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COUPLED CANONICAL POLYADIC DECOMPOSITIONS AND
(COUPLED) DECOMPOSITIONS IN MULTILINEAR
RANK-(L; Ly n,1) TERMS—PART II: ALGORITHMS*

MIKAEL SORENSENT, IGNAT DOMANOVT, AND LIEVEN DE LATHAUWER'

Abstract. The coupled canonical polyadic decomposition (CPD) is an emerging tool for the
joint analysis of multiple data sets in signal processing and statistics. Despite their importance,
linear algebra based algorithms for coupled CPDs have not yet been developed. In this paper, we
first explain how to obtain a coupled CPD from one of the individual CPDs. Next, we present
an algorithm that directly takes the coupling between several CPDs into account. We extend the
methods to single and coupled decompositions in multilinear rank-(Ly n, Lrn,1) terms. Finally,
numerical experiments demonstrate that linear algebra based algorithms can provide good results at
a reasonable computational cost.

Key words. coupled decompositions, higher-order tensor, polyadic decomposition, parallel fac-
tor, canonical decomposition, canonical polyadic decomposition, coupled matrix-tensor factorization
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1. Introduction. In recent years the coupled canonical polyadic decomposition
(CPD) and its variants have found many applications in science and engineering, rang-
ing from psychometrics, chemometrics, data mining, and bioinformatics to biomedical
engineering and signal processing. For an overview and references to concrete appli-
cations we refer the reader to [35, 33]. For a more general background on tensor
decompositions, we refer the reader to the review papers [22, 4, 6] and references
therein. It was demonstrated in [35] that improved uniqueness conditions can be
obtained by taking the coupling between several coupled CPDs into account. We
can expect that it is also advantageous to take the coupling between the tensors into
account in the actual computation.

There are two main approaches to computing a tensor decomposition, namely,
linear algebra (e.g., [24, 9, 14]) and optimization based methods (e.g., [37, 5, 30]). For
many exact coupled decomposition problems an explicit solution can be obtained by
means of linear algebra. However, in practice data are noisy, and consequently the
estimates are inexact. In many cases the explicit solution obtained by linear algebra
is still accurate enough. If not, then the explicit solution may be used to initialize
an optimization based method. On the other hand, optimization based methods for
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coupled decompositions may work well in the case of noisy data but are not formally
guaranteed to find the decomposition (i.e., the global optimum), even in the exact
case.

So far, mainly optimization based methods for computing the coupled CPD have
been proposed (e.g., [1, 32]). The goal of this paper is to develop algebraic methods
for computing coupled CPDs. In contrast to optimization based methods, algebraic
methods are under certain working conditions guaranteed to find the decomposition in
the exact case. We first explain how to compute a coupled CPD by first computing one
of the individual CPDs, and then handling the remaining ones as CPDs with a known
factor. Next, we present an algorithm that simultaneously takes the coupling between
the different CPDs into account. In signal processing polyadic decompositions (PDs)
may contain factor matrices with collinear columns, known as block term decomposi-
tions (BTDs) [10, 11, 12]. For a further motivation, see [35, 33] and references therein.
Consequently, we also extend the algebraic framework to single or coupled decompo-
sitions in multilinear rank-(Ly, , Ly, 1) terms. This also leads to a new uniqueness
condition for single/coupled decompositions in multilinear rank-(L,. y, Ly, 1) terms.

The paper is organized as follows. The rest of the introduction presents our no-
tation. Sections 2 and 3 briefly define the coupled CPD without and with a common
factor matrix with collinear components, respectively. Next, in section 4 we present
algorithms for computing the coupled CPD. Section 5 considers CPD models where
the common factor matrix contains collinear components. Numerical experiments are
reported in section 6. We end the paper with a conclusion in section 7. We also men-
tion that in the supplementary materials an efficient implementation of the iterative
alternating least squares (ALS) method for coupled decompositions is reported.

1.1. Notation. Vectors, matrices, and tensors are denoted by lowercase bold,
uppercase bold, and uppercase calligraphic letters, respectively. The rth column
vector of A is denoted by a,. The symbols ® and ® denote the Kronecker and
Khatri-Rao product, defined as

a1B  a;2B
A®B: (L21B a22B s A@B::[a1®b1 a2®b2 ],

in which (A),,,, = @mn. The Hadamard product is given by (A*B)ij = ai;bi;.
The outer product of N vectors a™ € C! is denoted by a oca® o...0a™ e
ClixI2x-xIN gyuch that

(au) 0a® O.‘.oauv)) —aWa®

. . 11 2 iN
11,82, ,0N

The identity matrix, all-zero matrix, and all-zero vector are denoted by I, € CM*M
Opm,N € CM*N and 0j; € CM, respectively. The all-ones vector is denoted by
1g =[1,...,1]7 € CE. Dirac’s delta function is defined as

L i
R f
0, i#j.
The cardinality of a set S is denoted by card (5).

The transpose, conjugate, conjugate-transpose, inverse, Moore—Penrose pseudo-
inverse, Frobenius norm, determinant, range, and kernel of a matrix are denoted by
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O O OF O (-)T7 Il 7, ||, range (-), and ker (-), respectively. The orthogonal
sum of subspaces is denoted by @®.

MATLAB index notation will be used for submatrices of a given matrix. For
example, A(1 : k,:) represents the submatrix of A consisting of the rows from 1 to
k of A. Dj(A) € C/*/ denotes the diagonal matrix holding row k of A € C/*/
on its diagonal. Similarly, Diag(a) € C?* denotes the diagonal matrix holding the
elements of the vector a € C! on its main diagonal. Given X € ClixTzxXIN
Vec (X) € CI2=1 e denotes the column vector

Vec (X) = [z1,..1,1, 21,...1,2, - --7$11,...,1N,],1N}T
The reverse operation is Unvec (Vec (X)) = X. Let A € C'*!; then Vecd (A) € C!
denotes the column vector defined by (Vecd (A)), = (A),;.

The matrix that orthogonally projects on the orthogonal complement of the col-

umn space of A € C'*7 is denoted by

Pa =1, - FF7 e C¢!*I,

where the column vectors of F constitute an orthonormal basis for range (A).

The rank of a matrix A is denoted by r (A) or ra. The k-rank of a matrix A is
denoted by k (A). It is equal to the largest integer k (A) such that every subset of
k(A) columns of A is linearly independent. Let CF = #lk)' denote the binomial

coefficient. The kth compound matrix of A € C™*" is denoted by Ci, (A) € COmxCn,
and its entries correspond to the k-by-k minors of A ordered lexicographically. See
[20, 13] for a discussion of compound matrices.

2. Coupled canonical polyadic decomposition. We say that aoboc €
CT*J*K ig g rank-1 tensor if it is equal to the outer product of some nonzero vectors
aec C! beC’ and c € CK. The decomposition of a tensor X € CI*/*K into
a minimal number of rank-1 tensors is called the canonical polyadic decomposition
(CPD). We say that a set of tensors a(™ o b oc e ClxInxE pe {1,...,N},isa
coupled rank-1 tensor if at least one of the involved tensors a(™ o b™ oc is nonzero,
where “coupled” means that the set of tensors {a(™ o b™ o ¢} share the third-mode
vector c. A decomposition of a set of tensors X" € Cln*/nxK ' c {1 ... N}, into
a sum of coupled rank-1 tensors of the form

R
(2.1) xmM=>"aMobMoe,, mne{l,... N}

r=1

is called a coupled polyadic decomposition (PD). The factor matrices in the first and
second modes are

AW =[a, &l |eCh R ne{l,... N}
B™ = [ bV, . bl [eCm R me i N}

The factor matrix in the third mode,
C=[c, ... ,cg|eCr*A

is common to all terms. Note that the columns of C are nonzero, while columns of A
and B™ can be zero. We define the coupled rank of {X(™} as the minimal number

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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of coupled rank-1 tensors al™ o b(™ o ¢, that yield {X(™} in a linear combination.
Since each third-mode vector is shared across a coupled rank-1 tensor, the coupled
CPD of {X(™} leads to a different decomposition compared to ordinary CPDs of the
individual tensors in {X(™}. If R in (2.1) equals the coupled rank of {X(™}, then
(2.1) is called a coupled CPD. The coupled rank-1 tensors in (2.1) can be arbitrarily
permuted, and the vectors within the same coupled rank-1 tensor can be arbitrarily
scaled provided the overall coupled rank-1 term remains the same. We say that
the coupled CPD is unique when it is only subject to these trivial indeterminacies.
Uniqueness conditions for the coupled CPD have been derived in [35].

A special case of (2.1) is the coupled matrix-tensor factorization

X = 7R 2@ e,

2.1. Matrix representation. Let X("™ € C/»*K denote the matrix slice for

which (X)) ;5 = 2{7); then X" = B™D;(A™)CT and

T
(23) ChE s X = [XOT, L X0 T] (A0 o B™) CT.

Similarly, let X#™ e C*/» be such that (X("k’”))ij = xz(;,g, then X(*m) —
A™ Dy (C)B™T and
T
LK XJn (n) . [x(¢1,n)T (-Kn)T |~ _ (n)) g(mT
(24) C 5 Xy =[x X | =(coam)pmr

By stacking expressions of the type (2.3), we obtain the following overall matrix
representation of the coupled PD of {X(™}:

Xy AD o BO
(25) X = = CT — FCT c (C(Zivzl In']n)XK’
Xgi\;) AWM o BW)
where
AL o) B®
(2.6) F= : c C(Znoi InJn) xR,
AN o BW)

3. Coupled BTD. We consider PDs of the following form:

R L, R
(3.1) X = ZZal(r) o bl(r) ocl = Z (A(T)B(T)T) ocm.

r=11=1 r=1

Equation (3.1) can be seen as a PD with collinear columns ¢(") in the third factor
matrix. We say that (AB7T) o ¢ is a multilinear rank-(L, L, 1) tensor if AB” has
rank L and c is a nonzero vector. If the matrices A B™7T in (3.1) have rank L,
then (3.1) corresponds to a decomposition into multilinear rank-(L,, L,, 1) terms [10].
Uniqueness conditions for the decomposition of X into multilinear rank-(L,, L,, 1)
terms can, for instance, be found in [10, 11, 27].

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.



Downloaded 07/22/15 to 134.58.253.57. Redistribution subject to SIAM license or copyright; see http://www .siam.org/journals/ojsa.php

COUPLED TENSOR DECOMPOSITIONS 1019

We say that a set of tensors (A(”)B(")T) oc € Clnx/nxK n c f1,... N}, is
a coupled multilinear rank-(L,, Ly, 1) tensor if at least one of the involved tensors
(AMWBM™T) o ¢ is a multilinear rank-(Ly, Ly, 1) tensor, where again “coupled” means
that the set of tensors {(A™B™T)oc} shares the third-mode vector c. In this paper
we consider a decomposition of a set of tensors X" e ClnxJInxK p ¢ {1,...,N},
into a sum of coupled multilinear rank-(L, ,, Ly n, 1) tensors of the following form:

R Lyn R
(32) X(n) _ Z Z a}y»,n) ° b;r,n) o C(r) _ Z (A(r,n)B(r,n)T) ° C(T).
r=1 =1 r=1

We call the coupled multilinear rank-(L;. ,, Ly, 1) term decomposition (3.2) a coupled
block term decomposition (BTD) for brevity.

The coupled multilinear rank-(L;,, Ly, 1) tensors in (3.2) can be arbitrarily
permuted without changing the decomposition. The vectors or matrices within the
same coupled multilinear rank-(L, , Ly, 1) tensor can also be arbitrarily scaled or
transformed, provided that the overall coupled multilinear rank-(L; ,,, Ly, 1) term
remains the same (e.g., (A"BTMT) o) = (2. ACMN)(3- BOINTT)T 0 L),
where N is an arbitrary nonsingular matrix). We say that the coupled BTD is unique
when it is only subject to the mentioned indeterminacies. Uniqueness conditions for
the coupled BTD are given in [35].

3.1. Matrix representations. Denote R, = Zle L, , and define
A = [ a(lr’")7 ,agr’? } € Clnxlrm
A = [ A0m Al ] e gl B e {1, N,
B — [ bg%n)7 7bgrnn) } c (CJner.n7
B =[ BU™ . BWEM e P pe{l,..., N},
(33)  CtD=[cW, ... P ]eCk*R,

(34) =[] @ch,.. . 1], @c®]eck o,
where “red” stands for reduced. We have the following analogues of (2.3)—(2.4):

(3.5) ClIxK 5 X = [X(l“’")T, . .,xUn'wn)Tr - (A<"> © B(")) c™T,

(3.6) ChExn 5 X1 = [x“’”)T, . ..,x<"K=">T}T - (CW @A(”)) BT,

Similar to (2.5), we have the following matrix representation of (3.2):

T
_ T (NT]" _ p(red) (v(red)T N LJn)xK
(3.7) X = [X(l) S 45 } _ plred) Qred)T ¢ (S0, Ladu) XK

where F*d ¢ €050 InJn) xR g given by

Vec (B(I,I)A(I,I)T) C Ve (B(R,I)A(R,I)T)
(38) FUed — : :

Vec (B(I,N)A(I,N)T) o Vee (B(R,N)A(R,N)T)

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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4. Algorithms for computing the coupled CPD. So far, for the compu-
tation of the coupled CPD, mainly optimization based methods have been proposed
(e.g., [1, 32]). Standard unconstrained optimization methods proposed for ordinary
CPDs (e.g., nonlinear least squares methods) can be adapted to coupled CPDs; see
[1, 32] and references therein for details. A linear algebra based method for the com-
putation of the coupled CPD of two tensors has been suggested in [17]. However, the
method requires that each individual CPD be unique and have a full column rank
factor matrix. We also mention that in the case where all factor matrices {A™}
and C in (2.1) have full column rank, it is possible to transform the coupled CPD
problem into an ordinary CPD problem via a joint similarity transform [2]. As in
[17], a drawback of this approach is that it basically requires the individual CPDs
to be unique. In contrast, we first present in subsection 4.1 a linear algebra inspired
method for coupled CPD problems in which only one of the involved CPDs is required
to be unique. Next, in subsection 4.2 we present a linear algebra inspired method for
coupled CPD problems which only requires that the common factor matrix have full
column rank (i.e., none of the individual CPDs is required to be unique).

