial derivatives. It are exactly these 9 pieces
of data that determine a C! piecewise quadratic spline on the PS 6-split of

. -1 . - B
the planar triangle R, T', so this proves that (311)2|R;111T = B11|R;411T.

In general this yields (Bij)Q‘TNIY = Bij. .

As a consequence of Theorem 6.4.1 we can immediately prove the fol-
lowing useful corollary.

Corollary 6.4.2. The spherical Powell-Sabin B-splines form a partition of
unity (6.30-6.81) whenever the bivariate B-splines B;j(x,y) form a partition
of unity.

Proof. Suppose that there exists a v € M; such that B;;(v) < 0. Let
T = Rylv, then also (By)), (7) i= [0]2By (;) = [72B;;(v) < 0. From

v
Theorem 6.4.1 we infer that B;;(v) < 0 but this gives a contradiction with
the fact that the bivariate B-splines B;; are positive. Thus B;;(v) > 0 for

all v € Q.
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Because of (6.28) only the B-splines By;, j = 1,2,3, are non-zero at
vertex Vj,. Therefore Zﬁl 2321 B;j(Vk) = aua +E’f2 + a3 and, by con-
struction and the partition of unity property of Bjj, this equals &y +
Qg2 + akg = 1. Similar arguments show that D, 25\7:1 Z?:l B;;(Vy) and
Dy, sz\il 22:1 Bi; (Vi) equal zero. From Theorem 7.2 in [2] we know that
there exists a unique spherical spline p of degree 2 on each subtriangle

p € APY such that p(v) = 1 for all v € p. From the uniqueness of the
representation (6.27) we find that

N 3
ZZBii(U) =1, forallveQ.
i=1 j=1

O

Now we prove that the spherical PS B-spline basis is stable with respect
to the max norm, given that the corresponding bivariate B-spline basis is
stable. The equivalence constants in (6.32) depend at most on the smallest
angle in A. Because the equivalence constants are allowed to depend on the
smallest angle in A, we need the following lemma which relates a spherical
angle 6 to its image under the radial projection R]Q[ll A spherical angle
is defined as the angle formed at the intersection of the arcs of two great

circles.
T, !
-1
M R 5

Vi R b

Figure 6.3: Distortion on angles under the radial projection Ry, .

Lemma 6.4.3. Let 6 be an angle in the triangulation of the molecule M;
and let 0 be its image under the radial projection R]T/Ill Then

cos | M;|tan§ < tanf < tan .

cos | M;|

Proof. Figure 6.3 displays this proof schematically. Let D be a disk tangent
to S with radius R and center v, let D be the image of D under the radial



6.4. A B-SPLINE BASIS FOR SPHERICAL PS SPLINE SPACES 141

projection RM , and let D be the disk with radius R and center ¥ that is
obtained as the image of D under a central projection from the origin onto
the plane through v that is parallel to the disk D. Denote « as the angle
between the vectors V; and v. One can easily deduce that

~ R
R =

cosa

We project D onto the plane T}y, to obtain D. It is clear that D is no longer
a disk but an ellipse and the minor axis of D equals R. Consider angle 3
as in Figure 6.3. If the radius R is very small compared to the length of
vector T then 8 will be close to m/2 radials. Thus if R tends to zero then
the major axis R of D tends to INE/ cos o, or

R

R=—
cos?

Consider the angles ¢ and ¢ in the disk D and their projections ¢ and 1) in
the ellipse D as indicated in Figure 6.3. Then we see that

h - W h
tanqb:E, tany = —, tanqb:g, taniy) = —,
h w h w
and
R - R
wW=w—=, h=h=.
w=wg, 7
This yields
tan¢ = cosatan¢ and tani = tan 1.
cos
This completes the proof. O

Corollary 6.4.4. The spherical Powell-Sabin B-splines form a stable basis
for the max norm, i.e. for any arbitrary coefficient vector ¢ we have

N 3
cillefloe < ZZ < caflefloo
=1 j=1

Loo ()

with c1 and ¢y constants that depend at most on the smallest angle in A, pro-
vided that the corresponding bivariate PS B-splines B;;(x,y) form a stable
basis with respect to the mazx norm, and that |A] < 1.
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Proof. First we establish the right inequality. There exists a triangle T' € A
and a point v € T such that the following holds

N 3 3
> ciBy = | >0 > By
i=1 j=1 Loo() i|V; €T j=1
3
< lellso 1Bl (1) -
(T)
i|VieT j=1

and

v 1 - _
180y = e By ) = mox (B, () = mox 0,0

Because |T'| <1 we have that 1 < |7] < 1/cos1, so

I1Bijlly . ry < ||B <K

inLm(R;/IliT)
where the last inequality follows from the stability of the bivariate basis, so
K is a constant depending at most on the smallest angle in R]Q[liT. Using
Lemma 6.4.3 this establishes the right inequality of the Corollary.

Now we prove the left inequality. Choose an arbitrary molecule M; € A.
It is sufficient to prove that

lcij| < Kalls|| Lo (o)

for arbitrary j, where s represents the PS spline surface. Let 5 be the
restriction of (s)2 to the plane Thy,, then we have that

o2 (1) = max (o

lsllzocaaey = max |(s)2(v)] = max
and because 1 < || < 1/cos1 we find
cos® 1131, ar,y < Nsllzwoany < 18N ar,)- (6.35)

On the molecule M; we can define a bivariate PS B-spline basis

{Ekj | k such that Vi, € M;,j = 1,2,3}

with Eij = Bij, j = 1,2,3. It is important to see (see also the proof of
Theorem 2.5.5) that

-1

3 [ Gk ke Qs 5 (Ryf Vi) R
Slaz, (u,v) = Z Z Br1 Br2  Brs Dy,s (R&;Vk) Byj(u,v),
kIVieM; =1 | Vg1 Yk2 VK3 Dp;s (RMVk)
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and that
aij = Qs Bij = Bijs Yij = Yijs

Because of the stability of the bivariate basis {Ekj} we get

an A an ] 5(Ry. Vi)
leijl = || Ba Biz Pis Dy3(Ry Vi) || < Ksl5l, . az,)-
Yir Y2 Vi3 Dy, 3(Ry. Vi)
Equation (6.35) concludes the proof. O

Let us for instance consider the bivariate B-spline basis developed in
[48]. These B-splines form a partition of unity, and from Theorem 2.5.5 we
know that they form a stable basis for the max norm. If we extend this basis
to a spherical PS B-spline basis, see Figure 6.4, we still have a partition of
unity and a stable basis because of Corollaries 6.4.2 and 6.4.4. Furthermore
one can define control triangles (2.10) for these bivariate B-splines that are
tangent to the surface, which is a nice property from a CAGD point of
view. Using Theorem 6.4.1 it is not difficult to define control triangles for
the corresponding spherical B-spline basis that are tangent to the spherical
surface. This illustrates that several other more specific properties of a
bivariate basis are possibly also inherited by the spherical extension. We
refer to Section D.2 for more details.

6.5 The hierarchical basis preconditioner

The construction of nested spline spaces of Powell-Sabin type on the sphere
is completely analogous to the bivariate case, see Section 3.2. We can use
dyadic or triadic refinement, see Figures 3.1 and 3.2, or even a /3 refine-
ment, see Figure 3.3. As in the bivariate case, dyadic refinement is not
always possible if the initial spherical triangulation Aq is highly irregular.
In the following derivation we assume that a triadic refinement scheme is
used, and that the sequences (3.2) and (3.3) are regular.

Let S; be shorthand notation for S3(AF®). We define the Hermite in-
terpolant Z; : C1(Q) — S similar to the bivariate case, i.e.

