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ABSTRACT. In the last decade matrix polynomials have been investigated with the primary
focus on adequate linearizations and good scaling techniques for computing their eigenvalues
and eigenvectors. In this article we propose a new method for computing a factored Schur form
of the associated companion pencil. The algorithm has a quadratic cost in the degree of the
polynomial and a cubic one in the size of the coefficient matrices. Also the eigenvectors can be
computed at the same cost.

The algorithm is a variant of Francis’s implicitly shifted QR algorithm applied on the com-
panion pencil. A preprocessing unitary equivalence is executed on the matrix polynomial to
simultaneously bring the leading matrix coefficient and the constant matrix term to triangular
form before forming the companion pencil. The resulting structure allows us to stably factor
each matrix of the pencil as a product of k matrices of unitary-plus-rank-one form, admitting
cheap and numerically reliable storage. The problem is then solved as a product core chasing
eigenvalue problem. A backward error analysis is included, implying normwise backward stabil-
ity after a proper scaling. Computing the eigenvectors via reordering the Schur form is discussed
as well.

Numerical experiments illustrate stability and efficiency of the proposed methods.

Keywords: Matrix polynomial, product eigenvalue problem, core chasing algo-
rithm, eigenvalues, eigenvectors

1. INTRODUCTION

We are interested in computing the eigenvalues and eigenvectors of a degree d square matrix
polynomial:

d
P\ =0, where  P(\) =) P\, P eCh¥
i=0

The eigenpairs (), v) are useful for a wide range of different applications, such as, for instance, the
study of vibrations in structures [20,22,26] and the numerical solution of differential equations [4],
or the solution of certain matrix equations [5].

Even though recently a lot of interest has gone to studying other types of linearizations [10,19,
22], the classical approach to solve this problem is still to construct the so-called block companion
pencil linearization

YA P
(1.1) S—xr=| & & : € CIA™m,
' -l )
I,  —APi— Py,

with n = dk and Ij, the kx k identity, having eigenvalues identical to the eigenvalues of P(X) [16,17].
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Even though the companion pencil is highly structured, the eigenvalues of S — AT are usually
computed by means of the QZ iteration [24], which ignores the available structure. For example
the MATLAB function polyeig uses LAPACK’s QZ implementation to compute the eigenvalues
in this way. This approach has a cubic complexity in both the size of the matrices and the degree
O(d3k3). The algorithm we propose is cubic in the size of the matrices, but quadratic in the
degree O(d?k?). In all cases where high degree matrix polynomials are of interest, such as the
approximation of the stationary vector for M/G/1 queues [5] or the interpolation of nonlinear
eigenvalue problems [12], this reduction in computational cost is significant.

If we consider a particular case of the above setting k = 1, the problem corresponds to ap-
proximating the roots of a scalar polynomial. In a recent paper Aurentz, Mach, Vandebril, and
Watkins [1] have shown that it is possible to exploit the unitary-plus-rank-one structure of the
companion matrix to devise a backward stable O(d?) algorithm, which is much cheaper than the
required O(d?) when running an iteration that does not exploit the structure. On the other hand
the case d = 1 is just a generalized eigenvalue problem. This can be solved directly by the QZ
iteration. The cost of this process equals O(k?®). Based on these considerations, we believe that
an asymptotic complexity O(d?k3) is the best one can hope for, for solving this problem by means
of a QR based approach. In this work we will introduce an algorithm achieving this complexity.
Even though a fundamentally different approach from the one presented here might lead to a lesser
complexity of, e.g., O(max(d, k)dk?), we think that a QZ based strategy cannot easily achieve a
better result.

There are only few other algorithms we are aware of that solve the matrix polynomial eigenvalue
problem. Bini and Noferini [6] present two versions of the Ehrlich-Aberth method; one is applied
directly on the matrix polynomial leading to a complexity of O(d?k*) and another approach
applied on the linearization leads to an O(d*k?®) method. Delvaux, Frederix, and Van Barel [9)
proposed a fast method to store the unitary plus low rank matrix based on the Givens-weight
representation. Cameron and Steckley [8] propose a technique based on Laguerre’s iteration which
is of the order O(dk* + d?k?). In his PhD thesis [25] Robol proposes a fast reduction of the block
companion matrix to upper Hessenberg form, taking the quasiseparable structure into account;
this could be used as a preprocessing step for other solvers. Eidelman, Gohberg, and Haimovici [13,
Theorems 29.1 and 29.4] present in their monograph an algorithm for computing the eigenvalues
of a unitary-plus-rank-k matrix of total cost O(d?k®). Fundamentally different techniques, via
contour integration, are discussed by Van Barel in [27].

We will compute the eigenvalues of the original matrix polynomial by solving the generalized
block companion pencil® (S, T') in an efficient way. The most important part in the entire algorithm
is the factorization of the block companion matrix S and the upper triangular matrix 7" into the
product of upper triangular or Hessenberg unitary-plus-rank-one matrices. Relying on the results
of Aurentz, et al. [1] we can store each of these factors efficiently with only O(n) parameters.
Relying on the factorization we can rephrase the remaining eigenvalue problem into a product
eigenvalue problem [3,7,31]. A product eigenvalue problem can be solved by iterating on the
formal product of the factors until they all converge to upper triangular form. This procedure
has been proven to be backward stable by Benner, Mehrmann, and Xu [3] and the eigenvalues
are formed by the product of the diagonal elements. The efficient storage and a core chasing
implementation of the product eigenvalue problem lead to an O(d?k®) method for computing the
Schur form. The eigenvectors can be computed as well in O(d?k?). Moreover, we will prove that
the algorithm is backward stable, if suitable scaling is applied initially.

The paper is organized as follows. In Section 2 we present three different factorizations: we
propose two ways of factoring the block companion matrix S and a way to factor the upper
triangular matrix 7". One factorization of S uses elementary Gaussian transformations, the other
Frobenius companion matrices. In Section 3 we show how to store each of the unitary-plus-
rank-one factors efficiently by O(n) parameters. As the block companion matrix is not yet in
Hessenberg form, we need to preprocess the pencil (S,T) to reduce it to Hessenberg-triangular
form. We present an algorithm with complexity O(d?k®) that achieves this in Section 5. The

I'We will use both notations (S,T) and S — AT when referring to the pencil.
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product eigenvalue problem is solved in Section 6. Deflation of infinite and zero eigenvalues is
handled in Section 7. Computing the eigenvectors fast is discussed in Section 8. Finally we
examine the backward stability in Section 9 and provide numerical experiments in Section 10
validating both the stability and computational complexity of the proposed methods.

2. FACTORING MATRIX POLYNOMIALS

The essential ingredient of this article is the factorization of the companion pencil associated
with a matrix polynomial. The factorization of the pencil coefficients into structured matrices,
providing cheap and efficient storage allows the design of a fast structured product eigenvalue
solver.

2.1. Matrix polynomials and pencils. Consider a degree d matrix polynomial
(2.1) MNP+ XTIP -+ AP + Py € C[AJF*F,

whose eigenvalues one would like to compute as eigenvalues of a pencil S — AT € C[\]"*", with
n = dk. The classical linearization equals (1.1). Following, however, the results of Mackey, Mackey,
Mehl, and Mehrmann [23] and of Aurentz, Mach, Vandebril, and Watkins [2] we know that all
pencils

—Mo I Ny
I M, I
(22) S= I and T = : ,
' ; I, Ng 1
Iy —Mg— Ny

with Iy the k x k identity, My = Py, Ny = Py, and M;+ N; = P;, for all 2 < i < d—1 have identical
eigenvalues. In this article we discuss the more general setting (2.2), since the algorithm can deal
with this. An optimal distribution of the matrix coefficients over S and T in terms of accuracy is,
however, beyond the scope of this manuscript, though a reasonable distribution should satisfy

d
> IA2,
=0

VIIMy My -+ Mg ]2+ [N1 N2 -+ NP~

with || - || denoting the Frobenius norm.

In the next sections we will factor the matrices S and T. Before being able to do so, we
need to preprocess the matrix polynomial. The leading coefficient P; needs to be brought to
upper triangular form and the constant term P, to upper or lower triangular form. This is shown
pictorially in Figure 1 or Figure 2.

PdJ Piy| | Pa—s2| - | P FPO

FIGURE 1. Structure of the matrices: P; upper and Py lower triangular

PdJ Pii| | Pa—sa| - | P POJ

FIGURE 2. Structure of the matrices: Py and Py upper triangular

These structures can be achieved stably by computing the generalized Schur decomposition? of
either (Py, Py ™) or (P4, Py). Suppose U and V are the two unitary matrices such that U* P,V is
upper triangular and U* PyV is triangular.

