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Abstract—If a pair of MEMS resonators are electrostatically
coupled together, the vibration amplitude ratios at the resonant
frequencies of the resulting coupled system are sensitive to
stiffness perturbation. An imbalance between the two resonators
causes the confinement of vibration energy when the system is
resonating, an effect known as mode-localization. The degree
of localization can be determined by extracting the amplitude
ratio of the resonators through capacitive transduction. In this
paper, we have fabricated MEMS devices, using a dicing-free
silicon-on-insulator process, consisting of pairs of closely spaced
microresonators. Each resonator consists of a clamped-clamped
beam with a wider section in the middle, which is the location of
the electrostatic coupling, instituted through the DC biasing of the
resonators. Several devices have been fabricated, with the length
of the anchor beams being varied, which influences the frequency
of resonance. Stiffness imbalance between the resonators has
been introduced through electrostatic spring softening, with the
sensitivity of the amplitude ratio of the resonant mode shape
being greater for the higher frequency, shorter anchor devices.
The sensitivities of the devices in this study have been found to
be 9 times greater than state-of-the-art two-degree-of-freedom
mode-localized sensors.

Index Terms—MEMS, resonators, mode-localization, stiffness
sensing.

I. INTRODUCTION

M ICROELECTROMECHANICAL systems (MEMS)
structures are utilized commonly in a wide range of

applications, including pressure sensors [1], accelerometers [2]
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and energy harvesting [3]. Successful implementations of
vibrating microresonators feature in timing and frequency
control [4] and mixer-filters in RF transceivers [5], where
reduction in size and power consumption is seen as an
advantage of MEMS.

For sensing applications, the shift in resonant frequency has
been used to quantify a change in the mechanical properties of
a microstructure. In response to a perturbation, the stiffness of
a structure can change and previously reported research has
successfully measured stiffness change that has occurred in
response to strain [6]–[8] and acceleration [9]. Also, resonant
frequency-shift behavior has been used to characterize the
residual stress of a resonator [10]. In addition, a change in the
mass of a MEMS resonator has been quantified by detecting a
shift in the resonant frequency [11]–[13]. A widely researched
area of resonant mass sensing is the detection of various
biological elements, with functionalized surfaces promoting
the attachment of the target analytes [14], [15].

A more recent development in the field of microsensors
exploits a phenomenon exhibited by two or more coupled
microresonators, where the coupling can take the form of a
mechanical or electrostatic spring. When the coupled system
is resonating at one of its mode frequencies, the introduction
of an irregularity between the resonators will cause mode-
localization to occur. First described in 1958 [16], mode-
localization is the confinement of vibration energy in an array
of coupled resonators, leading to a shift in the mode shapes
of the system. Mode-localized sensing has been developed to
detect a change in the stiffness [17]–[19], or the mass [20],
of one of either two or three electrostatically coupled mi-
croresonators. Other studies have demonstrated the mode-
localization response of an array of mechanically coupled can-
tilevers to the attachment of a mass [21], [22]. The previously
reported research has shown improvements in mass/stiffness
sensitivity of up to five orders of magnitude for mode-localized
sensing, when compared to resonant frequency-shift. In addi-
tion, an advantage of electrostatic coupling is that, compared
to mechanical coupling, it is capable of being tuned through
the adjustment of the DC bias voltages.

Building on previously reported work [23], this paper
presents a study of the mode-localization behavior of pairs
of electrostatically coupled resonators that have been fabri-
cated using a dicing-free silicon-on-insulator (SOI) fabrication
process. Developed for the fabrication of accelerometers and
gyroscopes with large proof masses, the fabrication technique
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Fig. 1. Mass-spring model of a 2-DOF system consisting of two coupled
resonators.

promises a high yield with no stiction during the release
process [24]. The closely-spaced resonators have been de-
signed as clamped-clamped beams with a wider section in the
middle, so as to allow for potential mass loading or biological
functionalization. The design differs from other work, which
has characterized double-ended tuning forks [17] and wine
glass ring resonators [20].

For each device, an imbalance in the relative stiffness of
the two resonators has been induced electrostatically and
mode-localization has been measured. The lengths of the
narrow sections of the beam have been varied for different
devices and the effect on the device sensitivity to a stiffness
perturbation has been determined and compared to theoretical
and simulated predictions.