Iis=s, VseSy,

Lf(Vi) = f(Vi), VsLif(Vi)=Vsf(Vi), i=1,....N,
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Figure 6.4: Graph of (B;;(v) + 1)v with v € S and B;; the spherical PS
B-spline. The control triangles are tangent to the surface.

for any f € C1(Q2). Then of course Z;Z; 11 = Z; also holds. Define the linear
functionals p;5,; by

N 3
Tif =) miga(f)Big,

i=1 j=1
then one can prove that
N, 3 1/p
Isill, )~ | DD lmsgals)[” 372 (6.36)
i=1 j=1

for all 0 < p < oo, provided that the spherical B-spline basis is stable for
the max norm, i.e. Corollary 6.4.4 holds. The proof of (6.36) is similar to
the proof of Corollary 2.5.7, but now one has to make use of the Markov
inequality for spherical polynomials [98, Prop. 4.3].

We prove that the spherical hierarchical basis is a weakly stable basis
(Definition 3.4.1) for H?(£2). We introduce spherical Sobolev spaces H™({2)
as defined in [80, 98], because we use some lemmas from [98] concerning
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these Sobolev spaces. Suppose that {(I'j, ¢;)} is an atlas for €2, i.e. a finite
collection of charts (T';, ¢,), where I'; are open subsets of 2, covering (2,
and where ¢; are C* mappings ¢; : I'; — B;, B; an open subset of R?
whose inverses ¢: ! are also C*. Let {a;} be a partition of unity on the
atlas {(I'j, ¢;)}, l.e. a set of C*° functions a; on  vanishing outside the
sets I'; such that >, a; =1 on Q. Then we define the spherical Sobolev
spaces H™ () as

H™(Q) == {u | (ju) o ¢; " € H™(By), for all j}, (6.37)

with H™(B;) the classical Sobolev space of functions on B; whose deriva-
tives up to order m belong to La(By), see Section A.1. With H™ () we can
associate the norm

||u||Hm(Q) = Z H(aju) ° ¢;1HHm(Bj) . (6.38)
J

This definition does not depend on the choice of the atlas and the partition
of unity, i.e. other choices will give rise to the same space with a norm that
is equivalent to (6.38). Furthermore the definition (6.37) for the case m = 2
is equivalent to the definition (6.2) and the norms (6.38) and (6.3) are also
equivalent, see [80, p.37]. We can prove the following theorem.

Theorem 6.5.1. Let Q2 be a subset of the unit sphere S, and suppose s € S, .
Then

_ 2 2 2
n2Y 3T - Tim1)sl L0 S iz S D23 1T = Tim1)sl 7o) -
=0 =0
(6.39)

Proof. Suppose first that diam(€2) < 1. Similarly to the radial projection
Ry, we define
RQU:=7}:=|;—|€S, veTq,

with T the tangent plane touching S at rq, and rq the center of a spherical
cap of smallest possible radius containing 2. Here a spherical cap is defined
as the region of a sphere which lies on one side of a given plane that intersects
with the sphere. Let Q be the image of Q under R;,"'. As before (s)s is the
homogeneous extension of degree 2 of s, and we define § as the restriction
of (s)2 to . The norm equivalence [|s| g2(q) ~ 5]l zr2&) holds, see Lemma
3.2 in [98]. Furthermore we also have ||s||r, ) ~ [[3ll; (q), see Lemma

3.1 in [98]. Now let s = Y7, g1 with each g; € S;. Then it follows that
(s)2 = > o(g1)2, hence 5 = >°;" [ g; with g; the restriction of (g;)2 to Q.
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Furthermore, each g, is a member of the spline space S; := S3(Rqo'AF9).
Proposition 3.4.7 [102] claims that

— . — 12
11172y ~ inf Y 3 G117, @)
=0

where the infimum must be taken with respect to all admissible representa-
tions Z?:o g, of 5. From the norm equivalences above we get

HSHHz(Q) ~ infz 3 HngiQ(Q) : (6.40)
1=0

It is now sufficient to prove that

_ 2 . 2
w23 BT Tie)sl o) S inf Y3V a2, o
1=0 =0

and that

n

. 2 2
inf 3% |91l 7,000 < D3 1T — Tm1)sll 0 -
=0 =0

To prove these inequalities the same techniques as in the proof of Theorem
3.4.10 can be used.

For general domains {2, diam(f2) > 1, we construct a finite collection of
domains ; with diam(£2;) < 1, covering Q. Equation (6.39) is valid for
each sub-domain €2;. Furthermore we have the equivalences

2 2
1T = Zi-1)sll 7y 0) ~ D 1T = Tim1)sll 7,0,
J

and
HS||§{2(Q) ~ Z ||5||§12(Qj) :
J
Hence (6.39) is valid for € itself. O
From (6.36) we deduce that the set
{3'Byji | (i,7) € Ji_1}

with J; defined in (3.25) is a uniformly Lo-stable basis for the space Im(Z; —
Z;—1). From Theorem 6.5.1 we therefore conclude that the set

oo

U {37 Biju | (i) € Jis}

=0
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is a weakly stable basis for H?(Q), i.e.

2
n

—22 I e M IR PR P
©,J)€J1—

0 (3,7)€J1-1 =0 (i,9)€Ji—1 H2(Q) =0 (4 1

We conclude that the condition number of the stiffness matrix with respect
to this hierarchical basis for the problem (6.1) is of the order O(|log h|?)
with A the mesh size of the underlying triangulation A,,.

6.6 BPX-preconditioners on the sphere

In this section we numerically solve the following two most simple equations
—Agu=f on S, (6.41)

and
Aiu=f on S, (6.42)

where Ag is the Laplace—Beltrami operator on the two-sphere S. We use
C° continuous piecewise linear spherical polynomials to discretize the vari-
ational problem

/ VsuVgv dw = / fvdw forallve HY(S) (6.43)
5 s

corresponding to (6.41), and C! continuous piecewise quadratic spherical
polynomials to discretize the variational problem

/ AsulAgv dw = / fvdw forallve H*(S) (6.44)
5 5

corresponding to (6.42). For every f € Lo(S) with [ f dw = 0 there exists
a weak solution u € H'(S) of (6.43) and a weak solution u € H?(S) of
(6.44). In both cases w is unique up to a constant, see, e.g., [6, 52].

In the previous section we constructed a hierarchical basis on the sphere
that yields suboptimal results for problem (6.44). By (6.40) and the tech-
niques shown in Section 3.6 it is easy to prove the following theorem.

Theorem 6.6.1. The BPX preconditioner given by

n

33 BB

=0 i=1 j=1

yields uniformly bounded condition numbers for the problem (6.44).
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Of course, here, the basis functions B;;; have to be stable in the sense
of Definition 2.5.1 for the Lo-norm. If the basis functions are stable with
respect to some other L,-norm, a suitable normalization has to be used. To
demonstrate that any Ls-stable basis can be used we will use a spherical
variant of the Hermite basis from [110] in our numerical experiment. Con-
sider nested sequences of triangulations (3.2) and (3.3) obtained by p-adic
refinement. With each vertex V; € A; we associate two directions g; and h;
such that the set (V;, g;, h;) forms an orthonormal basis for R3. For instance,
suppose that V; has spherical coordinates (cos 6 sin ¢, sin 6 sin ¢, cos @), 0 €
[0,27], ¢ € [0,x], then take g; = (cosf cos¢,sinf cosp, —sin¢) and h; =
(—sind, cos,0). Let us introduce the functionals

af (Vi)
dg;

of (Vi)

o 1€Cs)

M) = Vi), N(f) = A(f) ==

Then we define a nodal basis for S3(AF9) by the following interpolation
problem: find functions B;;,; € S%(AIPS), j=1234i=1,...,N;, such
that

Me(Bija) = p'6j160k,
Xe(Bij)) = 8j20ik, (6.45)
A (Biji) = 630k,

for all Kk = 1,...,N;. Then by Corollary 6.4.4 and the work in [110] we
find that, under a suitable normalization, this Hermite basis is stable in the
sense of Definition 2.5.1 for the Lo-norm and Theorem 6.6.1 holds.

