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INFERENCE FOR COVARIATE-ADJUSTED SEMIPARAMETRIC
GAUSSIAN COPULA MODEL USING RESIDUAL RANKS*

By IRENE GUBELS', INGRID VAN KEILEGOM! AND YUE ZuaoOf
KU Leuven!

We investigate the inference of the copula parameter in the semi-
parametric Gaussian copula model when the copula component, sub-
ject to the influence of a covariate, is only indirectly observed as the
response in a linear regression model. We consider estimators based
on residual ranks instead of the usual but unobservable oracle ranks.
We first study two such estimators for the copula correlation ma-
trix, one via inversion of Spearman’s rho and the other via normal
scores rank correlation coefficient. We show that these estimators
are asymptotically equivalent to their counterparts based on the ora-
cle ranks. Then, for the copula correlation matrix under constrained
parametrizations, we show that the classical one-step estimator in
conjunction with the residual ranks remains semiparametrically effi-
cient for estimating the copula parameter. The accuracy of the esti-
mators based on residual ranks is confirmed by simulation studies.

1. Introduction.

1.1. Background. LetE = (Ey,... ,Ep)T € RP be a random vector; we assume through-
out that Ey, k € {1,...,p} has absolutely continuous marginal distribution function F},
and E has joint distribution function F'. Sklar’s theorem (e.g., Theorem 2.10.9 in [33])
states that the dependence structure of E can be uniquely described by its associated
copula C, via

F(x) = C(Fy(x1),..., Fp(xp), x=(x1,...,7p) €R"

where R denotes the extended real line. By the “inverse” Sklar’s theorem (e.g., Corol-
lary 2.10.10 in [33]),

(1.1) C(u) = F(F{ (w),. .., Ff (), u=(u,...,u)" €0,1]7,

where for k € {1,...,p},
(1.2) F(t) = inf{z: Fy(z) > t}, te]0,1]

denotes the left-continuous inverse of Fj. The copula C is equivalently the joint distri-
bution function of the transformed random vector (Fy(E1), ..., Fy(E,))", and it remains
unchanged if (univariate) strictly increasing transformations are applied to the individual
components of E (see, e.g., Theorem 2.4.3 in [33]). Copulas provide a modular approach
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to multivariate modeling, in that the dependence structure of a multivariate distribution
can be summarized by a copula, irrespective of the behaviors of its marginals. A collection
of multivariate distributions in RP is called a semiparametric copula model if they share a
copula parametrized by a finite-dimensional Euclidean parameter 8 while their marginals
range over all p-tuples of absolutely continuous univariate distribution functions.

This paper focuses specifically on the semiparametric Gaussian copula model (or simply
Gaussian copula model), where the copula in the semiparametric copula model is restricted
to be a Gaussian copula. We say that the random vector E € RP has a Gaussian copula if
for a copula correlation matriz R € RP*P that uniquely characterizes the copula of E,

(1'3) ((I)<_(F1(E1)>v"'7(1)(_(FP(EP))>T NNP(OvR)§

throughout the paper the symbol “~” denotes equality in distribution and ®* denotes the
standard normal quantile function. By (1.3), the Gaussian copula model obviously con-
tains all multivariate normal distributions, and hence further encompasses all distributions
that can be obtained from multivariate normal distributions through strictly increasing
transformations of the marginals. Combining (1.1) and (1.3), simple algebra yields that
the copula Cgr associated with E is

(1.4) Cr(u) = Pr(® (u1), ..., (uy)), ue[0,1.

Here the function ®g is the distribution function of the N,(0,R) distribution.

To discuss semiparametric efficiency we will further treat the copula correlation matrix
as being parametrized through R = R(8) for the copula parameter 8 € © where ® C R?
is some parameter space, and d is regarded as the intrinsic dimension of R. For brevity,
we will often suppress the dependence of R on 6. An important special case is when
each element of the upper-triangular portion of R is a free parameter, so d = p(p — 1)/2;
R is then said to obey an unrestricted model. In contrast to the unrestricted model,
by a constrained parametrization we mean R(-) is (usually) a continuously differentiable
RP*P-valued function and @ is (usually) within a lower-dimensional Euclidean space (so
d < p(p—1)/2). Even under a constrained parametrization R(8), in practice one often first
assumes a working unrestricted model for R, and constructs a preliminary estimator R
of R; then, one can estimate the copula parameter 8 through, e.g., the pseudo-likelihood
estimation or the one-step method to be discussed later, based on the parametrization
R(0) with the preliminary estimator R as input.

The study of the Gaussian copula model has enjoyed continued interest in the last couple
of decades. In the classical fixed-dimensional setting, a major research focus has been the
(asymptotically) semiparametrically efficient estimation of R or of the copula parameter
6 when the marginal distribution functions Fj are left unspecified as infinite dimensional
nuisance parameters, that is, when the problem is fully semiparametric. Progressively
along the work of, e.g., [3, 27, 23, 37], we have now a fairly complete understanding of the
tight semiparametric lower bound for R or 8. Typically, the semiparametric lower bound
is larger than its counterpart within a corresponding parametric problem with known
margins, due to the loss of information through the unknown margins. [37] also studied an
estimator that achieves the semiparametric lower bound by adapting the one-step method
(see, e.g., Section 25.8 in [41]).

More recently, the Gaussian copula model has also received much attention in a graphical
model setting. Recall that the locations of the zeros of the precision matrix S (which is the
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inverse of the covariance matrix) of a Gaussian random vector G encode the conditional
independence structure of the Gaussian graphical model associated with G [29]. Through
(1.3), it is readily seen that such an encoding of the Gaussian graphical model via the
precision matrix naturally extends to the Gaussian copula model [31, 43]. More precisely,
for a random vector E that has a Gaussian copula with (copula) precision matrix S = R™!,
its two components Ej, and Fy are conditionally independent given all the other coordinates
if and only if the (k, £)th element of S is zero. Thus, inferring the graphical model associated
with E is intrinsically tied to the problem of finding an accurate estimator of S. In high
dimensions, it is typically assumed that (the parametrization of) R corresponds to a sparse
inverse but is otherwise unrestricted. Finding an accurate estimator of R in this context
is important because in order to estimate S, an estimator of R almost always serves as
the input to sparsity-inducing optimization programs.

1.2. Research objective: Covariate-adjusted semiparametric Gaussian copula model. Sup-
pose that a p x 1 random vector E = (Ej,..., E,)" has a Gaussian copula with copula
correlation matrix R. We will refer to the case when the sample of E is directly observable
as the ordinary (semiparametric) Gaussian copula model. Now, let a p x 1 response vector
Y = (Y3,...,Y,)" and a ¢ x 1 covariate vector X = (X1,...,X,)" be linked to E through
the linear regression model

(1.5) Y =B'X+E,

where B is a ¢ X p unknown coefficient matrix. In contrast to the ordinary Gaussian copula
model, assume that we do not directly observe the sample of E. What is at our disposal
instead is a sample of (Y, X). As before, we will focus on the statistical inference problem
for R. Recall that the p components of E have univariate distribution functions F1, ..., F),
respectively. Moreover, let the covariate X have distribution function Fx. Then, the finite-
dimensional parameter B, the infinite-dimensional distribution functions Fi, ..., F, and
Fx are all nuisance parameters. We call this model the covariate-adjusted (semiparametric)
Gaussian copula model; later for brevity we will often refer to this model simply as the
“regression setting.”

To motivate this study, let us assume for the moment a simpler model where under (1.5),
E is just Gaussian (instead of having a Gaussian copula), and we again observe a sample of
(Y, X). (Then, of course, E still has a Gaussian copula; however, its marginals are all fixed
to be univariate Gaussian.) This model is often called a covariate-adjusted/conditional
Gaussian graphical model in the literature. The graphical interpretation here comes from
the Gaussian vector E. As the sample of E is never observed, however, one can only infer
the associated Gaussian graphical model through the response Y. The qualifier “covariate-
adjusted” reflects the fact that the Gaussian graphical model underlying Y is obtained
after removing the influence of the covariate X. The covariate-adjusted Gaussian graphical
model has recently been studied by [5, 10] among others. These authors have shown that
removing the external effects associated with X can significantly improve the detection of
the intrinsic connections associated with E.

Given the extension of Gaussian distributions in one direction to the Gaussian copula
model, and in the other direction to accommodate a covariate in the covariate-adjusted
Gaussian graphical model, it is clear that the covariate-adjusted Gaussian copula model is
a natural but difficult next step that combines both of the previous extensions. Moreover,
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our study will show that to a large extent the complication introduced by the additional
regression structure in fact does not affect the (semiparametrically efficient) estimation
of R or of the copula parameter 6; this theme will be repeated throughout this paper.
To achieve this goal, we will rely on the ranks of the residuals in a preliminary linear
regression step, or simply residual ranks, from which we construct rank-based estimators
of the copula correlation matrix.

1.3. Relation to existing studies. Gaussian copulas have been extended in a number of
ways to incorporate a covariate, sometimes in a regression structure, and we briefly review
some representative work in this area. In what follows, again Y = (Y1,...,Y,) " denotes a
p x 1 response vector and X = (X7,... 7Xq)T denotes a ¢ x 1 covariate vector, although
not necessarily in a linear regression setting.

First, a parametrically specified Gaussian copula can be used to create a dependence
structure for the different components of Y, and the marginal distributions of Y can
also be specified to have a parametric form. For each marginal distribution, its associated
parameters may depend on the covariate X, and may also be of interest. This is the
approach taken in, e.g., [32, 38]. Because this approach requires parametrically specified
marginals, it differs significantly from our approach where the marginals are unspecified.

More recently, [6, 14] also treated the linear regression model (1.5) but they restricted
(Y, X, E) to be jointly multivariate normal. (To be precise, [6] considered the case p = 1,
while [14] considered a reparametrization of (1.5), presented in their Eq. (1), in terms of
the covariance matrix of (Y, X).) It is further assumed that none of the sample of Y, X, E
is available. Instead, [6, 14] considered a sample of (Y,X) linked to the (unavailable)
sample of (Y, X) through strictly increasing transformations of their components. To be
precise, for arbitrary integer r > 1, let G, be the collection of functions g : R” — R" such
that, for each g € G,, there exist strictly increasing univariate functions g1, ..., g, so that
for all 1,...,2z, € R, one has g(x1,...,2,) = (g1(z1),...,9-(xy)) . Then [6, 14] studied
the estimation of B in (1.5) from a sample of (Y, X), where Y = ¢g(Y) and X = h(X)
for fixed but unknown marginal transformation functions g € G, and h € G,. In turn,
the estimator of B is used to predict ?Nfrom a realization of )~(, and this is done without
assuming a linear relationship between Y and X. [6] called this model the Gaussian copula
regression model, because the joint distribution of the observable (Y, X) has a Gaussian
copula.

Note that our approach and that of [6, 14] extend the linear regression model (1.5)
in quite distinct ways: we impose a copula structure on E while the latter imposes a
copula structure on (Y, X). This distinction reflects the different motivations of the two
approaches: in our covariate-adjusted Gaussian copula model, the copula component E is
the object of interest and it is the object of interest that has been perturbed, just as in
the covariate-adjusted Gaussian graphical model. In contrast, in the approach of [6, 14],
the (Gaussian) E is largely a nuisance parameter in the prediction task. Technically, our
approach is arguably more challenging because we never observe a sample of the Gaussian
copula component E directly (whereas [6, 14] do observe a sample of the Gaussian copula
component (Y, X)), but only a sample that has been perturbed by the covariate. Showing
that we can still obtain meaningful estimators of R despite such perturbations is at the
core of our analysis.

Beyond the Gaussian copula model, there are a number of papers dealing with copula
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inference, not necessarily in a linear regression setting, based on some form of ranks of
residuals adjusted for a covariate. We briefly address the representative papers [7, 19, 20]
here. [7] studied asymptotic distribution of copula parameters via pseudo-likelihood esti-
mators in their so-called semiparametric copula-based multivariate GARCH models, Here,
univariate GARCH models describe marginal risk series and a parametric copula creates
a dependence structure for the different marginal risks; the residual marginal risks are
obtained from the observed responses after adjusting for the estimated marginal standard
deviations. Note that to the best of our knowledge detailed treatment of semiparametric
efficiency (including the semiparametric lower bound and the efficient one-step method)
in copula models appears to be rather restricted to Gaussian copulas, and the pseudo-
likelihood estimators typically do not achieve semiparametric efficiency (even within Gaus-
sian copulas); see, e.g., [18, 23]. Thus, apart from a model setup that is different from ours,
naturally [7] does not address semiparametric efficiency, which is among our research ob-
jectives. [19, 20] are set in the conditional copula framework; they assumed that a scalar
covariate X affects only the marginal distributions but not the dependence structure of a
bivariate response Y, and the copula of Y when conditioning on X is a totally unspecified
(i.e., nonparametric) copula. [19, 20] studied the asymptotics of the resulting empirical
copula process based on the estimated conditional distribution of Y given X. Conditional
copulas certainly encompass our linear regression model (1.5) as a special case. Note that
an estimator of (an element of) R is often obtained through a multivariate rank order
statistics which, after centering at R and scaling by /n, is then equivalent to the integral
of a particular score function (specified in Section 2.2.1) against a bivariate empirical cop-
ula process. However, when the score function is unbounded (as in the case for the normal
scores rank correlation coefficient), the weak convergence of the empirical copula process
alone is not even sufficient to establish the asymptotic normality of the resulting integral
(see, e.g., Section 3.1 in [2]).

Having discussed related literature beyond the Gaussian copula model (not necessarily
in a linear regression setting), we would like to point out that our technical analysis can
easily accommodate different choices of score functions, and so only partially relies on
the Gaussian copula assumption. However, we believe that the prevalence of Gaussian
copulas (because of the possibility to achieve semiparametric efficiency and its connection
to graphical models) warrants a dedicated treatment, and the specific linear regression
form also allows for a more refined analysis, as well as potential generalization to high-
dimensional settings, as we briefly discuss in Section 6.

1.4. Organization of the paper. Section 2 formally introduces our model and estimation
procedures. Section 3 presents the asymptotic normality of two estimators of the copula
correlation matrix R based on the residual ranks, one via inversion of Spearman’s rho in
Section 3.2, and another via normal scores rank correlation coefficient in Section 3.3. As
has already been mentioned in Section 1.1, and as we will elaborate in Section 3.4, these
estimators are stepping stones to obtain estimators of the copula parameter 6.

Next, Section 4 derives the semiparametric lower bound for estimating the copula pa-
rameter 6, and then shows that the one-step method in conjunction with the residual
ranks yields an estimator that achieves this lower bound. Section 5 presents the results of
a simulation study comparing the estimators based on the residual ranks and the oracle
estimators (to be introduced in Section 2.2.1). Section 6 concludes and also provides a
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short discussion on the high-dimensional extension of the current project. Due to space
constraint most technical analysis and some supporting materials are deferred to a sup-
plement, as will be explained throughout the main text. Sections in the supplement are
labeled by Roman alphabet.

1.5. Notations. We will always use < to denote inequality that holds with an absolute
constant (that is, independent of sample sizes, dimensions, and any parameter we consider)
as the factor. For any positive integer a, we use [a] to denote the set {1,...,a}.

For a matrix A € RP*P, we use (A)gr to denote its (k,k")th element. For a two-
dimensional array of numbers agp, k, k' € [p], we use [apu]ppefp to denote a matrix

A € RP*P with (A)gr = agk. When acting on vectors and matrices, || - || denotes the
Euclidean norm, and when acting on functions, |- ||z, denotes the supremum norm of the
argument.

We let L2[0, 1] be the Hilbert space of functions on the interval [0, 1] that are square-
integrable with respect to the Lebesgue measure. We let L3[0,1] be the closed (linear)
subspace of Lz[0, 1] resulting from the restriction that if h € L3[0, 1], then f[071] h(u)du = 0,
and let L3[0, 1] be the dense subspace of Ly[0, 1] consisting of continuously differentiable
functions (e.g., Proposition 8.17 in [15]). It is easy to show that LY® = L9[0,1] N L4[0,1] is
dense in LJ[0, 1]. Analogously, we let Lo(Fx) be the Hilbert space of functions h : R? — R
that are square-integrable with respect to the measure Fx (i.e., qu h?dFx < oo iff h €
Lo(Fx)). We let LY(Fx) be the closed subspace of Ly(Fx) resulting from the restriction
that if h € LY(Fx), then [z, hdFx = 0.

2. Model setup and (residual) rank-based estimation.

2.1. Formal model setup. Recall that the copula correlation matrix is parametrized as
© — RP*P : @ — R(0) for some parameter space ® € R?. We say that (Y, X,E) has a
joint law Pg B F ... F, Fyx if the following conditions hold:

(i) E has a Gaussian copula Cp = Cg(g), where Cryg) is given in (1.4) with copula
correlation matrix R = R(0); the inverse S(0) of R(0) exists.

(ii) For each k € [p], the kth component Ej of E has absolutely continuous marginal
distribution function Fj that corresponds to a marginal density function f.

(iii) X and E are independent.

(iv) The covariate X has an absolutely continuous joint distribution function Fx in R,
corresponding to a density fx.

(v) Equation (1.5) holds (with B € R7*P).

Throughout the paper we assume that both p and g are fixed; the only exception occurs
in Section 6 where we discuss high-dimensional generalization. Note also that with con-
dition (iv) above, the covariate X cannot contain an intercept term. Consequently, no
location constraint is placed on I, ..., F).

For brevity henceforth we abbreviate Pg B F, ..., F,,Fx Simply as P.

2.2. Rank-based estimation procedures. Because copulas are invariant to strictly in-
creasing marginal transformations, it is desirable for an estimator of R to maintain such
invariance. Therefore we concentrate on rank-based methods. (For non-rank-based ap-
proaches, see, e.g., [11] for a method based on parametric sieves that also achieves semi-
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parametric efficiency.) In Section 2.2.1 we review some rank-based estimators of R in the
ordinary Gaussian copula model, and in Section 2.2.2 we develop their counterparts in the
covariate-adjusted Gaussian copula model. We let (Y;, X;, E;), ¢ > 1 be independent copies
of (Y,X,E),withE; = (Ei1,...,Ei,)", Y= (Yi1,...,Yip)  and X; = (X;1,..., Xig)

2.2.1. Procedures for the ordinary Gaussian copula model. If the sample E;, i € [n]
of the copula component E were directly observable, a y/n-consistent and asymptotically
normal estimator of R can be derived in a number of classical ways. For each k € [p], we
define the empirical marginal distribution function for the kth coordinate of E as

1
For(t) =~ > MHEx <t}

i€[n]

and its rescaled version as

F ()= —— Z 1{E;; < t}.

ze[n

We need the above rescaled empirical marginal distribution function so that applying ®*
to it later will result in finite values. We will refer to F, ,(E;x) and F ,(E;) as the
(normalized) oracle ranks. Henceforth the qualifier “oracle” denotes quantilcies that could
be computed in the ordinary Gaussian copula model, and the qualifier “normalized,” which
we will omit almost throughout, refers to the multiplication by the factor 1/n or 1/(n+1).

The first estimator of R = [rgp/]p arefp) We consider is the (oracle) normal scores rank
correlation coefficient estimator Ry, = [1 ki) we[p), defined as

2.1) o = % S O (B (B (FE o (Eop)), VE, K € [pl:
1€[n]

see, e.g., Eq. (7) on p. 113 in [22]. Here ¢, is a deterministic correction factor given by

-1

(2.2) br = % 3 {qw <ni 1) }2 — 1+ O(n " log(n)).

i€[n]

Using the Gaussianized observations Zgn) (@ (Fpa(Ein)), .., @7 (F,
can write R,, explicitly in matrix form as

_ Pn (n)
(2.3) R, =~ >z

i€[n]

p(Bip)))T, we

n,

The correction ¢ is asymptotically insignificant, but with it the diagonal elements of
R,,, and analogously of R given later in (2.6), all equal to one, and so R,, and R

become genuine correlation matrices. The elements of R, belong to multivariate rank
order statistics (in this case, with score function ®*°) that are common in the literature;
see [22, 36] for some early references. The asymptotic distribution of \/n(R,, —R) is a zero
mean (matrix) Gaussian; see the discussion following Theorem 3.4. In the unrestricted
model for R, the estimator R,, coincides with the pseudo-likelihood estimator, and it is
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semiparametrically efficient (in the ordinary Gaussian copula model); see Section 3.4 for
more details.

Alternatively, we can estimate R by inversion of Spearman’s rho. As described, e.g., in
[25, 28], the population version of Spearman’s rho between the kth and k’th coordinates
of E, for any k, k" € [p|, is defined as

Py = 3{P((B1p — Ea) (B — Egpr) > 0) = P((Ey g — Eag) (B — Egge) <0)}.
Then, let the (oracle) estimator of pgx be

12n n+1 n+1
Pk = 5 > {Fn,k(Ei,k) i } {Fn,k/(Ei,k') - }

1€[n]
n

n? —1

(2.4) —1-6

Z {Fn,k(Ez,k) - Fn’k'(Ei,k’>}2 :

i€[n]

see, e.g., Egs. (11) and (12) on p. 113 to 114 in [22]. The elements p,, pi/, k, k' € [p] again
belong to multivariate rank order statistics (in this case, with score function v/12(u—1/2)).
The asymptotic distribution of \/n[pnrr — prrr]kwefp) i @ zero mean (matrix) Gaussian,
and will be hinted at following Theorem 3.3.

Furthermore, the following well-known equality holds between the elements of the
copula correlation matrix R = [rpp]pwep and the elements of Spearman’s rho matrix

[pkk’]k,k’e[p] :
Tkk = 28in (%Pkk’) , Yk, E € [pl;

see, e.g., Corollary 4.1 in [24]. A plug-in estimator of R via inversion of Spearman’s rho
is then given by Ry, = [rF ]k wepp) with

s

/
6Pn,kk’>a vk, k" € [p].

p _ .
Tk = 2sin (

By the Delta method, the asymptotic distribution of \/n(Rf — R) is also a zero mean
(matrix) Gaussian.