II. THEORY

To outline the theory of mode-localization, initial theoretical
analysis of a lumped-element model of a two degree-of-
freedom (2-DOF) system has been performed. As shown in
Fig. 1, the two resonators are each represented by a stiffness,
k, and a mass, m and are coupled together with an electrostatic
spring, kc. The displacement of each resonator is given by x1
and x2. Damping has been neglected in the model because all
experimental measurements in this work have been performed
in vacuum, which minimizes atmospheric damping.

To describe the vibration response of the system the follow-
ing equations of motion are used

mẍ1 + kx1 − kc(x1 − x2) = 0

mẍ2 + kx2 − kc(x2 − x1) = 0 (1)

where m1 = m2 = m and k1 = k2 = k for a balanced
system. The coupling spring, kc, is electrostatic and therefore
is negative. Starting from (1), it can be shown that the system
possesses two modes, with the angular frequencies represented
by the square root of the following eigenvalues, λi (i = 1, 2),
and the out-of-phase and in-phase mode shapes given by the
eigenvectors, ui (i = 1, 2)

λ1 =
k − 2kc
m

,u1 =

[
x1
x2

]
=

1√
2

[
1
−1

]

λ2 =
k

m
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x1
x2

]
=

1√
2

[
1
1

]
(2)

For the MEMS devices analyzed in this work, the closely-
spaced resonators have been coupled together electrostatically
by applying DC voltages to each resonator, so as to create

an electric field between them. As has been reported previ-
ously [17], for electrostatic coupling, the system has a spring
constant, given by

kc =
(∆V )2ε0A

g3
(3)

where ∆V is the potential difference between the resonators,
ε0 is the permittivity of free space, g is the spacing between the
two resonators and A is the cross section area of the resonators
at the coupling gap.

Compared to a fixed mechanical coupling, an electrostatic
coupling spring possesses the advantage of being adjustable
through variation of ∆V as governed by (3). In addition, the
effective stiffness of a resonator, k1 or k2, can be softened
by applying a DC bias to an adjacent fixed electrode. The
electrostatic softening can be calculated according to (3).
Altering the effective stiffness of one of the resonators using
electrostatic spring softening can be used to introduce an
imbalance into the 2-DOF system.

A. Mode frequencies of a perturbed system

If a stiffness perturbation ∆k is added to resonator 1, the
out-of-phase (ωop) and in-phase (ωip) mode frequencies can
be calculated from the eigenvalues, with λop = ωop

2 and λip
= ωip

2, as follows
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2
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])

(5)

From the expressions (4) and (5), it can be seen that the
out-of-phase and in-phase mode frequencies never intersect
and diverge if a stiffness imbalance, ∆k, is introduced to the
system, as explained elsewhere [25]. The relative frequency
shift, ∆ωip/ωip, that will occur in response to a relative
change in the stiffness, ∆k/k, of resonator 1 will be the same
as the response of a 1-DOF system, which, assuming that ∆k
>> kc, is approximated by [26]

∆ωip

ωip
=

1

2

∆k

k
(6)

B. Amplitude ratio of a perturbed system

The amplitude ratio shift, as a function of stiffness perturba-
tion, at the in-phase and out-of-phase modes has been derived
from (1), using a method reported previously [19]. A stiffness
perturbation, ∆k, due to the physical quantity to be measured,
has been added to resonator 1, which is driven by a force F ,
so that the equations become

mẍ1 + (k + ∆k)x1 − kc(x1 − x2) = F
mẍ2 + kx2 − kc(x2 − x1) = 0

(7)

The following expression for the amplitude ratio is obtained

X1(jω)

X2(jω)
=
−mω2 + k − kc

−kc
(8)
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The expressions for ωop
2 and ωip

2 are obtained from (4)
and (5) respectively and are substituted into (8) to give the
following

X1(jωop)

X2(jωop)
=

(∆k −
√

4kc
2 + ∆k2)

2kc
(9)

X1(jωip)

X2(jωip)
=

(∆k +
√

4kc
2 + ∆k2)

2kc
(10)

The relationship between stiffness perturbation and the
amplitude ratio of a 2-DOF system described by (9) and (10)
has been verified by comparing to a finite-element method
(FEM) simulation of a coupled MEMS system, as outlined in
the next section. It is noted that the amplitude ratio response
as a function of the stiffness imbalance, ∆k, will be the same
regardless of the initial balanced stiffness, k, of the resonators.