2To compute the Schur decomposition of (Pg, Py ™) stably one solves the product eigenvalue problem PP}
implicitly, without requiring inverses, nor multiplications between Py and Py.
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Performing an equivalence transformation on (2.1) with U and V provides the desired factor-
ization. In the remainder of this section we will therefore assume without loss of generality that
all P;’s are overwritten by U*P;V, such that the leading coefficient P; = Ny is upper triangular
and the constant term Py = M) is triangular.

2.2. Frobenius factorization. The block companion matrix S from (2.2) having its upper right
block My in lower triangular form (see Figure 1) can be factored into the product of scalar
companion matrices.

Theorem 2.1 (Frobenius factorization). The block companion matriz S in (2.2), with blocks
M; € CF** and My lower triangular, can be factored as S = S1So--- Sy, where each S; € C"*™,
n = dk, is the Frobenius companion matriz linked to a scalar monic polynomial of degree n.

Proof. The proof is constructive and proceeds recursively. We show how to factor a companion
matrix S into the product of two matrices S = Slg, with S; a companion matrix of a scalar
polynomial of degree n = dk and S the matrix on which we will apply the recursion.

Consider J the n x n nilpotent downshift matrix, i.e., it has ones on the subdiagonal and zeros
elsewhere. Name M = [MJ ML ... MZT 17 the skinny matrix of size n x k having all M;
stacked vertically. The elements of the blocks M; (0 < i < d — 1) are indexed according to their
position in M, thus My and M, _1 look like

mi Md—1)k+1,1  Md-1)k+1,2 " T(d—1)k+1,k
m21  Ma2 Md—1)k4+2,1  M(d—1)k+2,2 M(d—1)k+2,k
and .
Mgl Mi2 - Mik Mdk,1 Mqk,2 Mk, k
The block companion matrix S = J¥ — M [0 --- 0 I;] admits a factorization 515, where
S1=J—[mi1 mor - mdk,l]T el and S = JE1 MI[O -+ 0 Iy_1] , with e, the n-th

standard basis vector and M of size n x (k — 1) consisting of the last k — 1 columns of M moved

up one row. The top k£ and bottom k rows of M are thus of the forms

ma2 Md—-1)k+2,2 Md-1)k+2,3 ~°°  TM(d-1)k+2,k
ms3g ms3 M@—1)k+3,2 M(d—1)k+3,3 M(d—1)k+3,k
and : :
mg,2 m,3 T M,k Mdk,2 mdk,3 Tt Mdk,k
Mi+1,2 Mk41,3 Mit1k 0 0 e 0

Continuing to factor S in a similar way results in the desired factorization S = S; - - - S, where
each 5; is the Frobenius companion linearization of a degree n = dk scalar polynomial. O

Remark 2.2. Computing the Frobenius factorization is cheap and stable as no arithmetic opera-
tions are involved.

Example 2.3. Consider a degree 3 matrix polynomial A\3I3 4+ A2 My + MM + My with 3 x 3 blocks

1 4 12 19 7 15 22

My=—-12 10 , My=—1]5 13 20 |, and My=—| 8 16 23

3 11 18 6 14 21 9 17 24

The associated companion matrix S equals 575953, with

1 10 18
1 2 1 11 1 19
S1 = Cl, S = : o, S3= ‘ :
1 7 1 16 1 24
1 8 1 17 1 0
1 9 1 0 1 0

In Section 2.4 we will provide an alternative factorization of the block companion matrix S,
which, as we will show in Section 9 leads to a slightly better bound on the backward error.
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2.3. Gaussian factorization. Both S and T are of unitary-plus-low-rank form, which is essential
for developing a fast algorithm. For proving backward stability in Section 9, we need, however,
more; we require that all the factors in the factorizations of S and T have the low rank part
concentrated in a single column, the spike. For instance a companion is also a unitary-plus-
spike matrix. For factoring T from (2.2), we will use Gaussian transformations providing us a
factorization into identity-plus-spike matrices, that is, matrices that can be written as the sum of
the identity and a rank-one matrix having a single nonzero column.

Theorem 2.4 (Gaussian factorization). The matriz T from (2.2), with matriz blocks N; € Ck*k
and Ny upper triangular can be factored as T =TTy - - Ty, where each T; € C**™, with n = dk,
is upper triangular and of identity-plus-spike form.

Proof. The proof is again of recursive and constructive nature and involves elementary matrix
operations. We will factor 7" as T'T),, where T}, is of the desired upper triangular and identity-
plus-spike form, the recursion will be applied on the matrix T'. Write

NI . NTIT[o 0 It]=I,+N[0

T=1I,+ [N NI 0 Ip],

with N € C"** and Z\~7d = Ny — I. Again we index the individual blocks N; (1 <4 <
Ny according to N. It is easily verified that T'= T'T}, with

d—1) and

Ty =1In+ [n11 na1 -+ Ng—1ykt1,1 0 0] 6%:1_1)“1 = (Nel)e,(rd_l)k.}.l,

and
n12 n13 N1k
22 n23 nag
- N(d—1)k,2 (d—1)k,3 N(d—1)k,k
T=1Iy+ | N@a-1kr+1,2 Td—1)k+1,3 Nd-Dk+1k | [Ok—1)x((d=1)k+1)s Tr—1]-
Nd-1)k+2,2  "(d—1)k+2,3 N(d—1)k+2,k
(d—1)k+3,3 N(d—1)k+3,k
L Tk, k

Continuing to factor T proves the theorem.
O

Remark 2.5. There are two important consequences of having P; = Ny in upper triangular form.
First, the proof of Theorem 2.4 reveals that we can compute the factorization in an exact way, as
no computations are involved. Second, all factors in the factorization of T' are already in upper
triangular form, which will come in handy in Section 5 when transforming the pencil (S,T) to
Hessenberg-triangular form.

Example 2.6. Consider a 9 x 9 upper triangular matrix 7" as in (2.2), with 3 x 3 blocks

1 8 16 ] 4 11 19 7 14 22
No=|2 9 17 |, 5 12 20 |, and Ny = 15 23
3 10 18 | 6 13 21 24

Then we have that T = T1T>T3 with
1 16 1 8 1 1

Ny =

T, = 1 21 13 Ty = 1 6

I
—

7T2
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2.4. Gaussian factorization of the block companion matrix. In this section we provide
a second option for factoring the block companion matrix S (see (2.2)). Whereas Theorem 2.1
factors S into regular Frobenius companion matrices, the factorization proposed here relies only
on Theorem 2.4 for factoring upper triangular matrices. To be able to do so the block M{ needs
to be in upper triangular form (see Figure 2), in contrast to the lower triangular form required by
Theorem 2.1.

Instead of factoring S directly we compute its QR factorization first. Let (n = dk)

o0 --- 01
1 0
(2.3) Q= 1 01 ecmr,
1 0
leading to
0 0 0 Ik Ik _Ml
I 0 I, — M,
S=QFR = I 0 :
: Iy, —Mg
I O — M,

The upper triangular matrix R can be factored by Theorem 2.4 as R = Rj --- Ry, providing a
factorization of S of the form S = QFR; - -- Ry.

3. STRUCTURED STORAGE

To develop an efficient product eigenvalue algorithm we will exploit the structure of the factors.
In addition to being sparse, all factors are also of unitary-plus-rank-one form, and we can use an
O(n) storage scheme, where n = dk. We recall how to efficiently store these matrices, since the
upper triangular factors differ slightly from what is presented by Aurentz et al. [1].

To factor these matrices efficiently we use core transformations Q;, which are identity matrices
except for a unitary two by two block Q;(i : i + 1,7 : i + 1). Note that the subscript ¢ in core
transformations will always refer to the active part (i : i+ 1,7 :4+ 1). For instance rotations or
reflectors operating on two consecutive rows are core transformations.

Let us first focus on the factorization S = S;---S, from Section 2.2. All matrices S; with
1 < i < k are of unitary-plus-rank-one and of Hessenberg form and we replace them by their
QR factorization S; = QR,;. This factors the companion matrices into a unitary Q and upper
triangular identity-plus-spike matrices R;. Indeed, the matrix Q is, initially, identical for all .S;,
and looks like (2.3), being the product of n — 1 core transformations: Q@ = Q1 - - Q,—1, with all
Qi(i :i+1,i:7+1) =[{}] counteridentities. From now on, we will use caligraphic letters to
denote a sequence of core transformations such as Q. Because the core transformations in Q are
ordered such that the first one acts on rows 1 and 2, the second one on rows 2 and 3, the third one
on rows 3 and 4, and so forth, we will refer to it as a descending sequence of core transformations.
When presenting core transformations pictorially as in Section 5 we see that Q clearly describes
a descending pattern of core transformations.

