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ABSTRACT

A new method is described for the construction of cubature formulae
of degree 4k-3 for two dimensional symmetric regions. This
method is a generalisation of the T-method. Some formulae of degree
5. 9. 13 and 17 for the square, the circle and the entire plane are
constructed.
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Construction of fully symmetric cubature formulae of degree 4k-3 for

fully symmetric planar regions.

1. Introduction

We are concerned with determining the knots and weights in a cuba-

ture formula of the form

N

JJ w(x,y) f(x,y) dxdy = ¢ W, f(xi,yi)
i=1
R

where R is a region in the two-dimensional Euclidean space and w(x,y) = 0

The vectorspace of all polynomials in x and y of degree < n is denoted
by E;. A cubature formula which is exact for all F € Pm but not for all

P E Pm+1 is said to have degree m.

If we speak of a region R, we intend this to include the associated
weight function w. A region is called symmetric when
(x,¥) ER = (+x,ty) € R and wix,y) = wi-x,y) = w(x,-y) = wi-x,-y) .
A region is called fully symmetric if it is symmetric and when
(x,¥) €R= (y,x) €ER and w(x,y) = wly,x).

A polynomial P is orthogonal to a polynomial Q if

JJ w(x,y) P(x,y) 0(x,y) dxdy = 0.
R

A polynomial P of degree n which is orthogonal to all polynomials
Q€ Pn—l is called an orthogonal polynomial.

The orthogonal polyncmials

1

-k, k _ -k k k
P =X Yy + Sﬂk

0(1) %
0(1)n

= .
where Sik P2_1, form a basis for the vectorspace Pn'
We are specially interested in the following fully symmetric regions :

C2 : the square {(x,y) : -1 < x,y < 1} with weight function w(x,y) = 1,

82 : the circle {(x,y) : x2 + y2 < 1} with weight function wix,y) =1,

-



2
E; : the entire two-dimensional space with weight function
2 2
wi{x,y) = exp(-x -y ),
Ez : the entire two-dimensional space with weight function

wix,y) = exp(-(x2+y2)1/2)

In table I we give orthogonal polynomials of degree 2, 4, 6 and 8 for
this regions. ©Note that because of the symmetry of the region, each
polynomial has only even or odd exponents in x and y. Morrow and
Patterson (1978) and Schmid (1979) used the connection between the
knots of a cubature formula for product regions, and ideal theory in
the so called T-method. In the general case this method gives no re-
sults for degreeshigher than 7 because there are too many unknowns and
the nonlinear system cannot be solved. Morrow and Patterson (1978) im-
posed the condition of symmetry on the formulae so that some unknows
become zero. Then they were able to reconstruct symmetric formulae of

degree 9 and 11.

We adapted this T-method to what we called the S-method to construct
symmetric formulae for symmetric regions. In this report we give only

fully symmetric formulae of degree 5, 9, 13 and 17.

2. Deduction of the S—-method

Definition 1

A polynomial ideal A is a set of polynomials such that if £,g € 4 and
a,b are polynomials then af + bg € 4.

Definition 2

If A is a polynomial ideal, then the set of polynomials Iyree-r9y e 4
form a basis for 4 if each f € A may be written in the form

k
£f = ¥ a, g, where a, are polynomials.
j=p 171 i

Hilbert's theorem (Gr&bner, 1949).

For any polynomial ideal there exist a finit basis.

Definition 3

The basis gyrevea9y of the polynomial ideal 4 is canonical i1f each poly-
nomial £ € 4 of degree d may be written as

k
£f= I i =
) bi 9; where g, is of degree My and bi of degree at most d PR



Theorem 1 (M8ller,1973)

For any polynomial ideal there exist a canonical basis, but not every

basis is canonical.
Theorem 2 (M&ller,1973)

Iif gl,...,g is a canonical basis of a pelynomial ideal 4 and if the set

k
of common zercs of Iyre---19 (denoted as NG(4)) is finite and nonempty

then the following two statements are eguivalent.

1) There is a cubature formula of degree m which has as knots the common
zeros of gl,...,gk. These zeros may be multiple, leading to the use

of function derivates in the cubature formula.

2) 9 is of degree ti and g; is orthogonal to all polynomials of degree

<m - ti i=1(1)k.
Corollary 3

Every polynomial P of degree 4 < m that becomes zero at the knots of a
cubature formula of degree m, is orthogonal to all polynomials Q of de-

gree < m - d; because degree P.Q < m.
Theorem 4 (M&ller,1976)

Let Aj be the set of polynomials of degree < j that become zero at the N
knots of a cubature formula of degree 2k - 1 = m for an integral over a

gymmetric region. Then :

1) dim Ak < k+1 _[']%]

where [x] = greatest integer less or egual to x
2) N = dim Pm+1 - dim Am+1
S 1¢S5V |3
min 2 2

k
i - k42 & < g4 < di + k+
3) 3 dim Ak k+2 [2] % dim Ak 1 dim A k+2

Corollary 5

IEN=N_. +0p,
min

. _ k) >
dim Ak = k+1 [2] a (a2 0) and



dim Ak+1 - dim Ak = k+2-b (b = 0)

then : 1°) b < 2a
2°) a+b<p
3°) a =p if and only if b = 0

1°) From theorem 4-3) we know that

-

k
i - k+21=| < 4i
3 dim Ak k+2 2] = dim Ak+1

o

oxr

2 dim Ak - k+2 5] < dim Ak+1 - dim Ak

this is the same as

2(k+1—[%ﬂ—a)—k + 2[%] < k+2-b
or b < 2a O

2°) From theorem 4-2) we know that

N - Nmin - P
. . k(k+1) [k

=3 s P i S b S SRR e =

dim Em+1 dim A, > [2] = p
4 (@nP ., -dmP ) -dima ., ~|Sl=p

m+1 k-1 m+1 2

m-k+1 m-k+1

S % (k+2+1) - z (dim A - dim )
2=0 0=1 L+k Ak-l-ﬂ, 1
. k| _
~ dim Ak - [2] =p
m-k+1

