ANALOGUES OF ENTROPY IN BI-FREE PROBABILITY THEORY: MICROSTATES

IAN CHARLESWORTH AND PAUL SKOUFRANIS

ABSTRACT. In this paper, we extend the notion of microstate free entropy to the bi-free setting. In particular,
using the bi-free analogue of random matrices, microstate bi-free entropy is defined. Properties essential to an
entropy theory are developed, such as the behaviour of the entropy when transformations on the left variables
or on the right variables are performed. In addition, the microstate bi-free entropy is demonstrated to be
additive over bi-free collections provided additional regularity assumptions are included and is computed
for all bi-free central limit distributions. Moreover, an orbital version of bi-free entropy is examined which
provides a tighter upper bound for the subadditivity of microstate bi-free entropy and provides an alternate
characterization of bi-freeness in certain settings.

1. INTRODUCTION

In a series of revolutionary papers [32(35,37.38], Voiculescu developed free probability analogues of the
notions of entropy and Fisher’s information. In particular [33] introduced a microstate notion of free entropy.
In this setting ‘microstates’ refers to approximating the distribution of self-adjoint operators in a tracial
von Neumann algebra using matrix algebras. The notion of microstate free entropy led to many important
results pertaining to free group factors, such as the absence of Cartan subalgebras |34], the absence of simple
maximal abelian self-adjoint algebras [11], and the free group factors being prime [12]. Alternatively, an
infinitesimal version of free entropy based on derivations developed in [37] has also led to many developments.

Recently in [39] Voiculescu extended the notion of free probability to simultaneously study the left and
right actions of algebras on reduced free product spaces. This so-called bi-free probability has attracted
the attention of many researchers and has had numerous developments (e.g. [2,/6H8]/2426]). The interest
surrounding bi-free probability stems from the possibility of extending the techniques of free probability
to solve problems pertaining to pairs of von Neumann algebras, such as a von Neumann algebra and its
commutant or the tensor product of two von Neumann algebras.

One important development in bi-free probability theory was a bi-free analogue of the connection between
free probability and random matrix theory exhibited in [24-26]. As microstate free entropy was motivated by
the connection between free probability and random matrix theory, in this paper we use the bi-free matrix
models of [24H26] to develop a notion of microstate bi-free entropy. In particular, such theory may be of
interest in relation to the recent work [13] which develops a random matrix approach to the Peterson-Thom
conjecture via tensors of random matrices, a topic which bi-free probability theory provides substantial
information on. In our sister paper [9] a notion of non-microstate bi-free entropy is developed.

In addition to this introduction, this paper contains nine sections which are organized as follows. In Section
we define our microstate version of bi-free entropy (Definition [2.2]). This notion of entropy only applies in
the tracially bi-partite setting: that is, when the left algebra commutes with the right algebra, and the state
becomes tracial when restricted to the left algebra or the right algebra. Although bi-free probability theory
extends beyond the tracially bi-partite setting, many natural examples are tracially bi-partite such as pairs
consisting of a type II; factor whose commutant is a type II; factor with the tracial states occurring via the
same vector state from the Lo-space of some tracial von Neumann algebra. Section [2] also demonstrates this
notion of microstate bi-free entropy satisfies many of the natural properties of an entropy theory.

In Section [3] we analyze how transformations affect microstate bi-free entropy. We find that when a
transformation modifies only the left variables or only the right variables, microstate bi-free entropy behaves
identically to how microstate free entropy behaves. However, the behaviour of microstate bi-free entropy
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under transformations mixing left and right variables is currently unknown. This is unsurprising as such
a mixing destroys the distinction of left and right variables, and so is not easy to view as a natural bi-free
operation.

In Section [4 it is demonstrated, under the assumption of the existence of microstates of all orders and a
limit condition, that the microstate bi-free entropy of bi-free collections is the sum of the bi-free entropies
(Theorem . Assuming the existence of microstates of all orders is currently a necessity for the analogous
result for free entropy, with the general case being at partially addressed in works such as [10}/18].

In Section [5| an orbital version of bi-free entropy is examined in a similar fashion to the orbital free entropy
from [29]. In particular, two characterizations of orbital bi-free entropy are given and the base properties
are demonstrated. Furthermore, Theorem provides a better bound for the difference between the joint
microstate bi-free entropy and the sum of the individual microstate bi-free entropies.

In Section[f] Theorem[6.1]is demonstrated, which characterizes when pairs of algebras with finite-dimensional
approximants are bi-free in terms of the orbital bi-free entropy. In addition, it is shown in Corollary that
if collections of left and right operators have finite microstate bi-free entropy and the joint bi-free entropy is
the sum of the individual bi-free entropies, then the collections are bi-free.

In Section [7] computations pertaining to microstate bi-free entropy are performed. In particular, the value
of the microstate bi-free entropy is computed for all finite bi-free central limit distributions. This computation
is non-trivial due to the same complications as in Section [3] It is worthy to note that the microstate bi-free
entropy for bi-free central limit distributions has the same form as Gaussian distributions with respect to the
Shannon entropy and the free central limit distributions with respect to free entropy. Furthermore, the same
value is obtained for non-microstate bi-free entropy in our sister paper [9].

In Section |8] we develop the notion of microstate bi-free entropy dimension and show that for a bi-free
central limit distribution pair that this dimension is equal to the dimension of the support of their joint
distribution. In Section [0] we discuss generalizing this microstate version of bi-free entropy to non-bi-partite
systems and the resulting complications. Finally, in Section several open questions are discussed, most
of which might be possible to solve from a deeper understanding of the structure of free and/or bi-free
microstates.

Note it is not the intent of this paper to reprove every single fact about microstate free entropy in the
bi-free setting, but rather to show that most of the base and some interesting results carry forward.

Throughout the paper, we will assume familiarity with the bi-free setting and adopt its common notation.
The relevant set-up and definitions, such as “bi-free independence” and “family of pairs of faces” may be
found in 39} Section 2].

2. DEFINITION AND BASIC PROPERTIES

In [31] Voiculescu observed a connection between random matrix theory and free probability. Specifically
it was demonstrated that the eigenvalue distribution of certain random matrices asymptotically tended to
the free central limit distributions, and random matrices with independent entries tended in law to freely
independent operators. However other distributions can be approximated using the eigenvalues of matrices.
In an attempt to understand these approximations, Voiculescu introduced the notion of free entropy defined
as follows.

Definition 2.1 (|33]). Let (9, 7) be a tracial von Neumann algebra and let X,..., X,, € M be self-adjoint
operators. Let (Mg, 74) denote the tracial von Neumann algebra consisting of the d x d complex matrices
with the normalized trace 74. We will use Try to denote the unnormalized trace on Mgy and M3 to denote
the self-adjoint elements of M.

For M,d € Nand R,e > 0, let Tr(X7, ..., X,; M,d, €) denote the set of all n-tuples (A41,...,A4,) € (M)
such that ||A;|| < R forall1 <j <n and

|T(Xi1 "'Xip> — Td(Ail .. 'Aip)’ <€

for all i1,...,i, € {1,...,n} and 1 < p < M. Subsequently, if Aq, denotes the Lebesgue measure on (M35*)"
where (M5*)™ is equipped with the Hilbert-Schmidt norm

I(Ar, -, An) s = Tra(Af + -+ + A7),
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define

XR(X17~- Xn,M d € ()\d,n (FR(Xl,...,Xn;M,d,G)))

1 1
XR(le . Xn7M € _hmsup dQXR(Xla"'aXn;Mad,e)—’_inlog(d)

) =
)

d— 00
XR(Xl,... )
X(X17"'7 )

inf{xr(X1,...,Xn; M,e) | M € N,e> 0}, and

= sup XR(X17 e 7Xn)
R>0

The quantity x(Xi,...,X,) € [0, 00) is called the free entropy of X1, ..., X,. The reason for the constants
and various normalizations can be seen in [33] or the computations in Section

As even some bi-free central limit distributions fail to be tracial (see, e.g., [6, Example 11]) we must replace
microstates with a version which can approximate non-tracial distributions in order to deal with the bi-free
setting. Rather than allow arbitrary non-tracial states on the matrices, though, we seek to progress in a
way that recognizes the distinction between left and right variables. This leads us to the idea of microstates
consisting of bounded linear maps on My given by left and right matrix multiplication operators; that is, for
A € Mg, we define L(A) and R(A) to be the bounded linear maps on Mg defined by

L(A)B=AB and R(A)B = BA.

We then equip the bounded linear maps on M, with the state 74(-I4) which evaluates the linear maps when
applied to the identity matrix and then computes the trace of the result.

Of course, these choices force some restrictions upon us. In particular, as left matrix multiplication
commutes with right matrix multiplication, we can only find microstates for so-called bi-partite families
where all left variables commute with all right variables (in distribution). Furthermore, 74(-1;) is tracial when
restricted to left multiplication operators or right multiplication operators, so we will only be able to produce
microstates for distributions having this property. We shall refer to systems satisfying the above as tracially
bi-partite, and give some indication of how to broaden this setting in Section [0}

Definition 2.2. Let (A, ) be a C*-non-commutative probability space and let X3,..., X, Y1,...,Y,, be
self-adjoint operators in A. For M,d € N and R,e > 0, let Tr(Xy,..., X, UY1,...,Y,; M,d, €) denote the
set of all (n +m)-tuples (A1, ..., An, B1,..., By) € (M) such that ||A;], ||B;|| < Rforall 1 <i<n
and 1 < j < m, such that

|o(Zy, -+ Zn,) — 7a(Ch, -+ Ch, (1a))] < €
forall 1 <p <M and k1,...,k, € {1,...,n+ m}, where

2 {Xk ifke{l... n} L(Ay,) ifke{l... n}
k::

d = € B(My).
Yien ifke{ntl...ntm} O g {R(Bk_n) the{ntl,. ntmy < PM

With A4, still standing for the Lebesgue measure on (M3*)” equipped with the Hilbert-Schmidt norm, we
successively define

Xr(X1,...,.XoUY1,. ..V M, d,e) =log Mg nam Tr(X1,..., X, UYs,..., Y, M, d,€)))

d— o0

Xr(X1,..., X, UYy,..., V) =inf{xr(X1,..., X UY1,....Yi; M,€e) | M € Nye >0}, and

X(Xl,...,an_lYl,... m) — SupXR(X17~-~7Xn|—|Y17--~7Ym)-
R>0
The quantity x(Xi,...,X, UY1,...,Y,,) will be called the microstate bi-free entropy of Xi,...,X, U
Yi,...,Y,,. We will see in Propositionthat X(X1,..., XpUY1,...,Y,) € [—00,00).

Remark 2.3. By analyzing the joint distribution of L(A;),...,L(A,), R(B1),..., R(B,) and the definition
of x(X1,..., X, UYq,...,Y,), we see that x(Xy,...,X,UYq,...,Y,,) = —oo unless we are in the tracially
bi-partite setting. We will make this the standing assumption until Section [9] of the paper. This is a setting
which includes many canonical examples and thus is of great interest. Note we will not assume that ¢ is
tracial on A nor faithful on A as these properties need not occur in most bi-free systems (see 2] and [23]
respectively).

)=
1 1
Xr(X1,..., X, UYy,...,Y,; M, €) = limsup dQXR(Xl,...,XnI_IYl,...,Ym;M,d,e)—|—i(n—l—m)log(d)
) =
) =
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Using the fact that the system is bi-partite, the definition of I'g(X1,..., X, UY7,...,Y; M, d, €) may
be simplified slightly, as it is enough to check that only certain moments are well-approximated: indeed,
for M,d € N and R,e > 0 notice T'r(Xy,..., X, UY7,...,Y,,; M,d,€) is the set of all (n + m)-tuples
(A1,...,Ap, B1,...,By) € (M5*)"™ guch that ||4;|,[|B;|| < Rforalll1<i<nand1l<j<m,and

|90(Xi1-~-X

YY) —1a(Ai - A By, -~-Bj1)| <e€

for all iy,...,ip, € {1,...,n} and ji,...,jq € {1,...,m} withp+¢ < M.

Remark 2.4. It is elementary to see based on the definition of microstate bi-free entropy that if m = 0 then
(X1, Xa UYa, oY) = x(X1, .., Xn),

whence the above notion of bi-free entropy is an extension of microstate free entropy. Further, it can be
readily verified that

(Al,...,An,Bl,...,Bm) 6FR(Xl,...,Xn|_|Y17...,Ym;M,d,€)

if and only if
(BY,....,Bl AL . ALY € TRp(Ye, ..., Y U Xy, ..., X M, d€).

It follows that x(Xi,..., X, UY7,..., V) = x(Y1,..., Y U Xy, ..., X,,) as transpose preserves Lebesgue
measure, and in particular when n = 0 we have

X(Xp,..., XUV, . Y = x(Y, .., Vo).
Proposition 2.5. If0<p<n and 0 < g <m then
X(X1,. 0, Xp UYT, 00 Y0) < x(Xq, ., Xp UYL, YY) + x(Xprr, -, X U Y4, .. Vo).
In particular,
X(Xq,..., X, UY, 0 Y) <x(Xy, .., X)) + x(Ye, .o, V).
Proof. First note that the inequality will be demonstrated provided we can show that

Xr(X1,..., X, UYy,..., Y, M, d€)
<xr(X1,..., XUV, .Y M d, e) + xr(Xpt1, -, Xo UYg41,... Vs M, d, €)

for all M,d, and €. Since by definitions we have that
Tr(X1,..., X, UYy, ..., Y, M, d,e)
CTr(Xq,...,XpUY1,...Ys M, d,e) Xop TR(Xpt1,..., Xn UYypq,... Y M, d,€)
where
(A1,...,Ap,B1,...,Bg) Xor (Apt1,- -y An, Bgg1, ..., Bm) = (A1,..., Ap, B1, ..., By),
clearly the above inequalities hold. O

These inequalities allow us to import upper bounds on entropy from the free case. In particular, we learn
that the bi-free entropy never takes the value +oo.

Proposition 2.6. Let C? = (X7 + -+ X2+ Y2 + -+ Y2). Then

n+m 2me
Xi,.. ., X, UYy,....Y,,) < 1 c?).
X( 1, B 1 )_ 2 Og(n+m )

Proof. We recall that the analogous free statement was shown in 33, Proposition 2.2]. Let

Cx=eo(Xi+--+X2) and Cy =9+ ---+Y2).
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Using the above, Proposition [2.5] and the concavity of the logarithm, we obtain that

XXty X UV, V) € XXy X)XV, Yin)
1 2Te 1 2me

n+m n 2me o m 2me o
1 — —1 —
2 <n+m0g<nCX>+n+m og<mCy>)

IN

n+m n 2me m 2me

< 1 =024+ — 2

-2 Og<n+mn XTntmom Y>

n+mlog( 2me 02). O
2 n-+m

There is a more interesting inequality relating the microstate bi-free entropy to the microstate free entropy.
In particular, the microstate bi-free entropy is bounded below by the microstate free entropy obtained by
changing all of the right variables to left variables.

Theorem 2.7. Let ({ X}y, {Y;}]L,) be tracially bi-partite, self-adjoint operators in a C*-non-commutative
probability space (A, ). Suppose there exists another C*-non-commutative probability space (Ao, o) and
self-adjoint operators X1{,..., X! Y], ..., Y! € Ay such that 7y is tracial on Ay and

o(X;, - X yjlyjq) :TO(XZ(I "'Xz(ij/q"'Yj/l)

for all p,qg e NU{0}, i1,...,4, € {1,...,n}, and j1,...,jq € {1,...,m}. Then
XX XYY < (X X UYL Y.
Proof. Using the characterization from the end of Remark we see that
Tr(X),..., X\ Y], Y. M,de) CTr(X1,...,Xo UVh,..., Y M,d,e),

and hence
XX, X0 YY) < x( Xy, X UYL Y. O

This inequality, in essence, arises because the set of bi-free microstates is defined with fewer conditions
than the set of free microstates. In addition, as we need only specify certain moments for the “one-sided”
family for a given pair of faces and as many of the moments can be chosen somewhat arbitrarily, Theorem
provides many possible lower bounds.