To discretize the second order problem we use C° linear elements on the
sphere that we derive now. The C° continuous piecewise linear spherical
polynomials that we describe here are a natural extension of the well-known
linear elements introduced by Courant [26]. However, our approach differs
significantly from previous constructions (e.g., [8, 52]). We create suitable
basis functions for the nested spherical spline spaces

SUNg) c SYA) - SYA)C---, 1=0,1,...,

where the triangulations A; are obtained by dyadic refinement. Similar to
the connection described in Theorem 6.4.1, we point out a strong connection
with the classical Courant elements on the plane.

So let us define a nodal basis for SY(A;) by solving the following in-
terpolation problem: find functions ¢;; € SY(A;), i = 1,..., Ny, such that
¢i1(Vi) = di,. We can look at each spherical basis functions ¢;; as the
restriction of a trivariate homogeneous function to the sphere S. Clearly
we have that ¢;; = (¢;1)1|s. Moreover, if we restrict (¢;;)1 to the tangent
plane touching S at V;, then we just get a classical Courant element defined
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on this tangent plane centered around the vertex V;. This idea can be ex-
ploited to extend several properties of the classical Courant elements to the
spherical elements ¢; ;. The following theorem is obvious.

Theorem 6.6.2. The nodal basis functions {¢;; | i =1,..., N} satisfy

N
I Z Ci10it|| Lo ~ max |ciil-

=1

Proof. There exists a triangle T' € A; and a point v € T such that

N; N,
1Y ciandial > ciadia(v)
i=1 i=1

The other inequality follows from

Lo =

< max ;| > liillie < max [,
i\Vier

ekl =

Ny N,
> ciadia(Ve)| < 1D ciadiillrn..
=1 i=1

O

The proof of the following theorem is similar to the proof of Theorem
6.6.1.

Theorem 6.6.3. The BPX preconditioner given by

n N;
D2 (b
=0 =1

yields uniformly bounded condition numbers for the problem (6.43).

We now provide the results of numerical experiments illustrating the
optimality of the BPX preconditioners and we also compare the results
of the BPX preconditioners with those obtained using the corresponding
hierarchical preconditioners which are suboptimal.

The first problem that we solve is given by

—Agu=2x on S, (6.46)

and the exact solution u equals x, which can easily be checked since spherical
harmonics are eigenfunctions of the Laplace-Beltrami operator on S, see,
e.g., [97]. To discretize the problem (6.46) we use the basis functions ¢; ;.
We start from an almost uniform triangulation Ay by projecting the twelve
vertices of the regular icosahedron onto the sphere. These twelve points
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define a mesh consisting of twenty equal spherical triangles, cfr. [8]. The
finer triangulatons A; are constructed by subdividing the triangles of the
previous coarser triangulation into four equal subtriangles. Hence the di-
mension of the spline space increases like 2+ 10-4™ with the refinement level
n. Inner products of the form (Vs¢;, 1, Vi, 1) will have to be computed.
Hereto, we use a 3th order Gaussian quadrature formula on a triangle, see
also [4, Prop. 4.1].
The second problem that we solve is given by

A%y =36xy on S, (6.47)

and the exact solution u equals zy. In order to discretize (6.47) we have to
compute inner products of the form (AgB;, j,.1, AsBi,j,.1)- Since the basis
functions B;;,; are piecewise quadratic polynomials, we can use the formula

AsBijﬁl(’U) = ABijyl(’U) — GBijyl(’U), v E S,

with A the usual Laplace operator on R?, see [97]. Then, to evaluate the
inner products, we use again a 3th order Gaussian quadrature formula on
a triangle. We show results both for a dyadic and a triadic refinement
procedure where we start from the same quasi-uniform triangulation Ag as
in the first problem (6.46). For the dyadic resp. triadic refinement procedure
the dimension of the spline space increases like 6 4+ 30 - 4™ resp. 6 + 30 - 9™
with the refinement level n.

Note that the solution w in (6.46) and (6.47) is only unique up to a
constant. From [2, Prop. 7.2] we find that constant functions on the sphere
are contained in the spherical Powell-Sabin spline space S3(AFS) but not
in the spherical piecewise linear spline space S?(A;). Hence, the stiffness
matrix corresponding to the nodal basis {Bi .} will have one zero eigenvalue
with an eigenvector corresponding to the constant function. The stiffness
matrix corresponding to the nodal basis {¢;;} will have an eigenvalue of
O(h?) with an eigenvector that approximates the constant function up to
discretization error O(h?) w.r.t the Ly norm. Recall that the condition num-
bers that we compute are given by x(C'/2AC"/?) = Amax/Amin Where Amax
denotes the largest eigenvalue of C'/2ACY? and A, its smallest nonzero
eigenvalue. We also omit the smallest eigenvalue of O(h?) for the Poisson
equation. Note that, from Theorem 6.4.1 and the theory in Section 3.6, the
BPX preconditioner uses all nodal basis functions on all levels. For each
redundant basis function we get a zero eigenvalue.

Tables 6.1, 6.2 and 6.3 show the results. We have used a nested iteration
conjugate gradient method to solve the problem, see Section 3.6.

Each table has the same setup. The first column contains the resolution
level n. Then we distinguish between the results for the BPX precondi-
tioner and the results for the hierarchical basis (HB) preconditioner. For
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BPX HB
n K residual #iter K residual #iter
1 3.1 | 2.4897e-05 12 7.6 2.4974e-05 17
2 3.7 | 1.6766e-05 9 10.7 | 1.9546e-05 16
3 4.6 | 4.7350e-06 11 15.2 | 8.6198e-06 20
4 5.5 | 4.5474e-06 11 22.2 | 5.2361e-06 22
5 6.2 | 1.6705e-06 12 31.9 | 3.0622e-06 23
6 6.7 | 1.0193e-06 12 44.9 | 1.4750e-06 25
7 7.0 | 6.2720e-07 12 60.9 | 6.5043e-07 26
8 7.4 | 1.6451e-07 13 84.2 | 3.4960e-07 24

Table 6.1: Iteration history for problem (6.46).

BPX HB
n K residual #iter K residual #iter
1 52.0 2.2290e-03 0 59.1 2.2222e-03 0
2 66.7 | 5.1424e-04 2 81.2 3.8158e-04 2
3 78.4 | 4.2928e-04 1 106.5 | 6.2316e-04 0
4 87.7 | 3.1846e-04 3 144.6 | 2.5778e-04 5
5 95.2 1.6570e-04 3 199.9 | 1.5944e-04 14
6 100.6 | 7.9261e-05 5 274.4 | 6.8452e-05 4
7 105.5 | 4.0583e-05 4 375.8 | 4.2450e-05 15

Table 6.2: Tteration history for problem (6.47), dyadic refinement.

151

each preconditioner we display the spectral condition number x of the sys-
tem matrix for the linear system of equations that is solved. Moreover we
show the energy norm of the residuals corresponding to the approximate
solution, and the number of iterations that are needed on this level to reach
discretization error accuracy.
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BPX HB
K residual Fiter K residual Fiter
50.5 | 2.7160e-04 6 76.4 | 2.9346e-04 11

61.0 | 1.1074e-04
68.6 | 3.3405e-05
73.7 | 1.1717e-05

114.9 | 7.5921e-05 7
170.0 | 3.5187e-05 21
241.1 | 1.1716e-05 25

B w3

o 00

Table 6.3: Iteration history for problem (6.47), triadic refinement.



