Stimulating pre-service teachers’ content and pedamgical content knowledge on rational numbers

The transition from natural to rational numberdifficult for most elementary school children. A jmacause for these
difficulties is assumed to be the “conceptual cledrigey need to undergo in order to see that semataral number
properties do not apply to rational numbers. Torappately handle pupils’ difficulties, teachersedewell-developed content
knowledge (CK) and pedagogical content knowledge (P@Kthe present study, a lesson series to propratservice
teachers’ (PSTs) rational number CK and PCK was deeel according to design principles to foster cphe change. This
lesson series was evaluated based on a compafisiosm ©K and PCK growth of PSTs in the interventiooup (1=138) with
the knowledge growth of PSTs in an alternativehieatraining course (control groups135). Intervention group PSTs
significantly outperformed control group PSTs on & PCK, indicating that the intervention was effecin stimulating
PSTs’ knowledge on rational numbers. Methodologitedoretical as well as practical implicationghod present study are

discussed.
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Introduction

Research has shown elementary school pupils’ diffes in understanding and operating with rationahber$ (e.g., Cramer,
Post, & delMas, 2002; Lamon, 2005; Moss & Case91988 & Zhou, 2005). A main cause of pupils’ diffities with rational
numbers is assumed to be the discrepancy betweglis’mleeply rooted prior knowledge about naturaimpers which they apply

to rational numbers, while the rational number eystliffers in several ways from the natural nungystem (Vamvakoussi, Van
Dooren, & Verschaffel, 2012). For instance, mangpifsuincorrectly assume th§t+z :g, because 2 + 3 equals 5, and 5 + 4

equals 9. Using the “framework theory of conceptirange” (Vamvakoussi, Vosniadou, & Van Dooren,30the learning of
rational numbers is claimed to require a thorowgtructuring of pupils’ prior knowledge about naturumbers. Realizing this
conceptual change in pupils requires from teachppsopriate professional knowledge, more partityleontent knowledge

(CK, i.e., knowledge about rational numbers) ad a&pedagogical content knowledge (PCK, i.e., Kedge about how to teach
rational numbers, taking into account pupils’ diffities) (Shulman, 1986). However, there is ampsearch evidence that pre-
service teachers (PSTs) have gaps in their CK &i¢ld¢h rational numbers (e.g., Ball, 1990; Depaepa.2015; Newton,

2008; Tirosh, 2000; Turnuklu & Yesildere, 2007) eTpresent study focuses on the way in which PSKsa@ PCK of rational
numbers can be improved in the context of a matkiemmethods course in teacher education, combigi@ments from a
design-based research approach (Gravemeijer & Gilil§y; Swalm, 2014) and a more traditional teackixgeriment approach
(Hattie, Biggs, & Purdie, 1996). Mathematics edimatesearchers and mathematics teacher trainetsw@oped a lesson series

on learning to teach rational numbers, informednisyructional design principles that were speciffcaimed at promoting

L A rational number is a number that can be exptebga fractionZ— in whicha andb are whole numbers (withdifferent from

0).



conceptual change. Since learning environmentsdbaselesign principles to promote conceptual chdnaye proven to be
successful in learning in science (Vosniadou e2&l01), and more recently also in mathematics (L@nghena, Verschaffel, &
Van Dooren, 2017; Vamvakoussi, 2017; Vamvakous¥io&niadou, 2012), in the present study these dgsiguiples form the
basis of a learning environment to foster PSTs'@id PCK on rational numbers. To investigate whetfeeintended change in
PSTs’ CK and PCK was not merely due to developnhgmntavth in PSTs’ professional knowledge we compgate results of the
designed lesson series (i.e., the interventiongraith the professional knowledge growth of PSTan alternative teacher
training course for learning to teach rational nensk(i.e., the control group).

In what follows, the theoretical background givesogerview of elementary school pupils’ difficuligvith rational
numbers, its sources, and the existing researcieree on PSTs’ CK and PCK on rational numbers. Nexipresent the
research methods, including the lesson seriestenthain design principles that underlie it, foll@A®y the main findings. In the

conclusion we sum up the key findings and disches theoretical and practical implications.

Theoretical background

Elementary school pupils’ difficulties with rationanumbers

Many elementary school pupils experience diffi@dtivhen learning rational numbers (e.g., Cramat.€2002;Lamon, 2005;
Moss & Case, 1999; Ni & Zhou, 2005). These difficd include, among others, pupils’ incorrect ustirding of interrelated
subconstructs of rational numbers (part-wholepratperator, quotient, and measure) and the relaiétween different
representations of rational numbers (fractionsirdakcnumbers, and percentages) (Charalambous &-P#ntazi, 2007).
Meanwhile, it is generally acknowledged that ragilomumbers play an important role in everydaydifel that a profound rational
number understanding is crucial for learning matreamced mathematics, such as algebra and prolpgbilg., Behr et al.,1983;
Siegler et al., 2012).