Example 2.8. Let us give an example application of Theorem Recall that the full Fock space associated
to a Hilbert space H is
F(H) = PHo"
n>0

For e € H, the left and right creation operators I(e) and r(e) act by “tensoring e on the left” and “on the
right”, respectively; their adjoints are the annihilation operators. The operators I(e) + I(e)* and r(e) + r(e)*
have semicircular distribution with respect to the state induced by the vacuum vector 2 € H®° = C. More
details may be found, for example, in |21, Lecture 7] or (with the bi-free context in mind) in |39, Section 6.3].

If e1,e0 € H, c = (e1,e2) € R, and if S; = I(e;) + 1*(e;), D2 = r(es) + r*(e2), then Theorem [2.7] implies
that

X(S1 U D2) = x(51, 52).

Notice that if ¢ € (—1,1) then
1

——— (eg —ce

Vi A

is a unit vector orthogonal to ey, and so if S3 = I(e3) + {*(e3), then S; and Sj are freely independent centred
semicircular variables of variance one while

L e 9] - 5]

€3 =
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Therefore, by [32, Proposition 3.5 and Proposition 5.4] (or the analogous Proposition in this paper), we
obtain that

X(S1 U D3) > x(S1,52) = x(S1,93) + log

det F 0 ]
c Vi-¢c2
= X(51) + X(S3) +log(V1 — )
=2x(S1) + %log (1-¢%).
It will be shown in Theorem that this inequality is actually an equality.
Like with free entropy, the upper bound on the norm of microstates R can be controlled.

Proposition 2.9. Let
p=max({|X,] | 1<i<n}U{¥;] | 1< <m}).
If Ry > Ry > p, then
XRy(X1, o, Xn UYL, 0 Y = xr, (X1, X UYL, Y ).
In particular, for all R > p,
Xr(X1,..., X, UYy,..., V) =x(Xq,..., Xp UYL, ..., V).

Proof. As xg is an increasing function of R, it suffices to prove the first equality. The proof of said equality
will be similar to that of [33, Proposition 2.4].

Fix R > Ry > Ry > p and define g : [—Ra, R2] — [—Ry, R1] to be the function which is linear on
[-R2,—Ro], [-Ro, Ro], and [Ry, R2], and such that g(—R2) = —R1, g(—Ro) = —Ro, g(Ro) = Ro, and
g(R2) = Ry. Furthermore, for A;,...,A,,B,..., By € M3 with ||4;]] < Rs and || Bj|| < Ry, let

G(A1,..., Ay, B1,...,Bn) = (9(A1),...,9(An),9(B1),...,9(Bn)).

Given M € N and € > 0, it is not difficult to see that there exists an M7 > M and a 0 < €; < € such that
G(FR2<X1,...,Xn UY&,...,Ym;Ml,d,€1)) g FRl(le-“an qu,...,Ym;M,d,G)

for all d € N. Indeed for any

(Al,...,An,Bl,...7Bm) S FR2(X1,...,Xn UK,...,Ym;Mhd,El)
we obtain that

[a(A7)|, [Ta(BY)| < p* + €1
forall1<i<mn,1<j<m,and 1 <p< M;. Thus given § > 0, choosing M; large and €; small enough
yields
Ta(Pl= Ry, RoJU[Ro, ) (A3)); Ta(Pl— Ry~ RoJU[Ro, B2} (Bj)) < 0

where Pi_g, _RyjU[Ro,R,] 18 denoting the spectral projection onto [—Ra, —Ro] U [Ro, Ro], and thus can be
selected even smaller still to make

l9(Ai) — Ailly , [l9(B;) — Bjll, <0
forall 1 <i<nand1<j<mindependent of d. As M and Ry are fixed, by selecting ¢ sufficiently small
we obtain that the trace of any word of length at most M in g(A1),...,9(An),9(B1),...,9(Bp) is within
a function of §, M, and Ry which tends to 0 as ¢ tends to 0 to the trace of the corresponding word in
Ay,...,A,, By,...,By. Thus the claim follows.
To complete the proof, it will suffice to obtain a specific lower bound on the Jacobian of G on
FRQ(Xl, Xy Uy, .,Ym;Ml,d,El).

Let U(d) denote the set of unitary elements of My and consider the change of coordinates from M to
(U(d)/T) x {(c1,...,ca) € R? | ¢ < --+ < cq} (where T is the torus of diagonal unitaries) defined by
(U,D) — U*DU where D = diag(cy,...,cq). This change of coordinates places the Lebesgue measure in the
form

K H (Ci — Cj) d’yd’odkd

1<i<j<d
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where K is a normalizing constant and 40 is the Haar measure on U(d)/T. The absolute value of the
Jacobian of the map C' — g(C) is easily seen to be

g/(C1)"'g/(Cd) H g(Ci)—g(Cj)

1<icj<d G TG
when C has eigenvalues ¢y, ..., cq and ¢ # £ Ry for all k.
Let § > 0 be arbitrary. If M is large enough and €; is small enough, we obtain that

Ta(P— Ry, ~ Ro]U[Ro,R2) (C)) < 0

and thus we obtain
Ry — Ry d+d?—(d(1-9))?
(Rz - R0>

as a lower bound for the Jacobian of g on a coordinate projection of I'r, (X1,..., X, UY1,..., Y M1,d, €1).

In particular a lower bound for the Jacobian of G can be obtained by taking the above lower bound for the

Jacobian of g raised to the (n 4+ m)*™ power and thus
XR, (X1, ., XpUYy, ..., Ym,de) > xr,(Xq,..., X UYr, .., Yo My, d, eq)
+ (n 4 m)(d + d*(20 — 6%))log <Rl_R°> .
Ry — Ry

Hence it follows that
XRl(X17"'7Xn qua'~~7Ym;m76) > XR2(X17"'7X71 UYlu"wYm;Ml,El)

Ry — Ry
Ry—Ry )~

Therefore, as § > 0 was arbitrary, the result follows. O

+ (n 4 m)(20 — 6%)log (

Remark 2.10. The proof of Proposition [2.9 can be extended further. Indeed let Ry, ..., R,, R},..., R, >0
and

LRy R Ry r, (X, X UYL, Y Mo dye)

1t m

be defined like T'r(X1,..., X, UY1,...,Y;; M,d, €) where instead of ||4;]|, | B;|| < R for all 4, j, we only
require [[A;]| < R; and [|B;|| < R} for all 4,j. If we extend the notion of xr(Xi,..., X, UY1,...,Ys,) to
XBiyo R Ry oo, (X1, -, X WYY, .Yy, then the same proof as Propositioncan be used to show that
if R; > [|X;|| and R’ > [|Y}| for all 4, j, then

XRi,..,Rn R} ... R (X1,..., Xp UV, ..., Y) = x(Xq,.. ., X UV, ., V).

m

In fact, we note that [1] refined the techniques of |33 Proposition 2.4] to demonstrate that if one lets
R = oo in the start of Definition then the same value of the microstate free entropy is obtained. By
repeating their results verbatim with the obvious modifications in our context identical to those used above
in Proposition 2.9 we note that setting R = co from the start of Definition [2.2] yields the same quantity for
the microstate bi-free entropy.

On the other hand, insisting on using microstates of bounded norm allows us the following proposition.

Proposition 2.11. Let ({ X}, {Y;}}2,) and ({Xl(k)}” 7{Yj(k)}m ) for k € N be tracially bi-partite
=1

i=1 j=

n m
tuples in a C*-non-commutative probability space (A, ). Suppose that <{Xi(k)} , {Yj(k)} > converges
i=1 j=1

in distribution to ({X;}i—,,{Y;}7%,); that is

. k k) - (k k
khlgoip(Xi(l)MXg )Y](l)y](q)> = o(Xiy - X0,V - Y5,)
foralliv,...ip € {1,...,n}, j1,...,4q € {1,....,m}, and p,q € N. Then

lim sup X & (ka)7...,X,(f) I_IYl(k),...7Y,$f)) <xr(Xisee o Xn UYe, o, Y.

k—o0
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Moreover, if supyen HXi(k)H < oo for all 1 <i < n and supyey HYk(k)H < oo forall1 < j<m, then
limsup x (XM, X® Uy P Yy <y (X, Xa UYL, L V).
k—o0

Proof. Our convergence assumption tells us that all moments converge to the correct values, and so for any
M € N and € > 0 we have for large enough k that

T'x (X{k), X YRy Wy g, e) CTR(X1,. .o, Xn UYh,..., Yo M, d, 2),
since the sets involved see only finitely many moments. Hence for all sufficiently large k, we have
YR (X{’“), XY™ v R, e) < xr(X1,..., X, UYy, ..., Y M, d, 2)
and passing through the appropriate limits and rescaling in d, then M, and then € yields
lim sup X (Xf’“), X YR ,Y,;k)) <xr(Xiy o Xn UYi,...,Yim)

k—o0

which is the first claimed inequality. The second inequality follows by applying Proposition [2.9 ]

3. TRANSFORMATIONS

One important property of the microstate free entropy is the ability to apply a non-commutative functional
calculus to the self-adjoint operators and control the value of the free entropy. In this section, we will develop
an analogue of this result for our microstate bi-free entropy. However, due to the distinction between the left
and right operators, we will need to focus on transformations that modify only left variables or modify only
right variables (although compositions of such transforms are allowed).

To understand the difficulty in mixing left and right variables, consider the n = m = 1 case. If

(A,B) eTp(XUY;M,d,e)
and we wanted to consider the new pair (X,Y + ¢X) for ¢ sufficiently small, it is incredibly unclear whether
(A,B+cA) eTr(XUY +cX; M ,d,€)

as the assumptions on (A, B) yield only information about 74(APBY) for 1 < p+ g < M whereas we require
knowledge about 74(AP(B + cA)?). The latter involves terms of the form 74(A% B2 A% ... B%) and direct
information about these moments appears difficult to extract from knowledge of only 7,(AP BY).

In order to develop our results, we recall some information from [33]. However, as the proofs are near
identical, we refer the reader to [33] on most occasions.

Let x1,..., 2, be non-commuting indeterminates and let

oo
F(a:l,...,xn) = E E Ciy,oyig iy = Ty,

k=11<i1,...,ir<n

be a non-commuting power series with complex coefficients. If R; > 0 for all 1 < ¢ < n, it is said that
(R1,..., Ry) is a multiradius of convergence of F if

oo
M(F;Ry,...,Rp) =Y > lei il Riy - Ry, < o0.

k=1 lgil,‘..,ikgn

If Xy,...,X, are elements in a finite factor (M, 7) and (|| X1, ..., || Xn]]) is a multiradius of convergence of
F, then F(Xq,...,X,) is well-defined with
[E (X0, X[ < MOE; X0 ] [ X )

If (Ry,...,R,) is a multiradius of convergence of F', then the map taking (X1,...,X,,) to FI(X1,...,X,)
is an analytic function on
I (xiem||xi <R}
1<i<n
with values in 9. If this map is denoted F', then F' is differentiable with derivative denoted by DF', and the
positive Jacobian of F' at (X1,...,X,,) can be defined by

| TEF)(Xq,...,X,) =|det (DF(X1,...,Xn)),
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where |det| denotes the Fuglede-Kadison determinant. Note that DF(Xy,...,X,,) lies in the algebra
denoted in [33] by LR(91), which is the image in B(9) of the projective tensor product M @, MM°P under the
contraction a®b — L, Ry, (where L, denotes left multiplication on 9t by a and R;, denotes right multiplication
on M by b).

Finally, as our focus is on self-adjoint operators, we will focus on F' where F'* = F'; that is ¢;, ;. = ci,,....iy
for all k and 1 <iy,...,i < n.

Proposition 3.1. Let (A, ) be a C*-non-commutative probability space and let

({Xidm AV }m)

be a tracially bi-partite collection of self-adjoint operators such that (alg(X1,...,X,), ) sits inside a finite
factor. Let Fy,...,F,,G1,...,G, be non-commutative power series with complex coefficients such that
Fr=F, Gf =G;, (| X1l +e€ ..., IXnll +¢€) is a multiradius of convergence for the F;’s for some € > 0, and

(MO X+ €, XKl + €)ooy MBI+ 6, 1Kl 4+ €))
is a multiradius of convergence for the G;’s. Assume further that
Gi(Fi(x1,...,xn)y. .y Fo(xr, .o xn)) = ;
forall1 <i<mn. Then
X(F1( X1, ., Xn), o, Fn(Xy,.. ., X)) UY, ..., Y,)
>log (|T|((F1y -, ) (X1, X)) + (X1, .., Xn UYL, Vo)
Moreover, if N, = ||[Fp(X1,..., X,)|l, then
(M(G1;N1+¢€,...,Ny+¢€),..., M(Gp; Ny +€,...,N, +¢))
18 a multiradius of convergence for the F;’s, then
X(F1 (X1, Xn), -, Fn(Xy,..., X)) UY, .., Y,)
=log (|T|((F1,.-, Fu)) (X1, o, X)) + x( X1, .., X UYY, o Y.
An analogous result holds for such functions applied to the Y ’s instead of the X ’s.
Proof. First we invoke Remark Let [|[X;l| < Ri < [|Xi + ¢, let [|Y;]| < R}, and
M(F;;Ry,... Ry) < pi < M(F; || X+ €., [| Xnll + €).
Given M € N, and € > 0, there exist an M; > M and an 0 < ¢; < € such that the map
(Ay,..., A, B1,...,By) = (F1(A1,...,An), ..., Fa(A1, ..., An), B, ..., Bm)
maps U'r, g, g5, (X1, ., Xo UY1, .. Y My, d, 6q) into
CorripmiBl i, (FL( Xy, X )y oo B (X, o, X)) UYL, Y5 Mo d6).

The remainder of the proof is identical to the proof of |32, Proposition 3.5] as it simply computes how the
transformation (ours being a direct sum of the one used in |32}, Proposition 3.5] and the identity) modifies
the microstates and thus the entropy. O

Corollary 3.2.
(1) If a1, ...,an,b1,...,b; € R, then
XXitail, . Xp +anl UYy 4010, Yo+ bd) = (X1, o, Xn Ui, ..o, Vi)
(2) If A = [a; ;] € M,, and B = [b; j] € M, are invertible, then

X (Z Wk Xey Y an kXU bipYe, .Y bm,kYk> = x(X1,..., X, U1, ..., Y,,)+log(| det(A® B))).
k=1 k=1 k=1 k=1

(3) If X1,..., X, are linearly dependent or Y1,...,Y,, are linearly dependent, then
X(Xlw--,Xnqu,...,Ym) = —00.
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Proof. Parts (1) and (2) follow from Proposition In the case of part (3), if X;,...,X,, are linearly
dependent then there is an A = [a; ;| € M,, such that 0 < |det(A)| < 1 and

n n
<Z aLka., ey Zakak) = (Xl, e ,Xn).
k=1 k=1

Applying part (2) along with the fact that
X(Xl,...,an_IYl,...,Ym) < 0
by Proposition [2.6] yields the result. O

4. ADDITIVITY OF MICROSTATE BI-FREE ENTROPY

One important result for free entropy is additivity; that is, if {X1,..., X} and {Xp41,..., X} are free
then
X(Xl, . ,Xn) = X(Xl, . ,Xp) + X(Xp+1, ey Xn)
under certain regularity assumptions. We desire to prove a bi-free analogue of this result. Before we move to
those results, we desire to analyze some limits with regards to the following concept.

Definition 4.1. A tracially bi-partite system ({X;}}_;,{Y;}JL,) in a C*-non-commutative probability space
(A, ) is said to have finite-dimensional approzimants if for every M € N, € > 0, and

R> max{ max ||X;]|, max ||YJ||} )
1<i<n 1<j<m

there exists an D € N such that Tg(Xy,..., X, UYy,..., Y M,d,€) # () for all d > D.
A single family of such variables {X;};_, is said to have finite-dimensional approzimants if ({X;},_, ,0)
does or, equivalently by Remark if (0,{X;}!,) does.