4.1. Coupled CPD via ordinary CPD. Consider the coupled CPD of the
third-order tensors X(™ n € {1,...,N}, in (2.1). Under the conditions in [35,
Theorem 4.4] the coupled CPD inherits uniqueness from one of the individual CPDs.
Assume that the CPD of X®) with matrix representation

(4.1) X" = (A<p> ® B<p>) c?

is unique for some p € {1,..., N}. We first compute this CPD. Linear algebra based
methods for the computation of the CPD can be found in [24, 9, 36, 14]. For in-
stance, if AP and Cy(B?)) ® Cy(C) have full column rank, then the simultaneous
diagonalization (SD) method in [9, 14], reviewed in subsection 4.2.1, can be applied.
Optimization based methods can also be used to compute the CPD of X (); see [22, 30)
and references therein. Next, the remaining CPDs may be computed as “CPDs with
a known factor matrix” (i.e., matrix C):

X = (AW eBM)CT, ne{l,. N}\p.

If C has full column rank, then the remaining factor matrices of the coupled CPD

of {X™} follow from the well-known fact that the columns of YE?)) = XE;’; (chHt =

AM oB™, ne {1,..., N} \ p, correspond to vectorized rank-1 matrices. For the
case where C does not have full column rank, a dedicated algorithm is discussed
in [34]. The results may afterward be refined by an optimization algorithm such as
ALS, discussed in the supplementary materials. The extension to coupled CPDs of
M, th-order tensors with M,, > 4 for one or more n € {1,..., N} is straightforward.

For the coupled matrix-tensor factorization problem (2.2), the factor matrix C
is required to have full column rank in order to guarantee uniqueness of A® [34].
Consequently, we may first compute the CPD of the tensor X in (2.2) and thereafter
obtain the remaining factor as A® = X ()i,

4.2. Simultaneous diagonalization (SD) method for coupled CPDs. In
[9] the computation of a CPD of a third-order tensor was reduced to a matrix general-
ized eigenvalue decomposition (GEVD) in cases where only one of the factor matrices
has full column rank. This generalizes the more common use of GEVD in cases where

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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at least two of the factor matrices have full column rank [24]. In this subsection, first
we briefly recall the result from [9], following the notation of [14]. For simplicity we
will explain the result for the noiseless case and assume that the third factor matrix
is square. Then we present a generalization for coupled CPDs. For this contribution,
we will consider the noisy case, and we will just assume that the third factor matrix
has full column rank.

4.2.1. Single CPD. Let X = Zf‘zl a,ob,oc,. bean I x J X R tensor with
frontal slices X(:,:,1),...,X(:,:, R). The basic idea behind the SD procedure is to
consider the tensor decomposition problem of X as a structured matrix decomposition
problem of the form

(4.2) X =FC”,

where F is subject to a constraint depending on the decomposition under consider-
ation. In the single CPD case, F is subject to the Khatri-Rao product constraint
F = A ©® B; ie., the columns of F are assumed to be vectorized rank-1 matrices.
The other way around, we can interpret a rank constrained matrix decomposition
problem of the form (4.2) as a CPD problem. By capitalizing on the structure of F,
the SD method transforms the constrained decomposition problem in (4.2) into an
SD problem involving a congruence transform, as will be explained in this section.
The advantage of the SD method is that in the exact case it reduces a tensor decom-
position problem into a generalized eigenvalue problem, which in turn can be solved
by means of standard numerical linear algebra methods (e.g., [16]). We assume that

(4.3) {C has full column rank,

C2(A) ®C3(B) has full column rank.

If condition (4.3) is satisfied, then the rank of X is R, the CPD of X is unique,
and the factor matrices A, B, and C can be determined via the SD method [9, 13].
In other words, condition (4.3) ensures that scaled versions of a, ® b, r € {1,..., R},
are the only Kronecker-structured vectors in range (X(l)).

We define a C2C?2 x R? matrix Ro(X) that has columns
(4.4)

Vec ( Co(X(:,5,7m1) + X (3, 5,72)) — Ca(X (3, 5,71)) — Co(X(5,5,72)) ), 1<7r1,m2 <R,

where Ca(-) denotes the second compound matrix of its argument and is defined in
subsection 1.1. We also define an R? x C% matrix R»(C) that has columns

1
Jlen ®en ter ®cr), 1<r<ra<R

So the columns of Rg(X) (resp., R2(C)) can be enumerated by means of R? (resp.,
C%) pairs (r1,72). For both matrices we follow the convention that the column asso-
ciated with the pair (ry,r2) is preceding the column associated with the pair (r],r5)
if and only if either | > ry or r{ = r; and r§ > rs.

Expression (4.4) implies the following entrywise definition of Ro(X): if 1 < i3 <

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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i <I,1<j1<jo<J,and 1 <ry,r2 <R, then

the <(j1(2j2 —p =D=M —1) | iaRip—ia 1)

4 2
entry of the matrix Ro(X) is equal to

,(7’2 — 1)R+ 7“1> th

(4.5)

Tivjiry T Tivjirs  Tivjory T Tivjore| | Tivjirs  Tirgeri| _ |Tirgire  Tirjors

Tizjiry + Tigjirs  Tizjors T Tigjors Ligjiry  Ligjary Ligjiry  Ligjars
= Tiyjir Tiggors T TiyjiraTisjory = Tiygors Tizgire — TiyjaraTiojir -

Since (4.5) is invariant under permutation of 71 and r2, Ra(X) only consists of C%_

distinct columns (i.e., switching 71 and r in (4.5) will not change R (X)).

Let 75 : CB — CE be a symmetrization mapping:
ms(Vec (F)) = Vec (F +F")/2), FeC™Ff

i.e., mg is the vectorized version of the mapping that sends an arbitrary R x R matrix
to its symmetric part. It is clear that dimrange(ms) = R(R + 1)/2 (dimension of the
subspace of the symmetric R x R matrices) and that

Ts(x®y) = ms(Vec (yxT)) = Vec ((yxT + XyT)/Z) =xQy+y®x, x,yecCFE

Hence, range(R2(C)) is a subspace of range(ng). Let W denote the orthogonal com-
plement to range(R2(C)*) in range(rns),

(4.6) range(rs) = range(R2(C)*) @ W or W = ker(R2(C)?) Nrange(rs).

It was shown in [14] that if C has full column rank, then

(4.7 dimrange(R2(C)*) = R(R—-1)/2, dimW =R,

and that

(4.8)
[x1 ... xg| coincides with C~7 up to permutation and column scaling <
X] ® X1,...,Xg ®xp form a basis of W.

If one can find the subspace W (from X'), then one can reconstruct the columns of
C up to permutation and column scaling by SD techniques. Indeed, if the vectors
my = Vec (My),...,mp = Vec(Mpg) form a basis of W (yielding that My,...,Mpg
are symmetric matrices), then by (4.8), there exists a nonsingular R x R matrix
L= ... 1g] such that

(CiT ® CiT)[ll o IR} = [m1 - In}:d7
or, in matrix form,
(4.9) C~! Diag(l,)C™T = My,...,C7 ! Diag(1g)C~ T = Mp.

Thus, the matrices My, ..., Mg can be reduced simultaneously to diagonal form by
congruence. It is well known that the solution C of (4.9) is unique (up to permutation
and column scaling); see, for instance, [19, 24]. The matrices A and B can now be
easily found from X(l)C_T =A®B.
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The following algebraic identity was obtained in [14]:
(4.10) (C2(A) © C2(B))R2(C)" = Ra(X).

Since by assumption the matrix C2(A) ® C2(B) has full column rank, it follows from
(4.6) and (4.10) that

(4.11) W = ker(R2(C)T) Nrange(rs) = ker(Ra(X)) Nrange(rs).

Hence, a basis my,...,mpg for W can be found directly from X, which in turn means
that C can be recovered via SD techniques (cf. (4.9)).

Algorithm 1 summarizes what we have discussed about the link between CPD
and SD (for more details and proofs, see [9] and [14]).

The computational cost of Algorithm 1 is dominated by the construction of Ry (X)
given by (4.5), the determination of a basis my, ..., mpg for the subspace ker(R2(X))N
range(mg), and solving the SD problem (4.9). The following paragraphs discuss the
complexity of the mentioned steps.

From (4.5) we conclude that the construction of Ry(X) requires 7C}C5CF 4
flops’ (four multiplications and three additions/subtractions per distinct entry of
R, (X)).

Once Ry(X) has been constructed, we can find a basis {m,} for W. Since the
rows of Ry(X) are vectorized symmetric matrices, we have that range (Ra(X)T) C
range(ms). Consequently, a basis {m,.} for W can be obtained from a C}C35 x C3,_,
submatrix of Rg(&X'), which we denote by P. More precisely, let P = Ry (X)S, where
Sis an R? x C%,, column selection matrix that selects the C%, , distinct columns of
R (X) indexed by the elements in the set {(i —1)R+j | 1<i<j < R}.

We choose the R right singular vectors associated with the R smallest singular
values of P as the basis {m,} for W. The cost of finding this basis via an SVD is
of order 6C7C3(C%,1)* when the SVD is implemented via the R-SVD method [16].
Note that the complexity of the R-SVD is proportional to I2.J?R*, making it the
most expensive step. If the dimensions {I, J} are large, then we may find the basis
{m,} for W via PHP. (This squares the condition number.) Without taking the
structure of P¥P into account, the matrix product P#P requires (2C7C% — 1)C%, ,
flops, while, on the other the hand, the complexity of the determination of the basis
{m,} for W via the R-SVD method is now only proportional to (C%, ;).

Note that for large dimensions {I, J} the complexity of the construction of Ro(X)
and PH P is proportional to (IJR)?. By taking the structure of PH P into considera-
tion, a procedure for determining a basis mj, ..., mpg for the subspace ker(Rz(X)) N
range(ms) with a complexity proportional to max (IJ%, J2R?) R? is described in the
supplementary materials. This makes it more suitable for large dimensions {I, J}. We
also note that the complexity of Algorithm 1 in the case of large dimensions {1, J}
can be reduced by an initial dimensionality reduction step, as will be briefly discussed
in subsection 4.3.

The SD problem (4.9) can in the exact case be solved by means of a generalized
Schur decomposition (GSD) of a pair (M,, M;). According to [16], the complexity
of the GSD implemented via the QZ step is of order 30R2. However, in the inexact
case, there does not exist a simple algebraic method for solving the SD problem

! Complexity is measured here in terms of floating point operations (flops). Each multiplication,
addition, and subtraction corresponds to a flop [38]. Furthermore, as in [38], no distinction between
complex and real data is made.
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(4.9). An iterative procedure that simultaneously tries to diagonalize the matrices
{M,} is applied in practice. A well-known method for the latter problem is the ALS
method with a complexity of order 8 R* flops per iteration [30]; see also [30] for other
optimization based methods.

Algorithm 1 SD procedure for a single CPD (noiseless case) assuming that condition
(4.3) is satisfied.

Input: Tensor X = Zle a, o b, o ¢, such that (4.3) holds
Step 1: Estimate C
Construct the matrix Ro(X) by (4.5)
Find a basis my,...,mpg of the subspace ker(Rz2(X)) Nrange(ms)
Denote M; = Unvec (my),...,Mpr = Unvec (mpg)
Solve simultaneous matrix diagonalization problem

C~! Diag(lL)C~T =My, ..., C! Diag(1z)C~ T = My

(the vectors 1y, ..., 1g are a by-product).
Step 2: Estimate A and B
Compute Y = X(1>C*T
Find a, and b, fromy, =a,®b,, r=1,... R,
Output: A, B, and C

4.2.2. Coupled CPD. We now present a generalization of Algorithm 1 for
the coupled PDs of the tensors X(™ € Cl*/nxK n ¢ {1,... N}, with matrix
representation (2.5) and, repeated below,

(4.12) X =FCT,

where F € C(Za=1 In/2) %R now takes the form (2.6). Comparing (4.2) with (4.12) it
is clear that the only difference between SD for single CPD and coupled CPD is that
now F is subject to a blockwise Khatri-Rao structural constraint.

Define

Cy (A“)) ore (B(l))

(4.13) E = e ¢(E0L 61,05, )xCh

Cy (A<N>) <i>c2 (B(N))

and assume that

(4.14) {C has full column rank,

E has full column rank.

(Compare to (4.3).) Then by [35, Corollary 4.11], the coupled rank of {X(™} is R,
and the coupled CPD of {X(™} is unique. In other words, condition (4.14) guarantees
that only scaled versions of [(agl) @b ... (aﬁm @bMNTIT v e {1,..., R}, are
contained in range (X).

We will now extend the SD method to coupled CPDs for the case where condition
(4.14) is satisfied. First we reduce the dimension of the third mode. By [35, Proposi-
tion 4.2], the matrix F = [[AM o BT .. (AW o BT has full column rank.
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Hence, X = FCT is a rank-R matrix. If X = ULV is the compact SVD of X, then
by (2.5)

Xw .
(4.15) UY = : =FC , C:=ViCecCh
S (N)
(1)
where 5(5711)) = Xg?))V and where X .= Y | al™ o b{™ o€, has matrix represen-
tation )N(E?)) Applying (4.10) to tensors XM forn € {1,..., N}, we obtain
Ry (X M)
(4.16) E Ry(C)T = : = Ry(XW, ..., xM),
R,(X(™V))

Since the matrix E has full column rank, it follows that
W = ker(Ro(C)7) N range(rg) = ker(Rg()?(l), XN N range(ns).

Thus, the matrix C can be found from W using SD techniques as before.

Since the matrix F has full column rank, it follows that range(V*) = range(X?) =
range(CFT) = range(C), and the matrix C can be recovered from C as C = V*C.

Finally, the factor matrices A™ and B™ can be easily obtained from the PD of
X taking into account that the third factor matrix C is known. An outline of the
SD procedure for computing a coupled CPD is presented as Algorithm 2.