The sensitivity, S, of a device is defined as the change in
the amplitude ratio of the resonators, ∆(x1/x2), as a function
of the relative change in the stiffness of resonator 1, ∆k/k,
as shown in the expression (for ∆k << kc)

S =
∆(x1/x2)

(∆k/k)
=

k

2kc
(11)

The definition for sensitivity in (11) will be used in later
sections of this paper to compare devices of different designs.

III. DESIGN OF DEVICES

A. Fabrication process

All the devices characterized in this work have been fabri-
cated using an SOI fabrication process that has been described
elsewhere [24]. Particular attention has been given to the
design rules, which dictate some limits to the dimensions
of the structures. Previously reported work [23] illustrates
how the process has been used to create coupled resonator
structures.

The process begins with a 150 mm SOI wafer with a
device layer thickness of 50 µm, a buried-oxide (BOX) layer
thickness of 3 µm and a handle layer thickness of 560 µm.

Plasma-enhanced chemical vapor deposition (PECVD) has
been used to deposit a 1 µm layer of silicon dioxide on the
front (device layer) side, and a 3 µm layer on the back (handle
layer) side, of the SOI wafer. A 6 µm layer of photoresist
has been spin-coated onto the front side oxide and has been
patterned with photolithography. Then, inductively-coupled
plasma (ICP) has been used to etch the oxide and create a mask
layer for the subsequent deep reactive ion etching (DRIE) step.
The back side oxide has been similarly patterned and etched.

The MEMS structures have been defined through the DRIE
of trenches, with widths down to a minimum of 5 µm, in the
device layer. Similarly, trenches have been etched in the handle
layer, in order to define the device boundary and a block
beneath the resonators. In addition to trenches, the oxide mask
for the device layer has been designed to facilitate the DRIE
of release holes, which allow for the release of the resonators
and the device from the wafer grid, using hydrofluoric (HF)
acid vapor phase etching (VPE).

Fig. 2. Schematic of 2-DOF resonator sensing device. Not to scale.

The size and spacing of the release holes has been designed
such that the resonators release first, followed by the handle
block below the resonators. Finally, the HF vapor removes the
oxide at the perimeter of the device, releasing the entire device
from the rest of the wafer. An advantage of the fabrication
process is that the individual devices are separated without
the need of dicing, which can damage delicate structures.

B. Device dimensions

A schematic of the device layout is shown in Fig. 2. The
device consists of a pair of resonators secured at both ends by
fixed anchors, separated by a coupling gap, g. The resonators
have been designed to have a wider section in the middle,
with a width, w, and a length, L, to facilitate future mass
loading or biological functionalization experiments. The center
blocks of the resonators are secured to the fixed anchors with
anchor beams of width, wa, and length, La. Alongside each
resonator is a fixed electrode, separated from the resonator by
the same spacing as the coupling gap, g. The electrodes are
used for actuation and sensing purposes, as will be explained
in section III-D.

In accordance with the design rules of the fabrication pro-
cess [24], any anchored area must have a minimum dimension
of 300 µm to ensure that some underlying oxide remains
after the device release with HF VPE. Therefore, in this
work, the length, L, of the fixed electrodes alongside the
resonators has been designed to be 310 µm. As a consequence
of the electrode being positioned between the resonator’s fixed
anchors, the minimum total length (L + La) that the resonators
can be is 400 µm, so as to allow for a 50 µm spacing between
the electrode and each of the fixed anchor pads. Therefore, the
minimum length that the anchor beams should be designed to
be is 55 µm.
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TABLE I
THEORETICAL MECHANICAL STIFFNESS AND MODE FREQUENCIES OF

DEVICE DESIGNS WITH COUPLING SPRING OF -15.8 N/M

Anchor beam
length (µm)

kmech (N/m) fop (kHz) f ip (kHz)

55 106021 1099.843 1100.007
80 34452 623.404 623.690
105 15238 420.349 420.786

Fig. 3. Theoretical influence of anchor beam length on device sensitivity.

