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This paper presents a new control method for multi-input multi-output stationary non-
Gaussian random vibration test using time domain randomization. The control objectives
are composed of response skewnesses, kurtoses and power spectral densities. The genera-
tion process of stationary and coupled reference non-Gaussian signals by specified refer-
ence skewnesses, kurtoses and spectra is analyzed. The reference non-Gaussian signals
combined with system frequency response functions are then utilized to obtain the desired
drive signals for dynamic inputs, in which the inverse system method in the frequency
domain is employed. The primary advantages of the proposed methods are the high com-
putational efficiency and simultaneous control of the time-frequency characteristics of
response signals. In consideration of system cross coupling characteristics manifested in
coherence and phase coefficients, the skewness and kurtosis tuning steps for each control
channel are formulated by using a sequential phase modification method. The relationships
between reference skewnesses, kurtoses and spectra are discussed and they reveal that the
reference spectra have an influence on the settings of reference skewnesses and kurtoses,
which implies that proper settings of reference skewnesses, kurtoses and spectra are nec-
essary. A numerical example and a triaxial vibration test are provided and the results show
the validity and feasibility of the proposed method.

� 2018 Elsevier Ltd. All rights reserved.
1. Introduction

Random vibration environmental testing is of considerable interest to engineers with great practical significance in many
fields of science and engineering since several decades already. It is usually conducted as an effective means to assess the
performance or durability of products under the specified Gaussian vibration environments in the laboratory or to reveal
defects in product design [1–3]. However, many operational vibration environments in engineering structures are multidi-
mensional non-Gaussian random, especially in the areas of aerospace, automotive and civil [4–6]. The fatigue life and failure
modes of engineering structures are sometimes very sensitive to the exposed random vibration environments, two typical
niversity
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examples are the comparisons of fatigue failure results of simultaneous and sequential axial vibrations and Gaussian and
non-Gaussian vibrations [7–12].

The replication of simultaneous multidimensional non-Gaussian random vibration environments requires multi-exciter
random vibration control. One method of multi-exciter testing is to use vibration shakers to excite the selected input points
on the test article for the control of some monitoring points. The other common method uses vibration exciters on a rigid
shaker table, with the test article rigidly connected to the shaker table by properly designed fixtures, and several acceleration
sensors are mounted on the shaker table to control and monitor table vibrations induced by base excitation.

Classical multi-exciter random vibration control attempts to replicate the statistical properties, e.g. auto and cross power
spectra of stationary Gaussian random vibration environments [2,3,13,14]. Smallwood suggested that the zero memory non-
linear transformation method can be introduced to obtain the desired non-Gaussian responses [15,16]. Zheng and Chen etc.
proposed an inverse system method combined with sequential phase modification to allow for system cross coupling char-
acteristics and to preserve spectral structures including multi-output response kurtoses, auto spectral densities and cross
spectral densities which can be controlled simultaneously and independently [17,18]. However, the reference signals should
be generated frame by frame successively which is computationally intensive and time consuming. Therefore, if there are
many response channels to control or one channel reference kurtosis is large or skewness control is also considered, this
method is limited because the elapsed time of generation of each frame reference signal increases with the number of con-
trol channels, values of control kurtoses and skewness control.

Another problemwhich should be tackled is the definition of reference skewnesses, kurtoses and spectra for multi-exciter
stationary non-Gaussian random vibration control. The reference spectra are usually defined from processing measured data
or artificial settings empirically. It just needs to guarantee the positive semi-definiteness of the reference spectral matrix to
satisfy the physical realization. However, in the multi-exciter stationary non-Gaussian case, the definition of reference skew-
nesses and kurtoses should also be considered. It is obvious that reference skewnesses and kurtoses cannot be set arbitrarily
due to the system cross coupling manifested as cross spectral densities, that is coherence and phase coefficients. For exam-
ple, if the coherence coefficient in a two-input two-output reference spectral matrix equals one, meaning that two-channel
random signals generated from reference spectral matrix originate from a single signal source, it is impossible to set the ref-
erence kurtoses of two channels arbitrarily. If the kurtosis of one channel is determined, the kurtosis of the other channel is
also determined. Therefore, the definition of reference kurtoses and spectra before random vibration control test is
necessary.