As a result we have a factorization for S of the form

(3.1) S = 5158, = QR{ QR --- QR (Frobenius factorization).
Alternatively, considering the factorization from Section 2.4, we would get
(3.2) S = QFR;-- Ry (Gaussian factorization).

It is important to notice that even though (3.1) and (3.2) use the same symbols R;, they are
different. However, as both factorizations are never used simultaneously, we will reuse these
symbols throughout the text.



EIGENVALUES AND EIGENVECTORS OF MATRIX POLYNOMIALS 7

Since Q can be factored into n — 1 core transformations QF from (2.3) admits a factorization
into k descending sequences of core transformations too. It remains to efficiently store the upper
triangular identity-plus-spike matrices R;:

1 X

1

In the Frobenius case (3.1) the spike is always located in the last column and in Gaussian case
(3.2) the spike is found in column n + 1 — 4.

For simplicity we drop the subscript ¢ and we deal with all cases at once: Let R have the form
(3.3), with the spike in column . Then R =Y + (x — e;)y? with Y = I,, unitary, x € C" the
vector containing the spike, and y = e, € C™. We begin by embedding R in a larger matrix R
having one extra zero row and an extra column with only a single element different from zero:

1 X 0

1 X 0

1 x 0

R = X 1
1 0

110

oo -~ 0 0 0 -+ 0]0 |

Let P denote the (n + 1) x n matrix obtained by adding a zero row to the bottom of the n x n
identity matrix. Then R = PTRP. In fact our object of interest is R, but for the purposes of
efficient storage we need the extra room provided by the larger matrix R. The 1 in the last column
ensures that the matrix R remains of unitary-plus-spike form R =Y + 2y’ where y = ¢, € C"*1,
and z € C"*! is just  with a —1 adjoined at the bottom. Thus Py =y, PTz = x,

1 X

1 X

X

1

(3.4) Y = 0 1 and z = X

1 0

1 0

i 1 0 | | —1 |
Let C4, ..., C, be core transformations such that C - - - Cpz = eq, with |a| = ||z||,. Because of
the nature of z, each of the core transformations Cy1, . .., Cy, has the simple active part F' = [9 }].
If we use the symbol F} to denote a core transformation with active part F, then C; = F} for
j=L+1,...,n. Let C=C1---Cp. Then we can write

R=C"(CY + elgT),
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where we have absorbed the factor® a into y. Let B=CY = Cy---C,Y. It is easy to check
that Cpyq---CRLY = Foyq - F,Y = FyFppq -+ Fy. Thus B=Cy---CpFy--- F,,, so we can write
B = Bi---B,, where By = C¢Fy, and B; = Cj for j # £. As a result we get

(3.5) R=P"C;---C{(By- By, + ey’ )P =PTC*(B+ery”)P.

The symbols P and P are there just to make the dimensions come out right. They add nothing
to the storage or computational cost, and we often forget that they are there.

Remark 3.1. It was shown in [1] that by adding an extra row and column to the matrix R,
preserving the unitary-plus-spike and the upper triangular structure, that all the information
about the rank-one part is encoded in the unitary part. Thus we will not need to store the rank-
one-part explicitly. We will consider this in more detail in Section 9 when discussing the backward
error.

The overall computational complexity for efficiently storing the factored form of the pencil
equals O(dk?) subdivided in the following parts.

The preprocessing step to bring the constant and leading coefficient matrix to suitable triangular
form requires solving a product eigenvalue problem or computing a Schur decomposition which
costs O(k?) operations. Also the other matrices require updating: 2(d—1) matrix-matrix products,
assumed to take O(k3) each are executed. Factoring 7' and S is for free since no arithmetic
operations are involved. Overall, computing the factored form requires thus O(dk?) operations.

The cost of computing the efficient storage of a single identity-plus-spike matrix is essentially
the one of computing Cx = ae;. This requires computing n = dk core transformations for 2k
matrices. In total this sums up to O(dk?).

4. OPERATING WITH CORE TRANSFORMATIONS

The proposed factorizations are entirely based on core transformations; we need three basic
operations to deal with them: a fusion, a turnover, and a pass-through operation. To understand
the flow of the algorithm better we will explain it with pictures. A core transformation is therefore
pictorially denoted as C , where the arrows pinpoint the rows affected by the transformation.

Two core transformations F; and G; undergo a fusion when they operate on identical rows and
can be replaced by a single core tranformation H; = F;G;. Pictorially this is shown on the left of
(4.1). Given a product F;G,11H; of three core transformations, then one can always refactor the
product as F;41G;H;+1. This operations is called a turnover.* This is shown pictorially on the
right of (4.1).

(4.1) CL=0 EEK=EEE-

The final operation involves core transformations and upper triangular matrices. A core trans-
formation can be moved from one side of an upper triangular matrix to the other side: RG; = G;R,
named a pass-through operation.

When describing an algorithm with core transformations, typically one core transformation is
more important than the others and it is desired to move this transformation around. Pictorally
we represent the movement of a core transformation by an arrow. For instance

I N

ORI S

(4.2)

demonstrates pictorially the movement of a core transformation from the right to the left as the

result of executing a turnover (left and middle picture of (4.2)) and a fusion (right picture of

3In the remainder of the text we will always assume ||z|| = 1 and as a consequence that « is absorbed into Y.
AThis is proved easily by considering the QR or QL factorization of a 3 X 3 unitary matrix. We refer to Aurentz
et al. [1] for more details and to the eiscor package https://github.com/eiscor/eiscor for a reliable implementation.
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(4.2)), where the right rotation is fused with the one on the left. We need pass-through operations
in both directions, pictorially shown as

SN PR N S

In the description of the forthcoming algorithms we will also pass core transformations through
the inverses of upper triangular matrices. In case of an invertible upper triangular matrix R, this
does not pose any problems; numerically, however this is unadvisable as we do not wish to invert
R. So instead of computing R™1G; = G R~ we compute GI R = RG , which can be executed
numerically reliably (even when R is smgular). Pictorially

R! is computed as . R
[ — [

G*

Not only will we pass core transformations through the inverses of upper triangular matrices, we
will also pass them through sequences of upper triangular matrices. Suppose, e.g., that we have a
product of ¢ upper triangular matrices R; - - - Ry and we want to pass G; from the right to the left
through this sequence. Passmg the core transformation sequentially through Ry, Ry_1, up to R1
provides us (Ry - -- Rg)Gs = Gi(Ry - - - Ry). Or, simply writing R = Ry - - - Ry we have RG; = G, R,
what is exactly what we will often do to simplify the pictures and descriptions. Pictorially

E Ry [: Ry E T E Ry K is written as E L B E |
R=Ri---Ry

One important issue remains. We have described how to pass a core transformation from one
side to the other side of an upper triangular matrix. In practice, however, we do not have dense
upper triangular matrices, but a factored form as presented in (3.5), which we are able to update
easily. Since the rank-one part can be recovered from the unitary matrices C and B, we can ignore
it; passing a core transformation through the upper triangular matrix R = PTC*(B + e;y? )P can

be replaced by passing a core transformation through the unitary part C*B only. So RG; = GiR is
computed as (C*B)G, = G,(C*B), where G, = [€i 9] and G, = {% (1’} and thus G, P = PG; and

éiP = PG;. The pass-through operation requires two turnovers as pictorially shown, for d = 2,
k=3, and n = dk = 6,

f is computed as G: E E E H E E G,
¥ i1
W

4 G,
1 [

Qir—

We emphasize that G,e,11 = Qienﬂ =ept1 and W¥e; = e; will always hold and these relations
are used in the backward error analysis.

All these operations, i.e., a turnover, a fusion, and a pass-through, require a constant O(1)
number of arithmetic operations and are thus independent of the matrix size. As a result, passing
a core transformation through a sequence of compactly stored upper triangular unitary-plus-rank-
one matrices costs O(k), where k is the number of upper triangular matrices involved. Moreover,
the turnover and the fusion are backward stable operations [1], they introduce only errors of the
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order of the machine precision on the original matrices. The stability of a pass-through operation
involving factored upper-triangular-plus-rank-one matrices will be discussed in Section 9.