= = - = Ll , i A - . —

k+1 dim Ak [;] + gil [ k+2+1 (dim A2+k dim Ak+2?1)] P

m-k+1

= i) - i =

a+b+ T [k+i+l - (dim By ~ dim A2+k_4}] p (1)

=2
m-k+1
- ; - 4as >
T [ k+o41 (dim A dim A2+k—1)1 0 because

2=2



dim Ak+2 - dim Ak+2_1 < k+4-1

Therefore, we become N - Nﬁin =p % ath <p O
3°) Note that if dim Ag -~ dim Aﬁ—l = 2+1
then dim A£+1 - dim AE = 42
m-k+1
Therefore, if b = 0 then 252 [k+2+1 - (Qim 2, . -dima, . ] =0
and (1) becomes a = p.
Otherwise, if a = p then b = 0 because atbh < p O

From corollary 5 it follows that

an

1) if N=N, thenas=D>b=20
min

2) ifN=N. 4+ 1 thena=1, b=20
min

3) ifN=N, +2thena=1, b=1ora=2, b=20
min

This means that there always exist k+2 polynomials

k-1

Ri s Pk+1—1,1 + % d.. P
j=0

k=1-3.3  § C o(1yket (2)

that become zero at the knots of a N , or (N , +1) - point cubature
min min

formula.

If the cubature formula is symmetric, dij = 0 for i+Jj odd. The Ris

can be divided into two groups :

A= {Ri|i even! and B = {Ri{i odd}

From A U B it is possible to construct a canonical basis and then
use theorem 2 to construct cubature formulae with N, or N . +1 knots.
min min
However, there is no garantee that such formulae exist. (T-method).
Instead of demanding that NG(A U B) can be used as knots of a cubature
formula, we demand that NG(A) or NG(B) can be used. Then we are certain
to find all cubature formulae with Nm' P Nm

in in in
they exist, and we can find rules with more knots. (S-method).

+ 1 or Nm + 2 knots, if



. 2 2 -
We define Si =y Ri - X Ri+2 i =0(1)k~-1. (3)

Si is a polynomial of degree k+3 that becomes zero at the elements of
NG(C), where C = A or C = B, and Si is orthogonal to all P &€ Pku4.

From (2) and (3) it follows that Si can be written as

k+1 k-1
k+l-i i 2 k-1-i i+2 : +1-3,3 —1-4,3
s, = g vt - Xk T Ty Y a,. prkedad o gy RN
k-3 i %
+ c, . p=373/3
j=0 *J

1]
highest degree terms disappaer, degree Si = k+1.

where ai., b, . and cij are linear combinations of dij's- Because the

From corollary 3 follows : cij = 0. . (4)

This is a set of linear equations in the unknowns : dij'
k+1-
[54
We also know that S, € vet {C}. This means that 8, - T a. R =0
i i 2=0 i,28+q 28+g
where g = 0 if C = A or g =1 if C = B.
This condition can only be fullfilled if
[k+1—
2 q]
b = . =0 i,7 = 0(1)k-1 5
i3 gio T T T el 13 (5)

Because the aij and bij are linear combinations of the dij's, (5) is a

set of quadratic equations in the unknowns dij'

At the moment we are only interested in fully-symmetric cubature formulae.
For fully symmetric regions this means that in (2)
d,. =0 if i+j odd
13
and

i dk+1—i,k-1—j : ©

If k is even and NG(A) can be used as knots of a cubature formula,
then from (6) it follows that NG(A) = NG(B) = NG(A U B)., 1In this case
the method reduces toc the T-method and we are only sure to find cubature
formulae with NInin or Nmin + 1 points, if they exist. Therefore we only

consider the case where k is odd,



with (4) and (6) we can reduce the number of unknowns in the quadratic
equations (5). When C = A, we can further reduce the number of unknowns

by demanding that (0,0) is a knot of the cubature formula.

The number of linear independent quadratic equations (egqn) and unknowns

(un) is given in the following table.

A A+ (0,0) B
m k #eagn #un #egn #un #eqn | #un
5 3 1 2 0 0 0 1
9 5 2 1 1 1 2
13 7 4 4 2 {: 2 3
1% 9 — - - — 4 4

The number of elements N in NG(A) is always

N < &I _ oy k2.
min 2 min

NG(B) contains always x = 0 and v = 0. This means that the knots on the
axis are still indetermined. They can be found by solving a l-dimensional

guadrature problem.