According to the “framework theory of conceptuahnbe” (Vamvakoussi et al., 2013), a source of gudifficulties
with rational numbers is the discrepancy betwegqgilgudeeply rooted prior knowledge about natunatnbers and certain
features of the rational number system (Vamvakeetssl., 2012). Young children develop a persomgllicit theory on numbers
and how to operate with them, which is heavily blase their prior experiences with natural numbe@tss theory assists
reasoning in mathematics-related activities, sictaaking numbers or doing arithmetic operatiorth Wiem. Later, pupils also

rely on this implicit theory to give meaning toicatal numbers (Ni & Zhou, 2005). While this priandwledge might foster new

learning in case of similarities between the ndtana rational number system (e.%p, i, since 3 > 1), it also might hinder new

learning when it is inconsistent with propertiegted rational number system (e.g., incorrectly assg thatg > é since 14 > 1

and 57 > 3) (Vosniadou & Verschaffel, 2004). THiepomenon is often referred to as “natural numizes”tor “whole number

bias”. In fact, in cases of inconsistencies betwbematural and rational number system, a restrinct of pupils’ prior



knowledge is needed (which in Piagetian terms wbeldeferred to asccommodationPiaget, 1971). The conceptual change
literature suggests that this restructuring mighplomoted by (a) systematically and explicitly m#ding similarities and
differences between natural and rational numbekihg, (b) fostering metaconceptual awareness istiag (mis)conceptions on
rational numbers, and (c) providing meaningful eigreces that reveal why initial conceptions aretkeh for working with

rational numbers and the new conceptions are meeéigible, plausible, and fruitful (Vosniadou at, 2001).

PSTs’ content and pedagogical content knowledgerational numbers

Implementing fruitful instructional practices th@bmote pupils’ conceptual change requires appatpteacher knowledge. In
particular, teachers’ CK and PCK are important foteds of instructional quality (Baumert et al., 120 Blémeke et al., 2008;
Kunter et al., 2013). Teachers’ CK refers to the@ant and the organization of their knowledge ofghbject matter and PCK
entails knowledge of the subject matter for theppse of teaching, including knowledge of learnensconceptions and of
instructional strategies and representations (Sajrh986). Despite the importance of teachers’gzsibnal knowledge, there is
ample evidence that PSTs (as well as in-serviahtra, see, e.g., Khashan, 2014) lack CK and PQtat@nal numbers. Given
the research evidence on the impact of teachevf ggional knowledge on their instructional qualgge, e.g., Baumert et al.,
2010; Kunter et al., 2013) this lack of CK and P@ight hamper pupils’ opportunities to learn in oatl humber classrooms.
Without the intention to give a complete overviefithe research literature, three studies refledd8J s’ gaps in rational number
CK and PCK are summarized.

First, Ball (1990) concluded that PSTs’ €Kas narrow, based on questionnaire data and adalitinterviews regarding
division of fractions of elementary and secondatyo®l PSTs at the beginning of formal teacher etilircaAlthough, in general,
PSTs were able to solve a fraction division tals&ythad difficulties in understanding the meanifthe algorithm for division of
fractions. Regarding PCK, very few secondary anteraf the elementary school PSTs were able to genan appropriate
representation for a division of fraction task dgrthe interviews.

Second, Turnuklu and Yesildere (2007) investigaiiedP CK of elementary school PSTs in their finaryef teacher
education. Besides some gaps in their CK, PSTdlificllties in determining pupils’ misconceptioabout fractions and
decimal numbers and their reported instructiongkag@ch to overcome these misconceptions was moregural (i.e.,

explaining procedures or rules to pupils) than epteal (i.e., developing insight in the mathematéations in the task).

2 Ball (1990) does not refer to the separate coastrdK and PCK, but only uses a single notion “saobpatter knowledge for
teaching” (in later publications labelled as “mattatical knowledge for teaching” or “content knowdedor teaching

mathematics”, e.g., Ball, Thames, & Phelps, 20@8)mrising content knowledge and pedagogical corkeotvledge.



Third, Depaepe et al. (2015) investigated the le¥elementary and secondary school PSTs’ CK and &Crational
numbers at the end of the first year of a 3-yeather training program. They administered a vadidqtaper-and-pencil test
including CK and PCK items on the concept of andrapions with fractions and decimal numbers. Esplyoglementary school
PSTs did not master the necessary CK to teacmedtimmbers (e.g., incorrectly believing that & + 0.3 = 0.3). Moreover,
elementary and secondary school PSTs’ PCK waswahath in terms of knowledge of learners’ miscqtimns and knowledge
of instructional strategies and representations.

Given PSTs’ gaps in rational number CK and PCK, tledmportance of profound CK and PCK for highdgya

instruction and learners’ learning gains, it is artant to investigate the way in which this knovgedan be improved.

Stimulating PSTs’ rational number content and pedagjcal content knowledge

An important source for PSTs' CK and PCK develophaga theoretical courses in teacher educationg$nan, 1989; Lim-Teo
et al., 2007). On the one hand, ascertaining ssuthee revealed that the content of CK and PCKsgmuin teacher education
might impact PSTs’ CK and PCK development (e.gersvet al., 2017; Qian & Youngs, 2016). On the roliaad, intervention
studies that investigate how PSTs’ CK and PCK éndbmain of rational numbers can be improved thndegcher education
remain scarce. There are a few exceptions in WAEhs’ development of rational number knowledgevestigated (Newton,
2008; Tirosh, 2000; Whitacre & Nickerson, 2016).

