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Abstract

This paper presents an efficient approach to compute the bounds on the reliability of a structure
subjected to uncertain parameters described by means of imprecise probabilities. These impre-
cise probabilities arise from epistemic uncertainty in the definition of the hyper-parameters of a
set of random variables that describe aleatory uncertainty in some of the structure’s properties.
Typically, such calculation involves the solution of a so-called double-loop problem, where a crisp
reliability problem is repeatedly solved to determine which realisation of the epistemic uncertain-
ties yields the worst or best case with respect to structural safety. The approach in this paper aims
at decoupling this double loop by virtue of the Augmented Space Integral. The core idea of the
method is to infer a functional relationship between the epistemically uncertain hyper-parameters
and the probability of failure. Then, this functional relationship can be used to determine the
best and worst case behaviour with respect to the probability of failure. Three case studies are
included to illustrate the effectiveness and efficiency of the developed methods.

Keywords: imprecise reliability analysis, simulation-based method, interval variable, augmented

space

1. Introduction

Methods for uncertainty quantification are becoming widespread within the engineering com-
munity. However, their practical application becomes challenging whenever the analyst is con-

fronted with insufficient data, as prescribing probability density functions that are commonly used

Preprint submitted to Elsevier January 15, 2021



33

34

35

36

37

38

39

40

a1

42

43

44

45

46

47

48

49

50

51

52

53

54

55

56

57

58

59

60

61

62

63

to represent the uncertainty is far from trivial in this case. In such scenario, the framework of
imprecise probabilities has been proven to be a viable alternative approach to traditional proba-
bilistic methods [1]. Following the framework of imprecise probabilities, the epistemic uncertainty
that results from such lack of data can be explicitly taken into account by considering credal sets
of distribution functions that are consistent with the available information [2], as for instance illus-
trated in the context of fitting data to accelerated life tests [3], system reliability applications [4],
model validation [5, 6] or risk-based design optimization [7].

Practically speaking, however, the calculation of the bounds on probabilistic measures such as
the probability of failure based on these credal sets of distributions is hindered by the non-negligible
computational cost that is associated with propagating both sources of uncertainty (aleatory and
epistemic) jointly towards the model responses, even when simplified imprecise probability models
such as parametrized p-boxes are considered [8]. Typically, double loop approaches are deployed
to propagate these uncertainties, where the outer loop scans the parameter space spanned by the
epistemic uncertainties, while the inner loop calculates a failure probability for each realisation
within this epistemic space. There is considerable research effort aimed at reducing this compu-
tational cost. For instance, series expansion methods have been introduced (see e.g., [9], [10]) to
approximate the epistemic uncertain parameters via series expansion or orthogonal polynomial
expansion schemes (see e.g., [11]), or Chebyshev polynomial based schemes such as presented in
[12]. For a more rigorous analysis of Monte Carlo methods for propagating imprecise probabilities,
the reader is referred to [13, 14]. However, due to assumptions on the local nature of the solu-
tion manifold around the expansion point, these methods are often limited to small-to-moderate
levels of epistemic uncertainty [15]. An alternative approach lies in the reduction of the compu-
tational cost associated with the deterministic solution of the considered model. In this context,
many efficient surrogate modelling schemes for the propagation of imprecise probabilistic problems
have been proposed using sparse polynomial chaos expansion representations of the model (see
e.g., [16, 17]), support vector machines [18], interval predictor models [19, 20] or variants of the
Sobol-Hoeffding decomposition (also known as HDMR representation) of the relation between the
epistemic parameters and the probability of failure [21, 22|, providing an efficient and accurate
approximation of the problem. Some of the aforementioned methods even allow performing a
global sensitivity analysis of the model, as reported in e.g. [17, 22]. Yet another group of methods

are the so-called ‘decoupling approaches’, which aim at decoupling the earlier described double
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loop. For instance, the Operator Norm framework, as presented in recent work by some of the
authors (see [23, 24, 25]) is proven to be extremely efficient, but its application is limited to linear
models. Finally, the idea of using augmented space methods, as introduced by [26] in the context
of probabilistic failure analysis and further developed for sensitivity analysis and reliability-based
optimization in, e.g. [27, 28, 29, 30, 31, 32|, might also provide a solid foundation to build strate-
gies to reduce the computational cost. In the context of imprecise probabilities, similar methods
were introduced by [21, 22, 33] and independently by [34] in a different form. Following these
approaches, the main idea is to propagate the epistemic and aleatory uncertainty jointly in a
purely aleatory, augmented space that is optimal with respect to a certain well-defined measure,
in such a way that both sources of uncertainty can be decoupled again at the response side.

The contribution presented in this paper in fact is a combination of the latter two classes of
methods. The core idea is to employ the propagation of the uncertainty in augmented space to
derive a functional relationship between the epistemic uncertain parameters and the probability
of failure, which is then used to decouple the double loop. This relationship is established by
virtue of Bayes’ theorem. The work is closely related to recent work of the authors [35], where
the Augmented Space Integral method (ASI) is integrated within the Directional Importance
Sampling [36] for the efficient calculation of the bounds on the first excursion probability of linear
systems subjected to a Gaussian excitation. The contributions in this paper reach wider than
the methods described in [35] since they are applicable to nonlinear models, as well as non-
Gaussian uncertainties. This is specifically obtained by integrating advanced simulation methods
such as Subset Simulation and Importance Sampling into the ASI framework. This contribution
is organized as follows. In Section 2, the definition of imprecise reliability analysis problem is
first briefly given. Then, the mathematical formulation of the proposed framework is developed
in Section 3. Then, in Section 4, various examples are presented to show the performance of the

proposed approach. Finally, Section 5 lists the conclusions of the paper.