The time domain randomization technique proposed by Tebbs and Hunter has been widely employed in traditional ran-
dom vibration control with high computational efficiency [19]. This paper provides a new closed loop control method for
multi-exciter stationary non-Gaussian random vibration test with time domain randomization technique. The analyses
and tuning steps of multi-output reference skewnesses and kurtoses by using sequential phase modification in the time
domain randomization process are presented. The definition of multi-output reference skewnesses, kurtoses and spectra
is also discussed. The primary advantages of the proposed control method lie in the efficient implementation manifested
in the time domain randomization process and the simultaneous control of response skewnesses, kurtoses and power spec-
tral densities. The rest of this paper is organized as follows. The proposed control method is formulated in Section 2. Subse-
quently, Section 3 discusses the definition of reference skewnesses, kurtoses and spectra as well as their relationships. A
three-input three-output numerical example and its experimental results are illustrated in Sections 4 and 5 respectively.
Finally, conclusions are given in Section 6.

2. Non-Gaussian random vibration control method

There are two families of multi-exciter testing methods which may be identified as square control and rectangular control
according to the number of inputs and outputs. With square control the same number of inputs (drives) equals the number
of outputs (controls) whereas rectangular control is characterized by different numbers of outputs. This paper focused on the
general multi-exciter square control method.

Different from the traditional multi-exciter Gaussian case, the skewness and kurtosis describing the non-Gaussian fea-
tures are considered in stationary non-Gaussian random vibration control. For an n input n output linear invariant dynamic
system (n is a positive integer, n � 2), the control targets in time and frequency domains of matrix representation can be
expressed as
Wy ¼ WRef ð1Þ

Ky ¼ KRef ð2Þ

Syy ¼ R ð3Þ

where Wy and Ky are the response skewness and kurtosis while WRef and KRef are the reference skewness and kurtosis
respectively. Syy is the response spectral density matrix. R is the specified positive semi-definite reference spectral density
matrix and its off-diagonal elements can be written as
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Rjk ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2jkRjjRkk

q
eiajk ðj; k ¼ 1;2; :::;n; j > kÞ ð4Þ

Rkj ¼ R�
jk ð5Þ
where diagonal elements Rjj (j = 1, 2,. . ., n) are the auto spectral densities and i is the imaginary unit. c2jk and ajk are the coher-
ence and phase coefficients between the jth and kth channels respectively. The superscript ‘*’ represents the complex
conjugate.

The crucial point of MIMO random vibration control is to generate time domain drive signals that can enforce the control
channels to reproduce desired vibration responses within specified tolerances. According to the input-output relationships
in linear time-invariant system, the first drive signals can be obtained in the frequency domain as
D ¼ G�1C ð6Þ

where G is the system frequency response function matrix which is estimated before the vibration control test. D and C are
the Fourier spectra of the drive signals and reference response signals respectively. The initial drive signals are only gener-
ated by the frequency response function matrix and reference spectral matrix, and later the response signals will be used to
constitute a closed loop control algorithm to update drive signals. The flow chart of the proposed multi-exciter stationary
non-Gaussian random vibration control method is shown in Fig. 1 and the detailed steps are given as follows.

First, the Cholesky decomposition is applied to the reference spectra R for the purpose of decoupling as
R ¼ LLH ð7Þ

where superscript ‘H’ represents complex conjugate transpose and L is a lower triangular matrix. Then uniformly distributed
random phase angles hj (j = 1, 2, . . ., n) are supplemented for inverse Fast Fourier transform as
um,

F�1ðl11eih1 Þ 0 0 0

F�1ðl21eih1 Þ F�1ðl22eih2 Þ 0 0

..