Newton (2008) interrogated PSTs’ CK before andrdfeeng enrolled in a semester course that exlyliaiddressed the
link between conceptual and procedural knowleddeaations. The pretest data indicated weaknessBSTs’ CK of fractions:
PSTs’ knowledge of basic concepts was often inctredgorithms were regularly misapplied, and tfanand flexibility in
solving fraction problems barely occurred. The seuesulted in significantly better PST performameceomputations with
fractions, conceptual knowledge regarding fracti@msl fraction word problems. However, PSTs’ flditypin solving fraction
problems and transfer of knowledge to novel situegiremained low.

Tirosh (2000) investigated the impact of a mathé@sahethods course in the second year of a 4-geaher education
program on PSTs’ CK and PCK on division of fractioA year-long mathematics methods course was niegitp develop PSTs’
CK and PCK of rational numbers, taking into accaetgvant research on pupils’ and PSTs' conceptidhs CK focused on
rational number concepts and structures. PCK imdudowledge of learners’ conceptions and miscaimegy sources of these
misconceptions, and a repertoire of possible infitnal strategies for helping learners to overcdimese misconceptions. Tirosh
noticed that before the methods course most PSTsatly solved the CK items but were unable to axpthe procedure they
used to solve the item. Moreover, they were mastigware of pupils’ difficulties with rational numise with the exception of
merely procedural errors, such as algorithmicadlgeal mistakes for division of fractions. After thethods course, PSTs made

improvements in their CK and PCK.



More recently, Whitacre and Nickerson (2016) coned@ teaching experiment in which PSTs in thegt frear of
teacher training were interviewed before and aftstruction on fraction comparison. The interventincluded fraction
comparison tasks which were deliberately seledgatdmote a flexible use of not only standard e aonstandard strategies to
compare different fractions. Standard strategieslired converting fractions to a common denominatatlecimal, or
interpreting fractions in terms of parts of a whollon-standard strategies included referring foargito the proximity of a
benchmark (e.g., one half) or residuals (e.g.adst from 1), or attending to the numerator-to-deinator ratios. The design
experiment yielded positive results in terms of BSIK development. More patrticularly, PSTs usedenalid strategies to

compare fractions, and became more flexible in @ming fractions, relying on nonstandard and mopghssticated strategies.

The present study

Given the importance of teachers’ deep-level raionmber CK and PCK, and the evidence that PS¥e aps in their CK and
PCK on rational numbers, the present study invatiyif PSTs’ CK and PCK can be stimulated throatgsson series that
incorporates several instructional design prinaptet are brought forward in the literature onfthenework theory of
conceptual change. These principles have showan tdflzient for fostering learners’ science knovgedVosniadou et al., 2001)
and mathematical knowledge (Lem et al., 2017; Vdmuasi, 2017; Vamvakoussi & Vosniadou, 2012). i phesent study
design principles to promote conceptual changeigeathe basis for designing a learning environmemromote PSTs’ CK and
PCK on rational numbetsMore particularly, the lesson series (a) systaaby and explicitly addresses similarities and
differences between natural and rational numbesor@ag, (b) fosters metaconceptual awareness sfiregi(mis)conceptions on
rational numbers, and (c) provides meaningful eepees that reveal why initial conceptions are timifor working with

rational numbers and why new conceptions are nmedligible, plausible, and fruitful. These desigrinciples acted as a
framework for designing our instructional materiasswell as for the way in which these materiatsutthbe implemented by the
PSTs’ teacher trainers. In line with the designeblagsearch approach to interventional researcivé@reijer & Cobb, 2006;
Swalm, 2014), the lesson series was co-designédeesearchers and three mathematics teachegrsaind it was
implemented in the three teacher training instidite primary school teachers in Flanders of thiesse mathematics teacher
trainers. To investigate whether the change in PSKsand PCK is not merely due to developmentakghoin PSTs’
knowledge, we compare, in line with an interventiesearch approach (Hattie et al., 1996) the sfithe designed lesson
series with the professional knowledge growth of #6f the same institutions enrolled in an altauesateacher training course

for learning to teach rational numbers. As suchineel to combine the strengths of the design-basselarch approach (e.g.,

3 The complete set of materials of the intervensirdy is published in a practically oriented textb@¢vVan Roy, Hawrijk,

Vermeersch, Palmaerts, & Depaepe, 2014).