Comparing Algorithm 1 for a single CPD with Algorithm 2 for a coupled CPD,
we observe that the increased computational cost is dominated by the construction
of Ro(XW ..., X)) given by (4.16) and the determination of a basis my,..., mpg
for the subspace ker(Ra(X ™, ..., X™) N range(rs).

From (4.5) and (4.16) we conclude that the construction of the distinct elements
of Ro(XM) .. XMy requires 7(X0, C7 C3 )Chyy flops.

Since the rows of Rg(z’? @, xW )) are vectorized symmetric matrices, we have
that range (Rg(z’?(l), e /'?(N))T) C range(mg). As in Algorithm 1, a basis {m,} for
W can be obtained from a (30, C7 C3 ) x Cg, submatrix of Ro(X D, ..., XMy,
which we denote by P = Rg(/\?(l)7...,2(N))S, where S is an R? x C%_; column
selection matrix that selects C%,; distinct columns of Ro(XW, ..., X™). The R
right singular vectors associated with the R smallest singular values of P are then
chosen as the basis {m, } for W. The cost of finding a basis of P via the R-SVD method
is now in order of 6(2521 C? C3 )(CE,,)? flops. If the dimensions {1y, J,, } are large,
then we may find the basis {m,} for W via PZP. Without taking the structure of
PHP into account, the matrix product P¥P requires 25:1(20%1 C?n —1)C%,, flops,
while, on the other the hand, the complexity of the determination of the basis {m,}
for W via the R-SVD now is only proportional to (C%, )* flops.

For large dimensions {I,,, J,,} the complexity of building RQ(Q\?(D, ey /'?(N)) and
PHP is proportional to (Zf:’zl I2J2)R%. By taking the structure of P¥P into ac-
count, a procedure for finding a basis {m,} for the subspace ker(RQ(/?(l), cey /?(N))ﬂ
range(ms) with a complexity proportional to max((Y2_, I,J2), (20—, J2)R?)R? is

n=1
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described in the supplementary materials. This makes it more suitable for large di-
mensions {I,, J,}. As in Algorithm 1, the complexity of Algorithm 2 can in the case
of large dimensions {I,, J,} be reduced by an initial dimensionality reduction step,
as will be briefly discussed in subsection 4.3.

Algorithm 2 SD procedure for coupled CPDs assuming that condition (4.14) is
satisfied.

Input: Tensors X" = Zf;l a™ob™oc,, nel{l,... N}
Step 1: Estimate C

Build X given by (2.5)
Compute SVD X = ULV
Build X ..., XM by (4.15)
Build Ro(X®M), ... Ry(X™) by (4.5) and Ry(X D, ..., X)) by (4.16)
Find a basis my,...,mpg of ker(Rg(z’\?(l), ., XMy M range(rs)
Denote M; = Unvec (m;),...,Mpr = Unvec (mpg)
Solve simultaneous matrix diagonalization problem

C! Diag(1;)C~ T =My, ..., C ! Diag(1zg)C~ " = M.

(the vectors 1y, ...,1g are a by-product)
Set C=V*C
Step 2: Estimate {A™} and {B™}

Compute
i
(n) _ ~ () (T
Y =X (c ) . me{l,...,N}.
Solve rank-1 approximation problems

min

re{l,...,R}, ne{l,...,N}.
agn) ’bsn)

2
P

(3]~ @ b

Output: {A™}, {B™}, and C

4.2.3. Higher-order tensors. The SD procedure summarized as Algorithm 2
can also be extended to coupled CPDs of tensors of arbitrary order. More precisely,
as explained in [35, subsection 4.5], the coupled CPD of

R
(4.17) ChonXXTannx K o M) — Zaﬁl"") o-oalMmoc, nefl,... N}

r=1

can be reduced to a coupled CPD of a set of third-order tensors, which may be
computed by means of Algorithm 2. An efficient implementation of the SD method
for coupled CPDs of tensors of arbitrary order is also discussed in the supplementary
materials. In short, the SD method addresses the coupled CPD problem (4.17) as a
low-rank constrained structured matrix decomposition problem of the form

(4.18) X =FCT,
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where F is now subject to the blockwise higher-order Khatri-Rao constraint

AL @O AMi1)
F— :
A(LN) @ .. @ A(MNJ)

Comparing (4.2) and (4.12) with (4.18) it is clear that the only difference between SD
for single/coupled CPDs and single/coupled CPDs for tensors of arbitrary order is
that F is now subject to a blockwise higher-order Khatri-Rao structural constraint.

4.2.4. Coupled matrix-tensor factorization. Due to its simplicity, the cou-
pled matrix-tensor factorization (2.2) is frequently used; see [35] for references and
a brief motivation. Note also that the SD procedure can be used to compute the
coupled matrix-tensor decomposition (2.2) in the case where the common factor C
has full column rank. Recall that the latter assumption is actually necessary in the
uniqueness of A® in the coupled matrix-tensor decomposition [35]. More precisely,
let X = USV# denote the compact SVD of

X = X?i _ { A" o BY }CT.
X 2 A(2)

Partition U as follows: U = [UDT U@T|T ¢ Clil2%R i which U™ e C»*R. Then
AW BW and C can be obtained from UMY via the ordinary SD method [9]. Once
C is known, A® immediately follows from A = X® (™)1

4.3. Remark on large tensors. Consider the tensors X' () € Clin XX atp n XK

n € {1,..., N}, for which the coupled CPD admits the matrix representation
(4.19)  ClImZi ImnxK 5 () (A(l*”) ©-- ®A<M"’")) c”, nefl,... N}

For large dimensions {I,, », K} it is not feasible to directly apply the discussed SD
methods. However, in data analysis applications the coupled rank R is usually very
small compared to the large dimensions {I,, », K}. In such cases it is common to
compress the data in a preprocessing step [29, 23]. Many different types of Tucker
compression schemes for coupled tensor decompositions can be developed based on
the existing literature, ranging from methods based on alternating subspace based
projections (e.g., [3, 7, 8, 39]) and manifold optimization (e.g., [28, 21]) to randomized
projections (e.g., [15, 18]). Briefly, a Tucker compression method looks for columnwise
orthonormal projection matrices U™ ¢ ClmnxJmn and V € CE*L where Jy pn <
I, and L < K denote the compression factors. This leads to the compressed
tensors Y™ € Crnx ¥ JannxL e {1, N}, for which the coupled CPD admits
the matrix representation

ClnZs Imn XL 5 y() (U“’”)H ® - ® U(M”’")H) > CRAA

(4.20) - (B“m © 0 B(MN”) DT, ne{l,...,N},

in which Bm™ = gmmHAMm) and D = VIC. Once the coupled CPD of the
smaller tensors {¥(™} has been found, then the coupled CPD factor matrices of
{x™} follow immediately via A™™ = UmmMBmm) and C = V*D.
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5. Algorithms for computing the coupled BTD. In this section we adapt
the methods described in the previous section to coupled BTD.

5.1. Coupled BTD via ordinary BTD. Consider the coupled BTD of the
third-order tensors X' (™ € CIn*/nxK n c {1 ... N}, in (3.2). Under the conditions
stated in Theorem 5.2 in [35], the coupled BTD may be computed as follows. First
we compute one of the individual multilinear rank-(L; ,,, Ly », 1) term decompositions

Xg’g = (A(”) ® B(p>) cPT  for somepe {1,...,N}.

For multilinear rank-(L; ,,, Ly », 1) term decomposition algorithms, see [25, 26, 30] and
references therein. Next, the remaining multilinear rank-(L; 5, Ly, 1) term decom-
positions may be computed as “multilinear rank-(L, ,,, Ly », 1) term decompositions
with a known factor matrix” (i.e., matrix C*¥):

XET; — ( A o B(n)) cmT

(5.1) = [VCC (B(l,mA(l,n)T) .. Vec (B(R,n)A(R,n)T” Clred)T

where n € {1,..., N} \ p. The results may afterward be refined by an optimization
algorithm, such as the ALS algorithm discussed in the supplementary materials. The
extension of the procedure to coupled M, th-order tensors with M, > 4 for one or
more n € {1,..., N} is straightforward. In the case where clred) i (5.1) additionally

has full column rank, the overall decomposition of XET; is obviously unique. Indeed,

from Y™ = XET;(C“Cd)T)T, the factor matrices A™ and B follow from the

best rank-L,.,, approximation of |[Unvec (y{™) — B AC™T|2 Ty the rest of this
subsection we will discuss a uniqueness condition and an algorithm for the case where
Cd does not have full column rank. Proposition 5.1 below presents a uniqueness
condition for the case where C™% in (5.1) is known but does not necessarily have
full column rank.

PROPOSITION 5.1. Consider the PD of X € CI*7*K in (3.1), and assume that
CY s known. Let S denote a subset of {1,...,R}, and let S = {1,...,R}\ S
denote the complementary set. Define s := card(S) and s¢ := card(S°). Stack the
columns of C°Y with index in S in C° € CE*s and stack the columns of C*Y
with index in S¢ in C57) € CK*5° Let the elements of S be indexed by o(1),...,0(s),
and let the elements of S¢ be indexed by (1), ..., u(s®). The corresponding partitions
of A and B™ are then given by

A = [A(cr<1>>,_“7A(a(s>>] e C1*(Tpes Lo),
A — [A(M(l))7_“7A(H(SC))} e CT¥(Zpese Ln)
B — [B(au))’m’B(a(s))} e 7 (Zpes Ln)
B — {B(u(l))7...73(u(5“'))} c C7*(Zpese Ln)
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If there exists a subset S C {1,..., R} with 0 < s < 7 greay such that® 3

C) has full column rank (i.e., ros) =95),

(5.2) B has full column rank (i.e., Tpse) = Y pese L),
o ¢ .
r([(Posy € ) © ACY (Pusy e, ) @ I)) = T+ 3 e 50 Ly — e Vr € 5°,
where 6'( : =17 ® S ® %) ], then the decomposition of X in

Ly (1)’ u(<C> n(se)
(3.1) is unique.

Proof. The result is a variant of [34, Theorem 4.8] to the case where C contains
collinear columns. A derivation is provided in the supplementary materials. 0
The proof of Proposition 5.1 admits a constructive interpretation that is summa-

~(S°
rized as Algorithm 3. To avoid the construction of the tall matrix D( ) oA )7 we
exploited the relation (see supplementary materials for details)

~(5°)
Dy = (D7 "0 AE)N) Y 4
AW g1 A 1))
(5.3) = : : :
AW g A () s

in which £77) = Y('j')TPC<5)c( (;)

5.2. SD method for coupled BTD. In this section we explain how to extend
the SD method discussed in subsection 4.2 to the decomposition in multilinear rank-
(L, L,1) terms and to the coupled decomposition in multilinear rank-(L, L, 1) terms.
Note that we limit ourselves to the case L; = --- = Lr = L. The notation in section
3 simplifies to

R LR R
X = Z(A(T)B(T)T) ocl™ = ZaT ob,oc, = Zar ob, o C(!'T/L])7

r=1
where
(54) A :[A(l) A(R)] (CIXRL, A(7) = [aT(L,1)+1, ey aTLL
(5.5) B=BWY,....B®ec”*f B =|b, 1 1)41,...,br1],
(5.6) C=lci,...,crr] =1L @cW, ... ;1T @ cB)] € CH*EL
(57) (red [C(l) . R)] (CKXR,

and r(A(M) =r(BM) = L, ¢ #£ 0.
Recall that the basic idea behind the SD procedure is to consider the tensor
decomposition problem of X" as a low-rank constrained matrix decomposition problem

~(s¢ c c
2The last condition means that M, = [(PC(S)C( )) © AB), (PC(S>CLS(T)>) ® Iy] has an L,-
dimensional kernel for every r € S¢, which is minimal since for every p € {1,...,L,} the vector
[nT, a;“(r))T]T € ker (M) for some n,. € Ccard(5%),
3Note that the set S in Proposition 5.1 may be empty; i.e., card (S) = 0 such that S = @. This
corresponds to the case where P(s) = Ik.
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Algorithm 3 Computation of BTD of X with known C™*? assuming that condition
(5.2) is satisfied.

Tnput: X(;) = [Vec (B<1>A<1>T) ..., Vec (B(R>A(R>T)} CedT apq Clred),
Choose sets S C {1,...,R} and S°={1,...,R}\ S.
Build C®) = [¢(@(1), . ¢((erdS)] and € = [eD), . cluleard(s)].

Find Q whose column vectors constitute an orthonormal basis for range (C(S )).

L) u(1)’ > T L (card(S€¢)) ® cu(card(S“))
Compute Prsy = Ik — QQH.
Step 1. Find A®") and B®%):
T ~(59) ~ (5
Compute Y (1) = X(1)Ps) and D =PcsC .
Reformatting: Y(g) — Y(l)
Compute SVD Y 3) = UZVH,

Solve [U7 — (PC(S)CLf:S) ® II} X, =0kr,,, 1€S5°

Build ¢°7 = {1T ®cS) T (59) }

Set AV =X, (Y L, +1: ) L,+J1:L. |, rese
peES*® peS*®
Build Dgse in (5.3).

-1
~(S°)H ~ (S° . .
Step 2. Find A®®) and B™):
Build F®9) = [Vec (B(u(l))A(u(l))T) ... Vec (B(#(Card(su)))A(u(card(S")))T)i|.
Compute Zgy = Y1) — FE)IQBIT,

i
Compute H = Zy (C(S)T) .
2

hy, — Vec (BEACOTY|® o g
o) .

Solve

min ’
A@™) Ble()
Output: A and B.

(and vice versa). In the case of the multilinear rank-(L, L, 1) term decomposition, the
associated low-rank constrained matrix decomposition is

(5:8)  Xq) = [Vec (BUADT) .. Vec (BWART)] gled)T — plredigleed?,

where the columns of F(°d are subject to a low-rank constraint. More precisely,
the columns of F(d) are assumed to be vectorized rank-L matrices. The other way
around, we can interpret a rank constrained matrix decomposition problem of the
form (5.8) as a multilinear rank-(L, L, 1) term decomposition problem. This section
explains how to adapt the SD method to low-rank constrained matrix decomposition
problems of the form (5.8).