3. Results

A. Degree 5

The integral JJ wi(x,y) xlyjdx dy will be denoted by pij'

R
31 11 31 _ 2 i
Rl =P + dll P P = xy(x -b)
13 11 11
R3 =P + 631 P P = Xy

The only linear equation is : dll = d31 = d., There are no quadratic
equations. So, there is an infinite number of 9-point formulae with
knots (*r,tr) and weights w

(fta,0) and weights o

(0,+ta) and weights o

(0,0) and weight B



u

r2 = b-d w = —ié—
4 (b-d)
(u, i) (B=d) (1o (D=} =t ) 2
2 M40 "2 o His
o, (b-d)-u 2

g 2
uoo(b—d) (u40—u22) - 2(u20(b~d)—u22) - u22(u40fu22)

(b=a) (uyq=Hy5)

u
dizs b d #Db - —EE

L%)

The cubature formula has only 8 knots if B = 0 or

2 2
0 = da (Mg Hyp ~ Hgp Moo ~ 2 Moo

2
+ @ (=2b ugg Mg * 2D Hgg gy + 4D U, - 4 g )
2 2 2 2 2 2
+ (b7 Uy Mg T BT Mg Mgy T 2 U5 b = 2 M5, = Moy Hyg T oHpp)e

So, there can be at most two formulae with 8 knots. 1In the following table

we give the solutions that lead to 8-point formulae with real knots.

region number of solutions reference
solutions
C, 1 d = -8/45 Stroud cn[5-4]
_ -3+4Y3 -
—3-4v¥3
d = Lo Stroud s [5-3]
24 n
r2
E, 0
E- 0




The linear and quadratic equations can be found in table II.5.A.

The nonlinear system has an infinite number of solutions leading to
fully symmetric formulae with 12, 9 and 8 knots. The 8-point formu-
lae are the same as for C = B. From the equations it follows that
there is only one 9-point formula for each region when C = A. These
were already known by Stroud (1971). We give the references in the

following table :

. .Yegion reference

C Stroud C [5-7]
2 n

S Stroud S [5-5]
2 n
r2 r2

E2 Stroud En [5-5]

E. Stroud E- [5-4]
2 n

B. Degree 9

The linear and quadratic equations can be found in table II.9.A.

The nonlinear system has an infinite number of solutions, leading to an
infinite number of 24-point formulae and a finite number of 21 and 20-
point formulae. In table III we only give the formulae with 20 or 21
real knots. The references to the formulae are given in the following

table :



region number reference
of knots
C2 20 Table III C2(9—l)
21 Stroud C2[9—2]
52 20 Table IIT 52(9-1)
20 Table III 52(9—2)
21 Table IIIL 82{9—3)
r2 r2
E 20 Stroud E. [9-1]
2 2
r2
21 Table IIT E, (9-1)
E; 20 Table III E;(9—l)
21 Table III E§(9—2)
b) C

The linear and quadratic equations can be found in table II.9.B.
The nonlinear system has an infinite number of solutions, leading to
an infinite number of 21-point formulae and a finite number of 20

point formulae.

knots.

In table IIT we only give the formulae with 20 real

10.

The references to the formulae are given in the following table :



11,

region reference
c, Stroud c2[9~1]
5, Stroud 52[9—2]

Table III 82{9—4)

Table III 82(9—5)

Table III 82(9—6)

r2 r2

E2 Table III E2 (9-2)
r r

E, Stroud E2[9—1!

C. Degree 13

The linear and quadratic equations can be found in table ITI.13,A.
2

o 82 and E; ; there doesn't

exist cubature formulae with C = A and the origin as a knot. The non-

From this equations it follows that, for C

linear system has only a finite number of solutions, leading to formulae

with 40 knots. For S2 and Eg we didn't found a formula with 40 real

knots. The references to the real formulae are given in the following

table :
region reference
C, Table III c2(13—1)
Table ITI C2(13—2)
B) C =B

———— —

The linear and quadratic eguations can be found in table II,13.,B. The
nonlinear systems have an infinite number of solutions leading to an
infinite number of 37-point formulae and one 36-point formula for each
region.

In table III, we only give the 36-point formula, The references to the

formulae are given in the following table :



12..

region | reference
C2 Table IIT 02(13—3)
s, Table III 82(13—1)
r2 r2
E Table III E, (13-1)
2 2
E; Table III E§(13—1)

D. ‘Degree 17

o

The linear and quadratic equations can be found in table II.17.B.
We found only a few real solutions of the nonlinear systems, leading to

formulae with 57 knots,
2

r
For E2 and 82 we dién't found a formula with 57 real knots. The references to

the real formulae are given in the following table

region " reference

&, Table III C,(17-1)

Table III C2(17—2)

References

1)/ Grdébner, W. (1949)

Moderne algebraische Geometrie, Die idealtheoretischen Grundlagen.

Springer Verlag, Wien-Insbruck

2) , Méller, H.M. (1973)

Polynomideale und Kubaturformeln.

Disertation, Universitdt Dortmund.

3) | MSller, H.M. (1976)

Kubaturformeln mit minimaler Knotenzahl.

Num. Math., Vol. 25 pp. 185-200.



4)

5)

13.

Morrow, C.R., Patterscon, T.N.L. (1978)

Construction of algebraic cubature rules using polynomial ideal theory.

SIAM J. Numer. Anal., Vol. 15, PP, 953-976.

Schmid, H.J. (1979)

Construction of cubature formulae using real ideals.

In : Multivariate Approximation Theory. (Ed. : Schempp, W., Zeller, K.)

Birkh&user Verlag, Stuttgart, PP. 359-377.

Stroud, A.H. (1971)

Approximate calculation of multiple integrals,

Prentice Hall, Englewood Cliffs, New Jersey.