2.2.2. Procedures for the covariate-adjusted Gaussian copula model. In the covariate-
adjusted Gaussian copula model, the sample of the copula component E, and therefore the
oracle ranks, are not directly observable. Instead our sample consists of (Y;,X;), i € [n].
Therefore, we rely on this sample to estimate the sample of E and the oracle ranks. We
denote the kth column of B by Bj. Then the kth component of (1.5) reads

Y, = B X + E.

We let B = B(™ be an estimator (sequence) of B, and denote the kth column of B by ﬁk
For sample size n € {1,2,...} and i € [n], let E; = Egn) = (Ei1,...,Eiq)" be the
residual of the ith sample, which we also regard as an estimator of E;, defined as

(2.5) Eip=Yip—BlXi=Ej; — (B, —By)'X;, kel
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For brevity we will suppress the dependence of E; on n (which it inherits from ]§) Then,
for each k € [p], let F}, ; be the (empirical marginal) residual distribution function for the
kth coordinate of E, which we regard as an estimator of Fj, 1, defined as

~ 1 ~
() = — Y HEjx<t}, teR,

i€[n]

and let ﬁ; i be the estimator of F , defined as

~ 1 A
Fpp(t) = " 2 ]H{Ei,k <t}, teR.
<c|n

We will refer to ﬁn,k(ﬁz,k) and F\ﬁ k(/E\ZJf) as the (normalized) residual ranks.

Now, we let R,, = [P kk' [k k7e[p] D€ the normal scores rank correlation coefficient esti-
mator of R based on the residual ranks given by

(26) P = 2037 @ (FL (B )@ (B (Boe)), VK € o)

i€[n]

where we recall the correction factor ¢, from (2.2). Using the Gaussianized observations
(2.7) 2" = 2y = (@ (B (i) 2 (B (Eip))
we can write ﬁn explicitly in matrix form as

5 _ ¢n 7T
(2.8) R, =" > 7z
i€[n]
Note that R,, is obtained from (2.1), or in matrix form from (2.3), through substitution

of the oracle ranks by the residual ranks.
Next, let the estimator of Spearman’s rho pgp based on the residual ranks be

~ n - 2
(2.9) Pk =1—6 : > {Fn,k(Ei,k) - Fn,k’(Ei,k’)} :

2 _
" i€[n]

Similar to (2.6), pykr is obtained from (2.4) through substitution by the residual ranks.
Then, a plug-in estimator of R via inversion of Spearman’s rho, now based on the residual
ranks, is given by Ry, = [ , 1 ]x pepp) with

s

(2.10) PP = 2sin (6

ﬁn,kk’) , VK € p].

The perturbation term (ﬁk — By) "X, in (2.5) will likely cause the residual ranks to
deviate from the oracle ranks. However, as we will demonstrate in Section 3.1, the difference
between the residual ranks and the oracle ranks is uniformly small. Consequently, the
differences between the estimators based on the residual ranks and their counterparts
based on the oracle ranks should be small as well, allowing us to conclude that these
estimators have the same asymptotic distribution. Rigorously demonstrating this fact will
be a major focus for the remainder of this paper.
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3. Asymptotic normality of estimators of copula correlation matrix based on
residual ranks. In Section 2 we have introduced two estimators of the copula correlation
matrix R based on the residual ranks. In this section we present asymptotic normality
results for these estimators. Some preliminary results regarding the residual ranks are
presented in Section 3.1. These results concern the individual coordinates of E and in fact
do not rely on the Gaussian copula dependence structure (i.e., condition (i) under the law
P described at the beginning of Section 2). The most important results of Section 3 are
presented in Sections 3.2 and 3.3. First, Section 3.2 treats the estimator R, in (2.10) via
inversion of Spearman’s rho. Then, Section 3.3 treats the normal scores rank correlation
coefficient estimator f{n in (2.6). Finally, Section 3.4 provides a short discussion, including
on how, from the estimators of R, we could obtain estimators of the copula parameter @
under constrained parametrizations R(6). As we will see, the estimator R/, is easier to
analyze, but the estimator f{n is more closely related to the pseudo-likelihood method in
Section 3.4 and to the one-step method in Section 4.2.

We do not require a specific form of the estimator B of B, but in order for our estimators
of R to be consistent, naturally we require B to be consistent for B. Even though in
a linear regression model a n~/2 convergence rate for B is the most common one, a
different convergence rate is possible. For instance, Rousseeuw’s robust least median of
squares regression introduced in [35] yields a slower, n~'/3 convergence rate for B (see,
e.g., Example 6.3 in [26]). As another example, if we consider a case where the law P may
change with the sample size n, then g, could reflect the “effective” convergence rate of
B in terms of n; in Section 6, this topic is treated in more details when specifically the
ambient dimensions p and ¢ vary with n. To demonstrate the flexibility of our estimators,
we simply set the convergence rate of B asin Assumption 3.1. This assumption and some
other general assumptions for this section are collected together below. We let &), denote
the o-field generated by the collection of random vectors {(Y;, X;)};c,). All probabilities
are stated under the (arbitrary but fixed) law P unless stated otherwise.

ASSUMPTION 3.1. B is X, -measurable, and under the law P is a 5]§1n—consistent esti-

mator of B, that is, H]§ —B|| = O,(6Bn). Here, dBn, n > 1 is a sequence of deterministic
constants that is required to satisfy log(n)/n < é, = o(1).

The sole purpose for placing a lower bound on g ;, in Assumption 3.1 is to simplify certain
expressions later.

ASSUMPTION 3.2.  For each k € [p], the marginal density function fi, satisfies || fxllr.. <
00, and is Lipschitz continuous with Lipschitz constant L on R.

ASSUMPTION 3.3.  Under the law P,

(i) the covariate X satisfies E[||X||*] < oo, i.e., the second moment of ||X| is finite.
(ii) If n=Y/2 = o(0p.,n) in Assumption 3.1, i.c., if B is not /n-consistent, then addition-
ally max;cy) [Xill6B,n = 0p(1).

3.1. Results on the residual ranks. Proposition 3.1 presents a uniform bound for the
difference between the empirical process based on the residual F; ;’s, or simply the resid-
ual empirical process, and the empirical process based on the unobserved E;;’s. Based
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on Proposition 3.1, Proposition 3.2 further establishes a uniform bound for the differ-
ence between the residual ranks F, ;(F; ;) and the corresponding unobserved oracle ranks
We first introduce some quantities that will appear in these propositions. For k € [p], let

By = Ex—(By—B) "X, and write E [11 {Ek <+ (By - Bk)TX} \Xn] —E [11 {Ek < } \Xn}
which equals the conditional probability ]P’(Ek < -|A,) . Then, let the “oscillation-like” re-

mainder term (e.g., p. 243 in [30] or Lemma 1 in [1]) common in the analysis of residual
empirical processes be, for t € R,

Fing(t) = Fpp(t) — Fui(t) — P(Ex < tX,) 4 Fi(t)

(3.1) = % > {R{Ei,k <t} = 1{Eip <t} = P(Bx < t]X,) + P(E; < t)} :
i€[n]

Analogous to above, for analyzing normal scores rank correlation coefficients, let

k() = FLu(8) — Fop(t) — P(Ey < t]X,) + Fi(t)

(3.2) = % > {ni 1]1{Ei7k <t} —1{Eix <t} — P(Ej < t&,) + P(Ex < t)} :

1€[n]

Next, let the additional remainder terms be

(3.3) rang(t) = P(Ej < t|X,) — Fi(t) — fi(t)(By — By) "E[X], teR,
(3.4) Panbi = Fuk(Eik) = Fu(Eig) = Fup(Eig) + Fi(Eip),

Fangi = Fr(Eir) — Fe(Eig) + fk(Ez‘,k)(ﬁk - By) ' (X; — E[X])
(3.5) + fu(Eix)(By, — By) TE[X].

PROPOSITION 3.1.  Under the law P, for alln > 1, k € [p| and t € R the equalities
(3.6)  Fp(t) — Fi(t) = Foi(t) — Fi(t) + fu(t) By — By) "E[X] + rinp(t) + roni(t),
(3.7)  Fpx(t) = Fu(t) = Fog(t) = Fult) + f(6) (B — Br) "E[X] + 7, o (0) + r20(t)
hold. If in addition Assumptions 3.1 and 3.2 and 3.3(i) hold, then for all k € [p],

‘rln k(t)’
sup : = 0p(1),
teR Jog!/? (55;) n—1/2 {f;/z(t)égi + 5]37”} +log(n)n~—! ’
3.8 r
R P (t) o
i<k log? (351 ) 12 {12002 + 0,0} +log(mnt
furthermore,
(3.9) sup |ron k()] = Op (5]23,71) .

teR

PRrROOF. First, (3.6) follows because

Fo(t) — Fi(t) = % Y HEix <t} - Fu(t)+ % > (1{Ei,k <tf - H{Eir < t})

1€[n] i€[n]
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= Fap(0) = Fiul) + 5 Y (1HBis < 0 = 1{Bie < 1} — (B < %) + Fi(0)

1€[n]
+ P(E), < t|X,) — Fi(t)
= Fop(t) — Fi(t) + fu(t)(By, — Bg) "E[X] + 7150 (t) + 7201 (2).-

The derivation of (3.7) is completely analogous. The proofs for the bounds in (3.8) and
(3.9) are deferred to Proposition A.1 and Lemma A.4 in the supplement respectively. [

We provide a few technical remarks about Proposition 3.1; readers more interested in our
development of residual rank-based techniques are encouraged to jump to the paragraph
just above Proposition 3.2.

e First, the decomposition (3.6) consists of the leading terms that are the first three terms
on the right hand side, and the remainder terms ry,, j, + 2, . Decompositions similar to
this are common in the literature on residual empirical processes; see, e.g., Theorem 1 in
[1] or Theorem 1 in [9]. (Even in a linear regression setting, as is the case in [9], sometimes
the term nl/f fr (t)(fik —B;,) "E[X] is replaced by the asymptotically equivalent quantity
n 12 f.(t)(Br —Byp) T > icn) Xi- We point out that [9] in fact studied fixed design, with
fixed X, ..., X,} being the rows of a n x ¢ design matrix, so additional care is necessary
for a truly precise comparison.)

e Next, we can obtain the following weakened, but simpler form of (3.8), simply by re-
placing fi(t) with || x|z, < oo:

(3.10) sup [ri (1)) = Oy (1082 (351 )n /2642 ).
teR

In particular, when dg ,, = O(n~1/2), (3.10) implies sup,cg 711 (t)] = Op (logl/Q(n)n_?’/‘l).
In this case, supeg [F2n,k(t)] = Op (n™1). Such rates on the remainder terms are strictly
faster than op(n_l/ 2), and improve upon existing results in the literature. For instance,
Theorem 1 in [1] and Theorem 1 in [9], when taken at face value, simply state the
remainder terms as being op(n_l/Q).

1/2
e Finally, for ¢ such that the term {log((sg,ln)n T (t)éB,n} in the denominator on the left

hand side of (3.8) dominates (i.e., when fi(t) > o,V (log?(n) logfl(ég}n)nflég}n)), the
bound in (3.8) on ri,(t) and i, ,(¢) is additionally weighted by an approximate stan-

dard deviation factor f,i/ 2(75). (For t such that the aforementioned term no longer dom-
inates, the bound on 1, () and 7y, . (¢) is Oy <log1/2(5]§}n)n_l/25]37n + log(n) n_1>,

which when 0, = O(n~'/2) is very fast at Op(log(n)n~!).) This idea of weighing
further sharpens the bound (3.8) compared to the simplified version (3.10), and is a
prominent feature of our result that differs from the literature. It is also quite similar to
how the convergence of the standard empirical process /n(F, r — F) is often measured
under a stronger, weighted metric || - /w||r., where the weight function w can almost be
as small as the standard deviation factor (Fy A (1 — F))Y/? of /n(F,x — Fr); see, e.g.,
Lemma C.4 in the supplement. When integrating over a score function that becomes
unbounded toward the boundary (such as the function ®* in the normal scores rank
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correlation coefficient estimator ﬁn), the weighted version (3.8) tames the unbounded-
ness of the score function and so allows for establishing a faster convergence rate for
the resulting integral. Again, this is similar to how the convergence of the standard
empirical process y/n(F, ; — F}) under a weighted metric can be helpful in analyzing
the classical multivariate rank order statistics with unbounded score functions (see, e.g.,
how [36] relies on its Lemma 4.2).

The leading term in (3.6) that reflects the uncertainty B-Bin estimating B, namely
the term fk(t)(ﬁk —By) "E[X], is proportional to E[X]. Interestingly, in the corresponding
terms in (3.11) and (3.12) in Proposition 3.2 below, E[X] is replaced by X; —E[X]. Thus for
the residual ranks these terms will behave as if the covariate X were centered. (Intuitively,
a common average relating to all the residuals should not affect the ranks of the residuals
to first order.) This centering effect will negate the leading contribution of B - B to
the asymptotics of our estimators of R based on the residual ranks, and will allow us to
conclude that the asymptotics of our estimators of R do not depend on the estimation of
B, as long as the rate of B — B is not much slower than n~1/2.

PROPOSITION 3.2.  Under the law P, for each n > 1, k € [p] and i € [n| the equalities
Fok(Eir) — Fur(Eig) = —fr(Eir) By — By) T (Xi — E[X])

~ ~

(3.11) + Pk (Ei k) + ron e (Eik) + T3nki + Tan ki
n e(Eig) = Fop(Eig) = — fr(Eir)(By, — By) T (X; — E[X])
(3.12) + Tin,k(ﬁi,k) + ronk(Big) + Tanki + Tan i

hold. If in addition Assumptions 3.1, 3.2 and 3.3 hold, then for all k € [p],
(3.13)

T3n.k,i
max . = Op(l)v
i€l 1og!/2(n) n =172 { £/ (B ) Il /283 5, + X8, | + log(n) !
Tan ki
(3.14) max 2 =0,(1).
i) | Xl (1%l + [EXIN0G,, [ "

~

ProOF. We fix arbitrary k € [p], and first prove (3.11). First, (3.6) with t = E; j, gives
(3.15)  Fu(Eir) = Fup(Eig) + rin(Eik) + r2an(Eix) + f5(Eix)(Br — Br) 'E[X].

~

For the first term F), ;(E; ;) on the right hand side of (3.15), sequentially substituting in
T3n.ki (see (3.4)) and 7454 (see (3.5)) gives
Foy(Eiy) = Fi(Eix) — Fi(Eig) + Fup(Big) + ran
= Fop(Eig) + ranki + Tanki — fr(Eig)(Br — Bi) T (X; — E[X])
(3.16) — fu(Eix)(Br — By) "E[X].
Combining (3.15) and (3.16) yields (3.11). The proof for (3.12) is completely analogous to
the one for (3.11), except that we now start from (3.7) with ¢t = E; .

The proofs for (3.13) and (3.14) are deferred to Lemma A.2 and Lemma A.4 in the
supplement respectively. ]
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3.2. Inversion of Spearman’s rho.
THEOREM 3.3. Assume the law P, and that Assumptions 3.1, 3.2 and 3.3 hold. Then,
(3.17) vn (ﬁnkk/ - pn,kk/) =0p <log1/2(n)5]13/; + n1/25]237n> , Vk, K € [p].
Thus, if furthermore
(3.18) oB.n = o(n~ 4y,
then /n (ﬁn,kk/ - pn,kk/) =o0p(1) , Vk, K € [p].
PROOF. The proof is deferred to Section A.2 in the supplement. O

Theorem 3.3 immediately yields that when the conditions of the theorem hold and when
the uncertainty B — B is not too large (precisely, when (3.18) holds, which in particular
allows a rate slower than n~'/2), the matrix /n[py x — Pkk' i,k clp) Telating to Spearman’s
rho is at most o, (1) away from its oracle counterpart /n[p, kx' — prilkiefp- Thus in
particular the asymptotic distributions of the two matrices coincide. As is well-known,
the asymptotic distribution of the latter matrix is a zero mean (matrix) Gaussian with
a correlation structure given by, e.g., Theorem 2.2 in [12]. (To be precise, [12] gives the
asymptotic distribution of (in their notation) S, which is a (matrix) U-statistic of degree
three. The difference between S, and our matrix [pp g |gkecfp) (Which is Dy, in [12]) is only
Op(1/n) though; see, e.g., the second equation display on p. 118 in [12].)

Finally, the asymptotically normal distribution of \/ﬁ(f{ﬁ —R), where R’ is the plug-in
estimator given by (2.10) via inversion of Spearman’s rho, will follow by the Delta method.
This asymptotic distribution will coincide with that of \/n(R;, — R), where Rj, is the
oracle counterpart of ﬁﬁ in the ordinary Gaussian copula model, due to the asymptotic
equivalence of the matrices \/’E[b\n,kk’ — szk’]k,k’e{p] and \/ﬁ[pn,k:k’ — pkk’]k,k’e[;;} This is
our first concrete instance where the complication introduced by the addition regression
structure does not affect the estimation of R, a theme already mentioned as early as the
end of Section 1.2.

3.3. Normal scores rank correlation coefficient. 'The analysis of the normal scores rank
correlation coefficient estimator R,, in (2.6) will involve two additional constants 7 and
~. Their particular values are irrelevant for the construction of f{n, but they relate to
Assumptions 3.4 and 3.5, the quantity J,, in (3.24), and the rate in Theorem 3.4 below.
We recall 6B, from Assumption 3.1.

ASSUMPTION 3.4.  Under the law P, the covariate X satisfies E[||X||?] < oo. Moreover,
maXie(y) | XilldBn = Op(n™") for some constant T satisfying

(3.19) 7> 1/4.

Assumption 3.4 is stronger than its counterpart Assumption 3.3 for analyzing the estimator
R/, via inversion of Spearman’s rho, and it necessitates

(3.20) B =O(n"").



COVARIATE-ADJUSTED GAUSSIAN COPULAS 15

In the canonical case, 0B, = O(n*1/2); then, by reasoning similar to the proof of Lemma A.3
1
in the supplement, for any 7 < 1/2, Assumption 3.4 is implied by the condition E [HXH 17/ 2*7} <

oo. Thus if we would further like 7 = 1/4 + € for some small € > 0, then Assumption 3.4
is implied by a condition slightly stronger than the finite fourth moment of || X]|.

ASSUMPTION 3.5. There exists a constant v satisfying

1
(3.21) 3 <7< min {27, 1}

(note that for T satisfying (3.19), the range in (3.21) is not empty) such that, for each
k€ [pl,

fk‘ o FIQ_(U) B _1,
(3:22) ue?;’llp,(;) uA(l—u) ¢ (5 k )

as 6 1 0.

If Assumption 3.5 is satisfied for some v, we define a partition of the interval (0,1) into
(3.23) Ay =A" = 0,nUL=n1), A=Al = 1—n).

Then, we introduce the non-decreasing sequence d,,, n > 1 as

() ) 2
(3.24) op = max/A2 {M} {|& (u)| v 1}* du.

We elaborate on Assumption 3.5 and the quantity d, in (3.24). Assumption 3.5 requires
that at any quantile u € (0, 1), the marginal density f; cannot be too large compared to
the value u A (1 — u) which measures how close the quantile level u is to the boundary
of the distribution of Ej. This assumption excludes certain distributions. For instance,
if we can take 7 = 1/2 (as can be done if B is v/n-consistent and the support of X is
bounded), then for Ej following the uniform distribution, the left hand side of (3.22)
is of the order 1/§, while if we take 7 according to (3.21), then for the right hand side
1/67/% = 1/6"/(7) which is of a smaller order because v > 1/2, violating Assumption 3.5.
Why is the uniform marginal distribution problematic? Recall the decomposition (3.12) of
the distance between the residual ranks and the oracle ranks; the first term on the right
hand side of (3.12) tells us that a part of this distance is weighted by the marginal density
fi. The density of a uniform distribution does not decay toward the boundary; this, when
coupled with an unbounded score function @, leads to too large a distance between the
residual ranks and the oracle ranks for our current techniques to handle.

On the other hand, Assumption 3.5 should hold for any distribution whose density
decays reasonably fast toward the boundary. For instance, it is easy to check that As-
sumption 3.5 holds for the normal density and for densities with polynomial decay of the
form

a—1 1

(3.25) fr(t) = PECENDE
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with a > 1. Moreover, in these two cases, the integral on the right hand side of (3.24) over
the entire interval (0,1) evaluates to a finite constant that then upper bounds all of 4y,
n > 1. In fact, it is not too strong to make &, = O(1) a requirement, because as we will
also discuss later in Remark 2, ¢, is quite similar to the left hand side of (4.9), and the
latter quantity should be finite for us to carry out the lower bound analysis in Section 4.

We introduce
(3.26) A, = log(n) n*?77 4 nt/*6p .61/ 4 1og®?(n) (5]13/31 + log!/?(n) n1/2(5]237n5n.

THEOREM 3.4. Assume the law P, and that Assumptions 3.1, 3.2, 3.4 and 3.5 hold
(with Assumption 3.4 implying (3.20) with T satisfying (3.19)). Then,

(3.27) V(T — Tnprr) = Op(An), VK € [p].
Thus, if furthermore

(3.28) 0 = o(n*" 2 log™ /2 (n)),

then A, = o(1) and (component-wise)

(3.29) Vn(Ry —Ry) = op(1).