Given the minimum resonator dimensions allowed by the
design rules, a coupled-resonator stiffness sensing device has
been designed with center block dimensions of 310 µm ×
60 µm, an anchor beam width, wa, of 10 µm and a coupling
gap, g, of 5 µm. In order to determine the influence of anchor
beam length on the device sensitivity, three different device
designs with anchor beam lengths of 55 µm, 80 µm and
105 µm have been created.

For each design, the in-plane mechanical stiffness of each of
the two resonators has been calculated by treating the resonator
as a pair of guided beams attached to a proof mass. The
mechanical stiffness can be expressed by

kmech = 2× Etw3
a

L3
a

(12)

where E is the Young’s modulus of silicon in the <110>
orientation (169 GPa) and t is the device layer thickness.

The mechanical stiffness of the three different device de-
signs has been calculated using (12) and the influence of the
anchor beam length can be seen in Tab. I, with a shorter
anchor beam length resulting in a greater stiffness. Then, by
calculating the response, as defined in (10), of the amplitude
ratio to a stiffness perturbation, the theoretical sensitivity, S,
as defined by (11), has been calculated for each of the three
designs, as shown in the graph of Fig. 3. It can be seen that the
sensitivity decreases with an increase in anchor beam length.

C. Electrostatic springs

DC voltages are applied to the resonators and the fixed
electrodes in order to apply electrostatic spring softening to

each resonator. The effective stiffness of each of the resonators,
k1 or k2, is calculated by the addition of the mechanical
stiffness and the electrostatic stiffness as follows

k1,2 = kmech1,2 + kelec1,2

=
2Etw3

a

L3
a

− (∆V )2ε0tL

g3
(13)

with the result of the negative sign of kelec being that the
effective stiffness of a resonator is lowered (softened) as a
function of the potential difference, ∆V .

An electrostatic coupling spring, kc, is created between
the resonators by biasing them with DC voltages to create
a potential difference ∆V , with the value of kc given by (3)
for A = tL. The devices have been designed with a coupling
gap, g, of 5 µm, which can be etched with DRIE reliably.

The coupling spring, kc, and the electrostatic springs for
resonator 1 and resonator 2, kelec1 and kelec2, respectively,
have been created by applying a positive DC voltage to elec-
trode 1 and a negative DC voltage to resonator 2 and holding
resonator 1 and electrode 2 at 0 V. A stiffness imbalance can
be introduced to the coupled system by varying the DC voltage
applied to electrode 1.

The upper limit of DC voltage possible from the power
amplifier that will be used in the experimental work later
is 120 V, which, from (3), allows for the creation of spring
constants up to -15.8 N/m, which result in the electrostatically-
softened out-of-phase and in-phase mode frequencies shown in
Tab. I. From (9) and (10), it has been found that the sensitivity
of the amplitude ratio to a given stiffness perturbation is in-
creased when the strength of the coupling spring is decreased.
It is noted from (2) that weakening the coupling spring, kc,
will result in the convergence of the two mode frequencies.
Therefore, the optimal value of kc is the weakest value that
maintains a separation of the mode frequencies, ∆f , that
avoids mode-aliasing. Previously reported research has shown
that a ∆f that is double the 3 dB bandwidth, ∆f3dB , of the
resonant peaks is sufficient [19]. In addition, the fabricated
devices have been tested under vacuum, which allowed for
damping to be neglected in the theoretical model and results in
a higher quality (Q) factor, which reduces ∆f3dB , minimizing
mode-aliasing.

D. Actuation and sensing

The devices have been designed to be actuated by applying
an AC voltage to electrode 1, which creates an electrostatic
force on resonator 1 that alternates at the same frequency as
the applied electrical signal.

The vibrating resonators create motional currents from the
capacitive transduction gaps between each resonator and its
neighboring fixed electrode. The frequency and amplitude of
the vibrations of the two resonators are extracted by measuring
motional current, using transimpedence amplifiers (TIAs) that
are connected to resonator 1 and electrode 2. The design of
the output circuitry, which is capable of converting alternating
motional currents of the scale of nanoamperes to voltages up
to 0.5 V, will be detailed in section V-B.
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IV. FEM SIMULATIONS

The designs of the coupled MEMS resonator devices have
simulated using the FEM simulation software CoventorWare.
The resonant frequencies and the response of the amplitude
ratios to a stiffness perturbation have been simulated and
compared to theoretical predictions.