2. Imprecise reliability

In general, the uncertain parameters of the structure under consideration can be represented
using two kinds of variables: imprecise (subjective) random variables and crisp (objective) random
variables. The objective random variables represent the aleatory uncertainty on the actual model

quantity via a probability density function (PDF) f(y). These random variables are for the



94

95

96

97

98

99

100

101

102

103

104

105

106

107

108

109

110

111

112

113

114

115

116

117

118

119

120

121

122

remainder of this paper denoted as y = [y1,++ ,¥n,|”, with n, € N the number of crisp random
variables. The imprecise random variables on the other hand take subjectivity in the definition
of the probability density function explicitly into account by considering a set of probabilistic
measures. Under this assumption, an imprecise random variable vector @ = [z1,xs,. .. ,:z:n]T
is described by a credal set of probability measures to fully represent all sources of uncertainty.
However, the application of the general framework of imprecise probability theory requires complex
mathematical descriptions and methods. Therefore, simplified imprecise probability models such
as parametric p-boxes are often preferable for a simpler utilization and representation [1]. Given
a precise joint probability distribution function (PDF) f(«), which is parameterized by a vector
0 € R", a parametric p-box can be represented by the function f (x|@), which depends on a set
of interval variables @ = [0, - ,0,]T, where 6 € [0,,0y]. Given these sources of uncertainty, the

analyst is typically concerned with calculating the lower and upper bound of the failure probability,

which are given as follows:

L _ ; — < — ;
L = = < =

where G = g(x, y) is the response function or performance function; F' = {(x,y) : g(x, y)<0},
is the failure domain; Ir(x,y) is the indicator function of the failure domain, Ip(x,y) = 1 if
(x,y) € F, and Ip(x,y) = 0if (x,y) ¢ F. From an engineering point of view, the random vari-
ables are assumed to be independent. Note that this assumption does not affect the generality,
since dependent random variables can be orthogonalized using appropriate transformations [37].
Concerning the solution of the integral equations in the ‘inner’ loop of Eq. (1) and Eq. (2), it is
well documented that the application of quadrature schemes is unfeasible for most realistic appli-
cations [38], even though lower/upper bounds [39] or approximate solutions [30] exist in certain
cases. Therefore, the integral equation is usually solved by asymptotic approximations [40] or ad-
vanced simulation methods such as Subset Simulation [41], Importance Sampling [42], Directional
Importance Sampling [36] or the Probability Density Evolution Method [43] in case of stochastic
dynamics. To determine the bounds of Pr using Egs. (1) and (2), a solution of this integral equa-

tion is required at each realisation of @ that the optimization algorithm in the outer loop generates.
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Apart from nearly-trivial cases, such solution is numerically intractable without resorting to either
high-performance computing infrastructures or surrogate modelling approaches, since depending
on the problem, O(2) to O(6) reliability problems need to be solved (see e.g. [23], for numerical
examples), each potentially requiring O(3) — O(6) deterministic model evaluations depending on
the applied simulation method, the order of magnitude of Pr and the desired variance on this

estimator. Herein, O is used to denote ‘order of magnitude’.

3. Proposed approach

This section presents an efficient approach to approximate the solution to Egs. (1) and (2)
without having to solve the associated double-loop problem. This method is based on the Aug-
mented Space Integral (ASI) method, as also introduced by some of the authors in [32] in the
context of reliability based design optimization. In essence, the proposed approach aims at replac-
ing the integral equation in the ‘inner’ loop of Egs. (1) and (2) by an a priori defined functional
relationship between the failure probability and the epistemic parameters 0, i.e., Pp(0). Then,
based on Pp(0), the lower and upper bound, respectively PE and PY, are obtained. Section 3.1
describes the basic formulation of the proposed approach. Section 3.2, Section 3.3 and Section 3.4
then illustrate how the formulation can be applied using three simulation-based methods: Monte
Carlo simulation, Importance Sampling and Subset Simulation, respectively. Section 3.5 summa-
rizes the procedure of the proposed ASI methodology to provide a practical guide on how to apply
this method.

3.1. Augmented space integral

The augmented space idea provides an efficient means for calculating the Failure Probability
Function (FPF) Pp(0) and was first proposed by Au [44]. In an augmented space, the epistemically
uncertain hyper-parameter vector € is no longer characterized as an interval but it is modeled as
a random variable vector with an instrumental probability distribution ¢(@). Note that p(8) is
solely used as a numerical tool to estimate the FPF and not as a means to describe the uncertainty
on 6, as this would obviously violate the interval paradigm. Then, applying Bayesian theory, Pr(0)
can be calculated as [44]:

pe(o) = 2O LEIPE) ’902)13 &) 3)

where the instrumental distribution ¢(@) can be selected arbitrarily, for example, either Gaussian

or Uniform distributions can be employed [44]; P(F) is the failure probability of the augmented

5
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space problem, that is:

P(F) = / / Tr(,y)f(x | 0)p(6) f(y)dBdady (4)

which can be estimated using any suitable reliability method; and ¢(€ | F') is the posterior
distribution of @ conditioned on the occurrence of the failure event, which can be estimated by
performing reliability analysis in the augmented space. The challenge for practical application
of Eq. (3) lies usually in the estimation of (@ | F). In [44], histograms are used to represent
©(@ | F) in order to analyze the reliability sensitivity with respect to design parameters for
dynamic structural systems. Alternatively, in [27], the Maximum Entropy method is adopted to
approximate the posterior distribution, leading to an estimator for Pr(0) which is an explicit
expression of 6. It was further applied to the solution of reliability-based design optimization
problems of dynamic systems in [28].