Chapter 7

Conclusions

7.1 Overview of contributions

This thesis investigated the construction of optimal multilevel precondition-
ers for fourth order elliptic equations. Here we would like to give a quick
overview of our contributions.

In Section 2.5 we proved that, under a suitable normalization, the class
of basis functions for Powell-Sabin spline spaces introduced by Dierckx [48]
is a stable basis with respect to all L, norms with p > 0. Furthermore
we investigated the case when PS-triangles of minimal area are chosen in
more detail. These results are published in [90] and [93]. In Section 2.6
we showed that the Hermite interpolating PS spline approximates a given
smooth function f and its derivatives up to optimal approximation order.
This result makes use of the Bramble-Hilbert lemma [10], and it is published
in [91].

Then, in Chapter 3, we investigated a standard hierarchical basis for a
nested sequence of Powell-Sabin spline spaces. We related this hierarchical
basis to a fairly general definition of multiresolution analysis and we proved
several stability results. Furthermore we derived a priori error bounds for
surface compression and we verificated the sharpness of these bounds numer-
ically. All these results are published in the paper [90]. We also introduced
a BPX preconditioner and numerically compared this preconditioner with
the suboptimal HB preconditioner.

In Chapter 4 we constructed new basis functions for the Powell-Sabin
spline space. These new basis functions are not of Hermite type, such as
the B-splines from [48], but they are of Lagrange type. This allowed us to
define projection operators of Lagrange type that yield a hierarchical basis
that is stable for a larger range of Sobolev spaces than the Hermite type

153
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hierarchical basis of the previous chapter. These results are published in
[89].

Chapter 5 was devoted to the construction of wavelet Riesz bases. We
proposed a construction method for non uniform grids. This construction
idea is joint work with colleague Evelyne Vanraes, see [125]. Furthermore
we gave a proof of the stability of the one level transform, and we extended
results of Lorentz and Oswald [82] to investigate the Riesz stability of shift-
invariant wavelet vector spaces in arbitrary dimensions. Piecewise linear
and quadratic spline wavelets were constructed in one or two dimensions
and we gave a stability analysis based on Fourier techniques. Moreover, we
numerically validated these estimates by showing the optimality of these
wavelet bases as preconditioner for elliptic PDEs. Furthermore we gave
several connections with existing and well-known constructions in the lit-
erature. All these results can be found in the papers [85, 88]. On uniform
triangulations we constructed a Powell-Sabin spline prewavelet basis. This
wavelet basis is stable for all Sobolev spaces H*(2) with |s| < 2.5, see [87].

The results in Chapter 6 are based on the two papers [86, 92]. By using
the spherical spline spaces introduced by Alfeld et al. in [2, 3, 4] we first
extended the classical result of Powell and Sabin from [107] to the surface
of the two-sphere. Then we constructed suitable B-spline bases that inherit
most properties of the bivariate counterparts. These specific constructions
allowed us to prove the suboptimality of the corresponding hierarchical ba-
sis preconditioner and the optimality of the corresponding BPX precondi-
tioner for fourth order elliptic problems on the surface of the two-sphere.
Furthermore we gave numerical evidence, and we also constructed a BPX
preconditioner for second order elliptic problems on the surface of the two-
sphere.

7.2 Suggestions for further research

Finally we provide some ideas for further research that are not explored in
this thesis. These ideas only indicate that many interesting questions are
still open for investigation.

e The spherical shallow water equations are a set of equations that de-
scribe the inviscid flow of a thin layer of fluid or gas on the two-
dimensional surface of the sphere. They have been used for many
years by meteorologists, climatologists, and geophysicists because the
Earth is approximately spherical, and these equations provide a good
first test for numerical methods for solving atmospheric and oceanic
problems. Currently most global meteorological applications use spa-
tial discretization schemes that are based on spectral transform meth-
ods, which express the variables of interest in terms of the spherical
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harmonic basis functions [97] that we have already encountered briefly
in Section 6.6. The spectral transform methods yield high-order so-
lutions and give rise to elliptic equations that are computationally
inexpensive to solve. The main drawback of the spectral transform
methods is their computational complexity, because the spherical har-
monics are globally supported. Other approaches camp with the so-
called pole problem, which refers to a collection of problems related
to approximating the solution numerically in spherical geometry. In
fact, the spherical coordinate system is discontinuous at the poles.

The spherical shallow water equations are given by [64]

o = G+PVs T, (7.1)
NS~ Vs(@tom) — fix b (72
with an initial state at time ¢¢. Here % is the Lagrangian representa-
tion
© = 2iwvi
% = %its + (7 V) s,

where ¥ is the velocity and ¢/s is the tangential component on the
sphere which is obtained by

g =7 — it (il V),

and 77 is the normal to the sphere S. The difference in geopotential
of the free surface elevation ¢ and the orography (which is constant
in time), ¢ — ¢, is split into a basic state geopotential ¢ > 0 that is
constant, plus a disturbance g/b\:

b+ O(&,t) = §(Z,1) — ou (),

and f is the Coriolis parameter. By applying the curl and divergence
operators to (7.1) and (7.2) one obtains the scalar formulation, see,
e.g., [59, 78]. To solve the resulting system one needs to solve elliptic
problems of Helmholtz type, and, in certain settings, even fourth order
elliptic problems, with each time discretization step.

By our knowledge, up till now, no adaptive wavelet schemes have been
developed to solve the shallow water equations on the sphere. The
framework described in Chapter 6 easily allows to create wavelets on
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the sphere. We have already developed optimal methods for solving
second and fourth order elliptic problems. It would be worthwhile to
tackle a somewhat larger problem, such as the spherical shallow water
equations.

The construction of multivariate wavelets on arbitrary triangulations
is very challenging. Even the case of continuous piecewise linear
wavelets construction is unexpectedly complicated. In this disserta-
tion we presented a C' continuous Lo-stable wavelet basis that was
restricted to uniform triangulations. Up till now there exists no easy
to implement C' continuous wavelet basis on arbitrary triangulations
that is Lo-stable.

The construction presented in Section 5.6 is a prewavelet basis, which
means that wavelets at different resolution levels are orthogonal to
each other, but wavelets on the same level are not orthogonal. One
could also try to construct an orthogonal wavelet basis for the Powell—
Sabin spline space. Inspiration can be found, for instance, in the
papers [49, 50].

The wavelet construction in Section 5.2 gives only one vanishing mo-
ment, which might be not enough for some applications. However, on
the sphere, more than one vanishing moment does not make sense. In
Chapter 6 we proposed how one can elegantly extend Powell-Sabin
spline spaces to the surface of the sphere. It would be interesting to
construct a wavelet basis on the sphere. Furthermore, uniform trian-
gulations do not exist on the sphere, hence the construction method
of Section 5.2 is very useful, and it can be analysed by the theory
from Section 5.3. Moreover, since there is no boundary on the com-
plete surface of the sphere, one should use v/3 subdivision, instead of
dyadic or triadic subdivision.

In this thesis we have seen several constructions that yield optimal
multilevel preconditioners for fourth order elliptic equations. We al-
ways started from the space of Powell-Sabin splines on the PS 6-split.
We also mentioned that there are a lot of other C'' continuous spline
spaces, such as C! piecewise quadratics on the PS 12-split, C' cu-
bics on Clough—Tocher triangles or on quadrangulations, C'' quintics,
and so on. A lot of the constructions in this thesis can also be ap-
plied to those other C! spline spaces. What would be interesting is to
numerically compare all these methods.