. ..
. . .

.
0

F�1ðln1eih1 Þ F�1ðln2eih2 Þ . . . F�1ðlnneihn Þ

2
666664

3
777775 ð8Þ
where ljk (j, k = 1,2,. . .,n; j � k) are the elements of L. F�1 denotes the inverse Fourier transform operation. To ensure the cor-
relations between various channels, the row summation operation is performed to um and one frame random signal can be
obtained as
uj ¼
F�1ðl11eih1 Þ j ¼ 1Xj�1

k¼1
F�1ðljkeihkÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
, uj;1

þ F�1ðljjeihj Þ|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}
, uj;2

j ¼ 2;3; :::;n

8>><
>>: ð9Þ
Eq. (8) shows that the elements in the same column are coupled due to the same random phase angles while elements in
different columns are independent of each other due to the different and independent random phase angles.

Therefore, the skewness and kurtosis of row summed random signals in Eq. (9) can be calculated if the skewness and kur-
tosis of uj,1 and uj,2 are determined. In fact, the skewness Wx+y of the summed two independent zero-mean random signals x
and y can be calculated as
Wxþy ¼ E½ xþ yð Þ3�
E3=2½ xþ yð Þ2�

¼ E½x3 þ y3 þ 3x2yþ 3xy2�
E3=2½x2 þ y2 þ 2xy� ¼ E½x3� þ E½y3�

E½x2� þ E½y2�ð Þ3=2
¼ Wxr3

x þWyr3
y

r2
x þ r2

y

� �3=2 ð10Þ
Similarly, the kurtosis Kx+y of the summed signal can be obtained as
Fig. 1. Block diagram for closed loop control of stationary non-Gaussian random vibration test.
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Kxþy ¼ E½ xþ yð Þ4�
E2½ xþ yð Þ2�

¼ Kxr4
x þ Kyr4

y þ 6r2
xr2

y

r2
x þ r2

y

� �2 ð11Þ
where E[�] represents the mathematical expectation operation. Wx and Wy are the skewnesses of x and y while Kx and Ky are
the kurtoses of x and y respectively. rx and ry are the standard deviations of x and y respectively.

Based on the above analysis, one frame reference non-Gaussian signal can be generated from reference skewnesses, kur-
toses and spectra by modifying the random phase angles in sequence. The tuning process is realized by three successive
steps:

Step 1. Modify random phase angles h1 such that the signal from channel one u1 satisfies its reference skewness and kur-
tosis. Here, the improved zero memory nonlinear transformation method is used to modify phase angles [19]. The skew-
ness and kurtosis of the first column in Eq. (8) change because the random phase angles h1 are modified.
Step 2. Modify random phase angles h2 such that the signal from channel two u2 satisfies its reference skewness and kur-
tosis. Note that u2 is composed of u2,1 and u2,2, and the skewness and kurtosis of u2 can be tuned only by tuning the skew-
ness and kurtosis of u2,2 because u2,1 is determined due to the modified h1.
Step 3. Modify random phase angles h3–hn sequentially such that all corresponding channel signals satisfy their reference
skewnesses and kurtoses. The phase modification process must be in sequence to avoid problems of cross coupling.

Therefore, only the skewness and kurtosis of uj,2 can be adjusted to tune skewness and kurtosis of channel j (j = 2, 3, . . ., n).
According to Eqs. ((10) and (11)), the skewness and kurtosis of uj,2 that need to be adjusted can be expressed as
Wj;2 ¼ k2j þ 1
� �3=2

Wj � k3j Wj;1 ð12Þ

Kj;2 ¼ k2j þ 1
� �2

Kj � k4j Kj;1 � 6k2j ð13Þ
where
kj ¼ rj;1

rj;2
j ¼ 2;3; :::nð Þ ð14Þ
Wj,1 andWj,2 are the skewnesses of uj,1 and uj,2 and Kj,1 and Kj,2 are the kurtoses of uj,1 and uj,2, respectively. rj,1 and rj,2 are
the standard deviations of uj,1 and uj,2 respectively. Note that all random signals in this paper are zero mean.Wj and Kj are jth
reference skewness and kurtosis respectively.