Remark 4.2. By repeating the same ideas as in Theorem the existence of microstates for tracially
bi-partite systems can be often deduced from knowledge of free entropy. Indeed suppose ({X;}i, {Y;}72;) is
a tracially bi-partite system in a C*-non-commutative probability space (A, ¢) and that there exists another
C*-non-commutative probability space (Ag, 70) and self-adjoint operators X1,..., X}, Y{,..., Y, € Aj such
that 79 is tracial on Ay and

(X X0, Vi o 5,) = (XL - XL Y, )
for all p,g e NU{0} and i1,...,ip € {1,...,n} and ji,...,j; € {1,...,m}. Asin Theorem
Tr(X!,.... X, Y!,....,Y :M,d,¢) CTR(X1,..., Xp UV1,...,Vi; M, d,e).
Therefore if ({X;}7;,{Y]}]L;) have finite-dimensional approximants, then so do ({X;};_;,{Y;}]L;) by
Proposition In particular, if x(X1,..., X, Y{,...,Y!) > —o0, then X1,...,X,,Y7,...,Y,, has finite-
dimensional approximants by [36, Remark 3.2].
Furthermore, if

PrR(X1, ., Xp UYr, ., Yoy Mo do, €) # 0
for some dy, then there exists a D such that

Tr(Xi,..., X, UYs, ..., Yo M, d,2¢) # 0

for all d > D. Indeed this follows by taking D to be a sufficiently large multiple of dy so that %) is sufficiently
small thereby adding at most € to the state estimates. Hence, as in |36, Remark 3.2], it can easily be seen
that if x(X1,..., X, UY1,...Y) > —oo, then ({X;}7;,{Y;}]L,) has finite-dimensional approximants.

In order to develop an additive result for microstate bi-free entropy, we will use the following notion.

Definition 4.3. Let (A, ) be a C*-non-commutative probability space, let {C }rex be a collection of finite
subsets of A, let Ay = alg(Cr), and let ¢ = *rc x| 4, be the unique state on *jc i Ai extending each ¢| 4,
such that the Ay are free. Given M € N and € > 0, it is said that {Cy}rek are (M, e)-free in (A, ) provided

[o(Zy - Zp) — (21 -+ Zp)| <€
forall Zy,...,Z, € Upex Cr and 1 < p < M.
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Given d € N| let U(d) denote the unitary group of My and let 4 denote the normalized Haar measure on
U(d). We recall the following result.

Lemma 4.4 (|36, Corollary 2.13]). Fiz R,e,0 >0 and M € N. Then there exists an N € N such that for all
d>N,1<p< M, and sets Cq,...,C, C Mg of matrices bounded in norm by R, each containing no more
than M elements, we have

1G? ({(U1,...,Up) €U(d)P | the sets UyC1Uy, ..., UyCyU, are (M, €)-free}) > 1 —6.

Our next goal is to prove a result similar to |15, Lemma 6.4.3], that “most” ways of choosing microstates
for each of two bi-free pairs of faces individually produce good microstates for the joint system. This also
shows why the reverse order is desirable on the right matrices in Definition and is reminiscent of the ideas
used in |7, Theorem 10.2.1] and |26, Theorem 4.13] to show that a lot related to bi-freeness in our current
setting can be extrapolated from certain arrangements of freely independent variables. In order to do so,
though, we need the following result.

Lemma 4.5. Suppose that ({X;}[_,,{Y;}72,) is a tracially bi-partite system in a C*-non-commutative
probability space (A, ), so that

(alg(Xla"'aXp)aalg(Yla"'aK])) and (a‘lg(XI)"rl""aXn)yalg(}/q-‘rl?"'aYnL))
are bi-free and that

UXn, . XL (VYY) and ((Xpstsee o X b {Yarts oo Vi)

have finite-dimensional approximants.
Then there is a collection of bounded operators ({ X[}y, {Y]}]L,) in another C*-non-commutative proba-
bility space (A',¢") so that for all 0 < p,q, i1,...,ip € {1,...,n}, and ji1,...,jq € {1,...,m} we have
@/(Xgl . X;py’j’q .. ijll) = p(X;, - Xl.pY'jl . }/}q)v

and such that

alg(X1,..., X, Y{,...,Y)) and  alg(X]

A / !
Lt XY Y

are free.
Proof. Write
Zy = (alg(Xy,...,Xp),alg(Y1,...,Yy)) and Zy = (alg(Xpt1, ..., Xn),alg(Ygq1, ..., Yin)).

For k = 1,2, as Z;, has finite dimensional approximants, by the definition of finite dimensional approximants
there exists a state-preserving embedding of Zj, into (9, 7) where My, is an ultraproduct of matrix algebras
and 7y is a limit of the tracial states along an ultrafilter such that each X; act via left matrix multiplication
and each Y; acts via right matrix multiplication.

Let L2 (9My;) be the GNS construction applied to (MM, 1) and let H = Lo (M) * La(M2) be the reduced
free product with vacuum state ¥. By the definition of bi-free independence from [39], we know that the joint
distribution of Z; and Zs can be obtained by letting Zy act on Lo(9y) in H as above, letting all X variables
act via the left regular representation, letting all Y variables act via the right regular representation, and
computing the joint distribution with respect to .

The desired C*-non-commutative probability space (A’, ¢’) will simply by the bounded linear maps on H
with ¢ = 1. Moreover, to construct the desired ({ X/}, {Y]}]L), take X/ to be the operator obtained by
letting X; act on the left of Lo(91) and via the left regular representation on Lo(9;) in H where k = 1 if
i <pand k= 2ifi>p, and Y] to be the operator obtained by letting Y; act on the left of Ly(9M},) and via
the left regular representation on Lo(9MMy) in H where k= 1if j < g and k =2 if j > ¢. It is then clear by a
definition of free independence that

alg(X1, ..., X, Y{,....Y)) and  alg(X,q,..., X, Y, 4,0, Y))

J1
the action of Y}, ---Yj on the vacuum vector (as the former acts on the right and via the right regular

representation whereas the latter acts on the left via the left regular representation - hence the reversion of
the ordering), we obtain the desired moment equality. O

are freely independent. Moreover, as the action of Yj’q ---Y! on the vacuum vector will be the same as
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Lemma 4.6. Let ({X;}[q,{Y;}],) be a tracially bi-partite system. Suppose that for some 0 < p <n and
0<qg<m that

(alg(X1,...,X,),alg(Y1,...,Yy)) and (alg(Xpt1, - Xn),alg(Ygt1,- -+, Yin))
are bi-free and that
({Xl,...,Xp}7{Y17...,Yq}) and ({Xp+1,...,Xn},{Yquh...,Ym})

have finite-dimensional approximants. Then for every M € N, € > 0, and

R> max{ max || X;|, max ||Yj||}
1<i<n 1<j<m

there exists an €1 > 0 such that

lim Antm (Ta(M,e1) N O4(M,¢€)) _1
d—oo Ad,n+m (Va(M, €1))
where % =1,
Uy(M,er) =Tr(X1,..., X, UY1, ... .Yy M, d,e1) xop Tr(Xpst, - os Xo U Yp1,. o, s M, d, €1),
O4(M,e) =Tgr(Xy,..., X, UYy,....Y,,; M, d,€),
and X g, is as defined in the proof of Proposition [2.5.
Proof. Fix M € N, ¢ > 0, and R as described. We claim that there exists an ¢; > 0 such that if
(A1,...,An,B1,...,Bp) € Vy(M,e)
and if
{A1,...,A,,B1,...,B,} and {Ap41,..., 44, Bgt1,...,Bn} are (M, e1)-free,
then
(A1,...,A,,By,...,B,) € ©4(M,e¢).
To see this, we first take a collection of operators X1,..., X/ Y/, ..., Y, asin Lemma and let Ry be
larger than the largest of their norms. Then for suitably small e; > 0, if
(A1,...,An,B1,...,Bp) € Vy(M,e)
and if
{A1,...,A,,B1,...,B;} and {Apt1,..., 44, Bgt1,..., B} are (M, €1 )-free,
then for all 0 < p,q with p+¢ < M, i1,...9, € {1,...,n}, and j1,...,j; € {1,...,m} we have that
7a(Aiy -+ Ai, By, -~ Bj,)
is within a multiple of ¢; (involving M and R;) of
<10/(X'L{1 XYY "'lel) =p(X;, - X

p~ Jq

i Yi o Y,),
thereby completing the claim.
Given 6 > 0, by Lemma [£.4] there exists an N € N such that

e ({U e U(d) ’ {A1,...;Ap,B1,....Bg} and {U*Ap1U,...,U* A, U,U*Bg41U,...,.U* B, U} }) >1-¢

are (M,eq)-free

for all d > N and all A;, B; € M¥ with ||A;||,||Bj|| <Rfor1<i<nand1<j<m.

By the assumption of finite-dimensional approximants, (M, e€;) is non-empty for sufficiently large d.
Let v4 denote the normalized restriction of Ag p4m to U4(M,€1). Since both Wy(M,€1) and vg are invariant
under the action of U(d) given by

(A1,..., Ay, By,...,By) = (A1, Ay, U Ay U, ... ,U*AU, By, ..., By, U*By 1 U,... . U*B,U),

we obtain that
)\d,n+m (\I/d(M, 61) n @d(M, 6))
>\d,n+m (\de(Ma 61))

:/ / loyoro (Al Ay, U Ay 1 U, ... U AU, By, ..., By, U* By U, ..., U B, U) dy(U) | dvg.
W4 (M,er) U(d)
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By the choice of €1, we obtain for sufficiently large d that

L(d) 1@d(M,e)(Ala .. .,Ap7U*Ap+1U,. . .,U*AnU, By, .. .,Bq7U*Bq+1U, .. ,U*BmU) d’Y(U) >1-—40.

Hence
)\d,ner (\I/d(]\l7 61) n @d(M, 6)) >1_¢
)\d,n-‘rm (\Ild(Mv 61)) B
which completes the proof as 6 was arbitrary. O

Unfortunately, at this point in trying to prove additivity of microstate bi-free entropy for bi-free collections,
we reach a bit of an impasse. Either we need to know that the limsup,_,.. in Definition [2.2|is actually a
limit, or we need to replaces the limsup,_,., with a limit along an ultrafilter. Thus, for the following result,
we use x“(Xy,...,X, UYq,...,Y,,) to denote the same quantity as in Definition where limsup,_, . is
replaced with limsup,_,,, for some w a non-principle ultrafilter on A.

Theorem 4.7. Let ({X;}}1,{Y;}72) be a tracially bi-partite system. Suppose that for some 0 <p <n and
0<qg<m that

(a’lg(Xla'-'aXp)aalg(}/la"w}/q)) and (alg(Xp+1a'"7Xn)7alg(}/q+1a"'aym))

are bi-free. Suppose that the limits superior in Deﬁnitionfor the bi-free entropies of ({X;}'_,, {Yj}?zl)
and ({ X} pi1,{YjjLys1) are attained along a common sequence of dimensions (as is the case when one of
the two can be replaced by a limit). Then

X(Xla"'aXnuyla"'aym) :X(X17~~';XpU}fla"'aY;])+X(XZD+1""3X7Lu}/;]+1;-"aYm)'
Alternatively,

X ( Xy, X UYL Y) = (X, Xp UYL Y o (Xt X U Y, Y ).

Proof. By Proposition [2.5

X(Xh...,an_lYl,...,Ym) é X(Xl,...,Xpl_th...,Yq) +X(Xp+1,...,Xn|_|Y:1+1,...,Ym)
so the result is immediate if either quantity on the right hand side is —co. Thus we may assume these
microstate bi-free entropies are finite (and thus have finite-dimensional approximants) and proceed with

demonstrating the other inequality.
For any M € N, € > 0, and

R > max{ max || X;||, max ||Y]||} ,
1<i<n 1<j<m
Lemma, [£.6] implies there exists an e¢; > 0 such that

lim )\d,n—i-m (\I/d(M7 61) N @d(Ma 6)) -1
d—o0 Ad,n+m (\IId(Mv 61)) ’

where

\Ild(M,el) = FR(X17...7XP|_|Y1,...,Y:1;M,d,61) X pr FR(Xp+1,...,Xn U}/,J+1,...7Ym;M7d,61)
@d(M,E) :FR(Xl,...,XnUY],...,Ym;M,d,e).
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Now, assuming that the limits superior in Definition [2.2] are attained along a common subsequence,

XR(Xh...,XnU}/l,...,ym;M,E)

1 1
— lim sup - 108 e (Oa(M, €))) + +(n + m) log(d)
d— oo d 2
1 1
> lim sup 7 log(Adntm (©a(M,e) NV 4(M,€1))) + i(n + m) log(d)
d— oo
1 1
= limsup — log(Agn+m (Ta(M, €1))) + = (n + m)log(d)
d— oo d? 2
. 1 1
= htrin sup ((12 log( Mg ntm(Tr(X1,..., X, UYy, ..., Y M, d,e1))) + §(p + ¢) log(d)
— 00

1 1
+ ﬁ log()\d,n+m(FR(XP+1a s aXn U Y:]+la RS Ym7 Mv da 61))) + i(n +m—-p-— Q) log(d))
1

= lim sup ( 7

d—o0

1
log(Agntm(Tr(X1, ..., X, UYy, ..., Y M, d,e1))) + §(p +4q) log(d)>

1 1
+ 1i;nsup <d2 log(Adntm(Tr(Xps1s - X UY i1, .., Vs Mo d, €1))) + i(n +m—p—gq) log(d)>
—00

:XR(Xla"'7Xpu}/la"'aY:];M7€1>+XR(X;D+17'"aan—ll/;]+1a"'7Ym;M761)
ZXR(Xla"'7X[)L|§/17"'71/:1)+XR(XP+17"')XTL|—|)/Q+1)'"7Ym)'

Here the limit superior splits across the sum because of our assumption about a common subsequence, and in
the last inequality we have used the fact that xz(- U -; M, €) decreases as M increases and as e decreases.
The result for y* easily follows by similar arguments. O

Corollary 4.8. Let ({X;}jq,{Y;}]y) be a tracially bi-partite system. If

alg({X1,..., Xn}) and alg({Y1,...,Ym})

are classically independent and if the limsup,_, .. in Deﬁmtion is actually a limit for {X;}?_, and for
{Y]}Tzl)7 then

X(Xl,...,XnUYh...,}/m) ZX(X1,7X7L) +X(Y177Ym)
Alternatively,
XX, Xn UYL, oY) = x (X, X)) X (Y, Yo

Proof. We recall from [39] that classical independence implies the bi-freeness of (alg({X1,..., X,}),C) from
(C,alg({Y1,...,Ym})). Theorem then allows us to equate the bi-free entropy of the whole system with
the sum of the bi-free entropies of the left variables and of the right variables, which by Remark [2:4]is just
their free entropies. O

5. ORBITAL BI-FREE ENTROPY

In this section, we will develop a bi-free analogue of the notion of orbital free entropy, which was introduced
in |14] and is deeply connected to microstate free entropy. Among other results, we use the joint orbital bi-free
entropy to give a strengthened version of the subadditivity estimate from Proposition [2.5in Theorem [5.12
The approach used here is based on that of [29] which is a close thematic fit to this paper; although it may
be interesting to consider an approach similar to that of [4], we do not do so here. In fact, most proofs in this
section are adaptations of those from [29)].

Throughout this section, let (A, ¢) be a C*-non-commutative probability space and let ¢ € N. For each
1<k<{llet Xy = (Xea,Xn2oo, Xiny,) and Y = (Yi1,Y%2,. .., Y m,) denote, respectively, ni- and
my-tuples of self-adjoint operators from A, where ng, my > 0 with ng + my > 1. Furthermore, we will use
Z; to denote the system of variables X U Y where X, are viewed as the left variables and Y are viewed
as the right variables.
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Let U(d) denote the unitary matrices from Mg and let 4 denote the Haar measure on U(d). Furthermore

define
4 0 14 4
o (froee) (o) - (froee) - (o)
k=1 k=1 k=1 k=1
by
O4((Un)ierr (Ak)ie1s (Br)izr) = (Ug ArUs )i, (Ui BiUs )iy )
where for A, = (Ak71,Ak72, S ,Akmk) € (Mcsla)nk and By = (Bk71, Bk72, R Bk’,mk) S (Msa)m’“,
U,:AkUk = (U;AkJUk, U]:AkQU]€7 ey U]:AkmkUk) and

UrBUk = (U Bk 1 Uk, U Bi 2Uy, - . ., Uy B, Uk ).
Moreover, let P ((H£:1 (Mga)”k) X (Hi:l (M) )) denote the set of all regular Borel probability measures

on Ty (M) ) x (TTiy (M) ).
Using
Tr(Xy,..., X UYq,..., Yy, M, d€)
to denote the bi-free microstates based on the self-adjoint variables contained in the left variables Xy, ..., X},
in the order listed and the right variables Yq,...,Y, in the order listed, we may now define the object of
study in this section.