Table I -

Orthogonal polynomials
of degree 2,4,6 and 8
2

is x
for CZ'SZ'E2 and E2
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SENG / [ GE + ZwwAk09ZL - WwxAx0£69 + 9wxA#ZLOZL - BuxAwGERY )

62t / ( GE - ZunAxGLE + tuwA#E69 - GuuAs62H ) # AwX

€69 / ( G + ZusAsGOL = ZuuX#Gl = HuwA#GLE + ZunAuCusXnGLE + OwwA#LEZ - NunAxZusXuGhb - usAulwuXwE69 )
GLE / [ G = ZusA#012 + ZusX#GL + NusAxb8L - CuuA#CH#Xu0GE = NunAuluuXswGlE ) % AwX

086 / ( GEL + ZwwAw2L - NusA#N® + ZuwXu2L = ZuaAnZuuX#0ZL + HunAnZusXs0h8 = huuXxh8 + ZwsAshxsXxOh8 = HuwAsTwsX086 )
GLE / ( Gh - ZunAwGL + ZawX#OLZ + CuwAwu#Xn0GE - HuuXu68L - ZusAwtiusX#GLE ) % AxX

€69 / (G + 2wwAkGl = ZuuX#GOl = ZunAww#X#GLE + HuuXuGLE + TusAuhu#XuGH6 = OuuX#lEZ - ZuwAxOwwXwE60 )
621 / ([ GE = ZuaXxGlE + husXsE69 = GuuX#b62h ) » AwX

SENG / ([ GE + 2wwXx092L = MusX#0£69 + GwuX#ZLOZL - BusXnGEHI )

L€2 / (G - Zw#A%GOL + NuwAwGLE - GuwAxlEZ )

€9 / ( Gl + ZuwA#0L = fusAnf9) # AxX

GOL / (€ = SwwAvOE + ZwuX#b + NuwA4GE = ZunAu#X#06 - NuxwAxZuaX#GO0L )

G2 / ( 6 + 2unAxSGl = ZuwX#Gl = ZawAula#X#G2) » AwX

GOL / (€ = ZunAnb + ZuwX#O0E + Za#A#CuuX#06 - NusX#GE - ZuwAxhusXuS0l )

€9 / { QL + 2wa#X#0L = hxaX#£9) % AxX

LE2 / (6 = ZuaXaGOl + HuuX#SLE - GuuX#l€2 )

G / ( € + Zu#A#0f ~ faxAxGE )

G/ (€ - ZuxuAuG ) w AxX

Table I.C2

6 / U L + ZanAuE = ZaaXuf - ZunAulusXxb )
S/ (€ = ZauXaG ) # AwX

GE / [ € + ZauXu0f - husXxGE )

€/ (L = 2uuAst )

AwX

€/ (L - ZuuXst )

1]

80d
= i
= 92d
= &%d
= fihd
= £GH
= 294
= Lld
= 08d
= 90d
= gid
= fed
= £¢4d
= 2hd
= gy
= 094
= h0d
= Ehd
= 2ad
= Lgd
= Ofd
= 02d
= 114
024

20 *NOI93Y



16.

992 / [ L + Zx#A#ON = NuuAxOhZ + usAslil - BuwAx952 )

82L / (& - ZuwAx09 + huwAw89l - 9usAxB2l) % AxX

C6LL / (L + ZawAw0E = NuwAwOZL + OwwAkZLL - ZuwXuO0l - ShsAxZusuX#09C + M AuSHuX#0891 - OuuAulwaXu26L1 )
968 / SL = ZuwAn02L + NusnAwB9L = ZuuXu09 + ZuxAxZasX#09G - NunAxruXx968 ) % AwX

0968 / ( € + Z##A#09 = HexA#02l + ZwuX%09 - CuwAnCrwXnONfIL + HusAuShuXu09EE = HauXw02l + ZxwAnlusuXx09EE - HunwAuttnwX+0968 )
968 / ([ GL = ZuxA#09 + ZauXx0Zl + ZwrAnlusXsx09G - NaaX#89L - ZxnAnt#wX#968 ) % AsuX

Z6LL / { L + ZuxAs0l - 2yX40f - CHuAnCuuXn09% + HuuXs02L + SwsAutiuuX#089L = OnaXu2ll - ZwsAuOwaXx2691 )
82L / (6§ - ZwxX#09 + hu#Xw89L - GuuX#8Z2L ) # AwX

962 / (L + ZuwXuOh = "tawXsxOhZ + GuuXu8hh - BuuXu962 )

19 / (L - ZuxA#hZ + NesAx08 = GuwAsh9 )

e / (€ + Za#Aw02 - tanAsNZ )  AsX

096 / ( € = ZwxA#8H + hauAn08 - ZauXahe + ZesAxusXx08h - MenAuu#X2096 )

Ot / { € + ZawAs0Ll = ZeaXsO0l = ZuwAxlusX#0h ) » AsX

096 / ( € = Za#Awtid + CwaX#8h + ChuAwCuuX#08h - HaxXs08 - CHuAninwX#096 )

e / (€ + SauXu02 = hawX#hZ ) # AuX

19 /(L - ZuaXatie + hxuX#08 - GuaXah9 )

Table I.82

9L / (L + ZunAsSl =~ feswAx9L )

8/ (€ - ZunA#8 ) # AxX

8h /L + ZusAn9 - ZunXan9 - ZuwAwusXsoh )
8/ (€ = ZuaXx8 ) % AuX

9L/ (L + SawXul - MusXx9l )

1/ (L = Saniutt )