Afterwards, a time domain randomization technique is used in place of generating a new one frame random signal to pro-
duce the desired stationary reference non-Gaussian signals. Because of the high computational efficiency of the time domain
randomization technique, the realization of stationary time domain reference non-Gaussian signals can be easily achieved.
The analysis of the time domain randomization process by one frame reference non-Gaussian signal follows three substeps:

Step a. Pick different points randomly and synchronously for each column random signal in Eq. (8) and perform a circular
shift to the generated one frame random signal to obtain a reconstructed random signal. This operation does not change
the skewness, kurtosis and power spectral density because the time domain amplitudes of signals remain unchanged.
Step b. Repeat Step a several times to generate many frame random signals that are windowed and overlapped to compose
stationary random signals. The operation of windowing and overlapping decreases the skewness and kurtosis of a random
signal; the modified skewness and kurtosis are related to the window function and overlap factor. In this paper, a half-
sine windowwith an overlap factor of 2 is used. The skewness and kurtosis relationships before and after the operation of
windowing and overlapping are thus given as
Ka ¼ 3
4
Kb þ 3

4
ð15Þ

Wa ¼ 8
3p

Wb ð16Þ
where Ka and Wa are the skewness and kurtosis after windowing and overlapping while Kb and Wb are the skewness and
kurtosis before windowing and overlapping. Eqs. ((12) and (13)) are modified to
Wj;2 ¼ 3p
8

k2j þ 1
� �3=2

Wj � k3j Wj;1 ð17Þ

Kj;2 ¼ 4
3

k2j þ 1
� �2

Kj � k4j Kj;1 � k4j � 8k2j � 1 ð18Þ
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Step c. Sum the random signals in each row to obtain coupled reference non-Gaussian signals as shown in Eq. (9).

In a final step, the Fourier transform is applied to the generated time domain reference non-Gaussian signals to obtain
Fourier spectra C in Eq. (6), the desired drive signals are then obtained by an inverse Fourier transform of D. The drive signals
are updated according to the deviations between the response and reference signals and the control algorithm is as follows:
Lnew ¼ LL�1
y

� �gL
Lold ð19Þ

Wnew ¼ gS WRef �Wy
� �

Wold ð20Þ

Knew ¼ KRefK
�1
y

� �gK
Kold ð21Þ
where Lnew is used to update L in Eq. (7) and Ly represents the Cholesky decomposition of the present response spectra Syy.
Wnew and Knew are used to update the skewness and kurtosis in Eqs. ((17) and (18)) respectively. Wy and Ky are the present
response skewness and kurtosis respectively. gL, gS and gK are spectral, skewness and kurtosis convergence coefficients
respectively.

3. Discussion

This section discusses the definition of reference skewnesses, kurtoses and spectra in MIMO stationary non-Gaussian ran-
dom vibration control. The influence of kj on the skewness and kurtosis tuning process is explained first, and then the def-
inition of reference skewnesses, kurtoses and spectra is analyzed.

According to Eqs. ((17) and (18)), jth reference skewness and kurtosis can be expressed as
Wj ¼ 8
3p

k3j

k2j þ 1
� �3=2 Wj;1 þ 8

3p
1

k2j þ 1
� �3=2

|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
, WAmp;j

Wj;2 ð22Þ

Kj ¼ 3
4

k4j

k2j þ 1
� �2 Kj;1 þ 3

4
k4j þ 8k2j þ 1

k2j þ 1
� �2 þ 3

4
1

k2j þ 1
� �2

|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
, KAmp;j

Kj;2 ð23Þ
Eq. (22) shows that the Wj depends on Wj,1 and Wj,2, and each of them contributes to some extent to the skewness mod-
ification. Wj,1 is determined in jth channel tuning process because of previously modified random angles, and thus only Wj,2