In this contribution, the framework provided by the augmented space concept is further de-
veloped, such that there is no need to fit a density function to describe the posterior distribution

©(0 | F). For this purpose, recall that the target distribution (@ | F') is equal to:

50| F) = / 00| (z,9), F)f((y) | F)dzdy (5)

where the expression of ¢(0 | (x,y), F') is given by (see Appendix A for the detailed mathematical

derivation):
f(x18)

with A(x) = Eg [(f(x | 0))(p(0))7!], where Fg[-] represents expectation with respect to 8. The

(70<0 | (mvy)7F) = IF(way)

[
second term in the integral in Eq. (5), that is f(x,y | F'), can be expressed as shown below.

flay | F)= [Ip(z,y) [ f(z,y,0)d0dzdy P(F) 0

Substitution of Eqgs. (6) and (7) into Eq. (5) allows rewriting ¢(0 | F') as:

p(0 | F) =

1 /[F(way)f(w | e)f(a;7y)d:1:dy (8)

P(F) A)
Finally, substitution of Eq. (8) into Eq. (3) leads to the sought expression for the FPF, that

is Pr(0), which is equal to:



(0) A(x)
172 where E[-] represents expectation under the marginal distribution f(x,y). This equation

s reveals that the calculation of FPF Pp(60) reduces to determining the expected value described in
e Eq. (9). This expected value can be computed using simulation methods, as will be illustrated
175 in the next sections. This implies that Eq. (9) actually provides a means for determining the
e functional form of the failure probability as a function of the distribution parameters.

177 Then, to compute the bounds on Pr, i.e., PL and PY, the following optimization problems

178 have to be solved:

PE= min Pp(0 10
F 0€[0r,0u] #(6) (10)
179 to determine the lower bound, and
PY = max Pp(0 11
o 0€[or,0u] #(6) (11)

180 to determine the upper bound. As such, rather than solving a reliability problem for each step
11 of the outer loop optimization, the approximation of the bounds is reduced to solving a single
12 reliability problem in augmented space, followed by two deterministic optimization problems over
13 the a priori defined function Pr(0) as given in Eq. (9). The next sections deal with specific

8¢ implementation strategies to compute Pr(0) in an efficient way using simulation methods

185 3.2. Implementation with Monte Carlo simulation

186 The most straightforward implementation to solve the integral in Eq. (9) is to apply Monte
g7 Carlo simulation. Note that Monte Carlo simulation is applied in the augmented space (x,y, 9).
s As such, samples of f(x,y) = f(x)f(y) are generated, and the estimate can be readily obtained.
189 The procedure is denoted in the following as ‘ASI-MCS’ and is described below.

190 1. Generate samples of f(x). As f(x) is a marginal distribution, it cannot be directly sampled
191 since there may be no closed-form expression in the general case. Therefore, sampling from
192 this distribution has to be performed as follows. First, generate samples {B(j ), j=1,...,N }
103 that follow ¢(@). Then, for each of these samples, generate samples {a:(j),j =1,..., N},
104 each of them distributed according to f (a: | G(j)>. As such, a set of samples { <w(j), H(j)> g=1,... ,N}

7
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that follows f(a, ) is obtained. Based on these samples, and discarding the samples 28
the remaining set of samples {m(j ) j=1,...,N } is distributed as the marginal distribution
f(@)

2. Generate samples from f(y). In this sense, note that a number of samples can be directly
generated from f(y).

3. Compute the estimate for Pr(6) based on the samples set {( y(J)) g=1,... ,N} as:

. 1 al x| 0
Fr(8) = —Oﬁg )(j))( ) (12)

The estimator PF(O) is obviously unbiased, and its variance is:

) 1 1 (1 (29, y9) f (29 | 0)) .
Var[PF(H)}%—N_l N;{ ( @(g)A)@((j)) )} — Pp(0) (13)

It should be noted that the proposed ASI approach is implemented by using MCS only once

to obtain the failure probability as a function. In other words, a single run of MCS suffices for
determining the failure probability as an explicit function of 8. Hence, repeated reliability analyses
are avoided and the double loop is effectively broken, as illustrated in Egs. (10) and (11). It is
expected that carrying out ASI-MCS should be more efficient from a numerical viewpoint than
applying MCS for specific crisp values of 8. This is due to the fact that a relatively large failure
probability is estimated in the augmented space (P(F) in Eq. (4)), in opposition to a possibly

small failure probability Pr(0) for certain values of 6.

3.3. Implementation with Importance Sampling

The proposed framework as cast in Eqs. (9), (10) and (11) can also be implemented using
Importance Sampling, which is denoted as ‘ASI-IS’ for the remainder of the paper. Introducing
an appropriate Importance Sampling function H(x,y) in the augmented space, the formulation

for Pr(0) in Eq. (9) can be rewritten as:

_ L [ Ir(zy)f(®]6) f(x.y) 000
Pp(8) = (0) / Az) H(az,y)H( ey Y

In an augmented space, it may not be straightforward to select an optimal Importance Sampling

function. Here, the following approach is adopted for determining H(x,y). The design point
associated with the performance function can be solved with respect to a nominal value of the

epistemic uncertain parameter, for example, 8y. This nominal value can be simply set as the

8
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center of the hyper-rectangular domain associated with 0, i.e., 8y = (81, + 0)/2. Then, based on

the design point, which is denoted as [x*, y*|, H(x,y) can be chosen as:

H(z,y) = f(x)H(yly") (15)

where f(x) is the marginal distribution associated with & and H(y|y*) denotes the Importance
Sampling density function associated with y. The density H(y|y*) is equal to f(y) except for its
expected value, which is set equal to y*. Please note that «* is not included in the Importance
Sampling density H(x,y) to allow exploring the failure region associated with different values
of 6. An alternative approach for selecting H(x,y) could be based on an adaptive Importance
Sampling density [45].

