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Abstract

This paper presents a hybrid Wave Based Method - Finite Element unit cell method to predict the absorption,

reflection and transmission properties of arbitrary, two-dimensional periodic structures. The planar periodic structure,

represented by its unit cell combined with Bloch-Floquet periodicity boundary conditions, is modelled within the Finite

Element Method, allowing to represent complex geometries and to include any type of physics. The planar periodic

structure is coupled to semi-infinite acoustic domains above and/or below, in which the dynamic pressure field is

modelled with the Wave Based Method, applying a wave function set that fulfills the Helmholtz equation and satisfies

the Sommerfeld radiation condition and the Bloch-Floquet periodicity conditions inherently. The dynamic fields

described within both frameworks are coupled using a direct coupling strategy, accounting for the mutual dynamic

interactions via a weighted residual formulation. The method explicitly accounts for the interaction between the unit

cell and the surrounding acoustic domain, also accounting for higher order periodic waves. The convergence of the

method is analysed and its applicability is shown for a variety of problems, proving it to be a useful tool combining

the strengths of two methods.

Keywords: periodic structures, absorption, reflection, transmission, Wave Based Method, Finite Element Method,

unit cell, Bloch-Floquet

1. Introduction

Enhancing the vibro-acoustic performance of compact lightweight material systems is of main importance for

many applications in aerospace, machine design, building acoustics and automotive industry [1], mainly driven by the

crossing of two trends. On the one hand, there is an increasing awareness of the negative health impact of excessive

noise and vibration exposure [2]. On the other hand, every unit of mass and volume removed from the logistics chain

has a direct economic and ecological benefit. However, classic noise control engineering solutions typically come with
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significant and unwanted mass and/or volume additions. In view of meeting the conflicting design requirements of low

mass and compactness and good noise and vibration insulation or absorption performance, novel material concepts

are needed, many of which rely on or exploit effects related to periodicity.

Poro-elastic materials are also often applied in noise control applications given their low cost and good sound

absorption properties. To have an effective solution, as a rule of thumb, the thickness of the material applied should be

at least a quarter of the wavelength, when backed by a rigid wall. This leads to bulky solutions in the low-frequency

range. Recent solutions to improve the low-frequency absorption comprise amongst others double porosity materials,

e.g. [3], providing a backing of the porous layer by periodic irregularities [4], inclusions in foams e.g. [5, 6], which may

be embedded resonators [7, 8, 9] to act on dedicated frequency bands dictated by the local resonators or combinations

of the improvements above, e.g. see [10].

Locally resonant metamaterials have emerged in recent years showing great potential for noise and vibration

insulation and control [11, 12, 13, 14]. These metamaterials can achieve greatly improved noise and vibration

attenuation in targeted and tunable frequency ranges, so called stopbands, which are frequency ranges in which no free

wave propagation is possible. These stopbands are obtained by adding elastic resonant structures to an elastic host

structure on a subwavelength scale, leading to a Fano-type interference between incoming and re-radiated cells around

their resonance frequency [15]. By targeting the acoustically relevant out-of-plane flexural waves, a zone of strongly

reduced sound transmission can be obtained [16, 17, 18, 19]. Membrane-type metamaterial realisations for acoustic

purposes rely on added masses in a subwavelength grid on thin membranes, obtaining maxima in sound transmission

loss (STL) when the surface averaged membrane velocity is zero [20]. Thin elastic membranes have been combined

with rigid platelets obtaining excellent absorption due to high damping related to the flapping motion of the platelets

[21]. Also acoustic resonances can be used in acoustic metamaterial applications [22], exploiting complex shapes,

such as [23, 24]. Besides, acoustic resonant metasurfaces, consisting of acoustic resonators structured on a surface in

a regular grid, are also applied to obtain improved sound absorption, e.g. see [25, 26, 27].

Other recent solutions aim, amongst others, to improve microslit materials by using the lessons learnt from double

porosity materials [28], to improve porous materials absorption by adding periodic rigid partitions leading to quarter

wavelength resonators [29] and to combine structural metamaterials designed for improved STL with visco-thermal

damping mechanisms resulting from microslits [30]. Promising, thin sound absorbing solutions have been studied

exploiting slow sound, resulting from quarter wavelength resonators loaded by a.o. detuned quarter wavelength or

Helmholtz resonators, with high dispersion [31, 32, 33, 34].

From the overview given above, it becomes clear that novel acoustic material design becomes more and more

complex, involving detailed and complex geometries and multiphysics interactions. Emerging possibilities in additive

manufacturing allow to create ever more complex structures that can have improved vibro-acoustic properties [35]

or serve to realise the aforementioned novel solutions: For instance selective laser sintering has been used in [16],

stereolithography in [32]. To support the above mentioned complex designs, numerical prediction tools are of high

importance. In order to predict the outcome of a complex design without experimental trial and error, to validate the
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effect of design changes and to run optimisation studies. The recent solutions, mentioned above, bare in common that

they often rely on periodicity, or can be modelled as such, i.e. composed of a repetition of a unit cell (UC). In order

to describe the dynamic performance of periodic materials, classically infinite periodic media are considered, as they

can be efficiently represented by their UC in combination with Bloch-Floquet periodicity conditions [36, 37].

A common way to predict the vibro-acoustic performance of infinite periodic materials, consists in calculating the

dispersion curves, describing the wave propagation throughout the infinite periodic medium, based on its representative

UC. By comparing these dispersion curves to the dispersion curves of air, the influence on the acoustic radiation can

be predicted by assessing the occurrence of acoustic coincidence [38, 39]. A prediction of actual levels of absorption

coefficient and STL is, however, not possible in this case, as the coupling between the acoustic surrounding and the

periodic structure is not accounted for.

In the case of simple thin plates and mass-spring resonators, analytical wave approaches can be used to predict

the STL, [17, 40, 41], however, for more complex geometries, numerical simulation techniques are needed to predict

the vibro-acoustic performance. Recently, the Transfer Matrix Method (TMM) [42], an efficient and widely applied

tool to model plane acoustic fields in layered media of infinite lateral dimensions, has been extended to account for

periodicity conditions [43]. This method is very effective, but breaks down when higher order acoustic Bloch-Floquet

modes have to be accounted for. The Wave Based Method (WBM) [44] and the Multipole Method [45], have been

applied to predict absorption, reflection and transmission coefficients of porous and poro-elastic layers with periodic

inclusions, explicitly accounting for the vibro-acoustic coupling between the UC and the surrounding semi-infinite

acoustic domains, however, yet only apply to relatively simple geometries and are validated so far only for two-

dimensional simulations. The Finite Element Method [46] allows to model a unit cell involving a high geometrical

complexity and any type of physics involved. In a pure FEM setting, the semi-infinite acoustic domains have to be

truncated, which can be achieved by applying absorbing boundary conditions like the Dirichlet-to-Neumann (DtN)

[47], infinite elements [48], and absorbing elements, such as the Perfectly Matched Layer (PML) [49, 50, 51]. Often,

the latter is applied as it is readily available in software packages and allows to also introduce periodicity conditions

on the semi-infinite acoustic domains, see e.g. [29, 52, 34]. Care has to be taken, however, as a PML may introduce an

artificial amount of damping and is not well suited for periodic structures with Bloch-waves and the long wave limit

where wavelengths are much larger than the UC considered [53, 5].