PROOF. At ahigh level, the proof is similar to that of Theorem 3.3. However, the present
proof is much longer due to the technicalities encountered when treating the unbounded-
ness of ® in (2.6). The detailed proof is deferred to Section A.3 in the supplement. [

Similar to the discussion following Theorem 3.3 on the estimator f{ﬁ, Theorem 3.4
immediately yields that, when the conditions of the theorem and (3.28) hold — with
Assumption 3.4 necessitating that the uncertainty B — B is not too large, but again
allowing a rate slower than n~'/2 — the matrix /n(R, — R) = VT = Tk |k e[p)
is at most op(1) away from its oracle counterpart \/n(R,, — R) = \/n[ry i — Ter g prepp)-
This is our second concrete instance where the additional regression structure does not
affect the estimation of R.

It is straightforward to derive the asymptotic distributions of /n(R,, — R), and hence
of \/n(R,, — R). Theorem 3.1 in [27], relying on an earlier result in [36], establishes that

Vil = Tigr) = | (F(Bi) @ (P (Ei)

1
n

— O (FU(Bi))? + (B (Ei))?} | + 0p().

1€[n]

From this and (1.3), the asymptotic distributions of \/n(R,, —R), and hence of \/n(R,—R),
are a zero mean (matrix) Gaussian with a correlation structure given in, e.g., [17].
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3.4. Discussion. Both f{n and ﬁﬁ are natural estimators of the parametrization R(6)
in the unrestricted model (defined in Section 1.1) where the copula parameter 8 simply
corresponds to the elements in the upper-triangular portion of R: we can just estimate 6
by the corresponding elements in R or R (In the case of Rn, this intuitive conclusion is
more formally justified by the pseudo-likelihood method described below.) Both f{n and
1?{7’; can also serve as the starting point to estimate @ under constrained parametrizations
R(0); we refer to p. 2 in [37] for a brief summary of existing methods.

Of these, the pseudo-likelihood estimation (PLE) method (see [16] for an early ref-
erence) is particularly interesting. Here, as in a parametric case, we estimate € by the
maximizer of the likelihood function corresponding to the density cg of the copula dis-
tribution Cr = Cgr(g) in (1.4). However, because the sample (F1(Ein), . Fp(Eip) T,
i € [n] from the distribution Cgr(g) is unobservable, we replace it by the residual ranks
(F* 1(Ei’1),...,ﬁ£7p(£77i7p))T. Formally, given “sample covariance matrix” R € RP*P, let

n,

the function M(-; ﬁ) : RP*P — R be

~ log(2 1 1 I_1a
(3.30) M(R’;R) = —pog;”) ~ 5 log(det R') — < tr (R —1R) .
Using log cg given later in (B.1) in the supplement, and the aforementioned substitutions
by the residual ranks, the likelihood function at parameter value 8’ becomes

*Zlogce/ wi(Ei), - Fup(Eip)) = M(R(0); ¢, 'Ry,).

i€[n]
Then, the pseudo-likelihood estimator is defined as the M-estimator

(3.31) O°LF = argmax M(R(6'): R,,).
0'cO®

(In (3.31), we have intentionally left out one factor of ¢, so only R, remains.) Consider
a p-variate normal distribution with fixed zero mean and with unknown covariance as the
parameter. Then the quantity M(R/; f{) in (3.30) is precisely the value of the likelihood
function of this distribution evaluated at the parameter value R’ against the “sample
covariance matrix” R. As a remark, the maximizer of M(R/; f{n) over all positive definite
R’ € RP*P (instead of over R(#) for @ € © as in (3.31)) is R,, itself (with ones on the
diagonal). Thus, in the unrestricted model, the maximizer é\P LE of (3.31) is given by the
corresponding off-diagonal elements in R, and R(é\ELE) equals R,.

To discuss the asymptotic distribution of or LE, we first introduce the oracle pseudo-
likelihood estimator O™ in the ordmary Gaussian_copula model. The oracle estimator
OPF is obtained analogously to 6F GLLE by replacing R with the oracle rank-based R,, in
(3.31). In the unrestricted model, by an argument identical to the above, OFTF is given by
the corresponding off-diagonal elements in R,,. Then, obviously, when (3.29) holds (i.e.,

when \/ﬁ(f{n —Ry) =0p(1)),
(3.32) V(07 — 01F) = 0,(1).

What happens when the parametrization R(8) is constrained? Even though 85*F and 55 LE
are solutions to two different M-estimation problems, we expect that they are close if the
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“inputs” R,, and R,, to (3.31) are close. Indeed, under (3.29), classical M-estimation theory
(e.g., Theorem 3.2.16 in [42]) again yields (3.32). The asymptotic normality of the (oracle)
pseudo-likelihood estimator (in general copula models) was established in [16]; this, under
(3.32), then implies the asymptotic normality of \/ﬁ(é\ﬁLE — 0) . Furthermore, in the
ordinary Gaussian copula model, the conditions for the semiparametric efficiency of -1
were established in [27, 23, 37] and this will also have consequences for the semiparametric
efficiency of §5LE; we will come back to this point in Section 4.1, below Proposition 4.1.

More generally, our result on R,, will be potentially useful when analyzing any quantity
involving the summation over i € [n| of quadratic forms of the Gaussianized observa-
tions (2.7), because the resulting sum will involve components of R,.. In addition to the
pseudo-likelihood example shown here, this will also apply to the one-step estimator (see
Remark 3). R

From Section 3 alone, it appears that the estimator R}, via inversion of Spearman’s rho
requires weaker conditions than the normal scores rank correlation coefficient estimator
R,,, cf. Assumption 3.3 for the former and Assumptions 3.4 and 3.5 for the latter. On the
other hand, as we have already mentioned above, the one-step estimator will involve the
estimator R,,.

4. Semiparametrically efficient estimation. Recall that the copula parameter is
0 = (A1,...,04)" and @ belongs to some parameter space ® C RY Our treatment of
the (asymptotically) semiparametrically efficient estimation of @ is rooted in the classical
Hajek-Le Cam theory of asymptotics of statistical experiments as adapted to the semi-
parametric setting. For textbook treatment of this subject, see, e.g., Chapter 3 in [3] or
Chapter 25 in [41]. Section 4.1 is concerned with the semiparametric lower bound for esti-
mating 6 in the presence of the nuisance parameters B, F1, ..., Fj, and Fx. In Section 4.2,
relying on Theorem 3.4 developed earlier, we show that the one-step estimator in conjunc-
tion with the residual ranks remains semiparametrically efficient for estimating @ in the
regression setting. Both by space constraint and by technical reasons outlined below Theo-
rem 4.2, and because the semiparametric lower bound in the regression setting was briefly
addressed in Section 6.2 in [37], we limit our presentation on this subject in Section 4.1
to some key results and we defer a full treatment to Section B in the supplement. Again
all probabilities are stated under the (arbitrary but fixed) law P unless stated otherwise.

4.1. Semiparametric lower bound. We call an estimator (sequence) regular if it has
the same asymptotic distribution under any sequence of local alternatives (e.g., p. 365 in
[41]). Following Definition 2.8 and Lemma 2.9 in [40], under suitable regularity conditions
(differentiability in quadratic mean of suitable local parametric submodels passing through
P suffices), an estimator (sequence) 0, is (asymptotically) semiparametrically efficient at
the law P (which has the built-in requirement that the sequence is regular at this law) for
estimating @ if and only if it is asymptotically linear in the efficient influence function.
Following Lemma 25.25 in [41], we denote the efficient score (function) for € evaluated
at P by ig(-l, 9;P) : R? x R — RY then the efficient influence function is given by
" 1(0)15(-1, 2; P), where 1*(8) is the efficient information matrix:

(4.1) I'(6) = E[(l3l5 ) (Y, X; P)].
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Then, semiparametric efficiency of §n is equivalent to

(4.2) V(6 — ) = \}ﬁ S 1101 (Y, X5 P) + op(1).

i€[n]

By the Hajek-Le Cam convolution theorem (e.g., Theorem 25.20 in [41]), the asymptotic
distribution of every regular estimator of @ (after centering at 6 and scaling by y/n) is the
convolution of Ng(0,T*7'(8)) and another estimator-specific probability distribution M.
If an estimator 6, satisfies (4.2), then

(4.3) V(6, — 8) ~ Ny(0,17(8))

where ~~ denotes weak convergence; thus, M is degenerate at 0. Therefore §n is optimal
among regular estimators.

Denote by 15°(0) = (I5° (50))%_; : [0,1]7 — R? the efficient score in the ordinary
Gaussian copula model when all margins are Unif(0, 1) distributions (but when this infor-
mation is not known). This function, which determines the semiparametric lower bound in
the ordinary Gaussian copula model, is derived in Section 2.4 in [37]. Define the matrices
of partial derivatives R1(6),...,Rq(8) of R(#), and the matrices of partial derivatives
S1(0),...,S4(0) of S(8) =R(6)! by
s (RO, (50w = 5o

when they exist. Further define ®§ : [0, 1]P — RP as

(Rin(0)) i = (S(0))wwr, k. K" € [p], m € [d]

(4.4) Oy (u) = (D (u1),..., 2 (up) ", u=(ug,...,up)" €[0,1]7.

Then specifically

) 1 )
(45)  I(0:0) = S0% () {Do(gn(6)) ~$,(0) }5 (w), we 0,17, m e [d]
In (4.5), the vector g,,(8) = (91.m(0),--.,9pm(0)) " is given by

(4.6) gn(0) = —{L, + R(0) 0 S(0)} ' {Rm(60) 2 S(0) }1,

(in (4.6), ¢, denotes a p-dimensional vector of all ones, and o denotes the Hadamard
product), and with diag(b) denoting the diagonal matrix with the elements of b € RP
arranged on the diagonal, the matrix Dg(b) € RP*? is given by

(4.7) Do (b) = S(0)diag(b) + diag(b)S(0).

As Proposition 4.1 below shows, under regularity conditions stated in Assumption 4.1,
the efficient scores in our regression setting and in the ordinary Gaussian copula model
are related in a simple way, and the efficient information matrices in the two cases are
identical. In Assumption 4.1, conditions (i) to (iv) are identical to those in Assumption 2.1
in [37], and under which the parametric Gaussian copula model for E with known, uniform
margins is regular (Lemma 2.2 in [37]). On the other hand, we need the additional condi-
tions (v) and (vi) to ensure differentiability in quadratic mean of suitable local parametric
submodels passing through P in our regression setting.
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ASSUMPTION 4.1.  For the mapping @ — R(6) : © C RY — RP*P | suppose that

(i) © is open, and @ — R(O) is one-to-one.

(ii) For all @ € O, the inverse S(0) of R(0) ewists.
(iii) For all @ € ©, the matrices Ry(0), ..., Ry(0) exist and are continuous in 6.
(i) For all @ € ©, the matrices R1(0), ..., Ry(0) are linearly independent.

Furthermore, the law P holds, and

(v) The covariate X satisfies E [||X][|*] < oo.

(vi) For each k € [p|, fr is continuous, is supported on an interval (ay,by) where —oo <
ap < by < 00, and on this interval fi is strictly positive and differentiable with
derivative fi. In addition, fi has finite information for location, that is,

(4.8) /[ I (hat < oo,

akzbk] fk

Moreover,

e—0 8:]8|<e

1 # su o N u 2 u
hmsup{/(o’lm] 2@ (W) p {feoFy (1+0)u)}°d

1
(4.9) + /(1/2’1) (2 (1)) 451z

sup {fro Fi(1—(1+6)(1—u))}? du} < 0.
REMARK 1. Under Assumption 4.1(iii), the matrices S1(0),...,S4(0) also exist and
are continuous in @ (e.g., the remark below Assumption 2.1 in [37]).

REMARK 2. Using the first part of Lemma C.3 involving Inequality (C.2) in the sup-
plement to bound the factor 1/¢*(® (u)) in (4.9), it can be seen that the left hand side of
(4.9) is quite similar to 6y, introduced in (3.24), in our analysis of the asymptotics of the
normal scores rank correlation coefficient estimator ﬁn It is also straightforward to check
that condition (4.9) is satisfied by the normal density and the densities with polynomial
decay of the form (3.25) that were discussed following (3.24). The perturbation by § in
condition (4.9) is the price we pay by jointly perturbing the coefficient matriz B and the
marginals Fy, k € [p] when constructing local parametric submodels passing through P; see
Section B.2 in the supplement.

Introduce F, : RP — RP as
Fu(z) = (Fi(21), .- Fp(zp) ", z=(21,...,2,) €RP.
PROPOSITION 4.1.  Under Assumption 4.1, the efficient score 12(4, -9; P) is given by
(4.10) I(y,x;P) = 1p°(Fu(y = B'x);0), V(y,x) € RP xRY,

for 15°(-;0) = (l;om(, 0))e _, given in (4.5). Hence the efficient information matriz I*(0)

m=1
in (4.1) coincides with the the efficient information matriz in the ordinary Gaussian copula

model, and has the explicit representation

(1°(6)) o = 5 tr1{Do(gm(6)) — $,(6)IR(6)
(411) % {Do(gn(8) ~ S, (O)IR(O)], .’ € [d].
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PROOF. The proof is deferred to Section B.4 in the supplement. O

The simple relationship (4.10) has practical consequence for characterizing the semi-
parametric efficiency of an estimator of @ in our regression setting. We will take the
pseudo-likelihood estimator §5LE from Section 3.4 as an example. Suppose that under the
ordinary Gaussian copula model the oracle pseudo-likelihood estimator %F is semipara-
metrically efficient. Then @°VF is asymptotically linear in its efficient influence function,
which by isometry (e.g., Eq. (55) in Section 4.7 in [3]) is given by I*"1(0)I5°(F.(-); ).
Thus

V(oW — \FZI* L(0)15°(Fu(E;)); 0) + op(1).

1€[n]

(That is, (4.12) given later holds with 0, replaced by OFF.) Now we impose the regression

structure. If in addition (3.32) holds (which is in turn implied by (3.29) as discussed in
Section 3.4), then by (1.5) and (4.10), Equation (4.2) with 6,, replaced by 0, OFLE holds as
well, implying the semiparametric efficiency of §P LE in the regression setting. Therefore,
we have essentially reduced the characterization of the semiparametric efficiency of 8, OPLE to
that of @F1F, and the latter has been extensively studied in, e.g., [27, 23, 37]. In particular,
in the ordinary Gaussian copula model, [27, 23] established that 8L "F is semiparametrically
efficient in the unrestricted model for R (see the discussion of Example 5.3 in [39]), and
more recently Section 4 in [37] established conditions for semiparametric efficiency of @51
under general constrained parametrizations R(80).

4.2. Semiparametrically efficient estimator. We first recall from Section 4.1 that an
estimator (sequence) 6,, is semiparametrically efficient at the law P for estimating 6 if and
only if it satisfies (4.2). Using Proposition 4.1, this is equivalent to, under P,

Vn(8, - ZI* Y Fuo(Y; —B'X;);0) +0,(1)

ze [n]

(4.12) Z | Fuo(E;); 0) + 0p(1).

ze [n]

The one-step method that updates an initial \/n-consistent estimator 8 to produce an
efficient estimator has a long history; see, e.g., Section 25.8 in [41] for a textbook treatment.
In the ordinary Gaussian copula model, [37] constructed and established the semiparamet-
ric efficiency of an one-step estimator. [39] studied a different update technique; they start
from an already semiparametrically efficient estimator in an unrestricted model (e.g., the
oracle pseudo-likelihood estimator O5™F for Gaussian copulas) to produce an efficient es-
timator in a constrained parametrization. We will adopt the approach of [37]. Because we
would like the one-step estimator to be based on the residual ranks, we require the initial
estimator @) to be constructed from the residual ranks as well. These requirements are
formally summarized in Assumption 4.2. Section 3.4 discusses some natural candidates for
the initial estimator @) ; the pseudo-likelihood estimator is one such example.

__AssUMPTION 4.2.  The initial estimator 0y is constructed from the residual ranks
F, 1 (E; k) or the rescaled residual ranks F  (E; ), i € [n], k € [p]. Moreover, \/n(6},—6) =
Op(1) under P.
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For an estimator 8; of 0, let 6,, be a discretized version of 6 obtained by rounding 67,
to the nearest n=1/2Z¢ grid. The one-step estimator is defined as

*— ¢Tb or - n
(4.13) 695F = 9, + T1( Zl Ein),....F (Eip)i6a) ¢,

i€[n]

where the second term on the right is the update term. The one-step estimator above
is essentially obtained from (3.3) in [37] via substitution of the (for us, unobservable)
oracle ranks FJ , (E;j) by the (rescaled) residual ranks ﬁ; k(Ezk) Just as in the ordi-
nary Gaussian copula model, by Proposition 4.2 below the one-step estimator above is
semiparametrically efficient for 8 in the regression setting.

REMARK 3. The update term in (4.13) is given in terms of the efficient score .20 as in
a usual representation of the one-step method, but can also be rewritten to make the con-
nection with the normal scores rank correlation coefficient estimator f{n more transparent.
The efficient score 19 , gwen in (4.5), is quadratic in its argument which further leads to
quadratic forms of the Gaussianized observations (2.7); specifically the mth component,
m € [d], of the term in the curly bracket in (4.13) can be written alternatively as

1 ~ PN
2 tr ({Dén (gm(en)) - Sm(en)}Rn) )
where g, and Dy are introduced in (4.6) and (4.7) respectively.

PROPOSITION 4.2.  Suppose that Assumptions 4.1 and 4.2 hold. Moreover assume the
conditions in Theorem 5.4 as well as (3.28) (so A, = o(1) and (3.29) hold by that theo-
rem). Then (under P) the one-step estimator HOSE satzsﬁes (4.2) (or equivalently (4.12))
and (4.3) with 0 replaced by OOSE In particular, 0 SE s a semiparametrically efficient
estimator of @ at P.

PROOF. The proof is deferred to Section B.5 in the supplement. O

The information for estimating @ in our regression setting should be no larger than that
in the ordinary Gaussian copula model. Interestingly, by Proposition 4.2 and under the
extra conditions in Theorem 3.4, the one-step estimator 95F satisfies (4.12) and hence is
asymptotically linear in the efficient influence function I*~1(8)13°(Fy(-); @) in the ordinary
Gaussian copula model. Thus, it appears as if (with the extra conditions in Theorem 3.4)
the task of estimating € is no more difficult under the additional regression structure. Even
without a dedicated lower bound analysis (as in Section 4.1), these observations suggest
that the semiparametric lower bound in our regression setting should largely coincide
with that in the ordinary Gaussian copula model. This is partially why we decide to defer
the formal but somewhat tedious lower bound analysis that supplements Section 4.1 to
Section B in the supplement. In contrast to the discussion here, the analysis in Section B
will not require a matching, efficient estimator such as the é,?SE, and so in particular does
not require the extra conditions in Theorem 3.4 (such as that placed by Assumption 3.4
which potentially requires bounded moment of || X]|| higher than the second order).
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5. Numerical performance. We carried out a small simulation study to demon-
strate the accuracy of our estimation procedures based on the residual ranks. We consider
two distinct parametrizations, namely an unrestricted model and a Toeplitz model, of the
copula correlation matrix R(8).

5.1. Unrestricted model. For the first scenario, we consider an unrestricted model for
R = R(0) with p = 3, that is, each of the d = p(p — 1)/2 elements of the upper-triangular
portion of R is a free parameter. Specifically R is generated as follows:

e The elements in the upper-triangular portion of R are drawn independently from a
normal distribution with standard deviation 0.5; if this does not produce a positive
definite R, the procedure is repeated until a positive definite matrix is obtained. The
particular R generated is

1.0000 0.2674 0.1791
R= 02674 1.0000 0.1709
0.1791 0.1709 1.0000

We next specify the nuisance parameters that will be taken from the following set of
possible combinations (not every single combination will be studied):

e For the ¢ x p coefficient matrix B (recall that p = 3), we consider either ¢ = 2 or
q = 10. For each case, the elements of B are drawn independently from a standard
normal distribution. The particular B generated are recorded in Section E.1 in the
supplement.

e The distribution function Fx of the covariate X € R? is either a multivariate normal
distribution or a multivariate ¢-distribution (with 3 degrees of freedom) whose co-
variance or shape matrix has unit diagonal elements and off-diagonal elements equal
to p =0.1,0.5 or 0.9.

e The marginal distribution functions Fy, k € [p] of E are chosen to have either
the same standard normal distribution or the same Cauchy distribution (i.e., t-
distribution with 1 degree of freedom), or these distributions scaled by a constant
factor 1/5.

For each combination studied, N = 1000 Monte-Carlo repetitions are performed, with
sample sizes n = 50 or n = 250. For each of the N repetitions, an independent sample of
N (0,R) distribution is drawn, and the marginals of this sample are subsequently adjusted
according to the specification of Fj, k € [p] above to produce the sample of E. Next a
sample of X is drawn independently from E. Finally, the sample of Y is determined via
(1.5).

Note that when estimating B, the copula component E is considered as the noise, and
intuitively a smaller copula component should yield better estimation of B. In contrast, in
the estimation of R the copula component is instead considered as the signal. Our current
theory does not reveal which effect will dominate (as we simply take the rate ||]§ — B]
as given and do not consider the special properties that B may have). Therefore, for the
marginal distributions, the scaling by 1/5 is intended to clarify the effect of the scale of
the copula component on the estimation of R.

We focus on the comparison between the normal scores rank correlation coefficient
estimator f{n, which coincides with the pseudo-likelihood estimator in this scenario as
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discussed in Section 3.4, and its oracle version R,, based on the (unobservable) oracle ranks.
Compared to ﬁn, the estimator ﬁfl via inversion of Spearman’s rho performs slightly worse
and we omit presenting the results related to R’.

