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Abstract

The common procedure to calculate vapour–liquid equilibrium (VLE) from an

ideal gas and activity coefficient model is evaluated. The reliability of these

calculations is assessed through a quantification of the uncertainty in the ther-

modynamic data of Ag–Pb and Au–Pb binary alloys and propagation of this

uncertainty in the calculation of a prediction interval for the vapour–liquid equi-

librium results. The advantage of this methodology is that all calculated results

include an uncertainty interval, which permits an assessment of the impact of

the uncertainty in the thermodynamic data and allows for the validation of VLE

diagrams with experimental data to be done on a quantitative basis.

Keywords: Vapour–liquid equilibrium, Ag–Au–Pb, Liquid alloys, Calculation

methodology, Uncertainty propagation

1. Introduction

. Vacuum metallurgy can be considered a viable alternative to traditional py-

rometallurgical processes and exploits the varying tendencies of elements and

compounds to form a vapour phase. Vacuum refining of Ag–Au–Pb alloys con-

sists of a vapour–liquid separation in which Pb forms the main component of5
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the vapour phase [1, 2, 3] and it competes with alternative approaches, such

as cupellation (liquid–liquid separation), the Parkes process [4] and the Davey

process [5] (solid–liquid separation). These methods have been used effectively

to separate lead from silver and gold, but a further increase in efficiency and

separation capability of these processes requires a fundamental understanding10

of the prevailing mechanisms, availability of reliable thermodynamic data, and

suitable modelling tools to predict more favourable operating conditions.

. This paper focuses on the thermodynamics of the vacuum separation process

and evaluates the common procedure to calculate vapour–liquid equilibrium

(VLE) from an ideal gas and activity coefficient model [6, 7, 8, 3]. The reliability15

of these calculations is assessed through a quantification of the uncertainty in

the thermodynamic data and propagation of this uncertainty in the calculation

of a prediction interval for the vapour–liquid equilibrium results. [9] presented

an approach that uses the covariance matrix of the least-squares optimisation

to calculate the confidence intervals of the obtained phase boundaries in the20

Bi–Zn and Ag–Sn binary systems. The covariance matrix is an integral part

of the least-squares optimisation algorithm [10], but typically not retained for

further calculations. In this work, the approach presented by [9] is adapted for

use with thermodynamic data [11, 12] that has already been assessed and which

has been reported together with its estimated uncertainties for the prediction25

interval. The methodology is illustrated on the removal of lead from the Ag–Pb

and Au–Pb binary alloys. Ag and Au are similar and compatible metals in

many respects, but their chemical interaction with Pb differs significantly. The

liquid Ag–Pb binary alloy has a positive excess Gibbs energy of mixing i.e. a

tendency for phase separation [13], while the liquid Au–Pb binary alloy has a30

negative excess Gibbs energy of mixing i.e. a tendency for compound formation

[14].
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2. Theory

2.1. Vapour–Liquid Equilibria

. Under vacuum conditions, it is reasonable to assume that the vapour phase

behaves ideally when in equilibrium with a liquid mixture of non-associating

metals. Under the assumption of an ideal vapour phase, the pressure over the

liquid Pb–i alloy is given by:

ptot = pPb + pi (1)

= γPb x p
◦
Pb + γi (1− x) p◦i (2)

with i either Ag or Au. The total pressure ptot and the associated thermody-35

namic equilibrium are affected by the saturation vapour pressures of the pure

components (p◦i ), the liquid mole fraction of Pb (x), and the chemical interaction

of the components in the liquid phase i.e. their activity coefficients (γi).