Our derivation is based on the following identity [14] (we assume that K = R):

(5.9) [Con(A) @ Crn(B)] R (C)T = Ry (X).

For m =1 and m = 2, (5.9) coincides with (3.5) (n = 1) and with (4.10), respectively.
All the matrices are well defined if m < min(7, J, LR).
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Subsection 5.2.1 further discusses (5.9). For simplicity we assume that K = R.
First, we briefly recall the construction of R,,(C) and R, (X) (see [14] for details).
Then we present a version of identity (5.9) for m = L + 1 and for C given by (5.6).
In subsections 5.2.2 and 5.2.3 we only assume that the matrix C® has full column
rank (K > R) and derive algorithms for the actual computation of the decomposition
in multilinear rank-(L, L, 1) terms and the coupled decomposition in multilinear rank-
(L, L, 1) terms, respectively.

5.2.1. Auxiliary results related to identity (5.9).
Definition of matrix R,,(C). Let P,, denote the set of all permutations of

the set {1,...,m}. The symmetrization 7g is a linear mapping that sends a rank-1
tensor t; ® - -+ ® t,, to its symmetric part by

1
(510) wg(t1 @ @tp)=— Y @ @b,  bti,..., b, €CR

" (l1yee sl ) EPm

Let C = [cl e cLR] € CRXLE We define the R™-by-C7', matrix R,,(C) as the
matrix consisting of the columns
(5.11) mlrg(cy, ® - ®c¢;, ), 1<i3 <+ <iy<LR.
We follow the convention that the column associated with the m-tuple (i1,...,%y,) is
preceding the column associated with the m-tuple (ji,...,jmn) if and only if either

i1 < j1 or there exists a k € {1,..., LR — 1} such that i1y = ji,...,ix = jr and
ik+1 < Je+1- In what follows, such ordering of m-tuples is called lexicographical
ordering. Thus,

(512) Rm(C) =m! [7[’5(01@---@07”) WS(CLR7WL+1®”'®CLR)] .

Construction of matrix R,,(X). Let X be an I x J X R tensor with frontal
slices X(:,:,1),...,X(:,:, R) and 2 < m < min(],.J). By definition, the

((rm = 1)R™ '+ (rjp—1 — 1)R™ 2+ -+ (r, — 1)R + r1) th column

of the C7"C’-by-R™ matrix R, (X) equals

m
(513) Ve | > (=1)"F 3 Cn(XCnrp) o+ X (7))
k=1 1<p1<p2<---<pp<m
One can easily check that expression (5.13) is invariant under permutation of 1, . .., ry,.
Since the number of m-combinations with repetitions from the set {1,..., R} equals

CFi 1, the matrix Ry, (&) has exactly C%,,,_, distinct columns. Moreover, the
rows of R,,,(X) represent vectorized symmetric tensors.

For instance, if m = R = 3, then the (1 — 1)32 + (2 — 1)3! + 3 = 6th column of
the C3C3-by-27 matrix R3(X) equals
Vec (Cg(X(:, 1))+ Ca(X (1, 2) + C3(X (5,1, 3))
—C3(X(5,:5, 1) +X(3,5,2)) — C3(X (3,5, 1) + X(5,5,3)) — C3(X (5,5, 2) + X(3,5,3))
(X (5,15 1) +X(,5,2) + X(55,3))),

and the columns of R3(X') with indices 6, 8, 12, 15, 20, and 22 are the same.
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A version of identity (5.9) for m = L + 1 and for C given by (5.6). Let

the matrix ’Rgifl)(C) be formed by all distinct columns of Rp4+1(C). By (5.6) and
(5.11) these columns are

(5.14) (L+Drs(cV) @---@clrr)) 1<j; <jo<---<jpy1 <R, j1# 041

Indeed, the columns c\1), ... cUz+1) in (5.14) are obtained by choosing with repeti-

tion L + 1 out of R columns ¢, ..., ¢ in such a way that at least one inequality
in j; <jg <.+ <jpy1 is strict. Hence, the columns of R(Ldfl)
by means of (L + 1)-tuples of the set

(5.15)

Q={01,.»Jrr1): 1< <joa < <gran S RIN{(,...,4): 1 <j< R)

(C) can be enumerated

Thus, €2 is obtained from the set of all (L 4+ 1) combinations with repetitions from
the set {1,..., R} by removing the R combinations (1,...,1),..., (R,...,R). Hence,

dis .
card(Q) = C’IL%I(lLH)_l —~R=Cf} —Rand R<L+1)(C) is an REFL-by-(CET] — R)
(dis)

matrix. We will assume that the elements of {2 (and, hence, the columns of R} _7(C))
are ordered lexicographically.
It is clear that

(5.16) Ri41(C) = REF (C)PT,

where P7 is a (CIL{_'::}I — R)—by-C’éZl matrix of which the entries are “0” or “1,” such
that each column of P7 has exactly one entry “1.” Thus, the matrix PT “expands”
R%dfl)(C) to Rr+1(C) by adding copies of columns. Formally, if we enumerate the
rows and columns of PT by means of the elements of Q and X := {(i1,...,ir41): 1 <
i1 < -+ <ip41 < RL}, respectively, and assume that the elements of ¥ are ordered

lexicographically, then

the entry of PT associated with ((j1,...,jr11), (i1, i541))

Ui (ji,.-,d0+1) = ([i/L], ..., [iL4+1/L]),
0 otherwise.

(5.17) . {
is equal to

Thus, by (5.16), identity (5.9) for m = L+ 1 and for C given by (5.6) takes the form
(5.18) [(C41(A) © CLaa(B)) PIRILT(O)T = Rppa ().

In the remaining part of this subsection we prove an analogue of (4.6)—(4.9) for the
decomposition in multilinear rank-(L, L, 1) terms.
Denote by II; a subspace of vectorized R X --- x R symmetric tensors:
—_——

L+1
I, =span{ms(t1 ® - - @ tr41) : t1,...,t041 € (CR}7

where 7, is defined in (5.10). The following result is well known.
LEMMA 5.2. Let t1,...,tr be a basis of C. Then the vectors

sty ® - ®ti,,), 1<i<---<ipy <R,

form a basis of Is. In particular, dimIly = Cﬁii.
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The following lemma makes the link between the subspace

RL+1

W = ker(RYS)(C)T) NI,  C
and columns of the matrix (C(ed))~7T.

LEMMA 5.3. Let the matrices C and C*Y be defined as in (5.6)~(5.7) and C(red)
be nonsingular. Then

(i) dim(ker(RS%)(C)T) N1L,) = R;
(ii) a nonzero vector x € CF is a solution of

dis
(5.19) R (x® - ©x)=0

if and only if x is proportional to a column of (Cred)=T;

(iii) the matriz R(Ldfl)(C) has full column rank; that is, T(R(Ldfl)(C)) = C{_—‘Ji —R.

Proof. By Lemma 5.2, the columns of R(Ldj_sl)(C) can be extended to a basis of II;
by adding R vectors ¢ @ ---®@¢c(™, r =1,..., R. This proves (i) and (iii). To prove
(ii), we note that by (5.14), equality (5.19) holds for a nonzero vector x € CF if and
only if

(cUVTx)... (cUr+)Tx) =0 for all (ju,...,jre1) € Q.
This is possible if and only if
(c(jl)Tx)(c(jZ)Tx) =0 forall ji,j2 such that 1< j; <js <R,
which in turn is possible if and only if x is proportional to a column of
(C(red))—T. 0

5.2.2. SD method for the decomposition in multilinear rank-(L, L,1)
terms. We consider decomposition (3.1) and assume that

5.20
( ) Ced) has full column rank.

{(CL_H(A) ® Cr+1(B)) P has full column rank,
(Compare with (4.3).) First we show that if (5.20) holds, then A, B, and C can be
recovered from X using Algorithm 4. Then we show that the decomposition is unique
(i.e., we show that there are no decompositions that cannot be found via Algorithm
4).

SD procedure. If the matrix C is not square, then we first reduce the
dimension of the third mode. We use the fact that

P — Ve (BUAMT) ... Ve (BIWAT))]

(red)

has full column rank (see Lemma S.1.1 in supplementary materials).
Hence, X(;y = F*VC*DT ig a rank-R matrix. Let Xy = USV# be the
compact SVD of X1y, where U € C!7*F vV € CK*F and ¥ € C**/. Then

(5.21) X)) =X)V=US = Fpedc’ .= vIgled ¢ CRXE,
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where X(l) is the matrix unfolding of the I x J x R tensor X := Zle (AMBMT)og,.
Hence, all results of subsection 5.2.1 hold for X and clred) replaced by X and C,
respectively. In particular, by (5.18),

W = ker(R\M)(C)T) N 1T, = ker(Rp 41 (X)) N 11,

which means that the subspace W can be found directly from X.

Let us show how to reconstruct the columns of C up to permutation and column
scaling from the subspace W by means of SD techniques. By Lemma 5.3 (i), dim(W) =
R. Let the vectors my; = Vec (M1),...,mpr = Vec (Mp) form a basis of W (implying

that My,..., Mg are symmetric tensors). Then by Lemma 5.3 (ii), there exists a
nonsingular R x R matrix L = [I; ... 1g] such that
——T ——T
(C @-60C ) ...1g)=[m; ... mg]
—_——— — —
L+1

or, in tensor form,

Ly '167102 .L+1671 =My,

(5.22) ,
Lr e C ley o 11 c = MR,

where £, denotes a diagonal (L + 1)th order tensor with the elements of the vector

L. ——1
. on the main diagonal, and L, e, C = denotes the n-mode product, defined as the
summation over the nth index:

R
—1 ——1
(L0, C )mla-~-:"nl—lvpaml+l7~-~’7nL+1 = Z(['r)ml,mﬂmﬂ,s,mul,u-,MLﬂ(C )p,&
s=1

Thus, the tensors Mq,..., Mg _can be reduced simultaneously to diagonal form. It
is well known that the solution C of (5.22) is unique (up to permutation and column
scaling). Indeed, the set of R equations in (5.22) can, for instance, be expressed

similarly to (4.9) in terms of the matrix slices of My, ..., Mg, after which C ' can
be found by solving a simultaneous matrix diagonalization problem of a set of R
matrices.

Since F*d) has full column rank, it follows that range(V*) = range(X{D) =

range(CeDF Ty — range(C°D). Hence the matrix C™Y can be recovered from
C as C'Y = V*C. The matrices A and B(") can now be easily found from
X1y (Cre)t = Fled) = [Vec (BWAMT) . Vec (BH AR,

Algorithm 4 summarizes what we have discussed about the link between the
decomposition in multilinear rank-(L, L, 1) terms and SD.

The complexity of Algorithm 4 is dominated by the cost of building Ry 1(X) as
in (5.13) with m = L + 1 and K = R. From (5.13) we observe that the computation

of Rp4+1(&X) involves

1. Céi(lLJrl)ﬂ matrices of the form Cpy1(X(:,:,mp,) 4 4 X (5,5, 7p4,)) s
2. CI(%L;E}‘)J:%Q matrices of the form Cpy4 (X(:7 STp) e+ X Tpr))s
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L+1. R= CIE%LJI}Z)IlL)f(LH) matrices of the form Cri1(X(:,:,7p,))-

Recall that each entry of an (L + 1)th-order compound matrix is equal to the de-
terminant of an (L+41) x (L+1) matrix. The complexity of computing the determinant
of an (L+1)x (L+1) matrix via the LU factorization is of order (L+1)3 [16]. Since the

(CETIOET) x REA! matrix Ry 41(X) has Céii distinct columns, we conclude that
the complexity of Algorithm 4 is of order (ZL Céii:’gl)(CfHC.?HC}%ik(L—&— 1)3).

Uniqueness. We prove that (5.20) implTinesquhe uniqueness of decomposition (3.1).
We have already shown that if X = Zf’:l(A(T)B(T)T) o ¢(" with factor matrices A,
B, and C(ed) that satisfy condition (5.20), then A, B, and C(ed) can be recovered by
Algorithm 4. This does not yet exclude the existence of alternative decompositions
that cannot be found via Algorithm 4. To prove the overall uniqueness it is sufficient

to show that any alternative decomposition

. R
S a0 ob, 0 =3 (A(”ﬁ(”T) o e

11=1 r=1

with R < R satisfies

R=R,
(5.23) (CL'H(K) © CL+1(]§)) P has full column rank,
. Clred) = [€®,...,e®] has full column rank,

which implies that in all cases Algorithm 4 can be used. Since F("*9) and C(**d) have
full column rank and

X () = Foe glredT — {Vec (ﬁ(l)A(UT) . Ve <]§<R>K<R>T>} e

it follows that R = R and that é(md>T has full column rank. By (5.18),

[(CL11(A) ©CLia(B)) PIRE (C)T = Rppa(X)
_ [(cm@ © cLH(ﬁ)) P} R (E)T

From Lemma 5.2 (iii), (5.20), and (5.24) it follows that (C4+1(A) ® Cp11(B))P has
full column rank.

(5.24)

5.2.3. SD method for the coupled decomposition in multilinear rank-
(L, L,1) terms. We consider coupled decomposition (3.2) subject to

(5.25)  max r(ATBET) = [ oand ¢ #£ 0 forall v € {1,..., R}.

Note that condition (5.25) does not prevent that r(AB™MT) = L, < L for
some pairs (r,n). Since we are interested in the matrices AT BT™T and vectors
¢, and since AMBET = [A (") OJ,“L,LM}[B(T’") 07, 1-1,,]%, we can w.lo.g.
assume that L, , = L.

Let the matrices C("*® and P be defined by (5.7) and (5.17), respectively, and
let
Cri (A“)) © Cp (B<1>)
E:= : P c C(Zm On O3 ) x(CRiL—R)

Crir (A<N>) écm (B<N>)
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Algorithm 4 SD procedure for the decomposition in multilinear rank-(L, L, 1) terms
assuming that condition (5.20) is satisfied.