Definition 5.1. With the above notation, for each u € P ((Hizl(Msa)"k> X (]_[i:l(Mfla)mk‘)), M,d e N,
and R,e > 0, let

Xorb,R(Zh ey Zf; Mv dv 6,,U,) = IOg ((’Y?é @ H’) ((I)Jl(FR(Xla oo 7X€ U Yla v 7YZ; M7 d7 E))))
(with log(0) = —o0). With this we define

Xorb,R(Zla"'7zf;Mada€) = sup Xorb,R(Zlv'"azf;MadaG;,u)a
neP((IThoy (M52 ) x (TThzy (M5 ™F))

. 1
Xorb,R(Zla ey ZZ; Ms 6) = II(IiHSup ﬁXorb,R(Zla ey Z@; M7 d7 6)7
— 00

Xorb,R(Zlaw-aZ@) = inf{Xorb’R(Zl,...,Zg;M, 6) | M e N,G > 0), and

Xorb(zla"'vzf) = sup Xorb,R(Zl,'~';Zl)~
O0<R<o0

The quantity Xorb(Z1, ..., Z¢) € [—00, 0] will be called the orbital bi-free entropy of the collections Z, ..., Z;,.
Note that the fact that xorb(Z1,...,Z¢) < 0 is clear by definition.

Remark 5.2. Based on the definition of xorb(Z1, ..., Z), we can see that the orbital bi-free entropy is a
measure of how well conjugation by unitaries preserves the bi-free microstates. We can see that the infimum
over € and M occurs as € tends to 0 and M tends to infinity. Furthermore, it is not difficult to see that if
my = 0 for all k, then xor(Z1, ..., Z¢) agrees with Xorn (X1, ..., Xy) as in [29, Definition 2.1].

If the variables in question are not tracially bipartite, we have T'r(Xy,..., X, UY1,..., Y M, de) =0
for appropriately antagonistic parameters, and 80 Xorb(Z1, ..., Z¢) = —00. We therefore continue to make
the assumption that the variables are tracially bi-partite throughout this section.

Although the supremum over the probability measures portion of Definition may seem difficult to
compute with, from the theoretical standpoint it is quite natural, as we will see. However, as with [29], there
are other ways to describe Xorb(Z1, .- ., Zg) without the need to take a supremum over probability measures.
To provide one such description, first we need to develop some additional notation and demonstrate a lemma
that will be useful throughout the section.

. 4 sa\n L sa\m
Given ((Au)for, (Bu)fy) € (ITiey (3™ ) ¢ (TTicy (M3)™ ). let
Lot (Zi, -, Zg : (Ar)k=1, (Br)izr; M, d, )
denote the set of all (Uy)4_, € (U(d))? such that
Ba(Un) ey (AR, Br)is)) €Too(Xy, ..., X UY ..., Yy M, d, ).
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Note that for Do (Z1, ..., Ze : (Ak)i_y, (Br)i_1; M, d,€) to be non-empty, each (Aj, By) must be good
microstates for X U Yy; more precisely, if (M$*)r denotes all elements of M of operator norm at most R
and if for some k we have that (Ay, Bg) € (M) g)" T \ T (X U Yy; M, d, €), then

Forb(Zl, ey Zg : (Ak)f;:la (Bk)izl; M, d, 6) = @

We record the following technical observation as a lemma.
Lemma 5.3. For every R > 0, the map from (Hizl(Mja)%’“) X (Hi:1(M3a);gk) to R defined by
(AR ket Bi)izr) = 75 (Torn(Za, - . Ze < (Ak)iey, Bt M, d, )
is Borel. Furthermore, for every p € P ((Hf;:l(Msa)"k) X (Hizl(MUSﬂ)mk)),
(&' @) (@ Tr(X1, ..., Xe UYr,..., Y M, d, €)))

= /( ’ (M )"k) ( . (M )mk) ’Yf?[ (Forb(Zh sty Zf : (Ak)izlj (Bk)izb Ma da 6)) d‘LL ((Ak)f;:l, (Bk)izl)
k=1 (MG " ) x (I Tk=y (MG*) R"”

= / 'Yg% (Forb(Zh ey ZZ : (Ak)izh (Bk?)fczl; M, d) 6)) du ((Ak)i:h (Bk)l];:l) ’
¢ TR(XkUY kM, d.€)

with an implicit reordering of coordinates in the second integral.

Proof. The result follows from the fact that the sets and functions involved are Borel, by the above construc-
tions, and by Fubini’s Theorem. |

Now we are able to demonstrate an alternate definition of the orbital bi-free entropy without the need to
take a supremum over probability measures.

Proposition 5.4. For each M,d € N, e > 0, and R € (0,00], let
Xorb,R(Zla ey ZZ; Ma da E)

= sup log (m‘?é (Forb(Zl, oLy (Ak)izl, (Bk)f;zl; M,d, e)))
(AR)fmy (Br)fo ) (TThoy (M5 5 ) x (TThoy (M3 7 *)

= sup log (V" (Torv(Z1, -, Ze : (Ag)fey, (Br)i1s M. d.€))),
(AR (Br)i_y)€lTioy TR(XRUY ;M. d,€)

Note Xorb,r(Z1, ..., Z¢; M, d, €) € [—00,0]. Then

. . 1
Xorb,R(Z1,...,Zy) = Mé§£>oh£i‘ip ﬁXorb,R(Zh oo Ly M d,e).

Proof. First, it is clear that the two definitions of Xorb,r(Z1, ..., Ze; M, d, €) are equivalent by the comments
before Lemma [5.3] Furthermore, Lemma [5.3] implies that

Xorb,R(Zla ey Zf;Mv d767u) S XOFb,R(ZL .. '7ZZ;M7 d7 6)

for any p € P ((Hizl(Msa)"k) X (Hizl(Mfla)mk)). Hence we clearly have

. . 1.
Xorb,k(Z1, - .., Z¢) < Mel&l,foohgfip T Xob,r(Z1, .. Zg; M, d €).

To prove the reverse inequality, consider M and € fixed. If Xowb,r(Z1,...,Z;M,d,e) = —oo for all
sufficiently large d then

. 1
hmsup EXOrb,R(Zlv ) ZE; M; da 6) é Xorb,R(Zlv ) ZE; M; 6)
d— oo
trivially follows. Otherwise there exists an increasing sequence (d;);>1 such that Xorb r(Z1,...,Z¢; M, d, €) >
—o00 and
. 1
lim sup ﬁXorb,R(Zla coy Ly M de)

d—o0

1
lim ?Xorb,R(zla L) ZE; Ma dla 6)'
l

o l—o0
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For each [ € N, we can choose ((Ay;)4_,,(Bri)i_;) € (Hi:l(Ms?)?zk) X (Hizl(Msf)Tlg’“) such that
Xorb,R(Z1, ..., Zg; M, dy, ) — 1 < log (v?je (Torb(Z1, - Ze : (Ag)jers Bra)ier; M, dy,€))) -
Therefore, if 6; € P ((Hizl(Msf)"k) X (Hf;:l(M;?)mk)) is the point-mass measure at ((Ax,;)i_;, (Br.i)ie1),

then Lemma [5.3] implies that
Xorb,R(Zlv ey Z@; M7 dl7 6) -1
<log (V5" (Corn(Za, .., Ze : (Apa)feys (Bra)hey; M, dy,e€)))
= log </ ; N %%)Z (Torn(Zi, - Ze : (Ag) ey (Bra)jer; M, dy,€)) d5z>
(T ) ) < (T, (M) ™)
=log (1§ ® &) (27 Tr(X1, .., X UYy,..., Y5 M, dy€))))
= Xorb,R(Z1, - -+, Zg; M, dy € 6)
< XOrb,R(Zla RN Zb M7 dl7 6)'

Hence
1 1
lim sup — Xorb,r (%41, .., Z¢; M, d,€) = im —Xorb,r(Z1,...,Ze; M, dy,€)
d— oo d2 ’ l—o00 dl2 ’
. 1
< limsup — (Xorb,r(Z1, - - -, Zg; M, dy, €) + 1)
l—o0 dl
S Xorb,R(Zh ey Zg; M, 6).
Thus the result follows. (]

Remark 5.5. We note that [29] has an alternate characterization of the orbital free entropy in the case that
the von Neumann algebras generated by each collection of left operators is hyperfinite. Unfortunately, the
arguments for such a characterization break down in the case of orbital bi-free entropy due to the fact that
we are no longer dealing with a tracial state, so Jung’s lemma [19, Lemma 2.9] no longer applies. To find
an analogue of this result, one would need to be able to change all right operators to left ones while still
maintaining hyperfiniteness, which does not seem like a natural assumption.

However, many basic properties of the orbital free entropy extend to the bi-free setting. To begin, we have
the following lemma showing the independence of R.

Lemma 5.6. Let p=max{||X;| | 1 <i<np, 1 <k <GU{|Yell | 1 <5 <my, 1 <k < L}). Forany
R > p, we have

Xorb(Z1, -+ Ze) = Xorb,r(Z1, - - -, Z¢)
including the case R = oo.
Proof. Fix R > p. Clearly
Xorb,oc(zla R ZZ) Z Xorb,R(Zlv RS ZZ)

by definitions so it suffices to prove the other inequality. To begin, define f : R — [—1,1] by

z ifze[-1,1]

fzy=¢-1 ifz<-1

1 if z>1

and let fr : R — [-R,R] by fr(z) = Rf (%).
Fix M € N and € > 0. Let K = max{(p?™ + 1)z, R} > 1, and choose 0 < ¢y < 5 and M’ € N even with

M’ > 2M so that
1
ﬁ)M’ o \T_ e
R((R +RM/> S SMEM

Let (Ay,By) € Too(X) U Y3 M, d, €0) be arbitrary. Then 74(AM) < o(XM") + €0 < pM" + € for all
1 <i<mny and M" even and not greater than M’. Thus, if for p € [1,00), ||-||, denotes the p-norm on My
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with respect to 74, we have that ||Ag;l|, < [|Akll,, < K for all p < M’ and in particular, for all p < 2M.

Thus, if a1, as, ..., aq are the eigenvalues of Ay ; counting multiplicities, we have for p < M that
1 aq | M
ki = Fr(Aalll, < I1Aki = fa(Aaly < R[5 S0 |5
lag|>R
< ‘% Y
- R
lag|>R
1
<R Td<A£,4i )\
<B\ T

IA

1
13 ) M € \ M €
R((R +}NW> < SMEM
» < < K for every p, k, and 7, and identical inequalities holds for the By ;’s.

The above implies if (Uk)f; el rb(Zl, oy Zy (AR)i_y, (Br)i_ s M, d, ), then for all p, ¢ with p+ ¢ <
M, for all k1,... kp,l1,...,lg € {1,... £}, for all valid indices 41, ...,1p, j1,...,jq, Wwe have

’Td (Ul;klfR(Akl,il)Ukl' Ui, [r(Ak, 1)U, Uy fr(Bu,,5) U, - Uy fr(Biy 5, Ui 1)
— (szl,il o X i Vi g ..quJq)|

< |7 (UL, F Ak )0, -+ U, Fl( Aty iy U, Ui, F(Br, iU, - Uf f(Biy Ui, )
g (Ug‘lAkl,ilU;ﬂ UL A

Moreover, clearly || fr(Ax,)|, <

pitp

Uk, UL, B1,,;,U1, U B, j, Un)

+ ‘Td (U’:?kl Akl’il Ukl T U]:pAk Ukp Ulﬂ;qu’lelq T Ul*lBllle U’Ll) - (P (Xkl,il e ka’ipyvllvjl T leqajq)

i lp

P q
SZKp+qHU;:I(fR(AkI,iI)_AkI,iI) I|p+q+ZKp+q Ui, (fr(Bk,.j,) — Br,.j, ) Uk, . + €
x=1 y=1 pTq
€ €
< MKM - =
= 2MEM T3 €

where the second inequality if shown by the generalized Holder’s inequality for matrices. Hence
Forb(zl7 ey Zf7 (Ak)£;:17 (Bk’)i:l’ Mla d) 60) g Forb(zla RN} ZZ? (fR(Ak));;:l? (fR(Bk))£:1’ M? d? 6)
thereby implying
iorb,oo(zl, sy Zl; Mlv da 60) S Xorb,R(Zla ceey ZZ; M7 d, 6)
as || fr(Ak,)|| < R and || fr(Bg,;)|| < R for all 4, j, k. Hence Proposition implies that
Xorb,oo(zlw"azﬁ) SXorb,R(Zlv"'vzf)~ D
Some basic properties of orbital bi-free entropy are readily established.

Proposition 5.7. The following hold:

(1) Xorb(Z1,...,2Zy) = —00 if Xq,..., X, UYq,..., Y, do not have finite-dimensional approzimants.
(2) For a single system of variables Z, xorb(Z) = 0 if Z has finite-dimensional approzimants, and
Xorb(Z) = —00 otherwise.

(3) XOrb(Z17 MR | Zé) S XOrb(Z17 MR Zq) + Xorb(Zqul, ey ZZ) fOT a’” 1 S q < g
Proof. Note (1) follows as if Xq,...,X,UYq,...,Y, do not have finite-dimensional approximants, then
Fr(Xy,...,XeUYq,...., Y, s M, de) =0

for suPﬁmently large M, sufficiently small ¢, and for all d (see Remark [£.2)). Note (2) follows as the U(d)
section of ®,1(Tr(Z; M, d,€)) is U(d) if Tr(Z; M, d,¢) # 0 and is 0 if T r(Z; M, d, €) = 0. Finally, (3) holds as
if an E—tuple of unitaries works in the first step of the definition of Xorb(Z1, ..., Z¢), then the first ¢ work in
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the first step of the definition for xor(Z1,. .., Z,) and the remainder work in the first step of the definition
for Xorb(Zg+1, - -, Zg). O

We now examine the behaviour of orbital bi-free entropy under transformations of each family of variables.
Much like in Section [3| we restrict our attention to transformations which do not mix left and right variables.
We nonetheless obtain a result similar to that of [29, Theorem 2.6 (6)], whose proof we adapt.

Proposition 5.8. Suppose that X) C W*(Xy) and Y; C W*(Y}) are tuples of self-adjoint operators, and
let Z;, denote the system X LY} with with the X viewed as left operators, and the Y|, viewed as right
operators. Then

Xorb(zla ey Zl) S Xorb(z/la ey ZZ)

In particular, xorb(Z1, ..., Zy,) depends only on the pairs (W*(Xy), W*(Yk)) of von Neumann subalgebras of
A.

Proof. Our approach will be to establish an inclusion of appropriate I'o,, sets. Therefore, let M € N and
0 > 0 be arbitrary.

Since we are working in a tracially bi-partite setting, we have by assumption that o|y-x,) and @|w«(y,)
are tracial states. We may therefore invoke the Kaplansky density theorem to find polynomial approximations

Pj and Qy of X and Y, in C(X}) and C(Y}) respectively, so that each ||Pg;(Xy)| < HX;”H and

1Qr; (Yi)|| < HYk’j , and so that

0

o (1P (Xi) = X)) 0 (|Qus (Vo) = Yi51) < gqppar

As the Py and Qy are polynomials, there are M’ € N and ¢’ > 0 so that if ((Ak)f;:l , (Bk)f;:l) €
T (X1s. . XeUY0,..., Yo M',d, '), then

for any fixed L with 1, < L for all k and j in the appropriate ranges.

/
X

’
Yy,

Ta (Pryjy (Aky) - Py (Ak,)Qryj, (Bry) -+ Qhorjioss (Broyy))

0
<7

=@ (Pryjy (Xiy) -+ Proje (X)) Qs joss Yieair) -+ Qs (Yi,)) 5

for every appropriate selection of indices with ¢ < M. Note in particular that M’,§ may be chosen
independently of d.