. The capacity for vapour–liquid separation of the two components in a binary

alloys can be assessed with the relative volatility40

α =
γPb p

◦
Pb

γi p◦i
(3)

where, by convention, the numerator contains the more volatile component i.e.

with higher saturation vapour pressure. For mathematical convenience, the

logarithm of the relative volatility is used in this work

logα = log

(
γPb

γi

)
+ log

(
p◦Pb

p◦i

)
(4)

Mathematically, the reciprocity rule leads to a neutral value of zero with equal

scaling for positive and negative values, and numerically, it avoids several non-45

linear (logarithmic–exponential) conversions in the calculations. However, the

real advantage lies in its clear interpretation of the results: logα = 0 indicates

no thermodynamic driving force for a favourable separation of either component

to the vapour phase, logα > 0 indicates a favourable separation of the more

volatile component to the vapour phase (here Pb), and logα < 0 indicates the50

opposite.
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2.2. Uncertainty Quantification

. The quantification of uncertainty in modelling is based on the law of propa-

gation of uncertainty [15, 16]. If the thermodynamic quantity y is based on a

model function55

y = f(x1, x2, . . . , xn) (5)

then the estimated variance of y is given by

u2y =

n∑
i=1

(
∂f

∂xi

)2

u2xi
+ 2

n−1∑
i=1

n∑
j=i+1

∂f

∂xi

∂f

∂xj
uxij (6)

where u2xi
is the variance of parameter xi and uxij

the covariance of parameters

xi and xj. The variances and covariances are grouped together as a covariance

matrix C. The partial derivatives of the model function, often referred to as

sensitivity coefficients, are conveniently grouped into a sensitivity matrix60

Sf =

[
∂f

∂x1

∂f

∂x2
. . .

∂f

∂xn

]T
(7)

. The estimated uncertainty uy is directly obtained from the estimated variance

of y and used to define an interval for the uncertainty in the results, represented

by an expanded uncertainty Uy = kcuy. A coverage factor kc of 2 is used to

define the 95 % confidence level of the uncertainty interval [15]. This approach

is convenient when the input data is obtained as an estimated value and its65

corresponding uncertainty interval. In the case measured data points are used,

standard statistical methods [17] can be used to calculate the 95 % confidence

and prediction intervals.

. Using this approach, the uncertainty estimate of logα (Eq. 4) is given by

ulogα =

√(
ulog γPb

)2
+
(
ulog γi

)2
+

(
ulog p◦Pb

)2

+

(
ulog p◦i

)2

(8)

where the estimate for logα and its associated uncertainty interval is given by:70

logα± Ulogα = logα± kculogα (9)
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Similar uncertainty expressions can be derived for all quantities used in the

calculations. Note that the uncertainty interval of the data used in this study

represented the prediction interval. By assuming an undefined, but constant

relative scale between the confidence and prediction intervals, the propagation75

of uncertainty will yield uncertainty bounds of the prediction interval.

3. Thermodynamic Data

3.1. Vapour Pressure of Pure Metals

. The vapour pressure data for silver, gold, and lead are obtained from an

assessment by [11], which is still the recommended dataset in recent compilations80

[18, 19]. The vapour pressure data is reported as constants for an integrated

Clausius–Clapeyron equation:

log p◦(atm) = A+
B

T
(10)

the constants of which are duplicated in Table 1. The equations are claimed to

reproduce the vapour pressure within ±5 % and are intended for ideal gases in a

pressure range 10−10–102 Pa [11]. The estimated uncertainty of the saturation85

vapour pressure is thus obtained as ulog p◦ = 0.01.

Table 1: Vapour pressure parameters from [11]: log p◦(atm) = A + B T−1; 1 atm = 101325

Pa; m.p. = melting point.

A B T-range (K)

Ag 5.752 –13 827 m.p.–1600

Au 5.832 –18 024 m.p.–2050

Pb 4.911 –9 701 m.p.–1200

3.2. Liquid Binary Alloys

. The activity coefficients of the components are directly related to the excess

Gibbs free energy of mixing

∆GE = RT
(
x ln γPb + (1− x) ln γi

)
(11)
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and their values can be calculated, as a function of temperature and composition,90

if a suitable expression for ∆GE is obtained from thermodynamic measurement

data.