In our constructions we mostly used the triadic subdivision scheme.
From a practical point of view this scheme is not very popular, since
the dimension of the spline space increases too fast with the resolution
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level. Therefore one should always try to use v/3 subdivision in the
implementations of the PS splines on the PS 6-split. This implies that
one might have to consider some special constructions in order to deal
with the boundary of the polygonal domain.

e In [114] Speleers proposes a local subdivision scheme based on V3
subdivision for PS spline spaces. Adaptive finite element methods for
solving elliptic equations often perform better in practical computa-
tions than non-adaptive ones. However, usually these methods are not
even proven to converge. Only recently ([9, 51, 117]) adaptive meth-
ods were constructed for which convergence could be demonstrated.
Merging the ideas in these papers will give a theoretically founded
optimal adaptive finite element method for solving fourth order ellip-
tic boundary value problems for which the solution has singularities,
both in the plane and on the two-sphere.

e In Remark 4.3.4 we gave some critical comments on the construction of
the Lagrange-type hierarchical basis from Chapter 4. Lagrange inter-
polation for smooth spline spaces is rather new, see, e.g., [99]. There
might be a way to deal with the comments and to construct an opti-
mal preconditioner for fourth order elliptic PDEs that is comparable
to the BPX preconditioner in performance.
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Appendix A

Function spaces measuring
smoothness

A.1 Sobolev spaces

We recall that Sobolev spaces measure the smoothness of a function f €
L,(2). By W;(Q), ke N, 1 <p < oo, we mean the usual Sobolev space,
i.e. the set of all functions in L,(2) whose distributional derivatives of order
less than or equal to k are in L,(€2). We can define the following norm for
these Banach spaces

Hf”%/}ic(g) = Z HDng?f”Z[)/p(Q)a
a+p<k

with o and 3 positive integers. We also use the semi-norm

|f|€v§(gz) = Z ||D3D5f||ip((l)'
a+pB=k

For the special case p = 2 we use the notation H*(Q) = W§(Q). These
spaces H"(Q) are Hilbert spaces with inner product

(f @ mr@) = Z (DyDy f,DSDYg) 1y )-
a+B<k

We also define spaces W7 (Q2) for arbitrary real values of s > 0 and 1 < p <
oo. These spaces coincide for integer values of s with the spaces W;(Q) If
s is not an integer, we write s = k 4 o where k is an integer and 0 < o < 1.

159
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Then W () is a Banach space with respect to the norm

|D2Dyf(x) — DDy f(y)|P
£y 0y = I I ) + Z/ P dady.

at+p=k

Again for the special case p = 2 we write H*(2) = W5 (Q) and the spaces
H?(Q) are Hilbert spaces for arbitrary real values of s > 0. See [1] for a
good reference work concerning Sobolev spaces.

A.2 Besov spaces
Strongly related to Sobolev spaces are the function spaces of Besov type.

Let f € Ly(), 0 < p < 0o. We introduce the difference operator

T

(A} )(@) :—Z( f)(—w—jﬂzwh), re R, (A1)

=0 \ 7

and define the r-th order L,-modulus of smoothness of f € L,(Q) (see, e.g.,
[44])

wr(f,)p = sup |ALfllL, arn))s (A.2)
Ihi<t

where |h| is the Euclidean length of vector h and Q(rh) = {x € Q : x +
jh € Q, j=0,...,r}. The r-th order L,-modulus of smoothness has the
following properties
we(fst)p < 271 f )
lim w,(f,t)p 0, (A.3)
t—04

we(f+g,t) < wr(f7t)p+wr(gat)p'

If s,p,q > 0, we say that f is in the Besov space By (L,(f2)) whenever the
following is finite:

00 [3lsy, (f.3-1 q\1/q 0
S(Lp(2) ™ (2% [zs wrlf, 1 W) SIS0 (A
a sup;>o 3w, (f,37")p q = oo.

/5

See [44] for more details concerning Besov spaces.
It is well known that on a domain €2 with Lipschitz boundary the equiv-
alence

W5 (Q) = By (Lp(2)), s>0 (A.5)
holds [47].



Appendix B

Jackson and Bernstein
estimates for PS splines

In this appendix we prove Jackson and Bernstein estimates for PS splines.
Our proofs are based on techniques developed in [45], and are published
in our paper [90]. More information on these types of estimates can also
be found in [17]. It is useful to recall the definitions of Sobolev and Besov
spaces, see Appendix A. The setting is the same as in Chapter 3, i.e., we
consider nested triangulations (3.2) and (3.3), obtained by regular triadic
refinement, and S is the PS spline space S (AF9).

B.1 The Jackson estimate

Let f € Ly(2), 0 < p < co. We want to show that the local error of
approzimation by PS splines

B9y = inf If = gl @ 120 (B.1)

can be bounded by E;(f,Q), < ws(f,37!), , with w,(+,-), the r-th order L,
modulus of smoothness (A.2). From Whitney’s theorem we know that the
estimate

El(fvT)P5w3(f73_l)P ) TGAIPS

holds, since g|_ is a quadratic polynomial for all g € S;. Whitney’s theorem
is best known for univariate functions and p > 1 but a proof for multivariate
functions and p > 0 can be found in the papers [16] and [119].

Denote IIr(AF %) as the space of all piecewise polynomials of degree < 2
on the triangulation AFS. Let m € IIo(AF®). Then Zym (3.7) is not well
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defined because the operator Z; evaluates the piecewise polynomial 7 and
its partial derivatives at the vertices V; € A; and m may be discontinuous
at V;. Therefore we introduce a new operator Z; as follows, let

N, 3
TP flay) =Y > uiu(f)Bija(,y), (B.2)
i=1 j=1
where the p7; ; are linear functionals of the form
pija(F) = (Vi) + i D2 f (Vi) + i Dy f (Vi) (B.3)

with

’ ' (ttr)—f B.4
D2 f(z) := hmsupy_)w)tlow (B.4)

{ fo (JI) = lim Supy—w f(y)

Then we still have the property that Z;'s; = s; for each s; € S, but we also
have that Zp7 is well defined.

Lemma B.1.1. If 7 € I5(AFP®) and 0 < p < oo, then for each triangle
7 € APS we have that

1zl 0y S 7l o (B.5)

and
_7° < i —
[m—17; 7T||LP(T) N 13127f>2 ([ P”LP(MT) (B.6)

where Pa is the space of bivariate polynomials of total degree < 2 and M, C
O satisfies T C My and |7| ~ |M,|.

Proof. Because 7 € AF9 there is exactly one vertex V; € A; such that
V; € 7. Define M. as the union of all triangles in Alp 5 that contain vertex
V;. Then 7 C M, and |7| ~ |M,| ~ 37!, From Equations (3.9), (B.2)—(B.4)
and the Markov inequality for polynomials we find that

N

N; 3
IZP7ll, ¢y S nax 177 ZZBM
=15=1 Lp(7)

A

max 37wl 37 S il )

which is (B.5). Here we have also used that all norms on the finite dimen-
sional space of polynomials are equivalent.
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Now define P € P, as the polynomial of best L,(M,) approximation to
m. Since 7 P = P we find that

lm = Z77llp, vy < llm =Pl ) + 125 (= Pl )

and by using (B.5) we find (B.6). O

Let f be in L,(f2) and define for each triangle 7 € AP 9 the polynomials
P. € Py as the best L,(7) approximation to f. Then we define m;(f) €
IT5(AF9) to be the piecewise polynomial such that m;(f)|, := P; for each
triangle 7 € AFPS.