To analyse the vibro-acoustic response of periodic materials consisting of arbitrarily complex UCs, this paper

proposes a hybrid Wave Based - Finite Element Unit Cell model as an extension of the WBM [44], also towards

three-dimensional applications. The dynamic fields within the bounded UC are modelled with the Finite Element

Method (FEM), allowing a high geometrical flexibility and arbitrary physics to be included. The planar periodic

structure is coupled to semi-infinite acoustic domains above and/or below. The acoustic pressure fields inside the

semi-unbounded acoustic domains are modelled with the WBM [54, 55], which is an indirect Trefftz approach [56]. In

this paper, its approximation functions are formulated to inherently fulfill the Helmholtz equation, the Bloch-Floquet

periodicity boundary conditions and the Sommerfeld radiation condition, not relying on any artificial truncation or
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discretisation of the domain, as would be required in a pure FEM setting. The dynamic field variables of both methods

are coupled at the interface, using a direct coupling approach. Bloch-Floquet periodicity conditions are applied on the

FE system matrices and the WB-FE coupling matrices. The method is similar as the one proposed in [5], however,

the following differences apply: in [5] the method is only applied for the Helmholtz equation within the unit cell and

not for general physics. Besides, the periodicity conditions are included in the weak form of the equation, following

[57], imposing a periodic pressure field and demodulated test functions, which requires the weak form to be derived

and implemented for each type of physics. In the current paper, the Bloch-Floquet boundary conditions are imposed

via the boundary conditions of the UC, as proposed in [58], and as such the original FE equations and matrices can

readily be used.

This paper is structured as follows. Section 2 introduces the mathematical problem description of an in-plane

periodic structure, composed of different physical subdomains. Section 3 briefly recalls the modelling procedures of

the FEM and the WBM and derives a 3D, periodic, semi-infinite acoustic wave function basis. The strengths and

weaknesses of both methods are discussed and the need for a hybrid methodology is highlighted. The hybrid coupling

framework, the application of the periodicity conditions to the FE and the coupling matrices and the applied three-step

procedure to solve the system of equations are discussed. The method is verified for three different numerical cases in

Section 4: (i) a flat multilayer system to benchmark the accuracy of the hybrid method against an analytical available

solution, (ii) a porous domain with a rigid periodic inclusions using a WB reference, and (iii) a metamaterial plate to

show the potential of the method to predict the response of lightweight systems with complex dynamics. Conclusions

are given in Section 5.

2. Problem description

This section briefly describes the mathematical problem setting, as represented schematically in Fig. 1. Time-

harmonic motion with ejωt -dependence is assumed, where j is the imaginary unit (j2 = −1), ω the circular frequency

and t the time.
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Figure 1: General problem description

An in-plane, infinite periodic structure is considered, coupled to one or two semi-infinite acoustic domains above
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and/or below. It is assumed that the interfaces with the semi-infinite acoustic domains are flat, which can always be

achieved by adding an acoustic subdomain to the in-plane periodic structure. The thickness of the periodic structure

is denoted Lz and its spatial periodicity in the xy-plane is given by Lx and Ly . The periodic structure is excited by

an impinging acoustic plane wave with amplitude A and wave number ka, incident at elevation θ, measured from the

positive z-axis, and azimuth ψ, measured counterclockwise from the positive x-axis.

The semi-infinite acoustic domain is governed by the acoustic Helmholtz equation. This is complemented with the

Sommerfeld radiation boundary condition which ensures that no acoustic energy is reflected at infinity. More details

about the acoustc Helmholtz equation and the Sommerfeld radiation condition can be found in Section 3.1.

The in-plane periodic structure may be built up of any combination of physical subdomains for vibro-acoustic

analysis. In the application cases of this paper, the following physical subdomains are considered:

• Acoustic or equivalent fluid domain Ωa: described by the inhomogeneous Helmholtz equation, to which any

equivalent fluid model of interest can be applied.

• Elastic solid domain Ωe: described by the second-order Navier-Cauchy equation [59].

• Thin plate bending domain Ωb: described by the Reissner-Mindlin equations [60, 61] .

• Poro-elastic domain Ωp: described by the Biot poro-elasticity equations in the (u, p)- formulation [62, 63].

An overview of common Neumann, Dirichlet and mixed boundary conditions for the different physics considered

and continuity conditions to ensure the coupling between different domains can be found in [64]. At the interface(s)

with the periodic structure, coupling conditions need to be applied relating the dynamic fields within the semi-infinite

acoustic domain(s) and the bounded adjacent domain(s) of the in-plane periodic structure. These coupling conditions

are dependent on the physics involved in the periodic structure [64].
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Figure 2: Left: general problem setting of a unit cell in a transmission context, right: top view on the UC with an indication of the boundaries

Independent of the physics involved in the periodic structure, due to the geometrical periodicity and the plane wave

nature of the excitation, the resulting dynamic fields in the structure and in the semi-unbounded acoustic domains,
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have to be periodic in the x- and y-direction. It is thus sufficient to obtain the dynamic behaviour of the entire infinite

periodic structure, by determining the dynamic field ζ(x, y, z) in a single reference UC, as shown in Fig. 2, and using

the Bloch-Floquet periodicity relations [36, 37]:

∀ M, N ∈ Z, ζ(x + MLx, y + N Ly, z) = ζ(x, y, z)e−j(kaxNLx+kayMLy ) (1)

where x and y are limited to positions in the reference UC, kax = −ka sin θ cosψ and kay = −ka sin θ sinψ and M and

N are integers positioning the UC of interest relative to the reference UC along the x− and y−directions respectively.

3. Numerical model

In this paper, the Finite Element Method [46, 65] is used to model the dynamic field variables in the bounded unit

cell of the in-plane periodic structure, allowing for an arbitrary geometrical complexity and to include any physics

of interest. The dynamic pressure field in the semi-unbounded domain(s), is approximated using the WBM. The

latter allows to inherently account for the Sommerfeld radiation condition in the semi-unbounded acoustic domains

and the periodicity conditions of Eq. (1) and straightforwardly obtain expressions for the reflection, transmission and

absorption coefficient of the periodic structure for given angles of incidence. A direct coupling of both methodologies

into a direct hybrid approach is adopted.

In what follows, Section 3.1 describes the WBM and details the introduction of the periodicity conditions for the

semi-unbounded domain(s). Section 3.2 highlights the need for a hybrid methodology, describes the hybrid coupling

approach, details the application of the periodicity conditions on the FEM part and the coupling matrices and gives

the three-step solution procedure of the hybrid system of equations.

3.1. The WBM modelling procedure for 3D semi-infinite periodic domains

The WBM [54, 55] is a numerical prediction technique which is based on an indirect Trefftz approach [56],

approximating the dynamic field variables as a weighted expansion of wave functions which inherently satisfy the

governing equation, in this case the Helmholtz :

∇2pa(r) + k2
apa(r) = Fa(r). (2)

Boundary and interface residuals are minimised in a weighted residual approach, yielding a linear system of equations

which can be solved for the contribution factors of each of the wave functions. For the unit cell shown in Fig. 2, the

following boundary and continuity conditions apply on the boundaries of the semi-unbounded acoustic domains:

• Sommerfeld radiation condition: On the boundary at infinity, indicated Γa∞ (see Fig. 2), the Sommerfeld

radiation condition for outgoing waves applies, ensuring that no acoustic energy is reflected back [66]:

r ∈ Γa∞ : Ra
∞(r) = lim

|r |→∞
|r|

(
∂pa

∂ |r| − jkapa

)
= 0. (3)
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• Bloch-Floquet periodicity conditions: The Bloch-Floquet periodicity conditions on acoustic pressure and

normal velocity have to be imposed between the left, ΓBFl , and right, ΓBFr , and bottom, ΓBFb and top

boundary, ΓBFt , of the unit cell, respectively, see Fig. 2, leading to the following residuals:

rl ∈ ΓaBFl : RBFl(r) = pa(rl) − pa(rr)ejkaxLx = 0, (4)

rr ∈ ΓaBFr : RBFr (r) = Lv

(
pa(rl)

)
+ Lv

(
pa(rl)

)
e−jkaxLx = 0, (5)

rb ∈ ΓaBFb : RBFb(r) = pa(rb) − pa(rt)ejkayLy = 0, (6)

rt ∈ ΓaBFt : RBFt (r) = Lv

(
pa(rt)

)
+ Lv

(
pa(rb)

)
e−jkayLy = 0. (7)

The velocity operator is defined as:

Lv(•) =
j

ρaω

∂•
∂γn

, (8)

with γn the normal direction to the boundary, pointing outwards.