Input: Tensor X = fol a,ob, ocll"/LD),
Step 1: Estimate Ced)
Compute SVD X ;) = UXVH
Stack UY in X as in (5.21)
Construct the matrix Rz y1(X) by (5.13)
Find a basis my, ..., mpg of the subspace ker(Ry (X)) N1,
(IIs denotes the subspace of vectorized symmetric tensors of order L + 1)
Denote M; = Unvec (m;), ..., Mg = Unvec (mg)
Solve simultaneous tensor diagonalization problem (5.22)
(the diagonal tensors L1,...,Lr are a by-product)
Set Ctred) = V*C
Step 2: Estimate A and B

(red) t
Compute Y = Xy (C )
Solve rank-L approximation problems

min

2
‘Unvce (v,) —B(")A(")TH , re{l,...,R}
A B F

Output: A, B, and Cred)

where AM™ = [AG™ ... ARM] ¢ CIxBL gng BM = B ... BEN)] ¢
C/n*EL We assume that

(5.26) {E has full column rank,

Ced) has full column rank.

(Compare with (4.14) and (5.20).) In this subsection we first present a generalization
of Algorithms 2 and 4 for the coupled decomposition (3.2). Then we prove that
decomposition (3.2) is unique.

SD procedure. First we reduce the dimension of the third mode. We use the
fact that the matrix F*d)  given by (3.8), has full column rank (see Lemma S.1.1
in supplementary materials). Hence X = Foed)tedT 5 5 rank-R matrix. Let
X = UXVH be the compact SVD of X, where U € cEn InJn)xE y e CEXR and
¥ € CEXE. Then by (3.7),

(5.27) Uy = : =FredT | C:=vTcled g chxr,
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- XET;V. Then *™ .= Zf;l(A(“")B(T’")T) o€, has the matrix unfold-

ing XE;L)) Applying (5.18) to tensors ™ for n = 1,..., N, we obtain

where XE?

—
RL+1(X< ))
is) /7~ . (1 (N
(5.28) E-R{)(C)T = : =Ry, @, 7).

Rpi1(X
Since the matrix E has full column rank, it follows that

W = ker(RY)(C)T) N 1L, = ker(Rp 41 (X, ..., TN 11,

Hence, a basis my,...,mpg for W can be found directly from X. This in turn means
that we proceed as in subsection 5.2.2: we find the matrix C from W by means of SD
techniques (cf. (5.22)), then set C™Y = V*C, and, finally, obtain the factor matrices
AT and B™™ from XE?))(C(red))T. An outline of the SD procedure for computing
coupled decomposition in multilinear rank-(L, L, 1) terms is presented as Algorithm
5.

Algorithm 5 SD procedure for the coupled decomposition in multilinear rank-
(L,L,1) terms assuming that condition (5.26) is satisfied.

Input: Tensors X ... X)),

Step 1: Estimate C(red) .
Build X = [XﬁgT, L ng))T]
Compute SVD X = ULV
Build XM ... x™) by (5.27)

Build Ry (X", ..., ")) by (5.28)
Find a basis my,...,mpg of ker(RL_,_l(f(l)7 e 7f(N))) NI,
(IIs denotes the subspace of vectorized symmetric tensors of order L + 1)
Denote M; = Unvec (m;),..., Mg = Unvec (mp)
Solve simultaneous tensor diagonalization problem (5.22)
(the diagonal tensors Ly, ..., Lg are a by-product)
Set Ctred) = V*C
Step 2: Estimate {A™} and {B(™}
Compute

n L I T
Yo =x{ (C( Cd>T) , nefl,... N}.
Solve rank-L,.,, approximation problems

min

2
‘Unvcc (yﬁ”)) - B(T’”)A(r’”)TH , red{l,...,R},ne{l,...,N}.
Alrm) Brm) F

Output: {A™}, {B™}, and CU¥

The SD procedure summarized as Algorithm 5 can also be extended to coupled
BTD of tensors of arbitrary order. More precisely, as explained in the supplementary
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material of [35], the problem of computing the coupled BTD of
R
(Cfl,nX~-~><IMn.n><K 5 X(n) _ Za£1,n) 0---0 ag‘kln,n) ° C’E‘n)’ ne {1’ . .,N},

in which C™ = [lT ®c® . lT . ® C(R)} and L = maxXi<n<n L, for all
r € {l,..., R}, can be Treduced to the computatlon of a coupled BTD of a set third-
order tenﬁors.

Uniqueness. One can assume that there exists another coupled decomposition

X i LZ a™™ o b 6 ) — Z ( A(r,mB(r,n)T) oc™
r=1Il=1 r=1

with R < R and prove that R = R and that (5.26) holds for A, B, c,,... replaced
by A, B, C,,.... Since the proof is very similar to that in subsection 5.2.2 (namely,
(5.28) and (5.26) are used instead of (5.18) and (5.20), respectively), we omit it.

6. Numerical experiments. We compare the algorithms discussed in this pa-
per, the ALS algorithm in the supplementary materials, and the iterative nonlinear
least squares (NLS) solver sdf nls.m in [31] on synthetic data in MATLAB. The
tensors X" € CInx/nxK ' c {1 ... N}, are given by (2.1) or (3.2) depending on
the experiment. The goal is to estimate the factor matrices from the observed tensors
TM = XM 4 BN n € {1,..., N}, where N is an unstructured perturbation
tensor and 5 € R controls the noise level. The real and imaginary entries of all the in-
volved factor matrices and perturbation tensors are randomly drawn from a Gaussian
distribution with zero mean and unit variance.

The following signal-to-noise ratio (SNR) measure will be used:

N
Zlmel)

The performance evaluation will be based on the distance between a factor matrix,
say, C, and its estimate, C. The distance is measured according to the following
criterion:

SNR [dB] = 10log <Z Hx

P(C) = min |C—CA| /Cly .

where IT and A denote a permutation matrix and a diagonal matrix, respectively. The
distance measure is numerically computed by means of the function cpd_err.min [31].
To measure the time in seconds needed to execute the algorithms in MATLAB, the
built-in functions tic.m and toc.m are used

~(n, ~ (n,k

k
Let f({T )}) = Zn 1 HT(") Ty ||F7 where TE1) denotes the estimate of

tensor 7(™ at iteration k; then we decide that the ALS method has converged when
~ (n,k) ~ (n, k+1) ~ (n,k)
({T(1) D= f({Ta '} < eaLs = le — 8. Denote g({T(yy }) = Yo 1 ||T(1)
~ (n,k) ~ (n,k+1)
T(l HF, then the stopping threshold (g({T(l) B —9({Ty }))/g({T(l) }) <
enrs used for the NLS method sdf nls.m in [31] will depend on the experiment
under consideration. The conclusions do not critically depend on the chosen threshold
values. We also terminate the ALS and NLS methods if the number of iterations
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exceeds 5000. Randomly initialized ALS or NLS methods will simply be referred to
as ALS and NLS, respectively. We also consider the ALS method in which the best
out of ten random initializations is retained, referred to as ALS-10.

In the case where the common factor matrix C (resp., C(red)) has full column
rank, the coupled CPD (resp., coupled BTD) will also be computed by means of the
SD Algorithm 2 (resp., Algorithm 5) described in section 4.2 (resp., section 5.2.3). We
numerically solve the simultaneous matrix diagonalization step in the SD procedure
by means of a simultaneous GSD method [36]. In the case where the common factor
matrix does not have full column rank, but one of the individual CPDs has a full
column rank factor matrix, we compute the coupled CPD via the SD procedure for
ordinary CPDs [9] followed by CPD problems with a known factor, as described in
subsection 4.1. When the SD method is refined by at most 500 ALS iterations it will
be referred to as SD-ALS.

6.1. Coupled CPD.

Case 1. In many signal processing applications the dimension K corresponds to
the number of observations, such that C is often tall (e.g., [33]). The model parameters
areN:2, Il :Ig :Jl = J2 :5,K:50, and R = 10. We set ENLS = le — 8.
The mean P(C) and time values over 500 trials as a function of SNR can be seen in
Figure 1. Above 15 dB SNR the algebraic SD method yields a good estimate of C
at a low computational cost, and only below 15 dB SNR the algebraic SD method
provides a poor estimate of C. The reason for this behavior is that in the noise-free
case SD yields the exact solution, while at low SNR values the noise-free assumption
is violated. In the former case no fine-tuning is needed, while in the latter case a
fine-tuning step may be necessary. However, by comparing the computational times
of SD and SD-ALS we also remark that almost no fine-tuning is needed. For this
particular case we observe that a reinitialization of ALS and NLS was not necessary.
ALS has a lower complexity than NLS in this simple example. Overall, SD-ALS yields
a good performance at a relatively low computational cost.

Case 2. The model parametersare N =2, [y =3, J; =4, 1o =4, J, =5, K = 10,
and R = 5. To demonstrate that the coupled CPD framework may work even if none
of the individual CPDs are unique, we set bgl) = bgl), a§1> = agl)7 and bg) = bf);
that is, (A © BM) < R and k(B®) = 1. We set exs = le — 8. The mean P(C)
and time values over 500 trials as a function of SNR can be seen in Figure 2. In
contrast to SD and SD-ALS, we notice that at high SNR the optimization-based ALS
and NLS methods do not always find the solution with high accuracy. The main reason
is that compared to Case 1 the problem addressed here is more difficult, which can
make the iterative ALS and NLS methods more sensitive w.r.t. their initializations.
For this reason a proper initialization of an optimization method is beneficial. We
also observe that above 25 dB SNR the algebraic SD method performs well at a low
computational cost, while below 25 dB SNR the algebraic SD method performs worse
than the ALS and NLS methods. The main reason for the performance degradation
of the SD method compared to Case 1 is that the problem is more difficult and the
fact that K has gone from 50 to 10, implying a worse estimate of range (X). However,
we again notice that SD-ALS yields a good overall performance at a relatively low
computational cost.

Case 3. The model parameters are N =2, [} = I, =6, J; = J, =4, K = 4,
and R = 6. Note that the common factor matrix does not have full column rank, but
one of the individual CPDs has a full column rank factor matrix. The SD method
now follows the “coupled CPD via ordinary CPD” approach described in subsection
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4.1. More precisely, we first compute the coupled CPD of T via the SD procedure
for ordinary CPDs [9] in which the first mode (I; = R = 6) is considered as the long
mode. Thereafter, we compute the CPD of 7(? with known factor C by the method
n [34]. We set enps = le — 8. The mean P(C) and time values over 500 trials as a
function of SNR can be seen in Figure 3. We observe that the SD method performs
worse than the ALS and NLS methods. The reasons are that only one of the involved
CPDs is used when computing the common factor, and additionally the dimension
of I; is not large compared to the rank. However, at high SNR the SD-ALS method
performs almost as well as the ALS and NLS methods but at a significantly lower
computational cost.

Case 4. The model parameters are N =3, [} = I, = I3 = J; = Jo = J3 = 20,
K = 50, and R = 3. To demonstrate that the coupled CPD framework may work
in the presence of unshared components we set al =0 1, and b§f> = 0y, for all
n € {1,2,3}. The maximal number of iterations for the ALS method is increased
to 6000. We also relax the threshold of the NLS method to exps = le — 9. In this
experiment the iterative ALS and NLS methods turned out to be sensitive against
outliers. For this reason we only plot the median P(C) and time values over 500
trials as a function of SNR in Figure 4. We first observe that since the dimensions
{I, Jn, K} are large compared to the coupled rank R, all methods yield a good
estimate of C. More precisely, above 20 dB SNR, all methods perform the same,
while below 20 dB SNR, SD performs slightly worse. By also taking the complexity
of the methods into account, the SD-ALS seems to be the method of choice.

6.2. Coupled BTD.

Case 5. We now consider a coupled BTD problem with model parameters N = 2,
Ll,l = LLQ = L271 = L272 = 27 Il = ]2 = 3, Jl = J2 = 4, and K = 50. We set
enr.s = le — 8. The mean and median P(C(md)) and time values over 500 trials as
a function of SNR can be seen in Figure 5. We notice that all the methods find
the solution except for ALS and NLS, which in some cases may require a proper
initialization. (The difficult cases explain the difference between mean and median
performance.) By exploiting both the coupled and BTD structure of the problem we
note that SD does not require any fine-tuning, not even at low SNR. We also observe
that SD and SD-ALS have very low cost.

Case 6. As our final example we consider a coupled BTD problem with model
parameters N = 2, L1’1 = 27 LLQ = 3, Lg’l = 3, L272 = 2, Il = 12 = Jl = JQ = 5, and
K = 50. We limit the comparison to the SD, ALS-10, and NLS methods. We also
set threshold enxps = le — 10. In this experiment the iterative ALS and NLS methods
turned out to be sensitive against outliers. For this reason we only plot the median
P(C) and time values over 500 trials as a function of SNR in Figure 6. We observe
that NLS performs worse, illustrating the sensitivity of an iterative method w.r.t.
initialization in the case of difficult problems. The SD method performed almost as
well as the ALS-10 method but at a much lower computational cost.

7. Conclusion. The coupled tensor decomposition framework is a natural and
important extension of the framework of tensor decompositions. We demonstrated
in [35] that improved uniqueness conditions can be obtained by taking the coupling
between the involved decompositions into account. This observation suggests that it
is also important to take the coupling into account in the actual computation.

So far, mainly iterative methods for coupled tensor decompositions have been
presented that may be sensitive w.r.t. local minima, slow convergence, or improper
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Fia. 6. Median P(C<mi)) and time values over 500 trials for varying SNR, case 6.

initialization. To alleviate this problem we first explained how to compute a coupled
CPD via the algebraic SD framework [9] in cases where one of the individual CPDs is
unique or where the coupled CPD is unique and the common factor has full column
rank. By incorporating the results in [14] it is also possible to extend the SD method
to cases where none of the individual CPDs are unique and the common factor does
not have full column rank. These methods are guaranteed to find the exact solution
in the noise-free case and are expected to find a good approximation at high SNR.