5. TRANSFORMATION TO HESSENBERG-TRIANGULAR FORM

The companion matrix S has k nonzero subdiagonals. To efficiently compute the eigenvalues of
the pencil (S, T) via Francis’s implicitly shifted QR algorithm [14,15] we need a unitary equivalence
to transform the pencil to Hessenberg-triangular form.

We will illustrate the reduction procedure on the Frobenius factorization (3.1), though it can
be applied equally well on the Gaussian factorization (3.2). We search for unitary matrices U and
V such that the pencil (U*SV, U*TV) is of Hessenberg-triangular form. We operate directly on
the factorized versions of S and T in U*SVV*T~'U and we compute

(U*S1U1) (UFSoUs) -+ (Up_1SkV) (VT Vi) (Vi Ty Vime) -+ (VT U)
— §1 §2 §k f};l j"vkill val,
where §1 is Hessenberg and all other factors §2, ceey §k,f1, e ,Tk are upper triangular. Every
time we have to pass a core transformation through an n x n upper triangular factor we use the
efficient representation and the tools described in Section 4 to pass it through the product and
the inverse factors.

We illustrate the procedure on a running example with k£ = 3 and d = 2, so the matrices are of
size 6 x 6 and the product is of the form

S = 5,555 Tt =1 Tyt

However, we do not work on these Hessenberg matrices, but directly on their QR factorizations.
Pictorially, where for simplicity of presentation we have replaced 75 1T27 T fl by T~! we get

Ry I:[:[:[:Rz KEI:KRg -1
C C

It remains to remove all subdiagonal elements of the matrices So and S3, this means that all core
transformations between matrices R; and Ro, and the matrices Ry and R3 need to be removed.
We will first remove all the core transformations acting on rows 1 and 2, followed by those acting
on rows 2 and 3, and so forth. We remove transformations from the right to the left, so first the
top core transformation between Ry and Rj3 is removed followed by the top core transformation
between R; and Rs.

First we bring the top core transformation in the last sequence to the outer left. The trans-
formation has to undergo two pass-through operations: one with Ry and one with R;, and two
turnovers to get it there

LT N | e | N\
"¢ "¢ ¢

:
:
b
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To continue the chasing a similarity transformation is executed removing the rotation from the
left and bringing it to the right of the product. Pictorially

:
:
by

As a result we now have a core transformation on the outer right operating on rows 3 and 4.
Originally this transformation was acting on rows 1 and 2. Every time we do a turnover the core
transformation moves down a row. The operation of moving a core transformation to the outer left
and then bringing it back to the right via a similarity transformation is vital in all forthcoming
algorithms, we will name this a sweep. Depending on the number of turnovers executed in a
sweep, the effect is clearly a downward move of the involved core transformation. Finally it hits
the bottom and gets fused with another core transformation.

We continue this procedure and try to execute another sweep: we move the transformation
on the outer right back to the outer left by 5 pass-through operations (3 are needed to pass the
transformation through 7-1 = T3_1T 5 'Y and 2 turnovers. At the end, the core transformation
under consideration operates on the bottom two rows as it was moved down 2 times. The result
looks like

't 't N, -

L

At this point it is no longer possible to move the core transformation further to the left. We can get
rid of it by fusing it with the bottom core transformation of the first sequence. We have removed
a single core transformation and it remains to chase the others in a similar fashion. Pictorially we
have

[—C C
The top core transformation in the second sequence is now marked for removal. Pictorially we
have accumulated all steps leading to

7t KKM Lt St
TN R ——

The next core transformation to be chased is the second one of the outer right sequence of core
transformations we are handling. Pictorially all steps of the chasing at once look like

C
C
C L

.
:

DN - |
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The entire procedure to chase a single core transformation consists of executing sweeps until the
core transformation hits the bottom and can fuse with another core transformation.
At the very end we obtain the factorization

X
(
(5.1) C
N
5

This matrix is in upper Hessenberg form and on this factorization we will run the product eigen-
value problem.

The algorithm annihilates the unwanted core transformations acting on the first rows, followed
by those acting on the second row, and so forth. As a consequence a single full sweep from right
to left always takes k turnovers and 2k pass-through operations, and gets thus a complexity O(k).
To get rid of a single core transformation G; we need approximately |(dk —4)/k| sweeps leading
to an approximate complexity count

dk k—1

S - o@w),

i=1 j=1

where 4 runs over the core transformations and j over the sequences.

6. PRODUCT EIGENVALUE PROBLEM

The following discussion is a concise description of the actual QR algorithm. It is based on the
results of Aurentz, Mach, Vandebril, and Watkins [1,29] combined with Watkins’s interpretation
of product eigenvalue problems [30]. For simplicity, we will only describe a single shifted QR step
in the Hessenberg case, for information beyond the Hessenberg case we refer to Vandebril [28].

Suppose we have a Hessenberg-triangular pencil (S T) with S =8-S, and T = T3 - - Tk,
where §1 is of Hessenberg form and all other factors upper triangular and nonsingular. The
algorithm for solving the generalized product eigenvalue problem can be seen as a QR algorithm
applied on ST 1. Pictorially, for d = 2, k = 3, and n = dk = 6, this looks as in (5.1). As before
all upper triangular factors are combined into a single one, where 51 Q1R1 is a QR factorization
of 5. Pictorially we get

Q Ry S5 STy M5 Tt

To initiate the core chasing algorithm we pick a suitable shift y and form u = (S — pT)e;. The
initial similarity transformation is determined by the core transformation U; such that Ufu = ae;
for some a. We fuse the two outer left core transformations and pass the core transformation U; on
the right through the upper triangular matrix to get a new core transformation X;. Pictorially we
get the left of (6.1). The resulting matrix is not of upper Hessenberg form anymore, it is perturbed
by the core transformation X;. We will chase this core transformation to the bottom. We name
this core transformation X; the misfit. A turnover will move X; to the outer left. Pictorially we
get the right of (6.1).
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X1

1
6.1) vr [ U,
Ly

Xy
it
Uy EE

( (

Next we execute a similarity transformation with Us. This will cancel out U, on the left and bring
it to the right. Next pass Uy through the upper triangular matrix. Pictorially the flow looks like
the left of (6.2). This looks similar to (6.1), except for the misfit which has moved downward one
row. We can continue now by executing a turnover, a similarity, and a pass-through to move the
misfit down one more position. Pictorially we end up in the right of (6.2).

[, 2 | I
S A
; T 3

After n — 2 similarities we are not able to execute a turnover anymore. The final core transfor-
mation X,,_1 fuses with the last core transformation of the sequence and we are done

(

E E I: Xn-1

[—C

In fact we continue executing sweeps until the core transformation hits the bottom and gets
fused. After few QR steps a deflation will occur. Classically a deflation in a Hessenberg matrix is
signaled by subdiagonal elements being relatively small with respect to the neighbouring diagonal
elements. Before being able to utilize this convergence criterion we would need to compute and
accumulate all diagonal elements of the compactly stored upper triangular factors. In this factored
form, however, a cheaper and more reliable [21] criterion is more suitable. Deflations are signaled
by almost diagonal core transformations in the descending sequence preceding the upper triangular
factors. Only a simple check of the core transformations is required and we do not need to extract
the diagonal elements out the compact representation, nor do we need to accumulate them.

Solving the actual product eigenvalue problem requires to compute n = dk eigenvalues, where on
average each eigenvalue should be found in a few QR steps. A single QR step requires the chasing
of an artificially introduced core transformation. During each sweep this core transformation
moves down a row because of a single turnover, hence n = dk sweeps are required, each taking 2k
pass-throughs and one turnover operations. In total this amounts to O(d?k?).

7. REMOVING INFINITE AND ZERO EIGENVALUES

Typically the unitary-plus-spike matrices in the factorizations will be nonsingular, but there
are exceptions. If the pencil has a zero eigenvalue, then S will be singular, and therefore one of
the factors R; will necessarily be singular. If there is an infinite eigenvalue, T" will be singular, so
one of the factors T; must be singular. We must therefore ask whether singularity of any of these
factors can cause any difficulties.

As we shall see, infinite eigenvalues present no problems. They are handled automatically by our
algorithm. Unfortunately we cannot say the same for zero eigenvalues. For the proper functioning
of the Francis QR iterations, any exactly zero eigenvalues must be detected and deflated out
beforehand. We will present a procedure for doing this.
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7.1. Singular unitary-plus-rank-one matrices. We begin by characterizing singularity of a
unitary-plus-spike factor. Suppose R = R; (3.3) is singular. (The same considerations apply to
T;.) There must be a zero on the main diagonal, and this can occur only at the intersection of
the diagonal and the spike, i.e. at position (¢, ), where { =n + 1 —i. R is stored in the factored
form R = PTC}---C#(By ... B, + e1y?)P. The validity of this representation was established
in [1], and it remains valid even though R is singular. Let’s see how singularity shows up in the
representation.