• Coupling conditions to the unit cell: These conditions boil down to a stress equilibrium between the acoustic

pressure field and the stresses of the subdomain of the unit cell on the interfaces and a continuity of flux. They

thus depend on the physics involved in the unit cell.

The general modelling procedure consists of the following four steps, which will be briefly discussed afterwards

for the specific case of a periodic, semi-infinite acoustic domain:

1. Partitioning of the problem domain into convex subdomains,

2. Selection of the wave functions in the pressure expansion within each subdomain,

3. Construction of the system of equations via a weighted residual formulation of the boundary conditions and the

continuity conditions,

4. Solution of the system of equations and postprocessing of the dynamic variables.

3.1.1. Partitioning of the problem domain into subdomains

A sufficient condition for convergence of the WBM is that the considered subdomains are convex [54], which is

inherently fulfilled for the semi-unbounded domains considered, given that its interface with the FE unit cell is parallel

to the xy-plane. The different WB acoustic subdomains are indicated as Ω(α), where α = 1 for an absorption problem

and α ∈ {1, 2} for a transmission problem.

3.1.2. Field variable expansion

The steady-state pressure field pa(α)(r) in the semi-unbounded acoustic domainΩ(α) is approximated by a solution

expansion p̂aα(r):

pa(α)(r) ' p̂a(α)(r) =
n
(α)
w∑

w=1
p(α)w Φ

(α)
w (r) + p̂(α)q (r) = Φ(α)(r) p(α)w + p̂(α)q (r). (9)
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The wave function contribution factors p(α)w are the weighting factors for each of the a priori selected wave functions

Φ
(α)
w (r). All weighting factors together form the vector of degrees of freedom p(α)w . The corresponding defined wave

functions are collected in the row vector Φ(α)(r). The term p̂(α)q (r) represents a particular solution resulting from

source terms in the right hand side of the inhomogeneous Helmholtz equation (2).

The minimisation of boundary conditions (3) and (4)-(7) in the next step would involve the integration of residuals

on infinitely large surfaces. In order to avoid these issues, the wave functions in the semi-unbounded acoustic

domains are selected to fulfill the Helmholtz equation (2), the Sommerfeld radiation condition (3) and the Bloch-

Floquet conditions (4)-(7 a priori), similarly as in the corresponding 2D case [44]. The wave functions Φ(α)w (r) for a

semi-unbounded periodic domain are based on a plane wave expansion:

Φ
(α)
w (r (x, y, z)) = e

−j
(
k
(α)
BFxw1

x+k
(α)
BFyw2

y+k
(α)
BFzw

z
)
. (10)

The wave number components k(α)BFxw1
and k(α)BFyw2

are selected such that the periodicity conditions are fulfilled:

k(α)BFxw1
= kax +

2w(α)1 π

L(α)x

, (11)

k(α)BFyw2
= kay +

2w(α)2 π

L(α)y

, (12)

with w
(α)
1 ,w

(α)
2 ∈ Z. In order to fulfill the Helmholtz equation, the wave numbers k(α)BFzw

are selected as:

k(α)BFzw
= ±

√
k2
a −

(
k(α)BFxw1

)2
−

(
k(α)BFyw2

)2
, (13)

and the sign of the root is selected to fulfill the Sommerfeld radiation condition ensuring that the waves are purely

outgoing. For the two semi-unbounded acoustic domains Ω(1) and Ω(2), different signs are thus selected. Note that

the subscript w in Eq. (10) comprises all combinations of w1 and w2. In the following, the semi-infinite domain

containing the incoming plane wave, is referred to as Ω(1).

In order to satisfy the periodic nature of the problem, the particular solution p̂(α)q (r) is required to be periodic or

can be written as a superposition of periodic functions (e.g. plane wave(s)). In the considered model, an incoming

plane wave is accounted for, using the following particular solution in Eq. (9):

p̂(α)q (r) = Ae−jka ·r, (14)

with A the plane wave amplitude, ka = (kax, kay, kaz) = (−ka sin θ cosψ,−ka sin θ sinψ,−ka cos θ) the wave vector

and θ and ψ the propagation angles as defined in Fig. 1.

The definition of the wave function set, Eqs. (10)-(13) leads to an infinite amount of wave functions to be included.

In practice, a linear, frequency-dependent truncation rule is suggested [67], such that all wave number components in

the x- and y-direction smaller than or equal to a truncation factor Np times the physical acoustic wave number ka are
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accounted for in the wave function set:

w1,max = d(Npka − kax)
Lx

2π
e, (15)

w2,max = d(Npka − kay)
Ly

2π
e . (16)

Consequently, all wave numbers applying values of w1 = [−w1,max,w1,max] en w2 = [−w2,max,w2,max] are included

in the numerical scheme. Note that this truncation rule leads to a stepped staircase-like behaviour when plotting the

number of wave functions included versus frequency.

3.1.3. Construction of the system of equations

The wave functions (10) are selected to inherently fulfill the Helmholtz equation, the Sommerfeld radiation

condition and the Bloch-Floquet boundary conditions inside the semi-unbounded acoustic domain. The wave function

contribution factors should thus be determined such that the residuals on the interface with the FE part are minimised.

These conditions depend on the physics involved in the FE part of the unit cell. The hybrid coupling is detailed later,

in Section 3.2. In general, to construct the WB system matrices, a weighted residual approach is used, similar to

FEM, expressing the weighting function in terms of the same wave functions to approximate the field variables. For

an uncoupled WB problem a system of equations of the following form is obtained:

[Aww] {pw} = fw, (17)

where fw results from non-zero boundary conditions and source contributions and pw collects the contribution factors

of all subdomains α.

3.1.4. Solution and postprocessing

The solution WB system of equations (17) leads to the contribution factors of each of the wave functions pw. The

back substitution of these contribution factors into the pressure expansions (9), using the wave functions defined in

(10) and the plane wave definition (14) yields an analytical description of the approximated dynamic pressure field

p̂a(α)(r). Also derived quantities, such as velocities and intensities can be obtained.