can be used to tune the channel skewness. In theory, the tuning process of skewness and kurtosis has nothing to do with the
value of kj. However, if kj is much larger than 1, the skewness amplification coefficient WAmp, j is very small so that the con-
tribution of Wj,2 to Wj is very small because of the small ratio. In other words, no matter how Wj,2 is tuned, the value of Wj

changes very slowly. As a result, it is possible that Wj,2 exceeds the maximum range of uj,2 that can be tuned. Furthermore,
the larger the value of Wj,2, the longer it takes to complete the tuning process. It is similar to the kurtosis tuning process in
Fig. 2. Different values of amplification coefficients WAmp and KAmp with k.
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Eq. (23) that kj should not be very large. Fig. 2 shows the amplification coefficients WAmp and KAmp changes with k in the
range [0, 8]. If k = 0, that means that each channel is independent of each other and that coupling problem do not occur,
the tuned Wj,2 and Kj,2 have full contributions on Wj and Kj modifications, respectively. If kj � 2, the contributions of tuned
Wj,2 and Kj,2 are limited. Therefore, the value of kj is very important for the skewness and kurtosis tuning processes.

It is also noteworthy that the reference kurtosis of the jth channel cannot be smaller than Kmin
j which is expressed as
Kmin
j ¼ 3

4
k4j

k2j þ 1
� �2 Kj;1 þ 3

4
k4j þ 8k2j þ 4

k2j þ 1
� �2 ð24Þ
The kurtosis tuning process is applied for a non-Gaussian random signal with kurtosis greater than 3 in this paper. The
setting of reference skewness for each channel does not have this limitation because skewness can be a positive or negative
value. However, the reference skewness and kurtosis should be set properly. In addition to limitations due to minimum or
maximum skewness and kurtosis of each tuned random signal also calculation time and efficiency should be taken into
account.

The above discussion shows that it is very important to determine the most appropriate value kj for the skewness and
kurtosis tuning processes. Eq. (14) shows that the kj value is related with the reference spectra. To better understand the
relationship between kj and reference spectra, let n be equal to 3. Therefore, the reference spectral matrix R and lower tri-
angular matrix L can be written as
R ¼
R11 c12

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R11R22

p
e�ia12 c13

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R11R33

p
e�ia13

c12
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R11R22

p
eia12 R22 c23

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R22R33

p
e�ia23

c13
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R11R33

p
eia13 c23

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R22R33

p
eia23 R33

2
64

3
75 ð25Þ

L ¼

ffiffiffiffiffiffiffi
R11

p
0 0

c12
ffiffiffiffiffiffiffi
R22

p
eia12

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� c212

q ffiffiffiffiffiffiffi
R22

p
0

c13
ffiffiffiffiffiffiffi
R33

p
eia13 l32 l33

2
664

3
775 ð26Þ
where
l32 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c212c213 þ c223 � 2c12c13c23cosða12 þ a23 � a13Þ

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� c212

q ffiffiffiffiffiffiffi
R33

p
ei/23

tan/23 ¼ c23sina23 þ c12c13sinða12 � a13Þ
c23cosa23 � c12c13sinða12 � a13Þ

ð27Þ

l33 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� c212 � c213 � c223 þ 2c12c13c23cosða12 þ a23 � a13Þ

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� c212

q ffiffiffiffiffiffiffi
R33

p
ð28Þ
According to Eq. (14), kj can be obtained as
k2 ¼ r2;1

r2;2
¼

Rx2
x1

c12
ffiffiffiffiffiffiffi
R22

p
dxRx2

x1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� c212

q ffiffiffiffiffiffiffi
R22

p
dx

k3 ¼ r3;1

r3;2
¼

Rx2
x1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c213 þ c223 � 2c12c13c23cosða12 þ a23 � a13Þ

