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The missing link?

Monte Carlo Quasi-Monte Carlo

Multilevel MLMC?P MLQMCS4 e
Multi-index MIMC' ?
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PDEs with Random Coefficients

121



PDEs with random coefficients

Let (2, A, P) be a complete probability space and D € R? a
bounded domain

We look for solutions u : D — R that solve almost surely (a.s.)
-V - (a(x,w)Vu(x,w)) =f(x) forxeDandw € Q
with given boundary conditions

u(x, ) = u(x) forx € oD
n(x) - (a(x,-)Vu(x,-)) = ua(x) forx € 0,D

The goal is to compute statistics of the functional G = G(u) for
some sufficiently smooth aand G
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Flow through porous media
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= Represent permeability of the porous medium as a lognormal
random field k(x, w) = exp(Z(x,w)), where Z(x,w) is an
underlying Gaussian random field
= A Gaussian random field is characterised by its mean
u(x) = E[Z(x)] and covariance function cov(Z(x), Z(y))

= Every fixed w € Qyields a deterministic realisation of the
random field
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On the choice of covariance function

= A common choice is the exponential covariance function
c(p) = o*exp (§)

with p = ||x — y||, and p the usual £,-norm

= We choose the more general Matérn covariance function

iy (58 0 (v22)

with I the Gamma function and K, the modified Bessel
function of the second kind

= The Matérn covariance reduces to the exponential case when
v =1/2,v = oo is the squared exponential case.
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On the choice of covariance function

= Some examples of k(x, w) for different parameter sets
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The KL expansion

= Classical technique to take samples from k(x,w) is the
Karhunen-Loéve or KL-expansion

Kx,w) =k -+ exp (Z ﬁrmx)g(w))

with 8, and f, the solutions of the Fredholm equation
C(x y)f(y)dy = M\ f(y), x€D

r=15 r =88
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= Approximation quality of the KL expansion determined by

eigenvalue decay rate
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= Steady-state flow through porous media given by Darcy’s law
=V - k(x,w)Vp(x,w) = f(x)
with k the hydraulic conductivity and p the pressure head
= Thisis an elliptic PDE with random coefficients!

= Let us choose D = [0, 1]° and the functionals

G' = p(x*), x* = (0.5,0.5,0.5)

and G*= / / 8p

= Our goalis to compute E[G'] and ]E[GZ]

d ydz
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From MLMC to MIMC
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Numerical approximatio

= We assume that different approximations of u are available
based on the discretization parameter h

= For MLMC, one usually assumes a geometrical mesh hierarchy
he = hg2~*

= The approximations are indexed by a level / € N
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Multilevel Monte Carlo

Suppose we denote by G, the approximation of G at level ¢
Gy ift=0

Gy — Gy, if€>0

Using the telescoping sum identity,

Let AGg = {

L
E[G] =) E[AG/]
£=0
the MLMC [Giles, 2008] estimator can be expressed as
A Lo, M
GuL = ; N, ; AGy(wen)

Main point: MLMC is a recursive control variate strategy that
uses a hierarchy of coarser grids
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Numerical approximation (2)

= We assume that different approximations of u are available
based on the discretization parameters h;,i =1...d

== Similar to MLMC, assume a geometrical mesh hierarchy
hy, = ho2™"

= Approximations are indexed by a multi-index ¢ = ()L, €N
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Multi-Index Monte Carlo
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Multi-Index Monte Carlo

= Suppose we denote by G the approximation of G at index ¢

* Let AG; = (QL; &) 6z with
G; if ¢ =
A,-Gﬂ—{ 2 I ! fori=1...d

= The MIMC estimator [Haji-Ali, 2016] can be expressed as

GM| Z ZAGE(WEn

ez £ 0=l

where Z ¢ NYis an appropriate set of indices, the index set
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* Ford =2andZ = (1,2), we have

AG(1,2)(W) =14, (A1G(1,2)(W))
= A (G(12)(w) — Go,2)(w))
= (G(1,2)(w) - G(o,z)(w)) - (G(m)(w) - G(o,l)(w))
= G2)(w) = Go,2)(w) — Gr1y)(w) + Go1y(w)

= Key point is that these 4 solutions are based on the same
realisation of the random field k(-, w)
= In general, computing a single realisation of AGy requires the

solution of 29 different PDEs, where the cost is dominated by
the solution at index £
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Complexity analysis

* Classical MSE error splitting: MSE = V[G] + E[(G — G)]?
A Vs
= Byindependence, we have V[G] = Z N—‘i with V; := V[AGy]
fez
= The second term can be approximated as