But now, given ((Ak)ll;:l , (Bk)izl) Elo X1,...,XeUYy,...,Yy; M’ d,¢), we have the estimates

7 (P (Ar) = Peo, (k) Qe Br) -+ Qs Brn)) = @ (X, -+ Xh g Yi o Yo, ) |
§
< 5 + ‘@ (Pkljl (Xkl) T Pks.js (st)ka+1js+1 (Yks+1) T th.jt (th)) - ¢ ( ;4:1j1 to X;csst;cs+1js+1 o 'Y;vtjt)

5
< o+l max (¢ (| Py (X)) = Xij) 0 (1Qrs (Y) = Y5]))
<6

Consequently, ((Pr(Ar), Qx(Br))) € oo (X4, ..., X, UYY, ..., Y); M, d, ). Since conjugating by unitaries
commutes with the application of the polynomials, it follows that

FOI‘b(Z17 ceey Ze . (Ak)f;:l’ (Bk‘)izl; Ml; d7 5/) g FOI‘b(lev ) Z% : (Pk(Ak))£=17 (Qk(Bk‘))£=11 M7 d7 6)3

and so
Xorb,oo(Z1y -y Zg; M, d, 6") < Xorb,oo(ZY, ..., Zy; M,d, 5).
The desired inequality now follows from Proposition and Lemma [5.6 ([l

Like with the microstate bi-free entropy, the orbital bi-free entropy also is upper semi-continuous with
respect to distributional limits.
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Proposition 5.9. ] X(l), . 7X(l) W] Y(l)7 . ,Y(l) converges in distribution to Xq1,..., X, UY1,..., Y, as
1 ¢ 1 ‘
in the sense of Proposition then
Xorb,&(Z1,...,2Zg) > lign sup Xorb,R(Z;(Ll)7 R Zél))
—00

for every R > 0 including R = co. Therefore, if there exists a uniform operator norm bound of these operators
over l, we have

Xorb(zh ey ZZ) 2 lim sup Xorb(zgl)v C) Zél))

=00

Proof. As in the proof of Proposition[2.11] our convergence assumption tells us that all moments are converging
to the correct values, and so for any M € N and € > 0 we have for large enough [ that

T (Xﬁ”,...,xg” uY§l),...,Y§l);M,d,g) CTRr(X1,. ., XeUYr,..., Y M, d,2),

since the sets involved see only finitely many moments. Hence for any p € P ((Hizl (Mja)"k) X (Hf;:l (Mja)mk)),
we have that
Yoo (23, 2 M., t) < Xowr (2, Zs M, d, 265 1)
< Xorb,r (Z1,...,Z¢; M, d, 2¢).
By taking the appropriate sups, limsup, and infs, we obtain
Xorb.t(Z, - Ze) 2 limsup Xorb,r(Z, ..., Z8)
—00

for every R > 0 including R = co. The remaining equation then follows from Lemma [5.6) |

Of greater interest is how the orbital bi-free entropy behaves with respect to bi-free collections. In particular,
the following proof uses similar ideas as those used in Lemma [4.6] and Theorem [£.7]

Theorem 5.10. IfZ; and Xao,..., X, U Yo, ..., Yy are as described above and are bi-free with respect to ¢,
then

Xorb(Zh ceey ZZ) = Xorb(zl) + Xorb(Z27 ceey ZZ)

Proof. First, suppose that Z; does not have finite-dimensional approximants. Then Xy,..., X, UYq,...,Y,
also does not have finite-dimensional approximants, so the definition of the orbital bi-free entropy implies that

Xorb(Zh ceey ZZ) = -0 = Xorb(zl> = Xorb(Zl) + Xorb(z27 ey ZZ)
Hence we may assume that Z; has finite-dimensional approximants so Xorb(Z1) = 0 by Proposition
Next, suppose that Xorb(Za, ..., Z¢) = —oc. Since Proposition implies then that xorb(Z1, ..., Z) <
—00, the equation still holds. Hence we may assume that xorn(Z1,...,2Z¢) > —oo. Furthermore, as
Xorb(Z1s- -3 Z¢) < Xorb(Z1) + Xorb(Zo, . .., Zy) by Proposition it suffices to prove the other inequality
with Xorb(zl) =0.
Fix R>max({1}U{|| Xkl | 1 <i<np, 1 <ELSGU{|Ykll | 1<j<mg,1<k<{¢})andfix M eN
and € > 0. By the same argument as at the start of the proof of Lemma [4.6] there exists an €; > 0 such that if
e (A1,By) eTr(X1UY ;M d,€1),
o ((Ar)i_o, (Br)i_,) €Tr(Xa,..., X, UYs,...,Y;; M, d, 1), and
e (A;,By) and ((Ar)i_s, (Br)b_,) are (M, e;)-free,
then ((Ax)i_;, Br)iey) € Tr(Xy, ..., X, UY,..., Y M, d,e).
Since by Lemma we have that xorb,r(Z2, ..., Z¢) = Xorb(Z2, - .., Zg) > —o0, Proposition implies
there exists an increasing sequence (d;);>1 such that Xorb,r(Zo, ..., Ze; M, d;, 1) > —o0 and

. 1
lim sup ExorbyR(ZQ, ceysZpy Mo deq)

d—o0 o l—o0

.1
lim ?Xorb,R(Z% LI} Zf; Ma dlv 61)~
l
For each [ € N, choose ((Ag1)!_y, (Bri)l_,) € (Hiﬁ(M;;m);;k) x (ni:2(M;7)gk) such that
—00 < Xorb,R(Z2, .-, Zy; M, dy,e1) — 1 < log (W?il*l (Torb(Zoy - Zo  (Akp)feos Bri)heoi M, di,€1)))

Note this implies 7§£—1 (Corb(Za, ..., Zg : (Agy)io, (Bry)b_o; M, di,€1)) > 0. Furthermore, as Z has finite-
dimensional approximants, for [ sufficiently large we may choose a fixed (A1,;,B1;) € Tr(X1 UY1; M, d;, €1).
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To simplify notation, let
U(M,dyy€) = Tom(Zi, .-, Zg; (Apt) oy, Bri)oys M, dy,€)
O(M,dj, 1) = Tom(Za, - -, Z; (A1) oo, (Bri)bo; M, dy, 1)
UM, diye1) = {(Up)jy € U(d)" | (UF AU U BLUY), (U Ak 1)iaUs, Ups (Big)i—aUs) are (M, e;)-free},

and let p4, be the probability measure obtained by restricting and renormalizing 721 to O(M, dy, €1).
Notice that by the choice of €; and the conditions defining the sets in question, we have

(U(dy)) x ©(M,d;,e1)) NQUM,dy,e1) € U(M,dy,e).
By Lemma [4.4] (with p = 1) there exists a Dy € N such that

10 ({01 € U@) | Uy € 20, de)}) > 3

for every d; > Dg and every (Uy)%_, € U(d;)*~L. Hence for all d; > Dy we have that
e (B(M,dy€))
72471(@(M7 di,€1))

> (’Ydl Y lJ’dl)(\Il(M7 dlv 6))

> (Ya, @ pay) (U (dr) x O(M, dy, €1)) VUM, dy, €1))

Z/ Ya,({Ur € U(d1) | (Ur)j=y € UM, dy, €1)}) dpta, (Ur)jzs) > %
O(M,die1)

by Fubini’s Theorem. Hence
Xorb,g(Za, ..., Zop; M, dj, 1) <1+ log (7?2271 (O(M,d;, €1)))
< 1+log(2) +log (7§ (U(M,dy,e)))
<1 +10g(2) + Xorb,r(Z1, -+ -, Zg; M, dy €)
whenever d; > Dg. Thus as Xorb,r(Z2, ..., Zs; M, d, €1) from Proposition decreases as M increases and as

€1 decreases, we have

. 1
Xorb,R(Z27 sy ZZ) S lim sup ?Xorb,R(Z% R Zl; Mv da 61)

d—o0

l—o0

.1
= lim ?Xorb,R(Z%~~'7ZZ§M7dla€1)
i
1
< limsup ¥l (1+1og(2) + Xorb,r(Z1, - -, Z¢; M, dj €))
l—o0 1

1
< limsup ﬁiorb,R(Zla oy Ly M d, 6)'

d—o0

Hence Proposition implies that Xorb r(Z2, ..., Z¢) < Xorb,r(Z1, ..., Zy). O

We are finally able to compute the orbital bi-free entropy of certain collections. In particular, in the
following case the orbital bi-free entropy is maximized.

Corollary 5.11. If Zq, Zs, ..., Z; are bi-free with respect to ¢ and individually have finite-dimensional
approximants, then Xorb(Z1,...,2%e) = 0.

Proof. This immediately follows from Theorem and part (2) of Proposition O

To finish off this section, we note an improvement to the subadditivity result for microstate bi-free entropy.
In particular, the following gives us a smaller upper bound for the joint microstate bi-free entropy in terms of
the individual microstate bi-free entropies.

Theorem 5.12. With the notation used throughout this section, we have that

¢
XXy, XU Y, Ye) < Xorb (2, - - -5 Ze) +ZX(Zk)
k=1
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Proof. First, if x(Zy) = —oo for some k, then the result follows from Proposition Hence we may assume
that x(Zy) > —oo for all k£ and thus Zj has finite-dimensional approximants for all £ by Remark

Fix R > max({1} U {||Xixll | 1 <@ <ng, 1 <ESGU{|IYell | 1<) <mg,1 <k<UL}), MeN,
and € > 0. As Z; has finite-dimensional approximants for all k, there exists an Dy € N such that
Tr(Zg; M,d,e) # 0 foralld > Dy and 1 < k < £.

Define o+ [Ty (Mz)™ x (M5)™) > (TTey (M3)™ ) ¢ (TTey (M5)™ ) by

o (((Ar Br))i=1) = (Ar)izr, (Br)imy)-

Since each I'g(Zy; M, d, €) is non-empty and open, we know the Lebesgue measure of I'r(Zy; M, d, €) is non-
zero. Therefore, as o preserves the Lebesgue measure )\g’m""''""n’f‘*'ml"""‘”‘m2 under the natural isomorphism
with the domain and co-domain, we have that o (Hizl Tr(Zy; M, d, e)) has positive Lebesgue measure. Let

vr(M, d, ) denote the probability measure obtained by renormalizing A5 Fmetmattme

to & (1‘[5;:1 Tr(Z; M, d, e)) when d > Dy; that is

after restricting

1
VR ‘2\47 d, €) = >\®n1+~~-+ne+m1+---+m1{ . .
( ) Hi:1 )\?nk"l‘mk (Cr(Zy: M, d, ) d ’g(HiZIFR(zk,M,d,e))

Since
y4
FR(XIV"’XZI—lYlv"'an;M7d7€) Co (H FR(Zk7M7d7€)> )
k=1

we have by Definition [5.1] that for all d > Dy

Xorb,R(Zla ey Zf;Mv d7 6) Z Xorb,R(Zh sy Zf;Mv d7€;yR(M7 d7 6))

= log ((v§" @ At Hnetmittme) (o T p(Xy, ..., X, U Y1, ..., Y M, d,e)))
L

- Zlog (AG™+™e (DR(Zg; M, d,€))) -
k=1

Thus
log (13" @ AGmttnetmitetme) (o WPp(Xy, ..., X U Yy, ..., Y M, d,e)))
l

< Xorb,R(Zh ..., Ly; M, d, 6) + Zlog ()\S’nk+mk (FR(ZM M.d, 6)))
k=1

for sufficiently large d for every M € N and € > 0.
For a fixed (Uy)4_, € U(d)*, notice that the corresponding section of <I>;1 Tr(X1,.. ., XeUY1,..., Yy M, d,€)),
namely

{(A)i=1: Br)izr) | @a((Uh)im1s (Ar)ie1s Bi)ier) € Tr(X1s -, Xe U Y1, Yis M, d, €)},
is exactly
@y (Up)je1, TrR(X1, .., Xe UY ..., Y5 M, dye))
Hence Fubini’s theorem and the fact that Lebesgue measure is unitarily-invariant together imply that

(v§E @ NGt ettt (§ NP p(Xy, .., X U Y, ..., Yo M, dye))

:/ eA?"l*'“*”f*ml*“*mf (@4 (U)ot TR(X 1, X U Y, Yo Mo dye))) dy$e
U(d)

:/ [)\(;@"1*"*"”7”1*'”*7”4 (Tr(X1,.., XeUYy, ..., Y M, d,e) dy
U(d)

= NGttt e (P (XL, X UYL, Y M de))
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Hence
log (AGtdnetmatetme (P p(Xy,.. ., X U Y, ..., Y M, d, €)))
I
< Xorb,R(Zla L) Zf; Ma da 6) + Z log (>‘§mk+mk (FR(Zka Ma da 6)))
k=1

S0

1 1<

= log (A§n1+~»-+nz+m1+-..+mé Tr(Xy,..., X, UYy,..., Yy M, d, e))) + 3 (Z ny + mk> log(d)

k=1
1 - 1 ®np+mi 1
< Xobr(Z1,- . Ze; M, d, €) + > 72 log (N (Tr(Zy; M, d,€))) + 5 (me + my) log(d).
k=1

Now, taking the appropriate limits, the result follows. O

We note that inequality in Theorem need not be an equality. Indeed [30] shows that the inequality
can be strict in the free setting.

6. A CHARACTERIZATION OF BI-FREENESS

The goal of this section is to develop another characterization of bi-freeness for specific tracially bi-partite
systems. To be specific, using the same notation as Section [b] the main goal of this section is to prove the
following, a bi-free version of [14, Theorem 3.1].

Theorem 6.1. Let Z1, Zo, ..., Zy be such that

¢ ¢
(U {Xkitites U {Yk,j };n—'H)
k=1 k=1

s a tracially bi-partite system. Then Zy, Zo, ..., Zy are bi-free and individually have finite-dimensional
approximants if and only if Xorw(Z1, ..., Ze) = 0.

Of course, the only if direction immediately follows from Corollary [5.11] so the work of this section is to
establish the other direction. Moreover, since finite orbital bi-free entropy immediately implies the existence
of microstates, our real task is to deduce bi-free independence. Before we get to that, we point out the
following corollary, which follows immediately by combining Theorem with the results of Section

Corollary 6.2. Let Zy, Zo, ..., Z; be such that x(Zy) > —oo for all 1 < k < £. Suppose further that

L L
(U {Xk,z' :'L:kp U {Yk,j};n_k1>

k=1 k=1
18 a tracially bi-partite system. If

£
XXy X UYL YY) =) x(Z),
k=1

then Zy, Zs, ..., Zy are bi-free.
Proof. As x(Zy) > —oc for all 1 < k < ¢, we know from Remarkthat 71, Zs, ..., Z, individually have
finite-dimensional approximants. Furthermore, the assumption of additivity of the microstate bi-free entropy
implies that
X(Xl,...,Xe |_|Y17...,Yg) > —00.
By Theorem [5.12] along with the assumption, we know that

¢
X(Xla"'aX€ |—|Y17"'3Y€) < Xorb(zla"'azé) +ZX(Zk)
k=1

:Xorb(zl,...,Zg)+X(X1,...,XEL|Y1,...,Y£).

Thus Xorb(Z1,- - ., Z¢) > 0. However, as Xorb(Z1, . . ., Z¢) < 0 by definition, we obtain that xorn(Z1, .. ., Z¢)
0. Hence Theorem implies that Z;, Zs, ..., Z, are bi-free.

o
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The proof of Theorem will follow immediately from Proposition [6.10] which is a Talagrand-like
inequality. Thus we devote the rest of the section to developing the necessary framework to state and prove
this proposition. We first need an analogue of the free Wasserstein metric from [5] for the following objects.

Definition 6.3. A quadruple (A, L, R, ) is said to be a left-right, tracially bi-partite, C*-non-commutative
probability space if (A, ¢) is a C*-non-commutative probability space, £ and R are unital C*-subalgebras of
A that commute with one another, and ¢ is tracial when restricted to £ and when restricted to R.

By saying a tracially bi-partite system ({Xi}?:l, {Y]};”:l) is in a left-right, tracially bi-partite, C*-non-
commutative probability space (A, £, R, ), we mean {X;}7.; C £ and {Y;}72, C R. Note any tracially
bi-partite system can be realized in a left-right, tracially bi-partite, C*-non-commutative probability space.