Due to the plane wave nature of the wave functions in the semi-unbounded periodic acoustic domains, the

hemispherical reflection and transmission coefficients, R and T , can be straightforwardly calculated based on the

wave function contribution factors p(α)w of the semi-unbounded acoustic wave functions and the selected wave number

components from Eq. (13):

R =
∑
w

<(k(1)BFzw
)| |p(1)w | |2

kaz | |A| |2
, (18)

T =
∑
w

<(k(2)BFzw
)| |p(2)w | |2

kaz | |A| |2
, (19)
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as evanescent waves do not carry energy. The absorption coefficient α cannot be straightforwardly evaluated using

wave function contribution factors. It can, however, be evaluated using the conservation of energy as follows:

α = 1 − R − T . (20)

Finally, the STL of the infinite periodic structure can be evaluated as follows:

STL = −10 log10(|T |). (21)

3.2. A hybrid WB-FE UC method for vibro-acoustic analysis

This section of the paper treats the details of the hybrid coupling approach between the FEM and the WBM. A first

subsection motivates the use of a hybrid approach, by comparing the properties of both subtechniques. Thereafter, the

coupling framework is discussed in general.

3.2.1. Comparison of FEM and WBM properties

The FEM and the WBM both belong to the family of deterministic numerical modelling techniques. However, as

they are based on two fundamentally different concepts (polynomial approximation functions in small elements versus

analytically defined wave functions in large domains) they have different, yet very complementary properties:

• Field variable approximation: The FEM applies polynomial shape functions N(r), which interpolate local nodal

values vf to describe the dynamic response variables. The WBM, applies the exact solutions of the underlying

differential equations in the form of wave functions Φ(r) which are weighted with contribution factors pw.

• System matrix properties: The FEM modelling procedure typically leads to large, symmetric and sparsely

populated system matrices. The WBM yields fully populated matrices with complex valued entries which are

frequency dependent. For the same problem, the WBM matrices are generally much smaller than their FEM

counterparts. Important to note is that, as with all Trefftz methods, theWBM suffers from ill-conditioned system

matrices. This ill-conditioning becomes ever more severe as the number of approximation functions increases

with frequency, and the wave function set exhibits more redundancy. Nonetheless, studies have shown that it is

exactly this redundancy that provides stability [68]. As the WBM satisfies the discrete Picard condition [54], a

meaningful solution can always be obtained. In this type of applications, ill-conditioning is rarely an issue due

to the shape of the unit cell (rectangular prism) and the relatively low-frequency application; typically a limited

number of wave functions are selected by the frequency dependent truncation rule.

• Geometrical flexibility: The inherent discretisation into small elements makes that the FEM has hardly any

restrictions on the geometrical complexity of the considered problem domain. For the WBM, on the other hand,

convergence is only ensured for convex geometries [54]. In other cases, the problem domain should be split up

into convex subdomains and additional continuity conditions have to be enforced at the interface. Inclusions
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can be accounted for using the so-called multi-level framework [69]. For geometrically complex problems, in

general, a strong increase in computational cost is observed and the efficiency of the WBM decreases.

• (Semi-) Infinite problems: Since the FEM is a domain discretisation technique, it is per definition not suited for

(semi-) infinite problems. A number of solutions have been proposed, such as absorbing boundary conditions

[47], infinite elements [48], and absorbing elements, such as the Perfectly Matched Layer (PML) [49]. All these

approaches lead to an approximation of the Sommerfeld radiation condition (3) and besides, may increase the

number of degrees of freedom and the calculation time or change the properties of the FE system of equations.

In the WBM, infinite problems can be readily treated by ensuring that the used wave functions not only satisfy

the governing differential equation(s), but also the (semi-) infinite radiation boundary conditions.

3.2.2. Direct hybrid coupling framework

As discussed in the introduction, nowadays, research is steered towards a variety of engineered metamaterials,

which exploit localised details in the unit cell to obtain a system-wide behaviour. The geometrical flexibility of the

FEM is thus an important feature. When studying their vibro-acoustic properties, however, typically transmission,

absorption and reflection in a (semi-) infinite space are considered. Therefore, it is important to be able to treat infinite

acoustic problems. These can be efficiently incorporated in the WBM. Both methods are thus very complimentary to

tackle a part of the problem; their combination is an efficient best-of-two-worlds strategy.

WB Domain FE Domain

pw vfn

ΓWB−FE

Figure 3: Direct hybrid FE-WBM coupling approach

Note that for clarity in the following the variables of the FE part are indicated with a subscript f and these of the

WB part with a subscript w. For ease of notation, the spatial r-dependency of all field variables, error residuals, shape

functions, wave functions and particular solution terms is omitted in the remainder of the paper.

Using a direct coupling strategy (see Fig. 3), the mutual interactions between the FE andWBmodel can be directly

introduced into the weighted residual formulations and thus into the uncoupled systems of equations. This direct

strategy has the advantage that it does not introduce additional variables, and that the coupling terms are easy to

interpret since they have a physical meaning.
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The exact way the coupling conditions are enforced is slightly different for each of the hybrid coupling types and

depends on the primary model variables in the FE- and WB submodel. Depending whether the conditions are of the

Dirichlet- (primary variables) or Neumann-type (derived variables) from the FE submodel viewpoint, the following

logic is applied:

• Neumann conditions are always applied to the FE submodel. Because of the indirect nature of the WBM,

enforcing boundary conditions always involves the minimisation of an error residual; it can never be enforced

through direct variable substitution. Enforcing Neumann conditions using an error residual would require spatial

derivatives of the polynomial shape functions of the FE submodel, which are less accurate. Therefore, Neumann

coupling conditions are introduced into the FE submodel by a term of the form:∫
Γ

t̃ fL
(
p̂a
w

)
dΓ, (22)

where t̃ f are the FE submodel weighting functions and the operatorL(•) transforms the field variables of theWB

model into the appropriate physical quantity that is required in the FE submodel’s boundary residual. Typical

examples can be found in Appendix A, e.g. the operator to calculate the normal acoustic velocity from the wave

functions.

• Since Neumann conditions typically need to be enforced on the FE model, Dirichlet conditions are applied to

the WB model. Again, due to the indirect nature of the WBM, enforcing the coupling conditions needs to be

done throug minimisation of an error residual, and not through direct DOF elimination, as is conventionally

done in the coupling of two FE models. This error residual is of the general form:∫
Γ

N (t̃w)
[
V

(
p̂a
w

)
− v̂ f

]
dΓ. (23)

In this condensed notation, the operator V(•) transforms the indirect field variables of the WB model (i.e. the

wave function weighting vector) into the direct DOFs of the FE model (i.e. the nodal field values). The operator

N(•) ensures that all residuals in the WB submodel are similarly scaled by writing them in energetic terms.

Typical examples can be found in Appendix A, e.g. the acoustic-acoustic coupling where the pressure error

residual is weighted with the acoustic particle velocity.

Adding these residuals (22)-(23) to the uncoupled residuals of the uncoupled FE and the WB models, respectively,

and under the assumption that these combined weighted residual expressions should hold for any weighting function

t̃•, the coupled equations can be written in terms of the unknown wave function contributions pw and the unknown

nodal values vf : 
Aww + Cww Cwf

Cfw Zff + Cff



pw

vf

 =

fw + fww

ff + ffw

 , (24)

where the coupling between the FE- and WB submodel is ensured through the coupling terms Cww, Cwf , Cfw, Cff , fww

and ffw.Note that for this application Aww is zero as the wave functions inherently satisfy the Sommerfeld radiation
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condition and the Bloch-Floquet periodicity boundary conditions; therefore, only interface residuals with the FE part

have to be minimised. Further details on the derivation of these coupling terms for acoustic-acoustic, vibro-acoustic

and poro-elastic-acoustic models can be found in Appendix A.

3.2.3. Application of Bloch-Floquet boundary conditions

On the WBM part, the periodicity conditions are explicitly accounted for in the definition of the wave functions.