interdisciplinary teamwork among researchers aagtfiioners, starting from some guiding principlesdesigning a
hypothetical teaching/learning trajectory, andragut the designed instruction in real educatiee#tings)with those of a more
classical teaching experiment approach (e.g., tipeeo and posttest and of a comparable contraigrallowing for systematic

evaluation of the effectiveness of the intervenjtion

Method

Sample

Participants were PSTs from three teacher traimstfutes in Flanders (Belgium). In Flanders, ed@tary school teachers are
trained as general teachers; the curriculum cansfajeneral pedagogy courses, integrated coufseik and PCK training in all
kinds of subjects (e.g., mathematics, languag@msklanguage, music), and internships in elemerseingols. After three years
of training, PSTs receive a professional bacheégrele for teaching in elementary school (grades Tigere is no induction
period; teachers immediately take full respongipgis an in-service teacher. Consequently, preesetgacher training has a high
responsibility in developing PSTs’ necessary prsifasal knowledge to become an elementary schooheza

Data of the control group were collected in the saeacher training institutes where the interventank place, but in
the cohort preceding the one that took part ireitteal intervention. The PSTs from the control grw=138) were enrolled in a
regular lesson series on teaching rational numBS$s were in their first (one teacher trainindiinte) and second (two teacher
training institutes) year of teacher training. H®&Ts in the intervention group135) followed the newly developed lesson
series in the same phase of their teacher traamidgspent the same amount of time on the less@sser

We interrogated participants on the backgroundaidess gender and age and no significant differemess observed
between the control and intervention group. Thegmiage of female PSTs was 88.55% in the contomand 86.41% in the

intervention group; the mean age was respectively2and 20.65.

Context of the study

In Flanders, teacher training for elementary scheathers consists of three years and is organizeafessional rather than
university institutes. The objective of teacheirteas is to teach PSTs’ CK and PCK and to supe®R&&s during their
internships. Teacher trainers have a universitytdtagegree, but typically no PhD. Conducting edocat research is
traditionally not considered as a task for thesgeher training institutes, but is for universiti€ansequently, “teaching and

research in Flemish teacher education have betribaly and institutionally separated and coneéddby different people with



different backgrounds and expertise” (Vanasscheeichtermans, 2016, p. 20). As a result, none oftttee mathematics teacher
trainers involved in our study had been active essaarcher before. Furthermore, and related tpréhngous aspect, the
connection between research and education in negaaaher training courses is rather loose (Veugghouteden, & Elen,
2013), implying that in the control group the lesseries was not deliberately and systematicatjgied according to recent
insights from conceptual change research regaglipgs’ difficulties with rational numbers and hdw prevent or remedy them.
More detailed information with respect to the lasseries on learning to teach rational numberkeérinitervention and control

group is provided in the next section.

The control and intervention lesson series on teamhrational numbers

All PSTs participated in a lesson series on tearhational numbers; the main similarities and dédfeces between the control

and intervention lesson series are summarized lneTh

[Table 1 near here]

Similarities

In the intervention and control group the lessaresdasted about 12h (6x2h, spread over one semestd was taught by the
regular mathematics teacher trainer. The main fe@mson PCK, although it also comprised CK. Thei@lved in both groups
related to basic concepts of rational numbers,(&agtion as part-whole, ratio, operator, quoti@md measure; equivalence of
fractions; distinct representations of rational twens; magnitude comparison) as well as procedueesdddition, subtraction,
multiplication, and division) to operate with ratal numbers. The PCK in both groups involved (&)place of rational numbers
in the elementary curriculum (when is which togaght), (2) enactive, iconic, and symbolic repréagons of rational numbers,
and (3) topics that elementary pupils find difficwhen learning rational numbers — although initibervention group (2) and (3)
were more elaborated based on research-infformelémse. Underlying the lesson series in the intd¢iorrand control group
was a similar general view on how elementary schuathematics should be learnt and taught, whictheattescribed as a rather
eclectic but at the same time quite balanced coatioim of ideas from mechanistic, structuralistid aealistic approaches to
elementary school mathematics (De Bock, Janssebg@ez, 2016; De Bock, Van Dooren, & Verschaf€l]16). For instance,
the control and intervention lesson series emphahat in the learning of rational numbers issdfar@morization of basic
rational number facts and the automatization ofmatation rules with rational numbers are an impartharacteristic of high-
quality instruction for children. Furthermore, aflected by Figure 1, both the control and intetitanlesson series address
students’ difficulties in acquiring a good concegdtunderstanding of rational numbers. To effecyivddal with these difficulties,

both lesson series encourage PSTs to apply a spaad well-designed pedagogical approach for natioumbers. Concretely,
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the application of the CSA (concrete, schematistralot) principle, that is, starting from workingthvconcrete (i.e., enactive) via

schematic (i.e., iconic) to abstract (i.e., symtjatiotations, is explicitly addressed in both lesseries.

[Figure 1 near here]

Differences

The lesson series of the control and interventimug significantly differed on several aspectsstrithe intervention lesson
series was co-developed by five researchers inenattics education and the three mathematics tetelimers, whereas the
control lesson series was only developed by thénemadtics teacher trainer.