A. Model design

As with the SOI wafer that has been used to fabricate the
actual devices, the FEM model has a Si layer of 50 µm with
a Young’s modulus, E, of 169 GPa and a density, ρ, of 2330
kg/m3. The fixed electrodes and the pair of resonators have
been defined according to the schematic in Fig. 2, with three
models created with three different anchor beam lengths of
55, 80 and 105 µm.

The boundary conditions of the FEM model have been de-
fined so that the anchors of the resonators are fixed, but allow
for elastic energy loss (“anchor damping”), which will occur
in a fabricated device. In addition, atmospheric damping has
been included in the model with the air pressure surrounding
the device being set to 0.1 mbar, achievable in the vacuum
chamber that has been used for our experimental work.

The DC bias voltages have been set to be 0 V on resonator
1 and -120 V on resonator 2, creating am electrostatic spring
of 15.8 N/m. Initially, electrode 1 and electrode 2 have been
set to 120 V and 0 V, respectively, resulting in equal levels
of electrostatic spring softening on each of the resonators, so
that k1 = k2 = k. In preparation for FEM analysis, the model
has been meshed into cubic elements of dimensions 5 µm ×
5 µm × 5 µm, which allowed for the fastest simulation time
without sacrificing result accuracy.

B. Stiffness perturbation simulations

A modal simulation has been performed by applying an
alternating force to resonator 1, replicating the electrostatic
force that a 1 V peak-to-peak sinusoidal AC voltage would
exert. The frequency of the force has been swept through a
range, in order for the solver to determine the out-of-phase and
in-phase mode frequencies. The simulated 3D mode-shape at
the in-phase mode frequency is shown in Fig. 4.

For the model with 105 µm anchor beams, the out-of-
phase and in-phase mode frequencies have simulated values of
402.450 kHz and 402.893 kHz, respectively, which are 4.3 %
lower than the theoretical values in Tab. I, attributable to the
inclusion of damping in the model. The amplitude ratio at both
mode frequencies has been simulated to be 1:1, which is to
be expected in a perfectly balanced system.

The simulation has been repeated with a stiffness pertur-
bation, ∆k, introduced to resonator 1, so that k1 = k +
∆k. The DC voltage of electrode 1 has been reduced from
120 V, which decreases the electrostatic spring softening in
accordance with (13). The result of the perturbation is the
increase of the effective stiffness, k1, of resonator 1, while
maintaining the effective stiffness, k2, of resonator 2. Several
simulations have been performed for increasing values of
stiffness perturbation, with the simulated amplitude ratio being

Fig. 4. 3D mode shape for the in-phase frequency of 402.893 kHz. Anchor
beam length = 105 µm. The maximum displacement is normalized to 1 (red)
with the anchors and electrodes fixed with a displacement of 0 (green).

Fig. 5. FEM simulated and theoretical influence of anchor beam length on
device sensitivity.

extracted each time. Furthermore, FEM simulations have been
performed on the device models with 55 µm and 80 µm anchor
beam lengths. The sensitivity for each of the three designs has
been determined from the simulation results, and is shown
in Fig. 5 as well as the theoretically predicted sensitivity,
determined from the amplitude ratio response calculated from
(10).

It can be seen from Fig. 5 that the FEM simulated amplitude
ratio response shows good agreement with the theoretical
predictions for all three device designs with the sensitivity of
the device, as defined previously, increasing as a function of
the anchor beam length, with shorter lengths resulting in more
sensitive devices. From (10), it is noted that the initial balanced
effective stiffness, k, of the resonators does not influence the
amplitude ratio response to the perturbation ∆k. Therefore,
a device’s sensitivity, defined by its response to the relative
stiffness change, ∆k/k, will be increased for a higher initial
balanced effective stiffness k, which has been confirmed by
the FEM simulations.

The theoretical and the simulated results in Fig. 5 show that
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Fig. 6. SEM image of fabricated coupled resonator device with anchor beam
length of 55 µm.

the simulated sensitivity remains within 9 % of the theoreti-
cally predicted value. The difference between the theory and
the FEM simulated result is attributable to the variation of the
coupling spring strength caused by the shift in the amplitude
ratio, which is included in the FEM simulation but not the
theoretical model that assumes a constant value.