Recall from the construction of C and B that Cyy1,...,C,y, all have active part [ }]. In other
words C; = F}j for j = {+1, ..., n. But now the additional zero element at position £ in x implies
that also Cy = Fy as well. But then By = CyFy, = Fe2 = 1. The converse holds as well: By is trivial
if and only if R has a zero at the £th diagonal position. All of the other B; are equal to C;, and
these are all nontrivial.

This is the situation at the time of the initial construction of R. In the course of the reduction
algorithm and subsequent Francis iterations, R is modified repeatedly by having core transfor-
mations passed through it, but it continues to be singular and it continues to contain one trivial
B; core transformation, as Theorem 7.1 below demonstrates. As preparation for this theorem we
remark that Theorems 4.2, 4.3, and 4.7 of [1] remain valid, ensuring that all of the C; remain
nontrivial.

Theorem 7.1 (Modification of [1, Theorem 4.3]). Consider a factored unitary-plus-rank-one ma-
trir R = PTC*(B+eyy?)P = PTC} - C§(By - By +e1yl) P, with core transformations Cy, . . .,
C,, nontrivial. Then R is upper triangular. Moreover By is trivial if and only if the (th diagonal
element of R equals zero.

Proof. Originally we started out with

(1.1 r=| 0 o]

where the symbol X represents a vector that is not of immediate interest. The bottom row of R
is zero initially and it remains zero forever. This is so because the core transformations that are

passed into and out of R act on rows and columns 1, ..., n; they do not alter row n + 1. Letting
H = B+ ey”, we have R = C*H, or equivalently H = CR. Partition this equation as
X X X X R X
.2 - =] =
(7.2) [H x] {C’ x][o O]’

where H and C are n x n and the vectors marked x are not of immediate interest. We deduce
that

H=CR.
H is upper Hessenberg, so H is upper triangular. Since all C; are nontrivial, C is a proper upper
Hessenberg matrix (¢;41,; # 0,4 =1,...,n), so C is upper triangular and nonsingular. We have
(7.3) R=C'H.

so R must be upper triangular. Now looking at the main diagonal of the equation H = 5R, we
find that hey1¢ = coq1,070,0. Since coq1,0 # 0 we see that v,y = 0 if and only if hyy1 ¢ = 0, and
this happens if and only if By is trivial. O

The existence of trivial core transformations in the factors presents no difficulties for the re-
duction to Hessenberg-triangular form. In some cases it will result in trivial core transformations
being chased forward, but this does no harm. Now let us consider what happens in the iterative
phase of the procedure.

7.2. Infinite eigenvalues. Behavior of infinite eigenvalues under Francis iterations is discussed
in [31]. There it is shown that a zero on the main diagonal of T' gets moved up by one position on
each iteration. Let’s see how this manifests itself in our structured case. Consider an example of
a singular T; with a trivial core transformation in the third position, B3 = I, as shown pictorially
below. Since T; is in the “inverted” part, core transformations pass through it from left to right.
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Suppose we pass Go through T;, transforming G2T; to ﬁég The first turnover is routine, but
in the second turnover there is a trivial factor: F3ByBs = F3Bsl. This turnover is thus trivi~alz
F3B51 = IF3Bs. I becomes the new By. The old Bs is pushed out of the sequence to become Gs.
Pictorially

Go By By G
L O £

[
[

I: becomes E

The trivial core transformation in B has moved up one position.

On each iteration it moves up one position until it gets to the top. At that point an infinite
eigenvalue can be deflated at the top. The deflation happens automatically; no special action is
necessary.

7.3. Zero eigenvalues. In the case of a zero eigenvalue, one of the R; factors has a trivial core
transformation, for example, Bs. During the iterations, core transformations pass through R;
from right to left. One might hope that the trivial core transformation gets pushed downward by
one position on each iteration, eventually resulting in a deflation at the bottom. Unfortunately
this is not what happens. When a transformation G is pushed into R; from the right, the first
turnover is trivial: BolGo = I BoI, where By = ByGo. A trivial core transformation is ejected on
the left, and the iteration dies.

It turns out that this problem is not caused by the special structure of our factors but by
the fact that we are storing the matrix in QQR-decomposed form. There is a simple general
remedy. Consider a singular upper-Hessenberg A with no special structure, stored in the form
A=Q1- - Qn_1R. If Aissingular, then so is R, so r;; = 0 for some i. The reader can easily check
that if r;; = 0 for ¢ < n, then a;11,; = 0, so A is not properly upper Hessenberg, and a deflation
should be possible. We will show how to do this below, but first consider the case when 7, = 0.
We have

I: XX X X XX
I: XX X X X

A=or= [, x|

I: X X

where R has a zero at the bottom. Do a similarity transformation that moves the entire matrix
Q@ to the right. Then pass the core transformations back through R, and notice that when Q,_1
is multiplied into R, it acts on columns n — 1 and n and does not create a bulge. Thus nothing
comes out on the left. Or, if you prefer, we can say that Qn_l = I comes out on the left:

X X X X
X X X X X
X X X X X

X X X

X X X X
X X X X X
X X X X X

Now we can deflate out the zero eigenvalue.

It is easy to relate what we have done here to established theory. It is well known [31] that if
there is a zero eigenvalue, one step of the explicit QR algorithm with zero shift (A = QR, RQ = A)
will extract it. This is exactly what we have done here. One can equally well check that if one
does a single Francis iteration with shift p = 0, this is exactly what results.
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Now consider the case r;; = 0, i < n. Depicting the case ¢+ = 3 we have

E X X X X X X

( Rhaosege

4= QR = KK X X X

E X X

X

Pass Q;y1, ..., @n—1 from left to right through R to get them out of the way:
[ X x x x X X |
E X X X X X
K[: X X X
E X X X *'E
. Sl

Since these do not touch row or column i, the zero at r;; is preserved. Now the way is clear to
multiply @; into R without creating a bulge. This gets rid of ;. Now the core transformations
that were passed through R can be returned to their initial positions either by passing them back
through R or by doing a similarity transformation. Either way the result is

X X X X X X
[: X X X X X
E X X X
X X X ’
( X x
[ X
or more compactly
X X X X X X
E X X X X X
[: X X X
X X X
[: X X
[ X

The eigenvalue problem has been decoupled into two smaller eigenvalue problems, one of size i X7 at
the top and one of size (n —14) X (n — i) at the bottom. The upper problem has a zero eigenvalue,
which can be deflated immediately by doing a similarity transformation with ¢ ---Q;_1 and
passing those core transformations back through R as explained earlier. The result is

We now have an eigenvalue problem of size (i — 1) x (i — 1) at the top, a deflated zero eigenvalue
in position (4,4), and an eigenvalue problem of size (n — i) X (n — i) at the bottom.

We have described the deflation procedure in the unstructured case, but it can be applied
equally well in the structured context of this paper. Instead of a simple upper-triangular R, we
have a more complicated RT !, which is itself a product of many factors. The implementation
details are different, but the procedure is the same.
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8. COMPUTATION OF EIGENVECTORS

In practice typically only the left or the right eigenvectors are required. We will compute left
eigenvectors since these ones are easier to retrieve than the right ones. If the right eigenvectors
are wanted, one can compute the left ones of P(\)T

For w as a left eigenvector corresponding to the eigenvalue A, i.e., wT P(\) = 0, we get that

Aw

will be a left eigenvector of the companion pencil (1.1). This implies that once an eigenvector w
of the companion pencil is computed, the first k elements of that vector define the eigenvector w
of the matrix polynomial. To save storage and computational cost it suffices thus to compute only
the first k& elements of each eigenvector. For reasons of numerical stability, however, we will also
compute the last k elements of @ and use its top k elements if |A\| < 1 and its trailing k elements
if [A] > 1 to define w.

Suppose our algomthm has run to completlon and we have ended up with the Schur form U*(S —
ATV = S — )\T where both S and T are upper trlangular The left eigenvector, corresponding
to the eigenvalue \ found in the lower right corner of S —\T equals w = Ue,,. But since the top
or bottom k elements of w suffice to retrieve w we only need to store the top k and bottom k rows
of U. Let P be of size 2k x dk

I, 0 ... 0 O

PZOO...OIk

then we see that PUe,, provides us all essential information. As the matrix U* is an accumulation
of all core transformations applied to the left of S and T during the algorithm we can save
computations by forming PU directly instead of U.