Second, the development of the intervention lessoies was, on the one hand, based on an in-dealysés of the best
practices in the three teacher training institu@sthe other hand, the development process wasmefd by a thorough literature
review on learning and teaching rational numbeit) @/ special focus on pupils’ and PSTs’ conceiand misconceptions of
rational numbers and instructional strategies &royme these misconceptions. In the control gronly, very few pitfalls when
learning fractions were mentioned and this was dowery broad, and often procedural terms. Theri@ntion lesson series, in
contrast, addressed a diversity of pupils’ learrdifficulties and the sources from which theseidifities originate. For instance,
both in the control and intervention lesson segiesference is made to pupils’ difficulties witkethddition of fractions.
However, as reflected in Figure 2, different frdm tontrol group the intervention group explicitifers to the source of pupils’
difficulties in terms of conceptual change thedhgt is, the discrepancy between pupils’ experieri@ding natural numbers

and the limitations of their experience when degiiith rational numbers.

[Figure 2 near here]

Furthermore, in the intervention group a broadeietaof mathematical representations to teaclomatinumbers was addressed
compared to the control group.

Third, the intervention lesson series was, conttape control group, based on design princippgsromote conceptual
change. More particularly, throughout the interi@mtesson series differences and similarities betwnatural and rational
number reasoning were highlighted (e.g., naturadlmers are discrete and rational numbers are dengemumber line,
multiplying natural numbers always makes largerneae multiplying rational numbers can make smalldgreover,
metaconceptual awareness was aimed at by, amoegspsimulating PSTs to discuss pupils’ fictiti@rswers (e.g., represented

by printed solutions [see Figure 2] or conceptamams [see Figure 3]) with their peers and makirjy ttonceptions explicit. The



discussed tasks were deliberately chosen to etie#tningful experiences for PSTs to show the linoitest of their initial
conceptions and foster a change of these incacoeteptions (Vosniadou et al., 2001).

Fourth, concept cartoons and video vignettes wiscudsed (in small groups of PSTS) in the intefieangroup to
realize design principles to promote conceptuahgbaConcept cartoons provided PSTs with knowledgmssible learners’
misconceptions and simultaneously stimulated meieEmtual awareness, especially if PSTs' own coimepbn rational
numbers are inadequate. Previous research has shat\eoncept cartoons are generally positivelyedlby learners and helpful

to think about their own and other conceptualizatioegarding a particular idea (Akamca, Ellez, &diacu, 2009; Keogh &

Naylor, 1999). Figure 3 illustrates a concept aamtan which the teacher asks the pupils to gifraetion smaller thal?sg.

[Figure 3 near here]

In Figure 3, one pupil provides a correct answer%j whereas the other pupils hold alternative inatrcenceptualizations. The
pupils may have answeréd)r% because they incorrectly believe that fractionthwimaller numerators/denominators are smaller

than those with larger numerators/denominatorstftétir& Gelman, 1998). Alternatively, the pupil WHDSWGI’G(% may also

have simplified the fraction, which is sometimesfused with “making a fraction smaller” (Beckma2005; Sheffield &
Cruikshank, 2000). Besides concept cartoons, Pstreiintervention group were also shown small eidignettes from
authentic classroom practices aimed at revealipgguearning difficulties when learning rationalimbers and providing
instructional strategies and representations tooowvee these learning difficulties. In sum, the imémtion and control lesson
series differed both in the nature of the tasksweae used, and in the way in which these taske wealt with, however, with a
similar instruction time. What concerns thatureof the tasks, the control lesson series includeterolwsed instructional tasks
for PSTs (e.g., see Figure 2), whereas in thevataion lesson series more open-ended instructiasib (such as concept
cartoons and video vignettes of authentic rationahber lessons, e.g., see Figure 3) were usedmndhe open-ended and
authentic instructional tasks of the interventioaup, entailing various pupils’ difficulties and snabnceptions, were carefully
chosen by the researchers and mathematics teaaimars as a possible means to support, throughocmeteptual awareness (cf.
supra), PSTs' CK and PCK in the rational number @ionBesides, both lesson series differetheaway in which these tasks
wereenactedduring the lessons. More particularly, whereasnioee closed instructional tasks of the controugreesulted
mainly in individual and plenary activities, theleb vignettes and concept cartoons of the inteimeigiroup were typically used
during group discussions, complemented with plemargk. Consequently, an important role of the mathgcs teacher trainer in
the intervention group was to orchestrate thessud&gons on pupils’ difficulties regarding ratiomaimbers and different ways to

remedy and overcome these difficulties.



Testinstruments

CK and PCK on rational numbers were assessed bafarafter the lesson series through 24 CK andC4 iems related to the
curriculum of upper elementary school (e.g., egeivee of fractions, rational number magnitude comspa, operations with
rational numbers). To maximize the content validityhe test, the test items were constructed aaogto the following design:
the representation of the number involved (i.@¢tipn or decimal number) and the nature of thehamaatical knowledge (i.e.,
regarding the concept of rational number or regaydiperations with rational numbers). In line whulman’s (1986)
conceptualization of PCK, two types of PCK itemsewdistinguished: knowledge of pupils’ misconcepsigh=12) and

knowledge of instructional strategies and repregems (=12). The design of the test is presented in Table

[Table 2 near here]

The CK and PCK tests were developed and validatedidther study (Depaepe et al., 2015). To avaabtiag effects, a parallel
test was developed. As illustrated in Figure 4,ghrallel items covered the same mathematical ogrbeit embedded in a

similar context, or a comparable number was uséldowt changing the complexity of the item.