. Thermodynamic data for the liquid alloys is taken from the compilation made

by [12], in which thermodynamic quantities and their estimated 95 % uncer-

tainty interval are provided in tabular format at one specific temperature. The95

excess Gibbs free energy of mixing is fitted to the equation of [20]:

∆GE = x(1− x)
(
A+B(1− 2x) + Cx(1− x)

)
(12)

. The thermodynamic optimisation is implemented in Python using standard

Python 3.6 libraries (NumPy, SciPy, pandas, and matplotlib) [21]. The Levenberg–

Marquardt algorithm is used to perform a least-squares optimisation using the

objective function for the error in ∆GE .100

. [12] estimated a 95 % uncertainty interval of ±100 cal (418.4 J) at x = 0.5 for

both binary systems. This expanded uncertainty corresponds to an estimated

uncertainty for the excess Gibbs free energy of 209.2 J at x = 0.5 for both binary

systems. The uncertainty value at other compositions is assumed to be of the

same relative magnitude i.e. scaled proportionally to ∆GEi /∆G
E
0.5.105

. An identical approach is used to fit the excess entropy of mixing (∆SE),

where the reported 95 % uncertainty intervals encompass ±0.464 J/K (Ag–

Pb) and ±0.502 J/K (Au–Pb) [12]. ∆SE can be treated as the temperature

dependence of the excess Gibbs free energy of mixing for a limited temperature

range. With knowledge of both quantities, it is possible to estimate ∆GE at110

different temperatures, by use of the fundamental thermodynamic definition,

∆GE = ∆H − T∆SE .

4. Results and Discussion

4.1. Calculated Parameters and their Uncertainty

. The parameters (Eq. 12) for ∆GE and ∆SE for each binary system are listed115

in Table 2 and are identical to those of [20].
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Table 2: Parameters for Eq. 12.

A B C

Ag–Pb 1273 K

∆GE (J) 4441 –2740 4312

∆SE (J/K) 4.810 1.798 9.728

Au–Pb 1200 K

∆GE (J) –13279 –1416 7706

∆SE (J/K) 10.805 –1.806 –15.186

. Table 3 contains the elements of the covariance matrices for ∆GE and ∆SE

for each binary system. Only the lower triangle of the covariance matrix is

reported, because of its symmetric nature (Cij = Cji). Both the polynomial

fit with the reported data points and the estimated uncertainty interval of the120

thermodynamic data contribute to the values of the elements in the covariance

matrix. The latter contribution dominates since the thermodynamic data were

reported as optimised data points with an associated uncertainty interval.

Table 3: Lower triangle of the covariance matrix associated with the application of E. 6 to

Eq. 12.

Ag–Pb Au–Pb

4.53e+05 – – 9.58e+05 – –

CGE –2.80e+05 1.73e+05 – 1.02e+05 1.09e+04 –

4.40e+05 –2.72e+05 4.27e+05 –5.56e+05 –5.93e+04 3.23e+05

0.38 – – 2.40 – –

CSE 0.14 0.05 – –0.40 0.07 –

0.77 0.29 1.55 –3.37 0.56 4.73

. The sensitivity matrix S is derived from the thermodynamic model (Eq. 12)

and its elements depend on whether the thermodynamic quantity of interest is125

an integral (∆GE) or partial (ln γi) quantity. This matrix can be used together
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with the covariance matrix (Table 3) to estimate the uncertainty interval for

any of these thermodynamic quantities.

UGE = kc · uGE = kc ·
[
ST · C · S

]1/2
(13)

Note that the form of the equation is equivalent to those used for the confidence

interval [17, 9].130

4.2. Relative Volatility

. The relative volatility takes into account the non-ideal thermodynamic be-

haviour of the liquid phase and will therefore vary with composition, as illus-

trated in Figure 1. The value of the relative volatility at constant temperature

over the composition range of both binary systems is shown to be sufficiently135

high to permit an effective removal of Pb to the vapour phase. The figure also

illustrates the effect of the mixing properties of the liquid phase. The thermo-

dynamic driving force for the removal of lead from Au–Pb becomes smaller at

lower lead concentrations, while the opposite case is observed for Ag–Pb.