In the second part of the paper we extended the SD framework to tensor de-
compositions into multilinear rank-(L, L, 1) terms and coupled decompositions into
multilinear rank-(L, L, 1) terms for the cases where the column reduced common fac-
tor matrix has full column rank. We also presented a uniqueness condition and an
algorithm for the decomposition of multilinear rank-(L,, L,, 1) terms in the case where
the common factor matrix is known.

Numerical experiments demonstrated that in the case of high SNR values, the
linear algebra based methods have a good performance at a relatively low computa-
tional cost. The numerical experiments also revealed that in the case of low SNR
values, linear algebra based methods such as SD can provide a good initialization for
an optimization method at a relatively low computational cost. Numerical experiment
Case 3 confirmed that in the presence of noise it is better to fully exploit the coupled
CPD/BTD structure in the actual computation.
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COUPLED CANONICAL POLYADIC DECOMPOSITIONS AND
(COUPLED) DECOMPOSITIONS IN MULTILINEAR
RANK-(L, », L n,1) TERMS — PART II: ALGORITHMS
SUPPLEMENTARY MATERIAL

MIKAEL SORENSEN *t IGNAT DOMANOV *!, AND LIEVEN DE LATHAUWER *f
S.1. An indirect SD method for coupled CPD suitable for large dimen-

sions {I,, J,}. Consider the R-term coupled PD of the tensors X ¢ ClnxJnxK,
n € {1,...,N} given by

R
x :Zagn)Obs,")ocr, ne{l,...,N}, (S.1.1)
r=1
with factor matrices A = [a(ln), . .,ag)} e ClnxR B — [ p!™ b(n)} €
C/»*f and C = [cy,...,cr] € CEXE. The coupled PD of {X(™} given by (S.1.1)
has the following matrix representatlon.
X = FCT € CEnma InJn)x K, (S.1.2)
where
1 7" N 71"
:{(AU@B()) v (A o BI) ] . (S.1.3)

We concluded in [4, Subsection 4.2.2] that the complexity of the SD method for
coupled CPD is proportional to (X 12J2)R? flops. In this section we will discuss

n=1"n%n
an indirect implementation of the SD procedure for coupled CPD with complexity

proportional to max ((nyil I, Jﬁ) , (Zn 1 JQ) RQ) R? flops. This makes the indi-
rect SD method more suitable for the case of large dimensions {1, J,,}, in particular
if max ((Zgil InJZ) , (Zgil Jfl) RQ) is significantly smaller than (Y.V_, 12.J2).

n=1"n“n
Subsection S.1.1 reviews the the SD procedure [1] and its extensions to coupled
CPD [5]. Based on the reviewed results we will in Subsection S.1.2 present an indirect
but more efficient version of the SD procedure for the case of large dimensions {I,,, J,, }.

S.1.1. Direct SD. Let the columns of U € C(Xn=112/)xE congtitute a basis
for range (X) obtained via for instance an SVD of X. Consider the bilinear mappings
@) CInxIn x CInxIn 5 CI27% defined by

@(n)xy) — Tt P — T lih — Uil L.
( ( s ) (1) I J2 4+ (1) J2 4+ (k= 1) T TikYji + Yik Tl — TitYik — Y Tjk

*Group Science, Engineering and Technology, KU Leuven - Kulak, E. Sabbelaan 53, 8500
Kortrijk, Belgium, KU Leuven - E.E. Dept. (ESAT) - STADIUS Center for Dynamical
Systems, Signal Processing and Data Analytics, and iMinds Medical IT Department, Kas-
teelpark Arenberg 10, B-3001 Leuven-Heverlee, Belgium. {Mikael.Sorensen, Ignat.Domanov,
Lieven.DeLathauwer } @kuleuven-kulak.be.

TResearch supported by: (1) Research Council KU Leuven: GOA/10/09 MaNet, CoE
PFV/10/002 (OPTEC), (2) F.W.O.: project G.0830.14N, G.0881.14N, (3) the Belgian Federal Sci-
ence Policy Office: IUAP P7 (DYSCO II, Dynamical systems, control and optimization, 2012-2017),
(4) EU: The research leading to these results has received funding from the European Research Coun-
cil under the European Union’s Seventh Framework Programme (FP7/2007-2013) / ERC Advanced
Grant: BIOTENSORS (no. 339804). This paper reflects only the authors’ views and the Union is
not liable for any use that may be made of the contained information.

1



Note that the number of multiplications and additions required for the construction
of ™ (X,Y) is 412.J2.
Partition U as follows

U= [U“)T,...,U(N)T}T, U™ e cln/n xR, (S.1.4)
Define U™") = Unvec (u&n)) € CIn*Jn and q)sns) =™ (U("’T),U("’S)). Construct
PO = [0, 0], o) ] € ClVixR,
n n n n n 2 72 2
P(QT ) = [(1)572)7 q)g,?))v q)g,S)v RS (I)g?,zl,R:| € CI”JTLXCRa
p — {Pu,n)’g.p(z,n)} € CIaTaxChi,

It can be verified that the SD problem boils down to finding the kernel of

Pm =0y 125), (S.1.5)
where
P Pl 9. p@D
e I e : € CEnm IIDxChan - (S.1.6)
P pLN) o p@N)
and
m = [mn, ma22,...,MRR,M12,M13,. .., mR—lR]T.

Once the kernel of P has been determined, the coupled CPD of {X (™} can be found
via a SD. The matrix P e C™/»*® contains identical row-vectors. After remov-
ing the redundant row-vectors of P(™ we obtain the matrix f’(n) € Cc’;’ncixCﬁH,
corresponding to the matrix Ry(X ™M, ..., X(M)S in [4, Subsection 4.2.2].

From the kernel of P in (S.1.5) we obtain R symmetric matrices {M}, admitting
the factorizations (see [4, Subsection 4.2.2] for details):

M) = GAMGT, re {1,..., R}, (S.1.7)

where G = C™! and A" € CF*F are diagonal matrices. In other words, the coupled
CPD problem (S.1.1) has been reduced to a generalized eigenvalue problem. In the ex-
act case, the SD problem (S.1.7) can for instance be solved by means of a Generalized
Schur Decomposition (GSD) of a pair (M), M®).

S.1.2. Indirect SD. In cases where the dimensions {I,,, J,,} are large such that

(Zi:’:l J?)R? is significantly smaller than (25:1 I2J2), we may determine the kernel
of P via the Hermitian matrix

N
pip =% "pipr
n=1

N
P(l,n)HP(l,n) 9. P(l,n)HP(Q,n) 5 5
=> [ 5. pEmHpn) 4 pemHpen | € COm O, (S1.8)
n=1
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where PAWHPALN) ¢ CRXR pAmHP2n) ¢ CRXCE and PEMHPEN ¢ cCRxCR
are given by

s o
P(l’n)HP(l’n) _ (1)2?2 ‘1)17,11 c1)27,12 4)272 <I)27,12 (I)};‘,L,R
D O S 85 ... @R R,
e s o s
pLmHp(2n) _ ‘527,12 (I’ltlz @27,12 ‘5173 ‘1’27,12 ‘1’273 ‘13272 (I>};171,R
P B @Ry eRRery . eRheR) L
B n)H x(n n)H x(n n)H x(n n)H x (n
@%%H@g,; @%%H@g’; @g,gH@%,g . c1>§72>H¢’§{%17R
T W B W B W T
PEMAPE — | 05 0 BT Ry BT Ry L By BpY o
n)H. n ’I’LH. n nH. n . n)H . n
| eRlRe @R el @Rl pely L @R pel) o |

Note that the submatrices P(LWH P and PEHPEM) of PHP are Hermitian.
Consequently, only the upper C%H entries of P(l’")HP(I’")7 the upper 0122(}2—1)/2

entries of PGMH P2 and all the R-C% entries of PU™HP 1) peed to be computed.

In the following subsection we will explain how to efficiently compute Pip by cap-
italizing on the structure of the vector products <I>£’f)f;’ <I>£ff?82. This will be particularly
useful in the case of large dimensions {7, J,,}. The complexity of the construction of
PP will measured in terms of flops. An addition, subtraction or multiplication will
be counted as one flop and we do not distinguish between real and complex data. As
an example, if a,b € C!, then the vector product afb requires 27 — 1 flops (I mul-
tiplications and I — 1 additions). Likewise, if A,B € C'*”/ then the matrix product
A"B requires J2(21 — 1) flops.

S.1.2.1. Computation of ‘I’Eo?)g@g?)& The entries of PMHP™ are given by

pMH M)

1,72 51,52

L
.
_ (n,r1), (n,r2) (n,r2), (n,r1) (n,r1), (n,72) (n,r2), (n,r1)
= > > (“m'l Uingo " T Wingy Wiggy = Uirjy Wingy  — Wirjy Uiny
i1,92=1j1,j2=1

1171 272 1171 1272 1172 1271 1172 1271

. (u(n,sl)u(n,SQ) + u(n,sz)u(n,sl) . u(n,$1)u(n732) . u(n,sz)u(n,sl)> ] (819)
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Note that
I, JIn
(n,r1)*x  (nyr2)* [ (n,s1), (n,s2) (n,s2) (n,s1)  (n,s1) (n,s2)  (n,s2) (n,s1)
E: Uiy Uingy Uiy Wingy T Wiy, Winjy Ui gy Wigjy Uirgp  Wigg,

i1,i2=1 j1,j2=1

H H
= Vec U(”’”)) Vec (U(”’Sl)> - Vec (U(”’Tz)) Vec (U("’”))

(
+ Vec (U(n’”)) " Vec (U(”’52)> - Vec (U("’Tz))H Vec (U(”»Sl)>
— Vec (U(”’Sl)HU("’”))H - Vec (U(”’”)HU(n’”))

(

H
— Vec U(”’”)HU(”’”)) - Vec (U("”)HU(”’S”), (S.1.10)

In Jn

(n,r2)x_ (n,r1)* [ (n,s1), (n,s2) (n,s2), (n,s1) (n,51), (n,s2) (n,s2), (n,s1)
E, E, Uiy Wingy Uiy Wingy T Uiy, Uinjy Uirjs  Wizgy Uirgp  Wiggy
i1,i2=1 j1,j2=1

= Vec U("’”)) " Vec (U(”‘Sl>) - Vec (U("”'l))H Vec (U(%Sz))

(
+ Vec (U("’”)) " Vec (U(”’52)> - Vec (U(”’”)) " Vec (U("’Sl))
— Vec (U(”’sl)HU(”’”)) " Vec (U("J’l)HU(n,SQ))

(

— Vec U("""’Z)HU("’TZ))H - Vec (U("’”)HU(n’Sl)) ; (S.1.11)

R (nor)x, (o)« [ (ns1)) (nos2) | (nis), (mos1) _ (nys1), (nysa) | (msa) (n.s)
n,r1)*  (n,ra)* n,s n,s n,s n,s n,s n,s n,s n,s

Z Uiygy gy (“vzml Uipg T Uiy Uigfy  — Uirgy Yingy T Uirgy Uiny )

i1,02=1j1,j2=1

= Vec (U("’“)) " Vec (U(”’Sl)> - Vec (U("’”)) " Vec (U(""'Sz))
+ Vec U("’“)) " Vec (U("‘”)) - Vec (U("“))H Vec (U("’Sl))

— Vec (U(”’Sl)HU(”v“))H Ve (U(nn)HU(n,sz))

H
— Vee U(”’SZ)HU("’”)) - Vec (U("’TZ)HU(”’“)), (S.1.12)
& (nro)x, (nr)x ( (1) (nosa) | (nyse), (ns1)  (ns1), (mysa) | (nysa) (n.s1)
Sl (ul )  alu) —ul ) — )

i1,t2=1 j1,j2=1

= Vec (U("’m)) " Vec (U("’Sl>) - Vec (U("’“))H Vec (U(""”))
+ Vec (U("’Tz)) " Vec (U(”’Sz)) - Vec (U("’”)) " Vec (U("’Sl))
— Vec (U("’Sl)HU("’”)) " . Vec (U("Wl)HU(n,Sz)>
(

H
~ Vec U(”’”)HU(”’”)) - Vec (U("’”)HU(”’“)) (S.1.13)
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H H
Since Vec (U(”’Sl)HU(”’”)) - Vec (U(n’TZ)HU("’SQ)) = Vec (U("’SZ)HU("’TZ)) .

Vec (U("’”)HU("’”)) the expressions (S.1.10)—(S.1.13) are identical.
S.1.2.2. Computation of U™ U™, The computation of U™MHU)
with U™ Ums) e ¢l 7n requires J2(21,, — 1) flops. For eachn € {1,..., N} there

are C%,, distinct matrix products of the form U™y Hence, the computation
of the matrices {U™MH U™} requires

N
Chi1 Y J2(2L, — 1) flops. (S.1.14)

n=1

In the following subsections we assume that the matrix products {UM™HU™}
have been computed.

H
S.1.2.3. Computation of Vec (U(”’T)> Vec (U(”’s)) . Assuming that the ma-

trix product U™ H U is known, then since

ugn,r)Hugn,s) ugn,r)Hugn,s) o u(ln,r)Hu‘(]:Ll,s)
U(n_’T)HU(ms) B ugn,'r)Hugn,s) ugn,r)Hugn,s) . uén,'r)Huf;nz’,s)
uf;:r)Hugn,s) ugz,r)Hu(z7t,s) . uf;:z,r)HuStzl,s)
T
Vec (U(”’T)) = [ ug"’r) ug”') . uSZ’Ti) } )
T
Vec (U(n’s)) = [ ugn’s) ugn’s) .. uFIZ’S) } )

H
it is clear that the vector product Vec (U("’T)> Vec (U(”’s)) = Zjll u;n"r)Hu;."’s) =

Z‘j];l(U("’r)HU("’S))jj =Tr (U("’T)HU(”’S)) only requires .J,, — 1 flops, where Tr (-)
denotes the trace of a matrix.