Substituting Eq. (15) into (14) and considering that f(x,y) = f(x)f(y) and f(x) = ¢(0)A(x)

allows rewriting Pr(6) as:

1 *
P0)= iy | R Tttt @ iy ey
1 Ir(z,y)f(z|0)f(y)
‘sow)EH[ Alz)H(yly") (16)

where Eg[-| denotes the expectation under H(x,y) in the augmented space.

In case a suitable Importance Sampling density function has been chosen, then samples can
be generated according to H(x,y). Suppose that a total of N samples are generated, that is
{(m(j), yi),j=1,..., N} . Then, according to Eq. (16), Pr(0) is estimated as:

1 1 I (29,99 £ (291 8) f (yV)
Pr(6) = 0(0) N ; A(z)0) H (yYy*) 1)

This estimator Pp(6) is also unbiased, and its variance is:

) o 1 &N I (29,49 f (29 | 0)  f (yV) S

7j=1
3.4. Implementation with Subset Simulation

Subset Simulation is an efficient reliability analysis method which is capable of dealing with
high dimensional problems, nonlinear performance functions and failure events of rare occurrence
[46]. It expresses a low failure probability as the product of a series of conditional but larger prob-

abilities, and utilizes Markov Chain Monte Carlo (MCMC) simulation to efficiently calculate these

9
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probabilities. The proposed ASI framework can be implemented together with Subset Simulation,
as described in the following.

Suppose that in the augmented space (x,y,0), a nested sequence of failure events is de-
fined such that Fy D F, D ... D F,, = F, where F;, = {g(x,y) <b;}(i = 1,2,...,m) and
b;, 1 =1,...,m denote a set of intermediate threshold levels. Then, the failure probability can be

expressed as:
m

P(F) = P(Fl)ZP(Fz‘ | Fi1) (19)

=2
The corresponding intermediate threshold values by, b, ..., b,_1 are adaptively determined,
such that the corresponding probabilities P (Fy) , P (Fy | F1), -+, P (Fy—1 | Fjn_2) are set to be

equal to pg, e.g., po = 0.1 for convenience. The final threshold b,, = 0 is not chosen adaptively.
The practical implementation of Subset Simulation in the augmented space (which is denoted
as ASI-SS in the following) is almost identical to the original implementation of Subset Sim-
ulation [41]. Specifically, suppose that there are N, samples generated at the (m — 1) stage
of Subset Simulation in the augmented space. Moreover, it is considered that there are Np
failure samples located at the final stage such that {(:I:(j),y(j), O(j)) g=1,... ,NF}, which
are distributed as f(x,y,0 | F). Discarding the samples corresponding to @, the samples
{(xV),yD),j=1,...,Np} are distributed according to f((x,y) | F). Furthermore, recall that

the conditional distribution ¢(0 | F') can be expressed as:

A(x) P(F)
f(x]0)
= [ ———= F)dzd 20
which can be estimated considering the samples distributed according to f((x,y) | F'), that is:
1 & f (w(j) ’ g)
p(O | F)=— —_ 21
POIE) =7, ijl A (z0)) (21)

Additionally, the augmented failure probability as defined in Eq. (4) is estimated by means of
Subset Simulation according to:

(22)

Finally, substitution of Eqgs. (21) and (22) into Eq. (3) leads to the following estimator for the

10
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FPF Pp(6):

Boie) — o 1 I (29, y W) f (2] 6) (23)
2(6) N, 2= A a0)
The coefficient of variation (C.O.V.) of the estimator is equal to:
. m  Var (é) m  Var (E)

i=1 =1 7

Please refer to Appendix B for the details on the derivation of this estimator.

3.5. Summary of the proposed framework

The practical application of the proposed strategy to compute the bounds of Pr in an efficient

way can be summarized as follows:

1. Select a distribution ¢(@). A feasible choice is a uniform distribution, due to its simplicity.

2. Perform simulation. ASI-MCS, ASI-IS or ASI-SS can be selected to carry out reliability anal-
ysis in the augmented space (x, y, @), producing failure samples { <w(j), y), O(j)> 1 =1,... ,NF} .

3. Obtain the FPF estimator. The FPF can be obtained according to Eq. (12) for ASI-MCS,
Eq. (17) for ASI-IS or Eq. (23) for ASI-SS.

4. Imprecise reliability analysis. Solve the optimization problems in Egs. (10) and (11) to
determine the bounds of the failure probability, that is, PE and PY, respectively.

4. Examples

In this section, three examples are presented to illustrate the performance of the proposed
strategy. For comparison purposes, the double loop method is also applied. It is implemented by
using the class of convex optimization algorithms included in the Matlab function ‘fmincon’ to
solve the ‘outer’ propagation problem, as shown in Eqgs. (1) and (2). The ‘inner’ loop is solved using
a Monte Carlo estimator, where the sample size depends on the actual case study. Furthermore,
‘fmincon’ is also used to optimize over the failure probability function once the propagation of
the imprecise probabilities is decoupled following the proposed strategy (i.e., to solve Egs. (10)
and (11)).

11
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4.1. Example 1

The first example considers the front axle of a car, which is an important component for the
structural reliability since it bears heavy loads during operational use [47]. Often, an I-beam
profile is used in the design due to its high bending strength and stiffness combined with its
comparatively light weight (as compared to e.g., a rectangular cross-section). Fig. 1 shows a
diagram of the cross-section of a typical front axle, where the thicknesses of web and flange are

denoted as a and t, respectively.

