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ABSTRACT

The increasing penetration of Distributed Energy Re-
sources (DERs) creates new voltage issues in distribution
networks. This paper proposes an algorithm that mitigates
these issues, by actively managing the active and reactive
power of those DERs. The control problem is formulated
as an optimization problem. The paper proposes solving
the problem in a fully distributed manner and presents
a methodology to convert a centralized constraint opti-
mization problem into a fully distributed constraint opti-
mization problem based on dual decomposition, linearized
model of the distribution network and peer-to-peer com-
munication protocol. A real low voltage residential semi-
urban feeder from the region of Flanders (Belgium) has
been used as a case study. The simulation results show the
ability of the proposed peer-to-peer control algorithm to
control the voltage effectively within limits.

INTRODUCTION

Up until recently, distribution networks have been planned
based on a worst-case scenarios, with the assumption of
unidirectional power flows. Minimum and maximum load
conditions are considered and minimum and maximum
voltages in the grid are examined. The primary role is to
deliver electricity flowing in one direction, from the trans-
mission substation down to end users while ensuring that
the voltage of the system is maintained within accepted
limits. This approach makes use of limited voltage control
at the distribution level.

With the grid under increasing stress as a result of grow-
ing reliance on electricity and the introduction of Dis-
tributed Energy Resources (DERs), the role of the Distri-
bution System Operators (DSOs) in controlling the voltage
to be within the allowed limits is increasingly challenging.
Shoring up or replacing parts of the system is expensive
and time-consuming. A possible solution is to actively use
the active and reactive power control capabilities of those
DERs to keep the voltage within limits. For this purpose,
new control algorithms have to be developed that are able
to coordinate the DERs and allow them to participate in
voltage control by efficiently using their active and reac-
tive power control capabilities, which will help the DSOs
to alleviate grid stress and defer or avoid grid upgrades,
and consequently will help them to host more DERs.

There are different methods for organizing the coordina-
tion of DERs. A classification for these methods from
highly centralized coordination to fully distributed coor-
dination is presented in [1]. A fully centralized coordina-
tion uses a master controller in the distribution network to
control the DERs. The DERs are considered as slave con-
trollers which obey the regulation of the master controller.
This kind of coordination can be a single point of fail-
ure. The loss of communication with the master controller
causes a shutdown of the overall voltage control system.
Redundancy can be used to improve the reliability of the
system. However, adding redundancy increases the cost
and the complexity of the system design.

On the other hand, a fully distributed coordination is char-
acterised by absence of master controller. Every DER is
considered as an autonomous control agent. The control
agents are equal and build a network of peers. To over-
come the absence of the central decision making controller
(master) the peers communicate with each other in a peer-
to-peer (P2P) fashion. With communication, they are able
to make the correct control decisions in every particular
situation to maintain the voltage at any node in the distri-
bution network within the required limits.

P2P voltage control is a promising way to control the dis-
tribution system in the future. It is a robust control system
in which a failure of one controller does not have a catas-
trophic impact on the overall system.

In [2], the drawbacks of a centralized voltage control sys-
tem and the advantages of distributed voltage control sys-
tem have been the motivation to propose a P2P voltage
control algorithm. The algorithm regulates the voltage by
changing the active and reactive power set points of DERs.
The algorithm is formulated as an optimisation problem. A
gradient descent method and gossiping protocol have been
used to distribute the optimisation problem over agents
participating in the voltage control.

In [3], a distributed reactive power compensation algo-
rithm has been proposed to regulate the voltage and min-
imize the losses of the distribution network. The method
of dual decomposition has been used to solve a central-
ized optimisation problem in a distributed way. Both syn-
chronous and asynchronous version of the algorithm have
been derived. In [4], a gossip-based voltage control al-
gorithm has been developed to detect and resolve over-
voltage and/or under-voltage problems of distribution net-
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works applying DERs management in a P2P fashion. In
[5], gossip algorithms have been used to design a fully dis-
tributed, scalable and fault-tolerant method for congestion
management in radial distribution feeders. The algorithm
detects and resolves locally power flow limit violations by
curtailing flexible loads and exploiting the flexibility of
DERs production.

