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Abstract

We study the spectral properties of stiffness matrices that arise in
the context of isogeometric analysis for the numerical solution of
classical second order elliptic problems. Motivated by the applica-
tive interest in the fast solution of the related linear systems, we
are looking for a spectral characterization of the involved matrices.
In particular, we investigate non-singularity, conditioning (extremal
behavior), spectral distribution in the Weyl sense, as well as clus-
tering of the eigenvalues to a certain (compact) subset of C. All the
analysis is related to the notion of symbol in the Toeplitz setting
and is carried out both for the cases of 1D and 2D problems.
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Abstract We study the spectral properties of stiffness matrices that arise in the context of
isogeometric analysis for the numerical solution of classical second order elliptic problems.
Motivated by the applicative interest in the fast solution of the related linear systems, we are
looking for a spectral characterization of the involved matrices. In particular, we investigate
non-singularity, conditioning (extremal behavior), spectral distribution in the Weyl sense, as
well as clustering of the eigenvalues to a certain (compact) subset of C. All the analysis is
related to the notion of symbol in the Toeplitz setting and is carried out both for the cases of
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Keywords Spectral distribution - B-splines - Isogeometric analysis - Elliptic problems

1 Introduction

We consider the stiffness matrices that are encountered when approximating the solution of a
classical second order elliptic problem, by using the Isogeometric Analysis (IgA) approach.
More precisely, we are interested in studying

. the eigenvalue of minimal modulus and the eigenvalue of maximal modulus,
. the conditioning,

. the localization of the spectrum,

. the global behavior of the spectrum,
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as the finesse parameter % tends to zero, and, in the case of item 2 and item 3 also for fixed &.
Regarding the global behavior, we mean the asymptotic eigenvalue distribution in the sense
of Weyl (see e.g. [15]), as reported in Definition 1.

The task of evaluating the asymptotic conditioning has a plain numerical motivation
in understanding the numerical intrinsic difficulty of the problem, while the motivation of
evaluating extremal eigenvalues and the localization of the spectrum is evident for obtaining
reasonable bounds for the number of iterations when Krylov methods — such as the Con-
jugate Gradient (CG) in the Hermitian positive definite setting or GMRES (see [3,35,45])
— are employed. In particular, it is of paramount interest to find localization areas up to a
small number of outliers, for estimating the convergence speed of such techniques (see the
seminal paper by Axelsson and Lindskog [3] and subsequent results).

On the other hand, the task of finding the asymptotic eigenvalue distribution is motivated
by the analysis of multigrid methods where the notion of symbol is crucial in the proof of
optimality of the method [1] and by recent results on the (superlinear) convergence behavior
for the CG method [5,6,7]. The CG method is a popular method for solving positive definite
linear systems, and its convergence properties have been analyzed by many authors (see e.g.
[3,45]). For instance, one has a simple upper bound for the CG error in energy norm in terms
of the spectral condition number, that is, the ratio of the largest divided by the smallest
eigenvalue, see, e.g., [35, eq. (6.106)]. In reality, the upper bound based on the condition
number may be not very accurate, especially in the range of superlinear convergence of CG.
This superlinear convergence behavior is observed numerically in the context of discretized
elliptic problems in dimension d > 2, in particular for small step-sizes /. In this setting, the
CG convergence is known to be governed by the distribution of the spectrum and has been
quantified only recently in [5,6,7]. Here, for distribution of the spectrum we mean a precise
limit relation reported in Definition 1. Similar results are also available for other Krylov
methods, when the matrices are not Hermitian positive definite (see the book by Saad [35]):
in such a case an additional actor is the conditioning of the eigenvector matrix, but all the
other ingredients — such as conditioning, extremal eigenvalues, localization of the spectrum,
spectral distribution results — are all important.

A discretization of our differential problem for some sequence of step-sizes 4 tending to
zero leads to a sequence of systems of linear equations A,,x,, = b, with A,, some matrix of
order m, where of course m depends on £, and tends to oo for 7 — 0.

A very classical example of sequences of matrices having an asymptotic spectrum is
given by Hermitian Toeplitz matrices T,,(f) = [fj—kji=1,..m obtained from the Fourier
coefficients of the Lebesgue integrable generating function f defined over [— 7, 7] (see for
instance [15] and references therein). Here the sequence {7,,(f)} is distributed as the symbol
f and, informally speaking, this means that the eigenvalues of T,,(f) behave as a sampling
of f over an equi-spaced grid of [, 7], at least if f is smooth enough.

Furthermore, in the case of Finite Difference discretizations for differential operators,
explicit formulas for the asymptotic spectrum have been given in [32,41,44] for the one-
dimensional setting, and in [39,40] for the two-dimensional and multi-dimensional setting.
Each time, the underlying symbol includes information on the coefficients and the domain
of the PDE and information on the discretization schemes for the derivatives. The technique
works also for Finite Elements, and with grading meshes (see [8]).

In the present paper, the matrices A,, arise from the IgA process and one might expect
that the sequence of matrices {A,, } has an asymptotic spectrum, as in the case of Finite Dif-
ference [10,22,38,41] and Finite Element [8,34] approximations: the answer is affirmative
and, to our knowledge, our findings are the first concerning the spectral behavior of IgA ap-
proximations. More precisely, in our setting the matrix 4,, is not Hermitian positive definite
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but it is close to it, at least for large m (i.e. small 4), since the real part of A,, is positive
definite and differs from A,, by a term of infinitesimal spectral norm as 7 — 0. Hence, the
sequences {A, } and {ReA,,} share the same spectral distribution symbol which is a real-
valued, bounded, nonnegative function having a unique zero at zero (in analogy with the
classical approaches related to Finite Differences and Finite Elements).

We finally emphasize that the analysis in this paper is a preliminary step for designing
efficient preconditioners and efficient projectors, in the spirit of the theory that has been
widely developed for Finite Difference and Finite Element approximations and which is
heavily based on the knowledge of the symbol describing the main spectral features of the
sequence {A, }.

The paper is organized as follows. In the remaining part of the Introduction, namely
Sections 1.1 and 1.2, we present the considered differential problem and the main basics on
IgA methods. In Section 2 we summarize some tools for dealing with the spectral analysis
of sequences of matrices. Section 3 provides the definition and some properties of cardi-
nal B-splines. Then Section 4 is devoted to the analysis of matrices arising from the IgA
discretization based on B-splines in the 1D case, and Section 5 addresses the 2D case. We
characterize the spectrum in a precise way, and no difficulties are expected for treating the
higher dimensional case. A final Section 6 is devoted to conclusions and future lines of
research.

1.1 Problem setting

As our model problem we consider the following second order linear elliptic differential
equation with constant coefficients and homogeneous Dirichlet boundary conditions:

{—Au—i—ﬁ-Vu—i—yu:f, in Q,

u=0, on dQ, M

where 2 C R? is a domain with Lipschitz boundary, f € L (R), B e R? and y > 0. The
weak form of problem (1) reads as follows: find u € ¥ := H} () such that
a(u,v) =F(v), Wwe¥, 2)

where i
a(u,v) ::/ (Vu-Vv+B-Vu v+ yuv)dQ, F(v) ::/ frdQ. 3)
Q Q

There exists a unique solution u of (2), called the weak solution of (1), see e.g. [17]. In the
standard Galerkin method we find an approximation of u in the following way: we choose a
finite dimensional subspace # C ¥ and we look for a function uy € # such that

a(uy,v)=F(), Wwe¥. 4

If dim % = N and we fix a basis {@,..., @y} for #, then each v € # can be written as

N
V= Z viQj,
=

and, by linearity, equation (4) is satisfied for all test functions v € % if and only if it is
satisfied for the basis functions ¢, ..., @y. Thus, the Galerkin problem (4) is equivalent to
the problem of finding a vector u = [uj uy --- uy]” € R such that

Au=f, (&)
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where A = [a(¢;, (p,-)]ﬁ/j:1 € RY*N is the stiffness matrix and f = [F(¢;)]Y_,. Once we find u,
we know uy = ley:l u;@;. It can be proved that A is a positive definite matrix in the sense
that v’ Av > 0, ¥v € R¥\{0}. In particular, A is non-singular and so there exists a unique
solution u of (5).

In classical Finite Element Methods (FEM) the approximation space # is usually a
space of C? piecewise linear polynomials vanishing at the boundary of €, whereas in IgA
W is a space of polynomial splines with higher degree and higher continuity, or some of
their generalizations. In this paper we are going to construct the matrix A in the case where
W is the space spanned by B-spline functions. After the construction of A, we will study its
spectral properties.

1.2 Isogeometric analysis based on B-splines

Isogeometric analysis is a recent, but well established and successful, paradigm for the anal-
ysis of problems governed by partial differential equations [20,27]. Its main goal is to im-
prove the connection between numerical simulation and Computer Aided Design (CAD)
systems.

In its original formulation, the main idea in IgA is to use directly the geometry provided
by CAD systems — which is usually expressed in terms of tensor-product B-splines or their
rational version, the so-called NURBS — and to approximate the unknown solutions of dif-
ferential equations by the same type of functions. This results in some principal advantages
of IgA with respect to classical FEM.

— Complicated geometries are represented more accurately, and some common profiles
as conic sections are exactly described. This exact or accurate description of the geom-
etry has a beneficial influence on the numerical solution of the addressed differential
problem.

— The description of the geometry is incorporated exactly at the coarsest mesh level and
mesh refinement does not modify the geometry. This greatly simplifies the refinement
process because it eliminates any interaction with the CAD system, whereas such inter-
action is an unavoidable bottleneck in the classical CAD/FEM procedure.

— B-spline and NURBS representations allow an easy treatment and refinement of spaces
with high approximation order and an inherent higher smoothness than those in classical
FEM. This has been proved to be superior in various applications, see [20,27], and
references therein.

Despite its name, the use of discretization spaces consisting of functions with high
global smoothness (like tensor-product B-splines, NURBS, or some of their generaliza-
tions as T-splines, B-splines over triangulations, generalized B-splines, etc.) is as relevant
as the accurate/exact description of the geometry in the context of IgA. Indeed, focusing
for instance on the simpler and elegant structure of B-spline spaces, the use of B-splines of
maximal smoothness allows to deal with spaces of high approximation power but lower di-
mension compared with standard low smoothness FEM. Moreover, the high smoothness of
discretization spaces coupled with the variation diminishing property of the B-spline basis is,
somehow unexpectedly, very fruitful in the numerical treatment of challenging problems as
advection/reaction-dominated advective-reactive-diffusive equations and some eigenvalue
problems as vibration of a finite elastic rod with fixed ends, see [20,27] and references
therein. These appealing features are maintained by the above mentioned generalizations of
B-splines, see [4,9,21,29,42].
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Finally, the well known properties of the B-spline basis — convex partition of unity,
minimum support, local linear independence, optimality of the basis, etc., see e.g. [14] —
offer some relevant advantages from the numerical point of view and result in fast and robust
evaluation algorithms for the basis functions and their derivatives.