AwX

1/ (L = 2eaXuht )

80d
Lld
9ed
GEd
fid
£6d
29d
Lid
08d
S0d
Sld
ted
£td
chd
Lad
09d
h0d
€ld
2éd
LEd
Ohd
20d
LLld
0ed

¢S NOID93Y
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Table I. E;

9L / ( Gl + 2uxAx06 - Cu#X#0E -
8 /( G - ZuwuX409 + C##uX%#0E + MunAxcl - SHuARCH#X#0N

9L / (6 + 2ksA#9E - ZuuXw9E -

9L / ( GL + 2uxAs0E - SHuX#06 -

9L/ [ SOL + ZuxA%ON8 - HuxAxOhg + Fu#AwhZ2 - BxuAx9l ) = 804
g / ( goL - SH#A#0LE + HuuAxhg - Iw#An8 ) w AsX = Lld

MesAuwCl + ZuwAwauXuhhl + TaaXsCl + NunAnZuuXaBh -
8 / ( Gh - ZawAs0f + CuX#09 + ZuuAuwluauXs0h - hauXn2l -

M##A#09 + CuuAnZausXs081 + 9uwA#8 = HuwAuluuXu02L
- NawAnCeaX#8 ) % AwX = Sgd

CHuARCH#X#08L + huaXs09 + CunAutluuXn02l - 9uuXsB

CHuARTHaX 48

= OwwAnlauX#9L ) = 924

CHrARTR X BT = DunAwhpaXe0l ) = fifid

) # A#X = £6d

= CanA#9uaX#9L ) = 294

8 / ( GOL = 2xxXk0LlZ + HuuXuhg - IuxX#8 ) % AxX = Lid

9L / ( Q0L + ZuwXx0hB - HueX#018 + 9uuX«hZZ - SuaXa9l ) = 084
8/ ( Gl - ZauAw06 + NewAn09 = 9xxA%8 ) = 904

8 / (£ - ZuxAx2l + CHuX#9
/(6
8 / (£ - ZuxAx9 + CHuXual

+

+

/[ 6L + 2usAx02 - TauAstl ) % AaX = GL4

CHrARCHENHITE = HunAwll = HysAxusXud ) = ted

CHHA#T = ZuuXu9 - CHuAnCraXall ) & AuX = £84
ChuAnCuuXahe - HuyuXuh - CuAutlunXs8 ) = 2hd

1/ (Gl + 2uaXs0Z = huuXahl ) # A#X = LGd

/U GL - ZuaX#06 + H##X#09 = 9uuXu8 ) = Q94

/7 (€ + ZunAu2l - TwsxAuh ) = f0d
2/ [ € - Zunind ) # AxX = €Ld

(L + ZuxAx2 - CHuX#S = CunAwlunXs#h ) = 22d

2/ [ F = ZuwXxZ ) % AxX = L&d
U/ (€ + ZuuXu2l - TwaXuh ) = Ofd

Z/

z /

(

(

L = 2unAxZ ) = 20d
AX = LId
L = ZuxXxe ) = 024

cdeld iNOI9D3Y



L216 22he | / ( GLL® L1GS 8168 hl
+ CawAn00LL €219 2EO0L L9 - ZusX#00fL LOLL HOOY H + hu#Av068h 2218 EHGL h+unAncuuXw0802 1619 LEl9 - hu#Xx082L 06L2 26G¢
= 9##A#0280 2.8 L0G - tssxAsZexX#0h9E LHBS H9 + CHuAnNanX#0880 LGIE 6 + FuaX#09L6 9960 | + SuuAxlll6 22HE | )

18.

€68h / ( G2L2 1660 9 - 2##AxGE98 £909 + CHuX#028L 061 - HusAsGLUN ENL - ZunAwluaX#0286 6 + hxuXx0006 + FunAnEGBYT ) & AxX

Lel6 22he L / ( G286 GL22 LEGY OL
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Table III :
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Knots and weights of cubature formulae



Knots and weights of cubature formulae for C

Formula C2(9—1): 20 - point formula of degree 9.

45.

£ x, tyy w./4
0.3448 7202 5%64 0.9186 2044 1057 0.3611 3055 8151(-1)
0.9186 2044 1057 0.3448 7202 5364 0.3611 3055 8151(-1)
0.6908 8055 0486 0.6908 8055 0486 0.5355 0090 2317(-1)
0.9%96 5525 8097 0.9396 5525 8097 0.1068 2807 9664 (-1)
0.4889 2685 6974 0.0 0.1135 4099 0172
0.0 0.4889 2685 6974 0.1135 4099 0172
a(0,0) = 0.1164 8338 8856
d(2,0) = 0.1067 9458 5388(-1)

o
=~
O
~—r
i
|
O

.18%9 7857 4749




Formula C2(13—-l) : 40-point formula of degree 13.

46.

t %, *y; wi/4

0.2666 7673 8695(-1) 0.3777 2431 2590 0.3488 1879 0231(-1)
0.3777 2431 2590 0.2666 7673 8695(-1) 0.3488 1879 0231(-1)
0.2359 8833 2487 0.7933 9617 1109 0.3449 9849 6602(-1)
0.7933% 9617 1109 0.2359 8833 2487 0.3449 9849 6602(-1)
0.2654 8656 0241 0.9787 6174 7825 0.9874 4194 6914(-2)
0.9787 6174 7825 0.2654 8656 0241 0.9874 4194 6914(-2)
0.7021 4159 8362 0.9139 0945 7030 0.2034 9080 5188(-1)
0.9139 0945 7030 0.7021 4159 83%62 0.20%4 9080 5188(-1)
0.5514 7328 0570 0.5514 7328 0570 0.475% 2502 9082(-1)
0.9683 4072 0218 0.9683 4072 0218 0.3257 0397 4952(-2)
d(0,0) = 0.2956 5444 5279(-1)

da(2,0) = 0.1677 1182 1716

a(4,0) = -0.1724 7447 9777

a(4,2)

]
|
o

.8019 7670 7806(-1)




47 .