This paper presents a P2P voltage control algorithm that
regulates the voltage within allowed limits. The algorithm
uses a change in reactive and/or active power consumption
or injection of some participating DERs installed in the
grid to control the voltage. The algorithm is based on dual
decomposition theory, linearization of distribution network
around its operating points and P2P communication.

PROBLEM FORMULATION

Voltage control formulated as a centralized constraint op-
timization problem can be written as follows:

minimize
∆Q,∆P

∑
d∈D

cP
d ∆P2

d + cQ
d ∆Q2

d (1a)

subject to |Vn| ≤ Vmax, ∀n ∈ N (1b)
|Vn| ≥ Vmin, ∀n ∈ N (1c)
∆Pmin,d ≤ ∆Pd ≤ ∆Pmax,d,∀d ∈ D (1d)
∆Qmin,d ≤ ∆Qd ≤ ∆Qmax,d,∀d ∈ D (1e)

D is the set of DERs participating in the voltage control
andN is the set of nodes in the distribution network where
the voltages are monitored and controlled. The objective
function (1a) minimizes the total cost of all changes in
active power P and reactive power Q needed to maintain
the voltage within limits. The total cost is the sum of the
quadratic cost functions of the individual DERs: cPd ∆Pd

represents the cost of a change in active power of the DER
d with an amount ∆Pd while cQd ∆Qd represents the cost
of a change in reactive power of the DER dwith an amount
∆Qd. ∆Pd and ∆Qd have to be within specified limits for
each DER d. Likewise, the absolute value of the voltage
|Vn| has to be within limits at all nodes of the distribution
network.

cPd and cQd are constant factors used to penalize the control
variables ∆Pd and ∆Qd. These factors define the priori-
ties for the control actions. It is supposed that the reactive
power control of DERs is cheaper than cutting their active
powers. Therefore, cPd should be greater than cQd in a sense
that makes the first priority of the control action given to
the reactive power of DERs. When the reactive power of
DERs is not enough or active power curtailment of DERs
is more optimal, active power curtailment of DERs will be
used to regulate the system voltages.

To solve this optimisation problem, |Vn| has to be ex-
pressed as function of ∆Pd and ∆Qd. For the sake of sim-
plicity, let’s take a simple distribution network that consists

of a DER d connected to a load via a power line having a
resistance rnd and a reactance xnd as shown in Figure 1.
Considering the bus at which the DER is connected as a
slack bus with the voltage magnitude equals to 1 pu and
phase angle equals to zero, the per unit (pu) value of |Vn|
can be expressed by Equation (2) [6].

DER

d

nd
x

Slack Bus n

ndn
V ||pu

d
V 1

Loadnd
r

Fig. 1: Simple distribution network

|Vn|pu=
√

1−2(rnd.Pd+xnd.Qd)+(r2
nd+x2

nd)(P2
d+Q2

d)

(2)

Then Pd and Qd can be expressed as function of ∆Pd and
∆Qd respectively as expressed by Equation (3).

Pd = Pd,0 + ∆Pd,Qd = Qd,0 + ∆Qd (3)

Where Pd,0 andQd,0 are the set points of the active and re-
active power respectively before applying ∆Pd and ∆Qd.
The way to operate the control algorithm presented in this
section is by letting a centralized master controller solve
the optimisation problem based on the information it re-
ceives about the voltages at the monitored nodes and the
set points of the DERs participating in the voltage control.
The centralized master sends out new set points of Pd and
Qd to the DERs in order to maintain the voltage profile of
the distribution network within the accepted limits. But if
the central master fails or if the communication with the
central master is lost then the whole voltage control sys-
tem will fail. For this reason, the next section presents a
methodology that converts the centralized constraint opti-
misation problem into a distributed constraint optimisation
problem to implement a fully distributed P2P voltage con-
trol system.