Therefore, as a first step in the investigation of the properties of matrices arising in IgA,
in this paper we present a detailed spectral analysis of the matrices obtained by the Galerkin
method based on B-splines with equally spaced knots for problem (1) defined on the unit
interval and on the unit square. Generalizations to higher dimensions are straightforward but
more involved from the notational point of view. This topic has not yet been addressed in
the literature. Some related results can be found in [18,23].

2 Preliminaries on spectral analysis

In this section we present the tools that will be employed in subsequent sections for per-
forming the spectral analysis of the matrices arising from the approximation of problem (1)
in the context of IgA. We will be interested in the conditioning, localization, extremal be-
havior, and global behavior of the spectrum in particular when the size tends to infinity: in
such a setting we need to work in the framework of matrix sequences. As already recalled
in the introduction, such a spectral information is important for understanding the numerical
difficulty of the involved linear systems and represents a prerequisite for designing efficient
preconditioners for Krylov methods and efficient projectors for multigrid techniques.

Before starting, let us introduce some notation and recall some basic results that will be
used throughout this paper.

For any vector x, the 2-norm (Euclidean norm) of x will be denoted by ||x]||. Given a
matrix X € C"™*", ||X|| is the 2-norm of X, i.e. || X || = /p(X*X) = 51(X), where 51 (X) is the
maximum singular value of X and p(X) is the spectral radius of X. Denote by ||X||; the trace
norm of X, i.e. the sum of all the singular values of X: || X{|; = ¥/ 5,;(X). Since the number
of nonzero singular values of X is precisely rank(X), it follows that, for all X € C™ ™,
[IX|I1 < rank(X)||X|| < m]|X]|. Recall that, if X is a normal matrix, i.e. X*X = XX*, then
X[ = p(X) and [|X[|; = X2, |4;(X)], where A;(X) is an eigenvalue of X. Note that, if
X is Hermitian (X = X™) or skew-Hermitian (X = —X*), then X is normal. For any matrix
X € C"™"_ we will denote by ReX and ImX the real and imaginary part of X, respectively.
Recall that ReX and ImX are the Hermitian matrices defined by

ReX := X+x , ImX := X_.X ,
2 2i

and X =ReX +ilmX. If A is an eigenvalue of X and x € C™ is a corresponding eigenvector,
then, by the minimax principle [11, 13], we have

x*Xx  x*(ReX)x  x*(ImX)x
XX X*Xx T xx
€ [Amin(ReX), Amax(Re X)] X [Amin (ImX), Amax (ImX)] C C,

which implies that the spectrum ¢ (X) of X can be bounded as

0(X) C [Amin(ReX), Amax (Re X)] X [Apin(ImX ), Apax (ImX)], VX € C™".  (6)
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Since many of the matrices appearing in Section 5 will be formed by a tensor-product of
matrices defined in Section 4, we recall that, for every X € C™>*™ and Y € C"2*"2 the
tensor-product X ® Y is the matrix in C™1"2*™1™2 giyen by:

x1Y xiY oo ximY
x1Y xnY o xomY
XRY = .

xmllY xm12Y ce xmlle
The next lemma, see e.g. [11], contains basic results concerning tensor-products.

Lemma 1 Suppose that X € C™>™ and Y € C"™*"™2 are normal matrices with eigenvalues

given by A (X),..., A, (X) and 11(Y),..., A, (Y). Then

1. X®Y isnormal and (X QY)* =X*®Y*.

2. 0XY)={ALX)A;Y):i=1,....m, j=1,...,m}.
3. rank(X ®Y) = rank(X )rank(Y).

4 [IX @Y = [IX[[1Y ]| and [[X @Y [s = [[X][+ [¥]]1-

In particular, from statements 1 and 2 it follows that if X,Y are Hermitian then X @Y is
Hermitian, and if X,Y are Hermitian and positive definite then X Q Y is Hermitian and
positive definite.

To conclude this paragraph about notation and preliminary results, whenever X, Y € C"™*"™
are Hermitian, we write X > Y if and only if X —Y is non-negative definite.

Now we introduce the fundamental definitions for developing our spectral analysis, see
[24, Definitions 1.1 and 1.2]. We denote by i, the Lebesgue measure in R¢.

Definition 1 (Spectral distribution of a sequence of matrices) Let {X,,} be a sequence of
matrices with increasing dimension (X,, € C%*% with d,, < d,,| for every n), and let f :
D — C be a measurable function defined on the measurable set D C R? with 0 < (D) < oo.

We say that {X, } is distributed like f in the sense of the eigenvalues, and we write {X,, } A fs
if

d"
hm—ZF)L(X D)/ flxr,.xg))dxy...dxg,  VF €C.(C,C).

n—eo (f

Here, C.(C,C) is the space of continuous functions F : C — C with compact support.

Definition 2 (Clustering of a sequence of matrices at a subset of C) Let {X,} be a se-
quence of matrices with increasing dimension (X, € Cn>dn with d,, < dy41 for every n), and
let S C C be a non-empty closed subset of C. We say that {X,} is strongly clustered at S if
the following condition is satisfied:

Ve>0, 3JCeandIng: Vn>ng, gu(e) <Ce,
where g, (€) is the number of eigenvalues of X,, lying outside the e-expansion S¢ of S, i.e.,

Se 1= U [Res—¢&,Res+¢] x [Ims —€,Ims+ €].
seS

We also recall the following results, see [24, Theorems 3.4 and 3.5].
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Theorem 1 Let {X,} and {Y,} be two sequences of matrices with X,,Y, € Canxdn and
dy < dyy1 for all n, such that

— X, is Hermitian for all n and {X, } A f, where f: D C R? — R is a measurable function
defined on the measurable set D with 0 < [1;(D) < eo;
— there exists a constant C so that || X, ||, |Y,|| < C for all n;

Y,
— ||Yull1 = o(d,) as n — oo, ie., lim ——— =0.
1%l = ofdy) e, tim 120
n—oo .

Set Zy = Xp+Y,. Then {Z,} ~ f.

Theorem 2 Let {X,} and {Y,} be two sequences of matrices with X,,Y, € C%*%  and
dy < dyy1 for all n, such that

— X, is Hermitian for all n and {X,} A f, where f: D C R? — R is a measurable function
defined on the measurable set D with 0 < U (D) < eo;
— there exists a constant C so that || X, ||, ||Y.|l1 < C for all n.

Set Z, := X, +Y,. Then {Z,} A f- Moreover, {Z,} is strongly clustered at the essential range

of f.!

A (one-level) Toeplitz matrix is a square matrix whose entries are constant along each
diagonal. Given a (univariate) function f : [—7, 7] — R belonging to L, ([—7,x]), we can
associate to f a family (sequence) of Hermitian Toeplitz matrices {7,,(f)} parameterized
by the integer index m and defined for all m > 1 in the following way:

[ fo for-or o Sem—1]
Ao :
Tu(f):=| + o : e cmm,
.. '.. f—l
_fm—l """ fl f() -
where |

_ —~i(k6)
fo= 5 %f(e)e do, kez,

are the Fourier coefficients of f. The next theorem is one of the most important results
concerning sequences of Toeplitz matrices. In particular, the third statement in the theorem
was originally proved by Szegé [25], see also [43] for a generalization.

Theorem 3 (Szego) Let f € Li([—n, 7)) be a real-valued function, and let my := essinf f,
My :=esssup f, and suppose my < My. Then
- G(TM(f))C(mfaMf)a Vm>1;
= Amin(Tn(f)) \umy and Apax (T (f)) /My as m — oo;
~ {Tu(f)} A £, that is
N 1 /7
lim Y F(uT() = 5 [ F(F(@)d6.  F eCU(C.0).

-

! The essential range of f coincides exactly with the range of f whenever f is continuous. In this pa-
per we will only deal with continuous functions f and the application of Theorem 2 will not involve any
complication.
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Another result concerns the asymptotics of the j-th smallest eigenvalue 4;(7T,(f)), for
Jj fixed and m — oo. This result is due to Parter [30], see also [31] for a generalization.

Theorem 4 (Parter) Let f : R — R be continuous and 2w-periodic. Let my = reniﬁ f(e)=
S

f(Bmin) and let Byin be the unique point in (—7, ] such that f(Omin) = my. Assume there
exists s > 1 such that f has 2s continuous derivatives in (Oyin — €, Onin + €) for some € >0
andf (25) ( Omin) > 0 is the first non-vanishing derivative of f at Opiy. Finally, for everym > 1,
let M (T (f)) < ... < An(Tu(f)) be the eigenvalues of T, (f) arranged in increasing order.
Then, for each ﬁxed j>1,

m—oo (29) Omin 1
A (T (f)) —my "' Cw’%mzs’

)

) f<2x) (Gmin)

ie, lim m* (A;(Tu(f)) — Cs,jW7

where cg j > 0 is a constant depending
m-—yoo )

only on s and j.