Formula C,(13-2): 40-point formula of degree 13.

i ty, w /4
0.1682 3494 7696 0.9147 9446 3441 0.197% 8632 1888(-1)
0.9147 9446 3441 0.1682 3494 7696 0.1973 8632 1888(-1)
0.2526 6697 6106 0.5912 9437 8163 0.484% 6316 6325(-1)
0.5912 9437 816% 0.2526 6697 6106 0.484% 6316 6325(-1)
0.5840 4770 6043 0.1021 3969 5463(+1) 0.4212 8189 9422(-2)
0.1021 3969 5463(+1) 0.5840 4770 6043 0.4212 8189 9422(-2)
0.5867 1301 4973 0.8260 8170 9475 0.2872 5596 8895(-1)
0.8260 8170 9475 0.5867 1301 4973 0.2872 5596 8895(-1)
0.1788 9868 9064 0.1788 9868 9064 0.3610 6143 4781(-1)
0.9141 9795 6909 0.9141 9795 6909 0.1166 7127 1121(-1)
d(0,0) = -0.2744 8524 7116
d(2,0) = -0.1190 0778 7762(-1)
d(4,0) = 0.2125 1374 3389
a(4,2) = -0.2214 0959 5071(-2)




Formula C2(13—3): 36-point formula of degree 13.

48.

 x, &y, w. /4
0.3780 7179 6016 0.6999 9884 T123% 0.4945 6653 0423(-1)
0.6999 9884 7123 0.3780 7179 6016 0.4945 6653 0423(-1)
0.5500 7949 6058 0.9708 9906 7992 0.1273% 0007 4570(-1)
0.9708 9906 7992 0.5500 7949 6058 0.1273 0007 4570(-1)
0.8230 7135 5549 0.8230 7135 5549 0.2334 2321 4409(-1)
0.9682 3622 5230 0.9682 3622 5230 0.3271 6205 6943(-2)
0.3786 1734 4780 0.0 0.6973 0776 4166(-1)
0.9165 9709 5501 0.0 0.2928 2393 8505(-1)
0.1468 5570 9191(+1) 0.0 -0.4%32 7605 9377(-6)
0.0 0.3786 1734 AT780 0.6973 0776 4166(-1)
0.0 0.9165 9709 5501 0.2928 2393 8505(-1)
0.0 0.1468 5570 9191(+1) ~0.43%2 7605 9377(-6)
d(3,1) = 0.7690 5404 2336(-1)

-0.1716 4187 1970

l

a(5,1)
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Formula C2(17—1): S7-point formula of degree 17.

%, ty, w, /4
0.3088 6458 1390 0.8045 7485 5885 0.2724 4836 1374(-1)
0.8045 7485 5885 0.3088 6458 1390 0.2724 4836 1374(-1)
0.450% 1930 5992 0.9818 4311 8407 0.6946 1725 6964 (-2)
0.9818 4311 8407 0.4503 1930 5992 0.6946 1725 6964(-2)
0.7050 0845 3650 0.8889 7447 3176 0.1548 7333 0479(-1)
0.8889 7447 3176 0.7050 0845 %650 0.1548 7333 0479(-1)
0.8879 0121 8626 0.9823 5439 3735 0.3463% 8837 2572(-2)
0.9823 5439 3735 0.8879 0121 8626 0.3463 8837 2572(-2)
0.3259 4835 5163 0.3259 4835 5163 0.41%3% 2891 1864(-1)
0.5924 0053 7052 0.5924 0053 7052 0.3079 8812 8622(-1)
0.6131 7056 3119(-1) 0.0 0.79%8 8127 2540(-1)
0.5856 0628 6805 0.0 0.3952 1148 4339(-1)
0.9457 5900 1219 0.0 0.15%3 1156 8384(-1)
0.1618 1166 4947(+1) 0.0 -0.2687 1302 5397(-8)
0.0 0.6131 7056 3119(-1) 0.7938 8127 2540(-1)
0.0 0.5856 0628 6805 0.%952 1148 4339(-1)
0.0 0.9457 5900 1219 0.153% 1156 8384(-1)
0.0 0.1618 1166 4947(+1) -0.2687 1302 5397(-8)
0.0 0.0 -0.2506 2633 9396

a(9,1) = 0.1700 6947 1871
d(9,3) = -0.6937 6030 0985(-1)
a(9,5) = 0.4456 2608 5911(-1)

-0.9910 4617 6789(-1)

a(9,7)




Formula C2(l7—2)

: 57-point formula of

degree 17.

50.