[Figure 4 near here]

To control for order effects, the order of the &stl parallel test was counterbalanced. The inteoresistencies (Cronbach’3

of the test and parallel test were respectivelyasé .67 for CK and .75 and .77 for PCK. The adstiation of the pretest and
posttest took place in the participating teachaning institutions during class hours. Particigamid 120 minutes to complete
the test with a short break in between. The CKR@H items were mixed during test administratione Time span between the
pretest and the posttest was approximately two hsoluring this period the participants of the colnnd intervention group
followed the 12 hours lesson series on learnirtgach rational numbers in their teacher trainirggitate.

Detailed coding guidelines were administered farisg the items of the test. A “1” was given in €& answer was
completely correct; a “0” in case of an incorregswaer. A “0.5” was only granted in case of a pdlstieorrect answer when
multiple answers had to be given. The latter wasctse for six of the 24 PCK items. The test waected by one rater. A
sample of 13.55% of the tests was coded by a séodegendent rater. The obtained inter-rater réiiglior the CK and PCK

items was very high (respectivel;=.98 andK=.91).

Analyses

Multiple regression analyses were conducted towesther the intervention group had better possiestes for CK and PCK
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than the control group, after controlling for thpietest knowledge, test order, and the interaaftects of group, pretest, and
test order. Regression analyses were based orastiret scores for all continuous variables (pte@&sand PCK, posttest CK
and PCK); the dichotomous variables were dummy @¢deoup: O=control; 1=intervention; and test orderparallel pretest—
posttest; 1=pretest—parallel posttest). Assumptiegsired for regression were tested. The normabadvility plot revealed that
errors were normally distributed. Before presenthmgresults of the multiple regression analysis pnovide an overview of the

descriptive results of PSTs’ CK and PCK scores feedmd after the lesson series in both groups.

Results

Descriptive results

The mean scores (on94nd standard deviations of the CK and PCK aptleéest and posttest of the participants of therobn

and intervention group, and split up for the twst terders, are provided in Table 3.

[Table 3 near here]

The data revealed first, that PSTs in the contndliatervention group performed almost equally welithe CK and PCK pretest.
While there were no significant differences in firetest scores between the intervention and cogrorip, there are, in fact,
pretest differences within these groups betweesetlRST’s receiving test order 0 and 1. Therefoeecantrolled in our multiple
regression analyses for the interactions betweeupgipretest scores, and test order (cf. infrajoSe, PSTs of both groups
scored low on the PCK test before the lesson sdrigghey also had gaps in CK, especially whemtakto account that the
level of the CK items was based on the upper el¢éamgschool curriculum. Some illustrations of in@amt answers for different

types of typically difficult PCK and CK items aregwided in Figure 5.

[Figure 5 near here]

Finally, the data showed that the control group enaldhost no progress on CK and PCK after havirigv@d the lesson series,

whereas the intervention group showed a small asg®n CK and PCK.

4 The tests were scored on 24 points (1 point fohézm).
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Multiple regression

We investigated whether there was an effect of gauthe standardized posttest scores for CK and (P&3p., zCK2 and

zPCK?2), when controlled for the pretest scoreg(re€K1 and zPCK1). In order to test for interacsi@f intervention group,
pretest scores, and test order, we set up mod#ishva respective interaction tefm$able 4 presents the results of the regression
analyses for zCK2 and zCK2. For CK, the regressaefficients for the four interaction terms wereysmall (-.10 < B < .02)

and insignificant. Compared to a model without iat¢ion terms, the change irf Ras very smallf R? < .01). For PCK, the
regression coefficients for the four interactiorts were descriptively larger (-.19 < B < .23), blgo insignificant (p > .15).
Compared to a model without interaction terms,di@nge in Rwas very smallf R < .01). So, we concluded that interactions

of intervention group, pretest scores, and testrongere practically not meaningful for CK and PCK.

[Table 4 near here]

The group in which the PSTs were enrolled signifitapredicted their CK scores at the posttestti€lpants in the intervention
group outperformed their peers of the control groy®.59 standard deviations in CK, after contngjlfor prior knowledge, test
order, and the interaction effects of group, ptetasd test order. Furthermore, PSTs’ scores o kpretest significantly
predicted their performances on the CK posttestsifynificant effect of test order and no interacteffects were found,
indicating that irrespective of test order the jggsaints in the intervention group performed sigihtly better on the posttest CK
than the participants of the control group. Basedhese results we can confirm that the lessorseégsigned according to
instructional design principles to promote concaptihange was more effective compared to an aligengeacher training
lesson series in promoting PSTs’ CK. According thén (1992), the effect of group on PSTs’ CK is imed

Furthermore, the group also significantly predid&®ITs’ performances on the PCK posttest. It wasrobs that PSTs
of the intervention group outperformed PSTs ofabetrol group by 0.38 standard deviations in PCikeracontrolling for prior
knowledge, test order, and the interaction effe€tgroup, pretest, and test order. AdditionallyTBSerformance on the PCK
pretest significantly predicted their performanoaghe posttest. Moreover, the results also indit#tat there was an effect of
test order, although irrespective of the test otderintervention group was outperforming the oargroup (i.e., no significant
interaction effect of test order and group), furtheviding evidence for the claim that PSTs folingvthe lesson series designed
based on conceptual change theory was also maetieéf in enhancing their PCK compared to the lesssies in the control

group. Overall, the effect size of group in termsleveloping PSTs’ PCK was smaller than for theed@yment of their CK.