A DISTRIBUTED VOLTAGE CONTROL
BASED ON DUAL DECOMPOSITION

The main goal of this paper is to design a voltage control
system that does not rely on a centralized controller. This
can be achieved by letting a DER controller compute lo-
cally the required change in reactive and/or active power
needed to maintain the voltage within limits. To do so, the
centralized optimisation problem (1a-1e) has to be decom-
posed into sub-optimisation problems that can be solved
locally by the DERs.

The objective function (1a) is basically a sum of separate
cost functions, one for each participating DER. The con-
straints (1d) and (1e) are local, meaning that they only in-
fluence the local decision variables ∆Pd and ∆Qd, and
therefore these constraints can be distributed easily, one
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for each cost function. On the other hand, the constraints
(1b) and (1c) cannot be distributed as |Vn| is a non-linear
function of Pd and Qd as described by Equation (2). Thus,
the cost functions of the objective function (1a) are coupled
via the constraints (1b) and (1c) and cannot be distributed
amongst the DERs. The paper proposes to solve the cou-
pling problem by linearizing the function |Vn| and relaxing
the optimisation problem (1a-1e) using the dual decompo-
sition method. A first order approximation of Equation (2)
can be used to linearize |Vn| as described by Equation (4).

|Vn| ≈ Vn,0 +
∑

d∈D

(∂ |Vn|
∂Pd

∆Pd +
∂ |Vn|
∂Qd

∆Qd

)
(4)

Where Vn,0 is the voltage at node n before applying ∆Pd

and ∆Qd. Based on Equation (4), |Vn| becomes a sepa-
rable sum of sensitivities of the voltage at the considered
node n towards a change of active and reactive power. As
the partial derivatives are not easy to calculate and depen-
dent on the system state, these are often approximated by
Equation (5) [7].

∂ |Vn|
∂Pd

∼=
rnd

Vnom
,
∂ |Vn|
∂Qd

∼=
xnd

Vnom
(5)

Where Vnom is the nominal voltage, rnd and xnd are the
equivalent resistance and reactance respectively between
node n and DER d. Equation (5) is a good approxima-
tion for |Vn| when the phase angle between the voltages at
different nodes is small [6], which is the case in the distri-
bution network. An algorithm that calculates the voltage
sensitivities (partial derivatives) for a distribution network
consists ofN nodes and D DERs can be found in [8]. The
algorithm is based on the calculation of a bus injection to
branch current BIBC matrix and a bus current to branch
voltage BCBV matrix.

The linearization of |Vn| to an affine functions, makes it
possible for the whole optimization problem (1a-1e) to be
solved in a distributed way based on Lagrangian duality.
The basic idea in Lagrangian duality is to relax the orig-
inal problem (1a-1e) by transferring the constraints to the
objective function in a form of a weighted sum [9]. The
Lagrangian of (1a) is defined as:

L(∆P,∆Q, λmax, λmin) =
∑

d∈D
(cP

d ∆P2
d + cQ

d ∆Q2
d)+∑

n∈N

(
λmax

n (|Vn| −Vmax) + λmin
n (Vmin − |Vn|)

)
(6)

where λmin
n and λmax

n are the Lagrangian multipliers as-
sociated with the nth inequality constraints (1b) and (1c)
respectively. Based on (4), Equation (6) can be written as:

L=
∑

d∈D

(
cP
d ∆P2

d+cQ
d ∆Q2

d+∑
n∈N

(
λmax
n (Vn,0−Vmax+

rnd
Vnom

∆Pd+
xnd
Vnom

∆Qd)+

λmin
n (Vmin − Vn,0 −

rnd
Vnom

∆Pd −
xnd
Vnom

∆Qd)
))

(7)