]

a(9,7)

-0.5088 1228 0736(-1)

t x, £y, W, /4
0.%055 1768 0072 0.5835 0583 6600 0.375% 6600 9201(-1)
0.5835 0583 6600 0.3055 1768 0072 0.375% 6600 9201(-1)
0.3%413 0047 5379 0.9%48 4129 0568 0.1482 5612 483%6(-1)
0.9%48 4129 0568 0.3413 0047 5379 0.1482 5612 4836(-1)
0.5920 7502 T734 0.7952 2915 0385 0.2154 4850 5851(-1)
0.7952 2915 0385 0.5920 7502 7734 0.2154 4850 5851(-1)
0.7030 7119 7729 0.9807 9764 0771 0.5641 0158 2412(-2)
0.9807 9764 0771 0.7030 7119 7729 0.5641 0158 2412(-2)
0.8833 4020 5930 0.8833 4020 5930 0.1004 3053 3978(-1)
0.9775 9595 2140 0.9775 9595 2140 0.1468 8621 6209(-2)
0.3063 1216 7965 0.0 0.4613 8400 6259(-1)
0.8055 7752 3569 0.0 0.2872 3053 1547(-1)
0.9955 6506 %481 0.0 0.4545 7344 9597(-2)
0.1150 9936 5446(+1) 0.0 -0.6087 0605 1255(-5)
0.0 0.306% 1216 7965 0.461% 8400 6259(-1)
0.0 0.8055 7752 3569 0.2872 3053 1547(-1)
0.0 0.9955 650.03481 0.4545 T344 9597(-2)
‘0.0 0.1150 9936 5446(+1) -0.6087 0605 1255(-5)
0.0 0.0 -0.3670 5607 0868(-4)
d(9,1) = -0.1625 1234 8025
d(9,3) = 0.4007 2805 9112(-1)

a(9,5) = 0.5020 1738 6838(-2)




Knots and weights of cubature formulae for 82

Formula 82(5—1): 8-point formula of degree 5.

51,

-
& X, # Yy wi/ﬂ
0.4597 0084 3381 0.4597 0084 %381 0.2332 5317 5473
0.1255 9260 6040(+1) 0.0 0.1674 6824 5269(-1)
0.0 0.1255 9260 6040(+1) 0.1674 6824 5269(-1)

d(1,1) = 0.1636 7513 4595




Formula 82(9~1): 20-point formula of degree 9.

S

+ X, * ¥y wi/w

0.2432 4419 1752 0.8094 5826 0086 0.5672 0960 1536(-1)
0.8094 5826 0086 0.2432 4419 1752 0.5672 0960 1536(-1)
0.3022 1738 6264 0.3022 1738 6264 0.1099 4886 6164
0.6643 4134 8594 0.6643% 4134 8594 0.2619 0019 2462(-1)
0.1342 7908 0737(+1) 0.0 0.4191 9428 2996(-3)
0.0 0.1342 7908 OT737(+1) 0.4191 9428 2996(-3)
d(0,4) = -0.4302 0128 2044(-1)

a(2,2) = 0.3154 9150 0404(-1)

i(2,4)

]

-0.2121 3797 8477(-1)




53.

Formula 82(9—2): 20-point formula of degree 9.

E %, ty, w, /T
0.3438 5534 5294 0.9447 7801 7142 0.1234 4769 6401(-1)
0.9447 7801 7142 0.3438 5534 5294 0.1234 4769 6401(-1)
0.2774 9650 0297 0.2774 9650 0297 0.9327 1963 3554(-1)
0.5923 5538 7396 0.5923 5538 7396 0.5894 9678 3783(-1)
0.7786 1081 9923 0.0 0.7308 8818 9861 (-1)
0.0 0.7786 1081 992% 0.7308 8818 9861 (-1) J
d(0,4) = -0.7984 5095 0059(-1)

d(2,2) = 0.7206 8526 3871 (-1)
d(2,4) = 0.7988 7355 9647(-1)



58.

Formula 82(13—1): 36-point formula of degree 13.

+ xl + yi wi/ﬂ
0.3357 6760 0830 0.9386 9458 3835 0.5793 0240 9093(-2)
0.9386 9458 3835 0.3357 6760 0830 0.5793 0240 9093(-2)
0.3797 1701 1170 0.7520 4277 6804 0.3048 7945 6062(-1)
0.7520 4277 6804 0.3797 1701 1170 0.3048 7945 6062(-1)
0.6773 5510 6028 0.6773 5510 6028 0.1380 7195 4802(-1)
0.4126 7221 676% 0.4126 7221 6763 0.4781 9163 9417(-1)
0.28%4 0283 2349 0.0 0.4973 2695 1853%(-1)
0.6490 0723 0578 0.0 0.4397 3209 0591 (-1)
0.9205 7547 4036 0.0 0.2210 5796 9395(-1)
0.0 0.28%4 0283 2349 0.4973 2695 1853(-1)
0.0 0.6490 0723 0578 0.4397 3209 0591 (-1)
0.0 0.9205 7547 4036 0.2210 5796 9395(-1)

d(1,5) = 0.4623 9116 4930(-2)
d(3,3) = 0.2706 8361 2957(-1)

d(3,5) = -0.3580 0571 0956(-1)




Knots and weights of cubature formulae for Eg

2

Formula E; (9-1) : 21-point formula of degree 9.

595

% %, % 3, w, /T
0.4309 1398 2288 0.1040 3183 8026(+1) 0.7775 1058 4910(-1)
0.1040 3183 8026(+1) 0.4309 1398 2288 0.7775 1058 4910(-1)
0.5409 3734 8258 0.2106 9972 930%(+1) 0.3634 5339 6223(-2)
0.2106 9972 9303(+1) 0.5409 3734 8258 0.3634 5339 6223(-2)
0.1538 1890 0132(+1) 0.1538 1890 0132(+1) 0.3895 4817 6017(-2)
0.0 0.0 0.3333 3333 3333

a(2,0) = 0.2622 5952 6419




60.

