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Abstract

When solving partial differential equations numerically, usually a high order spatial discretization is needed. Model order reduction (MOR)
techniques are often used to reduce the order of spatially-discretized systems and hence reduce computational complexity. A particular MOR
technique to obtain a reduced order model (ROM) is balanced truncation (BT). However, if one aims at finding a good ROM on a certain finite
time interval only, time-limited BT (TLBT) can be a more accurate alternative. So far, no error bound on TLBT has been proved. In this paper, we
close this gap in the theory by providing an output error bound for TLBT with two different representations. The performance of the error bound

is then shown in several numerical experiments.
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1. Introduction

Let (A, B, C) € R™" x R™™ x RP*™ be a realization of a linear,
time-invariant system

X x(t) =Ax(®) + Bu(?), x(0)=0, y@®=Cx() (1)
and assume that A is Hurwitz which implies (1) is asymptoti-
cally stable. The Hurwitz property is classified by R(2) < 0 for
all 1 € A(A), where A(-) denotes the spectrum of a matrix.
The infinite reachability and observability Gramians

Poozf eAsBBTeATSds, Qoozf AT CeM ds
0 0

of (A, B, C) solve the Lyapunov equations

APy + PoAT + BBT =0, ATQu. + QAT +CTC=0. (2)
The first ingredient of balanced truncation [14] (BT) is to si-
multaneously diagonalize both Gramians through congruence
transformations S P87 = §70.8~! = Z. which gives a
balanced realization (SAS~',$B,CS~"), where X, is diago-
nal and contains the Hankel singular values o-; (HSVs), i.e.,
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the square roots of the eigenvalues of Po,Qw. The HSVs o
are typically assumed to be ordered in a non-increasing fash-
ion. In the second step the reduced order model X, is obtained
by keeping only the r X r upper left block of SAS~! and the
associated parts of S‘B, CS~!, ie., the smallest n — r HSVs
are removed from the system. With Cholesky factorizations
Po = LpL}, O = LQLZ’ and the singular value decomposition
(SVD) XZ.¥" = Lj Lp, the balancing transformation is given
1

1 _1
by § = XLy and 7' = LpYE.?, see, e.g., [1]. More-
over, the resulting reduced system X, is asymptotically stable
and satisfies the H,, error bound [9]

IZ = Xl < 2(0ps1 + ...+ 0. 3)

Once the SVD is computed, (3) can be used to adaptively ad-
just the reduced order r. A generalized H,,-error bound for BT
has been proved in [2, 5], where linear stochastic systems are
investigated.

The matrix of truncated HSVs %, = diag(c+1,...,0,) can be
used to express the H, error bound [1]. It is represented by

IZ - 2,5, < tr(Z2(BoB) + 2P 2AT)), )

where B, is the matrix of the last n — r rows of § B, Ay is the
left lower (n—r) X r block of SAS ! and P, 5> are the last n—r
rows of the mixed Gramian P,y = § fooo els BBlT ¥ ds. The
bound in (4) has already been extended to stochastic systems in
a more general form [3, 7, 15].
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In [8] Gawronski and Juang restricted balanced truncation to
a finite time interval [0,T], T < oo, by introducing the time-
limited reachability and observability Gramians

T . T
P; = f e BBT e 5ds, Qf = f e CcTCce? ds. (5)
0 0
It is easy to show that Pz, Q7 solve the Lyapunov equations

AP; + P;A" + BB" — F;F] =0, (6a)
ATQr + 0 AT + CTC-GLGr =0, (6b)

where G, := Ce* and F, := e B, t € [0,T]. Time-limited
balanced truncation (TLBT) is then carried out by using the
Cholesky factors of Py, Q7 instead of P, Qo to construct the
balancing transformation which in this case is denoted by S.
This transformation simultaneously diagonalizes Pz, Qf, i.e.,
SP;ST = STQ78~! = X7 and is, thus, referred to as time-
limited balancing transformation. The values in X7 are referred
to as time-limited singular values and are, similar to the HSVs,
invariant under state-space transformations. Because of the al-
tered Gramian definitions, TLBT does generally not preserve
stability and there is no H,, error bound as in unrestricted BT.