On the FE part of the unit cell, and consequently on the coupling matrices between FEM and WBM, Bloch-Floquet

periodicity boundary conditions have to be applied. It is also assumed that the FE system matrices are not eliminated

yet, i.e. without elimination of imposed DOFs or without eliminating DOFs due to the application of interface relations

between adjacent FE subdomains. This allows to obtain the coupling matrices Cwf and Cfw directly as described in

Section 3.2.2. The vector of all nodal values vf can be partitioned into 9 non-overlapping sets according to the DOFs

on the boundary and the interior of the unit cell, as shown in Fig. 4:

vf = [vT
BL vT

BR vT
TL vT

TR vT
L vT

R vT
B vT

T vT
I ]

T , (25)

for which the nodes in the vector vi, with i ∈ {BL, BR,T L,T R, L, R, B,T} are located at the FE unit cell boundaries

ΓBFl , ΓBFr , ΓBFb and ΓBFt at x = 0, x = Lx and y = 0, y = Ly , while the nodes in the vector vI are located in the

interior of the FE unit cell.

y

x

Lx

Ly

(a) Top view of the FE unit cell

vBL vBR

vTL vTR

vI

vT

vB

vL vR

(b) FE model node groups

Figure 4: General rectangular unit cell of a 2D periodic structure

Application of the Bloch-Floquet periodicity conditions, Eq. (1), leads to the following relation, introducing the

wave numbers kax and kay and the UC dimensions Lx and Ly imposed by the acoustic field and the geometrical
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periodicity:

vf = RBF



vBL

vL

vB

vI


= RBFvBF; RBF =



IBL,BL 0 0 0

e−jkaxLx IBL,BL 0 0 0

e−jkayLy IBL,BL 0 0 0

e−j(kax Lx+kayLy )IBL,BL 0 0 0

0 IL,L 0 0

0 e−jkaxLx IL,L 0 0

0 0 IB,B 0

0 0 e−jkayLy IB,B 0

0 0 0 II,I



, (26)

with I•,• unit matrices with a size corresponding to v•. In a similar way, the right hand side fw can be partitioned; the

following relation is obtained under force equilibrium:

fBL

fL

fB

fI


= R∗BFff, (27)

where •∗ represents the Hermitian transpose of the matrix •.

Besides the periodicity conditions, the FE DOF elimination due to imposed Dirichlet conditions or due to interface

continuity conditions, has to be accounted for. The elimination matrix RFEM contains the relations between the

retained DOFs vBF, after elimination of the Bloch-Floquet conditions and the retained degrees of freedom v′f ⊆ vBF

after a subsequent elimination due to all other imposed relations on the FE part:

vf = RFEMvBF = RFEMRBFv′f = Rredv′f . (28)

Similarly, a relation for the retained nodal forces can be obtained:

ff = R∗redf ′f . (29)

By substituting expressions (28) and (29) into (24), the following eliminated system of equations is obtained:
I 0

0 R∗red



Aww + Cww Cwf

Cfw Zff + Cff



I 0

0 Rred



pw

v′f

 =


fw + fww

R∗redff + R∗redffw

 , (30)

resulting in 
Aww + Cww C′wf

C′fw Z′ff + C′ff



pw

v′f

 =

fw + fww

f ′f + f ′fw

 , (31)
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3.2.4. Partitioned solution strategy

As conventionally performed in hybrid WB-FE models [70], a matrix partitioning procedure based on the Schur

complement [71, 72] is used for the solution in order to benefit from efficient solvers for sparse and dense matrix

systems. In the following numerical examples, all sparse and dense matrices are solved using A \ B in Matlab

which selects the appropriate routine following [73]. After obtaining the DOFs in the WB and FE parts, standard

postprocessing can be done in both domains and also the acoustic performance indicators, Eqs. (18)-(21), can be

evaluated.

4. Numerical validation cases

This section applies the presented hybrid WB-FE UC method for three different problem cases. The first example

considers a problemwith an exact analytical solution available: a plane wave impinging on a rigidly backed poro-elastic

multilayer system. This allows to validate the correctness of the hybrid implementation. The second example considers

an absorption study of a thin porous layer with rigid inclusions of which results have been presented in literature. The

third validation case studies the STL capability of a locally resonant metamaterial. All FE models presented in this

section are obtained using Comsol Multiphysics 5.2a. The hybrid framework is implemented in Matlab R2016a.

4.1. Poro-elastic multilayer configuration

The first validation case considers a flat multi-layer system, consisting of a blanket, a screen and two foams

discussed in Section 11.7.1 of [74]. The parameters of the multilayer are given in Table 1 and the applied air properties

are listed in Table 2. The blanket, Blanket (1), is in contact with the surrounding air and the bottom foam layer, Foam

(4), is bonded onto a rigid impervious wall. The Biot theory [62], together with the JCA model, is used to describe

the dynamic behaviour within each of the four layers.

Table 1: Material properties of the multilayer poro-elastic validation case, taken from [74]

Material Thickness h φ σ α∞ Λ Λ′ ρ1 E ν ηs

[mm] [-] [Ns/m4] [-] [µm] [µm] [kg/m3] [Pa] [-] [-]

Blanket (1) 4 0.98 34·103 1.18 60 86 41 286·103 0.3 0.015

Screen (2) 0.8 0.8 3.2·106 2.56 6 24 125 2.6·106 0.3 0.1

Foam (3) 5 0.97 87·103 2.52 36 118 31 143·106 0.3 0.055

Foam (4) 16 0.99 65·103 1.98 37 120 16 46.8·106 0.3 0.1

As the multilayer system is of infinite extent, a UC with arbitrary dimension Lx and Ly can be chosen. Here, a

5 cm by 5 cm UC was selected; other dimensions have been verified and lead to similar results which are not reported

here. Three different FE discretisation grids are considered as shown in Fig. 5. Linear and quadratic elements have

been applied, respectively. The resulting number of elements and DOFs are summarised in Table 3.
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Air properties

ρa [kg/m3] 1.213

P0 [Pa] 1.01325·105

γ [-] 1.4

η [kg/(ms)] 1.839·10−5

Table 2: Air properties used within the multi-layer poro-elastic validation case.

Because of the symmetries, the response of the system is given by plane waves travelling in opposite directions.

Therefore, it suffices to take into account the first wave numbers in Eqs. (11) and (12) applying w1 = w2 = 0 to arrive

at a correct representation of the dynamic field in the semi-infinite acoustic domain. This corresponds to a truncation

factor of Np = 1 which ensures that all wave functions with wavelengths larger than or equal to the physical wavelength

are included.

(a) FE multilayer mesh A (b) FE multilayer mesh B (c) FE multilayer mesh C

Figure 5: FE Unit cell models of the poro-elastic multilayer system

Table 3: Mesh information of the different FE meshes applied within the multi-layer poro-elastic validation case

] el in x- and y-direction ] el in z-direction total ] el ] DOFs

layer 1 layer 2 layer 3 layer 4 linear quadratic

Mesh A 5 1 1 1 2 125 1296 6776

Mesh B 7 2 2 2 4 490 3584 21600

Mesh C 10 4 2 4 8 1800 10648 70560

Three different angles of incidence are considered. The angle of elevation is varied, θ = 0◦, 30◦, 45◦ while keeping

the azimuthal angle ψ = 0◦ as it does not influence the results since the medium is isotropic in the plane, which has

been validated as well. The absorption coefficient α of the multilayer system is predicted using the hybrid WB-FE

UC method and the TMM [42], serving as a reference. The frequency band between 0 and 3000 Hz is considered,
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applying 10 Hz steps.