Definition 6.4. Let ({X;1}7,, {Y;1}72,) and ({Xi2}iy, {Y;2}7%,) be tracially bi-partite systems in
left-right, tracially bi-partite, C*-non-commutative probability spaces (A1, L1, R1, 1) and (A, Lo, Ra, v2)
respectively. We define

Wao ({ Xt AY5a ) (( X2 Y2 ))

to be infimum of

n 9 m 9 2
Z HXz(,l - X1{72H2 + Z HYJIl - YJI2||2
i=1 j=1

over all tracially bi-partite systems ({X],}i,,{¥/,}72,) and ({X] o}y, {Y/o}7,) in a left-right, tra-
cially bi-partite, C*-non-commutative probability spaces (A, L, R, ) such that ({Xi,k}?:p {Y-,k}g-”zl) and
({X;,,k}?:lﬂ {Yj’k};”zl) have the same *-distributions and individual operator norms for k = 1,2, where || - ||,

denotes the 2-seminorm with respect to ¢ (note we may only have a seminorm as we are not restricting
ourselves to faithful states).

Remark 6.5. It is natural and necessary to ask whether one can find a left-right, tracially bi-partite,
C*-non-commutative probability spaces (A, £, R, ) as described in Definition so that the infimum is over
a non-empty set. This is indeed the case by considering reduced free products. If one takes the reduced free
product Hilbert space (A1, p1) * (Az, p2), we can let £1 and Lo act via the left regular representation on A,
and A respectively, and let R; and Rs act via the right regular representation on 4; and As respectively.
These representations are p-preserving x-homomorphism and thus preserve distributions and the operator
norms. Furthermore, the C*-algebra L generated by the images of £ and £5 commutes with the C*-algebra
R generated by the images of R and R5. Finally, the reduced free product state is tracial on £ and is tracial
on R by properties of the reduced free product (i.e. the free case). Of course, this is one reason why the
states in a left-right, tracially bi-partite, C*-non-commutative probability space need not be faithful as the
work of [23] shows we would be greatly restricting the systems we can study in that the bi-free product of
faithful states need not be faithful.

Using Definition we can consider a similar definition for ‘nice’ states.

Definition 6.6. Let A be a C*-algebra and let £ and R be unital subalgebras of A that commute with one
another. Suppose that A is generated by £ and R, which in turn are generated by prescribed sets { X},
and {Y]};n:1 respectively.

Let CS(A, L, R) denote the set of all states (positive unital linear functionals of norm one) that are tracial
when restricted to £ and are tracial when restricted to R. We define

Wa (1, 02) = Wa ({Xia e {Yiabe)  ((Xi2 b {Yi2 )

where ({Xix}ioy, {Yjr}jL,) denote ({Xi}is,, {Y;}7e,) in (A, L, R, ¢x) for k = 1,2. Note that W, depends
on the choice of generating set, but we leave this implicit.

.....

Z,...,7Zy agree with those of ¢, so that the families Z1, ..., Z, are bi-free.
Like the free Wasserstein metric from [5], the function W5 has some nice properties.

Proposition 6.7. The bi-free analogue of the Wasserstein metric is a semimetric on the collection of
tracially bi-partite systems with equal numbers of left variables and equal numbers of right variables, and is a
semimetric CS(A, L, R).
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Proof. The reasons that

Wo ({ X Y b)) (X bis {2} e,)) =0

implies ({X; 1}y, {Y;1}7%,) and ({Xi2},,{Y;2}7~,) have the same distribution and the reasons that
Wa(p1,p2) = 0 implies ¢1 = o both follow from the facts that the operator norms of the representations
in Definition [6.4] are bounded, the left and right algebras commute with each other, all linear functionals
considered are states, the traciality of the states on the individual left and right algebras, and the definition of
Ws. Indeed, for an example computation, with terms as in Definition (where all operator are self-adjoint),
notice that

|‘P(X{,1X§,1Y1/,1) - <P(X{,2X§,1Y1/,1)‘ <p(l)e (Yl/,lXé,l(X{,l - Xi,Q)(X{,l - X{,Q)Xé,lyll,l)

Nl

1
= (Xé,l(X{,l - X{,z)}q,lyll,l(X{,l - X{,Q)Xé,l) :

Nl=

< ||Y1/,1|| ¥ (Xé,l(X{,l - X{,Q)(Xi,l - X{,Q)Xé,l)

N|=

= HYI/,IH ¥ ((X171 - Xi,Z)Xé,lXé,l(X{,l - Xiz))
<YLl X2 X = Xia]l,

where the first equality is left-right commutation, and the second equality is traciality on the left. Using
telescoping sums along with the bounds on the operator norms, the fact that W5 is 0 and thus we can find
(X7 by Y] 3y) and ({X7 53, {Y]2}7%,) as in Definition [6.4 with arbitrarily small 2-seminorms, we
can show the difference in the distribution of any monomial is as small as we desire and thus equal. The
remaining properties of a semimetric are trivial to verify. |

Remark 6.8. Unfortunately we do not know whether or not W5 is a metric. The problem with trying to
repeat the proof of [5] is that there is no current bi-free product that enables one to amalgamate the left
operators over one subalgebra and the right operators over another non-isomorphic subalgebra; that is, [7]
amalgamates over a copy of an algebra contained in both the left and right operators. This creates a problem
with trying to use the bi-free product construction from Remark [6.5] to take two different pairs and construct
a left-right, tracially bi-partite, C*-non-commutative probability space containing all three in a way that the
both pairs are identified in the appropriate way. In particular, positivity becomes an issue.

It would also be nice to generalize the above to non-bi-partite systems. However, as we are dealing with
seminorms, it does appear difficult to even get a semimetric considering the current proof of Proposition

Fortunately for the discussions in this paper, Proposition along with the following result are enough.

Proposition 6.9. Given sequences (¢1x)r>1 and (p2,5)k>1 in CS(A, L, R) that converge weak* to @1 and
w2 in CS(A, L, R) respectively, we have

liminf Wy (p1,k, p2.1) = Wa(p1, p2)-
k—o0

Similarly, suppose (({Xi1k}y, {Y'j,l’k};?l:l))k>1 and (({Xi2k}iy, {Y}"Q’k};-nzl))k>1 are tracially bi-
partite systems in left-right, tracially bi-partite, C*-non-commutative probability spaces (_Al,ﬁl,Rl, 1) and
(A2, L2, Ry, p2) respectively that converge in distributions to ({X;1}1— 1, {Y;1}72) and ({X; 2371, {Yj2}7%1)
in (A1, L1, R1,¢1) and (Asz, Lo, R, p2) respectively and for which there is a uniform bound on all operator

norms of all operators. Then
lim inf Wy (X dim Yo ie) s ((Xizadicn {Yi2x )

> Wa ({Xin e Y5 s) , ({Xe2dis {Y23721)) -

Proof. The result follows by considering Definitions and taking weak*-limits and a compactness
argument, much like the free case in [5, Proposition 1.4]. |

With the analogue of the Wasserstein metric, we are now able to state our Talagrand-like inequality. This
is an adaptation to the (multivariate) bi-free setting of |14, Proposition 3.5], and our proof draws inspiration
from theirs (and their proof, in turn, draws inspiration from [16]). The proof will require several lemmas,
which are analogues of [14, Lemmas 3.2, 3.3, 3.4].
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Proposition 6.10. Let Z1, Zo, ..., Zy be such that

¢ ‘
(U {Xk,i}?:kv U {Yk,j };n—k1>
k=1 k=1
is a tracially bi-partite system, and suppose that Xorb(Z1,...,Zs) > —oco. Then
W2(SDZI,..‘,Z[,, (pl%il—freeze) <4Rovn + m\/_Xorb(Zla ) Zf)

,,,,,

where n = maxi<k<¢ Nk, M = MaXi<k<¢ My, and
Ro = max({|| Xik| | 1 <0 <mp, 1 <k <G UVl | 1< <my,1 <k <))

Proof. Let R > Ry. By Proposition (and Lemma lem:orbital-R-doesnt-matter), we can chose an increasing
sequence (d;);>1 of natural numbers such that

1
)Eorb,R <Z17 .. -7Zf;l7dla l) > —00
for all I € N and

l—o0

.1 1
Xorb(Z17~ . ~7Z€) = lim dﬁXOrb,R (Zh- . '7Z€;l7dl7 l) .
1

For each | € N, choose ((Ax,)\—;, (Bri)iey) € (Hizl(Mgla)%’“> X (Hf;:l(Mjla)g’“) such that

- 1 1
—00 < Xorb,R (Zh s Lyl dy, l) —1<log (7524 (Forb (Zh v Ze s (Ag)ies Bra)ies b di, l>>> .

Note this implies ygg (Torb (Z1,- -, Ze = (Ag)feys Bra)ieyilidi, 1)) > 0.

Let SU(d) denote the special unitary group of My, let Ty := U(d) N CI; = TI, denote the set of scalar
unitaries, and let 4 s denote the Haar measure on SU(d). We want to work with SU(d) instead of U(d) here
for technical reasons. Indeed this is possible as we note that if

1
(Uk)k=1 € Torb <Zl’ o Zyg (A ks Bry) ke Ldi, l>
then

1
(ViUr)ji—1 € Torb (Zl, e Z (A ey Br)g—ys L di, l)

for all (Vi)é_, € TY. Hence it immediately follows that if

1
I'=8U(d) NTomp <Z1, o Zy s (Ak)mr, Bry)i—yi L dy, l)
then
1
V3 (Forb (Zl, v Ze s (A e, Bz L di, l>) =75",(T0)

(s0 Xorb,r (Z1,-..,Zg;l,dy, 1) < 1+1og (VE?S(FI)))~
Let C[—R, R] denote the C*-algebra of continuous functions on [—R, R] and let

Br = (%j—1C[—R, R]*™) ®@max (x—1C[—R, R]*™*)

where * denotes the universal free product of C*-algebras. Thus, by properties of the universal free
product C*-algebra and the maximal tensor product, there exists a homomorphism 7 : Bg — A such
that w(zx;) = Xy, and 7(yx;) = Yi ; where x; is the identity function on C[—R, R] in the k™ term of
¥t _ C[—R, R]*™ C Br and the i*® term of C[—R, R]*"*, and yy. ; is the identity function on C[—R, R] in
the k' term of *{_,C[—R, R]*™* and the j*" term of C[—R, R]*™*. Consequently, if ¢z, z, = pom,
L= (x_C[-R,R*)®1,and R =1® (x{_;C[—R, R]*™*), then £ and R are C*-subalgebras of Bg that
commute with each other and ¢z, . z, € CS(Br,L,R).

For a fixed [, for each probability measure p on SU(d;)* we will define fi € CS(Bg, £, R) as follows. For
each (Uy)%_, € SU(d)* note there exists a *-homomorphism Tw,)¢_, from Bg to B(Mg,) that sends xy; to
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left multiplication by U} Ay ;U and sends yi ; to right multiplication by U} By ;1Uk. We then desire to
define

2 = [ g, (2)a) du
SU(dy)®*

The fact that i € CS(Bgr, £, R) follows as T(v,)¢_, is a representation and 74, is a trace.

With the above in hand, we need several technical lemmas on the weak*-convergence of certain elements
of CS(Bgr,L,R).

. Then the weak* limit of (fu)i>1 1S ©Z,.....Z,-
Iy -

Lemma 6.11. Let u; = ﬁ 'yf?fs
dy,s l) ’

Proof. Notice for any z = xp, i, + Tk, i, @ Y1, 5, *** Yi,.5, € Br With p+ ¢ <1 that
~ 1

(z) = ¢z,,..,z,(2) = R0

e Yas(T1)

- <)O(‘Xkl»il e Xk'pyip}/llvjl e }/lqajq)

which is at most % in absolute value by the definition of I';. Thus f;(z) tends to ¢z, . z,(%) as [ tends to
infinity for any z € Bg thereby completing the proof. O

* * * * (=4
A Td, (Uk1 Akyis Uk, -+ UkpAkp’ip’lUkp Uqulq’iqlelq e UllBllﬂ'l’lUll) d(,ydzys)
1

Lemma 6.12. The weak* limit of (73’?2)121 is gp%zlfreezf

Proof. For each M € N and ¢,6 > 0, Lemma [4.4] implies if
QM. dy,e) = {(Up)iey € U(d)" | (UFAL UL UBL UL, ... (UF AL Uy, UBg, Uy ) are (M, e)-free}

then v®¢(Q(M, dy,€)) > 1 — 0 for d; sufficiently large.

Let T;L*e denote the state on By obtained as follows: take the reduced free product of ¢-copies of B(My,)
with respect to z — 74,(214), and constructing the *-homomorphism 7 on By that sends xy; to the left
regular representation on the k' copy of B(My,) acting by left multiplication by Ay ;; and sends yj ; to the
right regular representation on the k' copy of B(My,) acting by right multiplication by By ;;. Then T;l*é is
the vacuum state on the reduced free product composed with 7. That is, T;l*é is the distribution so that
{(Ak1, Br)}i_, are bi-free with respect to the left-right matrix multiplication actions of (A ;, Bx;) on My, .
Note this distribution does not change if {(Akwl,BkJ)}i:l is replaced with {(U; A Uk, U:Bk,lUk)}i:y

skl * bi-free
Clearly (77")i>1 converges weak™ to o571 as

1
oo (Forb (Zl, o Ze s (A)fers (Br)iei L dy, l)) > 0.
Therefore, since for all z = @y, i, Tk, i, @Y1, 4, " Yi,.5, € Br With p+ g < M we have

—

(Y4 _ * . * ) * ) * . ®4
Vars(2) = /SU(d - Td, (UklAkl,n,zUkl o Ug Ankyiy Ui, Up, By ig UL, "'Ulelm,lUll) dyg, s
l

= / T (U&Akm,zUkl - Up, Akyin WUk, Up Buy iy 1UL, "'UfiBlm,th) dvg,',
U(d)®
we have that for sufficiently large [ that

ot
&) = e

<)
Q(M,dy €)

)
U(dl)[\Q(M,dl,e)

<e+2(R+1)Mp

* * * * skl (=4
T4, (UklAkl,n,lUkl U, Ak iy Uk, UL Buy iy 1UL, "'Ulell,il,lUll) - T4, (2)‘ dg,

* * * * EEA 14
Td, (UklAkl,n,zUkl "‘Uk,,Akp,z‘p,lUkpUqulq,iq,lUlq"'Ulell,il,th) — T4 (2)’ v

where the first inequality follows from (M, €)-freeness (which gives the correct approximation of T;L*e(z) by
the same arguments at the beginning of Lemma 4.6)) and the second inequality follows from operator norm
estimates and our bound on y®¢(Q(M, dy, €)). As € and 6 can be made sufficiently small for any such M, we

—

have that ('7223)121 and (’T;l*e)lZl have the same weak*-limit thereby completing the lemma. O
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Now we need to know that the operation of taking a probability measure on SU(d;)®¢ and producing an
element of CS(Br, £, R) is well-behaved.

Lemma 6.13. For any probability measures jui; and po on SU(d;)¢, we have that

2R/n+m 2R\/n+m

Wa(pr, p2) < TWQ,H.HHS(M,M) < TWZH-HQM(“DW)
where n = maxi<k<¢ Nk, M = MaxXi<g<e Mk, and Wy . Il s and Wy . lyuoa OT€ the 2- Wasserstein distances for
measures with respect to the Hilbert-Schmidt norm | - ||HS and for the geodeszc distance, respectively; here

these are with respect to the inner product induced by the unnormalized trace.

Proof. The proof goes along the same lines as [14, Lemma 3.4]. First, let IT(u1, u2) denote the set of all
probability measures on SU(d;)? x SU(d;)* whose left- and right- marginal measures are y; and po respectively.
For each p € T(u1, uo) we associate a state i on

(3321 C[—R, R)*™) * (%4,—1C[— R, R]"™) @max (¥p—1C[—R, R"™) * (xf,—;C[—R, R]*™*)

as described above (i.e. for each ((Ug)t_y, (Vi)oey) € SU(de)* x SU(dy)*, for 1 < k < ¢ we send z,; to
left multiplication by U} Ay ;U and yy ; to right multiplication by U} By, j,1Uy, and for £ +1 < k < 2/ we
send x; to left multiplication by V;* Ay ; Vi and sends yy ; to right multiplication by V;* By, ;:Vi). By the
definition of W5 this immediately implies

WA <\ [ [ S S At~ Vi AuaVill 4 35 I B~ Vi B
SU(di)* JSU(d)* ;.27 =1 7=1

for any p € (1, 12) where the first integration is with respect to (Uy)4_; and the second is with respect to
(Vi)é_,. Thus as
* * 2 2
U5 Ar,iaUk = Vi AriaVellig < 4R* |Ux — Vil
with a similar inequality for the B-terms, we obtain the first inequality by the definition of the Wasserstein
distances for measures with respect to the Hilbert-Schmidt norm.