The main contribution of this paper is an output error bound
for TLBT. It leads to (4) if T — oco. We provide two represen-
tations of this bound. The first one can be used for practical
computations and is, hence, an important tool to assess the ob-
tained accuracy. The second representation is not appropriate
for computing the bound but it shows that, similar to BT, the
time-limited singular values deliver an alternative criterion to
find a suitable reduced order dimension r. We conclude this
paper by conducting several numerical experiments which in-
dicate that the time-limited error bound is tight.

2. Output Error Bounds for Time-Limited Balanced Trun-
cation

Let S be the time-limited balancing transformation. We parti-
tion the balanced realization (SAS ™', S B, CS ') as follows:

-1 _ All A12 _ Bl -1 _
SAS _[AZI an | SB= , CS _[C1 cz],

where Aj; € R™, By € R™™, C; € RP* and the other blocks
of appropriate dimensions. Furthermore, we introduce

F_ _ =
SFT=[F;;},GTS '=[Gr Gf,z],zf=[ Ty,

We consider the corresponding Lyapunov equations in parti-
tioned form:

[All AIZ] [ZT.I ] + [ZT‘I ] ATy AL — _ BiB] BB} @)
Az Ay Lo Zrp || AT, AT, ByB] BBl
FraFL, FraF,
Fraft, P |

AT AT [Zm ] N [Zn ] Al AIZ] __|[ctece @)
AT, AT, Xo Zio | [ A2 An cle, cic,
G1.,Gr.1 G7,Gr2
G},Gry G1,Gra |

The TLBT reduced system that approximates (1) is given by
xr(t) = Al lxr(t) + B]M(t),

x(0) =0,  y:(t) = Cix:(1).

The goal of this section is to find a bound for the error between
y and y,. Since we have zero initial conditions for both the
reduced and the full system, we have the following representa-
tions for the outputs

!
y(t) =Cx(t) = C f =9 Bu(s)ds,
0
!
(1) = Crx,(t) = C f M9 Bu(s)ds,
0

where t € [0,7]. To find a first representation for the error
bound, arguments from [3, 7, 15] are used, where a generalized
H, error bound for stochastic systems has been derived. Some
easy rearrangements yield a first error estimate

(@ — y-@ll,
15 13
:‘CfeA(’_s)Bu(s)ds—leeA“(’_S)Blu(s)ds
0

0
< fo t H(c eA~9 B— €, e/ B)) u(s)H2 ds

2

< f[||CeA(z—s>B—C1 gt BIHF”"‘(S)”ZdS'
0

By the Cauchy Schwarz inequality it holds that

ly(®) = y-@®ll»

’ Lo !
< (f ”C et B — et Bl”i ds) (f ||u(s)||§ ds) )
‘ 0

Using substitution, the definition of the Frobenius norm and
the linearity of the integral, we obtain

fo et B - et g, I ds
- fot et By ete By|[Lds
< fOT et B\ etie By[L.ds
- j; ' tr(Cet BB e CT)ds
+ fOT tr(Cy et By B et CT ) ds

T
-2 f tr(Ce® BB} e €7 ) ds
0

=tr(CPrC") + r(CPr,CT) = 2 tr(CPrCY),
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T 4 T T ' T o
where Py := [ ¢ BB" e *ds, Py, := [ ¢ By B] e*1*ds

T T . .
and Py, = fo e’ BBlT e’ ds. Matrix-valued integrals of
this form can under some conditions be expressed as unique
solutions of matrix equations.