Keeping the Lagrangian multipliers fixed makes (7) rep-
resent a sum of separate objective functions for each par-
ticipating DER. The solution that minimises the relaxed
optimization problem (7) for each DER becomes quite
straightforward (based on ∂L

∂∆Pd
= 0 and ∂L

∂∆Qd
= 0 ):

∆Pd(λmin,λmax)=
1

2cP
d

∑
n∈N

(λmin
n −λmax

n )
rnd

Vnom
(8)

∆Qd(λmax,λmin)=
1

2cQ
d

∑
n∈N

(λmin
n −λmax

n )
xnd

Vnom

(9)

The values ∆Pd and ∆Qd have to be limited to their
boundaries, since it is not possible for the DER to go be-
yond these limits. The Lagrangian multipliers λmin

n and
λmax
n should only be greater than zero, when the voltage at

node n goes beyond the allowed limits (Vmin, Vmax). Be-
cause of the Karush-Kuhn–Tucker conditions (KKT), the
Lagrangian multipliers cannot be smaller than zero. The
variables should be calculated in such a way, that they max-
imize the Lagrangian dual function [9]. This can be done
with a dual ascent method [10]:

λmax,k
n = max{λmax,k−1

n + αk(|Vn| −Vmax), 0} (10)

λmin,k
n = max{λmin,k−1

n + αk(Vmin − |Vn|), 0} (11)

where k is the number of iteration and αk is a parame-
ter that has to be appropriately sized for quick but stable
convergence. Since each pair of Lagrangian multipliers
(λmin

n , λmax
n ) is directly linked to the voltage difference

on one node of the grid, it seems reasonable that each pair
of Lagrangian multipliers is calculated locally at the node
it belongs to.

To operate a voltage control system based on the pro-
posed distributed algorithm, the paper defines two types
of agents. Firstly, there are voltage controlling agents d, or
compensators, that participate actively in voltage control
by putting the appropriate amount of (∆Pd,∆Qd) on the
grid according to Equations (8) and (9). These can be bat-
teries, PV inverters, or other DER devices. Secondly, there
are Lagrangian agents L, connected to all nodes where the
voltages are monitored and controlled. Agents L measure
the voltage at their nodes, calculate (λmin

n , λmax
n ) accord-

ing to Equations (10-11), communicate these to agents d
and wait an appropriate amount of time for their reaction,
before updating (λmin

n , λmax
n ) with a new values.

To broadcast the calculated (λmin
n , λmax

n ) the paper pro-
poses the use of the P2P gossiping communication proto-
cols presented in [11]. Gossiping is a technique to quickly
disseminate data in order to obtain global information on a
network for local nodes without central coordination.

CASE STUDY

This section presents a case study of the algorithm pre-
sented above, simulated on a real distribution grid with re-
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alistic profiles. The grid used in a real low voltage residen-
tial semi-urban feeder in the region of Flanders, Belgium
[12], shown in Figure 2. It is assumed that the network is
balanced. To overload the grid with Photovoltaics (PV),
every second house has a three-phase PV inverter. All PV
inverters participate in the voltage control. It is assumed
that each inverter has grid management functions that al-
low the inverter to regulate reactive power and/or curtail
the active power at the point of common coupling. Fac-
tor cQd is set to 1 and cPd is 4 times greater than cQd . A
MATLAB code designed for distribution load flow using
backward forward sweep method has been used to test the
proposed voltage control system [8]. A dynamic simula-
tion is considered.

with PV installations

without PV installations

10/0.4 kV
250 kVA

Fig. 2: Schematic diagram of the feeder used in the case study
(Cable parameters can be found in [12] )

As all the houses are located on the same feeder, they are
geographically close to each other. Therefore all PV will
have more or less the same amount of generation. In the
case study, all PV generators will therefore have the same
PV profile. The profile itself is measured in 2009 at a fixed
rooftop PV installation at KU Leuven, with a time resolu-
tion of 5 minutes. Between every 5 minutes time step, the
profile is interpolated linearly to represent a continuously
variable generation profile. The reactive power compensa-
tion of the PV inverters is limited by their power rating and
momentary active power injection. The rated power of all
PV inverters is dimensioned as 5kVA.