Our first simulation considers the case ¢ = 2 and p = 0.1, and also considers the effect of
different regression methods on the estimation of B which in turn affects the estimation of
R. The results are summarized in Figure 1. In particular, in each subfigure, the results for
B produced using the ordinary least squares (OLS) are plotted in the first six boxplots,
while those produced using the least absolute deviation (LAD, or equivalently quantile
regression at the quantile level 0.5) are plotted in the next six boxplots. These two six-
boxplot sets share a common x-label pattern. Each x-label is a two-tuple that indicates the
distribution of the covariate X and the marginal distribution functions Fy, k € [p] of E.
The first letter in the two-tuple is either “n” or “3,” which indicates that X is either drawn
from the multivariate normal distribution or from the multivariate ¢-distribution (with 3
degrees of freedom) respectively as described earlier. The second letter in the two-tuple
is either “n”, “17, “n/5” or “1/5,” which indicates that each of F, k € [p] is either the
standard normal distribution, the Cauchy distribution, the standard normal distribution
scaled by 1/5, or the Cauchy distribution scaled by 1/5 respectively, again as described
earlier.

The performance of the estimators is measured by various Frobenius norms. The first
row in Figure 1 plots ||R,, — R||r. For this row we additionally consider a naive estimator
RY. The estimator RY is the normal scores rank correlation coefficient estimator produced
directly from a sample of Y without taking into account the covariate X; the particular
sample of Y is taken from the “(n,1)” specification described above. The performances of
the oracle estimator R,, and the naive estimator RY are denoted by “Ora.” and “Y” on
the x-label respectively. For the second row we plot the ratio |[R, — R|#/|Rn — R/|F,
and for the third row we consider the estimation of B and plot ||B — B||r. In Figure 1,
all three rows consist of two columns corresponding to sample sizes n = 50 and n = 250
respectively, and all subfigures are produced with the y-axis in logarithm scale.

From the first row of Figure 1 we immediately observe that the naive estimator RY
performs substantially worse than any of the other estimators, even though the sample of
Y is produced with a light-tailed X and a heavy-tailed E to intentionally minimize the
perturbation by the sample of X on the sample of E. For this reason we exclude the naive
estimator in subsequent simulation studies.

Next, as expected, when E is heavy-tailed, the OLS produces a rather inaccurate esti-
mator B of B which further leads to inaccurate (relatively speaking especially at n = 250)
estimator f{n of R. On the other hand, when E is light-tailed, the OLS produces a some-
what more accurate estimator B of B than the LAD, but this leads to no appreciable
improvement in the estimator f{n. The latter phenomenon is also expected because our
studies have shown that the rate of B — B does not affect the estimation of R (at the first
order). We will also exclude simulations done with B produced by the non-robust OLS in
future studies.

Having considered the case ¢ = 2 and p = 0.1, and excluded the naive estimator and the
estimators involving the OLS estimation of B, we now consider more correlated covariates
with higher p, and also possibly larger covariate dimension. Specifically, Figure 2 presents
the results for the common value of p = 0.5 but for (p,q) = (3,2) and (p,q) = (3,10). The
results for the same (p, q) specifications but for p = 0.9 are deferred to Section E.1 in the
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supplement. Collectively, these latter results show that, as long as a reasonable estimator
B (such as that from the LAD) is used in computing the residual ranks, the estimator R,
is nearly as good as the oracle estimator R, even with high covariate dimension ¢ = 10
(which results in a total number of ¢ x p = 30 free parameters in B) and high correlation
p = 0.9 among the covariates at a relatively small sample size n = 50. Moreover, within
each figure the estimators R,, under various specifications of the distribution of X and the
marginals of E perform quite similarly.

5.2. Toeplitz model. For the second scenario, we consider a Toeplitz model, which
is a (p — 1)-parameter model with 8 = (0y,...,0,_1)" such that (R)p = 0)j—k for
k # k'. We consider the case p = 4, which is particularly interesting because as stated
in [37], here the oracle pseudo-likelihood estimator 85 of @ in the ordinary Gaussian
copula model can be quite inefficient. In particular, [37] verified that at the particular
value 8 = 0* = (0.4945,0.4593,0.8462) ", the asymptotic relative efficiencies of FLF
with respect to the information bound are equal to 18.3%,19.8%,96.9% for 6, 65 and 653
respectively. Recall that the oracle pseudo-likelihood estimator and the pseudo-likelihood
estimator §5LE have the same asymptotic distribution (see Section 3.4), and the efficient
information matrices in the ordinary Gaussian copula model and in our regression setting
coincide (see Proposition 4.1). Therefore, the one-step estimator (discussed in Section 4.2),
which is semiparametrically efficient, can be expected to substantially outperform the
pseudo-likelihood estimator.

For our specific simulation study, we let @ = 8* be as discussed in the last paragraph,
and specify the nuisance parameters similar to Section 5.1:

e The ¢ x p coefficient matrix B is as generated in Section 5.1, now with p = 4, and
again with ¢ = 2 and ¢ = 10. The particular B generated are recorded in Section E.2
in the supplement.

e The distribution function Fx is a multivariate ¢-distribution (with 3 degrees of free-
dom) whose shape matrix has unit diagonal elements and off-diagonal elements equal
to p = 0.5 or 0.9.

e The marginal distribution functions Fy, k € [p] are the same Cauchy distribution.

We again consider N = 1000 Monte-Carlo repetitions and sample sizes n = 50 or n = 250.

Figures 3 and 4 present the results for the common value of p = 0.5 but for (p,q) =
(4,2) and (p,q) = (4,10) respectively. The results for the same (p,q) specifications but
for p = 0.9 are deferred to Section E.2 in the supplement. The fth row of each figure,
where ¢ € {1,2,3}, considers the estimation of y, and compares the deviations of the
oracle pseudo-likelihood estimator, the oracle one-step estimator, the pseudo-likelihood
estimator, and the one-step estimator (as indicated by the x-labels) from 6,.

Similar to [37], but in our regression setting, we observe that the one-step estimators
outperform the respective pseudo-likelihood estimators in particular for 8y, £ = 1 or 2, just
as expected. More importantly, at least when the covariate dimension is low (i.e., when
q = 2), the one-step estimators perform almost as well as the corresponding oracle one-step
estimators. When the covariate dimension is high (i.e., when ¢ = 10), both the one-step
estimators and the respective pseudo-likelihood estimators start out with a relatively large
bias when the sample size is small, but the bias improves at a larger sample size.
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6. Discussion on high-dimensional setting. In this paper we have studied the
(semiparametrically efficient) estimation of the copula parameter in the covariate-adjusted
Gaussian copula model. Our main conclusion is that asymptotically, and under mild con-
ditions, we can find estimators based on the residual ranks (computed from an initial
estimator B of B) that perform as well as their counterparts based on the oracle ranks.
Our discussion so far has been confined to the fixed dimensional setting. In this section
we briefly address the potential extension of our study to the high-dimensional setting,
where the dimension p of the response and the dimension ¢ of the covariate may no longer
be fixed and may even be increasing with the sample size n.

We shall confine our discussion to the estimation of the copula correlation matrix R
in the unrestricted model. In the high-dimensional setting, we need to strengthen the “in
probability” statements in our analysis, such as those in Theorems 3.3 and 3.4, to precisely
account for error accumulations over potentially increasing complexity of our model. For a
generic estimator R,, of R (in high dimensions), this is often achieved by first establishing
a non-asymptotic deviation inequality of the form

(6.1) P{|(Ry —R)u| = f(n,e) } < e VK € [p,

where the deviation f(n,e) is typically a decreasing function in both the sample size n
and the exclusion probability . We would like (6.1) to be as tight as possible, so that we
can find an exclusion probability € small enough so that a simple union bound over all
elements yields p?c < 1, yet also large enough so that the deviation f(n,¢) is small. In
words, it is desirable that with high probability the elements of R,, are uniformly close to
the corresponding elements in R. (We can compare (6.1) to, e.g., Definition 1 in [34] on
precision matrix estimation using the graphic LASSO. Compared to the latter, in (6.1)
we consider the deviation f(n,e) as a function of the sample size n and the exclusion
probability e, which conforms better to the notation in (6.3) below.)

In the ordinary Gaussian copula model, (6.1) can usually be established without sparsity
assumptions related to R or S = R™!. As a concrete example, estimation of R through R/,
via inversion of Spearman’s rho has been well studied [31, 43]. For instance, Lemma 1 in
[43] establishes (6.1) with R, replaced by R}, and with f(n, e) on the order of \/log(1/¢)/n;
precisely, they derived, for some absolute constant c,

1 log (2¢71
(6.2) PR - Ryl >/ L2 e

co n

On the other hand, once (6.1) has been established, it can be combined with appropriate
sparsity assumptions and correspondingly tailored sparsity-inducing procedures to produce
accurate estimators of R or S in high dimensions. For instance, we may assume that R
itself is sparse (that is, most of its off-diagonal elements are zero), and a sparsity-inducing
estimator of R can be produced by thresholding f{n at a level determined by f(n,e¢)
[4]. Alternatively, as we have already mentioned in Section 1, in the context of high-
dimensional graphical models, we may assume that S = R~! is sparse, and feed ﬁn into
procedures such as the graphic LASSO [34] to produce a sparse estimator gn of S. The
distance between S,, and S is usually determined by f (n,e) as well.

In our regression setting, we need a deviation inequality analogous to (6.1) but with
f{n replaced by residual rank-based estimators such as ﬁﬁ or f{n For simplicity we focus
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on the former case. Given (6.2), to obtain a deviation inequality for RS — R, we simply
need to complement (6.2) by a deviation inequality for R}, — Rf. This essentially calls
for a refinement of our Theorem 3.3, which (by the decomposition of the residual ranks
(3.11)) in turn requires establishing deviation inequalities for the remainder terms rgy, k,
a €{1,2,3,4}, whose “in probability” bounds are stated in Propositions 3.1 and 3.2.

We will focus on the term 71, j, which in our opinion is the most difficult to deal with.
In the high-dimensional setting, the dimension ¢ of the covariate may be large. In this
case, a complete treatment of 7y, will likely require sparsity assumptions on B and a
sparsity-inducing estimator of (the individual columns of) B, to ensure the accuracy of
the residual ranks whose calculation involves an estimator of (the individual columns of)
B. We will measure the sparsity of B by the maximum number s of nonzero elements
in the individual columns of B, and will simply assume that a good estimator B of B is
given. Specifically, we require that B satisfies the following properties:

e The events A, ; = {[|Bx —B|| < 0B}, k € [p], n > 1 all hold with high probability,
for some sequence 6B, n > 1 that depends on the sample size and the sparsity of
B and possibly mildly on the ambient dimensions p and q.

e There exists another set of events B, ;,, k € [p], n > 1, all holding with high prob-
ability, such that on the event B, j, supp(]gk) C supp(Bg), and so in particular
HﬁngO < 5. In the words of [13], the estimator B enjoys an oracle property in
variable selection.

A condition similar to the first one above has already appeared in our earlier Assump-
tion 3.1. Note that the dimension ¢ of the covariate only explicitly enters our earlier
analysis of 1, 5, through the covering number bound in (A.6) in the supplement. Our sec-
ond condition above ensures that, with high probability, the relevant covering number for
our problem is controlled through the sparsity index s, rather than through the ambient
dimension ¢; in particular, on the event B, ;, we can rely on (A.6) in the supplement
with g replaced by s. For a concrete example of how an estimator B satisfying the above
conditions can work in conjunction with the residual empirical process theory in [9] (which
as explained following Proposition 3.1 differs from ours) in high dimensions, we refer the
readers to [8].

From the proof of Proposition 3.1, our bound (3.8) on 7y, is essentially based on a
non-asymptotic expectation bound. Thus, to establish a deviation inequality for ry, j, we
only need to complement the expectation bound by a probability bound on the deviation
from expectation. We will content ourselves here with deriving an unweighted version of
the deviation inequality. We again assume that Assumptions 3.1, 3.2, 3.3 hold. Using the
classical bound on the expectation of the suprema of an empirical process, which we have
already seen in the proof of Proposition 3.1, we can establish the following expectation
bound:

_ S _ S
E {SHD r1n,k ()L, 4 :H‘Bn,k*:| < log'/? (5B,1n> 5113/,1\/;+ log <5B,1n> -

teR

E,.

Then, essentially complementing the above expectation bound by Talagrand’s inequality
for empirical processes (e.g., Theorem 3.3.9 in [21]), we arrive at

_ _ l —1 1 -1
P {Sup P10 k()] 2 By + (En + 5B,n)1/2 og(e™) n og(e™) }
teR n n
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(6.3) <e+P(AL,) +P(BE ).

We can note the similarity between (6.2) and (6.3). Under growth conditions on the sparsity
level s and the ambient dimensions (both of which are typically required to establish a
rate 0B, fast enough), the deviation of ry,, ;, k € [p] can be uniformly controlled at a level
similar to or smaller than that of R;, — R in (6.2). Analogous deviation inequalities can
be established for all other remainder terms in the decomposition of the residual ranks
(3.11). Therefore the residual rank-based R, in the regression context can be regarded as
good an estimator as the oracle rank-based estimator RJ, in the ordinary Gaussian copula
model in the high-dimensional setting.

SUPPLEMENT

Supplement to the paper: “Inference for covariate-adjusted semiparametric
Gaussian copula model using residual ranks”. The supplement contains more de-
tailed derivations for Section 4 on semiparametric efficiency, most proofs for the paper,
and some additional results for Section 5.
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A. Proofs for Section 3.
A.1. Proofs for Section 3.1.

ProposiTION A.1. Under the law P, further assume that Assumptions 3.1 and 3.2
hold. Then, for all k € [p], (3.8) holds.

PROOF OF PROPOSITION A.1. Our proof is inspired by the proof of Lemma A.1 in [19]
and Lemma 1 in [1] that treat residuals from a nonparametric regression problem, but
here we rely on covering numbers instead of bracketing numbers, and also employ non-
asymptotic moment bound for (weighted) empirical processes. Throughout the proof we
fix arbitrary k € [p]. We only prove the first half of (3.8) involving (3.1); the second half
involving (3.2) then easily follows because

(A1) sup [P k() = Fup(t) <1/(n+1).

Let € be an arbitrarily small but fixed constant, and recall the sequence 6, n > 1
introduced in Assumption 3.1. Let M = M(e) be a constant large enough so that the
events A, = {||]A3k - Byl < M(FBJL}7 n > 1 satisfy P(A, ) > 1 — ¢ for all n. We define
the function g;5(-1,-2) : R x R? — R indexed by (¢,) € R x R? as

(A.2) 9s(1,2) =1 {'1 <t+ 5T-2} ;
and define the classes of functions F,, n > 1 as
Fn =A{frs(1:2) = g1.6(1,2) — gro(1,2) 1 t ER, 8[| < MoBnt,

where M is the constant chosen as before.
Define the function p; : R? — R indexed by t € R as

(A.3) pi(b) =E [11 {Ek <i+ bTXH .
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Keywords and phrases: Gaussian copula, normal scores rank correlation coefficient, residual rank, Spear-
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Recall that ]§k — By, is Xj,-measurable, while E}, and X are independent of &},. Then, by
property 12(b) in Section 10.3 in [13], and (A.3),

(A.4) E [11 {Ek <t+(By-— Bk)TX} |Xn] — (B, — By).

We let S denote the joint distribution of (Ej,X), and let S,, be the corresponding
empirical distribution constructed from (E; ¢, X;), i € [n]. We write 14, , for the indicator
function of the event A,, ;. Then, starting from (3.1) and (A.4) we have

sup |15, (t)|14,,,,
teRr

1 ~ ~

=sup| -3 [1{Bix <t By~ By X} 1 {Eix < 1}~ By~ Bi) + Fi(t)] | L.,
te ;

1€[n]

1
< s SN[ Eg ST - 1 {B < 6 - mi(8) + F()]
teRVHEHSMéB,n n ze[n]

1
= s |2 [1 {Ek <t+ aTxi} U {Eip <t} -P(Ey <t+8'X)+ Fk(t)}
teR,||8||<Még,, | TV

i€n]
(A.5)
= sup |(Sp —S)f].
fE€Fn
The covering number N(u, F,| - ||g) is the minimal number of balls of radius p as
measured by the (generic) norm || - ||; needed to cover the set F. We now bound the

covering number of the classes F,,. For n > 1, we define the classes

Gn ={91,6(1,2) 1t ER,[|6]| < M}, Hn={f—9g:f 9€bn}

Clearly, F;,, C Hy. Thus, it suffices to bound the covering number of the classes H,,, which
can be done via bounding the covering number of the classes G,.
Let (-,-) denote the usual Euclidean inner product in R4*!, Then,

Gn CH{gts(1,2):t€R, 6 € R} = {11 {-1 < t+6T-2} teR,0 € ]R%q}
- {]1 {<(1,5T)T,(-1,—-;)T> < t} tER,SE Rq}
- {11 {<u (.1,7-;)T> < t} teRue Rq+1}.

The last set above is simply the collection of all indicator functions of half planes in R4+1,
and the collection of such half planes has VC dimension ¢+3 (see Theorem B in [7]). Then,
from Theorem 2.6.4 in [18], we conclude that there exists an absolute constant K > 0 such
that for a constant K, depending only on K and ¢ (we can take K, = K(q + 3)(4e)4+3),

N(1t,Gn, Lo(Q)) < K,(1/p)*9%) | vQ eB, 0 < pu < 1.

Here B is the set of all Borel probability measures on R?*!. Then, by simple calculation,

N(Mame2(Q)) < N(M7HH7L2(Q)) < N(M/QvgmLZ(Q))Z
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(A.6) < K22/p)*etD) vQeB, 0<p<2.

Now, clearly the constant function F' = 1 with |||z, = 1 is an envelope for all the
classes F,, n > 1. In addition, for all n > 1 and all f; s € F;,, we have

1l =E[|1{Be < t+ 87X} —1{B <1}
~E[E H {Bv<t+87X}-1({B < t}’ X]]
<E[fu()I8TX| + Lo TX ]
(A7) < fk(t)M]E\|X|!5Bn+LkM2E[||XH 0B, = o

n ft,s'

Here the third step follows by the assumed Lipschitz continuity of f, which implies that
(A.8) |Fi(b) = Fi.(a) = fi(a)(b - a)| < L(b—a)*, Va,b€R.

To control sup e, |(Sn—S) f|, we partition F,, into two sets depending on the size of 7y, , ;-
We first introduce some quantities from [8] which treats weighted empirical processes; this
will make the distinction between large and small o, f, ; clear. For the function g4(r)
introduced in the second equation display on p. 18 in [8], we choose q = e and set g.(r) =
e/r. We let the sequence of constants r,, n > 1 be defined as in Theorem 9 in [8], that is,

)
r = sup {r S0:r< \/log(e/r) V log log(r )} '

n

Let the sequence of constants s,, n > 1 be
(A.9) sn = log!/?(n)n~1/2,

It is easy to calculate that r, = kysy for s, in (A.9) and another sequence of constants
kn, n > 1 satisfying k,, = \/ﬁ*‘ o(1)

We first treat the case when oy, f, 5 is large enough, precisely, when oy, 7, ; > ry. Define
the function w : [0,1] — R as in Theorem 9 in [8]:

w(r) = rv/log(e/r) V loglog(r—1).

Note that w(r) is increasing in r and w(r)/r is decreasing in r on [0,1]. Then, we can
follow the proof of Theorem 9 in [8] to verify the conditions of Theorem 4 in [8], and arrive
at the last inequality in the proof of Theorem 4 in [8], which in our case reads

1/2 .
]P’{ sup i ‘(Sn S)ft,é‘ > Klt—|—K2} < 2¢7t

ft,&e‘rn50'n,ft’5>7"n w(a—nvft,é

for some absolute constants K; and Ks. As commented in the proof of Theorem 4 in [§],
integrating the above tail bound yields that

[ n'/2((S, - S)

supE
n>1

sup
ft,&e]'—nign,ft 5>Tn w(o-nvft,ci)
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By the form of the function w(r) and the fact that SUpy, scF, On.frs — 0, we can simplify
the above to arrive at

nl(S, = S),
(A.10) supE sup < 00

2 1
n>1 ft,JEFnZO'n,ft75>7'n log 1/ ((5 )O'n fi.s

Next we treat the case when oy, 1, ; < rp. By the classical bound on the expectation of
the suprema of an empirical process via entropy integral (e.g., Theorem 3.5.4 in [9]),

(A.11) E sup 1(Sn — 9) fr.6] < log(n)n?t.

ft.6€Fn:on f, 5<Tn
Then Proposition A.1 follows from first combining (A.10) and (A.11), and then (A.5). O

LEMMA A.2.  Under the law P, further assume that Assumptions 3.1, 3.2 and 3.3 hold.
Then for all k € [p], (3.13) holds.

ProoOF. We fix arbitrary k € [p], and let ¢ be an arbitrarily small but fixed constant.
Then, let the constant M and the event A, ;, be chosen exactly as in the proof of Propo-
sition A.1, and again write 14, , for the indicator function of the event A, ;. In addition,
define the sequence of random variables

(A.12) Tni = fu(Bip) M| Xill0B0 + LuM?(|1Xi]*55 .,

and the events By, 1 ; = {Ty,; < 1/2} (the constant 1/2 in the definition of By, j; can be
replaced by any number on the open interval (0,1)), and write 1p, , . for the indicator
function of the event B, 1 ;.

Let F}LJ ;. be the empirical distribution function of the i.i.d. Unif(0, 1) random variables
Fi(Eik), i € [n]; then, let the function wy, ; be the modulus of continuity of the standard
empirical process \f(FU —1I) (e.g., Eq. (1) in Section 14.2 in [15]). Recall that F}~ defined
as in (1.2) is the left- continuous inverse of Fj. Note that P(F{ o Fip(Eig) # Eig) = 1
(e.g., Proposition 3 in Section 1.1 in [15]). Thus, with probability one,

-~ 1 ~ 1 ~
Fop(Big) = — > 1{Ejr < Eix} = - D U{F o Fu(Ejk) < Eig}

J€[n] J€[n]
1 ~ ~
(A.13) = > 1{Fu(Ejr) < Fr(Eig)} = Fp(Fu(Eig)),
Jj€ln]

where the third step follows by, e.g., (21) in Section 1.1 in [15]. Similarly, with probability
one, Fok(Eix) = Fp(Fi(Eig))-
Thus for r3y, 1, with probability one,

Panbal = [Fos(Fu(Bir)) = Fe(Big) = Fu(Fe(Big)) + Fr(Eig)|
= (B = DF(Eir)) = (B = D(Fu(E)|

)~ Fu(Ei))

(B — Bi) "X + Ly (B — Bi) "Xy ),

i,k
2, k(| Fu(E;,

<n k
<n V2w, 1 (fu(Big)
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where in the last step we have invoked (A.8) and (2.5). Therefore, recalling T, ; from
(A.12) and s, from (A.9),

’r3n7k7i|]]'An,k :H'Bn,k,i S n_1/2 wnvk(Tnyi):ﬂ'Bn,k,i
(A.14) <n P wn k(T V s3) A (1/2)).