E[(G - 6) = |Y_E[AGH]| ~ | ) E[AG]
e¢T fedz
with 97 the boundary of the index set Z. Note: this requires

sufficient decay of the E[AGy] (e.g., exponential, see [Haji-Ali,
2016])

= Conclusion: error and work complexity depends on choice of
index set!
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On the choice of index set
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Boundary of an arbitrary index set

%)

Zisvalid when it is downward closed

An index £ dominates an index 7 in a certain direction i if
g,’ > T

Anindex £ is an interior index if it is dominated by another
index in the direction of the position of its maximum entry

The boundary 97 of an index set Z are these indices ¢ € T that
are part of the index set but are not interior indices
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From MIMC to MIQMC
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The MIQMC estimator

= Let us assume that we have a randomly shifted rank-1 lattice

rule available that approximates
K—=1 , N—1

Is(F) = /[0,1]s F(y)dy ~ :_< kz_:o % ; F({ts + B}

(see tutorials on Sunday, or first plenary talk by D. Nuyens)
= Inour setting, the “integral” is the expectation

E[GZ] - /ROO GZ(U('?£1>£2 50 ))dcb(f],fz .. )
%/[0115 GZ(“('»CD_](}H),‘..,d)_](ys),o,...)dy

with ® the cumulative normal density and we apply the
change of variables component-wise

=0 (y)= (@' (1), 0 '(2),...) e RN andy € (0,1)"
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The MIQMC estimator

= The MIQMC estimator reads

Nz—1

Z Z ZAG£(¢ ({ta + B, 3})

fer k=0

= For linear functionals G in a single- or multilevel setting, it can
be show that the integrand belongs to a weighted Sobolev
space with (S)POD-weights, see [Graham, 2014], [Kuo, 2016]
and [Kuo, 2016/2]

= Software for generating these lattice rules: QMC4PDE

= The convergence rate depends on decay rate of eigenvalues,
but is independent of the number of dimensions s
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Numerical results (1)

—e— MIMC —a— MIMC,FT  —4— MIMC,TD
— @~ MQMC == MIQMCFT - -4- MIQMC,TD

10°

* Three-dimensional
problem with Dirichlet
boundary conditions

104

= Quantity of interest is G'

103 (point evaluation)

«* Lognormal random field
with Matérn covariance,
A=1v=255=12

=" Solve deterministic PDE
using FV, CG with AMG
preconditioner

runtime [s]
IR
u
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P Lol Lol - Coarsestmeshhas43:64
105 1074 103 DOF, finest mesh has
requested tolerance e 1283 ~ 2M DOF
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Numerical results (2)

runtime [s]

——  MLMC

- -

—a—  MIMC, FT

MLQMC = == MIQMC,FT - 4 -

—4—  MIMC,TD
MIQMC, TD
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102
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10~
requested tolerance €

10-3

Three-dimensional
problem with Dirichlet
boundary conditions

Quantity of interest is G'
(point evaluation)

Lognormal random field
with Matérn covariance,
A=03,v =15 =201
Solve deterministic PDE
using FV, CG with AMG
preconditioner

Coarsest mesh has 43 = 64
DOF, finest mesh has

1283 ~ 2M DOF
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Numerical results (3)

runtime [s]

—e— MLMC —a—  MIMC, FT —4— MIMC,TD
- 2= MLQMC === MIQMC,FT = 4~ MIQMC,TD
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requested tolerance e

Three-dimensional flow
cell geometry

Quantity of interest is G2
(flux through boundary)

Lognormal random field
with Matérn covariance,

A =0.075,0% =1,

v = 0.5,s = 3000

Solve deterministic PDE
using FV, CG with AMG
preconditioner

Coarsest mesh has 4° = 64

DOF, finest mesh has
1283 ~ 2M DOF
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Conclusions
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Closing Thoughts

MIQMC is a QMC extension of MIMC [Haji-Ali, 2016] or a MIMC
extension of MLQMC [Kuo, 2016]

We show numerical evidence that the MIQMC estimator
achieves a convergence rate as good as MIMC, and as good as
(or better than) MLQMC for smooth problems

Cost and error analysis of the estimator must take into account
the shape of the index set (can be complicated)

A general-purpose library is available on
https://github.com/PieterjanRobbe/MultilevelEstimators.jl
preprint is available on ArXiv
http://arxiv.org/abs/1608.03157

Future work: adaptive construction of the index set 7
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