=2
»
"

Figure 1: Diagram of automobile front axle.

) b

To verify the static strength behavior of the front axle, the following performance function is

formulated:
g(x,y) =05 — Vo2 + 3712 (25)

where & = [a,t]7 is the vector of imprecise variables; y = [b, h, M, T]* is the vector of objective
random variables; and o, is the yield stress. According to the material property of the front axle,
os =680 MPa. The maximum normal stress and shear stress are 0 = M/W, and 7 = T/W,,
where M and T are bending moment and torque, respectively, W, and W, are the section factor

and polar section factor, respectively, which are equal to:

Cath—=2t)* b 4 5
Wx—TvL@[h—(h—Qt)} (26)
W, = 0.8bt* + 0.4 [a®(h — 2t) /t] (27)

All the variables are assumed to be independent with respect to each other and the probability

distributions associated with each of them are listed in Table 1. The mean values of a and t, are

12



207 modeled as interval variables, i.e., §; = p, € [11,13] and 6y = u, € [13,15], respectively. Note

2 that the distributions of those parameters that must be positive due to physical reasons, i.e., a, t,

200 b and h, are truncated such that no samples with negative values are generated.

300

301

302

303

304

305

306

Table 1: The distribution information of the random variables in Example 1

Random variable a(mm) t(mm) b(mm) h(mm) M(KN-m) T(KN-m)
Mean value 0, € [11,13] 6, € [13,15] 65 85 3.5 3.1
Standard deviation 1.2 1.4 6.5 8.5 0.35 0.31
Distribution Normal Normal Normal Normal Log-Normal Log-Normal
. e oD ‘ 19
% 102 ¢ - PLFJ E
S A
2 10%F 1
0.5 '; 1‘5 2I 215 (; 3‘5 ﬁ‘l 4‘5 5
N x10*
£04 T T
_‘é 0.3
S0
%_ 0.1
0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
N x10*

Figure 2: Evolution of the failure probability and its coefficient of variation with respect to the number of samples

obtained by ASI-MCS (Example 1).

The proposed approaches, i.e., ASI-MCS ASI-IS and ASI-SS, are applied to carry out the
imprecise reliability analysis in the augmented space. First, different sample sizes are used to
investigate the performance with respect to the computation cost. Figs. 2, 3 and 4 show the
evolution of the results of the proposed ASI-MCS, ASI-IS and ASI-SS, respectively, with respect
to the sample set size. Based on this, the bounds for the failure probability (PY and PL) are
obtained. It is observed that the three approaches are capable of determining the bounds of the

failure probability. Moreover, both ASI-IS and ASI-SS outpeform ASI-MCS, as they require less
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Figure 5: FPF Pp (01, 602) obtained by ASI-MCS.

samples for producing comparable bounds. This was an expected result, as both Importance
Sampling and Subset Simulation are usually more efficient than Monte Carlo.

Based on these results, and considering the balance between the computational cost and ac-
curacy, the following setting of the approaches is used for further analysis: N = 10* samples for
ASI-MCS, N = 4000 for ASI-IS (excluding the cost of determining design point) and N = 6000
for ASI-SS (where N; = 2000, i = 1,2, 3, samples are considered for each level). As mentioned be-
fore, only one reliability analysis in the augmented space is required to estimate the FPF. In order
to visualize the results produced by the proposed strategy, the FPF resulting from ASI-MCS is
shown in Fig. 5. Furthermore, the FPF obtained by the three proposed approaches are compared
in one-dimensional plots, i.e., Py (0,0 = 14) and Py (¢, = 12,6,), as shown in Figs. 6a and 6b,
respectively. It can be seen that the results are quite consistent with the exact, point-wise values
of FPF obtained by direct MCS with 10° samples associated with each point in the curve.

Finally, Table 2 shows the results obtained by performing the calculation of the bounds via
the three proposed approaches, as well as a validation using a conventional double-loop Monte
Carlo estimation. Specifically, the table shows the obtained estimators for the lower and upper
bounds, as well as the coefficient of variation of these estimators. It can be seen from the table
that the results obtained by different approaches agree with each other, and that the coefficients

of variation associated with the obtained bounds are reasonable taking into account the gain in

15



325

326

327

328

329

330

331

332

333

334

335

4 —— ASIMCS .. —*— ASI-MCS
e ASIHS 107 e ASHS
—e=d-=- ASI-SS e, =-=¥--- ASI-SS
®  Direct MCS B ‘ . ® Direct MCS

PL(0,.0,=14)
PL(0,=12.0,)
=

=
<
o

10 105 1" 115 12 125 13 135 14 12 125 13 135 14 14.5 15 15.5 16
()1(mm) ()2(mm)

(a) Pp(01,02 =14) (b) Pr(61 =12,02)
Figure 6: FPF obtained with the proposed strategy considering Monte Carlo (ASI-MCS), Importance Sampling

(ASI-IS) and Subset Simulation (ASI-SS) and comparison with FPF obtained with direct Monte Carlo.

computational efficiency. Of course, the results obtained by the double-loop approach are the

most accurate, but they come at a much higher computational cost.

Table 2: Estimated probability bounds and their coefficient of variation for Example 1

Method Py Cou(PY) Pk Cov(PL) N

ASI-MCS  0.0368  0.12 3.5176 x107*  0.16 10%
ASI-IS  0.0305  0.15  3.6401 x10~*  0.11 4000
ASI-SS  0.0330 024 34383 x107*  0.25 3x2000%*

Double-loop 0.0384 0.016 3.5400 x1074 0.050 21 x 10° + 42 x 10°

*3 x 2000 denotes that Subset Simulation required 3 simulation stages, each of them comprising 2000 samples.