. Figure 2 illustrates the effect of temperature on logα at x = 0.5 for the Ag–140

Pb and Au–Pb binary systems. An increase in temperature in both systems

leads to a decrease in logα i.e. a separation becomes less effective, regardless

of the chemical interaction in the liquid. Note that in this calculation, a large

extrapolation is done using the assumption of a fixed enthalpy and excess en-

tropy of mixing without a constraint on its impact. These curves can therefore145

only be considered qualitative and their uncertainty underestimated. A more

accurate estimation will require the inclusion of correct high temperature be-

haviour and measurement data. However, a similar trend is observed in the

values reported by [7], calculated with the Molecular Interaction Volume Model

(MIVM) for ∆GE and the activity coefficients. The difference between the two150

sets of predicted values is mainly attributable to use of alternative sources for

the saturation vapour pressures. The tabulated p◦Au of [7] differs by an approx-

imate factor of 2.5, which is consistent with the observed discrepancy. Figure 2
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Figure 1: Plot of the relative volatility α as function of composition for the Ag–Pb and Au–Pb

binary system, including the 95 % uncertainty interval, at the temperatures for which the data

was compiled.

highlights that the vapour pressure values of the two sources are not compatible,

according to the reported uncertainties.155

4.3. VLE Diagrams

. A second effect of the non-ideal mixing in liquid alloys can be observed by

comparing the VLE diagrams for Ag–Pb (Fig. 3) and Au–Pb (Fig. 4). The

positive ∆GE leads to a widening of the vapour–liquid coexistence region, while

the negative ∆GE causes it to narrow compared to an ideal liquid mixture. This160

widening/narrowing is primarily caused by a shift in the bubble line with the

stability of the liquid phase compared to the gas phase; change in the vapour

curve is negligible. The 95 % uncertainty interval for the optimised Ag–Pb and

Au–Pb systems are indicated in their respective VLE diagrams.
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Figure 2: Effect of temperature on the relative volatility α at x=0.5 for both binary system,

including the 95 % uncertainty interval. Values at six temperatures, calculated with the

Molecular Interaction Volume Model (MIVM)[7], are shown for Au–Pb.

. The Ag–Pb VLE diagram includes the experimental data of Jiang et al. [8]165

for comparison. Details of the experiment were not provided, but based on the

uncertainty intervals indicated here it is doubtful that these measurements are

an accurate representation of conditions of thermodynamic equilibrium. Ther-

modynamic VLE calculations cannot closely reproduce these values, even with

a higher system pressure (causing a shift of the diagram to higher temperatures)170

and unreasonably high values for both ∆GE and p◦Ag.

. The reported uncertainty interval is only based on propagation of the un-

certainty in the thermodynamic data of the liquid and gas phases through the

model. The resulting uncertainty does not include the effect of operational pa-

rameters such as the system temperature and pressure. These are conditions175

that can, in principle, be controlled and the sensitivity of the results to these
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Figure 3: Vapour–liquid diagram for the optimised and ideal Ag–Pb binary alloy at a sys-

tem pressure of 10 Pa. The 95 % uncertainty interval for the optimised system is shown.

Experimental data is obtained from [8].

system parameters can be obtained from a systematic investigation. Their ef-

fects can also be obtained from a plot with the system parameter on one axis

e.g. the impact of temperature can be quickly obtained from Figs. 3 and 4.

4.4. Temperature-independent ∆SE for VLE Calculations180

. The data compilation of [12] is limited to thermodynamic quantities at a single

temperature. Because of this restriction, the preceding calculations necessarily

include an assumption of constant enthalpy and excess entropy of mixing. For-

tuitously, this assumption has a limited impact on the current vapour–liquid

equilibrium calculations due the the inherent nature of the calculations.185

. The impact of the excess entropy and of the related temperature extrapolation

for the calculation of the relative volatility (Eq. 4) is diminished due to use of
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Figure 4: Vapour–liquid diagram for the optimised and ideal Au–Pb binary alloy at a system

pressure of 10 Pa. The 95 % uncertainty interval for the optimised system is shown.

the ratio of the activity coefficients. A change with temperature of this ratio

will be smaller than the associated change in an individual activity coefficient.