5 (1) Group x zCK1; (2) Group x Order; (3) zCK1 xd@r; (4) Group x zCK1 x Order

12



Conclusions and discussion

Research has shown that the transition from natanational numbers is difficult for most elemantachool pupils. One of the
main sources of these difficulties is assumed tthbeendency to assign certain natural numbereptigs to rational numbers
(e.g., Vamvakoussi et al., 2012). To appropriatidsl with pupils’ difficulties, teachers need we#iveloped CK and PCK on
rational numbers. Unfortunately, studies reveatibsis gaps in PSTs' CK and PCK. In terms of CK/tbeem to suffer from
misconceptions and to misapply procedures in thena number domain. Concerning PCK, their knowledf pupils’ learning
difficulties is scarce and they have only restddteowledge of representations to prevent and/eramme these learning
difficulties. Combining elements from a design-ttheesearch approach and a more traditional tea@hipgriment approach a
lesson series was developed on learning to tedicdmaanumbers, informed by instructional desigimgiples to promote
conceptual change. The effectiveness of the lessoes in developing PSTs’ CK and PCK on rationahbers was assessed
through a comparison of the professional knowleafg@STs in the intervention group with the profeasi knowledge of PSTs

in the control group, following an alternative ceeifor learning to teach rational numbers.

Main conclusions

Participants of both groups received an equallg lesson series on teaching rational numbers. &gnto the control group, the
lesson series of the intervention group was infarimg research evidence on pupils’ difficulties wittional numbers and on
instructional strategies and representations tocovee these difficulties. More particularly, theegrvention lesson series was
based on principles to promote conceptual chang@a)systematically and explicitly addressing $amiies and differences
between natural and rational number reasoningp@t®ring metaconceptual awareness of existing)émigeptions of rational
numbers (a.o. through the use of concept cartoans)(c) providing meaningful experiences that a¢eg why initial
conceptions are limited for working with rationalmbers and why new conceptions are more intelkgiplausible, and fruitful.
To realize these principles concept cartoons atdo/vignettes from authentic classroom situatioesevirequently used.
Although the main focus of the lesson series waB®@K, it was also likely that it influenced PSTK Gespecially in case of
PSTs’ weak CK. For instance, through being con&gdiwith possible pupil misconceptions, it is polsthat PSTs become
aware of their own inadequate conceptions in thierral number domain. Participants in the interi@mand control group were
administered a CK and PCK pretest and posttestrdhdts revealed that there were no differencesdmn PSTs’ CK and PCK
across both groups at the pretest, but the PSie dftervention group outperformed their peerthefcontrol group on the CK
and PCK posttest. Regression analyses revealegribaknowledge (i.e., the pretest scores) sigaiftly predicted PSTs’ CK
and PCK posttest scores. Furthermore, a signifietiett of group was found. After controlling forigr knowledge (i.e., the
pretest score), participants in the interventiasugroutperformed their peers of the control graupFfCK, and even more for
CK. Consequently, the results of our interventitudy indicated that the lesson series that we dgeel and implemented in the

intervention group was more effective in stimulgtPSTs’ CK and PCK than an equally long lessoresesithout such a focus
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on instructional design principles based on conadpthange.

Theoretical value of the research findings

First, our findings have revealed that instructladesign principles to promote conceptual changeaalier used to stimulate
upper primary school pupils’ science and matheratevelopment (e.g., Lem et al., 2017; Vamvako2€di7; Vosniadou et al.,
2001) are also effective in order to stimulate PE€Ksand PCK on rational numbers. While in the iarstudies in science and
mathematics education instructional techniques agalefutational texts and bridging analogies wesed (e.g., Lem et al., 2017;
Vamvakoussi, 2017), the present study relies omusigeof concept cartoons and video vignettes tizesthhese instructional
design principles. These techniques were partiljuleseful as they bring into the picture the reasi and ideas of fictitious or
real learners to well-chosen rational number taskd,encourage PSTSs to reflect on these reactiomsler to specifically
enhance their PCK. It seems that techniques suddfatstional texts and bridging analogies are nfioceised towards improving
CK, as they do not involve the ways in which leasnaay think about a certain phenomenon. Our shadyshown that a lesson
series designed in line with instructional designgples to promote conceptual change is morecéffe than an alternative
lesson series in which this explicit focus is albserespective of PSTs’ prior knowledge and withimereasing the instruction
time. On the one hand, the present study signifigaontributes to the existing research literat@® studies focusing on the
effects of systematically designed interventionstendevelopment of teachers’ professional knowdeslg scarce (Evens, Elen,
& Depaepe, 2015). On the other hand, the desigmsdlctional activities and the techniques thatewemplemented to elicit
conceptual change can function as a frame of ne¢eréor researchers to design lesson series terfBSTs’ professional
knowledge growth in other domains.