Let us estimate the cost of forming PU. Applying a single core transformation from the right to
a 2k x dk matrix costs O(k) operations. Each similarity transformation with a core transformation
requires us to update PU; it remains thus to count the total number of similarities executed. In
the initial reduction procedure to Hessenberg-triangular form we need at most d similarities to
remove a single core transformation. As roughly dk core transformations need to be removed, we
end up with O(d?k) similarities. Under the assumption that a O(1) of QZ steps are required to get
convergence to a single eigenvalue we have O(dk) similarities for a single eigenvalue, in total this
amounts O(d?k?) similarities for all eigenvalues. In total forming the matrix PU has a complexity
of O(d?k?).

Unfortunately the Schur form allows us only to compute the left eigenvector corresponding to
the eigenvalue found in the lower right corner. To compute other eigenvectors we need to reorder
the Schur form so that each corresponding eigenvalue appears once at the bottom, after which we
can extract the corresponding eigenvector. To reorder the Schur pencil we can rely on classical
reordering methods [31]. In our setting we will only swap two eigenvalues at once and we will use
core transformations to do so. To compute the core transformation that swaps two eigenvalues in
the Schur pencil, we need the diagonal and superdiagonal elements of S and T, these are obtained
by computing the diagonal and superdiagonal elements of each of the involved factors. We refer
to Aurentz et al. [1] for details on computing diagonal and superdiagonal elements of a properly
stored unitary-plus-rank-one matrix. After this core transformation is computed we apply it to
the Schur pencil and update all involved factors by chasing the core transformation through the
entire sequence. After the core transformation has reached the other end it is accumulated in PU.

If all eigenvectors are required, we need quite some swaps and updating. Let us estimate the
cost. Bringing the eigenvalue in the bottom right position to the upper left top thereby moving
down all other eigenvalues a single time requires dk — 1 swaps. Doing this dk — 1 times makes
sure that each eigenvalue has reached the bottom right corner once, enabling us to extract the
corresponding eigenvector. In total O(d%k?) swaps are thus sufficient to get all eigenvectors. A
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single swap requires updating the 2k upper triangular factors involving 4k turnovers. Also PU
needs to be updated and this takes O(k) operations as well. In total this leads to an overall
complexity of O(d?k3) for computing all the eigenvectors of the matrix polynomial.

9. BACKWARD STABILITY

The algorithm consists of three main steps: a preprocessing of the matrix coefficients, the
reduction to Hessenberg-triangular form, and the actual eigenvalue computations. We will quantify
how the backward errors can accumulate in all steps. The second and third step are dealt with
simultaneously. In this section we use = to denote an equality where some second or higher
order terms have dropped, §X will denote a perturbation of X, and < stands for less than, up to
multiplication with polynomial in d and k of modest degree. For simplicity we assume the norms
to be unitarily invariant. We make use of the Frobenius norm, but will denote it simply as || - ||
without subscripted F.

The preprocessing step brings the matrix polynomial’s leading and trailing coefficients to tri-
angular form and all other polynomial coefficients are transformed via a unitary equivalence
P = U*P;V. In floating point arithmetic, however, we get B, Relying on the backward sta-
bility of the QZ algorithm and since both U and V' are unitary we get that P, =U* (P, 4+ 6P,)V
where |[0P;]|/||P]] S u, where u denotes the unit round-off [18]. Factoring the pencil matrices is
free of errors and provides us unitary-plus-spike matrices

In Section 9.1 we analyze unitary-plus-spike matrices and see that we end up with a highly
structured backward error. In Sections 9.2 and 9.3 we consider the combined error of the reduction
and eigenvalue computations for the Frobenius and Gaussian factorizations. We prove and show
in the numerical experiments, Section 10, that both factorizations have the error bounded by the
same order of magnitude, but the Gaussian factorization has a smaller constant. In Section 9.4
we conclude by formulating generic perturbation theorems pushing the error back on the pencil
and on the matrix polynomial. We show that with an appropriately scaling we end up with a
backward stable algorithm.

9.1. Perturbation results for unitary-plus-spike matrices. We first state a generic pertur-
bation theorem for upper triangular unitary-plus-spike matrices. This theorem is more detailed
compared to our previous error bound [1]. The precise location of the error is essential in properly
accumulating the errors of the various factor matrices in Theorems 9.3 and 9.5. We show that
the backward error on an upper triangular unitary-plus-spike matrix that has undergone some
pass-through operations is distributed non-smoothly. Suppose the spike has zeros in the last ¢
spots. Then the associated upper triangular matrix will have its lower £ rows perturbed only by
a modest multiple of the machine precision. The other upper rows will incorporate a larger error
depending on ||R||, and the upper part of the spike absorbs the largest error being proportional
to || RJ12.
Theorem 9.1. Let R be an n x n upper triangular identity-plus-spike matriz® factored as
= PTC (Bt ey )P =L+ @—ey’s  |C7el = [z =1,
with the notational conventions on x, y, x, and y and the rank-one part implicitly encoded in the
unitary part as in Section 3. Let U and V' be unitary matrices representing the action of several
pass-through operations through R such that the resulting R = U*RV is an upper triangular
unitary-plus-rank-one matriz. If R is the result obtained computing R in floating point, operating
on the unitary part only (see Section /) and reconstructing the rank-one part from the unitary
part, we get
R=U*(R+0R)V = U*(R, + 6R, + R, + 6R,)V,
where R, = PTC*BP and R, = PTC*e1y” P, and 6R,, stands for the error in the unitary and
SR, in the rank-one part. The error in the unitary part |0R,| < u, and the error in the rank-one
part
6R, = —0p, zy” + 6wy yT + z 0wl

5In the setting of the paper n = dk, but the theorem holds for any n. In the remainder we identify n with dk.
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with ||dws || < u, [|dwall S llyllu, and |dp.] < [lyllu-

Proof. The rank-one part of R is stored implicitly in the unitary matrices so, in practice, the
equivalence transformation U* RV only manipulates the unitary part C*B. So we execute U*C* BV
where, following our notational convention, U = [ 9] and V = [} {]. This operation is imple-
mented as U*C*W W*BV, first passing core transformations through B and then through C. The
resulting upper triangular R can therefore be factored as

ﬁ = PTEP = PTa*(BN—‘r elgT)P,
where
C=Ww*cu, B=W*BY.
Letting 5 = (eX, ,C*e1), the vector § is given by
7' = —(enaCe) e CB) = = (en 1 CB).

Since Wey = ey and Ue, 41 = e,4+1 we have that p = eZHCN*el = e§+1c*el = p, which in turn is
the final element of x.

In floating point, however, we end up with R rebuilt from the computed C and B, which are
the perturbed version of C and B, by using

R=P"RP=PTC*(B+ey")P,

where, for p = (e£+1é*el), the vector § is computed from

QT = *(efﬂé*el)fl(egﬂé*g) = *ﬁ71(62+16*é)'

The matrices C and B are the result of executing turnovers on C and B. Each turnover introduces
a small backward error of the order u [1] and we have, for ||6C|| < u, ||0B| < u, the relations
C = W*(C +6C)U and B = W*(B+ 6B)V. All the individual perturbations are accumulated in
0C and 0B, which could be dense, unstructured, in general. It’s worth noting, however, that the
implementation ensures that C as well as B remain unitary.

Let us focus now on the factor p. In floating point we compute p = p + dp, = p(1 + dp;)
(subscripts a and r denoting the absolute and relative error respectively). Given that |0p,| < u
we have |6p,.| < |p|~tu, which can be bounded by |6p,| < |ly|[u. Under the assumption that dp,. is

tiny we get (1+6p,)~1 = (1 —dp,.).
Combining these relations and using We; = e; and Ue, 41 = e,41 leads to

R = U'C+C)'W (W*(B OBV
ter(=p ™)1+ dp,) "N (el LU (C + 0C) W W (B+ 6B)V) )
= U ((C+6C)" (B+8B) — (C+6C) e1p™ (1= bpy)el, (C+6C) (B +0B) )V

Using z = C*e; and yT = —p_l(erTLHC*B) provides the following approximation of the error

UR - R)V* =PT (5(:* B+C* 6B + 6C*ery” — opy zyT — p~lzel,, (5C* B+ C* 58))P
=R, + dwn yT —0pr xyT +:c6w2T,
where §R,, = PT (6C* B+ C* §B) P. The bounds on the norms of dw; and dwsy follow directly. [

We can show that |[y|| < [|R|| < 1+ |ly|| and [|R|| < [|R]| < 1+ [|R||. Looking at the four
terms that comprise the backward error, we see that ||6R,| < u, ||[6wiyT || < |lyllu < ||R]|u,
18przy™ll S P S [ RI%w, and [z 6uF]| S lyllu S | Rllu. We can conclude that [6R] < | Rl

Note, however, that only one of the four terms has a ||R||* factor, namely dp,zy”. This is a
backward error; the rank-one matrix zy” is the initial rank-one matrix, which is in the shape of
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the initial spike. It follows that the part of the backward error that depends on ||R||* is confined
to the spike. The regions of dependence can be depicted as follows.