The observed decrease in logα (Fig 2) is mainly caused by more similar of the190

saturated vapour pressures at higher temperature.

. For the VLE diagram, the main consideration is to have thermodynamic val-

ues with known uncertainties at a temperature in the range directly above the

boiling point of the most volatile component: in the case of the Ag–Pb (Fig.

3) and Au–Pb (Fig. 4) VLE diagrams at 10 Pa, this corresponds to a range of195

1100–1300 K. The importance of this interval is due to the fact that the effect

of non-ideal mixing is most noticeable in this temperature range. The VLE

diagram has characteristics that significantly reduce the impact of the extrap-

olation to other temperatures: 1) there is a negligible impact of ∆GE of the
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liquid on the vapour curve of an ideal gas, and 2) the boiling points of the pure200

components are not affected by the chemical properties of the liquid phase and

therefore, any bubble line will terminate in the same two points, regardless of

the value of ∆GE . This imposes a decrease in impact of the liquid phase mix-

ing properties on the position of the bubble line, especially as the temperature

increases towards the boiling point of the less volatile component.205

5. Conclusion

. A methodology is presented by which the reliability of common vapour–liquid

equilibrium calculations can be assessed. The method takes into account the

uncertainty in the thermodynamic data for the vapour and liquid phase, and

propagates the uncertainty through the model, so an estimated value and its210

uncertainty interval can be obtained.

. Thermodynamic calculation of Pb removal from Ag–Pb and Au–Pb binary

liquids is used to illustrate that the chemical interaction between the components

in the liquid phase has a distinct effect on the vapour–liquid equilibrium. The

excess Gibbs free energy of mixing, when known, should be taken into account215

as it has a significant effect on the position of the bubble line. Any uncertainty

in this thermodynamic data should not be a barrier for its use, since it can be

explicitly taken into account for the final result with the methodology presented

here.
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Captions

5.1. Figures

1. Plot of the relative volatility α as function of composition for the Ag–Pb

and Au–Pb binary system, including the 95 % uncertainty interval, at the280

temperatures for which the data was compiled.

2. Effect of temperature on the relative volatility α at x=0.5 for both binary

system, including the 95 % uncertainty interval. Values at six tempera-

tures, calculated with the Molecular Interaction Volume Model (MIVM)[7],

are shown for Au–Pb.285

3. Vapour–liquid diagram for the optimised and ideal Ag–Pb binary alloy

at a system pressure of 10 Pa. The 95 % uncertainty interval for the

optimised system is shown. Experimental data is obtained from [8].

4. Vapour–liquid diagram for the optimised and ideal Au–Pb binary alloy

at a system pressure of 10 Pa. The 95 % uncertainty interval for the290

optimised system is shown.

5.2. Tables

1. Vapour pressure parameters from [11]: log p◦(atm) = A + B T−1; 1 atm

= 101325 Pa; m.p. = melting point.

2. Parameters for Eq. 12.295

3. Lower triangle of the covariance matrix associated with the application of

E. 6 to Eq. 12.

16



Tables

A B T-range (K)

Ag 5.752 –13 827 m.p.–1600

Au 5.832 –18 024 m.p.–2050

Pb 4.911 –9 701 m.p.–1200

A B C

Ag–Pb 1273 K

∆GE (J) 4441 –2740 4312

∆SE (J/K) 4.810 1.798 9.728

Au–Pb 1200 K

∆GE (J) –13279 –1416 7706

∆SE (J/K) 10.805 –1.806 –15.186

Ag–Pb Au–Pb

4.53e+05 – – 9.58e+05 – –

CGE –2.80e+05 1.73e+05 – 1.02e+05 1.09e+04 –

4.40e+05 –2.72e+05 4.27e+05 –5.56e+05 –5.93e+04 3.23e+05

0.38 – – 2.40 – –

CSE 0.14 0.05 – –0.40 0.07 –

0.77 0.29 1.55 –3.37 0.56 4.73
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