Remark 1 The constant cy ; is the j-th smallest eigenvalue of the boundary value problem
(=1)u®)(x) =f(x), for 0<x<1, ®
= =uD0)=0. u(l)=d(1)=...=ub"D(1)=0,

see [30, p. 191]. This means that c ; is the j-th smallest number satisfying (—1)*u(?") (x) =
cs,j u(x) for some (nonzero) function u belonging to an ‘appropriate functional space’ asso-
ciated with (8). In particular, ¢, is the minimum eigenvalue of (8). The sequence {c;,1 } was
investigated in [16], where it was shown that the numbers c11,¢2,1,¢3,1,. .. appear in many
situations and the following asymptotic formula holds:

cs,lzx/%(tsys [1+0(%>} as 5 —» oo,

Remark 2 When s = 1, the boundary value problem (8) becomes

—u"(x) =1(x), O0<x<I,
{<> (1) =0, @

and its eigenvalues can be computed explicitly, because they coincide with the eigenvalues
2

of the operator — ) with homogeneous Dirichlet boundary conditions:
X

d2

2 L Hy ([0,1]) € La([0,1]) — La([0,1]). (10)
The mentioned ‘appropriate functional space’ is in this case H3([0,1]). The eigenvalues of
(10) are j?n2, j=1,2,...,and an eigenfunction corresponding to the j-th eigenvalue j27>
is uj(x) = sin(jmx): fu]( ) = j2m?u;(x). Thus, by Remark 1, we find that ¢ ; = j*n? for
all j > 1.
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Remark 3 Parter’s theorem applies to the function f(6) = (2 —2cos6)*, s > 1. Indeed, it
can be proved that this function satisfies all the hypotheses of Theorem 4 with my = 0,
Omin = 0, and the number s appearing in Theorem 4 being exactly the exponent s in the
definition of f. Moreover, f®)(8yin) = (2s)!. Therefore, by (7) we obtain that, for each
fixed j > 1,

A (T((2—2c0s 0)%)) "= £

m2s’
On the other hand, by using Theorem 13 below, for the case s = 1 we get

i 2 2.2
: JT m—eo J°TC
Aj(Tn(2—2cos0)) :4<s1nm> St

and so we find again ¢ ; = j2m? forall j > 1.
In view of Section 5, it is also important to recall some properties of two-level Toeplitz
matrices. Given a bivariate function g : [, 7]> — R belonging to L;([—x,x]?), we can

associate to g a family of two-level Hermitian Toeplitz matrices {7, m,(g)} parameterized
by two integer indices mj,my and defined for all m;,m, > 1 in the following way:

T Gy G_jf -+ Gy 1]
G :
Tml_mz(g) = . T . c (lemzxm1m27
e G
LG, -1 -G Go
where for every k € Z,
8k0  8k—1 -t vt 8k, —(my—1) ]
8k,1 .
Gy = : o : c MM,
8k,—1
8kmy—1 v+ " 8kl 8ko

and for every k,l € Z,

8kl = //8(917 )e (k01 +162) 46, dg,

is the (k,!) Fourier coefficient of g. For sequences of two-level Hermitian Toeplitz matrices
we have the following classical theorem analogous to Theorem 3, see [37] (and references
therein) and again [43] for the distribution results.

Theorem 5 Let g € Ly ([—,7)?) be a real-valued function, and let mq := essinfg, My :=
esssup g, and suppose mg < My. Then

- O-(Tml.,nu(g)) C (mgng): le,mg > 1;
— it holds that VF € C.(C,C),

myny
lim

F(Aj(Tnym F(g(6y,
T S— ) m (8))) = zn /_n - (g(61,6,))d6,d6,.

my—roo j=1
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The last result relates tensor-products and Toeplitz matrices. Observe that, given two
(univariate) functions f,h : [-m,n] — R in L;([—=,x]), we can construct the (bivariate)
tensor-product function

foh:[-ma)? =R, (fRh)(61,6):= f(61)h(6,),

which belongs to L;([—7,x]?). Hence, we can consider the three families of Hermitian
Toeplitz matrices { Ty, (f)}, {Tm, ()} and {Tn, m, (f @ h)}. A direct computation gives the
following result.

Lemma 2 Let f,h € Li([—n, 7)) be real-valued functions. Then, for all my,my > 1,

Tml (f) ® Tmz (h) = TmlJ"z (f®h)

3 Cardinal B-splines

Let us denote by ¢y, the cardinal B-spline of degree p over the uniform knot sequence
{0,1,...,p+ 1}, which is defined recursively as follows [14]:

|1, ifrejo,1),
90 (1) = {0, elsewhere, (1)
and +1
t p+1—t
P (1) == ;¢[p71](l)+T¢[pfl](Z_l)a p>1 (12)
The cardinal B-spline can also be expressed in terms of truncated powers [14],
1 Ak i p+1 ,
o= Y0 (7T -t (13)
=0

where (7). := (max(z,0))". As usual in the literature, we will refer to cardinal B-splines
of degree p as the set of integer translates of @y,), that is {¢(, (- — k), k € Z}. In the next
subsections we collect some properties of cardinal B-splines and their Fourier transform that
will be useful later on.

3.1 Properties of cardinal B-splines

Denoting by P, the space of algebraic polynomials of degree less than or equal to p, it turns
out that the cardinal B-spline ¢y, belongs piecewisely to [P, and it is globally of class C? -1

It is well known that the cardinal B-spline possesses some fundamental properties. Some
of them are briefly summarized below, see [14,19].

— Positivity:

— Minimal support:

¢[_p](t):03 l¢[o,p+1] (14)

+1 +1
9] (pT +f) = 9] <pT—f>- (15)

- Symmetry:
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Partition of unity:

Y o=k =1, (16)

kEZ
which gives in combination with the local support and smoothness,

p
Y 9k =1, p>1 (17
k=1
— Recurrence relation for derivatives:
By (1) = O] (1) — Bp—1y (1 — 1), (18)
¢[(pr]> (t) = ‘P[([::ll]) (t) - ¢[<pr:11]> (t - ])a (19)

where ¢,)(¢) denotes the derivative of ¢y,|(r) with respect to its argument 7.
Unimodal behavior:

0(1)=0, 1€ (0,p+1) ifandonlyif r="_"—, p>2. (20)

Convolution relation:

1
0 (1) = (02 00)(0) = [ 0yt =9)00)ds = [ 0, e=s)ds. @D

In the remaining of the subsection we derive from the previous properties some results
that are needed later on. The next lemma generalizes the symmetry property to derivatives
of any order of the cardinal B-splines.

Lemma 3 Let ¢y, be the cardinal B-spline as defined in (11)—~(12), then

o (pt+l —(yrem (PTL
%1( 2 )= ()
Proof We prove this by induction on the order of derivatives. The base case (r = 0) is just the
symmetry property (15). As inductive step we increase the order of derivative by one, i.e.,

r — r+ 1. Using the recurrence relation for derivatives (19) and the induction hypothesis,
we have

(r+1) p+1 . (n) p+1 _(n) p+1 _
4 (T +’>—¢[p71] <T )= (T ]

r r +1 r +1
=D <¢[(,,),1] (pT i ‘) —04l (pT *’))

r r p+1
= (—1) H ¢[(,,]+1) (72 —t) .

O

The following lemma provides an expression for inner products of the cardinal B-spline
and its integer translates. Similar results for derivatives will be provided in Lemma 5.

Lemma 4 Let 9(p) be the cardinal B-spline as defined in (11)—(12), then

/R(p[p]](t)gb[pz](t+k) dt = @, 1 pyr1) (P11 +K) = O 4y 1) (P2 +1 =) (22)
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Proof Using the convolution relation of cardinal B-splines (21), we obtain

o1
Ppy+pyt1] (P2 +1—k) :/0 Oy py) (P2 + 1 —k—11)dry
1 1
:/0 /0 ¢[p2](p2+]*k*(l‘]+l‘2+...+l‘pl+1))dl‘1...dl‘pl_H.

From [19, p. 85] we know that for every continuous function f it holds

1 1
.éf(t)¢[p](l)d[=./o /0 f(l1+l‘2+...+tp+1)dll...dtp+1, (23)

and hence
O+ pyt1] (P2 +1—k) = /R¢[p2](172 +1—k—1)@,,(t)dr.
By symmetry of the cardinal B-splines, see (15), we have
Pipo) (P2 + 1=k —1) = @y (k+1),
resulting in
O 2+ 1K) = [ 0y (k40 (01
In addition, again by symmetry of the cardinal B-splines, we obtain
Opy+pr+1)(P1+14K) = O 1y 1] (P2 + 1K),
which completes the proof. ad
Lemma 5 Let q’)[p] be the cardinal B-spline as defined in (11)—(12), then
OO R = (<19 (1K) = (100 (1K)
Jr 1]V P2 [p1+p2+1) P! [p1+p2+1]\P2 ’
(24)

Proof Because of the (anti-)symmetry of the higher order derivatives of the B-splines given
by Lemma 3, we have

r o (rts) _ o (rts) pit+tp2+2  pi—p2
(=1) ¢[p|+pz+1](p1+1+k) =(=1) ¢[p1+pz+1] ( 2 + 2 tk

B - s o (rs) pi+p2+2 pi—p
S, (P P

2 2
= (=109 (1K),

So, we only have to show one of both equalities in (24). This can be proven by induction
on the order of derivatives. The base case (r = s = 0) simply follows from Lemma 4. We
consider two inductive steps: in the first inductive step we increase the order of derivative
of ¢[m] by one, i.e., r — r+ 1, and in the second inductive step we increase the order of
derivative of ¢y, by one, i.e.,s = s+1.
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1. (r — r+1). Using (19) and the induction hypothesis, we have
/(7) (r+1) (‘) [+ k) dr = /(4)[(;1)71 (t)f¢[g)71](t—1)) ¢[(‘f)}(t+k)dt
_/(pp] (000 (ki - /q)[ — Do) (k) dr
—/‘P,,] (000 (k)i - /q)[p] 000+ kot 1) de
= (-1y (¢{;fj§,ﬂ (40— 9% (pi+1+4))
= (1 gy (pr 1K),

p1+pa+l]

2. (s — s+ 1). This inductive step can be proven in a completely analogous way as the first
inductive step.
O

Finally, we provide some relations about second derivatives of cardinal B-splines.
Lemma 6 Let ¢y, be the cardinal B-spline as defined in (11)-(12), and let (]5[1,] and (ﬁ[p] be

its first and second derivative, respectively, then

LA . 1.
Y Goprn(p+1—k) = dp,(p) = —50pprn(P+1),
k=1

p .
Y K dppiy(p+1-k) =1
=1

Proof We first note that by (19), (15) and (20), we have
—Oppr1)(p+1) = =20, (p+ 1) =29, (p) > 0. (25)
Using (18)~(19) and @[5, _1j(—1) = ¢2,—1)(0) = 0, we obtain that
p p

Z 2p+1]l7+1—k) Z(¢[2p—1](P+1—k)_2¢[2p—1](l7—k)+¢[2p—1](17—l—k))
k=1 k=1

= 0pp-1](P) = Ppp-1](p— 1) = by (p).-
In a similar way, taking into account that
K —2(k+1)2+(k+2)>=2, k>0,

we find that

P 4
YK Gppen(p+ 1K) = Y K (9pp1)(p+1 k) =261 (p— k) + 92p—1) (P — 1 = K))
k=1

k=1
= 0pp +2Z¢2p (p+1—k)
2p—1
Z Pppor)(P+1=k) =Y Op,_1(k) =
k=—p+2 k=1

The last equalities follow from the symmetry property (15) and the partition of unity prop-
erty (17) of cardinal B-splines. O
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3.2 Fourier transform

In this subsection we will address some relations between inner products of cardinal B-
splines, and the Fourier transform of the cardinal B-spline.
We first recall the following result, see [19, Theorem 2.28].