Theorem B.1.2. For each f € L,(Q) we have
If =L m(H)lp, @ Sws(f.37 ), 120, (B.7)
Proof. For each 7 € AP we have from (B.6) that

1f =Zrm(Hl L, If =m (D, iy + I1mf) =m0

<
S MF = Prllp, e + ok llm(F) = Pllz, ) -

The following equations hold:

Anf Im(f) = Pl ary = At ;;:I I1P7 = PlI} 7
P (1P =y + 15 = Plloe))
S Pi£7f>2 %:4 If =PI =
< At If =PI, .y -
So we infer that
Hf_IzOWl(f)HLP(T) < I}ngQ Hf_PHLP(MT) : (B.8)

Now we make use of the fact that [45]

1/p
wr(f,t)p ~ (t_2 /[t 2z IARAIL, @0y dh) :
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We deduce from (B.8) and Whitney’s theorem that

||f_IZ)7Tl(f)||Z£p((l) = Z Hf—I{’m(f)llip(T)

TEAZPS

S |MT|*2/

TGAZPS _IMT|7MT

< max |MT|*2/
(|

TEAZPS

; 1AL, (ar, oy A

AL ooy

21, M|

Equation (B.7) follows from the last inequality because max cars [My| ~
3—1. O

Theorem B.1.2 immediately implies that the L, error of approximation
by Powell-Sabin splines is bounded by the modulus of smoothness, namely

Corollary B.1.3 (Jackson estimate). For each f € L,(2), 0 < p < o0,
we have that

El(fa Q)P 5 W3(f, 37l)20 . (Bg)

B.2 The Bernstein estimate

Now we prove the Bernstein type estimate for Powell-Sabin splines.
Theorem B.2.1 (Bernstein estimate). For each l > 0, each p > 0, and

each r = 1,2, 3, we have for A := min(r,r — 1+ %) the Bernstein inequality

, A
wr(g1,t)p S (mln{1,3lt}) Hgl||Lp(Q), g €S5;. (B.10)
Proof. For t > 37! this inequality reduces to

wr(g, t)p S ||ngLp(Q)

which follows directly from (A.3). We concentrate on ¢t < 3~'. From the
definition of the operator Z; (3.7) we can write

N; 3
gi(x,y) = Tugi(w,y) = > > pijal90) Bija (@, y),

i=1 j=1

and also
N, 3

(Ahg) (@) =Y > pija(9) (A} Bijo) (@, y),

i=1 j=1
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with A} the difference operator defined in (A.1). For any (z,y) €  at most
9 B-splines are nonzero at (z,y), hence

Ny 3

(Ahg) @ y)IP <9 |isa(g)PI(A]Bija) (@, y)I"- (B.11)

i=1 j=1

We shall give two estimates for [(A} B;j)(x,y)|. First define I';;; as the set
of all (x,y) such that (z,y) and (z,y)+7h are in the same triangle 7 € AP
and B;;; does not vanish identically on 7. Then B;;; is a polynomial on 7
whose 7-th order derivatives can be bounded by the Markov inequality for
polynomials and we find that

(A} Bija)(@,y)| < (3R, (z,y) € Liju. (B.12)

The second estimate is for the set fijyl which consists of all (z,y) such that
(z,y) and (z,y) + rh are in different triangles from AP and B;;; does
not vanish identically on both of these triangles. It is easy to see that
Biji € WZ1(Q). Hence B;j; has (r — 1)-th order derivatives whose Lo ()
norms do not exceed a constant multiple of 3"~ We find that

(AL Bij) (, y)| < (3R, (z,y) € Tyju. (B.13)

The set T';;; has measure < (37!)2 because the support of B;;; has measure
< (3792, and a similar argument shows that fijﬁl has measure < |h|37L.

If we combine the estimates (B.12) and (B.13) with the estimates for
the measures of I';;; and fij,l we obtain

| @Bl S @nTE? - R bl
Q(rh)

|h|Pr3rir3 =2 (B.14)

A

where we have used that |h| <t < 37
We integrate (B.11) and use (B.14) to find

N; 3
ARG, imnyy S DD lmiga(gn)[PIR[PA3PA372,

i=1 j=1

and because Efvzll Z?:l 372 wija(g)|P ~ ”ng%p(Q) (Corollary 2.5.7) we get

||Azgl||1£p(ﬂ(rh)) N (|h|3l)“||gz||’£p(m-
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Remark B.2.2. Jackson and Bernstein estimates are properties of the
spline space S; itself, hence they do not depend on any underlying basis.
Therefore, as in Remark 3.3.5, one can show these estimates using any ba-
sis for S; that is stable in the sense of Definition 2.5.1. See for instance
[102] where Jackson and Bernstein estimates are derived for Powell-Sabin
splines on a 12-split refinement using the Hermite basis [110].



Appendix C

Mask coeflicient matrices

In this appendix we give the 3 x 3 mask coefficient matrices that are used
in (5.22) and (5.23).

J[roo 2 [y oo 2
A = L1 0 1 2 A = 11 2 o 4
—2,-2 C —1,-2
( ) o Lo o o | ( ) o Lo o o |
1+ o o] fo 2 417
A0,—-2) = 512 0 2 ACg_ny= F|0 1 2
! Lo o 1 | ! Lo o o |]
4 2 47 8 2 2
A = il 2 4 4 A = Ll 14 11 14
—1,—1 0,—1
( ) 9 lo o 1| (0,-1) 27 |, > s
o o o] o 2 27
Agq,—1) = é 4 0o 2 A(_2,0) = % o 1 o0
! L 2 o 1 | ! Lo o 1 |
s 11 14 11 o2 2
A = L | 2 8 2 A = 1l 2 5 2
—1,0 0,0
( ) 27 2 2 8 (0,0) 12 2 5
"t o o] o o o]
Ag1,0) = 14 a4 2 Az,0) = 12 1 o0
’ Ll 4 2 4 | ’ L2 o 1 |
0o 4 2 4 4 2
A1y = 10 o o A1) = $lo 1 o0
’ Lo 2 1 | ’ 2 4 4
8 2 2 0 0 o
A1) = 5 8 2 A1) = 512 1 o0
! 14 14 11 ! L 4 2 o0 |
s 2 o] 1 2 o]
A = 1l 0o o o A = 110 o o
(0,2) 9 o 2 1 (1,2) 9 2 4 o
. 1 o o] ) .
Az2) = 2l
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_ -2.649638565381197e-02 -2.514504381498399e-01 9.514997716772432e-02
A(0’73) = -5.581998732161597e-02 1.999268785252507e-01 2.180269911861705e-03
9.760360498942661e-02 -1.146852652986162e-01 -6.314130668832016e-02

_ 3.329551186394467e-02 1.423407357673028e-01 -7.066116934061388e-02 1
A(S,*S) = 8.901291608157143e-02 -8.433313451435348e-02 -2.278582915002053e-03

L -2.154174283048086e-01 -1.700183099895091e-01 1.613268088335274e-01 ]

_ -1.027319934536386e-03 2.627238299781715e-02 -2.058238042526939e-02 1
A(U,—Z) = 6.193084283933032e-04 -4.141873962772590e-02 6.193084283933032e-04
-2.058238042526939e-02 2.627238299781715e-02 -1.027319934536386e-03

_ 5.793682782654931e-03 2.507253131582465e-02 6.170822938557453e-03 1
A(1’72) = -4.879655861320484e-02 -8.732934266712920e-02 -2.009176890381660e-02
8.003991286758694e-02 1.276464109542424e-01 2.260542043639538e-02

_ -3.855405958898559e-03 -2.341046644963156e-02 2.033351440574390e-03 1
A(2’72) = -2.341046644963156e-02 -3.855405958898559e-03 2.033351440574390e-03

L 2.768642600999824e-02 2.768642600999824e-02 -3.576256757900155e-02 )

_ [ 2.260542043639538e-02 8.003991286758694e-02 1.276464109542424e-01 1
A(—l,—l) = 6.170822938557453e-03 5.793682782654931e-03 2.507253131582465e-02