The load profiles are generated with a time resolution of
1 minute and are based on the model of Richardson et al.
[13]. For each household connected to a node, a separate
load profile is generated. All households are assumed to
consume power with a constant power factor of 0.85.

The voltages at all nodes are controlled, also the nodes
without a PV inverter. This means that each node
must be able to measure the voltage locally, calcu-
late the Lagrangian multipliers and communicate with
other nodes in a P2P fashion. The dissemination of
the Lagrangian multipliers is implemented with a sim-
ple push-sum gossiping protocol [11], where a vector
Λ = (λmax

1 , . . . , λmax
N , λmin

1 , . . . , λmin
N ) is sent around to

a random neighbour and update when new values of λn
are received, or a new local value of λn is calculated. The
limits of the voltage Vmin and Vmax are set at 0.95 pu and
1.05 pu respectively. This is tighter than the normal ±10%
encountered in real life, however these tighter limits allow
for better evaluation of the performance of the algorithm in
this case study.

The time step of the gossiping algorithm is set at 100 ms,
meaning that every 100ms every agent sends its latest esti-

mate of the Lagrangian vector Λ to a random neighbour. A
communication latency of 100ms is assumed, correspond-
ing to the technical capabilities of a 3G wireless connec-
tion. The gossiping algorithm is executed asynchronously,
so that no synchronisation is needed between the agents,
which would result in a demanding additional constraint.

The local updates of (λmin
n , λmax

n ) are calculated with a
time step of 1s. This is enough to ensure that the gossiping
algorithm has disseminated the latest Lagrangian multipli-
ers to all PV compensators, so that they can update their
∆Pd and ∆Qd before a new local update of the Lagrangian
multipliers is calculated.

The case study is executed for a summer day in July to be
able to incorporate the effect of high PV generation. The
simulation is performed from 12:00 at noon to 22:00 in
the evening, to be sure to incorporate the PV generation
peak during noon and the consumption peak in the evening
when there is little PV generation.

The results of the case study are shown in Figure 3. One
can clearly see that the algorithm is able to keep the
voltages reasonably within limits, by using the minimum
amount of reactive power needed. When the voltage is not
at the limits, the reactive power compensation by the PV
inverters is most of the time zero. The results show that
the algorithm is clearly fast enough to follow the quickly
varying load and PV generation profiles. One can see that
the reactive power limits are always satisfied (black lines,
third graph in Figure 3). There is no need for active power
curtailment in this case study as the reactive power control
is sufficient.

CONCLUSION
This paper presented a voltage control algorithm suited for
the operation of P2P distribution networks. The algorithm
is able to operate completely distributed, thereby keeping
all control local and eliminating any single point of fail-
ure. The algorithm uses a change in reactive and/or active
power of DERs to regulate the voltage. The control prob-
lem is formulated as an optimization problem. The paper
presented a methodology to convert the centralized con-
straint optimization problem into a fully distributed con-
straint optimization problem based on dual decomposition,
linearized model of distribution network and P2P commu-
nication. Simulation results illustrate the ability of the al-
gorithm to mitigate the voltage rise and voltage drop prob-
lems using minimum resources. Future work includes de-
veloping a model free P2P voltage control that does not
rely on the topology of the grid to calculate the voltage
sensitivity coefficients.
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Fig. 3: (Results): Upper graph: sum of the active load profiles with PV generation of all loads. Second graph: voltage profiles per unit, without any voltage control
applied. Third graph: reactive power compensation by the PV inverters following from the presented voltage control algorithm. The black lines denote the

upper and lower limits. Lower graph: resulting voltage profiles per unit with the P2P voltage control algorithm applied.
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