Theorem 6 Let v € L, (R) and its Fourier transform W satisfy
v(t)=0(™), a>1, aslt|— e, (26)

and

-~

#(0)=0(0]"), b>5, aslo] e @)
Then,
Yy (/R y/(tfk)Wdt) e = Y |§(0 +2kn)]*, VO € [-m 7] (28)
keZ

keZ

By using the convolution relation (21) one can easily obtain a simple expression for the
Fourier transform of the cardinal B-spline ¢/}, see [19, p. 56]:

- 1— —ig\ P+l
qm(e):( = ) , (29)
so that "
—~ 2 2—2cos0\”
‘%}(9)' = <%) : (30)

From (14) and (29) it follows that the cardinal B-spline satisfies the conditions (26)—(27).
So, when using the cardinal B-spline of degree p as the function y in Theorem 6, we can
express the right-hand side in (28) by means of (30). This implies

—— - _ p+l1 p+l1
Z ¢[P](9+2kﬂ))2 z ’q)[l?](e)‘z = (ﬂ> > ( 4 ) , 0¢€[-mm. (3D

2 2
kezZ 0 T

A sharper lower bound can be found in [19, p. 89]. It is formulated in terms of the roots
of the so-called Euler-Frobenius polynomials of degree 2p, but these roots are not provided
in a closed form expression. On the other hand, to obtain an upper bound, we make use of
relation (22) and of the partition of unity property (17). In this way, we obtain

— 2 . .
Y ‘¢[p](9+2k7f)‘ =Y 0ppi(pH1-0)CD <Y g,y (p+1-k) €49 = 1. (32)
keZ keZ keZ

Note that for the cardinal B-spline of degree p the left-hand side in (28) is a finite sum
consisting of 2p 4 1 terms.

The next two lemmas provide some properties of the functions associated to certain
Toeplitz matrices that we will investigate later on.

Lemma 7 Let p > 1, and let f,: [—m, 7] = R,

p

£2(8) 1= =Bppin(p+1) =2 Y Gpir)(p+1—k)cos(k6), (33)
k=1

and My, := max _f,(0). Then the following properties hold.

0c[—m,7]
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1. V0 € [—m, 7],

— 2
fp(8) =(2—2c0s6) Y |9,—1)(6 +2k7)| , (34)

keZ

and

4\" . 1 1
(2—2cos0) (E) < fp(0) <min (2—2c056,(2—2c056)p+1 (ﬁ + W)) .

2. min f,(0) = f,(0) =0, and 6 = 0 is the unique zero of f, over [—7,x], and

oec[—m,m|

) 200, (P +22’¢2p+1 P+1k)’>

. 8 2 [ 4
prgmm 4,

i3 \R
In particular, My, — 0 as p — .

Proof Using the recurrence relation for derivatives (18), for every 6 € [—7, 7] we obtain

that e N
61(0) = (1-¢7%) &, (6,
and
— 2 — 2
19)(0)] = (2205 6) 9, 1)(6)|
This implies that

)y

keZ

— 2 — 2

91,/(6 +2k7r)‘ — (2-2c0s6) ¥ )q)[,,_l] (0 +2kn)( . (35)
keZ

The equality (34) follows from relation (24), Theorem 6 and (35) in the following way:

£(0) =Y, =bpp(p+1-k)e*® =y </ o) ()9 ("k)dt) e
kez \/R

keZ

=Y |6

— 2
¢[p,1](9+2k7[)’ .
keZ

(0 +2km) ‘ (2720056)2
kezZ

From (34) and from the inequalities (31)—(32), we get
4 14
(2—2cos6) (ﬁ) < fp(0) <2—2cos0, VOe€[-m, . (36)

Furthermore, using (30) in the expression of f, given by (34), we obtain that

2—2cos(0 +2km)\"
< (6 + 2km)? )

1
(6 + 2km)?r
37

= (2—2cos0)P ! )
keZ

fp(0) =(2—2cos6) )"

keZ

Note that for 6 € [0, 7]

1

ke% (6 +2km)?P 62P

1 1

1 | 1
< — _— = — -
Sow T (,; @k " k; 2k~ 1)2> 0% T
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and the same bound holds for 6 € [—x,0] because of the symmetry. By (37), the latter

inequality yields

1 1

fp(8) < (2—2cos 0)P"! (@ tonr2

This proves the first statement in the theorem.

), Ve € [—m,

). (38)

We now prove the second statement. The inequalities in (36) imply that o I[nin ] fpr(0)=
e|—n,n

fp(0) =0, that 6 = 0 is the only zero of f,, and that My, < 4. In order to prove that My, <

8 2722 (4 \? . ..
4T + 5 (?) , we use the inequalities

94
2—2cos6 < ez—Tg < 6% Vocl|[-nn.

It follows that

2-2cos0)\” 62\”
(2720059)($) gez(l—ﬁ) , VOe[-

02

2

02\"
If p > 2, the maximum of 6> (1 — —) over [—7, 7] is located at 6% =

18
18 1\’ 8
1-— < .
p+1 p+1 ~p+1

(2—2cos9)P+! .8
62 ~p+ 1l

is given by

Therefore, if p > 2, we have

V6 € [-m, 7).

Moreover,
(2—2cos Q)P 4rHl

6m2r=2  — 6m2’
Recalling (38), the inequalities (39)—(40) prove that, for p > 2,

8 21 [ 4\”
My <~ +5 -

Vo € [—x, 7).

2

7T, 7.

18 :
Pl and its value

(39)

(40)

(41)

In addition, (41) holds for p = 1 too, because fi(0) =2 —2cos 6 and My, = 4. To complete

the proof of the second statement, we still have to show that

p
My, <261, (P)+2 Y ppin)(p+1-K), (42)
k=1
which is easily obtained by using (25) and (33). O
Lemma 8 Letp>1, andlethy: [—7n,n] = R,
P
hp(8) = Opps1)(P+1)+2) @) (p+1—k)cos(kb), (43)
k=1

and my, := ger[rli;l . h,(0). Then the following properties hold.
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' 2
1 hp(8) = Y ¢[p](6+2kn)’
keZ
4\ Pt
2. max hy(6) =hy(0) = 1 andm, > (;> .

Proof From relation (22) and Theorem 6 it follows that

0(6) = T 0o +1 -0 = T ([ 00000 —ar ) 0

kEZ kEZ

=Y

’2
keZ

91)(6 +2kT)

The inequalities (31)—(32) imply that

4 p+1
(?> <h,(0)<1, 6¢€[-mn]. (44)

In addition, by the symmetry property (15) and the partition of unity property (17), we get
2p+1

)4
h(0) = ppr)(P+1)+2 Y ppnj(p+1—k) =Y dppiyy(k) =1.
k=1 k=1

O

Remark 4 From the expressions of f, and /), given in Lemmas 7 and 8, respectively, it
follows that for every 6 € [—m, 7] and p > 2,

Jp(8) =(2—2cos0)h,1(6),
and for p > 1,
p—1
£(8) = (2—2cos0) (¢[2p1](17) +2Y dpp-(p—k) cos<k6)> . 45)
k=1

The latter equality can be easily checked for p = 1 by a direct computation, with the usual
assumption that a sum is empty when the upper index is less than the lower one. Note that
(45) is a more elegant and efficient formula to compute f},.

4 The 1D setting

In this section we focus on the problem (1) in the case where d = 1 and Q = (0,1) is a
one-dimensional domain, namely

—u"+Bu +yu=1 0<x<l,

{M(O) —0, u(1)=0, (46)

with f € L,((0,1)), B € R, ¥ > 0. In order to approximate the weak solution u of problem
(46) by means of the Galerkin method (4), in the IgA setting we choose the approximation
space # to be a space of smooth spline functions, as we are going to describe now.
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Fix p > 1,n>2 and let “//,1["  be the space of splines of degree p (or order p+ 1) defined
over the knot sequence

H=..=th1=0<tpp<...<tp<l=tpni1=... = bpint1, an

where
Ipyit1 = iv Vi=0,...,n, (48)
n

and the extreme knots have multiplicity p + 1. More precisely,

#P = {secr([0,1)) : EP,, Vi=0,1,...,n—1}.

51 [tpriv1tpriva

Let %[’7 I be the subspace of ”I/n[p | formed by the spline functions vanishing at the boundary
of [0,1], i.e.,

2P = s e %P1 5(0) = s(1) = 0} € HL([0,1]). (49)

We recall that dim “//n[p I —n + p and dim Wn[p l —n + p —2. In the IgA setting we choose the
approximation space # = %[p  for some p>1landn>2.

This space is spanned by the B-spline basis defined as follows (see [14]). Using the
convention that a fraction with zero denominator is zero, define the function N : [0, 1] = R
for every (k,i) suchthat 0 <k <p, 1 <i<(n+p)+p—k:

1, ifxefttin),
N;jo)(x) = {07 elsewhere,
and
X —1

Nijg(x) == P Ni k-1 (x) +

livk+1 —X

— Niyig-y(x),  k>0.
Litk41 — i1

Then {N;, : i=1,...,n+p} is abasis of 7/”[17], called the B-spline basis of ”//n[p}. Moreover,
noting that [14]
Niﬁ[p](()) ZNiﬁ[p](l) =0, Vi=2,....n+p—1,

we deduce that {Nj,: i=2,...,n+p—1} is abasis of ¥ = %[p]:
WZ(Ni’[p], i=2,....,n+p—1). (50)

If we choose p = 1 then we obtain by the above construction the same approximation space
# and the same basis functions considered in classical FEM with linear elements, see [33].
Using the basis (50), the stiffness matrix A in (5) is the object of our interest and, from

Lp]

now onwards, will be denoted by A" in order to emphasize its dependence on n and p:

n+p—2
Pim A= (a1 N )10 (5D

where in this case a(u,v) = [y W'v'dx+ B [y u'vdx+ v [y uvdy, see (3).
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4.1 Construction of the matrices ALP ]

The central basis functions N; [l,]( x), i=p+1,...,n, defined on the knot sequence (47)—(48)
are cardinal B-splines, see Section 3. We have

Nijp(x) = @) (nx—i+p+1), i=p+1,....n (52)