L -2.009176890381660e-02 -4.879655861320484e-02 -8.732934266712920e-02 )

1.661307926654759e-01 1.541765874068727e-01 1.004418790233459e-01 )
X(O,fl) = -1.558821141791788e-01 -1.655461990047816e-01 -1.558821141791788e-01

1.004418790233459e-01 1.541765874068727e-01 1.661307926654759e-01 i

_ [ -2.630104470330473e-02 -9.198995834543475e-02 -5.966619549478847e-02 )
A(l,fl) = -9.198995834543475e-02 -2.630104470330473e-02 -5.966619549478847e-02
2.503925060912631e-01 2.503925060912631e-01 2.193174757327797e-01

_ [ -8.732934266712920e-02 -2.009176890381660e-02 -4.879655861320484e-02 1
A(2,—1) = 1.276464109542424e-01 2.260542043639538e-02 8.003991286758694e-02

L 2.507253131582465e-02 6.170822938557453e-03 5.793682782654931e-03 ]

_ 1.810136659133592e-01 -2.252608568447245e-01 -2.093920241491727e-01 1
A(*S,U) = -2.553721632876749e-02 1.073353535802148e-02 5.209282974361006e-02

L -8.599110138394746e-02 1.308691753160441e-01 8.309190242353731e-02 )

_ -3.576256757900155e-02 2.768642600999824e-02 2.768642600999824e-02 T
A(72,0) = 2.033351440574390e-03 -3.855405958898559e-03 -2.341046644963156e-02

L 2.033351440574390e-03 -2.341046644963156e-02 -3.855405958898559e-03 A

_ 2.193174757327797e-01 2.503925060912631e-01 2.503925060912631e-01 )
A(fl,O) = -5.966619549478847e-02 -2.630104470330473e-02 -9.198995834543475e-02

L -5.966619549478847e-02 -9.198995834543475e-02 -2.630104470330473e-02 i

_ 4.083426892921084e-01 -3.188313657255786e-02 -5.078484494982506e-02 1
A(U,O) = -5.405253872719874e-02 5.983297027359225e-01 -2.567581001370201e-01

L -2.861544279518418e-02 -2.124192958277383e-01 6.048650902906697e-01 i

_ -1.655461990047816e-01 -1.558821141791788e-01 -1.558821141791788e-01 T
A(l,O) = 1.541765874068727e-01 1.661307926654759e-01 1.004418790233459e-01

L 1.541765874068727e-01 1.004418790233459e-01 1.661307926654759e-01 J
_ -4.141873962772590e-02 6.193084283933032e-04 6.193084283933032e-04
A(2’0) = 2.627238299781715e-02 -1.027319934536386e-03 -2.058238042526939e-02
2.627238299781715e-02 -2.058238042526939e-02 -1.027319934536386e-03

_ 2.645028705212706e-01 -3.010772608614825e-02 -3.967598932261100e-02 1
A(S,O) = -2.569080244001507e-01 7.970072862447103e-03 6.204791521404297e-02

L -1.360002542897908e-01 3.742488523769980e-02 2.366160311200287e-03 )

_ 2.260542043639538e-02 8.003991286758694e-02 1.276464109542424e-01 1
A(—Z,l) = 6.170822938557453e-03 5.793682782654931e-03 2.507253131582465e-02

L -2.009176890381660e-02 -4.879655861320484e-02 -8.732934266712920e-02 A

_ [ 1.661307926654759e-01 1.004418790233459e-01 1.541765874068727e-01 )
A(fl,l) = 1.004418790233459e-01 1.661307926654759e-01 1.541765874068727e-01

L -1.558821141791788e-01 -1.558821141791788e-01 -1.655461990047816e-01 i

_ [ -2.630104470330473e-02 -5.966619549478847e-02 -9.198995834543475e-02 )
A(O,l) = 2.503925060912631e-01 2.193174757327797e-01 2.503925060912631e-01
-9.198995834543475e-02 -5.966619549478847e-02 -2.630104470330473e-02

_ -8.732934266712920e-02 -2.009176890381660e-02 -4.879655861320484e-02 1
A(l,l) = 1.276464109542424e-01 2.260542043639538e-02 8.003991286758694e-02

L 2.507253131582465e-02 6.170822938557453e-03 5.793682782654931e-03 ]

_ -1.027319934536386e-03 -2.058238042526939e-02 2.627238299781715e-02 1
A(7212) = -2.058238042526939e-02 -1.027319934536386e-03 2.627238299781715e-02
6.193084283933032e-04 6.193084283933032e-04 -4.141873962772590e-02

_ 5.793682782654931e-03 2.507253131582465e-02 6.170822938557453e-03 1
A(71,2) = -4.879655861320484e-02 -8.732934266712920e-02 -2.009176890381660e-02

L 8.003991286758694e-02 1.276464109542424e-01 2.260542043639538e-02 J
~ -3.855405958898559e-03 2.033351440574390e-03 -2.341046644963156e-02
A(O,Z) = 2.768642600999824e-02 -3.576256757900155e-02 2.768642600999824e-02

L -2.341046644963156e-02 2.033351440574390e-03 -3.855405958898559e-03 ]

_ -1.171678421738472e-02 7.189134375395888e-02 -2.175343102404871e-01 1
A(*S,S) = -7.699067774146577e-03 2.492813681712348e-02 -4.575234826609804e-02

L 5.360479238279715e-02 -8.153224855708370e-02 9.707783358337981e-02 i

1.851591042751741e-02 -5.370310538593751e-02 1.147251773170392e-01 )
X(O,S) = -6.716926504763816e-02 1.099022863625919e-01 -1.897051670693409e-01

-6.335735411643897e-02 3.218787560125702e-02 -1.812901060699078e-02 ]




Appendix D

Modeling genus zero
surfaces with spherical
Powell-Sabin B-splines

This appendix contains some research that we did in the field of Computer
Aided Geometric Design (CAGD). Because this topic is somewhat out of
the scope of this thesis, we will treat it here separately. This is research in
progress and it has not been published yet.

D.1 Introduction

The traditional approach to model a closed manifold surface with tensor
product or triangular splines is to decompose the geometric data into a
group of charts, and to map each chart into a planar parametric domain.
Then a spline surface is fitted to each chart, and finally the different patches
are stitched together again to form a closed manifold, see, e.g., [53]. The
topology of each chart is restricted: it must be homeomorphic to a disk.
Here we describe a different approach. By using the spherical PS B-
splines developed in Chapter 6 we can model genus zero surfaces without
decomposing the spherical surface into different charts and mapping each
chart to a planar parametric domain. Because the spherical PS splines have
C' continuity, it is not necessary to keep as many triangles as in the original
triangular mesh. The C'! continuity works as a smoother and a large amount
of data in the original mesh becomes superfluous. Therefore the idea is to
first reduce the number of triangles in the original mesh. There exist plenty
of methods for mesh decimation, see, e.g., [58, 73]. Then, the resulting
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a) Original b) Decimation
g

LS !E‘L‘q‘ i

T :
s RN
rvava

(c¢) Parameterization (d) Spherical PS Spline

Figure D.1: Modeling a genus zero surface using a single parametric spher-
ical Powell-Sabin spline. (a) The original mesh contains 40000 triangles.
(b) The decimated mesh contains 5000 triangles. (c) Parameterization of
the decimated mesh. (d) The spherical PS spline.
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decimated mesh is mapped onto the surface of the two-sphere. We refer
to this process as the parameterization of the mesh. Currently there is a
lot of active research going on into the area of parameterization of a closed
genus zero manifold mesh, see, e.g., [60, 62, 109, 111]. Finally a parametric
spherical Powell-Sabin spline is fitted to the data. Figure D.1 shows an
example of modeling a genus zero surface with spherical PS splines.