S.1.2.4. Computation of PUMHAPIL™  From (S.1.10)-(S.1.13) we observe
that the entries of P H P are given by

M) — 8( (Vec (U("”">)H Vec (U('”’S)))Q
— Vec (U("’S)HU(”’T))HVec (U("’”HU("’S)) ) (S.1.15)

H

As explained in Subsection S.1.2.3 the computation of Vec (U(”’T)) Vec (U("’S))

requires .J,, — 1 flops. Assuming that the matrices {U™"#UM™*)} have already been
H

computed, the computation of Vec (U(”"S)HU(”’T)) Vec (U("’T)HU(”’S)) addition-

ally requires 2J2 — 1 flops. The subtraction of the terms in (S.1.15) costs one flop,
the multiplications with 8 in (S.1.15) costs one flop and the squaring (-)2 in (S.1.15)
costs one flop (i.e., 3 additional flops). Hence, the computation of (S.1.15) requires

(Jo — 1)+ (2J2 — 1) + 3 flops.



Recall also that PLMHPOLM) pag C%,, distinct entries of the form (S.1.15).
Hence, the computation of the N matrices {P1HPLMY requires

N
Chi Z((Jn — 1)+ 243 = 1) +3) = Chiy Z (Jo +1) +J3) + N - Ch iy
n=1
=%, Z Jo(Jn +1) + Chyy Z J24+ N-C%., flops. (S.1.16)

n=1

S.1.2.5. Computation of PUHPE™ | From (S.1.10)-(S.1.13) we observe
that the entries of P(™H P are given by

(), = 8(Ve (U("”'>)H Vee (U] - Ve (UW“))H Vee (U)

S1,82

H
~ Vec (U(”’Sl)H U<’”>) Vec (U(’”)H U("’”)) ) (S.1.17)
Comparing (S.1.15) with (S.1.17), the latter expression " )H<I>§?)S2 requires the ad-
H
ditional vector-vector product Vec (U(”’T)) Vec (U(n"”)) compared to the former

(’FL)H (TL (n,r) H (n,s2)
expression @y, Dy Recall that the vector product Vec (U ' ) Vec (U o2 )
costs J, — 1 ﬁops. Thus, the computation of (S.1.17) requires

2(Jn — 1)+ (2J2 — 1) + 3 flops.

Recall also that the matrix POMHPE™) hag R C% distinct entries. Thus, the
computation of the N matrices {PMHPE™Y requires

N
R. CRZ (Jo = 1)+ (2J7 = 1) +3) = R-C Y _ 2Ju(Jn + 1) flops. (S.1.18)

n=1

S.1.2.6. Computation of PZMHPE™  From (S.1.10)-(S.1.13) we observe
that the entries of P@™HPE) are given by

H H
ol = 4(Vee (UCD) " Vee (U] - Vee (U2)) " Vee (U0)
H H
+ Vee (U2)) 7 Vee (U*)) - Vee (U)) 7 Vee (U2
H

— Vec (U(n,sl)HU(n,rl)) Vec (U(n,rz)HU(n,SQ))

— Vec (U(""Sl)HU("“)) " Vee (U<"’”>HU(”’S2)) ) (S.1.19)
Observe that (S.1.19) involves 4 vector products of the form

H
Vec (U("’”)) Vec (U(”’sl))

each requiring (J,, — 1) flops, 2 vector products of the form

Vee (U=t UWl))H Vee (Uit
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each requiring (2J2 — 1) flops, three scalar multiplications (3 flops) and three scalar
additions/subtractions (3 flops). Overall, the computation of (S.1.19) requires

4(J, —1)+2(2J2 - 1) +6 flops.

Recall that PGP pag 6‘12;‘,/(1271)/2 distinct entries. We conclude that the com-
putation of the N matrices {P*™7PE™1 requires

N
Cln_ 1)/22 1)+2(2J2=1)+6) = Chip_1y/0 O 4Ju(Jn+1) flops. (S.1.20)

S.1.2.7. Overall computation of P7P. From (S.1.14), (S.1.16), (S.1.18) and
(S.1.20) it is clear that the construction of the matrices {PLWHpLny (plLmHp(2n))
and {PGMHPEMY requires

N N

Chit Z Ja(2L, = 1) + (CEy +2R-Ch +4- C??,(R—l)/2) Z In(Jn+1) +
n=1 n=1
N

Chy > J2+N-Ch,y, flops. (S.1.21)
n=1

Finally, in order to construct P¥P we need to compute ZN pmHaptn) o
Z P(1 WHPZn) and 4. Z PEMHEPEn)  Taking the symmetries of PU ")HP (Lm)
and P(2 MHP1) into account, thls requires

(N = 1)(Cfp1 + RC + Cfp_1)2) + (ROE + Ch(p_1)2) flops, (S.1.22)

where the two terms in (S.1.22) correspond to the number of additions and multipli-
cations, respectively. We conclude that the flops needed for the overall computation
of P¥P are equal to the sum of (S.1.21) and (S.1.22). For large dimensions {I,,, J,, }
the complexity of the computation of PP is proportional to

N N
max ((Z InJ;f) , (Z Jﬁ) R2> R2. (S.1.23)

The max(-) operator in (S.1.23) says that if R is small compared to the dimen-
sions {I,,, J,,} such that R? < (Zn 1 In J2)/(Zﬁ7:1 J2), then the computational cost
is dominated by the construction of matrices the {U™MH UM™Y with complexity
(S.1.14). On the other hand, if R is large compared to the dimensions {I,,J,}, i.e.,
R? > (22;1 I,J,%)/(Zi:[:1 J2), then the computational cost is dominated by the
computation of the scalars {@57)75 <I>§?>52} with complexity (S.1.20).

We also conclude that if (30, J2)R2 < SN 12J2, then this approach requires
fewer flops than the SD procedure described in [4] that explicitly constructs P with
a complexity proportional to (320, 12.J2)R2,

n=1"n
S.2. Extension of the SD method to tensors of arbitrary order. In this

section we explain how to extend the SD method for coupled CPD of third-order
tensors to tensors of arbitrary order. More precisely, the goal of this section is to
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explain how to transform the coupled CPD problem of tensors of arbitrary order into
a coupled CPD problem of a set of third-order tensors.

Consider the coupled PD of the second-order (matrix), third-order and higher-
order tensor factorizations

R

CHmxK 5 y(m) :def”’)oc“ me{l,...,M}, (s.2.1)
r=1
R

Choxtzx 5 ) =N "aMobMoc,, ne{l,...,N}, (S.2.2)
r=1

R
Clr e K 5 W) =3 "albh o 0al@ P oc,, pe{l,...,P}, (S52.3)
r=1

in which Q, > 3, Vp € {1,...,P}. The PD of the third-order tensors {V(™} and
higher-order tensors {WW®)} admit the following matrix representations

ChonlznxK 5y — (A o BMYCT | n e {1,...,N}, (S.2.4)
Clrwx oy K 5 W) = (AP 6.0 Al PHCT | pe {1,...,P}. (S.2.5)

Step 1: Coupled CPD via structured matrix decomposition. The first
step is to formulate the coupled CPD problem as a low-rank constrained matrix
decomposition problem. Similar to (S.1.2) this is achieved by collecting the matrices
(S.2.1), (S.2.5) and (S.2.5) into the matrix

v vy v w®
X=| V |=FC" Y= Colov=| o |, W= : ,
w vy (M) vy w®
(S.2.6)
where F in (S.1.3) now takes the form
 le
F=| F®
F®
in which
DD A® oBW AGD o o A@D
FO — 7 F® — 7 FO® —
DO AN o BV AGP) o o A@rP)

(S.2.7)

Step 2: Find a basis for range (X) and apply dimensionality reduction.
In the second step we first find a basis for range (X). The matrix Y in (S.2.6) will
only be used when finding a basis for range (X). Let X = UZVH denote the compact
SVD of X, then the columns of UX will be used as a basis for range (X). In order
to reduce the complexity of the SD procedure we reduce the dimension of the “third-
mode” matrix C. Overall, the SVD of X yields

UY = XV and C = VI'C e CF*E, (S.2.8)



Partition UX as follows

U
Ux = Ug , (S.2.9)
U

Where U(l) c (C(anlzl Hm>><R’ U(2) c (C(Zi,vzl Il,nIQ,n)XR and U(3) c C(Z:;D:l Hqupl quP)XR_
Since the submatrix Y of X is only used to help find a basis for range (X) = range (U)
and range (CT) = range (VT), the associated submatrix U™ of U will not be con-

sidered in the development of the following SD procedure. More precisely, the matrix
UW will not be used in the SD procedure since the columns of U® are not subject
to a low-rank constraint. We further partition U® and U® as follows

M U(1¢2)
u® = : , UM g chinlen) xR (S.2.10)
L U2
r g3
. Qp
Ut = : , UPS ¢ ULty Jap) xR, (S.2.11)
L U(P‘S)

with properties U2 = (A™ & B(”))GT and UP® = (AP o ... o A(Q"’p))éT.

Note that the matrix decompositions U(?) = (A(") ® B("))(AVJT7 ne{l,...,N},

in (S.2.10) already constitute matrix representations of third-order CPDs. In the next
step we will further transform the decompositions of {U®%} in (S.2.11) into a set of
coupled third-order CPD problems. In other words, we reduce (S.2.6) to a standard
coupled CPD problem that can be solved by via the SD procedure for coupled CPD
of third-order tensors.

Step 3: From coupled CPD of tensors of arbitrary order to coupled
CPD of third-order tensors. Let P(P%3) ¢ (C(Hqupl Tap)X (M52 Tap) denote the row-
permutation matrix with property U@P3) .= plar3y®3) = (AP o B<‘“’))(~3T in
which B@P) .= AW@+Lr) o ... A@P) o AGP) o ... 0 Al@LP) From UP3) we
extract (), matrices with joint matrix factorization

ude3) ue3) AP o BP)
~T
= : = : C . (5212

U@rp3) U@rp3) A@D) o B@)
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Overall, from (S.2.10) and (S.2.12) we obtain

G AD o BO
U(}v,2) AWM o BW)
GO ALY oBMD
U sds
: : 7
v@uiy | = | APV eB@Y 1C. (S.2.13)
TLP3) :
U AT o BOP)
» 5
| U@r.P3) | i A@r.P) o B@P.P) |

From (S.2.13) it is now clear that the discussed SD procedures developed for third-
order tensors can also be used to compute the coupled CPD of tensors of arbitrary
order.

S.3. Supplementary material related to Section 5. In this section we prove
the following lemma.
LEMMA S.3.1. Assume that the matriz

Cr+1 (A(l)) ©Cr41 (B(l))
B ; P e (SN CE CE )Xk )

Crit (A(N)) écLH (B<N>)

has full column rank, where A™ = [A0™ ... ABM] ¢ ClxBRL gng B —
(B ... BEM) e CIXBL qnd P is defined by [4, eq. (5.16)]. Then
(i) | max (AT BTy Z L for all v € {1,..., R};

<n<N
(ii) the matriz (Y given by [4, eq. (3.8)] has full column rank.
Proof. (i) We use the following properties of compound matrices [2, p. 19-22]: if
k is a positive integer and X and Y are matrices such that XY, Cr(X), and Cr(Y)
are defined, then

Cr(XY) = Cr(X)Cr(Y), (5.3.1)

r(XY)<k—-1 ifandonlyif Ci(XY)=0. (5.3.2)

The first property is known as “Binet-Cauchy formula” and the second property
follows from the fact that the entries of Ci(XY) are all possible k x k minors of XY.

We prove statement (i) for » = 1. The general case can be proved in the same
way. Assume to the contrary that (i) does not hold for » = 1, that is

r(ACYBEITY < [ 1 forall ne{l,...,N}. (S.3.3)

We will arrive at a contradiction by showing that the first column of the matrix E is
zero. By construction of P, the first column of P is enumerated by the (L + 1)-tuple



11

(1,...,1,2) of Q defined by [4, eq. (5.15)], and the entries of the first column (or the
rows) of P can be enumerated by means of the elements of ¥ := {(i1,...,ir41) : 1 <
i1,...,i+1 < LR}. Hence, by [4, eq. (5.16)], the nonzero entries of the first column
of P are enumerated by means of the (L + 1)-tuples {(1,2,...,L,k) iiLH. This in
turn means that the first (or the (1,...,1,2)nd) column of the matrix E equals

y Con (A(1>) ©Cr (B(D)
Eq,. 1,2 = Z |
k=L+1 _ Crt (A(N)) ®Cry1 (B< )) (1,2,...,L,k)
2L Cry1 (A(l)) (1,2 @Crn (B(l)) (1,2,..,L,k)
& : : h (S.3.4)
R e (A(N))(l,Q ,,,,, L,k) ®Cra (B(N))(lﬂ»-wL’k)
(

-y : :

k=1 '
o (A &) © Coo (B b))

in which []12,..., k) denotes the (1,2,..., L, k)th column of matrix [-]. From proper-
ties of Vec operation and (S.3.1) it follows that for all n € {1,..., N}

Crs1 ([A(lﬁn) a}(f,n)D ® Cri1 ([B(Ln) bl(f’n)]) _

Vec (CL+1 ([B(Ln) bIEQ,n)])TCL+1 ([A(l,n) af,")})) =

Vec (CL+1 ([B(l’”) b{2m A0 a,(f’n)])). (S.3.5)

Since by assumption (S.3.3), 7 ([B(l’”> b,(f’n)]T[A(l’m a;f"")]) < L, from (S.3.2) and

(S.3.5) it follows that Cr1 ([A(l’") af‘")]) ® Cri1 ([B(l’") b;f’n)]) =0forallne
{1,...,N}. Hence, by (S.3.4), the first column of the matrix E is equal to zero.