Figs. 6a, c and e show the obtained absorption coefficient for the three angles of incidence considered, using the

TMM and the hybrid approach, applying the coarsest linear and the finest quadratic mesh in the FE part of the hybrid

model. Fig. 6a corresponds to the result presented in [74]. The hybrid results, applying the most refined mesh lead to

accurate results, whereas some deviations can be seen when the coarsest mesh, applying linear elements, is applied.

To validate convergence, Figs. 6b, d and f show the relative error between the hybrid results, considering all FE models

presented in Table 3 and the TMM reference model, calculated as:

ε• = |
α• − αTMM

αTMM
|, (32)

where αTMM is the absorption coefficient predicted by the TMM and α• indicates the absorption coefficient obtained

by any of the hybrid models. As indicated above, the WB submodel contains the two propagating waves that fully

describe the mathematical solution; therefore only the FE discretisation can theoretically contribute to the prediction

error. Indeed, by refining the FE mesh and/or increasing the order of elements, while keeping the WB truncation

factor constant, more accurate results are obtained, as is to be expected. Moreover, the relative error increases when

frequency increases, due to interpolation and pollution errors [75] in the FE part. When the response of the FE model

becomes more complex, at oblique incidence around 600 Hz, the coarsest mesh is insufficient to obtain engineering

accuracy of 1%. It should be noted, however, that for poro-elastic materials linear elements are rarely applied [76].

These figures validate the implementation of the hybrid model; for problems with a one-dimensional repsonse, the

accuracy of the results is determined by the Finite Element part and care has to be taken to ensure that the mesh is

sufficiently refined, as in standard FE analysis.

4.2. Porous domain with rigid cylindrical inclusions

The second validation case considers transmission through a porous unit cell with a rigid cylindrical inclusion. The

porous medium is assumed to have a rigid frame and is modelled as an equivalent fluid medium, with a complex and

frequency dependent effective density and effective bulk modulus, represented using the JCA model [74]. The porous

material properties are listed in Table 4 and for the saturating air and the air in the acoustic domains, the properties

from Table 2 are used. The thickness Lz and the distance between the inclusions Lx are set to 2 cm. The inclusion is

centered in the unit cell and has a radius R of 7.5 mm. A plane wave, incident under angle θ, impinges on the structure.

The 2D equivalent, being a rigid circular inclusion was previously studied in [44, 77] and shown in Fig. 7. In order

to validate the hybrid approach to the 2D reference results generated using the multi-level WBM [44], the azimuthal

angle ψ is kept to zero and the unit cell is extruded in the out-of-plane direction over a small, yet finite dimension

Ly = 1 mm. Note, however, that a more efficient hybrid model would be 2D, consisting of a 2D plane strain FE model

coupled to a 2D WB model.

Three different meshes, named A, B and C, are considered, shown in Fig. 8, consisting of 3650, 13495 and 78050

DOFs respectively. In all models quadratic tetrahedral Lagrangian elements are applied.

17



0 500 1000 1500 2000 2500 3000
0

0.2

0.4

0.6

0.8

1

Frequency [Hz]

α 
[−

]

 

 

TMM
Mesh A, linear
Mesh C, quadratic

(a) Absorption coefficient, θ = 0◦
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(c) Absorption coefficient, θ = 30◦
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(d) Relative error, θ = 30◦
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(e) Absorption coefficient, θ = 45◦
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(f) Relative error, θ = 45◦

Figure 6: Absorption coefficient of the multilayer system as predicted by the TMM and the hybrid WB-FE UC method using the coarsest and the

most refined mesh for three angles of incidence: θ = 0◦ (a), θ = 30◦ (b) and θ = 45◦ (c), and the corresponding relative error between the hybrid

WB-FE UC method and the TMM results for the six different meshes, subfigures (b), (d), (f)
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Figure 7: Problem setting of a porous domain with periodic rigid cylindrical inclusions

Table 4: Material properties of Fireflex foam [77].

Material φ σ α∞ Λ Λ′

[-] [Ns/m4] [-] [µm] [µm]

Fireflex 0.95 8.9·103 1.42 180 360

The acoustic reflection, transmission and absorption coefficients have been calculated for the frequency range of

100 Hz to 18 kHz and for two different angels of incidence θ = 0◦, 30◦ with different hybrid WB-FE UC models.

Reference two-dimensional WB results are obtained, applying a truncation factor Np of 50 [44]. Note that a full WB

calculation, also to model the structure with the inclusion, a high truncation factor is also required to accurately capture

the dynamic behaviour within the unit cell. Nine different hybrid models are considered, combining each of the FE

models described above with WB models using three different truncation factors: Np = 1, 2, 3.

Fig. 9 shows the reflection, transmission and absorption coefficient obtained for the two angles of incidence

considered, using the Wave Based reference model (black circles) and the coarsest (solid blue line) and finest (dashed

green line) hybrid model (i.e. using the coarsest/finest FE model combined with the lowest/highest WB truncation

factor). For normal incidence perfect agreement is obtained for all models, whereas for oblique incidence the results

of the coarsest model show a clear mismatch at higher frequencies.

The performance of the different models is further investigated by validating the convergence of the different
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(a) FE UC model A (b) FE UC model B (c) FE UC model C

Figure 8: Unit cell models

models. Hybrid WB-FE models are known to have elbow-shaped convergence curves, see e.g. [78]. For a fixed

frequency, when keeping the number of wave functions constant and decreasing the mesh size, accuracy increases

until the WB part sets the final accuracy and the convergence curves stagnate. Further decreasing the mesh size does

not lead to an additional gain in accuracy. On the other hand, for a fixed frequency, when keeping the number of FE

DOFs constant and gradually increasing the number of wave functions included in the WB part, similar results are

obtained: results converge, until the WB part is more accurate than the FE part which then sets the final accuracy.

Instead of running convergence simulations as described above, it is opted to investigate the performance of the

different models directly over the full frequency range of interest by validating the relative error on the obtained

absorption coefficient as follows:

ε• = |
α• − αWBM

αWBM
|, (33)

where αWBM is the absorption coefficient predicted by the two-dimensional WB reference model and α• indicates

the absorption coefficient obtained by any of the hybrid models. These results mimic what an end user of the hybrid

method would do: increasing the mesh size and/or increasing the truncation factor Np . This representation has the

advantage that is also reveals some peculiarities resulting from the WB truncation rule and the small dimensions of

the unit cell applied.

Results for the nine hybrid models for normal incidence are shown in Fig. 10. Results associated to one particular

FE mesh are shown in the same colour and results using the same WB truncation factor are shown using the same line

style. In general, for all of the hybrid models, good accuracies are obtained, well below engineering accuracy of 1%.