Lemma 2.1. Let A; € R™", A, € R™ with A(A}) N —A(Ay) =
0 and B; € R™™ B, € R™™, Then,

T
T
X = f e™* BBY e*2* ds
0
solves the Sylvester equation

A1X +XAD = —B,BY + M7 B BL &7

Proof. The integral is equivalent to
T T
vec (X) = f vec (eA‘S BleT eAls) ds
0
T
= f e ®e" " dsvec (B B] )
0

T
— f e(1,®A1+A2®I,,)s ds vec (BleT),
0

where we used [12, Theorem 10.9]. The matrix A := I, ® A +
A, ® I, is nonsingular and it holds that

vec (X) = A~ (eﬂT —I,,,) vec (BlB;)
& AvecX) = (eﬂf —I,,,) vec (BlBg)
and the claim follows after de-vectorization. O

Remark. The result of the above Lemma is also a consequence
of the product rule. Setting g,(f) 1= e™' By and g»(t) := Bg et
it holds that

_ _ T T
81(1)g2(T) — 81(0)82(0) = f g1(s8)dga(s) + f dgi(s)g2(s)
0

0

T T
- f a1(ga(s)ds AT + 4, f g1()ga(s)ds,
0 0

since dg,(s) = gz(s)Agds and dg(s) = A1g1(s)ds.

The time-limited Gramians (5) also exists for unstable systems.
Therefore, it is, e.g. in [I, Section 7.6.5], [13], discussed to
use TLBT to reduce unstable systems. The above Lemma fur-
ther reveals that in this situation and if A(A) N —A(A) = 0,
the time-limited Gramians can still be obtained by solving the
time-limited Lyapunov equations (6) which is important from
a numerical point of view. In this work, however, we will not
pursue the reduction of unstable systems further.

From now on we assume that A(A11)N—A(A;) = 0and A(A)N
—A(A;;) = 0, implying by Lemma 2.1 that the matrices Py, and
P7 y are the unique solutions of
AllPT,r + PT,rA{l = _B]B{ + FT,rF;r’ (%a)
AP;y + P yAl, = -BB{ + FiF} | (9b)

where Fy, := AuT B, We have, thus, established the follow-
ing result.

Theorem 2.2. Let A(A;))N—A(A11) = 0and A(A)N-A(A})) =
Q. Then the following error bound holds for the reduced system
Y., generated by TLBT

trel[l(?)rg] (@ =y @l < €llullzz ,
, . (10
e := (ir(CP7CT) + tr (€1 P7, CT) = 2t (CPr 1 CT))*

here ul, = [ u(s)"u(s)ds.
where ||u| 2 fo u(s) u(s)ds

The representation (10) of the error bound has the same struc-
ture as the one computed in the stochastic framework [3, 7, 15]
but it is clearly different since solutions of different matrix equa-
tions enter in the time-limited case. The bound in (10) can be
used to some extent for practical computations. It only requires
to solve the matrix equations in (9) since Py is already known
from the balancing procedure. The matrix equations (9) are not
expensive since Py, usually is a small matrix and Py ), only has
a few columns.

Moreover, the error bound (10) is not restricted to TLBT and
can essentially also be used for other model order reduction
schemes provided the spectral conditions for A, A;; in Theo-
rem 2.2 hold.

The next theorem provides an alternative representation of
this bound. It can be expressed with the help of X7, =
diag(c7 ,41,...,07,) which is the matrix of truncated time-
limited singular values. In [3, 7, 15] representations of gen-
eralized H, error bounds have been shown using the truncated
HSVs of the underlying stochastic system. However, the ma-
trix equations (6) and (9) have a very different structure than
the generalized equations for stochastic system. Therefore, we
need to apply other techniques in order to obtain the result be-
low. This result also shows essential differences in its structure
compared to the stochastic case.

Theorem 2.3. Using the coefficients of the balanced realiza-

tion of the system, the error bound in (10) can be expressed as
follows:

tr(CPrC" + C1P7,Cl = 2CP7 CY)
=(E72(B2B) +2P7 y24A3))) = 26(GY G Pry)

+ (G} G Pr,) + t(Fr FL Z71)

—u((Fr, = Fr,)(Fr1 = Fr,)"Z7.),

where Py, are the last n — r rows of S Py y, with S being the
balancing transformation.