Perturbation
depending on
L1 u
(| Rlu
1R|[*u

(5R1 5R2 5R3

9.2. Gaussian factorization. We first consider the Gaussian factorization, and we write S and
T as

S:QR1~~-Rk, andT:T1~-~Tk.

The structure of T' is a particular case of the one of S where we have chosen @Q = I,,. Besides @
both matrices consist of a product of unitary-plus-spike matrices, and we will use the perturbation
results from Theorem 9.1 for each of these factors individually. For simplicity we perform the
backward error analysis on S only. The same holds unchanged for 7' by ignoring Q.

At the end of the algorithm, when S has reached upper triangular form, we will have S = U*SV'.
In floating point we compute a matrix S such that S = U*(S 4 6S)V. In the Gaussian case we

have that, for j =1,...,k,
(9.1) Rj =1+ (zj—ey],  yj=ajer

¢ =n—j+1. Only the first £ elements of x; can be different from zero. We remark that x; is
normalized such that its enlarged version has norm one: ||z;|| = 1. We are interested in bounding
the norm of §S. A simple lemma is required, before stating the main result of the section.

Lemma 9.2. Forj =1,...,k and R; the factors of the Gaussian factorization (9.1) we have that
Ri---Rj_1x; =x; and y;fFRjH --- Ry = yJT

Proof. Whenever i < j, we have yl z; = ayel _, x; = 0, because of the zero structure of ;. The
relation Ry --- Rj_1x; = x; follows from (9.1). Similar arguments prove the second relation.
O

Theorem 9.3. Let S be the result of the floating point computation of S = U*SV, where a
Gaussian factorization of S was used. Then we have that

S=U*(S+69)V, with ||65] < |IS]°u

Eroof. The upper triangular matrix S is expressed as the product of upper triangular matrices
Rj =U;_R;Uj, for j =1,...,k (set Uy = V), with the matrices R; as in (9.1):

S =U*SV = U*QUy U; RiUy U RoUs -+ Ui RV .

Q=I, Ry Ro Ry,

Applying Theorem 9.1 to each of the upper triangular factors gives R; = Ui_1(Rj + 0R;)U;
For the unitary part we have U*(Q + dQ)Up, with ||6Q|| < u. Combining the relations for the
upper triangular and unitary part yields, up to first order terms:

k
(9.2) USV* —S=0QRy---Rp+» QRy- Rj_16R; Rji1-- Ry
j=1
Relying on the explicit form of the perturbation from Theorem 9.1 combined with Lemma 9.2
allows to rewrite the product of the upper triangular factors as follows

Rl s Rj_l 5Rj Rj+1 ce Rk = R1 e Rj_l 5Rj7u Rj+1 e Rk - 5pj,r l’jij
+R1 e Rj—l 6wj,1 ij + l‘j 511)]7?2 Rj+1 e Rk.
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Noting that [|R1 - Rj—1l| < |IS]|, [[Rj+1--- Re|l < [IS]], and [|ly;]| < [IS]], we can bound each of

the above terms by a modest multiple of ||S||*u. Plugging this bound into (9.2) and taking into
account that ||[0Q Ry - -+ Ri|| < ||S|lw gives the result. O

As a consequence we immediately know also that the backward error on T' is bounded by a
modest multiple of ||T'||?u.

9.3. Frobenius factorization. The Frobenius factorization is slightly more difficult to analyze.
At the start, we factor S as
S=0R;--- QR =51 5k.
We are able to prove roughly the same results, that means an error depending on ||S||? only, but we
will see that the constant could be much larger than in the Gaussian case, due to the intermediate
factor matrices . In the Gaussian case there is only a single factor in front the unitary-plus-spike
matrices; here, however, the interlacing unitary factors will spread out the errors more leading to
a higher constant.
According to Section 2.2 each S; is of the form

(9.3) Sj = QI +xyy) ), with y; = ajen,
and Qzx; can only have its first n — j 4+ 1 elements different from zero.

Lemma 9.4. For j = 1,....k and S; the factors (9.3) of the Frobenius factorization we have
Sy Sj_lng = le‘j and y;rSj_H cee Sk = yJTQk_J.

Proof. We know that each Quz; has j—1 trailing zeros (for 1 < j < k), as a consequence, recall the
structure (2.3) of Q, we have that @/~‘x; = Q7=~1Qu; has ¢ trailing zeros. As a consequence

we have that y Qj_éa?j = agel Qj_ng =0 as long as ¢ < j. Using (9.3) proves the first relation,
the second relation is obtained similarly. O

Theorem 9.5. Let S be the result of the floating point computation of S = USV*, where a
Frobenius factorization of S was used. Then we have that S = U (S + 6S)V* with ||65] < ||S]u.

Proof. The upper triangular matrix S can be expressed as the product of upper triangular matrices
R; and unitary matrices Q; = I,, as follows:

S=U*SV = U*QX, X RUL UT QX1 X{RoUs -+ - Up19X5,_ Xj_(RpV .
%/—/ 5',_/ H,f_/ 5(_/ . —_— ————
Q1 R1 Q2 Ry Qx Ry
Using again Theorem 9.1 to bound the perturbation on the upper triangular factors and assuming
that in floating point we have computed U;(Q + 6Q;) X, for j =0,...,k — 1 (set Up = U), with
10Q;] < u, yields, up to first order terms:
k k
USV* = 8= 818 10Q; R Sj1---Se+ Y S1-+8; 1 Q0R; Sjp1-+- S
j=1 j=1
For the left part of the summand we get [|S1 -+ S;—18Q; R; Sj41 -+ Skll S ||S||*u. The right part
can be analyzed similarly as before and by Theorem 9.1 and Lemma 9.4 we get
Si-+8j_1Q0R; Sjq1-- Sk =51-+-8;.1Q0R;Sjy1--+ Sk — 0pjr Dyl Q4
4S5 Sj,195Wj’1 y‘;TQkij + ijj (511.);1:2 Sj+1 <o Sk,
All of the terms above can be bounded by ||S||*u and the result follows. O

Remark 9.6. Both factorizations yield a quadratic dependency on the norm of S for the back-
ward error. A careful look at the proof reveals, however, that the bound in the Gaussian fac-
torization is smaller than the one of the Frobenius case. In the latter case we have k terms
S1-+-8;210Q; Rj Sjt1--- Sk contributing to the quadratic error in ||.S||, and these terms are not
present in the Gaussian factorization.
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The error bounds can be improved significantly by scaling the problem. It is straightforward
to apply a diagonal scaling from the right on the matrix polynomial such that the entire block
column in (1.1) has norm 1. This scaling is used in the numerical experiments.

9.4. Main backward error results. The generic perturbation results can be summarized into
three theorems.

Theorem 9.7 (Backward error on the block companion pencil). Given a block companion pencil
S — AT, the Schur form computed via the algorithm proposed in this paper is the exact Schur form
of a perturbed pencil (S + §S) — MNT + 6T), where ||0T|| < ||T)|%u, |6S]] < ||S]|?u, and u is the
unit round-off.

The proof is a combination of the results of this section.

Theorem 9.8 (Backward error on the block companion pencil in case of scaling). Given a block
companion pencil S—XT' and run the algorithm proposed in this paper on the scaled pencil (a=1S)—
Ma™T), where a = max(|T||, |S||). Then the computed Schur form is the exact Schur form of a
perturbed pencil (S+05) — AT+ 6T, where ||6T|| S au, ||05]] S au, and u is the unit round-off.
Proof. Applying Theorem 9.7 to (a=1S) — A(a™T), we get the following bounds on the backward
errors ||6(a=19)|| < la=tS|*u < w and [|6(a 7)) < [|o'T||*u < u of the perturbed pencil
(a8 +8§(a™1S)) — AMa~ ! +6(a™'T)) whose Schur form we have actually computed.