(ii) Assume that F*Df = 0 for some f € Cf. Then, by [4, eq. (3.7)], the identity
0 = FedDf can be considered as the matrix representation of a coupled BTD [4, eq.
(3.2)] in which the tensors X ... X(N) are zero and C"*) = 7 or, equivalently,

C=1[f,---,J1,---, [r,---, [r] (each coordinate is repeated L times). Hence, by [4,
eq. (5.17)],

Rpi(xM)
E- R\ (C)T = : = 0. (S.3.6)

R (X™)

By [4, eq. (5.14)], gT = R(Ldj_sl)(C) is an 1-by-(CE1] — R) vector with coordinates
fiv fiers (G1s- -5 Jr+1) € Q. Since, by assumption, the matrix E has full column
rank, it follows from (S.3.6) that g is equal to the zero vector. Hence, fj, --- fj,,, =0

for all (j1,...,7L41) € . In particular, fiij =0foralll <i<j<L+1,implying
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that the vector f has at most one nonzero coordinate. If such a coordinate exists, then
the equation FUedf = 0 implies that F(*d) has a zero column which will contradict
statement (i). Hence, f = 0. O

S.4. ALS method for coupled CPD. We consider coupled Polyadic Decom-
positions (PDs) of a given set of tensors X (™ € Cl*/n*K n c {1 ... N}, of the
following form:

R
x :Za&")obgn)om.7 ne{l,...,N}.

r=1

(1) (3)
T
[X("l*”)T7 . .,X("K’")T] - (C ® A(")) B™T defined in [4], the ALS method will

T
In addition to X(™) = [X(l"’n)T, . ,X(I”"’MT} = (A(") ® B(”)) CT and X" =

also make use of the following matrix representation. Let the matrices X7 ¢
CK*In be such that (X('ﬂ"m)k = a{f), then X" = CD; (B™) A™T and
{2

CInE X 5 XEQ? — [X<»1<,n>T7 N .7X<-Jn<,n>T}T - (B<n> ® c) AT (S.4.1)

Recall that we have the following overall matrix representation of the coupled PD

of {x(M}:

XEB A oBM
X = = CT = FCT c (C(Zle L.,J,,,)x[(’ (842)
Xg) AN o BWY)
where
AD oBD
F= : € C(ENL xR,
AN o B®)

It is well-known that
(A<n) o B(n))T _ ((A(n>HA<n)) . (B<n)HB(n>)) - (A(m 5 B(n))H .

Hence, the conditional least squares update of C while {A™1} and {B™} are fixed
is

c’=(F)x= (i (A™TAC) (B<">HB<">)> h F7X.  (S54.3)

n=1

Using
n)H ko n)*
. bW X R ()
(A®@B™) " X[ (k) = Vecd (BUTXCRITAM) —

M :
B H X (R T (n)-
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relation (S.4.3) can be expressed in a way that avoids the explicit construction of the
tall matrix F, as follows:

c’'=F)'Xx= <i (A<n>HA<n>) . (B<">HB<">)> B

n=1
N bﬁ) x (1, )Tag) bﬁ) XK >Ta5)
n=1 bg)HX(l’n)Tagl)* o bgl)HX(Kn)Ta%l)*

The conditional least squares updates of A and B™ are the same as in the ALS
method for ordinary CPD. We summarize the ALS method for computing a coupled
CPD in Algorithm 1. Observe that D = cHc appears in both D4 x) and Dgm.
The normalization in steps 3 and 7 fixes the scaling ambiguity. The extension to
coupled CPD of M,th-order tensors in which M,, > 4 for one or more n € {1,...,N}
is straightforward.

The ALS method can also be used to compute coupled matrix-tensor factoriza-
tions by taking the following into account. Assuming XE;’; = A(")CT7 the updates of

B(™ in steps 8 and 9 in Algorithm 1 can be omitted. More precisely, we fix B(™ = 1%,
) T
and drop normalization step 7 so that A™M g updated as A = Xg;; (CT) .

Algorithm 1 ALS method for coupled CPD.

Initialize: {A™}, {B(™} and C
Repeat until convergence

n)H 1n n)* n)H Ko )
N b§) x (1 )Ta(l) b§> XK, )Tag)
n=1 b%z)HX(wl,n)Ta%L)* bg)HX(“K’n)Tag)*
—1
2. CT = (Zgzl (A(")HA(n)) " (B(n)HB(n))> Dc.
3. Cr 4 i ref{l,...,R}.
4. D=cC”c.
C{IX(l"’”)Tb(ln)* o C{JX(I""’W‘)Tbgn)*
5. Dpem = : . : ,ne{l,...,N}
ng(l.A7n)Tbgl)* . CRI@{X(I"“’TL)Tbg)*

6. AWT _ ((B(n)HB(n)> *D)_lpA(n), ne{l,...,N}.
Y L e{l,...,R},ne{l,...,N}.
a1 Ter o g CTwm)T o
S Dy = ; : € (L V),
ag)HX('l"mTc}L

9. BT — (D « (A(”)HA(”)))_lDBw , nefl,...,N}.

lai®|ip

ag)HX(-Jn-,n)TC}%
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S.5. ALS method for coupled BTD. Consider

R Lrn R
X(n) _ Z Z al(r,n) ° bl(r,n) o C('r) _ Z (A(r',n)B(W',n)T) ° C(T)7 (851)

r=11=1 r=1
where X(™) € CI»*/n*K and n € {1,...,N}.

T
In addition to Xg?; = [X(l“’")T7 .. .,X(I"“’")T} = (A(n) ® B(")> c™T and

T
XE;L)) = [X("l"")T, ceey X("K’MT} = (C(”) ® A("’)) BT defined in [4] we have the

following analogue of (S.4.1):

T
CInExIn 5 XE;)) _ [X(.L,n)T7 - .7X(.Jn<,n)T} _ (B(n) ® C(n)) AMT
Expression (S.4.2) can be extended as follows:

X = [X(l)T7 - X(N)T}T _ pled) QUed)T ¢ (SN, L)X ($.5.2)

(&) )
where F(d ¢ C(205 InJn) xR g given by
Vec (B(l,l)A(l,l)T) o Vee (B(R,l)A(R,l)T)
FUed) = 5 S : . (S5.3)
Vec (B(I,N)A(I,N)T) C Vec (B(R,N)A(R,N)T)
Cred) _ [ W, e G CKXR (S.5.4)

The conditional least squares update of C™*9 while {A™} and {B™} are fixed is

C(red)T _ (]:?(red))Jr )(7

where F*Y i given by (S.5.3) We normalize the column vectors of C*9:
C(red)
Cgred)F&T, VTG{L,R}
ller™ |l
Note that
H
Dym = (B(n) © C(n)) XE;;

i c(1)HX(1~~,n)Tb§1m>* C(I)Hx(fn'wn)Tbg”'y”)* T
c(l)Hx(l":n)Tb(le")* . c(l)Hx(fn'j,n)Tb(le")*
C(R)HX(I--,n)TbgR,n)* . C(R)HX(In--,n)TbgR,n)*
C(R)HX(I"’n)Tb(LR’n)* L C(R)HX(I""’")Tb(LR’n)*

L R,n R,n

r B(l,n)* . d(l,l,n) . B(l,n)* X d(l,In,n)

B(R,n)* . d(R,l,n) . B(R,n)* . d(R,Imn)
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where d™*™ = XM ¢()* The conditional least squares updates of {A (™} while
{C™} and {B™} are fixed are given by

AT _ ((B(n)HB(n)) N D(n))*1 Dyw, ne{l,...,N},

where D™ = C™WH (™ We normalize the matrix blocks {A™™} of AM™. Let
A = QMR denote the QR-factorization of A" where Q"™ € CInXLrn
is a columnwise orthonormal matrix and R € CLrn*Lrn is an upper triangular
matrix. We set

A Q™ | vre{l,....,R},Vne{l,...,N}.

The conditional least squares updates of {B™} while {C™} and {A™} are fixed
are given by

B(n)T — (D(”) * (A(n)HA(n))>_1 DB(") , ne€ {1, ey N} ,
where again D™ = ™" ™ and
H
Dy = (€ 0 a™)" )
A= q@in) o An)x | (1,nm)

A(R,n)* . d(R,l,n) . A(R,n)* . d(R,Jn,n)

in which 9™ = X(3MTe()* Observe that D™ = C™HC™ appears in both
Dpw and Dgey. The ALS method is summarized as Algorithm 2. The normal-
ization steps 3 and 7 fix the scaling and transformation ambiguities. The extension
to coupled M,th-order tensors in which M, > 4 for one or more n € {1,...,N} is
straightforward.

Algorithm 2 ALS method for coupled BTD

Initialize: {A™}, {B™} and CU?
Repeat until convergence
1. Build F*Y in (S.5.3).

CQlred)T _ (F(rcd))TX‘

c(red) CLred)
T ESRIPK

2
3 ref{l,...,R}.

4. D™ =cMic™ = pef1,... N}

5. Build D 4w in (S.5.5) for every n € {1,...,N}.

6. AW = QMR e {1,... R}, ne{l,...,N}.
7. AT Q" re{l,...,R},ne{l,...,N}.

8. Build Dg) in (S.5.6) for every n € {1,..., N}.

9

BT _ (D(n) % (A(")HA(")))_l Dgm, ne{l,...,N}
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S.5.1. Proof of Proposition 5.2. Consider the PD

R L, R
el 5 x =33 alP ob(M o =7 (A(T)B(T)T) oc™ . ($5.7)

r=11[1=1 r=1

Assume that Ced = [c(l),...,c(R)} € CK*R ig known. Let S denote a subset
of {1,...,R} and let S¢ = {1,..., R} \ S denote the complementary set. Stack the
columns of C"*? with index in S in C®) € CE*card($) and stack the columns of C°d
with index in S¢ in C87) e CK*(R—card(5)) " Let the elements of S be indexed by
o(1),...,0(card (S)) and let the elements of S¢ be indexed by p(1),..., u(card (S¢)).
The corresponding partitions of A™ and B™ are then given by

A — {A(au))’,_.7A<a(card(5)>>} e CIX¥(Zpes o)
A5 — [A(u(l)),”_7A(ﬂ(card(5“)))] e C1*(Zpese Ln)

B®) — [Bw(l))’m7B(a<card<5)>)} c 07 *(Zpes Lr)

)

B(S9) — [Bw(l))’m’B(u(card(SC«)))] e 7% (Zpese Ln) |

If there exists a subset S C {1,..., R} with 0 < card (S) < rg@es such that!

C) has full column rank (i.c., ras) =95),

B has full column rank ie., rgee = ZpGSC Lp) ,

(S.5.8)
~ (8¢ - c
r ({(PC(S)C( )) oA® )7 (PC<S>C,(I?T§> ® I[]) =J+ Zpesc L,—L,,Vres-,

PG Y (8°)
where C = [ILW) ® €1y
of X in (S.5.7) is unique.

Proof. The result is a variant of [3, Theorem 4.8] to the case where C contains
collinear columns. W.lo.g. we assume that C™Y (1 : card (S),1 : card (S)) is non-

singular, i.e., we set C%) = C*d(: 1 : card (5)). Observe that

s° "
. 1€H(md(sc)) ® CL(c?nd(Sﬂ))] ,then the decomposition

PC(S)C(md) =P {C(S)7C(S°)} = [OK,card(S)aPC(S)C(SC)} )

We work in two steps. First we compute A and B(SC)7 later we also compute A
and B,
Step 1. Compute Y (1) = X(l)Pgs), then

Y = [Vec (B(u(l)) A(u(l))T) ... Vec (B(u<card<scn> A(u(card(SC»)T” CcEITPL .

_(ge (¢
Denote D( ) = PC<3)C( ). The tensor ) also has matrix representation

Y3 = (15(56) © A<S"'>> BT,

~ (8¢ ¢ c
IThe last condition means that M, = [(PC(S)C< )> © A, (Pc(g)cijr;) ®II} has an
L,-dimensional kernel for every r € S¢, which is minimal since for every p € {1,..., L} the vector
[nT, aj(g“(T))T]T € ker (M) for some n,. € Ceard(5),
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~(S°¢ - c
By assumption, r <{D( ) oA ), (PC<3)chT§) ® I[}) =1+ Zpesc L,—L,,Vre

S¢. Note that (Pc(s) Cff(v:;)@aéﬂ(r)) € range ((PC(S) CELS(':;) & II) ) Vp € {1a e L/,L(’r‘)}
(89

(59

This implies that r (]5 ® A(SC)> = ZpESC Ly, ie., D ® A" has full column

rank. By assumption, B also has full column rank. Let Y3 = UV denote the
compact SVD of Y3y in which U € CHIx(pese LP)7 then there exists a nonsingular
matrix M € C(pese L)X (Xpese Le) guch that
~ (5S¢ c
uM=D"" 5 A5, (S.5.9)

Partition M as follows

M = M(uu))w.’M(u(scn] . M®) ¢ ¢pese L)xLr e e

then (S.5.9) is equivalent to

e [ M) ,
GUS) [ () ] =0k, rES (5.5.10)

in which G5 ¢ CKIXU+ese Lv) ig given by
G ()59 — [U,— (Pc<s>cff(:§) ®11] . rese. (S.5.11)

The assumption that G ()5 has rank T + Zpesc L, — L,, Vr € 5S¢, implies that
the matrices M*(") and A" follow from the kernel of (S.5.10), Vr € S¢. The
solution is known up to right multiplication by a nonsingular (L, x L,) matrix, which
is an intrinsic BTD indeterminacy. Next we find B from

. ~ (5% e\ T
BEIT — <D oA )) Y3

. . -1 . H
_ <<6(S JH 5 (8 )) . (A(S“)HA(S“))> (]5(5 ) @A(s‘i)> Y.
Step 2. Now that AP and B are known, we compute
Quy =Y - [Vec (Bm(l)) A(u(l))T) . Vec (B<u<card<scm A(u(card(S“)))Tﬂ s

— {VCC (B<a<1>> A(a(l))T) ..., Vec (Bw(eard(sm A<a<card<s>)>Tﬂ oI

Recall that the matrix C) is assumed to have full column rank. Hence, we can
compute

H=Q, (C(S)T)T '

The remaining unknowns A and B® now follow from the rank-L,. approximation
problems

h,(, — Vec (B AT ’ , res.
(r) .

min ’
Ale(m) Blo(r)



18

W.r.t. (5.3) in [4] we also note that, similarly to (S.5.6),

557 5 a9
DB(SC): D ®A Y(S)

A1) f1D) A1) | f1.7)

A(u(card(sc))).* . f(card(sc).,l) . A(u(card(sc)));« . f(card(SC),J)

where £ = Y(IITP g 5

[1] L.
[2] R.
(3] M.

[4] M.

(5] M.

w(r) *
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