Proof. By selecting the left and right upper block of (8), we
have

Al 211 + 27,41 = =C{C1 + G} Gy,
A3 275 + 27141 = =C| G2 + G1 Gy,

an
12)
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We introduce the reduced order system observability Gramian

so that
T AT s ~T v oAns - ~
7= | e’ CTC e’ ds which satisfies
Or, = |, 1Cretds = 2t(CaPr 1 2CY)
AL Oz, + O7,An = —CC1 + G} Gr, (13) = 2[tr(Z7 2 Pr p2AY,) — (B 271 B1) + tr(C1 P71 CT)]
_ . _ +2[tr(Z F7 Fh ) = t(Gh G Pra)].
with G5, := Ci e, We make use of the integral represen- ’ ’

tations of Py and Q7 and apply properties of the trace. Hence,

we have

T
tr(CP;CT) = f tr(Ce™ BB e*'* CT)ds
0

T
= f (BT e’ CTC e* B)ds = tr(B” Q7 B).
0

Using the balancing transformation S and the partition of S B,

we obtain

Inserting this result into equation (14) provides

€ =tr(Z7,(BaB) +2P7 4,AY))
+ 2[5 1 Fr Fp,) = (G G P p)]
+tr(C1P7,C) — te(B] 27, By).

With the integral representations of Pz, and Qg , it holds that

T
tr(C,1P7,C]) = f tr(Cy e** By BT s CT)ds

0
tr(BT Q7B) = tr(BTSTSTQ;8'SB) = tr(B'ST2;S B) r

= tr(B| 7., B1) + te(B) X7, B2).
The partition of CS ™! and S Pz, = [QZ; ] yield

tr(CP7 4 CT) = te(CS 'S P, CT)
= tr(C1 P73, C] ) + tr(C2 P 4y 2CY).
For € in (10) this leads to
2 _ Ty _ Ty _ _ T
€ =tr(BI 7, By) + tr(B} 7 ,B>) + tr(C, P ,CT)
= 2tr(C1 P71, C]) — 2tr(CaPr 41,CY).
We insert equation (12) which yields
tr(C2Pr.42C1) = (P p2C1 C2)

= —tr(P7 y2(A3 275 + E7,1A12))
+ tr(P T,M,zcglcf,z)

= — (7, Pr 2AS) — (7 1 A Pr )

+ tr(G; \G72PF )

We multiply (9b) with S from the left and evaluate the resulting

upper block of the equation:

T T T
—AnPryo =AuPr oy + PraaAy + BiBy — Fr Fx

Hence, we have

= 2t(CaP7 412CY) =

271 Fr Fy,) = 0(E7, (BiB] + AnPray + PragA))]

+ 2[tr(Z7 2 Pr pr2AS)) — tr(G%leP 7.2

Using equation (11), we obtain

(7 (AN Pragy + PranAlD) = (P (SriAn + AT Z70)

= tr(PT,M,l(G;,lGT,] -cicy),

T
= f (BT e*1* CTC, e* By)ds = (B! Q7,B)).
0

So, we have

tr(C,P7,CY) - e(B{ 27, B1) = tr(B\ B{ (Q7,, — Z7.1)).
Combining equations (11) and (13), we have
AlTl(QT,r =25 1)+ (Qr, — Z5.DAN
= G;,Gr, — Gy Gy .
Inserting (9a) and (15) gives

s5)
(14)

te(C,P7,CY) - te(B{ 27,1 B))

= —t((An P, + Pr,Af, = Fr..F1 )(QF, —7.1))

w(Pr,(Qr, = Zr.)AN + AL, (Qr, — Z7.1)))
+ t(Fz,Fr (O7, = Z7.1)
= u(P7 (GG, — G1.,Gr,) + u(Fr, Fp (OF, = E7.1).