Due to the compact support of the B-spline basis, the stiffness matrix ALp ) has a 2p+1)-
band structure. We note that

N} @) =g (nx—i+p+1), i=p+1,...n

We now focus on the central part of the stiffness matrix which is only determined by the
cardinal B-splines in (52). For each k =0,1,...,p and i = 2p,...,n — p — 1, the non-zero
element in (51) at row i and column i & k can be expressed by

(A1), 2 = W 1420 () Ni () = @0 (mx =i+ pFR). 0y (mx =i+ p)
:n2/01(ﬁ[p](nx—i—l-pi!:k)¢[p](nx—i+p)dx
+nB(/0.1(ﬁ[[,](nx—i+p:|:k)¢[/,](nx—i+p)dx
+7/1¢[p](nx—i+p$k)¢ (nx—i+p)dx

—n/q) tFk)$ dt+/3/ O (1 FK) O (1) dr + - /¢ (1K) 9y, (1)dr. (53)

Let us consider the following split of the matrix,

Y

AP = uklP  gEIP 1 M,[,], (54)

according to the diffusion, advection and reaction terms, respectively. More precisely,

qn+p—2
nhn == 1+1 l+l[p]'x L
di,j=
ntp—2
HI = (x) dx " (56)
no- /+1 Nig1,[p)(x o
di,j=
qn+p—2
Lyl wlr -
= N]+1 XNy 1,p) (%) : (57
n Jij=1
In view of (53), the parts of these matrices determined by the cardinal B-splines in (52) are
[7] _ o .
(&), ., = LontF0d,0a. (58)
[p] _ |4
(1), .= [ w700, 0 (59)
[p] _
(M,, )Liik = /R Oy (t F )y (1) dr, (60)
fork=0,1,...,pand i =2p,...,n— p— 1. We now derive simple expressions for the ele-

ments of the central rows of the matrices K, [p] ,[,p] and M,[lp | given in (58)—(60), i.e., for the
row indices i =2p,...,n— p— 1. Other rules have to be considered for the remaining 2p — 1
initial/final rows. Lemma 5 implies the following result.
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Theorem 7 The matrix K,[lp ] is symmetric, the matrix H,[,p ] is skew-symmetric and the matrix
M,Lp Vis symmetric. Moreover, the central non-vanishing elements can be expressed as

(] .
(K,,” )i,iik =—Pppr1)(p+1-k),
(H,[,p]),',ﬂrk =- ( I[Lp])i’,-,k = ¢[2p+1](p+ k),
P _
<an )i,i:tk = Pppr1)(p+1-k),
fork=0,1,....,pandi=2p,....n—p—1.

From the above theorem, the generic central row of K,[,p | can be expressed as

[0 0 =Pppi1)(1) - =Pppr1)(P) —Opps1)(P+1) =bppi)(p) - —Ppr1)(1) 0 0],
(61)
and in particular, by (25), the diagonal elements can be expressed as

(Kr[lp])ii =20p,)(p) > 0.
The generic central row of H,[,p | can be expressed as
[0 -0 7¢[2p+1](]) 7¢[2p+1](p) 0 ¢[2p+1](p) ¢[2p+1](]) 0. 0] ) (62)

where we remark that (H,Lp }) = 0pp+1(p+1) = 0. The generic central row of MY can
ii
be expressed as

[0 0 @ppri(1) -+ Bpsn)(P) Ppst)(P+1) Opprt)(P) -+ Ppsy(1) 0 0] (63)
As a consequence of Theorem 7, we get the following result.

Corollary 1 The central non-vanishing elements of the matrix ALP | can be expressed as

() = =1bepen(p+ 10 £ Bdop(p+1=0)+ Loy (p+1-K), (64
fork=0,1,...,pandi=2p,....n—p—1.

Remark 5 Considering the recurrence relations for derivatives (18)—(19), for the compu-
tation of the matrix elements (64) we only need to evaluate cardinal B-splines at integer
positions. We sum up some possibilities to evaluate ¢, at integer positions.

1. The values of ¢y, at the integers can be obtained by recurrence relation (12). Recalling
that (])[0] (k) = Ok, ¢'[1] (k) = Ok, k € Z, we have

p+1—k

k
Py (k) = ;¢[p—1](k) + T‘P[p—l](k_ 1).

2. From (13) it follows that the non-zero values of ¢y, at the integers are equal to

1 k—1

P (k) = Z(pfl)(—l)"(kfi)”, k=1,...,p.

st
P =0 !
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4.2 Estimates for the minimal eigenvalues

In this subsection we provide estimates for the minimal eigenvalues of M,[Zp ] and K,Lp ]. These
estimates will be employed to obtain a lower bound for Ay, (ALP ])\ where Amin (ALP ]) is an
cigenvalue of A with minimum modulus.

We begin with recalling the following result from [36]. The inequalities in (65) are a
special instance for the Ly-norm of the results stated in [36, Theorem 9 27]. We remark that
the quantity A used in the cited theorem in our context has the Value -, see [36, eq. (6.3)].

Lemma 9 Foreveryp>1,n>2 andx= (x1,...,Xp4p-2) € R*P2,

n+p—2 2

Y, xiNifp)
i=1

2
n

2
o I _

n

LZ([OBI]
where the constants Cp, C » > 0 do not depend on n and x.

Now we state the Poincaré inequality in the one-dimensional setting. This inequality
plays an important role in the proof of Theorem 8.

Lemma 10 (Poincaré’s inequality) For all v € H} ([0,1]),

VIl o.17) ||\’HL2 ([0.1))- (66)

1 1
n [16] we find that =\ is the best constant such that (66) is satisfied for all v €
\/ cni
H{([0,1]). Here, ¢y 1 is the number appearing in (7) for s = j = 1, see also Remarks 1-3.

Theorem 8 Let C), > 0 be the constant in (65), then for all p > 1 and n > 2 the following
properties hold.

1. danin (M) > C,.

2 n’C
2. kY > T MY and A (kY > T30
n

5

n

Proof Fix p > 1,n > 2. By using the definition of M,[lp] ,see (57), we have forall y € RtP-2,

10 "L p] n+p ?
y EMn Y= Z ;Mn ‘ylyj /)’z)’] j+Llp )Ni+la[p](x)dx
L]

i,j=1 i,j=1

1 n+p—2 n+p 2
:/O Z YiNiy1p Z YiNjiip x)dx

n+p—2 2
_/ ( z+l [p] >

The last inequality holds because of (65). Hence, we get yTM,[,p ]y > C,|ly||?, and from the
minimax principle [11,13] it follows that

n+p—2

Z yl i+1,[p]

(67)

Ly([0,1])

Iyl
C :
e n

TM[P]

) P _ in Y Y0 ¥ o
Amin (M) = 0 Tyl = ©%
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This proves the first statement. To prove the second statement, we use the definition of K,[Zp },
see (55), and obtain for all y € R"+P—2,

n+p—2

y' (nKr[,”])y:n%Q(nKi”]) Y= Y

i,j=1 i,j=1

1 n+p—2 n+p 2
:/0 Zyl i+1[p ZYJ 1 p (¥)dx

n+p 2 2
= l+1

where vy := Y/ P2 YiNis1,p) € #,7), see (49). Since #,7) ¢ H{([0,1]), we may apply the
Poincaré inequality (66). From (66) and (67) it follows that

1
/o Yi¥iN i1, (p) (INE g ) (¥)dx

n+p—2 2

Z y’ z+l

= Iwliz, o0 (69
Ly ([0,1])

77:2
v ("K'['p}) ¥ = I, g0 = 2 IvyllZ, g0y =¥ (WM,LP]) y.

Dividing both sides by n we obtain, for all y € R+P=2,

7[2
YKy >y (;M#’]) y.

This proves that K,Lp ] > MYy ], and applying the minimax principle and (68) yield
T g 1) y! (” I ]> y 2 2
. YKy . n2 T iy < TCp
Ami K7y = min > min = = Amin(M7) > ,
DS VAT e )=
which concludes the proof. ]

Remark 6 Suppose that, for a given p > 1, we are able to find a constant 5,, > 0 such that?

Amin (M) > €

In this case, the statements in Theorem 8 hold with 5,, instead of C,. Moreover, the left
inequality in (65) also holds with C,, instead of C,. Indeed, by using a similar argument as
in the proof of Theorem 8, we obtain

n+p—2 2

Y xilNi1 )

i=1

n

74P v
L(01) X My'x _y'my P~ &
BYE - e ZI;%I T = Amin(M;") > C).

2 Such a constant C » could be found by means of the Gershgorin theorems [13]. We refer to Remark 9 in
Section 4.6.1 for an example.
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7| 2o M) | Anin M5 | Awin M) | 72 Zanin (K1) | 72 Aanin (K5 | 122 Aamin (KB
20 0.1333333 | 0.0482607 | 0.0171864 9.8089070 9.7834046 9.7507398
40 0.1333333 | 0.0486447 | 0.0173795 9.8543957 9.8486563 9.8419964
80 0.1333333 | 0.0486538 | 0.0173821 9.8658001 9.8644478 9.8629796
160 0.1333333 | 0.0486538 | 0.0173821 9.8686532 9.8683256 9.8679834
320 0.1333333 | 0.0486538 | 0.0173821 9.8693666 9.8692860 9.8692036
640 0.1333333 | 0.0486538 | 0.0173821 9.8695450 9.8695250 9.8695048
1280 0.1333333 | 0.0486538 | 0.0173821 9.8695896 9.8695846 9.8695796
2560 0.1333333 | 0.0486538 | 0.0173821 9.8696007 9.8695994 9.8695982
5120 0.1333333 | 0.0486538 | 0.0173821 9.8696035 9.8696032 9.8696029

Table 1 Computation of Ay ( ,[,’7]) and 172 Apin ( ,[,p ]) for p =2,3,4 and for increasing values of n.

Table 1 shows the results of some numerical experiments performed on the matrices
M,Lp ) and K,[,p ) for p =2,3,4 and for increasing values of n. From these results it seems that

lmin (Mr[lp] ) n:°° I’ﬁp, (70)

with iy = ., fii3 ~ 0.0486538 and /ii4 ~ 0.0173821. Apparently, the sequence Amin (M)

converges to 71, very quickly as n — oo. In addition, it seems that®

12

Dain(Ki") "7 (71)

Note that K,[ll] = Tridiagonal(—1,2,—1) € R(=1x(=1) (see Section 4.5) and for il,min([(,[lll)
the asymptotic formula (71) holds, because it is known that

N2 e T2
Ain (K'Y = 4 (sm%) e

The numerical experiments confirm that, for p = 2, 3,4, the eigenvalue /'Lmin(l(,gp ]) converges

Cp

. . T . . .
to 0 as n~2, which means that the lower estimate 5— obtained in Theorem 8 is asymptot-
n

ically of the same order as ﬂmin(K,[,p ]) when n — oo,
In addition, referring to Table 2, we can formulate a deeper conjecture than (71).