4.2. Example 2: Composite beam

The second case study comprises the analysis of a composite beam model. This example is
shown in Fig. 7 and is partially based on the example presented in [48]. The beam has a width
of A(mm), a height of B(mm) and a length of L(mm). The Young’s modulus of the material is
denoted as E,,. In addition, the beam is reinforced by an aluminum plate clamped on the bottom
of the beam and whose Young’s modulus is denoted as F,. This aluminum plate possesses a cross
section of width C'(mm) and height D(mm). The beam is loaded with six external vertical forces,
Py, Py, Py, Py, Ps and Ps(kN). These forces are applied discrete locations Ly, Lo, L3, Ly, Ls and Lg

along its longitudinal direction. Failure is defined as maximum bending normal stress of the beam
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exceeding the allowable tensile stress S (strength). The performance function associated with this

failure criterion is:
g(wa y) = S - Umax(wa y) (28>

where S = 0.0198 GPa is the allowable tensile stress; € = [A, B, C, D] is the vector of imprecise
variables; y is the vector of the remaining 15 objective random variables, which are the beam’s
length, the Young’s moduli of the beam and plate, and the locations and magnitudes of the vertical
forces; omax(, y) is the maximum stress given by opa.x (@, y) = max{ox(x,y) : k =1,...,6} and

or(x,y) is the stress of the cross-section which given by:

[(L1/L) 325 P (L = Li)] Yiwax (2, y)

Ul(wa y) = W(w, y) (29)
O (G750 S0 P(L = L) = S5 P (L = L) Vi@, ) i
or(x,y) = =2,...,
Hny W(z,y)
where
B 0.5AB% + DC(B + D)E,/E,
Ymax(mvy) - AB + DCEG/EU) (31)
AB3 B1* CD3E, CDE,[D 2
W(CU, y) - 12 + AB |:Ymax(w7 y) - §:| + 12Ew + Ew |:5 + B - Ymax(wa y) (32)

The mean values of A, B, C' and D are modeled as interval variables. The distribution informa-
tion of the random variables is given in Table 3. Note that the distributions of those parameters
that must be positive for physical reasons, for example, the geometrical and material properties,
are truncated such that no negative samples are generated. Moreover, all random variables are

assumed to be independent.

P P, Py Py Ps P
1 2 3 4 5 6 VM

—M
,A?L =\ JIoR 4
1
A
Iy B
Ly
L i
L

Figure 7: Schematic illustration of the Composite Beam
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Table 3: Distribution information of random variables for the composite beam

No. Random variable  Location parameter Scale parameter  Distribution

1 A(mm) 6, € [95,105] 5 Normal

2 B(mm) € [190, 210] 10 Normal

3 C'(mm) 05 € [75, 85] 4 Normal

4 D(mm) 0, € [18,22] 1 Normal

5 Li(mm) 200 2 Normal

6 Ly(mm) 400 4 Normal

7 L3(mm) 600 6 Normal

8 L,(mm) 800 8 Normal

9 Ls(mm) 1000 10 Normal

10 Lg(mm) 1200 12 Normal

11 L(mm) 1400 14 Normal

12 P (KN) 15 3 Extreme value
13 P5(KN) 15 3 Extreme value
14 P3(KN) 15 3 Extreme value
15 Py(KN) 15 3 Extreme value
16 P5(KN) 15 3 Extreme value
17 Ps(KN) 15 3 Extreme value
18 E,(GPa) 70 0.7 Normal

19 E,(GPa) 8.75 0.0875 Normal

The results obtained by the proposed strategy implemented considering Monte Carlo simula-
tion, Importance Sampling and Subset Simulation, as well as the results stemming form a double
loop Monte Carlo validation run are shown in Table 4. As noted from the Table, the obtained
results agree rather well with the double loop result. It is observed that there exists a slight
discrepancy in the calculation of the bounds, which is caused by the fact that the epistemic un-
certainty is resolved over an approximation of the FPF. While this introduces small differences,
there is a significant gain in computational efficiency. Furthermore, the coefficient of variation

(Cov), as also illustrated in Table 4, gives a measure for the statistical accuracy of the estimator.
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Table 4: Estimated probability bounds and their coefficient of variation for Example 2

Method PY  Cou(PY) Pk Cov(PE) N
ASI-MCS  0.4907 0.11 2.0512x 1073 0.12 10

ASI-IS 0.4806 0.14 1.8759x 1073 0.16 4000

ASI-SS 0.5040 0.18 2.4228 x1073 0.17 2x2000*

Double-loop 0.4682  0.011 2.25 x1073  0.059 10 x 10* + 93 x 10°

*2 x 2000 denotes that Subset Simulation required 2 simulation stages, each of them comprising 2000 samples.

4.3. Example 3: Car road dynamics

4.3.1. General model introduction

The third case study represents a quarter-car model, which is a 2 degree of freedom idealisation
of the realistic dynamics of the suspension of a car. Specifically, this case study is concerned with
assessing the bounds on several comfort metrics of a vehicle suspension, given several imprecisely
defined properties of the system. The quarter-car dynamics can be represented as a set of two

ordinary differential equations:

ms-fs + Cs(jjs - xus) + ks(ms - mus) =0 (33)

musi’us - cs(is - xus) - ks(xs - xus) + Ct(i‘us - IO) + kt(xus - xO) = 0 (34)

with e the time derivative of e, x,, the displacement of the unsprung mass (i.e., the suspension
components, wheel and other components directly connected to them), x, the displacement of the
sprung mass (i.e., all components resting on the suspension), m,s and m the unsprung and sprung
mass of a quarter of the car, ¢, and ¢; respectively the damping coefficients of the suspension and
tire, ks, and k; respectively the stiffness coefficients of the suspension and tire. Finally, zy and g
are the displacement and velocity in vertical direction that excite the bottom of the wheel (i.e.,
the road profile). The complete road profile is denoted xo(t). A schematic representation of the
model is given in figure 8.