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� c212

q ffiffiffiffiffiffiffi
R33

p
dx

Z x2

x1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� c212 � c213 � c223 þ 2c12c13c23cosða12 þ a23 � a13Þ

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� c212

q ffiffiffiffiffiffiffi
R33

p
dx

ð29Þ
For two-input two-output cases, k2 is only determined by reference auto spectral densities and by the coherence coeffi-
cient. If the coherence and phase coefficients are constant at each spectral line, Eq. (29) can be simplified to
k2 ¼ c12ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� c212

q

k3 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c213 þ c223 � 2c12c13c23cosða12 þ a23 � a13Þ

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� c212 � c213 � c223 þ 2c12c13c23cosða12 þ a23 � a13Þ

q
ð30Þ
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In this case, kj values are only related with coherence and phase coefficients. If c12 is close to one, the value of k2 is very
large which makes the contributions of Wj,2 and Kj,2 to its corresponding channel skewness and kurtosis very small.

Therefore, with regard to the settings of coherence and phase coefficients, not only the positive semi-definite of the ref-
erence spectral matrix should be guaranteed, but also the feasibility of skewness and kurtosis tuning processes should be
considered. A pre-test procedure for checking the values of kj can be done to ensure that the random vibration control test
can be carried out successfully.
4. Numerical example

This section illustrates the proposed method on a system with an Aluminum cantilever beam. The validation study is con-
ducted purely through simulation, but model parameters are set to represent a simple physical realization. The physical
parameters of the beam and the locations of the excitation and control points are shown in Fig. 3. The modal damping ratios
are set to 0.03, the elastic modulus is 72 GPa and the mass density is 2700 kg/m3. The plots of frequency response functions
of the system are shown in Fig. 4.

The reference spectra of three control points are set in Tables 1 and 2. Only values of the power spectral densities at the
break points are given and values at other frequency points are calculated by linear interpolation on a logarithmic scale. The
control frequency band for simulation is set from 20 Hz to 2000 Hz with 800 spectral lines. The reference skewnesses and
Fig. 3. Cantilever beam for simulation test.

Fig. 4. Plots of frequency response functions of simulation system.



Table 1
Reference auto spectral densities for simulation test.

Break point (Hz) R11 (g2/Hz) R22 (g2/Hz) R33 (g2/Hz)

20 1e�5 1e�5 1e�5
100 1e�4 1e�4 1e�4
1000 1e�4 1e�4 1e�4
2000 1e�5 1e�5 1e�4

Table 2
Reference cross spectral densities for simulation test.

Break point (Hz) Coherence c212 Coherence c213 Coherence c223 Phase a12 (�) Phase a13 (�) Phase a23 (�)

20 0.7 0 0.1 45 — �60
100 0.7 0 0.1 45 — �60
1000 0.7 0 0.1 45 — �60
2000 0.7 0 0.1 45 — �60

Table 3
Reference skewnesses and kurtoses for simula-
tion test.

Control point Skewness Kurtosis

1 0.3 6
2 0.2 6
3 0 8

Fig. 5. Uncontrolled response spectra of three control points.

110 R. Zheng et al. /Mechanical Systems and Signal Processing 122 (2019) 103–116
kurtoses of three control points are set in Table 3. The tolerances for the auto-spectral densities are set to ±3 dB alarm limits
and ±6 dB as abort limits. The tolerances for skewnesses, kurtoses and the tolerances for cross spectral densities are not set in
this example.



Fig. 6. Controlled response spectra of three control points.

Fig. 7. Controlled response skewnesses and kurtoses of three control points.
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Fig. 5 shows the uncontrolled response spectra. Auto spectral densities of three control points are not completely within
the 3 dB alarm limit due to a system resonance, and the corresponding cross spectral densities are also not well controlled.
The control response spectra are shown in Fig. 6 with the auto spectral densities of all three control points within the ±3 dB
alarm limits. The first ten traces of response skewnesses and kurtoses of three control points are shown in Fig. 7. The figure
clearly shows that the response skewnesses and kurtoses of three control points are stably controlled near their reference



Fig. 8. Controlled response signals segments of three control points.