At low frequencies, due to definition of the WB truncation rule, Eqs. (15)-(16), independently of the truncation factor

set, the same number of wave functions are applied in each of the hybrid models. As a consequence, all hybrid models

that apply the same mesh are coinciding. Small differences can be noticed for the three different FE meshes, but the
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(a) Reflection coefficient, θ = 0◦
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(b) Reflection coefficient, θ = 30◦
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(c) Transmission coefficient, θ = 0◦
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(d) Transmission coefficient, θ = 30◦
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(e) Absorption coefficient, θ = 0◦
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(f) Absorption coefficient, θ = 30◦

Figure 9: Reflection, Transmission and Absorption coefficient for θ = 0◦ (left column) and θ = 30◦ (right column) predicted by the two-dimensional

WB reference model (black circles), the coarsest hybrid WB-FE UC model (blue solid line) and the most refined hybrid WB-FE UC model (green

dashed line)

general accuracy is set by the WB part of the hybrid model. Around 5600 Hz, the truncation factor Np = 3 leads to a

sudden jump to a higher accuracy as a higher number of wave functions are accounted for in the WB part (dash-dotted

lines). This is due to the definition of the truncation factor, Eqs. (15)-(16), which involves a ceiling-function. At this

point, the accuracy of the applied FE model also plays a role and the results for the three models with different FE

meshes are not on top of each other anymore. Note that for some frequencies the results for mesh Cmay be slightly less

accurate than for mesh B, as the WB convergence is not necessarily monotonic. Of course, overall, the more accurate

the FE mesh, the more accurate the end result. Around 8500 Hz the truncation factor Np = 2 leads to a jump in the

number of wave functions accounted for in the WB expansion set. At that point, the hybrid models applying Np = 2
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Figure 10: Relative error on the absorption coefficient for normal incidence of the periodic porous sample with rigid inclusions for the nine different

hybrid models

and Np = 3 contain again an equal amount of wave functions and all dashed and dashed-dotted lines are coinciding

again. Around 11600 Hz, where the next jump in results take place, Np = 3 leads again to an increase in the number of

wave functions leading to different accuracies for each of the three different meshes, comparing the curves for Np = 2

and Np = 3. Around 17000 Hz, the number of wave function increases for Np = 1, again leading to an increase in

accuracy. The accuracy of the results clearly converges when increasing the truncation factor and when increasing the

number of FE elements, as expected.
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Figure 11: Relative error on the absorption coefficient for θ = 30◦ of the periodic porous sample with rigid inclusions for the nine different hybrid

models

Fig. 11 shows similar results, now considering an angle of incidence θ = 30◦. The frequencies, where the truncation

factors lead to an increase in the number of wave functions have shifted down in frequency, due to the higher value

of kax applied in Eq. (15). Trends are similar as for normal incidence, but the general accuracy is lower and it is

mainly the WB part that is setting the accuracy, since results for different meshes but a constant truncation factor are
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coinciding, except at higher frequencies for Np = 3, where small differences can be observed due to the applied FE

mesh. For most of the frequency band considered, the application of a truncation factor Np = 2 is sufficient to obtain

engineering accuracy. A truncation factor Np = 1, which only accounts for waves larger than or about equal to the

physical wave number, is insufficient, which is to be expected when dynamic response becomes more complex.

4.3. Locally resonant metamaterial plate

In this section, the vibro-acoustic performance of a locally resonant metamaterial is investigated by application of

the hybrid FE-WB UC method and compared to the approach using dispersion curves adopted in [38].

The locally resonant metamaterial consists of a plate with periodically attached TVAs on a 5 × 5 cm grid, to target

the acoustically relevant out-of-plane flexural waves. The host structure is a 5 mm thick steel plate, with Young’s

modulus E = 210 GPa, Poisson coefficient ν = 0.3 and density ρ = 7800 kg/m3, which has a coincidence frequency

fc = 2343Hz. Themass of the TVA is 20% of the plate mass, while its resonance frequency is tuned below coincidence

at 1171 Hz. The unit cell is modelled using 100 linear shell elements.

To assess the stop band behaviour, dispersion curves for the flexural waves are calculated following the inverse

unit cell modelling approach described in [38]. For this study, wave propagation along the x-direction is considered,

corresponding to an azimuthal propagation angle ψ = 0 in the xy-plane. The dispersion curves for the flexural wave

mode of the bare andmetamaterial plate unit cell are shown in Figs. 12a and 12b bymeans of black solid lines. Whereas

no particular behaviour is present for the bare steel unit cell around the targeted frequency region, the metamaterial

unit cell shows a clear band gap between 1154 and 1279 Hz, since no freely propagating wave solutions are found in

this frequency range. Therefore, this frequency range is expected to have increased vibro-acoustic attenuation.

As discussed in [38], the vibro-acoustic performance can be analysed through the dispersion curves by including

the dispersion curve for the incident plane sound wave in air, kax = −ka sin θ, along incidence elevation angle θ,

shown by means of dashed lines in Figs. 12a and 12b. By assessing the intersections between the structural and

acoustic dispersion curves, coincidence frequencies for the corresponding incidence angles θ are identified. For the

bare plate unit cell, efficiently radiating solutions are only found for frequencies higher than the coincidence frequency

of 2343 Hz, corresponding to grazing incidence condition θ = 0◦. For the metamaterial, however, the tuning of the

band gap below this coincidence frequency causes a characteristic mode split for the targeted flexural wave type [38].

The modes before the stop band consists of in-phase motion between resonator and host structure, while after the stop

band these modes are repeated at higher frequencies with out-of-phase motion. Since the repeated solutions after the

band gap intersect with all acoustic solutions, an additional zone of efficiently radiating solutions is formed right after

the stop band, below the original coincidence frequency, which can drastically influence the STL of the metamaterial

plate.

However, based on this dispersion curve approach, no information is obtained about the magnitude of the STL

increase due to the structural stop band and the impact of the additional coincidence zone. Therefore, the same

bare and metamaterial unit cells are analyzed with the hybrid FE-WB UC method and the STL is calculated for the
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Figure 12: Dispersion curves (µ = kaxLx ) along the x-direction for freely propagating structural waves (solid black lines) and dispersion curves

of air for oblique plane wave incidence for incidence angles θ varying between 20◦ and 80◦ (dashed lines)

corresponding acoustic plane wave incidence angles ψ = 0◦ and θ varying between 20◦ and 80◦ for the frequency

range 1-3500 Hz with steps of 1 Hz. Results are shown in Figs. 13a and 13b for the bare and metamaterial unit cell

respectively.

For the bare unit cell, the incidence angles θ = 80◦ and θ = 60◦ show a STL dip at 2438 Hz and 3161 Hz.

These correspond to the intersections found between structural and acoustic dispersion curves in Fig. 12a. For the

metamaterial, the STL in Fig. 13b shows a clear increase in the targeted frequency range around the tuned TVA

frequency [17, 18, 19]. This zone of increased vibro-acoustic performance, is however followed by a zone of strongly

reduced STL for all incidence angles. Strong STL dips are found at 1279, 1284, 1300 and 1323 Hz for acoustic plane

wave incidence with θ varying from 20◦ to 80◦. These correspond to the additional intersections found in Fig. 12b

between the acoustic and structural dispersion curves right after the band gap, confirming the predicted additional

low-frequency coincidence zone in the dispersion analysis. The STL dips at higher frequencies, 2357 Hz and 3108 Hz

for θ = 80◦ and θ = 60◦, again correspond to the coincidence frequencies for classical flexural wave solutions, but

now for the repeated flexural modes with out-of-plane motion between host structure and resonators, found by the

intersections in Fig. 12b around the coincidence frequencies for the bare UC.