For the solution of this coupled system of ODEs, a state-space model is employed:

Tys — To Tus — Lo -1
. . 4ey
d Lus Lus
" .y 4™ | g (35)
Ts — Tuys Ts — Tys 0
T T 0
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Figure 8: Schematic illustration of the quarter-car model

with the matrix A equal to:

0 1 0 0
—dky  —Alester)  dks des
A = | mus Mus Mus Mus (36)
0 —1 0 1
0 deg ke —deo

Four state variables are considered, being respectively the tire deflection (x,s — x); the un-
sprung mass velocity i,,; the suspension stroke x; — z,,, and sprung mass velocity z,. Typically,
in the context of assessing the dynamical comfort of a car, two parameters are of interest: the
suspension stroke (i.e., the relative displacement of the car body with respect to the unsprung
mass) and the acceleration of the sprung mass. In the proceeding study, the damping effect of the
tire, ¢; is considered negligible. The uncertain road profile x((t) is modelled as a precise zero-mean
Gaussian random field with squared exponential covariance kernel with a correlation length L of
1 (m) and standard deviation of 1 (mm). Note that a single exponential kernel cannot be used in
this case since it is not differentiable at zero-lag.

The dynamics of the car are simulated over a distance of 50 (m), when the car is travelling
at a speed of 10 (m/s). The one dimensional spatial domain is discretized into 1000 equidistant
points and the time domain is discretized into time intervals of 0.005 (s). In the K-L expansion of
xo(t), a total of 50 dependent Gaussian random variables are used. Considering the limit on the

displacement and acceleration of spring mass, the performance function can be established as:
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9(x,y) = min {g1(x, y), p2(x, y)}

gi(x,y) =1 —max;—1__m w> (37)

go(x,y) =1 —max;—y__m, (@)
s where d = 3.5 x 1073(m) and a = 3.5 x 1072(m/s?) are the threshold values for the allowed stroke
s and acceleration of the sprung mass. The nominal parameters of the state-space model, as well as
;s their uncertainty are listed in table 5. All distributions are truncated such that only non-negative

3

<]

7 realisations are generated for the physical parameters of the quarter-car model.

Table 5: Parameters of the quarter car state-space model and their uncertainty

Parameter Mean value Standard deviation Distribution
ks(N/m) 6, € [400,600] 50.53 Log-Normal
cs(N.s/m) 6, € [1600,2200] 189.79 Log-Normal
ms(kg) 325 3.25 Normal
Mas(kg) 65 6.5 Normal
kus(N/m)  2325.0 232.5 Log-Normal

8 4.3.2. Results and discussion

380 The estimates of the bounds on Pr using ASI-MCS and ASI-SS, as well as the bounds obtained
s0 by performing a double loop procedure are shown in Table 6. As noted from the Table, also in
s this case the bounds on Pr match relatively well, especially taking into account the large gain in

52 computational efficiency obtained with the proposed strategy.

Table 6: Estimated probability bounds and their coefficient of variation for Example 3

Methods PY  Cou(PY) Pk Cov(PE) N
ASI-MCS  0.0179 0.17 7.3 x1073 0.15 104
ASI-SS 0.0158 0.28 7.0 x1073 0.24 2x2000%*

Double-loop 0.0160 0.025 7.9 x1073 0.034 6 x 10* + 59 x 10°

*2 x 2000 denotes that Subset Simulation required 2 simulation stages, each of them comprising 2000 samples.

303 As an additional remark, it should be noted that for this particular example, the application

54 of ASI-IS was not explored. While in principle it is possible to apply Importance Sampling to
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this problem (see, e.g. [29]), the authors chose not to explore this direction further in order to
focus on the assessment of ASI as a general framework and less on the implementation details of

a specific Importance Sampling density function.

5. Conclusions

This paper presents a decoupling approach for the propagation of imprecise probabilities based
on the concept of the Augmented Space Integral. Rather than aiming at solving the double loop
that is typically associated with the propagation of parametric p-boxes, this approach represents
the epistemic uncertain parameters by means of an auxilliary distribution to augment the failure
probability calculation to the joint space of aleatory and epistemic uncertain parameters. Then, by
virtue of Bayes’ theorem, an explicit function between the epistemic parameters and the probability
of failure of the system can be retrieved. This function is then used to calculate the bounds on
the probability of failure.