Using again the integral representations of Pz, and Q5 ,, we
see that

T ] ]
t(Pr, Gl Gr,) = fo tr(e?? By BT 41 AT CTCy e T s

T
‘ T T 7 T ¢
:f tr(Cy et e By BT enT et cT)ds
0

= LT tr(BlT e T eAls ClTCl ehns ednT By)ds
= w(F ;,rQT,rF 7.) = w(F, F ;rQT,r)'
Hence, we have
w(CiPr,,Cl) — (B[ 27, B)) = w(P7., G}, \Gr) — u(Fp, F 27)

The error bound €2 then is

€ =tr(Z7,(BoBS +2P7 42A3)
4
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+ 2[5 Fr, F,) = (G G Pr p)]
+ tr(PT,,G;JGT’l) - tr(FT,,F;JET’l).

Since
1 1
2u(Sr Fr, ) = 25} Frn %y Fro)
1 2 1 2 1 2
— 2 _ 2 _ _ 2 B _ B
= ZT,IFT'r F + 'ZT,IFT’I - ZT,I(FT'I FT,r) - N
we obtain

€ =tr(Z7,(B2B) +2P7 4,A%))
+tr(Z7, Fr F;J)) -2 tr(Pf,MG;lGT) + tr(PT,,GQIGT,])
- (7, (Fry — Fr,)(Fry = Fr,)")

which is the claimed result. ]

We now discuss the impact of the remainder term Ry :=
—Ztr(G;’lGTPT,M) + tr(G;’lGT,lPT,,) + tr(FT,lF;’l):f’l) of the
error bound in Theorem 2.3. Every summand of R; can be
bounded from above as follows:

(G GrPry) < |Gl G711 |Prow] »

1 2 2
w(FriF7,250) = |27 Fr. 5 [F 74|l trE7,),

2
(GL Gy Py, = [P G, = lGnil ez,

If A is asymptotically stable, then the norms HF T,IH F’HGTJ” P
and ||Gr||r decay exponentially fast, i.e., they are bounded by
c1 e T where ¢y, cy > 0 are suitable constants.

Now, if the terminal time 7 is sufficiently large, the term Ry
is small and hence it can be neglected in the error bound. For
very stable systems (c is large), T can be chosen small and
for slowly decaying systems (small constant c,), T needs to be
large in order to have a sufficiently small R7. If the remainder
term R7 is small, it can be concluded from Theorem 2.3 that
TLBT works well if the truncated time-limited singular values

OFr41s--+»0F,, are small.

For non-stable systems the remainder term R7 in the error
bound is expected to be large (exponential growth) which might
be an indicator for a large error when applying TLBT to these
systems.

Remark. The representation in Theorem 2.3 is not appropri-
ate to determine the error bound since B, and A, are never
computed in practice. However, for asymptotically stable sys-
tems (1) (R is expected to be small), Theorem 2.3 suggests to
select the reduced order dimension r such that o7 ,,y,...,07,
are small in order to guarantee a good approximation. This
is also in line with experimental observations. Consequently,
looking at the time-limited singular values instead of comput-
ing the error bound (10) provides an alternative way to find a
suitable reduced order dimension.