Note that we first take the maximum of 7}, ; and 3721, and then take the minimum of this
and 1/2 (as controlled by 1p, , ) in (A.14), so that the argument of the function wy,
is neither too small nor too large, and as a consequence we can always properly apply
deviation bound for w, ;, (e.g., Inequality 1 in Section 14.2 in [15], copied as Lemma C.5).

Now let C,, = Clogl/Q(n), n > 1 be a sequence with yet unspecified constant C > 0,
and let the function ¢ below be as in Lemma C.5. First by (A.14) when conditioning on
X;, and then by Lemma C.5 with a = § = (T},; V s2) A (1/2), we obtain

P <n1/2|r3n7k,i|ﬂAn,k 1g,,, > Cn\/(Tm- VsZ)A(1/2) |Xz>

<P (wn,k((Tn,i v s2)A(1/2) > Cn\/(Tm Vv s2) A (1/2) |xi>

. 20
T A{(Tni Vi) A

" C? log(n)w ( C'log!/?(n) ) )
2 Vi{(Tog V s2) A (1/2)}

@ex — 1 ’ 20 n Clog1/2(n)
(A.15) <% p( <2> " log( )¢<¢n{(Tn,iv5%)A(l/2)}>>’

where the last step follows by

(1/2)34 P ( — 1= {(Tni v s2) A (1/2)}]*

(A.16) s2 < (TniVs2)A(1/2) <1/2, Yn>1,i€ [n].

By the first half of (A.16), the argument to the function v in (A.15) is bounded above
by C, and thus by, e.g., Proposition 1(10) in Section 11.1 in [15], the function % itself
is always bounded below by 1/(1 + C/3) (all uniformly over n > 1 and i € [n]). Then,
if the positive constant C' is large enough, the rightmost term in (A.15) is bound above
by C'n~1+9) for some constants ¢,C’ > 0 independent of n > 1 and i € [n]. We fix
this sequence C),, = C logl/ 2(71) Then, first using the union bound, then conditioning on
(X1,...,X,), and finally invoking the bound C’n~(1t%) on the rightmost term in (A.15)
for the fixed sequence C,, we obtain

‘T?mkz“lA kﬂB ki
P max vy n, n,k,i 2 C
<i€[n] logl/z(n)n—l/%/Tm vV s2
r 1
< Yo (e s o)
b log ThiV sz
= Y B[P (0 il a0, > Coy/Tos v sE1X)

1€[n]
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< S [P (02 hransal L, a2 Coyf (Tt VD A (/2) X )|

1€[n]

(A.17) — O(n~°) = o(1).

We rely on the following elementary lemma to lower bound the probability of the event
Nigin) Brki-

LEMMA A.3. Under Assumption 3.3, for any fized positive constant L,
(A.18) P <m‘ﬁ< 1Xil|0B,n > L) — 0.
en

Proor. First suppose that o, = O(n~'/2). Then for some large enough constant K,
0B < Kn=1/2 for all n > 1. This and the union bound gives

P <m?>]< X080 > L) < nP(|X |08, > L) < nP(|X]|| > (L/K)n'/?) = 0,

i€

where the last convergence step holds because || X]|| has bounded second moment by As-
sumption 3.3; see., e.g., p. 161 in [13]. Thus we have shown (A.18).

Next, suppose instead it is not true that dg, = O(n~1/2), then (A.18) holds by the
second half of Assumption 3.3. O

Now, by Lemma A.3, we have

P(Uie[n]BC ) =P (maXTm > 1/2)

kst i€[n]

< P (e MIA Xl > 1/4) + P (ma L8, > 1/4) 0.
i€[n i€ln ?

Therefore, P(N;g[y) Bn ki) — 1 as n — oo. This together with the bound P(A, ) > 1 —¢
and (A.17) yield (3.13). O

LEMMA A.4.  Under the law P, further assume that Assumptions 3.1, 3.2 and 3.3 hold.
Then for all k € [p], (3.9) and (3.14) hold.

ProoF. We first prove (3.9). Conditioning on X, it is straightforward to show from
(A.3) that

(A.19) pe(b) = Fi(t) + fi(t)b E[X] + d(t, b)
where we have further introduced

d(t,b) = Ec(t,b,X), c(t,b,x) = Fp(t +b'x) — Fip(t) — fr(t)b'x.
Using Taylor expansion and (A.8),

le(t,b,x)| < Lp(b'x)2,
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and thus

(A.20) sup |d(t,b)| < LybE [XXT} b.
teR

From (3.3), using (A.4) and (A.19) for t € R, we have

ran i (t) = pe(By — By) — Fy(t) — fu(t)(By — By) 'E[X]
=d(t,B; — B}).

Then (3.9) easily follows from the above equality, (A.20) and the assumptions.
Next we prove (3.14). From (3.5), by (A.8) and the Lipschitz continuity of f,

Fangil <|Fe(Big) — Fu(Eig) + fu(Eir) By — Bi) ' X
+1(fio(Eig) — fu(Big))(Bi — By) "E[X]|
< Li((By — By) "Xy)? + L | (By, — By) " X4||(By, — By) "E[X]].

Then (3.14) follows from the above and the imposed assumptions. O
A.2. Proof of Theorem 3.3.

ProoF. First, when k = k', p,, pir = ppiw = 1 and so (3.17) clearly holds. Thus we
focus on the case k # k’. We have the decomposition

\/ﬁ (ﬁn,kk/ - pn,kk/)

n3/2 ~
=652 Ez[:] [{Fn,k‘(Ei,k) — Fop(Bik) {Enk(Ei k) — Fogr (Ei,k’)}]
n3/2 ~ ~
+0 572 z[:] [{Fn,k’(Ei,k') = Fo (B ) H{Fn i (Ei) — ka’(Ei,k’)}]
en
n3/2 R L ,
— 65— D> {Fur(Eik) = Fun(Eix) = Fope (Eige) + Fop (Bin)}
1€[n]
A P aa
(A21) =65 (-24+2B-0C).

We first bound the term A. Invoking (3.11) in Proposition 3.2, we rewrite A as

A= " {—fulBi) By, — By) " (Xi — EX)HFk(Eir) — Fio(Ei)}

i€[n]
+ > {=felBiw) By, — By) T (X — E[X])}
1€[n]
X APk (Eig) — Fo(Eig) — Fop(Eig) + Fir(Ei )}
+) (rini(Eig) + ron i (Big) + T3ngi + Tangi HFok (Big) — Fpp(Big)}
1€[n]

(A22) = A1 =+ A2 + A3.
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Now we analyze the term A; in (A.22). We further rewrite A; as

A1 =B =By Y (Xi — EX]) fu(Ei) {Fo(Ei) — Fio (Eip)}
i€[n]
(A23) = —(ﬁk — Bk)TAH.
Note that the random variable X; — E[X] has expectation zero, is independent of Ej j
and F; s, and each of its components has finite variance (by Assumption 3.3). Therefore

the i.i.d. summands in the term A1; have expectation zero. Now, the variance of the fth
coordinate of each individual summand in Aq; is

(A.24) E | (Xe — EIX.)? f2(Ex) (Fu(Ex) = Fi (Bw))?] < I1full3 ENX?.
Therefore we conclude that [[Ay1| = Op(n'/?) and hence, from (A.23),
(A.25) |A1| < ||Bi — B[l A1l = Op(n'/?0m.0).

Next we consider the term As in (A.22). By the Dvoretzky-Kiefer-Wolfowitz inequality
(e-g-, [12]),

max |Fn,k(Ez‘,k) — Fk(Ez,k) — Fn,k’(Ei,k’) =+ Fk’ (Ei,k’)|

i€[n]
S HFn,k - FkHLoo + HFTL,k:’ — Fk,HLoo — Op(n_l/Q)'
Then, together with Assumption 3.3 which implies that icn] IX;]| = C’)p(n),

(A26) |4z = Op [ 171237 | fulloo 1B = Bill (1Xi]| + [EIX]]) | = O (0265,

i€[n]

Next we consider the term Az in (A.22). By (3.8) (or the simplified version (3.10))
and (3.9) in Proposition 3.1, (3.13) and (3.14) in Proposition 3.2, Assumption 3.1 which
implies

(A.27) log(65.,) < log(n),

and Assumption 3.3 which implies that » ., 1X]M/2, Dicrn 1Kl and 3¢, |X;||* are
all Op(n), we obtain

Z ‘rln,k(Ei,k) + Tzn,k(Ei,k) + T30 ki T Tan ki

=0, (logl/Q(n) n1/26]13<i + n5]237n) .

i€[n]
Therefore,
(A.28) Az = Op (10g1/2(n) n1/2(5]13/i + 715]2_3,7”) .

From (A.22), (A.25), (A.26) and (A.28), we conclude that A = O, (log'/?(n) n1/25]13/i +
nd%’n). Similarly, B satisfies the same bound. We now deal with the term C. We have

1C] <2 | {Fnk(Eig) = Far(Ei) | +2 | Y {Fww(Eiw) — Fup(Eiw)}?| =201 +20s.

i€[n) i€[n]
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Using (3.11) again, (3.8) and (3.9) in Proposition 3.1, (3.13) and (3.14) in Proposition 3.2,
and (A.27), we have

C1 <2 filEir)?|Bi — Bil X2

i€[n]
+8) {Tln,k(Ei,k)2 + oo (B o) + 13, i + Tin,k,i}

1€[n]

=0, (n(ién) + Op<log(n)6B,n +log®(n)n~! + négn +log(n)n" 0B,

(A.29) Y (Xl + 0Bl Xil1?) + .0 D I1XKalP(1Xill + HE[X]II)2>-

1€[n] i€[n]

By Lemma A.3, max;c) ((5]23nHXZH2) = 0p(1), and thus for the last term in (A.29) we have

S 3 I+ X1 < (o 117 ) 68,0 3 (151 + XD

1€[n] i€[n]
= 0p (né%m) .
Plugging this into (A.29), and further simplifying gives
C1 = Oy (ndg,,) -

Similarly, Cy satisfies the same bound.
Collecting terms, and recalling the overall scaling by n~'/2 of the terms A, B and C in
(A.21), we conclude that (3.17) holds. O

A.3. Proof of Theorem 3.4.

PRrROOF. First, when k = k', 7 gty = rp ey = 1 and so (3.27) clearly holds. Thus we
focus on the case k # k’. We have the decomposition

Vit = raiie) = 7= 3 {8 (Frp(Bin)) = 0 (FLaBia) } 9 (oo (Bp)
1€[n]

> O (B (B { @7 (B o (Bipe) = 0 (B (Eier)) |

1€[n]

(0B (Bun) — 0 (L (o)

1€[n]

i
NG
e
NG
(A.30) x {@(Fy o (Bip) = O (Fp o (Bige)) | + Olog(m) n™2),

n

where the last O(log(n)n~/?) term comes from the factor ¢, given in (2.2).
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We first show that the first term on the right hand side of (A.30) satisfies

(A3) o= 3 @ Fru(Bir)) — 0 (FLa(Ei) } 9 (L (Bp)) = Op(A).

i€[n]

We divide the summation on the left hand side of (A.31) into two cases, corresponding to
whether Fj,(E; ;) € Ay or Fi(E; 1) € Aa, for Ay, Ay introduced in (3.23).

We first consider the case Fj(E; ) € Ai. By the Chernoff bound (e.g., (6) in [11], with
m = n(2n"7)) and the assumption that v < 1 (see (3.21)), the number of indices i € [n]
satisfying Fy(E; ) € A is upper bounded by 2n'=7(1+0,(1)). Using first this observation
and then Lemma C.1 give

f > e E LB - 0 (FrkEin) } O (Fro(Bip))

i€n]:Fy(E; 1) €A

=0y (n/ o | {18 (EL (B + 19 (B (i) 127 nk/<Ei,k/>>|])
(A.32) = O, (log(n) n/?77).

Next we consider the case F,(E; 1) € Aa. For brevity sometimes we set X§ = X; —E[X].
First, adding (Fy x — F}, ;) (Ei k) to both sides of (3.12) in Proposition 3.2 yields

Fr (Eig) = FE(Big) = (g — F5 ) (Eig) — fr(Eig) By — By) XS
(A.33) + Tin,k(Ez‘,k) + ron (B ) + T3 i + Tan i

In what follows, we abbreviate the summation Zie[n}: Fo(Bs p)eds DY > Fu(E: )eA, - BY using

first-order Taylor expansion twice, Lemma C.2, and invoking (A.33), the summation on
the left hand side of (A.31) over Fi(E; ) € Az becomes

=Y (o Fa B - o () | 0 ()

F(E; )€A2

1 1 R R
R - = r Ei _Fé E ‘b%Fn/Ew
\/ﬁFk(EiZk:)eA PP (F nm)){ s Bik) +(Ei, )} (Frp (Big))
1
vn

sy (FasBan)  FialBu) | 0 (F (B

1 1 1 or (o r —
Vi )A2{¢<<1>%<FW>>_qs(@&(Fk(Ei,k)))}{F"”“(E““)_F"”“(E 0} L (B

> ¢(<I>“(Flk;(Ei,k))) { fe(Eig)(By *Bk)TXC}‘I“_( e (Eikr))

Fi(E;k)€A2

1 O (FL 1 (Eig)) r o -
G 2 SO (Fy(Ey ) {(F"”“ = Fi) (Bie) + 11 o (Eig) + 720,k (Bige) + rangei + 7’4n,kﬂ‘}
F(E; p)€A2 ’

! 1 1 ot (T 0\ T — .
oy {¢<<1>%<FW>>_¢<¢F<Fk<Ei,k>>>}{Fn’k(EZv'f) FralEup) | 9 (Fpo(Eu)

Fy(Ej r)€A2
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1 1 N
N Eir)(Br —B Tx¢ (I)<_F/Ei/
vn kaizwz ¢<@“<Fk<Ei,k>>> {£:(Bu) (Br— B X } @ (P (Bu)
1 C
"R, 2 a@n E 57 1B (B = By TXS P {@F (L (Bi)) — @ (Fiv (Biw))}
Fi(E; 1)EA2
* % F (EZ)EA (Z)((Iﬂ_ Fk { ( k) + 7ﬁln k( i,k) + TZn,k( i7k;) + T3n,k,i + T4n,k:,i}
k(i k 2
1 Q)<_ F;;kz r
+\/>F(EZ:) A {Qb q)% Frk } Fnk }{Fnkl F Zk }(p nk:’(Ei,k’))
k(L) EA2 n,k,i
=A+B+C+D.

(A.34)

In the above, for each 4, the quantity F, , . comes from the first Taylor expansion and is a

n,k,i
random number on the open interval between F (E; ) and Fék(Ezk), and the quantity
ﬁr

ki comes from the second Taylor expansion and is a random number on the open

interval between Fnk i and Fi(E; ). The terms A, B,C, D in the last line of (A.34) are
all Op(A,) — which when combined with the earlier summation over Fi(Eix) € Ay in
(A.32) yields that (A.31) holds — as we now show in sequence.

The term A -
We rewrite A as A = — {nil/Q(ﬁk — Bk)} A where

(A.35) A= UE(Ew) € 4 }{ k( Eglqz;k(g;(%k'))}xﬁ.

i€[n]

By Assumption 3.1, the term n=/2(B;, — By,) in A is Op(n~26B,,). Next we treat A.

In A, the random variable X{ has expectation zero, and is independent of Fj; and
E; js. Therefore the i.i.d. summands in A have expectation zero. Next, the variance of the
fth coordinate of each individual summand in A is

fu(Eg) @ (F (Ey))

1{Fy(Ey) € As} {

2
(Xe — E[Xz])} ]

H(P (Fi(Ey)))
«— , , 2
_E 1{Fk(Ek)eAQ}{fkﬁ’gf(Fifg:ﬁ;“))} E[(X, - E[X/])?]
2
(A.36) <E lﬂ%ﬂ%)efh}{¢@?%gigw»} E{gﬁxﬁkﬂ%q»2mﬂ

Here the first step follows by the independence of X and E, and the second step follows
because the second moment of || X]|| is bounded. Now, the pair (® (Fy(E%)), @ (Fi (Ex)))
is bivariate Gaussian with marginal variances equal to one and with correlation rg/, and so
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conditional on Ey, ® (Fj/(E))) is a normal random variable with mean ryy ® (F.(E)))
and variance 1 — rZ,,. Thus

E {0 (Fu (Be)Y |Ba] = rdp® (Fu(E)? + (1 = 1),

Plugging the above into (A.36), then invoking (C.2) in Lemma C.3, and finally invoking
(3.24) and the fact that Fj(E)) ~ Unif(0, 1), we obtain

fe(Ey) @ (Fir (By))
P(P (Fi(Er)))

2
. (X, - E[Xe])}

<E

2
I{Fy(Ek) € As} {¢(q>£l€(£lzj)}gk)))} {riw @ (Fr(Bx))* + (1 - Tl%k’)}]

filEr) i
I{Fi(Ey) € Az} { (Fy A (1k— I%))(Ek))} ¢

So the variance of each coordinate of A in (A.35) is O(ndy,), implying that

@ (Fr(Ex))| V 1} | = O(6,).

<E

(A.37) A= 0,(68,01?).
This concludes our treatment of the term A.

The term B -
As for the term A, first rewrite B as B = — {n_l/Q(ﬁk - Bk)} B where

! ¢ S(F* N — B (F(E
B:Fk(E;k)e,ax2 (2 (Fi(Eik))) {fe(Ei ) X H{ 27 (B o (Eigr)) — @7 (B (i) } -

Again as for the term A, it suffices to treat B. Using Hoélder’s inequality, the magnitude
of the ¢th coordinate of B is bounded by

1/2
| Fi(Big) (Xie — E[Xi0]) ) ?
Lg[;} ]l{Fk(Ez,k) € A2} { (b(‘b%(Fk(Ez,k))) } ]

i€[n]

1/2
X {Z {@(F) o (Bip)) — ‘?%(Fk'(Ei,k’))}Q] :

By Theorem 1 in [6], the sum in the second square bracket on the right hand side of the
last line above is op(y/n). For the sum in the first square bracket,

{ Te(Eix) (X — E[X; 4]) }2
(2 (Fi(Eik)))

> W{F(Eig) € A}

i€[n]

=0 (nE

fe(Er)(Xe — E[X]) }2] )

1{F,(Eg) € A2} { O(P (Fr(Ek)))
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=0p <nE

2
-0, (nIE [H{Fk(Ek) € Ay} o ({k—(%:))Q(Ek)D =0, (nd,).

2
TR R -

Here the second step follows by the independence of X and E, the third step follows by
(C.2) in Lemma C.3 and Assumption 3.3, and the last step follows by (3.24). Collecting
terms, we have

(A.38) B= op(n1/4537n5i/2).
This concludes our treatment of the term B.

The term C
We first deal with the terms involving (F, ; — F}, )(E;x). Because 1/¢(®7 (1)) is the
derivative of ® () (see Lemma C.2),

1 1
E |[1{F.(E,) € A ] = / ——du
1 ) = s
(A.39) =3 (1—n"")— 0" (n7") <log"?(n),
where the last step follows by (C.3) in Lemma C.3. Then, first by (A.1), Lemma C.1 and
then by (A.39),

1
7 Y EEED)

F(E; ,)€A2

{ (B = B ) (Big) O (F o (Bie))

oel/2(n)n—3/2 !
S g Fk(E%EAZ AL (Er(Ein)))
_ ool/2(n)n—1/2 !
Oy (108! 202 B [ LB € Ao} s )

= 0p (log(n)n_lﬂ) .

Next we deal with the terms involving rj, , and the rs, ;’s. The latter quantities are
bounded as in (3.8) in Proposition 3.1 and (3.13) in Proposition 3.2 respectively; we also
recall (A.27). Then, simply replacing fi(t) by || fxllL., < oo in (3.8) and (3.13), we have

1 r o (T
v S B e Bue) o O (i)

Fi(E; k)€A2

=0, (logI/Q(n)nl/2 Z

F(E; k)€A2

(1 + X2 + X105 2) log"/2(n) n=1/261{2
S (Fx(Bon))

L+ ([ Xl V2 + | Xallog 2
3@ (Fr(Eig)))

Op log(n)nflég/i Z

Fi(Ej r)€A2
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1/2
L+ X2+ X652

= Op | log(m)d [ B | H{FL(EL) € Ao} — s

— 0, (g2 B [UA(ED € Aa} g | B 1 X172 4 02
=0, (log3/2( )51/;).

Next we deal with the terms involving rg, ; and the ry, ;;’s. The later quantities are
bounded as in (3.9) in Proposition 3.1 and (3.14) in Proposition 3.2 respectively. Then,

1 1 5 —/pr
T @E(Fk(Ez’k))) {TQTL,IC(El,k‘) + T47L,k‘,l}(b (Fn7k;/ (EZ,]C/))
E; ) 6A2
2 } _ 2
o, <1og1/2 ey Bt KO Y B,
— .
P I (AT
1+ 13XV (X))
=0, (log"?(n 1/252n1[-3[n Fp(Ey) € A
(s ol | U] € 4230 0 2R ()
1
log!/2(n)n'/26% E[ILFE €A }EIJFX X|| v |E[X )
— 0, (10g!2(0)n 263, B [ UF(E € An} g s | B+ XX v LX)
=0, <log(n)n1/25]237n> .
Collecting terms, we have
(A.40) C =0, (logS/Q(n)éai + log(n)nl/zdﬁn) .