Following conclusions can be made:

e The proposed approach is numerically more efficient than a typical double loop by several

orders of magnitude, however at the cost that the calculated bounds are only approximate.

e The coefficient of variation of the estimator of the probability bounds can be used as a mea-

sure for the accuracy of this approximation, allowing for an a posterior accuracy assessment.

e No assumptions on the underlying nature of the structural model were made, making this

methodology widely applicable

While the results presented are encouraging, it should be kept in mind that the proposed
approach also possesses limitations. Specifically, the number of imprecise distribution parameters
that can be handled effectively cannot be that large, e.g. not beyond 10. This is due to the fact
that estimating probability densities (as required in the proposed approach) becomes challenging

in high dimensions, as documented in [31].
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Appendix A. Distribution of € conditioned on (x,y) and F

An expression for ¢(6 | z,y, F') is next derived. First, using Bayesian theory in the augmented

space, it is noted that:

0)p(6
f(@.y] 6)¢(6) A
f(x,y)
When the probability space is limited to the failure region F' instead of the whole augmented

w0 | z,y) =

space €2, Eq. (6) becomes:

f((z,y) | 6, F)p(0 | F)
f((z,y) | F)

where f(x,y | 0, F) is the probability density function of (x,y) conditional on @ and F, which

p(0 ] (z,y), F) = (A.2)

is given by:

M@y 0. ) = e H(@.y) | O)dwdy — Erl0) (4-3)

And f((x,y) | F) is the probability density function of (x,y) conditional on F, which is given
by:

. IF(:B,y)f(a:,y) o ]F(w7 y)f(:c, y)
fla,y | F) = [Ir(z,y) [ f(z,y,0)d0dzdy P(F) (A-4)

Substitution of Eqs. (A.3) and (A.4) into Eq. (A.2) leads to the following expression for
00| (z,y), F).

According to Eq. (3), it is noted that ¢(0) = p(0|F)P(F)/Pr(0). Inserting this equality into

(A.5)

the last equation, it is found that ¢(0 | (x,y), F') can be further simplified to:

flz,y]0)
f(z,y)

It is emphasized that the probability density function ¢(0) is just a device to yield useful

w0 (z,y), F) = Ir(z,y) (0) (A.6)

information. It is not meant to reflect the uncertainty associated with 8. Furthermore, it is noted
that, without particular preference for the region of the epistemic parameters to be explored,
a uniform distribution can be chosen for convenience and leads to appropriate estimates of the
FPF [44]. Therefore, it is assumed that 6 is uniformly distributed over its interval support, i.e.,
0 ~ U[O", 0Y]. Thus, ©(0) is a constant within @ € [#*,8Y]. Then, the marginal distribution
f(x) can be rewritten as:
oU
fl@)= [ f(x]0)p(0)dl = (0)A(x) (A7)

GL
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where A(x faL (x| 8)d0 is an integral over the interval support. Note that since all random
variables are assumed as independent, calculating this integral is straightforward. For example, it
can be calculated using numerical algorithms. An alternative way for expressing A(x) is:

QU

Ax) = " f(x | 0)d0 = Ey {%] (A.8)

where Ey[] is the expectation under (). This means that A(x) can be estimated through sam-
pling. In fact, for the particular case where 8 corresponds to the mean values of Gaussian random

variables, A(z) can be derived in closed form. Suppose z; ~ N (6;,07), and 6; ~ U [6F,6Y] then

177

- fi[o(452) o (%)

=1

A(x) is equal to:

where ®(-) is the cumulative probability function associated with a standard Gaussian distribution.
Substituting Eq. (A.7) into (A.6) and recalling that y is independent from @ allows determining
the sought posterior distribution ¢ (0 | (x,y)), which is equal to:

f(z,y | 0)p(0) f(x]0)p(0)
f(z,y) f(z)

f(x]0)
A(z)

Appendix B. Coefficient of variation of estimator for the failure probability estima-

tor associated with Subset Simulation

This appendix derives the C.o.v. of the estimator Pp(8) in Eq. (23) calculated by the proposed
framework with Subset Simulation [41]. For simplicity in notation, let P, = P (F} | Fi_;), P, =
P(F,|F_y),i=1,....,m—1,( where F) =Q),P, = P(F) and [](; = Iy, ((m y)glk 1)> where
(x, y)(l denotes the k -th sample in the j -th Markov chain at simulation level (i — 1). Thus:

1) Variance of Py

As the first stage of Subset Simulation involves Monte Carlo simulation, the variance is simply

given as [41]:

(B.1)

5\ Pl—P)  P(1- D)
P ) = R

Var( 1 N N

2) Variance of P, (2<i<m—1)

At the (7 —1)-th level, suppose that a number of No Markov chains is used and N/N¢ samples

are generated for each of these chains. Under the assumption that the samples generated by

different chains are uncorrelated, the variance of P, (i = 2,...,m — 1) is given by [41] :
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Var (15) RO 14,y 3 (1—%) Ri(k) (B.2)

469 Based on the Markov chain samples {(zc y,G)(l v cj=1,...,N;k=1,... ,N/NC} at the

s (1 — 1)-th conditional level, the covariance R;(k) can be estimated as:

Ne N/No—k
Ri(k) = kNC Z oo, | - p? (B.3)
=1 =1
an 3) Variance of P,,(8)
- OROMNTNE
472 For the last stage of Subset Simulation and for simplicity in notation, let Vj(l) = Ie( Ay(w()f)( )

as and P, = Pm(e) Then the variance of P, is given by [41]:

Var (Pm) _ B0 Z_ (1 - %> B (k) (B.4)

474 Based on the Markov chain samples {(m 9) mU =1, Nesk=1,.. .,N/NC} at the

w5 (m — 1)-th conditional level, the covariance R,,(k) is estimated as:

Ng N/Ng—k
R () = R (k) = kNCZ > VUV | - Bl (B.5)
7=1 =1

as  4) C.ov. of Pp(6)
a7 At last, suppose all P; (1 =1,...,m) are uncorrelated [41], then the C.o.v. of PF(B) is given
478 by2

Cov [PF(G)} = i\/arpﬂ ~ zm:—

i=1 g =1 1

L

(B.6)
479 where Var (]A%) can be calculated according to Egs. (B.1),(B.2) and (B.4).
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