V. EXPERIMENTAL PROCEDURE

A. MEMS fabrication

The three different devices with anchor beam lengths of
55 µm, 80 µm and 105 µm have been fabricated using the
SOI process that has been described in section III. A scanning
electron micrograph (SEM) of a fabricated device with 55 µm
anchor beams is shown in Fig. 6. The image shows the release
holes, which allowed for the removal of a block of the handle
wafer below the MEMS structure. The coupling gaps between
the resonators and between each resonator and its neighboring
electrode have been designed to be 5 µm and visual inspection
of the fabricated devices showed that the trenches had a width
of 5 ± 0.1 µm.

The devices have been designed with bonding pads of
minimum dimensions 300 µm × 300 µm, which is large
enough to allow for wire bonds to be accurately secured to
the pad. The chip containing the devices has been secured in a
chip carrier and wire-bonded, to allow for the necessary input
and output connections to be made to the device. A further
advantage of the fabrication process used for this work is that
it does not require a metallization step, so the bonding can be
made directly to the silicon device layer. The resistivity of the
device layer is between 0.001 Ωcm and 0.003 Ωcm, which is
low enough to allow for an ohmic connection to be made to
the bonding wire.

Fig. 7. Experimental set-up. MEMS device has been wire-bonded to carrier
positioned on printed circuit board containing output circuitry.

B. Measurement set-up

The wire-bonded MEMS chip has been plugged into a
socket that has been mounted on a printed circuit board (PCB)
that contains the necessary input and output circuitry. Fig. 7
shows an SEM of a bonded MEMS device and the connections
to the schematic of the PCB circuitry.

As explained previously (section III), electrostatic spring
softening has been introduced to the two resonators by apply-
ing a positive DC voltage to electrode 1 (DC bias 1) and a
negative DC voltage to resonator 2 (DC bias 2). Both resonator
1 and electrode 2 are held at 0 V, as they are connected to
the inputs of two TIAs. If the two DC bias voltages are of an
equal magnitude but opposite polarity, then an equal value of
electrostatic spring softening will be applied to each resonator,
in accordance with (13). In addition, the electrostatic coupling
spring between the two resonators has been created from the
potential difference, ∆V, between the negative DC voltage on
resonator 2 and 0 V on resonator 1.

For this work, DC bias 1 has been set at 120 V and
DC bias 2 has been set at -120 V, resulting in a coupling
spring, kc, of -15.8 N/m and electrostatic spring softening,
kelec, of -15.8 N/m on both resonators. Using a coupling
spring of -15.8 N/m should result in the out-of-phase and
in-phase frequencies shown in Tab. I, ensuring sufficient (2
× ∆f3dB) separation of the two resonant peaks, minimizing
mode-aliasing. The resonators have been driven by applying an
AC sinusoidal voltage from a signal generator to electrode 1. A
1 V peak-to-peak signal has been used as this has been found
to drive the resonators with negligible non-linear behavior, so
the peaks can be reliably measured.

The vibration amplitude ratio of the coupled resonator pair
has been extracted by measuring the motional currents from
the capacitive transduction gaps between each resonator and
its neighboring electrode. The motional currents, i, are deter-
mined by the velocity, ẋ, of the resonators, from the expression
i = ηẋ, where η is the transduction factor. The amplitude
ratio of the alternating motional current signals is equivalent
to the vibration amplitude ratio of the resonators. As can be
seen from Fig. 7, the motional currents from the vibrating
resonators have been converted to voltage signals, using two
TIAs (OPA657 from Texas Instruments). Subsequently, the
voltage signals from the TIAs have been amplified (AD8065
from Analog Devices) to give output voltages of at least
100 mV amplitude. A noise floor of 20 µV has been measured
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TABLE II
EXPERIMENTALLY MEASURED MODE FREQUENCIES AND

CORRESPONDING CALCULATED EFFECTIVE STIFFNESS

Measured modes

Anchor beam length (µm) fop (kHz) f ip (kHz) k1,2 (N/m)

55 1041.223 1041.605 95232
80 757.381 758.184 50863

105 328.005 328.543 9292

for the output voltage signals.
A spectrum analyzer (Rohde and Schwarz FSV 3) has been

used to measure the output voltage signal from resonator
1 and resonator 2. The AC input signal has been swept
across a frequency range while the amplitude of the output
voltages is being measured. The out-of-phase and in-phase
mode frequencies have been identified as the frequencies
with the largest amplitudes. After identifying the modes, the
frequency sweep range of the actuation signal is narrowed
and the peak frequency and amplitude are measured for the
in-phase mode for both resonator 1 and resonator 2. By
comparing the amplitudes of the output voltage signals at the
in-phase mode frequency, the vibration amplitude ratio of the
resonator pair can be extracted.