This concludes our treatment of the term C'.

The term D
Recall that the term D in the last line of (A.34) is

1 cI)H(FTI;,”) } . R .
N —_— Fﬁ EL - F;; Ei’ Fn i F ’L (I) n , Ei, ).
\/ﬁFk(E;k)eAz {91)2((1)(_( nk,)) { 7k( k) ’k( k)} { o, k } k ( k ))

We first show that
(A.41)

‘ nki (Elyk)| |Fnkz Fk(EZ,k)|
max

< max = o0,(1).
el B ey Fo A (L= B (Bog) = sctntts ens (Fon (L= Fn))Bog) ~ W

Recall that, for each i, the quantity F;kl is a random number on the open interval between
ﬁfbk(ﬁzk) and F;;k(Ezk), and hence

(A.42) Pk = Fan(Bin)l < |Fp (i) = Fy (Eig);
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recall also that the quantity F* . is a random number on the open interval between F

n,k,i
and Fj(E; ), and hence

(A.43) B i = Fr(Big)| < |Fpy i — Fe(Big)l.

n,k,i

Then, the first half of (A.41) follows from (A.43). Next, applying the triangle inequality
twice, and using (A.42) and (A.33) give

Pk — Fre(Bin)| < Fppi — Fr(Big)| + 1Fy 4 (Eik) — Fe(Eig)|
< |FE (Eig) — Fo (B )| + | FE o(Bik) — Frp(Eig)| + [Fop(Ei ) — Fi(Eq )|
<2|( ﬁ,k—Fn,kz)( Ei )|+ [(Fok — Fi)(Eig)]

(
(A.44) +| = fr(Eir) (B —Bi) " XC + 7k (
We treat the terms in the last line of (A.44) one by one. First, by (A.1) and the fact that
v <1 (see (3.21)),

z,k)+r2nk( zk>+r3nk1+r4nk1‘

(e = Fnp) (k)|

A .45
( ) i€[n]: Fk(El k)EA (Fk A (1 — Fk))(Ez,k:)

= op(1).

Next, by the second half of Lemma C.4 involving (C.4) on the weighted empirical processes,

Foy—F
(A.46) sup (P = F)() = 0p(1)
() e(1/n,1—1/n) tn / (Fi A (1 — Fy))(2)
loglog(n) )
for t,, = /| ———=——=. Then, consecutively by (A.46) and v < 1,
n
max |(Fnk — Fr)(Eig)|
t

A .47 =0 max - = o,(1).
( ) p (ie[n]:Fk(Ei,k)eAz \/(Fk A(1— Fk))(Ez,k)> p( )

Next, consecutively by Assumptions 3.4 and 3.5, we have

s | fe(Ei) (By — By) TX¢|
(B (Fe(Eig))) )
—0 ’ ) =0, (1).
P <i€[n]:FI:}%}:k)6A2 (Fp A (1= Fk))(Ei,k)n (1)

Next, consecutively by (3.8) in Proposition 3.1, (3.13) in Proposition 3.2, (A.27) and s,
from (A.9), then the Lipschitz continuity of f; implying

(A.48)

(A.49) ;/2(Ez k) < f1/2( Eir) + Lllg/2|(]§k —By) ' X,V

then Assumption 3.4 (implying (3.20)), and finally the second inequality in (3.21) (imply-
ing v < 1/2+ 1), we have

o 7t e (Bik) + T30l
ien]:Fr (B p)eds (Fp A (1 — Fi))(Eik)
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s { S Bea)SH 4 G} + 50 { BRI V252 4 X } 452

=0y max

i€[n]:Fi (B k) EA2 (Fu N (1= Fy))(Eik)
Y . Snf1/2( L)0 1/2( 14X, ||1/2) + 5,08 (14 [|Xil) +L;1€/25n5B,n||XiHl/2 + 8721
P\ iemlF(E e (Fr A (1= F))(Ei)
(A.50)

= Op($,0"? + 5,07 ™ 4+ 52n7) = 0, (1).

Finally, consecutively by (3.9) in Proposition 3.1 and (3.14) in Proposition 3.2, Assump-
tion 3.4 (implying (3.20)), and finally the first half of the second inequality in (3.21),

720 (Ei o) / ( 5 )
max : : = =0, (n70g, max 1+ |15 (|1 X5 + ||[E[X
i€[n):Fy(E; p)eAs (Fi A (1 — Fy))(Eik) P B, ie[n]:Fk(Ei,k)EAg{ Il + XD}
(A.51) = 0p(n™) = 0,(1).

Therefore, collecting the results from (A.44), (A.45), (A.47), (A.48), (A.50) and (A.51),
we conclude that the second half of (A.41) also holds. Now, using first (C.2) in Lemma C.3,
and then (A.41), we have

pet v IO )
ka(Ezk €As d)Q((P{_(Fékz))
X |FE (Big) — FL (B “Fnkz Fi(Ei)|
O (FF, )
kz
< > ot |9 (F} o (Eig))|
~ 2 n,k’ i,k
ka(ElkeAQ{ nkz 1_F7I;kz)}
< | (Bi) = By p(Bip)| [P i = Fe(Bi)|
1 ‘(I)‘_ nkz)
— o, S (P (Fp o)
’ \/ﬁFk(Z)GA (Fi A (1= Fy))? (Eig) | i (Bise)|
(A52) X F\;«L,k(E\z,k) —Fr zk ‘ ‘Fnk‘l Fk(Ez,k)‘>

Next, for the term <I><_(Ffl ki) in (A.52), first by the mean value theorem,

max <I><_( sy Z) Q)F(Fk(Ei,k))‘ = max
i€[n]: Fy (B k)€ As i€[n]:Fy (B; )€ Az ¢(<I>“(F£, ki)
ﬁﬁki—Fk(Eik)‘ Ey i~ Fu(Ei, >’
< max < Op = Op(l)‘

max
el P (B eds BN (L= FEL )T i€ln]:Fi(Bip)eds (Fp A (L= Fi))(Eik)

Here, for each i with Fj(E;;) € Ag, n k is a random number on the open interval
between ﬁém and Fj(FE;); hence (A.41) holds with the replacement of F? ki PY F s
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which further implies the second to last step above. (The second step follows by (C.2)

in Lemma C.3 and the last step follows by (A.41).) Applying this result to (A.52), and
using (A.44) to bound both ‘F\ﬁk(ﬁlk) — Fék(Ezk)‘ (see (A.33)) and ‘7;,“ - Fk(EM)},
we conclude that to bound D, it suffices to bound

1
S

Fk(Eiyk)EAQ

(o= BBV 1} e (BB
(Fp A (1= F))2(Eig) [{( ik — Fni) (Big) }

R 2
+{(Fog — Fu)(Eip)}Y + {fk(Ei,k)(Bk: - Bk)TXS}
+ Tl{n,k(Ei7k)2 + T2n,k(f‘7iyk)2 + T%nkl + Tzn,k,i]
(A53) EDO+D1—|—D2—|—D3+D4—|—D5—|—D6.

We treat the D;’s one by one. First, by (C.3) in Lemma C.3,

E | 1{Fk(Ey) € A2}

O (Fi(Eig))| V1 ]
I (Fi. A (1 = Fy))(Ey)

| (u)| vV 1
(A.54) = /A2 mdu < log®?(n),

B[ 1{F(By) € Agy Ao LeEu)] V] ]

(Fr A (1= F))?(Ey)

(A.55) :/A Mdu < log"?(n)n".

Now, for the term Dy, using (A.1), Lemma C.1 and (A.55),

{10 (F(Eip)) |V 1} [ @ (B 1 (Bie))|
(Fe A (1= Fi))*(Eik)

Do = — >

n
F(E; )€A2

_ 0o /2(n) p—3/2 |2 (Fi(Eig))| V1
=% <1 () . [H{Fk(Ek) © AQ}(Fk A= Fk))Z(Ek)D

{(ES ) — Fup) (Bip) Y

(A.56) = 0O, (log(n) n_3/2+7) .
Next we treat D;. Using (A.46), we have

[0 (FL(Es) |V 1} [ @ (B 1 (Bi))|
(Fe A (1= Fy))*(Eik)

{(Fok — F)(Eip)}

Dlzin >

Fi(E; k)€A2

- |2 (Fi(Eix))| V1
( F(E; )€EA2 (Fk A (1 B Fk))<Ez,k)

b <log1/2(n) loglog(n)n™ /2 E []I{Fk(Ek) € As}

b (logQ(n) log log(n) n*1/2> .

O (Fi(Ey))| V 1 D
(Fp A (1= Fy))(Eg)
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Due to v < 1 (see (3.21)), the bound on D; is of a larger order than that on Dy.
Next we treat Dy. We have

[0 (Fi(Eip)) |V 1} [ @ (B 1 (Bige)
(Fie AN (1 — F))?(Ei k)

1
Dy = fFZ

k(B k)EA2

X

{fk k) (B, — Bk)TXC}

_ 0o/2(n) n—1/252 {12 (F(Eig))| vV 1} 2
o, (1 0 P 3 e P I )

fe(Ex) }2
(F A (1 — Fg))(Ey)

=0p (10g1/2(n) n'/?6q B 1{Fx(E}) € Az} {

Uy

(A57) = Op(log"?(n) n'/?6% ,,6,).

x {|®7 (Fp(Eg))| v 1}

Here the last step follows from (3.24).
Next we treat D3 + Ds. Starting from (3.8), (3.13) and invoking s, from (A.9), then
invoking (A.49), and finally using Holder’s inequality and invoking §,, from (3.24), we have

D3 + Ds

1
:%Z

Fr(E; k)€A2

A 2 2
x Atk (Bik) + s }

ol [ (Fr(Eix))| V1

Ei,k)eA

{10 (Fu(Bi)| V 1} |04 (FD 1 (Eie)
(Fi A (1= Fy))?*(Eig)

x {5200 { fi(Bir) + FB0IXil | + 208 ,(1+ Xﬂ)wi})

- P & (Fi(Ei )| V1
Op(n Z (Fk/\(l—Fk))Z(Ez‘,k)

Fi(E; ;)€A2

< S (Bige) 0B, (1 + 1 Xll) + 0 (1 + [1Xl|*) + 08 | X +8i})

| (Fr(ER))| V1
(Fie A (1= Fy))?(Ex)

=0, <si nE []I{Fk(Ek) € Ay}

s { F(E)an(1 4+ [X]) + 6301+ [XI2) + 63X + }])
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{1®7 (Fr(ER))| Vv 1} fk(Ek:)]
(Fr A (1 — Fy))?(Ex)

= Op <Sin5B,nE [R{Fk(Ek) € AQ}

+log?(n) n ™Y /2" 6 . + log®(n) n3/2+'7>

=0 (5,31 noBn {IE

1/2
“E {( I{F(Ey) € Az} )] } +1og2(n) n~ 1247 63+ log®(n) n3/2+7>

L{F}(Ey) € As} {0 (Fy(Ey))| V 1} f2(Ey)
(B, A (1 — Fg))?(Ex)

Fi A (1= Fi))?(Ej
(A.58)
= Op(IOg?’/Q(n) n_l/Q—H/de,n 571/2 + 10g2 (n) n—1/2+'y 5]23771 + 10g3(n) n_3/2+7).

Finally we treat D4 + Dg. Starting from (3.9) and (3.14), then using Assumption 3.4
(implying (3.20)),

| 10 (FuE) VI |0 (FLuBoe))|
Dat D6 B T Fi(E; ;)EA2 (Fk VAN (1 — Fk))2(Ez,k) {T2n,k(Ei,k) + T4n,k,i}
_ O (FEL)I VL 21, :
=0 ( o Tn (- BB e (1 IO BRI })
(A.59)

I
a

X <log pl/2+y—2r 5% )

which, due to v — 27 < 0 (see (3.21)), is of smaller order than (A.57).
Collecting terms, and further simplifying using (3.20) and (3.21), we conclude that
D = Oy(Do + D1 + D3 + D3 + Dy + D5 + Dg)
= Oy (log?(n) loglog(n) n~12 £ 1og!/?(n) n1/26]23,n5n
(A.60) +1og2(n) n=1/247/26g ,, 61/2).

This concludes our treatment of the term D.

Finally, (A.31) follows from the bound (A.32), the decomposition (A.34), and the bounds
(A.37), (A.38), (A.40) and (A.60) on A, B, C' and D respectively, after further simplifying
using (3.20) and (3.21).

The second term on the right hand side of (A.30) can be treated similarly as in the
above proof of (A.31) to arrive at an analogous result:

(ASD) = 3 O (B {9 (Fre (Biw) = 9 (P (B } = Opfa).
ze[n]

By (A.30), (A.31) and (A.61), all that’s left to establish (3.27) in Theorem 3.4 is to
show that the third term on the right hand side of (A.30), which is a second-order term,
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satisfies
jﬁiezm{w i Bus)) — 0 (FLu(Bur)
(A.62) x @By o (Bip)) = O (Fl o (Bie)) | | = Op(An).

Using Holder’s inequality we bound the left hand side of (A.62) as

WZ{@“ (B2 4(Bin)) = @ (B (Bua) | { 07 (Bl (Bie)) = € (F o (i) |
1€[n]
1/2
Z{ Bis)) 0 (Fiu(Bin) )
1/2

< |72 X {0 FrBie) - 0 (P B}

i€[n]

In the last line above, the term in the first square bracket is O,(A,,) by Lemma A.5 below;
that the term in the second square bracket is also Op(A,,) follows analogously. Thus (A.62)
holds. This completes the proof of (3.27). The remaining part of Theorem 3.4 is trivial.

LEMMA A.5.  Assume the same conditions as in Theorem 3.4. Then,

2
(A.63) IZ{¢ ((Big)) = @ (FLu(Ei)) | = Op(An).

i€[n]

PROOF. For the left hand side of (A.63), as when treating the left hand side of (A.31),
we again decompose the sum over i € [n] into the cases Fj,(E; ) € Ay and F(E; ) € As;
we then apply the mean value theorem to each term in the sum in the second case. We
arrive at

f 3 {qﬁ re(Eig)) — <I><_(Fnk(Ei7k))}2

i€ [n]

f P> [ (B p(Bip)) — 2 (Bu(Eip) )

E; )€

f 2 M{Aﬁk@m) B}

Fy(E;, k)GA

In the above, for each i, the quantity F,

nk; is identical to the one appearing in (A.34) and
is a random number on the open interval between ﬁék(ﬁzk) and I} (E; k). Reasoning

similarly as in the derivation of (A.32), the first term in the last line above is O, (A,,). For
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the second term, using a derivation similar to that of (A.52), now using the second half
of (A.41), we have

1 1 ~ -~ 2
7n Z W{ nr,k(Ei,k)—Fﬁ,k(Ei,k)}

n
Fr(E; k)€A2

1 1 . i 2
- Op(x/ﬁ B 2 AR B VFratBun) = FoutBun) )

E; 1)€A2

By expanding the term in the curly bracket above using (A.33), and then reasoning sim-
ilarly as when deriving the bounds (A.56), (A.57), (A.58) and (A.59) on the terms Dy,
Dy, D3 + D5 and D4 + Dg respectively, the right hand side of the above equation is also
Op(Ay,) . This is enough to conclude. O

O
B. Detailed expositions for Section 4.

B.1. Distribution, density functions and parametric score functions. In this section we
review some distribution and density functions, and parametric score functions for the
copula parameter 6 related to the law P = Pg B r . F, rx- The qualifier “parametric”
means we treat 6 as the only variable parameter and all other parameters are fixed.
(In the literature, e.g. in [17], sometimes the qualifier “ordinary” is used, but we choose
“parametric” to avoid confusion with the ordinary Gaussian copula model.)

B.1.1. Distribution and density functions. Recall that under the law P, the copula of E
is Cg = CRr(g)- Let cg be the density of Cg and denote its logarithm by 1°(:;8) : [0,1]P — R.
Then, [°(+; 0) is given by, e.g., Eq. (2.1) in [14] as

1°(u;6) = log co(u) = ~2 log(2r) - %log(det R(0))

(B.1) - %(I)f(u)T(S(é)) “L)BS (W), u=(ug,...u)" €[0,1]F.

Let fy|x(y|x) denote the conditional density of Y at y given X = x. Under the law P,
using the observation that the conditional density at Y = y given X = x is in fact the
density of E at y — B'x, it is easy to deduce that the joint density fy x(-1,-2) of (Y,X)
at Y =y and X = x is given by

(B2)  frx(y.x) = fyx(yPfx() = colFaly =B ) { [T felme — BIx) brx(x).
k€[p]

(We recall from Section 2.2.2 that By denotes the kth column of B.) Denote the logarithm
of the above joint density fy x(:1,-2) by I(-1,-2;P) : R? x R? — R. By (B.2) and (B.1),
I[(-1,-2; P) is given by

l(y,x;P) = I°(Fs(y — B"x);6)

(B.3) + ) log(fulye — Bix)) +1log(fx (%)), y=(1,-..,y)  , x €RZ
kelp)
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In the above expression of [(-1,-2; P), we have explicitly emphasized that this log density
is evaluated under the law P, because later we will also need to evaluate this log density
under perturbations of the law P. Also for later purpose, we denote by Fy x the joint
distribution function of (Y, X).

B.1.2. Parametric score functions. We first consider the ordinary Gaussian copula
model. We recall that [°(-;0), specified in (B.1), is the logarithm of the copula density

co. Let 19%(:;0) = (I5°(-;0))% _; : [0,1]7 — R? be the corresponding parametric score
function for the copula parameter 8; then
1C,S (4. _ 0 C(qq.
lm (uv 0) - %l (11, 0)
1 . 1 .
(B.4) - —§tr{S(0)Rm(0)} — 505 (WT8,(0)8 (w), uef0.1), me[d).

Also let (I5™(;0))F_, : [0,1]” — RP be the spatial derivatives of [°; then

7™ (u;0) = izC(u; 0)

Oouy,
) o)
T o M R

k' €lp]

(For the above two equations, see, e.g., Egs. (2.2) and (2.6) in [14] respectively.)

Now we turn to the covariate-adjusted Gaussian copula model. Under the law P,
we recall the logarithm [(-1,-2;P) of the joint density of (Y,X) given in (B.3), which
in turn involves the logarithm ¢ in (B.1) of the copula density cg. Let 15(-1,-9;P) =
(ifn(-l, ‘93 P))Zl:1 :RP x R? — R? be the parametric score function for the copula param-
eter @ corresponding to [(-1,-2; P). Then

5 (y.x:P) = 0y, xiP) = -2 1°(Fu(y — B"x); )

= 90,, = 90,,
(B.5) = [%5(Fy(y —B'x);0), (y,x) € R? xRY, m € [d],

where 19%(+; 0) is introduced in (B.4). Therefore, in fact

(B.6) By, x;P) =1°%(F,(y —B'x);0), (y,x) e RP x RY.

The specific form of I%(-1, -2; P) can be readily obtained from (B.6) and (B.4).
B.2. Semiparametric lower bound.

B.2.1. Owverview. As can be seen from Section 4.1, a central object for obtaining the
semiparametric lower bound for estimating @ is the efficient score (function) (-1, -2; P).
We very briefly review this and some related concepts here, while more detailed expositions
will be given later in this section. For textbook treatment of these concepts, we refer the
readers to Chapter 3 in [2] or Chapter 25 in [17].

Let T, given explicitly later in (B.12), be the tangent set associated with the nuisance
parameters, and let cl(-) denote the closure operator. It will be clear later on that the
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tangent set T is in fact a linear subspace of LY(Fy x), the latter being the collection of
functions f : RP xR? — R that are square-integrable with respect to the law Iy x and that
obey the additional restriction [, g, f(y,X)dFy x(y,x) = 0. Then, following p. 369 in
[17], the efficient score is the (coordinate-wise) projection of the parametric score function
15(-1,9; P) in (B.5) for the parameter of interest 8 onto the orthogonal complement of the
closure cl(7") of T. More explicitly, the efficient score is given later in (B.14).

To be technically precise, the notion of semiparametric efficiency introduced in Sec-
tion 4.1 depends on the tangent set, whose choice may not be absolute. For instance, the
discussion following Definition 2.8 in [16] says “In ‘practice’ one hunts for a pair of a tan-
gent set and estimator sequence such that the tangent set is ‘big enough’ and the estimator
sequence ‘efficient enough’ so that the latter is asymptotically efficient according to the
preceding definition.” (See also p. 76 to 77 in [2].) For this paper, the tangent set is 7 in
(B.12) and the efficient estimator (sequence) is the one-step estimator given by (4.13).

Based on our brief discussion above, the remainder of Section B.2 is further divided
into the following subsections. First, in Section B.2.2, we derive cl(7), the closure of the
tangent set 7. Then, in Section B.2.3, we calculate the efficient score.

B.2.2. Tangent set. In what follows, we fix some € > 0 small enough. We first construct
a parametric family of distributions {P,, || < €} indexed by 7 such that the path n — P,
passes through P at n = 0. To do this, we first construct paths through the infinite-
dimensional nuisance parameters Fy, k € [p] and Fx. Such constructions are covered by
Example 1 in Section 3.2 in [2] or Example 25.16 in [17], and the specific case for the
marginals Fy, k € [p] has been worked out below Remark 2.5 in [14].