Mapping this to the original pencil (S+8S) — AT +6T) = (S+ad(a™18)) = NT+ad(a™1T))
proves the theorem. O

For our final result we make the assumption that

VIIMy - MadJIP+ ([N - Nall? =

d
IR
i=0

Theorem 9.9 (Backward error on the matrix polynomial). Given a matriz polynomial P(\) =

Z?:o P;)\i, whose eigenvalues are computed via the algorithm in this paper, including a scaling

of the order Z?:()HPiHQ' Then we know that these eigenvalues are the exact eigenvalues of a

nearby polynomial
d

P(A) +6P(\) =Y (Pi(A) + 0Pi(\)N,
where o

d d
ISR S uy | D IR
i=0 i=0

Proof. The eigenvalues and eigenvectors of a matrix polynomial are invariant with respect to
scaling, so we compute the eigenvalues of the scaled matrix polynomial

Q(\) =a 'P()\), where a~

According to Theorem 9.8 this provides the Schur form of the block companion pencil of Q(\)
computed with a backward error of the order of the machine precision u. Both the block companion
pencil and the gathered coefficients of Q(\) have norm about 1. Relying on the work of Edelman
and Murakami [11], or Dopico, Lawrence, Pérez, and Van Dooren [10] this implies that we have

computed the exact eigenvalues of a nearby polynomial Q(\) + §Q()\), with \/Z?:0||5QiH2 < .

Therefore, we have computed the exact eigenvalues of P(\) + dP(\), with dP(\) = adQ()\), and
dP(\) satisfies

d d d

2 2 2
DUIBRIE = ay | D N6l S wy| Y IFI
i=0 i=0 i=0
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O

We remark that the results in this paper provide normwise backward error results on all co-
efficients simultaneously and coefficient-wise backward stability cannot be guaranteed by these
theorems.

So far we have not yet discussed the computation of the eigenvectors. The only operations
involved are computing the swapping core transformations, turnovers to move the swapping core
transformations through the upper triangular factors, and updating the matrix PU. These are
all backward stable and as a result retrieving a single eigenvector is backward stable. It must
be said, however, that we can only state that a single eigenpair is computed stably. Stability
does not necessarily hold for the entire eigendecomposition as the perturbation will be eigenvector
dependent. In other words, we do not claim that there is a single small perturbation on the matrix
polynomial such that its exact eigenvectors match all our computed eigenvectors.

10. NUMERICAL EXPERIMENTS

The algorithm is implemented in the software package eiscor, which provides eigenvalue al-
gorithms based on core transformations. The software can be freely downloaded from Github by
visiting https://github.com/eiscor/eiscor/. We examine the computational complexity of
computing only eigenvalues, the backward error on the Schur form, complexity and stability of
computing eigenpairs, and we conclude with some examples from the NLEVP collection.

10.1. Computing eigenvalues: complexity analysis. We verify the asymptotic computa-
tional complexity of the method. We proved in Section 5 that the expected computational com-
plexity is O(d?k3). Two tests were executed.

o We verified the quadratic complexity in d by fixing k = 4 and then computing eigenvalues
of random matrix polynomial eigenvalue problems for different values of d. We compared
the timings with the QZ iteration implemented in LAPACK 3.6.0.

e We verified the cubic complexity in k by fixing d = 4 and running the algorithm for
different values of k ranging between 1 and 1024.

In Figure 3, fixing k, we notice that the current implementation is faster than LAPACK at about
d = 40. In Figure 4 we plotted the complexity as a function of the size of the coefficient matrices.
The plot shows that the slope of the curve representing the reduction is well approximated by 3,
indicating a cubic dependency on k.

10.2. Backward stability of the Schur form. In Section 9 we provided bounds on the backward
error of the computed Schur form. In order to validate these bounds we have measured the
backward error on the computed upper triangular pencil S — AT by evaluating HUS’ V*— S| F and
|U TV — T||r, where S — AT is the companion pencil associated to a matrix polynomial with
random coefficients. We have run 1000 experiments for £k = 8 and d = 10. The results are reported
in Figure 5 for a (Frobenius,Gaussian)-factored pencil and in Figure 6 for a (Gaussian,Gaussian)-
factored pencil. We see that, even though both approaches exhibit a quadratic growth in S, the
(Gaussian,Gaussian)-factorization provides, for this test setting, the best backward error. Both
plots also show that the bounds that we have found are asymptotically tight.

10.3. Computing eigenvectors: complexity and stability. Finally, we have computed the
eigenvalues and the eigenvectors of random matrix polynomials of degree d = 4 and size k = 8.
We have generated the coefficients drawing the entries from a normal distribution, and we have
randomly scaled each coefficient in order to make them of unbalanced norms. More precisely, each
coefficient is of the form 2%M, where the entries of M are distributed as Gaussians with mean 0
and variance 1, and « is drawn from the uniform distribution on [—15, 15].

According to Tisseur [26], the absolute backward error on a computed eigenpair (A, v) can be

evaluated as
-1

d
(10.1) err(P, A, v) = [Pl - [ YA
j=0
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FI1GURE 3. Test of the quadratic complexity in the degree d of the matrix polyno-
mial, k£ = 4, and the tests were averaged over 10 runs. The runtime is compared
with the one of the unstructured QZ algorithm from LAPACK. The dashed line
represents a quadratic dependence of the runtime on the degree and is added
for reference. The runtimes are reported for (Frobenius,Gaussian)-factored and
(Gaussian,Gaussian)-factored pencils, whose timings are almost indistinguishable.
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FIGURE 4. Test of the complexity in the size of the matrices k. The examples all
have degree d = 4 and for each combination of d and k 10 tests were run.

In Figure 7 we report the maximum of the absolute backward errors on the eigenpairs of P(\)
computed with our algorithm; on the = axis we have reported the norm of the coefficients of P()),
computed as the Frobenius norm of [Py --- P;]. The linear dependence of the backward error
on the norm of the coefficients as predicted by Theorem 9.9 is clearly visible.

In Figure 8 we have reported the timings for the computation of all the eigenvectors of al matrix
polynomial P(X) for various degrees and sizes. The numerical results show that the behavior
remains quadratic in d and cubic in k even when the additional work for the computation of the
eigenvectors is required.

10.4. Nonlinear eigenvalue problems: NLEVP. To verify the reliability of our approach we
have tested our algorithm on some problems from the NLEVP collection [4]. This archive contains
realistic polynomial eigenvalue problems. Most of them do have low degree, however, so we have
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FI1GURE 5. Backward error on the computed Schur form for different values of
S|l and ||T'|| . We took k = 8, d = 10 and ran 1000 tests. For S a Frobenius
factorization and for T" a Gaussian factorization was used. The dashed lines
represent a reference line for the quadratic complexity.
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FiGURE 6. Backward error on the computed Schur form for different values of
I|S]|z and ||T'|| . We took k = 8, d = 10 and 1000 runs. In this example the
Gaussian factorization has been used for both matrices S and T.

tested our approach only on problems of degree 4, namely the orr_sommerfeld, the plasma drift,

and the planar_waveguide problems.
To verify the backward stability, we have reported the backward error on the computed Schur

form in Table 1. The pencil was scaled as in Theorem 9.8.
In Figure 9 we have reported the backward error on the single computed eigenpairs according
to (10.1). The results clearly show that the proposed method performs as well as the classical QZ

method.

11. CONCLUSIONS

A fast, backward stable algorithm was proposed to compute the eigenvalues of matrix polyno-
mials. A factorization of the pencil matrices allowed us to design a product eigenvalue problem
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polynomials P()\) of different norms, according to the formula (10.1).
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FIGURE 8. Timings for the computation of all the eigenvectors and eigenvalues
of a matrix polynomial as a function of the degree and of the size. The expected
quadratic and cubic growth of the complexity are visible.

| 16S]| (eiscor) [|aS]| (polyeig) [|6T]| (eiscor) [[oT| (polyeig)

planar_waveguide 8.361 e-14 8.336 e-14 8.910e-14 7.214e-14
orr_sommerfeld 3.855 e-14 5.523 e-14 3.285e-14 4.475e-14
plasma_drift 6.177e-14 6.418 e-14 9.705 e-14 4.882e-14

TABLE 1. Backward error on the Schur form of the properly scaled companion
pencil for some NLEVP problems. The norms reported are the norms of the
perturbations to S and 7.

operating on a structured factorization of the involved unitary-plus-rank-one factors. Stability
was proved and confirmed by the numerical experiments.
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this paper as the x one.
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