The outline of this appendix is as follows. In Section D.2 we introduce
control triangles for spherical PS-triangles. These control triangles will be
the key elements in an approximation algorithm that we describe in Sec-
tion D.3. Finally, in Section D.4, we use the approximation algorithm to
compress genus zero meshes.

D.2 Spherical PS B-splines with control tri-
angles

We assume that the reader is familiar with the content of Sections 6.2, 6.3
and 6.4. We mentioned there that it is possible to define control triangles
for the spherical B-spline basis that is derived from the bivariate B-spline
basis developed in [48], see also Section 2.4. We will explain how control
triangles can be defined in more detail here. The principle is illustrated in
Figure D.2.

(a) PS-triangle with control triangle (b) Corresponding PS spline surface

Figure D.2: Control triangles as tools for modeling the shape of the spline
surface. (a) The triangle tangent to the sphere is the PS-triangle. The
control triangle is defined by the 3 control points C7, C5, C5. The orthogonal
projection of the 3 control points onto the plane defined by the PS-triangle
coincides with the vertices of the PS-triangles. (b) The resulting Powell-
Sabin spline surface is tangent to the control triangle.
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Let APS be the Powell-Sabin 6-split of a spherical triangulation A of
the two-sphere S. First we associate with each vertex V; € A a PS-triangle
t;. Define M; as the molecule of vertex V; (i.e. the union of all triangles
Ty € A that contain vertex V;) and define Ty, as the tangent plane touching
S at vertex V;. Recall the radial projection Ry, from (6.33). Let M; be
the image of M; under RK; Great circles are mapped into straight lines
under R;Jli, hence M; consists of planar neighbouring triangles, centered
around the common vertex V;, and a corresponding 6-split. Suppose that
t; is a valid PS-triangle for vertex V; in the planar triangulation M;. Then
t; is also a valid PS-triangle for vertex V; in the spherical triangulation A,
see Figure D.2 (a). We denote the three vertices of PS-triangle ¢; by Q;,
j =1,2,3, with Cartesian coordinates (U;;, Vi;, Wi;).

Now, suppose that

N
S(’U) = ZZCUBU(’U)’ Ve S,

is a spherical PS spline. With each vertex @);; of the PS-triangle ¢; we can
associate a basis function B;; with corresponding coefficient c¢;;. The control
points of the spherical PS spline s(v) are defined as the points C;; = Q;; +
ci;Vi. Hence, orthogonal projection of a control point C;; on the tangent
plane T}y, gives the PS-triangle vertex Q;;, and the distance between the
points @;; and Cj; is given by |c;;|. These control points C;; constitute
the control triangles Z;(Ci1, Ci2, Cy3). Such a control triangle .J; is tangent
to the surface (s(v) + 1)v, v € S, at vertex V;. Figure D.2 (a) shows three
control points C1, Cy, C3 and the corresponding control triangle. Figure D.2
(b) shows that the control triangle is tangent to the corresponding spherical
PS spline surface.

Remark D.2.1. Control triangle ; is in fact the control triangle in vertex
Vi of the bivariate PS-spline

(ci1Bin + ci2Bia + ci3Bis)olp, -

Recall the notation (-)q from (6.34).

From a CAGD point of view those control triangles are very useful, since
they mimic the shape of the underlying spline surface. We can get more
local control over the spline surface by applying v/3-subdivision or triadic
subdivision (see Section 3.2). Figure D.3 demonstrates this principle. With
each subdivision step we refine our underlying spherical triangulation in
such a way that the corresponding spherical PS spline spaces are nested. If
we increase the dimension of the spline space, we get more control triangles.
In this way we can edit the spline surface on a finer level.
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(a) Coarsest level (b) 1 refinement step (c) 2 refinement steps

Figure D.3: v/3-subdivision for spherical PS splines. Increasing the dimen-
sion of the spline space gives more control triangles, and thus more local
control.

D.3 Approximating a genus zero mesh

In this section we describe an approximation algorithm that starts from a
very simple idea. Suppose that we are given a closed manifold mesh. In
the previous section we have shown that control triangles mimic the shape
of the underlying PS spline surface. Therefore the idea is to consider the
given triangles in the closed manifold mesh as control triangles. Then the
underlying PS spline surface will interpolate the original mesh.

If we consider just one PS spline on the sphere then we will never be
able to approximate arbitrary genus zero manifolds. In any radial direction
the spline surface only has one value, and this is not necessary the case for
an arbitrary genus zero mesh. Therefore we will work with a parametric
spherical PS spline surface,

s1(v)
)= | s2(v) | €R®, weS,
s3(v)

where s1(v) € S3(APS) defines the z-values, sy(v) € S3(AFS) defines the
y-values and s3(v) € S3(AP9) defines the z-values.

We also need a suitable triangulation on the sphere. As already men-
tioned in the introduction there exist plenty of methods for spherical pa-
rameterization, see, e.g., [60, 62, 109, 111]. Figure D.1 (c) for instance
shows the mesh from Figure D.1 (b) mapped on the sphere. We used the
method from [109]. So suppose we are given a mesh. Then we map this
mesh on the sphere using some existing parameterization method. We de-
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note the resulting triangulation on the sphere by A*. Then each triangle
in A* corresponds with a triangle in the mesh. Now we construct a dual
triangulation A to A*, i.e. for each spherical triangle ¢; in A* we take some
point V; inside this spherical triangle ¢;. Those newly created points V; will
be the vertices of our new dual triangulation A, and the triangles ¢; € A*
will be the corresponding PS-triangles.

With each PS-triangle ¢; we have a corresponding triangle .7; in the
closed manifold mesh. We need to define a control triangle for all three
splines s;(v), ¢ = 1,2,3, in the parametric spline X(v). Suppose that the
three vertices Cy;, j = 1, 2, 3, of J; have Cartesian coordinates (X,;, Yi;, Zi;).
Then the control points for s;(v) are given by the points Q;; + X;;V;, the
control points for ss(v) are given by Q;; + Y;;V;, and the control points for
s3(v) are given by Q;; + Z;;V;. It is easily verified that, by this choice, the
triangle Z; will be tangent to the parametric spline 3(v). Therefore this
triangle .7; will be called the control triangle for the parametric spline X (v).
Figure D.4 shows the different stages of the approximation algorithm.

)
L \
A / '
(a) Icosahedron (b) Spherical triangu- (¢) Parametric spline
lation A with control triangles

Figure D.4: The different stages of the approximation algorithm. (a) The
original genus zero mesh. (b) The spherical triangulation A. (¢) The para-
metric spline X(v) with control triangles.

D.4 Compression by spline approximation

The parametric spherical PS spline is C! continuous. Because C'* continuity
works as a smoother, a large amount of data in the original mesh becomes
superfluous. Therefore an important application is compression. First we
reduce the number of triangles in the original mesh. This technique is called
mesh decimation and there exist plenty of methods, see, e.g., [58, 73]. In
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Figure D.1 we reduced the number of triangles in the mesh from 40000
to 5000. Then we approximated the decimated mesh with the method
explained in the previous section. Figure D.1 (d) shows the result. Hence,
one can store the decimated mesh instead of the original mesh. Another
example is shown in Figure D.5 where we reduced the number of triangles
from 268686 in the original mesh to 10000 in the decimated mesh. Although
we have a large compression rate, the resulting spline surface is still very
smooth.
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(a) Original
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(d) Spherical PS Spline

Figure D.5: Modeling a genus zero surface using a single parametric spher-
ical Powell-Sabin spline. (a) The original mesh contains 268686 triangles.
(b) The decimated mesh contains 10000 triangles. (c) Parameterization of
the decimated mesh. (d) The spherical PS spline.
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