Both for the bare and metamaterial unit cell, the STL solutions resulting from the Hybrid FE-WB analysis are in

good agreement with the predictions resulting from dispersion curve approach used in [38]. This examples highlights

that the hybrid WB-FE UC method is an excellent tool for the analysis of novel emerging solutions.
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Figure 13: Sound transmission loss for acoustic plane wave incidence along the x-direction (φ = 0◦) for incidence angles θ varying from 0◦ to 80◦

5. Conclusions

This paper presents a hybrid Wave Based - Finite Element unit cell method to predict acoustic performance

indicators, such as the transmission, reflection and absorption coefficients, of in-plane periodic structures. The method

combines the strengths of both WB and FE approaches, to meet the modelling requirements imposed by the ever more

complex vibro-acoustic treatments emerging. The Finite Element method is used to model the unit cell and allows for

geometrical details and complex physics to be included. The Wave Based Method is used to model the acoustic semi-

infinite domains surrounding the planar periodic structure. A set of wave functions is presented that allows to directly

account for the Sommerfeld radiation condition and the periodic boundary conditions, in order to avoid integrals to

be evaluated on infinite surfaces or the calculation domain to be truncated leading to additional approximations. Both

approaches are coupled in a direct sense, via a weighted integral formulation. A three-step procedure is used to solve

the system of equations and to exploit the matrix properties of the subsystems: large, but sparse matrices for the FE

part and small and fully populated matrices for the WB part. The hybrid WB-FE UC method is first validated for

a problem which has an exact analytical solution. The method is also applied to a transmission problem with rigid

circular inclusions, available in literature. By comparing the hybrid WB-FE UC results to the results of a refined WB

reference model, its validity and accuracy are demonstrated. As a final example, a metamaterial plate is considered

and the effects of stop bands and coincidence regions predicted by the dispersion curves of the structure and those of

air, are verified in the sound transmission loss results. All examples illustrate this is a powerful tool to directly predict

acoustic performance indicators of arbitrarily complex periodic structures.
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Appendix A. Hybrid FE-WB coupling terms

This section details the coupling terms for the different kinds of hybrid coupling between an acoustic WB model

and an FE model describing acoustics, elastic- and poro-elastic materials, respectively. For ease of notation, the

superscripts •(α), indicating the WB subdomain number, have been omitted.

1. Acoustic-acoustic coupling – To couple two acousticmodels, two conditions – one for eachmodel – are necessary.

These conditions are the force balance (pressure continuity) and the momentum balance (velocity perpendicular

to the interface):

pa
f e − pa

wb = 0, (A.1)

La
vn

[
pa
f e

]
+ La

vn

[
pa
wb

]
= 0, (A.2)

where pa
f e
and pa

wb
represent the acoustic pressure approximation for the FE- and theWB submodel, respectively.

The force balance in Eq. (A.1) is of the Dirichlet-type and is thus imposed on the WB subsystem by minimising

the associated error residual on the interface.∫
Γwb

La
vn

[
p̃a
wb

] [
pa
f e − pa

wb

]
dΓ = 0. (A.3)

Subsequently, the momentum continuity Eq. (A.2) is imposed on the FE model:∫
Γf e

p̃a
f eL

a
vn

[
pa
f e

]
dΓ = −

∫
Γf e

p̃a
f eL

a
vn

[
pa
wb

]
dΓ. (A.4)

After substitution of the variable expansions, these two terms result in the following coupling matrices:

Cww =
j
ωρ

∫
Γwb

∂ΦT
w

∂n
ΦwdΓ Cwf = −

j
ωρ

∫
Γwb

∂ΦT
w

∂n
NdΓ fww = −

j
ωρ

∫
Γf e

∂ΦT
w

∂n
p̂qdΓ (A.5)

Cfw = CT
wf Cff = 0 ffw =

j
ωρ

∫
Γf e

NT ∂ p̂q
∂n

dΓ. (A.6)

Further details about the acoustic FE-WB coupling can be found in [70].

2. Vibro-acoustic coupling – To couple an acoustic and an elastic model, two conditions are necessary: one on the

acoustic submodel and one in each direction for the elastic submodel. These interface conditions, describing
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force and momentum balance, can be expressed as follows:

pa
wb + σ

e
f e,n = 0, (A.7)

σe
f e,s = 0, (A.8)

La
vn

[
pa
wb

]
− jωue

f e,n(r) = 0, (A.9)

where ue
f e

represents the elastic displacement field, σe
f e

the elastic stress field and pa
wb

the acoustic pressure in

the WB submodel.

The force balance Eqs. (A.7)-(A.8) are both Neumann-type conditions and are thus elegantly introduced into the

FE subsystem residual using the boundary residual.∫
Γf e

ũe
f e,nσ

e
f e,ndΓ = −

∫
Γf e

ũe
f e,npa

wbdΓ, (A.10)∫
Γf e

ũe
f e,sσ

e
f e,sdΓ = 0. (A.11)

The momentum continuity Eq. (A.9) is introduced into the WB subsystem by minimising the error residual on

the interface. ∫
Γwb

p̃a
wb

[
La

vn

[
pa
wb

]
− jωue

f e,n

]
dΓ = 0. (A.12)

After substitution of the variable expansions, these three terms result in the following coupling matrices:

Cww =
1
ω2ρ

∫
Γwb

ΦT
w
∂Φw
∂n

dΓ Cwf = −
∫
Γwb

ΦT
wNdΓ fww = −

1
ω2ρ

∫
Γwb

ΦT
w
∂p̂q

∂n
dΓ (A.13)

Cfw = CT
wf Cff = 0 ffw =

∫
Γf e

NT p̂qdΓ (A.14)

Further details about the vibro-acoustic FE-WB coupling can be found in [78].

3. Poro-elastic-acoustic (u,p) coupling – Coupling an acoustic and a poro-elastic model requires one condition for

the acoustic model, one for the poro-elastic fluid phase, and one in each direction for the solid phase. These

conditions describe the force- and momentum balance:

La
vn

[
pa
wb

]
− jωutf e,n = 0, (A.15)

σs
f e,n + (1 − φ)p

a
wb = 0, (A.16)

p f
f e
− pa

wb = 0, (A.17)

σs
f e,s = 0, (A.18)

where ut
f e

represents the total poro-elastic displacement field, σs
f e

the stress field in the solid phase, p f
f e

the

pressure in the fluid phase an φ the porosity in the FE submodel and pa
wb

the acoustic pressure in the WB

submodel.
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After consecutive variable substitutions, which are further detailed in [79], the following residuals are obtained.

The first two are of the Neumann-type and are thus applied to the boundary residual of the FE submodel:∫
Γf e

ũs
f e,nσ

s
f e,ndΓ = −

∫
Γf e

ũs
f e,npa

wbdΓ, (A.19)∫
Γf e

ũs
f e,sσ

s
f e,sdΓ = 0. (A.20)

The final two coupling terms are introduced into the FE subsystem and the WB subsystem, respectively, by

minimising an error residual on the interface:∫
Γf e

p̃ f
f e

[
1
jω
La

vn

[
pa
wb

]
− us

f e,n

]
dΓ = 0, (A.21)∫
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1
jω
La

vn

[
p̃a
f e
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p f
f e
− pa

wb

]
dΓ = 0. (A.22)

After substitution of the variable expansions, these four terms result in the following coupling matrices:

Cww =
1
ω2ρ

∫
Γwb

∂ΦT
w

∂n
ΦwdΓ Cwf = −

1
ω2ρ

∫
Γwb

∂ΦT
w

∂n
NdΓ fww =

1
ω2ρ

∫
Γwb

∂ΦT
w

∂n
p̂qdΓ (A.23)

Cfw =


−

∫
Γf e

NTΦwdΓ
1
ω2ρ

∫
Γf e

NT ∂Φw
∂n

dΓ

 Cff =


0

−
∫
Γf e

NTNdΓ

 ffw =


∫
Γf e

NT p̂qdΓ

− 1
ω2ρ

∫
Γf e

NT
∂ p̂q
∂n

dΓ

 (A.24)

Further details about the hybrid poro-elastic-acoustic FE-WB coupling can be found in [79].
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