Finally, the second inequality is trivial because the geodesic distance majorizes the Hilbert-Schmidt norm
distance. 0

The remainder of the proof of Proposition is near identical to |14, Proposition 3.5]. Indeed since the
Ricci curvature of SU(d;)* (with respect to the inner product induced by the real part of the unnormalized
trace) is known to be constant and equal to %, the transportation cost inequality

4
WZ,geod (Mlﬂ?ﬁs) < EZS (/1417’7?%5)

holds by [22], where p; is as in Lemma [6.11} S (,ul,vgz%s) denotes the relative entropy of u; with respect to

73?55 and thus

S (954, ) = —1og (15T
by the definitions. By Lemma [6.13] we obtain that

Wa (ul,'yd S) <4R\/ﬁ\/log ’ydls( ))

Hence Proposition Lemma and Lemma [6.12] yield the result by taking [ to infinity and R to Ry. O
For completeness, we record the proof of Theorem
Proof of Theorem[6.4} As Xorv(Z1,...,Zs) =0, we obtain that

W2(50Z17 Zy>s QplzulfreeZg) =0,
thereby showing that Zi, Zs, ..., Z, are bi-free by Proposition O
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7. CALCULATING MICROSTATE ENTROPY

In this section, we will compute the microstate bi-free entropy of several collections. We begin with the
cases where there is a ‘linear dependence in distribution’.

Lemma 7.1. Let (A, ¢) be a C*-non-commutative probability space and let X,Y € A be self-adjoint such
that p(X) = p(Y) =0 and o(X?) = ¢(Y?) = o(XY) = 1. Then
X(XUY) = —c0.
Proof. Fix R > max {||X||,||Y]|}. Notice that it suffices to show that xg(X UY;2,¢) - —oco as € — 0.
Towards this end, notice that for any 1 > € > 0 and d € N,
TR(X UY;2,d,6) C {(A, B) € (MF)? | ra(A2), 7a(B?), 7(AB) € (1 - e,1+€)} .
Recall, however, that the Lebesgue measure used is normalized based on the inner product given by the

unnormalized trace:
(A,B)Mza =drg(B*A) = Try(B*A) = (A, B)pa>.

The three conditions on the set above then become ||A||§{dz ) ||B||]§d2 (A, B)ga> € (d(1 —€),d(1+¢€)). These
restrictions allow us to deduce a bound on the angle 64 g between any A and B in the set:

4B 1- T ( )

(4, B) > ¢ whence tanfy p = o8 P8

[AIIBI — 1+ ’ cosfa,p = 1—6

E

cosfa p =

Consequently B must lie in the cone from the origin in the direction of A with helght \/d(1 + €) and radius
at its base \/d(1 + €) 7% 2‘[ . Letting C (A, d, €) represent this cone, we have

PR(XUYi2,d,e) € {(4,B) € R | |AI° <d(1+€),BeC(4,de)}.

Since volume of the cone C (A, d,€) does not depend on A, the volume of the set on the right hand side is
the product of that of the ball B (d2, d(1+ e)) of radius /d(1 + €) in dimension d?, and that of any cone
C (A, d,€). Fortunately, it is known that the volume of the n-ball of radius R is
Pt
An (B (n,R)) = WR ;
see, e.g., |27, VIII.13], although this has been known at least since [20] (we were not able to find an earlier
reference, though it is very likely one exists). In particular,

d2

A (B (n, a1+a))zr(%ll)uu+f»f.

We now may compute the volume of C(A4,d, €) by integrating along its axis:

g2 (C(A,d,e))/mAd2 (B <d21 RQ\[>) dR

0 €

T ey (1)

0 L (5 L-e

21 2-1
= LT —1 2Ve)
e DT\«

Finally, we recall that Stirling’s formula allows us to make the estimate that for large z > 0, %log I'(z) =
log z + O(1). This allows us to make the following estimate:

1 _ d? d? -1 d? -1
EXR(XI_IY,Q,d,e)Slog(d) dzlogf EJrl dzlogf 5 +1 +W10g6+od,e(1)

2

d*—1
—log(d) + YR loge+ Qg (1).
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Thus xr(X UY;2,€) < Lloge+ O, (1) so sending € — 0 yields (X UY) = —oo. O

Using the above, we can prove the following which, when combined with Corollary 3.2} completely determines
the microstate bi-free entropy of a tracially bi-partite system with a linear dependence in distribution.

Theorem 7.2. Let ({X;}7_,,{Y;}L,) be a tracially bi-partite system in a C*-non-commutative proba-
bility space (A,). If there exists an X € span{Xi,...,X,} and o« Y € span{Yi,...,Y,} such that
1 = @(X?) = p(XY) = p(Y?) (e.g. Xu1,...,X, linearly independent, Yi,...,Y,, linearly independent,
yet X1,...,Xn, Y1,...,Y,, linearly dependent in distribution), then

X(Xl,...,XnUYh...,Ym):700.

Proof. 1 Xy,...,X, or Y1,...,Y, are linearly dependent, then the result follows from Corollary[3.2] Otherwise
thereexistsani € {1,...,n}andaj € {1,...,m} such that {Xy,..., X, and {X1,..., X;-1, X, Xs11,..., Xn}
are bases for the same subspace of A, and {Y1,...,Y,} and {Y1,...,Y;_1,Y, Y, 1,...,Y,,} are bases for the
same subspace of A. By Corollary [3.2] there exists a C' € R such that

X(X17"'7Xn|—|Y17--~7Ym) :C+X(X17'"7Xi—17X7Xi+1a"'aXnU}/la"'ay}—lv)/))/j-‘t-l)"'aY’m)'
As
X(X17"'7Xi—17X7Xi+17"'aXnU}/Ia"'a}/}—17Y7}/j+17"'aYm)
<x(XUY) +x(Xa, oo Xy, Xy, X UYL Y0, Y, V)

by Proposition and as X(X1,..., Xi—1, Xip1,..., Xo UY1,..., Y1, Y, 41,...,Y,,) < 0o by Proposition
Lemma [7.1] yields x(X UY) = —oo and the result. O

Next we investigate the bi-free entropy of bi-free central limit distributions. Since we are only able to
apply transformations to the left variables and the right variables separately, we cannot directly remove
correlations between left and right semicircular variables. We therefore start with the case of two variables.

Theorem 7.3. Let (A, ) be a C*-non-commutative probability space and let (S¢, S;) be a centred, self-adjoint
bi-free central limit distribution in A in which each variable is of variance one. If ¢ = p(SpS,) € [—1,1], then
1
x(Se U Sy) =log(2me) + B log(1 — ¢?).
Furthermore, the imsup,_,.. when computing x(S¢ U Sy) is actually a limg_, oo

Proof. By Example [2.8] we see that
1
Xx(SeU Sy) > log(2me) + 3 log(1 — ¢?)

as the free entropy of a single semicircular operator of variance one is %log(27re). Furthermore, we claim this
inequality holds if we use the liminfy ,~ in place of limsup,_,., for x(S¢ U S,). To see this, notice Example
holds for the liminf,_,, version since both [32, Proposition 3.5 and Proposition 5.4] and Theorem do
as well. Therefore, since the free entropy of a single semicircular operator agrees with the liminf;_, ., variety,
the claim is complete.

For the other direction, we will apply some volume arguments. Note the case ¢ = £1 follows from Lemma
so we will assume |c| < 1.

For each R > 2 and M € N with M > 2, notice that 'r(S, U S,; M, d, €) is contained in

U= {(A, 42) € M) |1 —e<7a(A]) S 14 ec—e<1e(A14s) <c+e}.

We desire an estimate on the Lebesgue measure of W.
Recall we view (M3%)2 = (R?*)2 as Hilbert spaces where for A, B € M3 we have

<A7B>Mza =dry(B*A) = Tr(B*A) = (A, B)ga2.
Hence

W= {(A1, 42) € ®R)? | VA=) < ||Aull, < VAT + ), d(c — ) < (A1, As)r dlc+6) |
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Consider the map O : (IR‘IQ)2 — (]R‘F)2 defined by

c 1
O(A1,A) = | Ay, — Al + As .
(A1, Ag) < 1 N 1 N 2)

Clearly © is a direct sum of d? copies of the matrix

o= L 1]

1—c2 1—c2?

via a specific choice of orthonormal basis of R, Hence the Jacobian of © is also a direct sum of d2 copies of
Q@ and thus
1

~ det(7(9))

To obtain an upper bound for the volume of ©(¥), we claim that

||Bk|2s\/d (H“ﬁ_'”)}

To see this, fix (41, A2) € ¥ and let (By, Ba) = ©(A1, A3). Then By = 45 so

IBi]l, < Vd(1+e) < \/d <1+e(1+c|)2)

Vol(¥) Vol(O()) = (1 — )5 Vol(8(W)).

e() C {(Bl,Bz) e (RY)?

1—¢2

Next notice that

1 c 1
1 <W1 Vi—E " Vime TV @ e
1
=15 (cP(A1, A1) — 2¢(Ar, Az) + (A2, As))
1
ST a (d(1 + €)c® — 2dc® + 2d|cle + d(1 + €))
d
=12 (1 =)+ €(1+2[e| + ¢?))

1—¢2

:wQﬂ““*)

Hence the claim is complete.
Using the above and the fact that ©(¥) is contained in the product of two d-dimensional balls of radius

d (1 + ew), we obtain that

1—c?
)\d72(FR(Sg us,.; M,d, 6))
< Vol(¥)
d2
< (1 =)= Vol(O(¥))
d2 a2
2 ™ L+ *
<((1 —02)42 —_—— (d <1+e
(< +1) 1—c?
Hence, via an application of Stirling’s formula, we obtain that

XR(SE u STa M7 6)

1 1 d? 1 2
< limsup = log(1 — ¢?) +log(n) — 2= log (' [ — + 1) ) 4+ log(d) +log 1 + eﬂ + glog;(d)
d—oo 2 d? 2 1—¢2 2

1 1 2
< tim sup 3 og(1 — ¢ + log(m) + Iog(26) + log (1+ ¢ T ).

d—oo - 02
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Therefore )
Xx(Se U Sy) <log(2me) + 3 log(1 — ¢?)
completing the claim. O
Combining all of the results of this paper, we obtain the following.

Theorem 7.4. Let ({Sk}zzl,{Sk}Zi:ﬁH) be a centred self-adjoint bi-free central limit distribution with
respect to @ with QD(SI%) =1 for all k. Recall that the joint distribution is completely determined by the positive
matric

A = [as,;] = [p(5iS;)] € Mn(R).

Then
n+m

XSt 280U St ) = o log(2me) + 3 log (det(4))

Proof. Note that if A is not invertible then either {S;}}7_, are linearly dependent (in distribution), {Sk}Ziﬁ_l
are linearly dependent (in distribution), or the hypotheses of Theorem are satisfied. Hence, by Corollary
the result holds if A is not invertible. Thus we will suppose that A is invertible.

Recall that we can view ({Sk}7_;,{Sk}}t/", ;) as left and right semicircular operators acting on a real
Fock space. In particular for k € {1,...,n} we can write

Sk =l(ex) +1"(ex)
and for k € {n+1,...,n 4+ m} we can write

Sk =r(ex) +r*(ex)

where {e}72]" € H are unit vectors. Note

A= [(es ej>]
so we obtain that {ej};2]" is linearly independent.
We now discuss how modifications to {ej}}_, and modifications to {ek}’g;ﬁ_l modify the bi-free entropy
and the covariance matrix. Suppose @ = [g; ;] € M, (R) and R = [r; ;] € M,,(R) are invertible. If for each

ke{l,...,n} we define
e} = qu,iei
i=1

and for each k € {n+1,...,n+ m} we define
Ch = D ThijCitn
j=1

then {e},}}27" is linearly independent,

x(U(er) +17(er), - Uen) + 17 (eq) Ur(en ) +r7(enpn)s - oo (€ngm) + 77 (€ntm))

m

n n m
=X Z q1,iSi7 caey Z qn,zSz (] Z Tl,ij+n7 ey erm7j5j+n
i=1 i=1 j=1

j=1
=X(S1,...,Sn U Snt1,.. ., Sntm) + log(] det(Q)]) + log(| det(R)|)
by Corollary 3.2} and
[(e5: €5)] = (Q @ R)[(es, €,)](Q & R)™.

Thus ) 1

5 log(|det([{e}, €§)])]) = 5 log(|det([{e:, e;)])]) + log(|det(Q)]) + log(|det(R)]).
Therefore, as both sides of the claimed formula

n-—+m

1
XSt Sn U St Sm) = 2 log(2me) +  log (det(4))

are preserved under such operations, we will apply such operations until we arrive at a case we can deduce
from previous results.
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First, as applying the Gram-Schmidt Orthogonalization Process to {ex}}_; and to {ek}Z:ZL”H produces
such matrices @ and R due to linear independence of {e;}?71", we may assume that {ej}?_, is orthonormal

and {e,}} 27" | is orthonormal. In this case

I, B
=[5 5]

where B is an n x m matrix with real entries. Let us assume that m > n (the other case being similar). It
follows that there are m — n columns of B that are linear combinations of the other n columns of B. Let
{j1,--.,7n} denote the indices of these other n columns of B. Notice since {ek}Zi;"H is linearly independent
set of m vectors that we can replace e, where k > n+1 and k # j, for all ¢ with ej, — 2221 Ck,q€j, (where the
Ck,q are chosen based on how column & of B is a linear combination of columns ji,. .., j,) so that {e;C}ZiZ"”+1
remains a linearly independent set and so that (ey,ep) = 0 for all £ > n+ 1 with k # j, for all ¢, and all
p < n. Subsequently, if we apply the Gram-Schmidt Orthogonalization Process first to the modified ey for
k # j, for all ¢, and then the remainder of the ey, and if we then permute the order of the resulting vectors,
the resulting change of basis matrix can then, with the above arguments, be used so that we may assume

I, C On,m—n
A= c* In On,mfn
Omfn,n Omfn,n o

where C' is an n X n matrix with real entries.

Recall, by the Singular Value Decomposition, we can write C' = UDV where U,V € M,,(R) are unitary
matrices and D = diag(dy, ..., d,) is a diagonal matrix. By using @ = U and R = V* @ [,,,_,, we reduce to
the case where

I, D On,mfn
A= D* I, On,mfn
Om—n,n Om—n,n In—p

Notice in this case that the determinant of A is [];_,(1 — d7). Furthermore, in this case, we obtain that

({Sl} ’ {Sn+1})7 ({52} ) {Sn-‘r?}), e ({Sn} ) {S2n})v (®7 {S2n+1})’ RS ((Z)’ {Sn-‘rm})

are bi-freely independent. Therefore, as pairs of semicirculars have finite-dimensional approximants and as
Theorem [7.3] implies the limsup,_, ., for pairs of semicirculars is actually a limit, Theorem [£.7] implies that

n n+m n n+m
X(Sla ceey Sn u Sn+17 ey Sn+m) = ZX(S]C u SkJrn) + Z X(I—l‘s’j) = ZX(SJC u Sk:+n) + Z X(SJ)
k=1 j=2n+1 k=1 j=2n+1
(Here we denote by x(US;) As Theorem [7.3] implies that
1
X(Sk U Sktn) = log(2me) + 3 log(1 — d?),
and as we know )
X(85) = 5 log(2re),
we obtain that
n+m 1« 9
11180 U Sty Sm) = P log(2ne) + 5 3 g1 —
1
:"Zmbg%@+§mgmamm. 0

Remark 7.5. Note that Theorem includes the free case (i.e. when m = 0). However, the proof
for the microstate free entropy of free central limit distributions is substantially easier as one may apply
transformations to all of the variables. The bi-free proof is more difficult as Section [3] did not demonstrate
the ability to mix left and right variables. Still it is not surprising that we get the same result as the free
case seeing as, asymptotically, almost all matrices are microstates for semicircular operators so it is simply a
matter of angles. One would expect other random variables which may have more complicated microstate
sets could lead to different behaviours for which the above angle arguments would not apply.
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8. MICROSTATE BI-FREE ENTROPY DIMENSION

For the sake of completeness, we briefly study the microstate bi-free entropy dimension. Unfortunately,
we do not know the correct bi-free generalizations of the known von Neumann algebra implications of free
entropy dimension.