3. Practical Considerations

Here we review the practical execution of TLBT for large-scale
systems and evaluate the usefulness of the error bound (10)
in actual computations. Directly solving the Lyapunov equa-
tions (2), (6) is infeasible for large dimensions. Therefore,
for large-scale systems it has become common practice to ap-
proximate the Gramians by low-rank factorizations, e.g., Po, =
ZeZL with low-rank factors Z,, € R™" rank(Ze) = h < n,
and similarly for the other Gramians. This is justified by the
often observed and proven fast singular value decay of solu-
tions of Lyapunov equations [11], especially if p,m <« n. For
this situation there exist efficient algorithms [4, 16] employ-
ing techniques from sparse numerical linear algebra for com-
puting the low-rank solution factors. For the Lyapunov equa-
tions (6) in TLBT, a rational Krylov subspace method [6] is
proposed in [13] that is also able to deal with the arising ma-
trix exponentials. With low-rank approximations P = ZPTZ}fT,
07 ~ ZQTZET, one computes thcle SVD Xzy7? = ZETIZPT and
projection matrices V = Zp, YlZl_2 and W := ZQleZIZ , where
X contains the largest r singular values and X, Y; the associ-
ated singular vectors. The reduced order model X, is obtained
viaAy; := WTAV, B, := WTB, C, := CV which makes it clear
that some of the quantities of the bound in Theorem 2.3 are not
accessible in practical computations.

However, we may nevertheless acquire an approximation
of (10).  For this tr (CPTC T) can be approximated by
tr (CZP,,._Z}ZTCT) = ICZp, I3, tr (ClPT,,CIT) requires solving
the r dimensional Lyapunov equation (9a), and tr (CPT,MCIT)
requires the solution of the Sylvester equation (9b), which
amounts to solve r linear systems of equations defined by A—a/l,
a € A(Ay)) see, e.g., [10, Algorithm 7.6.2]. Unlike the error
bound in BT (3), the TLBT bound (10) cannot be easily used to
adjust the reduced order because when changing r to, say, r +d,
d > 1, the solutions of (9) have to be computed entirely from
scratch. Especially because of the Sylvester equation (9b), this
would be increasingly expensive.

TLBT can with minor adjustments be applied to generalized
state-space systems

X: Ex(@) =Ax(®)+ Bu(?), x0)=0, y@ =Cx(t) (16)
with E nonsingular. In that case the time-limited Gramians are
P7, ETQ+E, where P7, Q7 solve the generalized Lyapunov

equations

AP;E" + EP;A" + BB — FL(FE)T =0,
T T T T ENT ~E an
ATQfE+E Q7A" +C' C-(G;)' Gz =0
with FE .= EeE A E-1B and GE = Cef™'4 see [13]. Hence,
the derivations of Section 2 can be carried out as before by us-
ing the quantities in (17). In particular, in the constant in the
bound (10), Py, has to be replaced by the solution P’; w of

APL, +EP} Ay + BB - FL(F7 ) =0,
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Figure 1. Results obtained by BT and TLBT for small rail model (n = 1357,
T =100, u(t) = 5017, r = 40).

B
B
that the mass matrix E is transformed to the identity in (TL)BT.
The transformation matrices V, W for TLBT are constructed as
before but using the SVD XXY7 = ZETEZPT’ where Zp_, Zo,
are low-rank solution factors of (17).

where SE™'B = FE = e’T B, Here we employed

4. Numerical Experiments

All following computations are carried out in MATLAB®
8.0.0.783 on a Intel®Xeon®CPU X5650 (2.67GHz, 48 GB
RAM). We use the rail model from the Oberwolfach benchmark
collection! which represents a finite element discretization of a
cooling process of a steel rail. It provides symmetric posi-
tive and negative definite matrices M and, respectively, A, as
well as B € R™7, C € R®". We begin with the coarsest dis-
cretization level with n = 1357 which still allows to compute
the matrix exponentials and Lyapunov solutions by direct meth-
ods. The final time is T = 100, the input chosen as u(t) = 501,
(1, :=[1,...,1]" € R"), and the time integration is carried out
using an implicit midpoint rule until 7 = 400 with a fixed time
step ot = 0.04. We generate reduced order models of dimension
r = 40 by both BT and TLBT. Figure 1 shows the obtained er-
rors |[y(f) — y-(#)|l> and the bound (10), clearly indicating that the
proposed bound is valid. Of course, after leaving [0, T1, (10) is
no longer valid and |[y(?) — y,(?)||> > € ||14||L2T for some ¢t > T. We
also see that ordinary BT provides less accurate reduced order
models. It is important to point out that almost identical results
were obtained if low-rank Gramian approximations computed
by rational Krylov subspace methods [6, 13] are used. In par-
ticular, running the method for the restricted Gramians with the
same settings as in [13] led to |e®PPrX- — %] ~ 1.6 - 1072 and
visually indistinguishable error norms ||y(¢) — y,()|l>.