2
Formula Eg (9-2) : 20 point formula of degree 9.

* x, 3 W,/
0.1160 3820 5568(+1) 0.2526 9674 1024(+1) 0.4294 0575 T101(-3)
0.2526 9674 1024(+1) 0.1160 3820 5568(+1) 0.4294 0575 T7101(-3)
0.1087 6638 7358(+1) 0.1087 6638 7358(+1) 0.3938 2009 8682(-1)
0.6812 5003 8633 0.0 0.1889 2584 5284
0.1732 0508 0757(+1) 5 ¥o 0.2083 3333 3333(-1)
0.0 0.6812 5003 863% 0.1889 2584 5284
0.0 0.1732 0508 0757(+1) 0.2083 3333 33%3(-1)
a(1,1) = -0.2573 5571 5851 (+1)

a(3,1) = o.

1584 9364 9054




2

Formula Eé (13-1) : 36-point formula of degree 13,

61.

i B Yy W

0.9318 2402 2776 0.1779 2467 3891 (+1) -5445 4723 6359(-2)
0.1779 2467 3891 (+1) 0.9318 2402 2776 <5445 4723 6359(-2)
0.9962 5342 6173 0.3030 4360 6537(+1) 2411 0284 9399(-4)
0.3030 4360 6537 (+1) 0.9962 5342 6173 2411 0284 9399(-4)
0.8462 4998 8448 0.8462 4998 8448 5772 5718 2690(-1)
0.1985 5313 3992(+1) 0.1985 5313 3992(+1) -1620 5905 0315(-3)
0.5460 8441 5259 0.0 .1418 0369 8741
0.1376 4866 7970(+1) 0.0 -3807 8501 7590(-1)
0.2358 9322 6198(+1) 0.0 -1290 8568 8395(-2)
0.0 0.5460 8441 5259 1418 0369 8741

0.0 0.1376 4866 7970(+1) -3807 8501 7590(-1)
0.0 0.2358 9322 6198(+1) -1290 8568 8395(-2)
d(3,1) = 0.5275 6166 442%

a(5,1)

0.6403 6172 8604(-1)




Knots and weights of cubature formulae fqrEg

Formula E§(9—1): 20-point formula of degree 9.

62.

+ X, + ' 8 wi/(2Tf)
0.5711 3957 9277(+1) 0.1517 8129 6516(+2) 0.4823 3030 8379(-5)
0.1517 8129 6516(+2) 0.5711 3957 9277(+1) 0.4823 3030 8379(-5)
0.1344 4581 1725(+1) 0.1344 4581 1725(+1) 0.2335 1239 5414
0.4824 4899 8918(+1) 0.4824 4899 8918(+1) 0.5379 8002 3105(-2)
0.6024 8261 8922(+1) 0.0 0.1109 8157 7487(-1)
0.0 0.6024 8261 8922(+1) 0.1109 8157 7487(-1)

d(0,4) = 0.1441 9885 5006 (+2)

a(2,2) = 0.2164 1171 7095 (+2)

d(2,4) = 0.1546 9430 6452




Formula E§(9—2) : 2l-point formula of degree 9.

63.

i x, *y, wi/(21r)
0.1397 0707 1070(+1) 0.3372 8270 5735(+1) 0.5110 2949 9996(-1)
0.3372 8270 5735(+1) 0.1397 0707 1070(+1) 0.5110 2949 9996 (-1)
0.2351 4485 7485(+1) 0.8967 4772 3404(+1) 0.5280 5375 2564(-3)
0.8967 4772 3404(+1) 0.2351 4485 7485(+1) 0.5280 5375 2564(-3)
0.6555 3397 4494(+1) 0.6555 3397 4494(+1) 0.5475 1630 5222(-3)
[_ 0.0 0.0 0.5847 6190 4762

d(2,4) = 0.1088 0658 7087 (+1)




Ly

Formula E;(l3—l):

36-point formula of degree 13.

64.

+ x, + Yy wi/(21T)

0.4408 6875 0107(+1) 0.8461 3744 1898(+1) -3495 7615 9382(-3)
0.8461 3744 1898(+1) 0.4408 6875 0107(+1) -3495 7615 9382(-3%)
0.6128 7581 3778(+1) 0.1841 7239 6974 (+2) -8118 1788 0180(-7)
0.1841 7239 6974(+2) 0.6128 7581 3778(+1) -8118 1788 0180(-7)
0.3335 7112 7362(+1) 0.3335 7112 7362(+1) 2216 3954 1537(-1)
0.1070 6962 3452(+2) 0.1070 6962 3452(+2) -2352 3774 3266(-5)
0.1646 0483 8529(+1) 0.0 .2153 2967 1891
0.5473 7334 606%(+1) 0.0 L1175 4592 4716(-1)
0.1173 4521 3439(+2) 0.0 -5011 4423 6799(-4)
0.0 0.1646 0483 8529(+1) -2153 2967 1891

0.0 0.5473 7334 6063 (+1) <1175 4592 4716(-1)
0.0 - 0.1173 4521 3439(+2) -5011 4423 6799(-4)

—_—

a(1,5) = -0.5091 9900 7295(+1)

a(3,3) = 0.1415 7879 0845(+2)

d(3,5) = 0.2095 7722 3074 (+1)