Conjecture 1 Forevery p>1,n>2and j=1,...,n+ p—2, let us denote by ).j(K,[lp]) the
j-th smallest eigenvalue of K7 2, (K,[,p]) <...< /'L,,er_z([(,[lp]). Then, for every p > 1 and
for each fixed j > 1,

lim (n2 )Lj(K,[f’])) — P, (72)

n—soo

This conjecture can be motivated as follows. The matrix K,LP] is associated with the (IgA)

discretization of the boundary value problem (9), because nK,[,p | coincides with ALp | i B =
y = 0. The numbers j>7%, j =1,2,..., are precisely the eigenvalues of (9), see Remark 2.
The matrices T,,(2 —2cos0), m = 1,2,..., are also associated with the (Finite Difference)
discretization of (9) and for these matrices Theorem 4 establishes exactly the limit relation
lim (m*A;(T,y(2—2cos8))) = j2n* for each fixed j > 1, see Remark 3.

m—yoo

3 The constant 72 is precisely c1,1, see Remarks 1-3.
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" P P 15, 2y 3y 1,
20 9.6289991 | 9.5293645 | 9.4042990 || 9.3363215 | 9.1205723 | 8.8541077
40 9.8089070 | 9.7860742 | 9.7596733 || 9.7335487 | 9.6826385 | 9.6241225
80 9.8543957 | 9.8489935 | 9.8431323 || 9.8354171 | 9.8232883 | 9.8101443
160 9.8658001 | 9.8644900 | 9.8631221 9.8610467 | 9.8581006 | 9.8550251
320 9.8686532 | 9.8683308 | 9.8680013 || 9.8674643 | 9.8667391 | 9.8659977
640 9.8693666 | 9.8692867 | 9.8692058 || 9.8690693 | 9.8688895 | 9.8687076
1280 || 9.8695449 | 9.8695250 | 9.8695050 || 9.8694706 | 9.8694259 | 9.8693808
2560 || 9.8695895 | 9.8695846 | 9.8695796 || 9.8695710 | 9.8695598 | 9.8695486
5120 || 9.8696007 | 9.8695994 | 9.8695982 || 9.8695960 | 9.8695933 | 9.8695905

Table 2 Computation of ij[pj = (n/j)? lj(K,[,”]) for p=2,3,4, for j = 2,3 and for increasing values of n.

Theorem 9 Forall p>1andalln > 2, let Ayin (ALP]) be an eigenvalue ofALp] with minimum
modulus. Then 5
Cy(m
i (A1) > A (Ref) > LT, 73
with C,, > 0 being the same constant appearing in Theorem 8.

Proof By the expression (54) of APl and recalling that K7 plP) are symmetric, while H/P

is skew-symmetric, we infer that the real part of AL” Vis given by

Y

ReAl! = nkl?) + T
n

Therefore, by the minimax principle and by Theorem 8 we obtain

min(ReAYT) = i (1KY + LMY > A nY) 4+ A (21017

n

2C C 2
= n;l’mm(KV[lp]) + l/A'min( r[lp]) > I’ZLZP + l/Cp = M
n n n "
From (6) we know that Mmm(A,[f’])l > Amin(Re AL”]), implying (73). .

The lower bound (73) remains bounded away from O for all ¥ > 0 and, in particular, for the
interesting value y = 0.

4.3 Conditioning

In this subsection we provide a bound for the condition number
ka(al) = A1,

see Theorem 11. For its proof we need two auxiliary results. The first one (Theorem 10) is
the Fan-Hoffman theorem [11, Proposition II1.5.1]. The second result (Lemma 11) gives a

bound for the infinity norm of the matrices K,Lp], H,[lp] and M,[lp].
Theorem 10 (Fan-Hoffman) Let X € C™*™ and let

IXI|=51(X) >s52(X) > ... > sm(X), M (ReX) > 1 (ReX) > ... > Au(ReX)
be the singular values of X and the eigenvalues of Re X, respectively. Then

5i(X) > Aj(ReX), Vj=1,...,m.
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Lemma 11 For every p > 1 and every n > 2,
1 1
n

Ml <= EY e <20 (InKd . < 4pn.
n
Proof We first note that the derivative and integral of a B-spline N; |, (x) are given by (see

oo

[14,36]),
)= (Ni -1 (¥)  Nig1p-1] (X)) (74)
livp —1i livpr1 —tix1 )’
and
N dx tl+p+1 1 75
= or1 (75)

The sequence of knots (47)—(48) 1mphes that the length of the support of any N; [, can be

+1 . PR IR
boynded from above by ”T Recall}ng (57), by the positivity property and the partition of
unity property of B-splines, we obtain

n+p 2

1 I
M = /N x)N; dx
G IR W ST ATAE
1 [nt+p-2
:i:l%¥p72/0 Z’l Ni1p] () | Nis ) () dx
j
S max /1\7[+1[ max Mgl‘
i=l..n+p-2 7] i=l..n+p-2 p+1 n

Due to the skew-symmetry of H,Lp ], see (56), the infinity norm of H,[,p ] is equal to the
infinity norm of its transpose. By (74) and the positivity property of B-splines, we obtain

(7l n+p 2
HP || = / Odr
I = s ) N3y 1)
n+p—2 1 N. Colx N Cx
= max Z Njsi ) (x)( '1+17[P_1]‘( )_ 'z+27[p_1]‘( )) dx‘
i=l.ntp-2 J=1 0 Titp+1 —lit1 litp+2 —liy2
nt+p—2 .1 N. Co(x N o x
< - max p Z / Nj+1_[p](x)( lt+1,[l771]‘( )+ .l+2,[p71]F )) d. (76)
i=1..n+p-2 j=1 J0 titpr1 —litl liypt2 —lig2

Using the partition of unity property and (75), we have

n+p 2 ”+P 2 N; (x) 1
+| i+1,[p—1]

/N/+1 = / wp (%) | T —de<

t,+p+1 t,+1 Livpr1 —lit1 4

and a similar bound holds for the remaining term in (76). It follows that ||H,[lp ] [lo < 2.
Recalling (55), we obtain

vl n+p 2
p —
||nKn ||°°_i:1.I.I.1:a£(p 5 =t / J+l (x t+l (x dx‘
n+p—2 1 /N - N x
—  max / ( Jj+L[p 1]( ) Jj+2,[p 1]( )>
i=1..n+p-2 =1 0 Litp+1 —Ljt1 Litp+2 —tj42

(Ni+1,[pn(X) Niva[p (x)> ' (7

Livp+1 —liv1  liypy2 —lit2
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In addition, we have

”*ﬁ?z/l Njii jp—1)(x) Ni+1.[p71]('x)dx:/l (”“’2 Nj+1,[p1](x)> Nigi [p—1)(x) &
0

=1 SO Tjkpl — L1 ligp41 — il =t Litpr1 —1j+1 ) livp1 —ligl

x n
gn/ Nigrp-) y _n
0 tl+p+1 —lit+1 P

and in a similar way we can also bound the remaining terms in (77). This results in

K|l < max  p*4” = dpn,
i=l..n+p-2 p

O

Remark 7 A consequence of Lemma 11 is that we can take C_‘p =1 in (65), independently

of p. Indeed, Lemma 11 implies that Ay (M,[f’}) < HM,[ZP] lo <1 forall p>1andn>2.
Thus, by the minimax principle, along the lines of the proof of Theorem 8§, we have

nJriZ
xiN, i+1,[p]
Ly(0.1]) _ XTM'['p]X < maxy ’[lp]y A«naX(MV[tP]) <l

> x> = vyl

Theorem 11 For every p > 1 there exists a constant 0 > 0 such that
(A < opn?, Wn>2. (78)

Proof Fix p > 1 and n > 2. By Theorem 7 it follows that K,Lp], H,[,p ] and M,[lp ) are normal
matrices, and by applying Lemma 11 we obtain for ||ALP ] || the following bound:

A = ||k + g+ Laal
n

1
< Ik -+ Bl -+

— p(nk ) + Blo (H )+yp( @1)

< IR+ B+ ot

§4pn+2\ﬁ|+%’. (79)

=

We now give a bound for || (A,[f’ ])’1 ||l. Using Theorems 9 and 10, we obtain

C,(m* +
Snip 2 (A 2 Anin(Rea ) > T 2D,
where s, p,z( Lp ]) is the minimum singular value of A[p ] Hence,
1 n

IAPH 1| = (80)

< .
Snipa(al) ~ G +Y)

4pn?® +2n|B|+y

. : (]
Comb 79) with (80), t k2 (An") <
ombining (79) with (80), we get k»(An ") < C@+)

, which implies (78) with

o Y
%= ey [4p+1B1+7].
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4.4 Spectral distribution

We will now study, for a fixed p > 1, the spectral distribution of the sequence

B

n

HY + Lu, 81)

I
Al =K+ g

formed by the scaled stiffness matrices. Recall from (51) that A,[f Vis of size (n+p—2)x
(n+ p—2). The central rows of A,[,'7 | (given in Corollary 1) are those with index ranging from
i=2ptoi=n—p— 1. Thus, the condition on n to ensure that A,[lp | has at least one central
rowisn—p—12>2p,ie,n>3p+1.

For every n > 3p+ 1, we decompose the matrix K,[,p ] into

K =B+ RY, (82)
where BLP Jis the symmetric (2p + 1)-band matrix whose generic central row is given by (61),
while R,[f’ l.— K,[lp I _ B,[f' | is a low-rank correction term. Indeed, RLp | has at most 22p—1)
non-zero rows and so

rank(RY)) < 2(2p—1). (83)

Similarly, we decompose the matrix M,[,p ] into
Mr[l[’] — Cr[lp] + SLP], (84)

where C,[Zp Jis the symmetric (2p + 1)-band matrix whose generic central row is given by

(63), while Sl,p ] = M,[[” I_ C,[Lp ) is a low-rank correction term analogous to RL” | and

rank(S¥) < 2(2p—1). (85)

Now we analyze the spectral properties of BLP ) and C,[lp | Besides being interesting in

its own right, some of the given properties are needed for the proof of Theorem 12, which

yields the spectral distribution of the sequence {%A,[f ]}.