The characterization experiments have been performed with
the PCB secured in a vacuum chamber. The pressure inside
the chamber has been maintained at 3×10−5 mbar, minimizing
atmospheric damping and allowing for high-Q resonant peaks
to be achieved. The temperature of the chamber has not been
controlled, so the experiments have been conducted at room
temperature. The necessary electrical connections to the PCB
have been made possible through use the use of feedthroughs,
allowing DC and AC voltages to be applied and the output
signals to be measured.

VI. MEASUREMENT RESULTS AND DISCUSSION

A. Frequency response

The previously outlined measurement method has been used
to extract the out-of-phase and in-phase mode frequencies
of each of the three device designs (55 µm, 80 µm and
105 µm anchor beam length). The measured values are shown
in Tab. II. The variation between the measured values and the
theoretical values in Tab. I is likely as a result of fabrication
tolerances and intrinsic stress in the SOI device layer. Taking
the measured values for the mode frequencies, an estimation
of the actual effective stiffness, k1 and k2, for each of the
three resonator designs at the initial balanced state has been
calculated using (5), with the values shown in Tab. II.

As explained previously, starting from a balanced state, the
two mode frequencies should diverge in response to a stiffness
imbalance between the resonators. Fig. 8 shows the the exper-
imentally measured difference between the out-of-phase and
in-phase mode frequencies, for a device with 105 µm anchor
beams, in response to an electrostatically induced stiffness
increase on resonator 1. It can be seen that the frequency
difference increases as a function of the stiffness perturbation,
as expected. An initial imbalance would be expected between

Fig. 8. Measured response of frequency difference between the out-of-phase
and in-phase modes for 2-DOF system to a relative stiffness change on
resonator 1. The device measured has anchor beams with a length of 105 µm.

TABLE III
EXPERIMENTALLY MEASURED DEVICE CHARACTERISTICS

Anchor beam
length (µm)

Q-factor 3 dB bandwidth,
∆f3dB (Hz)

Mode separation,
∆f (Hz)

55 11768 88 538
80 6535 116 685

105 1950 169 382

the resonators, due to fabrication tolerances and the trend
shown in Fig. 8 suggests that for this device, resonator 1
has a stiffness that is about 0.02 % lower than resonator 2.
Similar initial stiffness imbalances have been measured for
all the devices in this work, so the previously calculated and
simulated linear responses of the amplitude ratio to a stiffness
perturbation (Fig. 5) are expected to be valid.

The Q-factor of the modes for each device have been
measured and are shown in Tab. III, along with the 3 dB
bandwidth, ∆f3dB , of the peaks. It can be seen that the
separation of the out-of-phase and in-phase mode frequencies,
∆f , is at least 2 × ∆f3dB , so mode-aliasing does not
occur [19].

For the device with 105 µm anchor beams, for a relative
stiffness increase of 0.0004 for resonator 1, the in-phase mode
frequency increased by 53 Hz, representing a relative increase
of 0.016 %. Using the definition of (6), the frequency sensi-
tivity has been calculated to be 0.4, which will be compared
to the sensitivity of the amplitude ratio shift in the following
section.

B. Mode localization response to stiffness perturbation

The experimentally measured amplitude ratio change,
∆(x1/x2), in response to an electrostatically induced relative
stiffness increase, ∆k/k, on resonator 1 is shown in Fig. 9,
for all three device designs, along with the FEM simulated
response.

The graph of Fig. 9 shows the expected trend of increasing
amplitude ratio, x1/x2, as a function of increasing stiffness
imbalance in the resonator pair. It can be seen that the
measured values show good agreement with the simulated
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Fig. 9. Measured response of amplitude ratio of 2-DOF system to a relative
stiffness change on resonator 1 for devices with 55 µm, 80 µm and 105 µm
anchor beam lengths.