First, for each k € [p|, we define the path through the univariate marginal Fj. We
fix some arbitrary hy € Lg’d[O, 1], where Lg’d[O7 1] is defined in Section 1.5. Then, for

n € (—e,¢), define the univariate density f,? ’;] as

(B.7) P () = (L + nhy o Fu(8) fult), tER,

Because hy, is bounded (by the choice hy € Lg’d[O7 1]), we can and will choose € > 0 small
enough so that f,? ’;7 is non-negative. Furthermore it is easy to check that f,? ’;7 integrates to

one over R, and so it is indeed a density. We let F ,? ’;] be the absolutely continuous univariate

distribution function induced by the density f,i”j? Then the path n — F,?’; passes through
F} at n = 0. Moreover, by Example 1 in Section 3.2 in [2], we have

0
(B.8) —logfk ln=0 = f;? ln=0 = hy o Fy,

on f on

and hy o Fy, is the score function for the the parametric model {F tnl < €} at n=0.
Analogously, we define the path through Fx as follows. We ﬁx some arbitrary h €

LY(Fx), where LY(Fx) is defined in Section 1.5. Let the function ¥ : R — (0,2) be

U(t) = 2(1 + e 2))~1. Then, for n € (—¢,¢), define the density function f)}an :R? - R as

(B.9) F (%) = 0(n; fx, B) ¥ (nh(x)) fx(x), x€RY,

where the function ¥(-; fx,h) = { qu dx}_ Thus f)}ém integrates to one
over RY, and so it is indeed a density. We let F)}ém be the absolutely continuous distribution
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function in R? induced by the density f)}é,n' Then the path n — F{ém passes through Fx
at n = 0. Moreover, again by Example 1 in Section 3.2 in [2], we have

0
8777 log f)}é,n""]:o = h')

and h is the score function for the parametric model {Fj i Inl <e}atn=0.

Note that, restricting to only differentiable hy in the construction of f,? ’7“7 is due to
the technical reason that the perturbation parameter n will appear not only directly in
f,? ’j7 but also implicitly in its argument when evaluating the derivative of f,? ’57 (see (D.1)

in Section D). Because LOd is dense in LO[O 1], the closure of the collections of score
functions generated by F) ’“ over hy € L0 and over hy € L3[0,1] are equal. Because in
the calculation of the efﬁment score we project the parametric score function for € onto
the closure of the tangent set T (which in turn is the linear span of the score functions for
the nuisance parameters), the aforementioned restriction will turn out to be irrelevant.
Now we are ready to construct the path n — P,. We consider arbitrary but fixed
acR B eRX, h=(h,... hy) € (LYY0,1))? and h € LY(Fx). For n € (—¢,e),

we denote P, = P0+na BnB. ,F;%,Fh (for the definition of the latter, see Section 2).
The collection {P,,|n| < €} forms a parametric submodel that passes through P = Py
at n = 0. We denote by p,(-1,-2) the joint probability density function of (Y, X) under
the law P,,. Following Eq. (7.1) in [17], we say that the path n — P, is differentiable in

quadratic mean at n = 0 with score function g : RP x R? — R if

2
(B.10) lim / <\/pn(y,x) ; \/po(y,x) — %g(y,x) po(y,x)> dy dx = 0.
RP xRY

n—0

By, e.g., Theorem 7.2 in [17], necessarily g € L3(Fy x). Differentiability in quadratic mean
requires certain regularity conditions that we collected earlier in Assumption 4.1.
Analogous to Proposition 2.6 in [14] (that treats the ordinary Gaussian copula model),
the first part of Proposition B.1 below gives our result regarding the score function for the
path n — P, in the regression setting. Just as By denotes the kth column of B, we let 3,
denote the kth column of 3. Then, introduce the function (@AM (. o) : RP x R? — R as

[Py, %) = a 1%(F, = > BIx {Ip™ (Fu(2); 0) fi(ar) + (o) Jo) () }
kelp]
) Fy(2)
+ > {hk o Fi(z1) + 5™ (Fu(2); 0) /0 hi, (w) du} + h(x),
=
(B.11) z=(2,...,%) =y -B'x.

In brief, by the first part of Proposition B.1, [euBhh o LY (Fy x) is the score function along
the path n — P, at n = 0. Clearly, [¢0.0.0 (obtained by fixing 3 =0, h=0, h =0) is a
linear combination of the components of the parametric score function for 6 (see (B.6)),
while {0-8:h (obtained by fixing e = 0) is the score function for the nuisance parameters.
Following the convention in p. 369 in [17], the collection of the score functions (%" for
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the nuisance parameters over 8 € R¥”*?, h = (hy,...,hy) € (Lg’d[O, 1])? and h € LY(Fx)
is by definition the (nuisance) tangent set at P, which we denote by 7. Explicitly,

(B12) T = {z")ﬂvhvh B ERPP h=(hy,... hy) € (L2090, 1)), h e Lg(FX)} .

In our case, 7 is a linear subspace of LY(Fy x).
To succinctly represent cl(7), introduce the following collection of functions:

ﬂ:{ia’o’o’ozaeRd}
(B13) ={f:f(y.;x) = a I**(F(y - B'x);0),a € R},

{fﬁ faly,x) == > B (x—E[X])
ke(p]

x 5™ (Foly = BTx);8) fiulux — BIX) + (fu/ fi) (e — BIx) } B € RW},
T = {z’Ovah’O .h e (LYo, 1])?} . Ti= {z’OvaO’h Lhe Lg(FX)} .

It is clear that 7;, 72 and 7y, consisting of different components of the score function
[oBMI are linear subspaces of L9 (Fy x); that 75 is as well will be part of Proposition B.1.

PROPOSITION B.1. Suppose that Assumption 4.1 holds. Let o € R%, B € R?*P, h =
(hi,...,hy) € (Lg’d[O, 1])? and h € LY(Fx). Then, the path n — Py is differentiable in
quadratic mean at n = 0 with score function [*PP" that is, (B.10) holds with g(y,x)
replaced by ia’ﬂ7h7h(y, X).

Furthermore, the T,’s, a € {1,2,3,4}, are closed linear subspaces of LY(Fy x) and
are pairwise orthogonal (in Lo(Fy x)) except between Ti and T3, that is, T, L Ty for all
a,b € {1,2,3,4} and a # b with the exception of a = 1 and b = 3. Moreover, the closure

cl(T) of the (nuisance) tangent set T at P is given by cl(T) = To + Tz + Ta -

PRrROOF. The proof is deferred to Section B.3. O

B.2.3. Efficient score. Having determined that cl(7) = 73 + T3 + 71 from Proposi-
tion B.1, we are now ready to calculate the efficient score. We recall that the efficient
score l*( -9;P) : RP x R? — R? for the copula parameter 6 at P is the (coordinate-wise)
projection of the parametric score function 13(-1, -2; P) = (i3,(-1, -2; P))%_, for @ onto the
orthogonal complement of cl('T) Hence,

(B.14) 15(1,2;P) = 15(1, 9, P) — Ty (is('h 2 P)|Ta + T3 + 7?1) ;

where Ilfy,  ({|T) denotes the coordinate-wise projection operator from Lo(Fy x) onto
T where T should be a closed linear subspace of Lo(Fy x). The explicit expression of
iZ('b -9; P) is stated in Proposition 4.1 which determines that 12(1, -9; P) is closely related
to the efficient score 13°(Fu(-); @) in the ordinary Gaussian copula model (with unknown
margins).
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B.3. Proof of Proposition B.1.

PRroOF. We first verify differentiability in quadratic mean and calculate the score func-
tion. We wish to apply Proposition 2.1.1 in [2] or Lemma 7.6 in [17]. We essentially need
to verify two conditions: first, p}/ 2(y, x) is continuously differentiable in 7 for every (y, x),
and second, the information “matrix” (which is in fact a scalar) I, for 7, introduced below
in (B.17), is well-defined and is continuous at n = 0, that is,

(B.15) I, — Io.

Here and in what follows all convergences are taken along the limit n — 0. (Note that,
on surface Lemma 7.6 in [17] requires continuity of I,, in 7, but a closer inspection of its
proof reveals that (B.15) is precisely what’s required to the deduce the differentiability in
quadratic mean of n — P, at n = 0.) The first condition is easily checked.

Next we briefly discuss the continuity of I, deferring some detailed calculations to
Section D. For notational brevity we denote 8, = 6 + na, B, = B + 13 and let By, be
the kth column of B,,. Also let F:ln : RP — R? be

h T
F,lfn(z):(F{f}?(zl),...,Fp%(zp)) L oz= (2,2

Let I(y,x; P,) denote the logarithm of the joint density p,. Similar to (B.3),

Iy, x;Pp) = I° (F,‘fn(y ~ B/ x); 0,,)

(B.16) + > log(fi (ux — B, x)) +log(f¥,(x), ¥y =1,..,yp) |, x €RY
kelp]
Then the information “matrix” I, is given by
a 2
(B.17) =[xy} xdax
RP xR4 n

where

0 1 0

-y, % Py) = —————py(y,x

o V) Py(y.x) O o)

is understood to be defined arbitrarily when p,(y,x) = 0. By calculations detailed in
Section D, when p,(y,x) # 0,

9 .
Uy, x; Pn) =a' 1C7S(Fo}jn(y - B;X)§ 077)

on
- 8 x{iz’m (F.‘tn<y - B, x); en) Fo (y — B %)
ke(p]
1 T fl? T
+ 1 hi o Fi(yr — By %) 5= (yr — By %)

k.
fr
+ (1 +nhgo Fr(yr — B;nx))Tk(yk — B;nx)
k.
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Jr
+ Z {hk o Fy, (yk - BkTJ]X> ka@/k - Bg’nx)

ke(p] kn
. Fr(yx—Bj %)
+ 0" <F,‘j,7(y - B, x); 07,) /0 " e (u)du

(B.18) + { D0 S 10 S, )7+ h(x) exp(~2h(x))h(x) }

where ¢(-; fx, ) is the derivative of 1(; fx,h) as in (D.4).

Section D establishes that (B.15) holds. Thus, finally, by Proposition 2.1.1 in [2] or
Lemma 7.6 in [17], we conclude that the path n — P, is differentiable in quadratic mean
at 7 = 0, and the score function is given by (0/0n)l(y, x; P,) evaluated at = 0. Evaluating
(B.18) at n = 0 yields that (B.11) is the score function.

Next we prove the second half of the proposition. We first establish that the T,’s, a €
{1,2,3,4} are all closed linear subspaces of LY(Fy x).

Because Ti, 73 and T4 are simply different collections of score functions [P
LY (Fy x), they are clearly linear subspaces of Lg(Fyx). Next, 71 and 73 are both closed
because they are finite dimensional, and 7; is closed because LY(Fx) is closed in Lo(Fx).

Thus we just need to show that 75 is a linear subspace of Lg(Fyyx), and that 73 is
closed. We first consider 7T3. For brevity of presentation, we introduce the score operator
as in Eq. (2.8) in [14]. Let L3(Cp) be the collection of functions f : [0,1]7 — R that
are square-integrable with respect to the distribution Cg and that obey the additional
restriction f[o,l]p f(u)dCg(u) = 0. For k € [p], define the bounded linear operator Og, :

L9[0,1] — LY(Cy) (see Lemma 2.4 in [14]) by

hh

Op 1h = [Ogxhl(u) = h(ug) + 5™ (w;0)H(ug), u=(u1,...,u,)" , heL30,1],
where H(u) = [ h(t)dt. Then, following the construction below Eq. (2.8) in [14], we
further define the bounded score operator O : (LY[0,1])? — LY(Csq) by

Oph = > Ogrhr, h=(hy,...,h,) € (L[0,1])P.
ke[p]

It is readily checked that in terms of the operator Ogh, T3 can be succinctly expressed as
(B19)  To={/:R" xR? 5 R, [(1,%2) = [Ogh](Fa(-1 = BT-2)), h e (50, 1))°}

In addition, Remark 2.5 in [14] states that the range of (L9]0,1])? under Og, which we
denote by

(B.20) Ts.0o = {Oph : h € (L3]0,1])7},

is a closed subspace of LY(Cy). Consider the map from T3,co to T3 that explicitly maps
Oph to [Ogh](Fs(-1 —BT-3)). From (B.20) and (B.19), clearly this map is a bijection. In
what follows, let U = F,(E) = F,(Y — B"X); then U has distribution function Cy. It is
then easy to see that this map is also an isometry. Hence, 73 is a closed linear subspace of
LY(Fy x).
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Next we consider T2. By the facts that

/ fkoFlf(u)du—/ EoFﬁoFk(t)fk(t)dt
[0,1} [a]mbk]

k k

_ /[ . fro(t)dt = f(by) — flag) =

2 . 2 . 2
:/ {fkoF,g_(u)} du:/ {fkoF,;_oFk(t)} fre(t)dt
L0,y J10.] T farbe] L7F

(2
= / f—k(t)dt < 00,
ksVk

we conclude that in fact ( fi/fr) 0 Ff € L[0,1]. Then it is readily checked that, for
hy, = (fe/ fx) o Fi € L3[0,1],

7™ (Fu(2); 0) fu(zk) + (fi/ fi) (21)
(B.21) = [Ogihs)(0), u=Fu(z),z=(21,...,2) €RP.

and, by (4.8),

EOF];_

Jr

Then we can write an arbitrary fg € T3 as

faly,x) = 1"P00(y,x) + > BIE[X][Op4hs,](Fo(y — B x))
kelp]
(B.22) = 19990y, x) + [Oghg](Fu(y — B"x)),

where we have introduced hg = (8] E[X]hy,,..., B8, E[X]hs,)" € (L3[0,1])P. Thus, be-

cause [9P00 ¢ L[Y(Fy x) and [Oghg|(Fu(-1 — B'2)) € T3 C LY(Fyx) (see (B.19)),

clearly fz € LY(Fy x), and we conclude that 73 is a closed linear subspace of L3(Fy x).
We have now shown that the T,’s, a € {1,2,3,4} are all closed linear subspaces of

LY(Fyx).
Next we note another fact that will be useful later on. First, we let

(B.23) Ts = {i0707h70 che (2290, 1])?} .

Given that 73 is closed and Lg’d [0, 1] is dense in L9]0, 1] (see the remark regarding Lg’d[O, 1]
in Section 1.5), it is straightforward to show that

(B.24) T = cl(T3).
Now we establish the pairwise orthogonality of the Ty ’s.

We first show that 77 L 7, which is related to a remark in the second paragraph on
p. 1937 in [14]. Note that the inner product between two elements l1,lp € Lo(Fy x) can
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be written as E[l1(Y, X)l2(Y, X)], where for the remainder of this proof the expectation
E is always taken under the law P. We take arbitrary (%999 € 7; and fg € T5. Then

E[[**°0(Y, X) f5(Y, X)]
=—aT 3" E[I(F(Y - BTX);6)8] (X — E[X))

ke(p]
X {l';’m (F.(Y - BTX); 9) Fe(¥ = BLEX) = (f/ fr) (Ve — B;IX)H
—_— ZE[ICS ;0)8; (X — E[X ]){iz’m (Fo(E); 0) fr(Ey) — (fk/fk)(Ek)H
kelp]
— ot Z B [ﬂ;;r(X _ E[X])} E {IC’S(U;O) {l?m (U;0) fr(Ey) — (fk/fk)(Ek)H = 0.
kelp]

Here the third step follows by the independence of X and U = F,(E), and the last
step follows because X — E[X] is centered. That 72 L 73 can be shown analogously (the
convenient representation (B.19) makes this easier to check).

Now we show that 7; L 74. We take arbitrary [.000 ¢ 77 and [00.0h ¢ T, Then

E[{*000(Y, X)[*00h(Y, X)] = E[a"1*(F.(Y — B'X); 0)1(X)]
E[[**00(y, X)JE[I***" (Y, X)] = 0.

Here the second step follows again by the independence of X and U = F,(Y —BTX), and
the last step follows because the score functions [:0.0.0 4 (0001 have mean zero. That
T3 L T4 can be shown analogously.

Now we show that T L 7;. We take arbitrary fg € 72 and [0,0,0.h ¢ T4. Then, first by
(B.21), and then by hy, € L3[0,1] and so Og xhf, € L3(Cp) which in turn implies that
E[[0p,1hs,)(U)] =0,

E[fa(Y, X)I*0H (Y, X)] = = 3" E [B] (X — E[X])[Op 47, (U)A(X)
ke(p]
=~ BLE[[Okhy)(U)] E[(X ~ E[X])h(X)] = 0.
kelp]

We have now established all of the orthogonality statements.

At last we establish that cI(T) = Tz + T3 + Ta. Let
To = {{°B00 . g e RI*P}.

Also recall T3 from (B.23). Then we can write (B.12) as T = T3 + T3 + 7a. By (B.24), we
have

(B.25) To+ () +Ta=To+ T+ Ta

By (B.22), for arbitrary [08:00 ¢ T5 we have [08:00 ¢ T, + 73, yielding T C T2+7T;5. Using
(B.22) in the opposite direction yields 7o C 7'2 + 73. Thus we conclude 75 + T3 = 75 +7s.
This together with (B.25) yield

(B.26) To+ () +Ta=To+ T+ Ta
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Next,

AT =c(Ta+Ts+Ta) Ccl(Ta+cl(T3) + Ta)
(B.27) =T+ T+T) =T+ T+TaCl(To+Ts+Ta)

Here, the third step follows by (B.26), the fourth step follows because, as T2, 73 and Ty
are all closed and they are pairwise orthogonal, T3 + 73 4+ T4 is closed, and the last step
follows by (B.26) (in the opposite direction) and the fact that the left hand side of (B.26) is
clearly contained in cl(72+ 73+ 71). Thus all inclusions in (B.27) must in fact be equalities.
Finally we conclude that cl(7~’) =T+ T3+ 71 O

B.4. Proof of Proposition 4.1.

PRroOOF. By Proposition B.1, 72, 73 and 74 are pairwise orthogonal closed linear sub-
spaces in Lg(FY,X). Recall that the projection onto a sum of two orthogonal linear sub-
spaces of a Hilbert space equals the sum of the projections onto the two individual sub-
spaces (e.g., Proposition 3.C in Appendix A.2 in [2]). Then, applying this fact twice on
(B.14) yields

(B.28) By(1,2iP) = F(1,0P) = Y Ty (FC12sP)ITG)

a€q{2,3,4}

Now, by 15(-1, -2; P) given in (B.6) and 7; introduced in (B.13), 7; simply consists of all
linear combinations of the components of iS(‘l, -2; P). By the fact from Proposition B.1
that 73 L 73 and 77 L 71 and therefore the components of 1 are all orthogonal to T3 and
71, Equation (B.28) simplifies to

(B.29) Ij(1,2:P) = (1,2 P) = Ty (1,25 P)IT5 ).

To calculate the right hand side of (B.29), we again invoke an isometry argument
between certain subspaces of L(Cyg) and LY(Fy x), as we have already done in the proof
of Proposition B.1. Analogous to (B.20), we define

(B.30) ‘H%:{ﬂMJPﬁRJH:anmﬁwﬂeRﬂ

where we recall 1% given in (B.4). Now, Proposition 2.6 in [14] states that 7 ¢, and T3 ¢,
are closed subspaces of LJ(Cp), and our Proposition B.1 states that 77, T3 are closed
subspaces of L(Fy x). Moreover U = F,(Y —B"X) = F,(E) is distributed according to
Cg. Comparing the representations (B.30), (B.20), (B.13) and (B.19) for 7; ¢,, T3,c, (as
subspaces of L3(Cy)), Ti, T3 (as subspaces of L(Fy x)) respectively, we again see that
the bijection f — f(Fo(-1 — BT -2)) from 71 ¢, + T3.c, to T1 + T3 is an isometry.

Next, from (B.30), each of the d coordinates of 1°%(-; @) belongs to T1.¢, . Let T, (| T3.c,)
be the coordinate-wise projection operator from Ly(Cyg) onto the closed linear subspace
73.cy- Then, Proposition 2.8 in [14] shows that

(B.31) 1°(:;0) — Tl (1°( 0)| Tac) = 15°(+1 ).



COVARIATE-ADJUSTED GAUSSIAN COPULAS: SUPPLEMENT 31

For us, each of the d coordinates of is(-l, -2; P) belongs to T7. Thus, by the isometry between
Ti.cy + T3.c, and Tq + T3, analogous to (B.31), we conclude that

P(1,2:P) = Iy x (P(1,2: P)[T) = I (Fa(1 — BT 2); 6).

Finally, (4.10) follows from (B.29) and the above equation.
By (4.10), the efficient information matrix I*(0) from (4.1) can now be written as

I'(6) = E | (i) (Y, X; P)|
= E [T (F.(Y - BTX);0)| = E (55 T)(Us0)],

and it corresponds exactly to the quantity I*(0) introduced at the bottom of p. 1920 and
explicitly given in (2.20) in [14]. Thus (4.11) follows. O

B.5. Proof of Proposition 4.2.

Proor. All probabilities in this proof are stated under the law P. We show that (4.12),
understood as having 0 replaced by OOSE holds. We fix arbitrarily small € > 0. Then,
for any constant B > 0,

P [ |v/n(69%F — ) —171(0) Zl > e

16 [n]

<P (vnll6, - 6| > B)

+ > P |V —e) -1 Zl > 6,0, =0,
0,,:0,,en~1/272, 16 [n]
V6,—6||<B

By Assumption 4.2, the first term on the right hand side above can be made arbitrarily
small by enlarging B. Then, for this fixed, large enough B, the number of terms in the
summation in the second term on the right hand side above is bounded from above by
a finite constant uniformly over n > 1. Thus, to establish (4.12), it suffices to show that
each term in the summation is o(1). For a single term in the summation we have

P | |v/n(695E — 6) — T X( \le*o E);0) p| > €6, =0,
i€[n]

< P( V0, —6) + T Z I (Fr 1 (Ein), .. Fy (Eip): 0n)
ze[n]

B 1 Zl*o

ze [n]

>€>.
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By the above inequality, to establish (4.12), it now suffices to show that, for each deter-
ministic sequence 6,, = 8 + O(n~/?), we have

r4(9,) ] o 2531 B (Eip);On)

ze[n

(B.32) —T Y f D IP(Fu(E);0) p +v/n(6, — 0) = 0p(1).

i€[n]

We start from the first term on the left hand side of (B.32). Define the matrices
1 .
(B.33) A, 0) = §{D9/(gm(0’)) —Sn(0)}, 6 €0,meld.