Fig. 9. Triaxial stationary non-Gaussian random vibration test.
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values after corrections. Three segments of response signals of three control points exhibit the non-Gaussian nature, as given
in Fig. 8.
5. Experimental results

To verify the feasibility and validity of the proposed method, a triaxial non-Gaussian random vibration test is carried out.
Fig. 9 shows the Agilent VXI hardware which is used to control the three directions x, y and z of the shaker table. System
identification is conducted first to estimate the frequency response function matrix of the test system by running a low-
level random test and the plots of frequency response functions is shown in Fig. 10. The control frequency band is set from
20 Hz to 2000 Hz with 800 spectral lines. The reference spectra of three control directions are set in Tables 4 and 5. Power
spectral densities are numerically specified at the break points only with values at other frequency points are calculated by



Fig. 10. Plots of frequency response functions of three control directions.

Table 4
Reference auto spectral densities for triaxial vibration test.

Break point (Hz) Rxx (g2/Hz) Ryy (g2/Hz) Rzz (g2/Hz)

20 1e�6 1e�6 1e�6
100 1e�5 1e�5 1e�5
1000 1e�5 1e�5 1e�5
2000 1e�6 1e�6 1e�5

Table 5
Reference cross spectral densities for triaxial vibration test.

Break point (Hz) Coherence c2xy Coherence c2xz Coherence c2zy Phase axy (�) Phase axz (�) Phase ayz (�)

20 0.5 0.1 0 45 �60 —
100 0.5 0.1 0 45 �60 —
1000 0.5 0.1 0 45 �60 —
2000 0.5 0.1 0 45 �60 —

Table 6
Reference skewnesses and kurtoses for triaxial
vibration test.

Control direction Skewness Kurtosis

x 0.2 6
y 0 6
z �0.2 8
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Fig. 11. Uncontrolled response spectra of three control directions.

Fig. 12. Controlled response spectra of three control directions.
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Fig. 13. Controlled response skewnesses and kurtoses of three control directions.

Fig. 14. Controlled response signals segments of three control directions.
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linear interpolation on a logarithmic scale. The reference skewnesses and kurtoses of three control directions are set in
Table 6.

Fig. 11 shows the uncontrolled response spectra of three control directions. The controlled response spectra after three
closed loop corrections are given in Fig. 12 where the auto spectral densities are entirely controlled within the ±3 dB alarm
limits and the cross spectra are also closely controlled. The convergent traces of response skewnesses and kurtoses of three
control directions are shown in Fig. 13. The controlled kurtoses are very close to the reference values, and controlled skew-
nesses are always stable near the reference values. Three time histories of three control directions are given in Fig. 14.
6. Conclusions

Random vibration environmental testing is performed to replicate the desired statistical properties of measured dynamic
environments by a closed loop control method. Traditional MIMO Gaussian control targets are usually the power spectral
densities in the frequency domain. This paper presents a new method for MIMO stationary non-Gaussian random vibration
control. The targets for refining the control strategy are the response skewnesses, kurtoses, auto-spectral densities and
coherence and phase coefficients.

The generation process of desired drive signals is analyzed and a time domain randomization technique is utilized that
makes the generation process computationally efficient. The skewness and kurtosis tuning procedures of each channel are
elaborated and the sequential phase modification method are performed to modify the uniformly distributed random phase
angles channel by channel in sequence to avoid cross coupling. The problem of definition of reference skewnesses, kurtoses
and power spectral densities is addressed and it shows that the setting of reference skewnesses and kurtoses is affected by
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the specified power spectral densities. The results from a numerical case study and experimental data set prove the feasi-
bility and validity of the proposed method.
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