TABLE IV
EXPERIMENTALLY DERIVED DEVICE SENSITIVITIES

Anchor beam length (µm) Sensitivity Sensitivity normalized to f0
55 3257 3.13
80 1704 2.25

105 466 1.42

values, confirming the validity of both the theoretical equation
(10) and the FEM model.

From (10), it is noted that the initial effective stiffness does
not feature, with the coupling spring constant, kc, and the
change in stiffness of resonator 1, ∆k, determining the am-
plitude ratio of the resonators at the in-phase mode frequency.
Therefore, it is expected that a higher initial effective stiffness,
k, leads to higher sensitivity with respect to relative stiffness
change, ∆k/k, as has been confirmed from the experimental
measurements (Fig. 9).

C. Device sensitivity and discussion

From the amplitude ratio responses shown in Fig. 9, the sen-
sitivities of the different device designs have been calculated
and are listed in Tab. IV. It can be seen that the sensitivity
for the coupled resonator devices increases when the length
of the anchor beam, La, is decreased. Even if the sensitivity
values are normalized to the resonant frequency, an increase
in sensitivity is seen.

Taking the measurements from the device with 105 µm
anchors, it was demonstrated that the amplitude ratio shift,
∆(x1/x2), of a coupled resonator system is more sensitive to
a stiffness imbalance, ∆k/k, than the relative in-phase mode
frequency shift, ∆f/f , (equivalent to resonant frequency
shift of a 1-DOF system), with a four orders of magnitude
difference, comparing a sensitivity of 0.4 for relative frequency
shift to a sensitivity of 466 for amplitude ratio shift. Similarly,
for the device with 55 µm anchor beams, the sensitivity of the
in-phase resonant frequency to a relative stiffness change is
0.134, whereas the sensitivity of the amplitude ratio is 3257,
also representing a four orders of magnitude increase. The

findings agree with previously published studies [17], which
characterized coupled resonators of the double-ended tuning
fork design.

The best example of stiffness sensing for a 2-DOF coupled
resonator system in literature [17] shows a sensitivity of 356,
if the sensitivity definition in (11) is applied. From Tab. IV, it
can be seen that the best sensitivity demonstrated in this work,
3257, is 9 times greater than the state of the art, demonstrating
the importance of dimension variation in the design of 2-DOF
coupled resonator sensors.

In this work, the signal-to-noise ratio (SNR) for each of the
output voltage signals from the resonators has been measured
as 7.87 dB for a relative stiffness change, ∆k/k, of 0.8 ×
10−6. The noise for the output signal of each resonator has
been determined by measuring the variation in the amplitude
of each output signal while the system is being driven at the
in-phase mode. It has been found that reliably measuring a
relative stiffness change smaller than 0.8 × 10−6 is not pos-
sible, as the noise in the output signals becomes comparable
to the shift in amplitude induced by the stiffness change.

In addition to the improved sensitivity that has been demon-
strated by the device design characterized in this work, the
design has a larger surface area. which can prove advantageous
for mass sensing. For example, the surface can be biologically
functionalized so that an antigen of interest will bind to one
of the resonators causing an imbalance. A further advantage
of the device design is that the SOI fabrication process has
been shown to have a high yield of over 95 % [24], which
has been confirmed during the wafer-level fabrication for this
work.

VII. CONCLUSION

This paper has characterized the mode-localization behavior
of 2-DOF electrostatically-coupled MEMS resonator devices,
that have been fabricated using a high-yield, dicing-free SOI
process. The devices have a novel design architecture, when
compared to previously reported work. The length of the
anchor beams of the resonators has been varied between three
different device designs, with a shorter length resulting in
higher resonant mode frequencies for the coupled system. In
addition, it has been determined that the sensitivity of the
amplitude ratio of the coupled system to an electrostatically-
induced stiffness imbalance is higher for a shorter anchor beam
length, with a sensitivity that is four orders of magnitude
greater than the frequency sensitivity of a 1-DOF system, and
is 9 times greater than the best previously reported 2-DOF
system.

In addition, the devices in this work have been designed
to facilitate mass sensing and their sensitivity to stiffness
imbalance demonstrates that they have the potential to be
utilized in a mass sensing capacity.
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