Definition 8.1. Let (A, ¢) be a C*-non-commutative probability space and let Xy,..., X,,Y1,...,Y,, be
self-adjoint operators in A. The n-left, m-right, microstate bi-free entropy dimension is defined by

X S1se X+ /eS8 UYy 4 /€T, ..., Yo 4+ /€T
5(X1,...,X,LI_IY1,...,Ym):n—|—m—|—limsupx< 1+ VESt o Xt VES, UV Vel + Veln)
=0+ [ log(V/e)]

where {(S;, I)};; U{(I,T;)}7", is a bi-free central limit distribution of semicircular operators with variances

1 and covariances 0 that is bi-free from ({ X}, {Y;}72,).

It is elementary to see based on bi-freeness that the self-adjoint operators ({X; ++/€S;}ioy, {Vj + €T} )
still form a tracially bi-partite collection and thus 6(Xy,..., X, UY1,...,Y,,) is well-defined. In addition, a
few basis properties of free entropy dimension carry-forward to the bi-free setting.

Proposition 8.2. If0<p<n and 0 < qg <m then
0(Xq,. ..., X, UV, . Y) <6(Xy,..., XpUYy, . Y) +0(Xpt1, ., Xn U Y4, ... Y.

In particular,
0(Xq,..., X, UYq,.... V) < (5(X1,7Xn) +6(Y1,...,Ym).

Proof. This result immediately follows from Definition 8.1 and Proposition 2.5 O

Remark 8.3. Under sufficiently strong assumptions, the bi-free entropy dimension can be shown to be
additive across bi-free families. One always has the estimate

S(X1, . XnUYh, . Y) < 6(Xe, . Xy UYe, o Y 4+ 6( Xty X U1, o, Vi)

by applying the same inequality for x and splitting the limits superior. The other direction, however, requires
knowing x is additive for the perturbed variables (up to o (|loge|)) along some sequence of €’s witnessing the
limit superior. This could also be ensured by taking limits along appropriate ultrafilters for (0,1] and A in
the definitions of § and Y, respectively, in place of the limsups. This approach is the same as that proposed
by Voiculescu in the free setting in |36, Remark 4.8].

What is most interesting about microstate bi-free entropy dimension is its value of bi-free central limit
distributions.

Theorem 8.4. Let ({Sk}gzl,{Sk}Z;T_i_l) be a centred self-adjoint bi-free central limit distribution with

respect to @ with go(S,f) =1 for all k. Recall that the joint distribution is completely determined by the positive
matric
A = lai ;] = [p(SiS5)] € Mn(R).
Then
(St ..y, SnUSnt1s.-+ySntm) = rank(A).

Proof. Let ({Tx}7_q, {Tk}Z::ﬁH) be a centred self-adjoint bi-free central limit distribution with respect to ¢
with

1 ifi=j

p(TiT;) = DU

0 ifi#j

If we define Zy, . = Sk + /€Iy, for all 1 < k < n +m, then ({Zx}}_;, {Zk}Z+m ) is a centred self-adjoint

=n+1
bi-free central limit distribution with respect to ¢ with
1+e€ ifi=j
©(ZieZje) = o
@(5:5;) ifi#j

and

. X(Zlea-~-7ZneUZn+16a---7Zn+me)
0(S1,..., 8, USp41,..., 14m) =n+m+limsu : : : 2,
5 o S Ao Tog(vo)
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By applying Corollary and Theorem [7.4] we see that
X(Zl,ey ey Zn,e u Zn+1,e7 sy Zn+m,e)

1 1 1 1
—n+m) log(VIF ) +x [ ———eZy e e o U — T e e T
( ) g( ) X<\/17+6 1, \/m ) \/m +1, \/174—6 + ,)

n+m n+m 1 1 1
=— log(1+¢) + 5 log(2me) + 3 log (det ((1 - 1—|—e> Inym + 1_‘_€A>>

1
=0 —; mn log(2me) + 3 log (det (eIpm + A)) .

As A is a positive matrix and thus diagonalizable, we know that
det (elpyymm + A) = YA ()

where p is a polynomial of degree rank(A) with real coefficients that does not vanish at 0. Consequently, we
obtain that

(5(51,...,;9” uSn_;,_l,...,SnJ’_m)

nEm™ Jog(2me) + %log(enumtym)p(e))

=n+m + limsup

i Tog(ve)]
o+ Timsup ntm Jog(2me) + nullity (A) log(e) + 3 log(p(e))
v Tog(ve)]
=n+ m — nullity(A) = rank(A)
as desired. O

Remark 8.5. Let (S,T) be a bi-free central limit distribution with variances 1 and covariance ¢ € [—1,1].
Hence

2 if +1

sisuT) = 2 et

1 ife=4+1
In particular, the support of the joint distribution of (S,7T) has dimension 6*(S LI T): indeed, if ¢ # £1 then
(S,T) has joint distribution with support [—2,2]? C R? by [17], while otherwise it is supported on the line
y = cx. This adds validation to the name “bi-free microstate entropy dimension”.

9. MICROSTATE BI-FREE ENTROPY FOR NON-BI-PARTITE SYSTEMS

In the section, we will discuss our notion of microstate bi-free entropy to non-bi-partite systems where
further complications arise. To do this, we will find it useful to take an approach from operator-valued bi-free
probability. We refer the reader to [7] rather than reintroduce the entire setting here.

Let (C,¢) be a non-commutative probability space and let B be a unital algebra. Then C ® B can be
viewed as a B-B-bimodule where

b-(a®b)=axbl, and (a®b) - b=a®b

for b,' € B and a € C. Let us denote by Ly and Ry the left and right actions of b above. If pp:C ® B — B
is defined by

pa(a®b) = ¢(a)b,
then £(C ® B) is a B-B-non-commutative probability space with left and right B-operators L, and Ry
respectively and expectation E : £L(C ® B) — B defined by

E(Z) = pp(Z(lc ©1p))

for all Z € L(C ® B). Let L(C ® B); denote all elements of £(C ® B) that commute with elements of
{Ry | b€ B} and let L(C ® B), denote all elements of £(C ® B) that commute with elements of {L; | b € B}.
Therefore, if X,Y € C and b € B, we can define L(X ® b) € L(C ® B)y and R(Y ® b) € L(C ® B), via

LIX®@b)(axb)=Xaxbl and RY ®b)(a®b)=Yax.
for all a € C and V' € B.
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Our current approach to matricial microstates has been to find matrices in My for which the moments
of the appropriate left or right multiplication operators computed against 74(-I;) have been approximately
correct. Since £L(My) = My @ MJP via L(A)R(B) — A ® B°P, we may view this in the above setting with
C = C. If we replace C by some larger matrix algebra, we introduce non-commutativity between the left and
the right approximants.

Indeed for fixed dy,dy € N, if we identify £L(Mg, @ Ma,) = L(Ma,) @ L(Ma,) = L(Ma,) @ Ma, @ MZP,
we find

L(Ma, @ May)e = L(Ma,) ® Mg, ®C and L Mg, ® Ma,)r = L(Mq,) ® C® M.

In particular, the pair of faces (L(Mg, @ My, ), R(Mg, ® Mg,)) in L(Mg, ® My,) is isomorphic to the pair
of faces

(Mg, ® Mg, ® C, Mg, ® CO MP))

in Mg, ® Mg, ® Mg". Note that the state becomes 74, @ (74, 0 m), where m(By ® By") = B1 By is the
multiplication map. These faces are each as measure spaces isomorphic to M4, ® My,. We have for
AR Be Mg @ Mg,, LA® B)=A® B® I, while RLA® B) = A® I, ® B°P.

Using the above constructions, we postulate the following generalization of our microstate bi-free en-
tropy to the non-tracially bi-partite setting. Let (A, ) be a C*-non-commutative probability space and
let X1,...,Xn,Y1,...,Y,, be self-adjoint operators in A, where we will consider X1,...,X,, as left vari-
ables and Y3,...,Y,, as right variables. We desire to approximate X1,...,X,, by A;,..., 4, € (Mg, ®
Mg, ® C)*, and Yi,...,Yy, by Bi,..., By € (Mg, ® C® MP)**. For M,d € N and R,e > 0, let
Tr(X1,...,XnUY1,...,Yi; M, dy,da, €) denote the set of all (n + m)-tuples (Ay,...,4,,B1,...,By) €
(Mg, ® Mg,)*)™*t™ such that ||A;||,[|B;|]| < Rforalll1<i<nand1<j<m,and

l¢(Zk, -~ Zk,) = Tay © (Ta, 0m)(Ch, -+ Ch, )| < €
for all 41,...,ip € {1,...,n+m} and 1 < p < M where
X if 1... L(A if 1...
0= % ?ke{ n} and Oy — (Ar) fke{ ,n} '
Yien ifke{n+1,...,n+m} R(Bg—yn) ifke{n+1,...,n+m}

Definition 9.1. Using the above notation, if A4, 4, n+m denotes the Lebesgue measure on ( ff;d2)"+m

define

)

XR(Xlw"aXn |—|Y1»'~~aYm;Madlvd276) = log ()\dldg,ner (FR(le"'vXn qua"wYm;Mvdldeae)))

Xr(X1, ..., X, UYy,...,Y; M, €) = limsup

(dl.’dz)*)OO

1
WXR(Xl,...,Xn LY, .., Yo M, dy, da, €)

+ %(ner) log(dydz)
Xr(X1,..., X, UYy, ..., Y,) =inf{xr(Xy,..., X, UYq,....Y,,; M,€) | M € Nje >0}
X(X1,..., X, UYy,...,Y,) =sup xr(Xy,..., X, UYL, ..., Y,).
R>0
The quantity x(X1,..., X, UY1,...,Ys) € [—00, 00) will be called the microstate bi-free entropy of X1, ..., XpU
Yi,....Y,,.

Remark 9.2. Of course, one must specify what is meant by limsupg, 4,)00- There are many possible
definitions (i.e. di + do > K for sufficiently large K or min{d;,d>} > K for sufficiently large K). It may
even be possible that if ds is sufficiently large, then there is no difference using d; = 2 or d; > 2. Of course,
the real question is, “How do the sets I'r(X1,..., X, UY1,...,Y,; M, dy,ds, €) behave as d; and ds vary?”

Remark 9.3. We have seen above that the d; = 1 case may only model tracially bi-partite systems. However,
adding the flexibility that d; > 1 appears to reduce these restrictions. Specifically, the only obvious restriction
is that 74, ® (74, o m) is self-adjoint so we may only approximate distributions of left and right operators
with respect to self-adjoint states. This is not a cumbersome restriction since we are already assuming that
the operators and ¢ are self-adjoint.
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Remark 9.4. We note that many results in this paper may be simply extended to apply to Definition [9.1
specifically Proposition Proposition Proposition [2.9, Proposition and computations like those in
Theorem (Note, though, that the computations in Theorem provided an upper bound on the entropy
of a semicircular system, while the lower bound came from Theorem which does not have an analogue
in this setting.) One point of interest is there is less of a connection between these bi-free microstates and
known free microstates (e.g. the argument used in the proof of Theorem and Theorem are no longer
clear). Of course knowledge that limsup can be replaced with liminf in the definition of microstate free
entropy (Definition immediately implies the quantities in Definition agree with those in Definition
when n = 0 or m = 0. However, when n,m > 1, it is not clear how to obtain these generalized bi-free
microstates from free microstates of the left variables and microstates of the right variables.

Remark 9.5. We have made the choice to find approximants in the algebra My, ® My, ® MZE. One may
consider replacing Mg, by some other algebra — possibly of infinite dimension — to allow more flexibility.
While it then becomes easier to find approximants, it becomes less clear how to treat the measure of the set
of approximants. Nonetheless, [25] has argued that this is the correct constructs for the bi-free analogue of
random matrices and thus the correct construct for bi-free microstates.

10. OPEN QUESTIONS

We conclude this paper with several important and intriguing questions raised in this paper in addition to
the question of whether results in bi-free entropy may be applied to obtain results pertaining to von Neumann
algebras.

To begin, as we are dealing with tracially bi-partite systems, one of the most natural questions is the
following.

Question 10.1. Given a tracially bi-partite family of operators ({Xi}i,, {Y;}7L,), is there always a single-
sided version as in Theorem [2.7 for which the stated inequality is an equality? If not, does taking a supremum
over all systems which may stand on the left hand side lead to equality?

One can produce examples by making a “poor choice” where the inequality is strict: for example, if (X,Y)
is a pair of classically independent semi-circular operators (of non-zero variance), letting X’ and Y in the
parlance of that theorem merely be X and Y themselves, the hypotheses of the theorem are satisfied and

—00 =x(X,Y) < x(XUY).
The answer to Question [10.1]is affirmative for the bi-free central limit distributions and for independent

distributions. A general answer to Question would be of interest as it directly relates the free and bi-free
non-microstate entropies and could answer the following.

Question 10.2. Is there an analogue of Proposition [3.1] where the transformation can intermingle left and
right variables simultaneously?

Of course Question [10.2] would be of interest as it would provide a greater flexibility in handling this
entropy theory. However, there have been no instances in bi-free probability where right operators can
intermingle with left operators and the resulting operators still behave like left operators.

Question also relates to the following question.

Question 10.3. Let (X,Y) be a bi-partite pair with joint distribution u. Is there an integration formula
involving p to compute x(X UY)?

Question arises from the integration formula established in [33]: if X is a self-adjoint operator with
distribution g, then the free entropy of X is

x(X) = %log(%r) + z + /R/Rlog |s — t| du(s) du(t).

To determine x(X UY") for a tracially bi-partite pair (X,Y’), one must understand the microstates (A, B) €
(M4(C)**)? that are good approximants for (X,Y). If (A, B") € (M4(C)**)? is another microstate that is a
good approximation of (X,Y’), then [32] implies that ||A" — Al|, and ||B’ — B||, are small. Therefore, for any
n,m € N and any unitary U € M4(C) we have that [|[A"U*B™U — (A")"U*(B’')™U||, is small in norm (as
the operator norm of microstates will be bounded by some R). Therefore, an understanding of microstates of
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the pair (X,Y’) can be reduced to understanding the vector-valued random variable on the unitary group of
M4 (C) defined by

U~ (AMU*B™U,..., A" U*B™U)
for every k € N and every distinct (ny,m1),..., (ng, mg) € N2. When k = 1, the characteristic function of
this random variable may be computable using the Harish-Chandra-Itzykson-Zuber integral formula, but
deriving the necessary information from the characteristic function to describe the microstate bi-free entropy
appears difficult.

Of course, an affirmative answer to both Questions and would enable the computation of the
microstate free entropy of certain pairs of self-adjoint operators via an integration formula. Thus we do not
expect an affirmative answer to both Questions and

Other natural questions pertaining to this microstate bi-free entropy are

Question 10.4. Does Theorem[].7] hold without the explicit assumption of the existence of a nice subsequence?
which clearly will follow from
Question 10.5. Can limsup be replaced with liminf in Definition [2.3?

As these questions have been extremely difficult even in the free setting, we presume they will have equal
if not greater difficulty in the bi-free setting. Another natural question to extend to the bi-free setting is the
following.

Question 10.6. When does the microstate bi-free entropy from [9] agree with the above non-microstate bi-free
entropy for tracially bi-partite collections?

In the free setting, [3] first showed that the microstate free entropy is always less than the non-microstate
free entropy. Thus perhaps a good starting point would be a bi-free version of [3]. Much progress was made
towards the converse in [10}[18].

Finally, as most of this paper deals only with the tracially bi-partite setting, we ask the following.

Question 10.7. Are the quantities in Definition [9.]] finite when n,m > 02 Furthermore, does Definition [9.1
agree with Definition [2.3 for tracially bi-partite systems?

An answer to Question [L0.7] would enable us to extend the notion of microstate bi-free entropy to non-bi-
partite systems thereby allowing a richer theory and demonstrating the notions in this paper are the correct
extensions of microstate free entropy to the bi-free setting.
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