Lemma 12 Let f,, and My, be defined as in Lemma 7. For alln > 3p+1, B,[,p] =Thrp—2(fp)-
Moreover,

1. 6(BY) C (0,My,), ¥n>3p+1;
2. ﬂqnin(BLP]) N, 0 and }lmax(Br[f’]) /‘pr as n— oo
A
3. {(BIW A g,
4. for each fixed j > 1,
n—oo j27.[2
T

(B

where Ay (BL‘”]) <...< /lnﬂ,,z(BLp]) are the eigenvalues ofBLp] arranged in increasing
order.
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Proof From the definitions of BLP] and f;, it follows that BLP] =Thip—2(fp) foralln >3p+1.
Hence, the first three statements are a consequence of Theorem 3 and Lemma 7.

We now prove the last statement. From Lemma 7 we know that 6 = 0O is the unique zero
of f, over [, x]. Furthermore, from (36) it is easy to derive that f,(0) = 0 and, by using
Lemma 6,

p .
7 (0) = ZkZIkZ‘Z’DpH](PJF 1—k)=2.

This means that the function f), satisfies all the hypotheses of Theorem 4 with s = 1, 6j, =0
and £5**) (Bpin) = 2. Then, for each fixed j > 1,

2.2
(nlely n—soo C1,j n—soo J°TU
A‘J(B” )_)LJ(TI’H’P*Z(fP)) ~ (n+p_2)2 ~ n2
where the last asymptotic equivalence holds because ¢y ; = j2m?, see Remarks 2-3. O

Remark 8 In Section 4.2, looking at the numerical results summarized in the Tables 1-2,
we conjectured that (72) holds for all p > 1 and j > 1. In Lemma 12 we have seen that (72)

holds with A; (B,[qp ]) instead of A; (K,[Lp ]). Furthermore, using the Cauchy interlacing theorem

[11] and the fact that BL” Jisa principal submatrix of K 7

n-+4p—2- 1t can be shown that

WKL, 2) < MBI < Ajrap (K

n+4p72), Vp>1,Vn>2,Vj=1,....n+p—2.

Hence, if there exists a constant E,,7 ;j such that
(o] 3 kp,j
Aj(Kn") "~ =5

then k, ; < 272, and if j > 4p —2 then (j —4p+2)*n? <k, ; < 7%

Lemma 13 Let h), and my,, be defined as in Lemma 8. For alln >3p—+1, C,[,p] = Thip—2(hp).
Moreover,

1. G(CLP]) - (mh,ﬂ 1), Va>3p+1;
2. danin( ) Ny, and A (CIF) /1 as n— oo;
3. {cM A,

Proof From the definitions of C,[Zp] and h,, it follows that C,[,p] =Tyip-2(hp) foralln >3p+1.
Theorem 3 and Lemma 8 conclude the proof. O

The function f), in (33) (as well as the function 4, in (43)) can be easily computed for
particular p using the evaluation methods for cardinal B-splines described in Remark 5.

Theorem 12 The sequence of matrices {%ALP ]} is distributed like the function f, defined in
(33) in the sense of the eigenvalues, i.e.,

Hsz (M (%AL”])) - %/n F(£,(6))d8, VF eC.(C,C).

lim ——
n—eopn+p—2 = -

Furthermore, {%AL” ]} is strongly clustered at the range [0,My, ] of fp.
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Proof Recalling (81)—(82), we have

%ALP] =B/ R + %H[ " T ml, (86)

We now prove that the hypotheses of Theorem 2 are satisfied with Z, = %A,[f }, X, = Lp )
and Y, the remaining term in the right-hand side of (86). We have seen in Lemma 12 that

{B,[{’ ]} A fp- Noting that B,[{’ ] is symmetric, by Lemma 12 we obtain that for alln > 3p+1,
1B = p(BY)) <My,

where My, is a constant independent of 7. Since rank(R RY ]) <2(2p—1) (see (83)) and since

kP ], H and M) are normal matrices, we get

| B+ Zaal | <+ By Zaa',
< rank (R IRE )+ 181 L2l 22
<202p— 1)IKP B+ 181 L2y PR g
<202p -~ 1)|BY | +2(2p— 1)KV ||+|13\(”L;_2)HH 1+ 772D g
<2(2p - )My, +202p— )&V -+ (B2 ) I\mﬂw\lm o

From Lemma 11 it follows that the right-hand side of the last inequality can be bounded
from above by a constant independent of n, Vi > 3p 41, implying that all the hypotheses of
Theorem 2 are satisfied. O

In the next two subsections we discuss in more detail the spectral properties of the

matrices A,[f’] for the cases p =1 and p =2.

4.5 The linear case p = 1
(1]

In the case p = 1, for every n > 4, the matrix Ay, is of size (n— 1) x (n— 1) and is given by

A =nk)l 4 pr 4+ Yo, (87)
n
where
2 —1 0 1 41
-1 2 -1 -10 1 141
-1 2 —1 -10 1 1 41
12 -10 14

The matrix ALI] is nothing else than the stiffness matrix arising from classical FEM with
linear elements.
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Note that the scaled matrix

B

1
A=k 2 E g )] (88)
n n n
is a real Toeplitz tridiagonal matrix, namely
1 o B, v 2y B 7
;Al’l :Trldlagonal<—l—ﬂ+@,2+3?,—l—i-%—i-@ .
B B

Moreover, for n large enough, the elements —1 — 7~ + # and —1+ 7.+ 6% are both neg-

ative. This means that we can compute all the eigenvalues of %AE] (for n large enough) by
means of the following result.

Theorem 13 Let

Xi=| . . . = Tridiagonal(a,b,c) € R™*"
a b c
ab
be a real Toeplitz tridiagonal matrix such that ac > 0. Then, X has m real distinct eigenval-
ues

A;(X) = b+2+/ac cos j=1,...,m.

m+1’
Proof By direct computation we have X = diagy< <, (r/) Y - diagy j,,_ (r/) with r =
\/? and Y = Tridiagonal(y/ac, b, +/ac). Thus, X is similar to ¥, whose eigenvalues

l_,-(Y):b—&—Z\/cEcosmjj_rl? j=1,....m,

are known since Y belongs to the t-algebra, see [12]. ]
Applying Theorem 13 to our case we obtain the following corollary.

Corollary 2 Let n > 4 be such that —1 — £+ 2 and —1+ & + ., are both negative.

Then, %ALI] has n— 1 real distinct eigenvalues

(L), 2Y (Y B\ 1 P jT . B

By using the expression (89) for the eigenvalues, one can show (by a direct computation)
that the sequence {%A,[ql]} is distributed like the function f;(0) =2 —2cos 8 in the sense of
the eigenvalues, which is in agreement with Theorem 12. Note that also the sequence {K,Ll]}
is distributed like f; in the sense of the eigenvalues, because K,EI] is the (n — 1)-th Toeplitz
matrix associated with the function fi.

For all n > 4 such that —1 — 2% + -2 and —1+ Zﬁ—n + L are both negative, by using (89)

6n2 6n2
and some asymptotlc €Xpansion, one can prove that

(L am LN 2
Amin (nA” ) 24(51n2n) +

3n2’
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Moreover, by Gershgorin’s first theorem [13], we have Ay, (%AL”) > an Hence,

Lo . mN? 2y Y Y
G(;An C |max 4(81]’1%) +ﬁ7n72 4+W .
This gives a sharper lower bound for Z,mm( ) than the one provided in Theorem 9.
From (89) it also follows that

2
7 A <%A£}]) — A (%AL”) iy SN ﬁ—

2
n? (4—/1max (%L”)) = n? (4—&1 <1AL”>> e Y P
n n 3 4

In particular, {%A,[ll]} is strongly clustered at [0,4] according to Definition 2. Note that [0,4]
is precisely the range of the function f;(0) =2 —2cos 0 (cfr. Theorem 12).

We conclude this subsection by collecting in the next lemma some results which can be
derived by the Gershgorin theorems and will be used in later sections.

Lemma 14 Foralln > 4,

- H, W is skew- symmetric, irreducible, and G )

P (=1,1);

{0
- M,[l] is symmetric, irreducible, and &(Mj, (% )

4.6 The quadratic case p =2

(1]

The spectral analysis of %A,, has not been difficult because Theorem 13 provided us with

the explicit expression (89) for the eigenvalues of %ALI]. For p > 2 such an expression for

the eigenvalues of %ALP | is not available and so our spectral analysis must rely on other
considerations.
In the case p = 2, for every n > 5 the matrix %A,[f ] is of size n x n and is given by
Lo kP By L),
n n n
where
(8 —1 —1 T fo 9 1 1
-1 6 -2-1 -9 0 10 1
' -1-26 -2-1 | -1-10 0 10 1
(2] _ 2] _
K =% T , Hy =7 Cote ,
-1-26 -2-1 —-1-10 0 101
-1-26 -1 -1 —-10 0 9
L -1 -1 8 | L -1 -90]
(40 25 1 ]
2566 26 1
1 26 66 26 1
p_ L
n 120 .. .. .. .. ..
1 26 66 26 1
1 26 66 25
L 1 2540]
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Theorem 12 reads in the case p =2 as {%ALZ]} A f>, with

2 1 2
f(0)=1- gcose — gcos(29) =(2—2cos0) <§ + %COS 9> .

Moreover, {%ALZ]} is strongly clustered at [O, %}, which is the range of f. In the next sub-

sections we provide more specific results about the spectral properties of %ALZ].

4.6.1 Localization of the eigenvalues

We are now looking for a good localization of o (%A,[lz }> . In order to prove Theorem 14, we
need some auxiliary lemmas. Using the Gershgorin theorems, we can derive the following

bounds for the spectra of the matrices K,[, ], [ ] and M, 12 ]
Lemma 15 Foralln > 5,

- ks symmetric, irreducible, and o (K [2]) C (0,2);
Hm is skew-symmetric, irreducible, and G( ) c {0} x ( ) ;

M,[@] is symmezrlc irreducible, and O'(M,[, ]) (%, 1) ;

- if 25y < =, then K[z] + nle,[,Z] is symmetric, irreducible, and

12012
o (ki + Lm) o (F2+105).

Remark 9 Lemma 15 implies that Ay, (M,[,Z]) > % for all n > 5. From Remark 6 and Theo-
rem 8 it follows that

2
T
Fain(Ki') > S5 Wn =S, (90)
d 2 , b
Moreover, by Remark 6, we have inN,- 1,2 foralln > 5 and all x € R".
i=1 Lz([071])

The next lemma concerns the low-rank matrix R,[f] introduced in (82).