Note that in terms of A, , = A,,(6,), by the observation made in Remark 3, the first
term on the left hand side of (B.32) can be written as

tr(Ap Ry tr(A1,R,)

\/ﬁl*il(en) = \/ﬁl*il(on)

tr(Ad,nf{n) tr(Aqg,Rnp)
tr(A1(Rn — Ry))
+V/nl* " (6,) :
tr(Agn(Rn — Ry))
All components of I*~1(8) and A,,,(0) are continuous in @ (see (4.11) and (B.33) respec-
tively) and hence all components of I*1(8,,) and A,,,, are Op(1). Together with (3.29)

in Theorem 3.4, we conclude that the second term on the right hand side above is op(1).
Thus, instead of (B.32), it now suffices to show that

tr(ALan)
virten | | mre)] = Y e
tT(Ad,an) \/ﬁ J
(B.34) + (6, — 0) = op(1).

Applying Remark 3 in the opposite direction to re-express R, in (B.34) in terms of the
efficient score 15° to conclude that (B.34) is equivalent to

"(6,) Z [ L E (Eip)i0n)
ze[n

(B.35) S Z 1;°(Fu(E:); 0) p +v/n(0,, — ) = 0,(1).

ze [n]

The second and third terms on the left hand side of (B.35) are obvious Op(1), so we are
free to get rid of the ¢, factor in the first term to conclude that it suffices to show

"(6,) le o FE ()i 6,)

i€[n]
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(B.36) ~T0) = SRR R)) |+ Vil6, ~6) = 0,(1).

i€[n]

Thus we have reduced the problem in (B.32) involving the residual ranks to the one
in (B.36) involving the (unobservable) oracle ranks. In fact it is readily checked that
Equation (B.36) is identical to the second equation display on page 8 in the supplementary
material of [14] (their é;, U; = (Ua,...,Up)" and F\n,k(Uik) correspond to our izo, F.(E))
and F) , (E; 1) respectively), and the latter is shown to hold there (under conditions (i) to
(iv) in Assumption 4.1). Thus we have finished the proof of the proposition. O

C. Auxiliary lemmas.

Lemma C.1.  For each k € [p], we have

(C.1) max max{|® (Fy y(Eip))|, |9 (Fr o (Eig))[} S log!?(n).

i€[n]
PRrROOF. Note that

minmin{F 4 (Es), F p(Ei)} = 1/(n+ 1),
(A n

max max{ £ (Bup), Fr k(Ea)} = n/(n+ 1)
en

This fact and (C.3) in Lemma C.3 then yield (C.1). O

LEMMA C.2. We have
d 1 d? O (u)

w? =@y ™ @ Y Wy

PRrROOF. The first equation is well known and follows easily from the derivative of an
inverse function. For the second equation, we first note that

d d 1 2 1 2
il o w2 ut/2
duqﬁ(u) ™ \/ﬂe ume ud(u).

Then we have

a? d (d . d 1 _ 1 d .
2 0 = (@) - & (o) - waema®

B 1 . . d . . 0o (u)
= —m (=7 (u) p(2* (u)) @‘I) (u) = 7(;52(@_(“)) 0
LEMMA C.3 (Bounds involving the standard normal quantile function).
uA(1—u)
C.2 A Sl :
€2 oy o@w) =%
(C.3) sup 27 (w) <1

u€(0,1) \/2 log (2(“/\(11_“)))



34 I. GIJBELS, I. VAN KEILEGOM, Y. ZHAO

PROOF. Inequality (C.2) is well-known and follows by, e.g., Inequality (10) in [10].
Next, by Corollary 1 in [4], we have ®(x) < (1/2) exp(—2?/2), Vo < 0. Inequality (C.3)
then follows by inverting this inequality, and symmetry around v = 1/2. O

For the next lemma, let FE be the empirical distribution function of independent
Unif(0, 1) random variables £1,. .., &,, and let a,, = v/n(FY —I) be the standard empirical
process. For 0 < k < 1/2, let the function g : (0,1) — R be defined as g (t) = (tA(1—t))".

LEMMA C.4 (Theorem 4.2.1 of [5]). We have

i) | = 0, (ViogTostn).

(C.4) sup D)

te(l/n,1-1/n)

PRrROOF. The lemma is well known and is a straightforward consequence of Theo-
rem 4.2.2 in [5], by choosing the (EFKP upper-class) function w in that theorem to be

w(t) = q12(t) \/log log (M)

and a few additional algebraic steps. O

For the next lemma, let the function w, be the modulus of continuity of the standard
empirical process oy, (where oy, is introduced above Lemma C.4). Define the function

~ 2[4+ M) {log(1+A) — 1} +1]

v = . .

This is exactly the ¢ function introduced in Section 11.1 in [15], and we refer the readers
to Proposition 1 in the same section for some of its properties.

LEMMA C.5 (Modulus of continuity of empirical processes; see for instance Inequality 1
in Section 14.2 in [15]). Let 0 < a < < 1/2. Then for all A > 0,

(o) 2 WA < Jpe (—1 -0 50 ().

D. Detailed calculations for differentiability in quadratic mean. We first es-
tablish (0/0n)l(y,x; Py) asin (B.18). Starting from (B.16), and using the expression (B.1)
for 1°(+;-), we have, when p,(y,x) # 0 (so necessarily y;, — B;—nx € Jp = (ag, b)),

0 0 1
Ty, x;Pr) = 24 — 21 )
anl(y,x, ) 877{ 5 og(det R(8)))

1 T
s (B B0) (8(0,) 1) (R - B]x)
+ Z ]Og (f]?’l%(yk’ — B]IUX)> + log f)h(,n(x)
kelp]
_ aT iC,S(F.hm(y — B;X% 07])
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£ X i (P - Blxi6,) {1 (- BLx) |
kelp]
1

h
ke[p] fkf%(yk - B;—’nX)

1

(D.1) + e

0 .n 19,
{anfk;;(yk _ B{,nx>} T 5o

We treat the remaining derivatives in (D.1) one by one. First, using differentiation under
the integral sign and (B.7) give

8 h 6 yk_BZﬂ?x h
ol (e =BLx) = g [© 7 slsa
ag

yka;’ X
= =Bl x fit (yr — BY,x) + / " hy o Fi(t) fe(t)dt

ak
Fk(?/k_Bz, )

(D.2) = =B x fih (= BL,x) + / " hy(w)du.
0

Next, first using (B.7) and then the differentiability of hy o F), (due to the restriction
hi € L340, 1]) give

9 hy,
d T T
= o {(1 +nhi o Fi(yr — By, ;%)) fe(yr — Bk,nx)}
= hi o Fr(yk — By ;%) fulyr — BLL,x) — By xnhy, 0 Fy(yr, — B, x)
(D.3) X f2(yk — BJL,x) — B x(1 + nhy o Fe(yx — B, %)) fe(yr — BL, %)

Next, for the last term in (D.1), by differentiation under the integral sign,
0
a7]1/1(77; Jx:h) = —=¢(n; fx,h)Q/R‘I’Q(nh(x))exp(—2nh(x))h(x)fx(x)dx
(D.4) = 1) (n; fx, h);
then, dominated convergence theorem (DCT) yields the first equation on p. 53 in [2]:
lim 1/}(77;fx, h) = / h(x) fx (x)dx = 0.
774)0 R

Then, from the above and (B.9), we have

T30 = { 00 ) OG0 )+ 000 ) {000 | e
= (0r: Fc, h)W (7 (x)) fx (%) + (07: Fc, h) P2 (nh(x)) exp(~2nh(x))h(x) fx ()
(D5) = {8 f, s S )7} Py (%) + R (nh(x) exp(—2nh(x)) A(x) fi (%):

Plugging (D.2), (D.3) and (D.5) into (D.1) yields (B.18).
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Next we establish the continuity of I,; as in (B.15). To make the distributional depen-
dence on 7 more explicit, we shall denote the random triplet (Y, X, E) under the law P,
by (Y, X, E;) and so in particular

(D.6) E,=(Eiy....,Ep)' =Y, — B;Xn,

while (Y, X, E) is reserved when this triplet follows the law P. Note that p,(-1,-2) —
po(-1,-2) pointwise. Thus, by Scheffé’s lemma and the Portemanteau theorem (e.g., The-
orems 16.11 and 29.1 in [3] respectively), (Y,,X,;) ~» (Y, X). By Skorokhod representa-
tion theorem (e.g., Theorem 29.6 in [3]), we can and will choose (Y,,X,), |n| < e with
(Yo,Xo) = (Y X) so that the (Y,,X,)’s are all defined on a common probability space
and (Y,,X,) == (Y, X), so E, == E as well.

For k € [ |, ¢ € {1,2,3}, ' € {1,2}, define the functions By ¢(-1,-2), Cre(-1,-2) : RP X
(—¢,€) — R, and also the function D(-1,2) : RY x (—¢,6) — R as: for z = (21,...,2,) €
RP, x € R? and 1 € (—¢,¢),

jC,m 1 f2
By (zn) = I (F2(2):0,) S (51), Bra(z.n) = nhi o Fy(z) 5 (20),
k

Bua(z,n) = (1+ ke o Fy(20)) 2 (1),
k.

i om [ b F(z1)
Cra(z,n) = hi o Fy (2) 5 -(21),  Cha(z,n) =1 (F.,n(z); 9n> / hy(u)du,
k,n 0

D(x,m) = 9(n; fx, h)(n; fx, h) " + U (nh(x)) exp(—2nh(x))h(x).

Then we can rewrite (B.18) as, when p,(y,x) # 0,

G, .
Uy Py) = al I5(FY, (y = Byx):6,) = D Bix D DBiely —Byx.n)
" ke(p] e{1,2,3}
+3° 3 Cruly - Bl x,m) + D(x,n).
kelp) Le{1,2}

Using the above expression and (D.6) in (B.17), we have

P 2
I, =E {anl(Yan;Pn)} ]
=E {aTiC’S(Fh Z BIIX Z By o(Ey,n
kelp)] 0e{1,2,3}
2
(D.7) +> > Ck,z(En,nHD(an)} ]
kelp) e{1,2}

We first treat the squared terms (after expanding the square of the curly bracket) in
. 2
(D.7). We start with E [{aT 1C7S(F.I;7(En); 0,])} ] Without the scaling by «, this corre-

sponds exactly to the information matrix 1(,) for the parametric Gaussian copula model
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with known margins and copula correlation matrix R(6),). Then, following (2.2) to (2.4)
n [14], we have

E [{aT iC’S(F-}jn(En% 977)}2] =a'E [iC’S(F-h,n(En)§ on)ic’S(Fn}jn(En)Q en)T] o
=T [tr ($n(0)R©O,)8,0(6,R(,))]

. QT% [t (Sm(OR(0)S,/(0)R(D)) |

m,m/€[d]
m,m’€[d]
T 2
=E {{a lC’S(F.(E);O)} } < 00.
Here the convergence step follows by the continuities of R(-) and S, (-).

Next we treat the terms E [{ﬁ,;anBk’g(En,n)}ﬂ, k€ [p], £ € {1,2,3}. First,
E [ang] = / xfo)}ém(x)dx
- /R x5 fc, h)W(h(x)) fx (x)dx — EXX ],

where the convergence step follows by the DCT. Next,
B (548 n)] =& | (P2 E0)0,) 10450,

2
_E E[zg (F2,(E:6,) ‘E,m] I (Ek,n)Z}

(S(6)) ek —
=K
| 2D (F (B )))f (P )]
_ _ 1 hi 2
(D.8) ={(S(0y))kx — 1} E ¢2(<I><—(F,?,Z(Ekm)))fk,n(Ek,n) ] ;

where the third step follows by (2.9) in [14]. Now, with F, h’”_ denoting the left-continuous
inverse of Fé‘%, and using the facts that Ej,, = Fh’“_ th’“ (Ek ) with probability one and
F* (Bgy) ~ Unif(0, 1),

! b (B >2] - !
OB (FE (Bpy))) ™" $2(D (F (Bry)))

(D.9) B /()71) (252(@}_(“)) { k,n Fhk(*(u)}2 du.

Under (vi) in Assumption 4.1, for all n small enough, both Fj, and F} ’“ are strictly in-
creasing on Ji, and we can deﬁne a strictly increasing function v = Un :(0,1) — (0,1)
such that

2
h h
{ B o B o Fk”%(Ekm)} ]

(D.10) Fli”ff(u) = F ov(u), Yue€(0,1).
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Now we divide the integral in (D.9) into two parts over the intervals (0,1/2] and (1/2,1)
respectively. We first consider the first interval. Using (B.7) and the boundedness of hy €
L$[0,1], we can define a function ¢y : R — R satisfying

1
D.11 F'*(y= —~ _[F (1), VeR
( ) k,n() 1+Cn(t) k( )7 € ’

and it is easy to show that ||c,||z.. — 0 (as [n| — 0). Applying F,i”j? on both sides of (D.10)
and then invoking (D.11) on the right hand side yield

(D.12) v(u) = {14 ¢, 0 F ov(u)}u.

Then, consecutively using (B.7) and the boundedness of hy, (D.10) and (D.12), the square
root of the numerator of the integrand in (D.9) is bounded by a constant multiple of

fro Fpt™(u) = fro F ov(u) = fro i ({1 + ¢y 0 F ov(u)}u)
<  sup  froFp (1+06)u).

8:16[<llenll oo

Then, continuing from (D.9), by the pointwise convergence of fl?’;] o Flf ’;f to fr o Fy, the
above inequality, condition (4.9) in Assumption 4.1 and the DCT,

1 hi hy 2
/(0,1/2}¢2(<I>‘—(u)){fkm°Fk,n (U)} du

_ o B (w)}¥ du < o0
(D.13) o [ ey e A <o

Analogously, for the integral in (D.9) over the interval (1/2,1),

! R R 2
/(1/2,1) $2(2(u)) {fkm ° Fn (U)} du

- o F (u)}? du <
(D.14) o [ ey e B @) <o

Then, by (D.8), (D.9), (D.13), (D.14) and the continuity of S(-), we conclude that
E [Bl%,l(EmT/)] —E [Bl%,l(Ea O)] < 0.
Next,

. 2 2
E [BE,Q(En, 77)] = 772E {hk o Fk(Ek,n)];,f]i(Ek,n)}
k.

. 2 2
- 2/ {hkoFk(t) f;;k (t)} Wk (t)dt
Jk fkm

4
_ ,,72/ {hk o Fk(t)}2 fTi(t)dt.

Jk kﬂ?
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By the boundedness of hg, from (B.7) it is easy to see that for all n small enough,
ka/f;?'f?HLoo < 2 (say). In addition, ||hs o Fj||L. < oo because hy, is continuously dif-
ferentiable. Thus, for all  small enough, the integrand in the integral above is bounded by
a constant multiple of f;:’ uniformly over J;. By the boundedness of fj on J, [ T f,g’(t)dt <

fJ fr(t)dt =1 . Then, by the DCT, we conclude that
E [Bfo(Ey,n)] — 0 =E[Bi,(E,0)].

Next,

2
E [Bl%?)(Em’?)] =K {(1 +nhio Fk(Ek,n))ffk (Ey n)}
k.n

/{thkoFk( 2 I

k,n

+ [ Bz ism0) <

where the convergence step follows by the boundedness of h, condition (4.8) in Assump-
tion 4.1 and the DCT. By the independence between X, and E, and the separate conver-

gences of E[XnX;] and E [Bg,e(En,n)}, we conclude that, for all k£ € [p] and ¢ € {1,2,3},

2 2
B {0, mu®, )| - B[ {plxBE.0) ] < .
Next we treat the terms E [C,ig(En,n)], k € [p], £ € {1,2}. First, by the DCT,

2
E [C;1(Eyn)] =E {hk ° Fk(Ek,n)ﬁk(Ek,n)}

k.

_ / {hio B(0))2 T (1)t
i i

= [Pl1Z,100) = E [Ck,l(E’O)] <00

Next, using a derivation similar to that of (D.8), the facts that Fl?’;(Ekn) ~ Unif(0,1)
and Fy, o F,i”;f(u) = v(u) (for v(u) in (D.10)), we have

) o N Fi(Ek.n) 2
B CEa(By )] = |57 (Fh(E:0,) [ mvax

(S(8,))i — 1 Fi(Ek.) }
=E R (A)d\
(O (F (B ) {/o e

2
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2

hp
1 FkoFk’]j] (u)
= {(S(en)>kk - 1} ©1) W {/0 hk(/\)d)\ du
={(S(0y))kr — 1} (Cr21 +2Ck 221 +2Ck 222+ Cr23)

Chraa = /(0,1) sa L, h’“(”dA}Qd“’
) {/0“ d)\} {/u”(“) hk()\)d)\} du,
Cr222 = /(1/271) m {/Ou d)\} {/uv(u) hk()\)d)\} du,
Oz = /(0,1) M {/:(U) hk()\)d)\}Q -

Following the two-sided Hardy’s inequality (e.g., Proposition A.1 on p. 1 in the supplemen-
tary material of [14]) and (C.2) in Lemma C.3, Cj 21 < oo. Next, using the same lemma,
the boundedness of hy, (D.12) to calculate u —v(u), and finally the fact that ||c,|/r.. — 0,

we have
(0,1/2] qb2(<I>1<_(u)) {/Ou hk(/\)d)‘} {/uv(u) hk()\)dA} du

1
5/ — ey 0 F o v(u)|udu — 0.
(0.1/2)

where

1
Coar = [ oy Uy "
1
hi ()

Analogous to the above, Cj 22 2,Cf 23 — 0.
Collecting terms, and invoking the continuity of S(-), we conclude that

B [CRalEy )] > (80D~ [ s { [T ik a
=E[C}4(E,0)] <

Finally we treat the term E [DQ(Xn,n)]. By the DCT (precisely, with the integrand
below bounded by a constant multiple of (1 V h(x))2fx(x) which is integrable because
h € LY(Fx), and by the pointwise convergence of the integrand to h(x)2fx(x)),

B D*0K, )] = [ {0 e bt 1)+ W 0) exp(—2h()h(x) ) e (x)dx

(D.15) — 5 h?(x) fx (x)dx = HhH%Q(FX) < 0.

We have checked that the expectations of all the squared terms in (D.7) are continuous
at n = 0, and so we only need to verify that the expectations of all the cross terms in
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(D.7) are continuous at n = 0 as well. We first discuss the cross terms involving the
random variable D(X,,n). The expectations of these cross terms will all converge to their
expectations at 7 = 0 by the independence of E, and X, an argument similar to (D.15)
to treat the terms involving X,,, and Pratt’s lemma to treat the remaining terms involving
E,. For the last part involving Pratt’s lemma, we refer to a similar argument in the next
paragraph; we omit the details.

For all other cross terms (i.e., those not involving the random variable D(X,,,7)), note
that all functions a " iC’S(F,ljn(z); 0,), Bii(z,n), C ¢(z,n) are jointly continuous in z and 7.
Then, the convergence (X, E,;) <% (X, E) and the continuity of the functions involved
imply that the random variables o' iC’S(F.}jn(En);On), By o(Ey,n), Cre(Ey,n) converge
almost surely to their respective limits o " iC’S(F. (E);0), B ¢(E,0), Cy¢(E,0). Then, using
the inequality |ab] < (a? + b?)/2 to bound the cross terms by the squared terms, the
convergences of the expectations of the cross terms to their respective limits at n = 0
follows by Pratt’s lemma (e.g., p. 164 in [13]) and the already-established convergences
of the expectations of the squared terms. At last, we conclude that (B.15) regarding the
continuity of I,, holds.

E. Additional simulation results. In this section we present some additional sim-
ulation results that were left out from Section 5 in the maintext due to space constraint.

E.1. Additional results for Section 5.1. First, for ¢ = 2 and ¢ = 10, the particular B
generated are respectively

0.0796 —1.0101 —2.0212
B( 0.8551 —0.3415 —0.8337) (for ¢ = 2),

—-0.6796 —0.8770 —2.0306
—0.9054 0.8499 —-1.0389
—0.3481 1.3291 —0.0503
0.8612 —0.4938 —0.7351
2.2292 —-0.0226 —1.8954
0.2748  1.4955  0.6093
—0.1586 —0.2656 —0.4795
—-1.4194  0.5680  0.7511
0.8065 —0.3997 —0.9803
0.5926 —0.0021 —2.2374

(for ¢ = 10).

Next, Figure 1 in the supplement presents the simulation results for highly correlated
covariates with p = 0.9.

E.2. Additional results for Section 5.2. First, for ¢ = 2 and ¢ = 10, the particular B
generated are respectively

p_( 35784 —13499 07254 0.7147 for g = 2)
27694 3.0349 —0.0631 —0.2050 ra=2)
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Fic 1. Simulation results for the unrestricted model under the exact same setting as Figure 2 in the main
text, except that now p = 0.9.
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—0.1241
1.4897
1.4090
1.4172
0.6715

—1.2075
0.7172
1.6302
0.4889
1.0347

0.7269
—0.3034
0.2939
—0.7873
0.8884
—1.1471
—1.0689
—0.8095
—2.9443
1.4384

0.3252
—0.7549
1.3703
—1.7115
—0.1022
—0.2414
0.3192
0.3129
—0.8649
—0.0301

—0.1649
0.6277
1.0933
1.1093

—0.8637
0.0774

—1.2141

—1.1135

—0.0068
1.5326

(for ¢ = 10).

Next, Figures 2 and 3 in the supplement present the simulation results for highly cor-
related covariates with p = 0.9.
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F1c 2. Simulation results for the Toeplitz model under the exact same setting as Figure 3 in the main text,
except that now p = 0.9.
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