We continue by investigating the influence of the final time T
and the reduced order r to n[l(?;_(] [ly(®) — vl and (10). The

tel0,

results are visualized in Figure 2. For the top plot we fixed
T = 100 and varied the reduced order r = 10,...,100. Appar-
ently, TLBT achieves smaller errors than BT for increasing r.

! http://portal.uni-freiburg.de/imteksimulation/downloads/benchmark

10°

e & =a
= “\‘::..\.‘:ﬁ; -
= e e ——————
| Tl \\“A\“\
§ 107 el -4
Eglo—m \ ! ! e
20 40 60 80
red. order r
s 10_4 A A R —— ﬁ e
T‘ re e - & ---—- R 4
=< 107} e
= e - - error TLBT
= e - 4- error BT
g%; * ====bound
= 10—10 | | | -
50 100 150 200 250 300
final time T

Figure 2. Influence of r (top) and T (bottom) for small rail model.

After some value of r, the bound (10) appears to stagnate and
fails to capture the decreasing behavior of the error. The bottom
plot shows the results for a fixed r = 50 but different final times
T = 50,...,300 which for TLBT requires, naturally, comput-
ing (approximations of) the matrix exponentials and P7, Q7 for
each value of 7. The results indicate that increasing T also in-
creases the achieved error and the bound (10) appears to capture
this behavior. As investigated for TLBT in [13], for even larger
final times 7, TLBT will at some point produce errors which
are very close to those of BT.

Next we experiment with a larger version of the rail model
with n = 79841. This size requires using low-rank so-
lution factors of the Gramians. We set u(t) = wu.(t) :=
[sin(4¢7/100), cos(tr/100), 3,2, cos(/100) e, -, 1T

P12 T i

and T = 150. Motivated by Theorem 2.3, we experiment
with an automatic determination of the reduced order r s.t.
S . o7 < T for some specified tolerance 0 < 7 < 1 and
i := min(rank(Zp, ), rank(Zg, )), i.e., similar as in unrestricted
BT. The obtained reduced orders r in BT and TLBT, as well
as the largest errors in [0, 7] and (10) are shown in Figure 3
against different values 7 = 1077,...,1072.
TLBT again achieves smaller errors than BT and approximately
two orders of magnitude smaller than 7. Note that the obtained
reduced orders r of TLBT are for 7 = 1074, 1073, 1072 slightly
larger than those of BT. This experiment nevertheless suggests
that choosing the order r in TLBT automatically by looking at
the time-limited singular values is as reliable as in BT.

5. Conclusion

In this paper, we have studied time-limited balanced trunca-
tion, an alternative to conventional balanced truncation. This
scheme can outperform the conventional ansatz when seeking
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- @- error TLBT - 4- error BT ==== bound

[10] G. H. Golub and C. F. Van Loan. Matrix Computations. Johns Hopkins
University Press, Baltimore, fourth edition, 2013.
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Figure 3. Automatically adjusted orders r, maximum errors, bound (10) against
tolerances 7 for the larger rail model (n = 79841, T = 150, u(t) = u.(?)).

for a good reduced order model on a certain finite time inter-
val but, so far, no theory on error bounds has been established.
Therefore, we proved an output error bound in this work gener-
alizing the H bound known from the infinite time horizon case.
We provided two different representations for the bound. One
is appropriate for practical computations, whereas the other one
shows that the time-limited singular values can be used as well
in order to determine a suitable reduced order dimension. This
paper also contains numerical experiments in which we pre-
sented the performance of the error bound.
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