Second, our study shows that our intervention fgairticular successful in developing PSTs’ CK, @litph it mainly
focuses on PCK. This finding might suggest thatadugh change in PSTs’ PCK should be precededdmaage in CK. This
observation might provide further evidence for thase association between the constructs of CKPAEId (e.g., Baumert et al.
,2010; Depaepe et al., 2015; Kleickmann et al. 520Moreover, a similarly positive effect of a PCKurse on participants’ CK
was observed by Smith and Neale (1989) for in-sertéachers in the domain of science. Their coaffseed opportunities to
implement conceptual change instructional strategiel, thus, focused mainly on PCK. However, tloggam had only a
marginal effect on PCK development, whereas CK lbgveent was much higher. According to van Drielyldep, and de Vos
(1998) “this is explained by the fact that partaoips were still constructing a “deeply principlexhceptual knowledge of the
content” (Smith & Neale, 1989, p. 17), the lattpparently being perceived as a prerequisite fodthelopment of PCK” (p.
680). In future research it is important to disegta the separate impact of CK and PCK coursesachers’ CK and PCK

development (see, e.g., Kleickmann et al., 2017).
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Practical value of the research findings

A first practical value of the findings is thafitovides concrete suggestions and materials (VaneRal., 2014) to other teacher
educators on how to design courses in teacheirnggiaven beyond the domain of rational number® fitesent study has
revealed that this material can improve PSTs’ CH BE&K on rational numbers. In the longer run, b&iqgipped with better CK
and PCK can impact teachers’ instructional qualitgd hence, pupils’ learning outcomes, as reseasitdnvincingly shown the
association between teachers’ professional knowleagl their instructional quality (e.g., Baumeralet2010; Kunter et al.,
2013).

Second, the present study was practically relefearthe mathematics teacher trainers involved is $tudy. Being
involved in the co-development of the lesson sdrasbeen a professional training experience fonththematics teacher
trainers themselves. In this sense, Gravemeijevandeerde (2009) use the notion “dual design reb&#o refer to the fact that
the teacher (in this study: the teacher trainetggBeences a learning process through the co-deditre intervention lesson

series, parallel to the learning process of thenkra (in this study: PSTs) as a result of beingléed in the design experiment.

Limitations and future directions

The present was conducted in an authentic contigxtarhigh involvement of mathematics teacher #enand in the design and
implementation of the teaching materials. Howeths,high ecological validity of this study is asisbed with, also some
drawback for its internal validity. A first drawblacs the non-experimental nature of the study asvaked with existing groups
of PSTs and these groups were non-randomly assigrtéeé control or the intervention group. Althoygdrticipants were not
randomly assigned to either the intervention orcihetrol group, we tried to establish baseline egjeince between the two
groups by taking existing classes of PSTs in th@roband intervention group from the same threeler training institutes,
albeit in two different cohorts. As the CK and P@i¢tests, as well as the background character{gtgasler, age) of the control
and intervention group did not significantly différseems that both groups are comparable. A sedawback of the high
ecological validity of the study is that other uokm variables might have impacted participantsf@enances on the CK and
PCK test. A third drawback of the present studyé the lesson series of the intervention groéferdid from the lesson series of
the control group in several respects. The dedsiguostudy does not enable us to distil whichdead of the lesson series that
contributed most to PSTs’ growth in CK and PCK. jpiesthese drawbacks, we aimed to foster interabdlity in this study by
explicitly combining principles of design experintemvith principles of more traditional teaching exments (e.g., pretest-
posttest design with experimental and control graumgl controlling for possible confounding variabeich as age, gender, and

prior knowledge).
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Further experimental research may be appropriaggdiematically investigate the isolated impadifferent features of
the lesson series on professional knowledge der@ap For instance, it might be worthwhile to deségnd evaluate
interventions that differ from each other in onhlecaspect, such as in explicitly describing siritikss and differences between
natural and rational numbers, or in reflecting ad discussing concept cartoons. Iterations of wetations that differ from each
other on only one feature would provide systematidence on how concretely PSTs’ professional kedgé develops for each
design principle and in what specific aspects (eegarding the distinct subcomponents of PCK)irtkervention is successful or
not successful. Such research would provide mdogrmation on which combination of design principiesnost successful to
develop PSTs’ professional knowledge. Moreovethfurresearch might investigate how the instruetiaativities and the way
they were enacted in the experimental lesson seaie®e further elaborated and refined in ordéurtter improve the
professional growth of PSTs in the domain of ratlarumbers. This might be especially importantasfindings have revealed
that for CK — and even more for PCK — there isHartroom for improvement.

Nevertheless, developing programs that enhance’Xrand PCK represents an important goal of ihigacher
education. Our study demonstrated that a reseafotmied lesson series focusing on knowledge oflgumiisconceptions and
representations to overcome these misconceptioasuaessful in enhancing that knowledge, withalgrging the instruction

time in teacher training.
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