21
10
Lemma 16 For every n > 5, we have R,[f] = é € R"™" and its characteristic
01
12

polynomial is 121—961”_4(3612 — 124 — 1)2. Hence, the eigenvalues of Rn are H\[ (with
multiplicity 2), % (with multiplicity 2) and O (with multiplicity n —4).

Theorem 14 For every n > 5 such that 120 Yo« 6,

1,0 y w4y (3 14V2 oy v
G<nA”)C(maX<n2’ o2 )M 3T e T e

B[ 111B|
X{ 12n 7 12n cC

oD
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Proof Fix n > 5 such that the condition 1;3’{2
2]

nary part of %An , wWe obtain

< % is met. By computing the real and imagi-

2) 2 B, .

1 1
Re LAl kP L B kP L, mlal - By
n in
We aim at localizing the spectra & (Re %ALZ}) and o (Im %ALZ})

25y
120n2

2] r 4
(Re ~ AL ) (52+102)- 92)

We can improve (92) as follows. By combining the minimax principle with Lemmas 12, 15
and 16, and taking into account that My, = %, we obtain

We begin with (Re %ALZ]) . Since n satisfies the condition < %, by Lemma 15 we

have

o (R LA ) = o (B 27+ T < s (B 4 e R+, e )

1+
SENRLAT NS
2 6 n2

Similarly, by using (90) and Lemma 15,

4y
10n2 °

i (R A2 ) = o (K T 2 i) + Ty 1) >

Thus, we can replace (92) with

2] Y mAy) . 1+v2 Y
(RGA) (max<n2’ 10n2)’mm<2+ 6 +n ST RS

Now we localize the spectrum o (ImALz]) . Since Im%A,[l2 ] is Hermitian, from Lemma 15

G(Im%ALZ]) c {Jl'ﬁ‘ “'ﬁ‘] 94)

we obtain®

12n 7 12n
Combining (93)-(94) with (6), we obtain (91). 0O

4.6.2 Clustering

We are now dealing with the clustering properties of the sequence {%ALZ]}. We have al-

ready mentioned that {%Agl} is strongly clustered at [O, %] but we have no bounds on the
number of outliers, i.e., those eigenvalues of %ALZ] lying outside the e-expansion [0, %] e =
[—8, % + 8] x [—¢€,€]. Theorem 17 provides an estimate for the number of outliers, and its
proof requires the following two results from numerical linear algebra. The first result is the

classical interlacing principle, see e.g. [11].

411 B 20 then Im L s irreducible and o (1m 147 ) © (— 1L, ). 1n 94) we have included the

; 18| —
endpoints + -5 to cover the case § = 0.




34 Carlo Garoni et al.

Theorem 15 Let K := B+ R, where B € C"*"™ s Hermitian and
K+ Kk~

. * *
R:= erlljlljJr Zl‘jVjVj,
j=1 j=1

withrj>0foreachj=1,...,k+,tj<0f0reachj:1,...,k*andul,...,ukﬁvl,...,kaE
C™\{0}. Let
MB)>...2Au(B) and A(K)>...> Ay(K)

be the eigenvalues of B and K arranged in decreasing order. Then

Ay g+ (B) = A(K) = A4 (B),

forevery j=kt+1,....m—k .
The second result is the Ky-Fan theorem [11, Proposition III.5.3].

Theorem 16 (Ky-Fan) Let A € C"™" and let A;j(A) and Aj(ReA), j=1,...,m, be the
eigenvalues of A and Re A, respectively, arranged in decreasing order:

Re(A1(A)) > ... > Re(A4n(A)) and A1(ReA)>...> Ay(ReA).
Then
k k
Y Re(2;(4)) < ) 4;(ReA),
j=1 j=1
foreveryk=1,... ,m. For k = m, the equality holds.

Theorem 17 For all € € (0,1) and n > max (5, @/), it holds

1+V2
+
)< | — 95
q, (&) < { 2P w ; (95)
where g (€) is the number of eigenvalues of %A,[f] whose real parts are > % + €.
Proof For every n > 5, we consider again the decomposition K,EZ] = BLz} +RL2] introduced

in (82). The matrix RE] is symmetric and we know the eigenvalues of R,[qz] from Lemma 16.

By the spectral (Schur) decomposition of RLZ] we see that

14V2 o 1=V2 L 1-V2
5 Ve

6 u, + 6 Vv, + 6

o 1+v2 o,
_ u

n - 6 [ 3] + V2v§a

where u;,uy, vy, v, € C" are orthonormal vectors. Hence, by Theorem 15,

i 2(B2) > (k) > A (B2,

for every j =3,...,n—2, where the eigenvalues of B,[l2 J and K,[lzl are arranged in decreasing
order. In particular, from Lemma 12 and My, = % it follows that & (BLZ]) - (0, %) and

2o M > B > 2 ) >0 (96)
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where the last inequality is a consequence of Lemma 15. Moreover, by the minimax princi-

ple,
A y 3 1 2
ax (K'EZ]) = ax( ’[12] JrRLZ]) < ’/Lmax( I[lzl) + Amax (RLZ]) < 5 =+ +6\[.

7)

Assume that the eigenvalues of %A,[lz ] and Re %ALZ] are arranged in decreasing order:

Re (),1 (%ALZ])) > ... >Re (An (%Ai?l)) ,

h <Re1A£,2]) > >, (Re lALZ]).
n n

Recalling from Lemma 15 that G(M,[lz]) C (1—107 1) and applying again the minimax principle,
forevery j=1,...,n we have

and

1
Aj( ,[,2}) = min  max (x*K,Ez}x) = min  max (x* (Re —AP - 12 ,[12]) X)
’ veen xeV veen xeV n n
dimV=n+1—j||x||=1 dimV=n+1-j|x||=1

1 1

>  min  max (x* (Re 7A,[12]) X — lz) =1 (Re ,Af]) _ 12,

veen xev n n n n
dimV=n+1—j|x||=1

and so

1 :
Aj (Re;AL2]> < A4 ,[,2})+n12, Vi=1,...,n (98)

Now fix € > 0 and let g, (€) be the number of eigenvalues of %ALZ] whose real parts are
greater than or equal to % + €. Following the argument used in [24, proof of Theorem 3.5]

and keeping in mind (96)—(98), we apply Theorem 16 to obtain

3 N ay (€) 1 2l 4,y () 1 2l qy (€) 2l y
<§+8) q, (€) < j:Z'l Re (Aj <HAn )) < Z Aj (Re;An > < . (lj(Kn )+n7>

Jj=1 j=1
CI:{(S) + qf{(g N
= Mm%+ﬁ%ﬂzhm%+hm%+2:Mm%+ﬁ%ﬂ
=1 =
3. 1+v2 + 3 yqi(e) (3, 7\ )
<2(2+ 6 >+(qn(8)_2)2+ =yt ) dn (@) 5,

and so, for every € > 0 and n > 5 such that n% < € we have

142

qﬂa<3@_z) (99)

Ifo<e<l1 andn>max(5,\/g),then

1
+v2 S1+ﬂ+1 o > (1+ﬁj3£)y.
3(871) 3¢ 3¢
n2
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From the inequality

(1+\@+3£)}/< V2y

32 - &g’

and from (99) it follows that (95) holds Ve € (0,1) and ¥n > max ( V2 ) O
Let ¢, (&) be the number of eigenvalues of %A,[f] lying outside the &-expansion [0, %} e
By combining (91) and (95), we are able to find an upper bound for ¢, (€). Indeed, Ve € (0, 1)

ananZmax(S 1B ﬁ) 0(8),

' 12e 0 €

1++2
e) < .
qn(€) < { 3e w
Note that, by Theorem 14, Ve € (0,1), Vn > max | 5, W A/ i—z , there are no eigen-

values of %Agl lying outside [07 5+ ”ﬁ} Thus, Ve € (0,1), Vn > max( LBl ﬁ) ,

' 12e 7 €
[

gn(€) is just the number of eigenvalues of ZA”] lying in
31442 3 3. 3, 14V2
0, = 0,z| =|z+¢&3 € —&,€|.
{72+ 5 8\{,2]8 <2+72+ i Rl ikl

5 The 2D setting

We now consider our model problem (1) on the two-dimensional domain £ = (0, 1)2. More
precisely,

{ —Au(x,y) + B - Vulx,y) + yu(x,y) = f(x,y), V(x,y) € Q, (100)
u(x,y) =0, V(x,y) € 02,

with f € L,((0,1)?), B = [B1 B2]" € R?, y> 0. In order to approximate the weak solution of
problem (100) by means of the Galerkin method (4), the approximation space # is chosen
as the space of smooth tensor-product splines that we now describe.

We consider two univariate B-spline bases as defined in Section 4 (for the x and y direc-
tions):

— the B-spline basis {N; ,,)(x), i = 1,...,n1 + p1 } over the knot sequence
S| =...=8p 41 = 0< Spr42 < oo <Spyny < 1= Spr4n+1 = -+« = S2p;+n;+1>
where .
Spititl = é, Vi=0,...,np;
— the B-spline basis {N; |,,(¥), i =1,...,n2 + p2} over the knot sequence

H=...=1p+1 =0 <tpy42 < ... <Ipytn, < 1 =Ipytnp+l = -« =0pytny+1,
where

! .
Ipytitl i= —, Vi=0,...,n;.
nz
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The bivariate tensor-product B-spline basis {N; ;|
p2} is given by

Jilpipa) b i=1,...,m+p, j=1,...,nm+

Nij o) () 1= (Nipy] @ N [y]) (6,9) = Ni[p] ()N [ ()

We choose the space 7/,,[]’7, wr 2 as approximation space % in the Galerkin problem (4), where

WP = (N gl 0= 20 A pr =1, =2, ma 4 pa— 1), (101)
and we consider the elements of the basis (101) ordered as follows:

Oy +p—2)G-D+i = Nivtjr iy i=Leoosmi+pi—=2, j=1,...,n0+pr—2. (102)

Once we have fixed the tensor-product B-spline basis ordered as in (102), the Galerkin

problem (4) leads to a linear system (5). The stiffness matrix A in (5) is the object of our

interest and, from now onwards, will be denoted by AL’H;,’;Z] in order to emphasize its depen-

dence on ny,n, and py, ps:
AP = A = [a( gy, @)D ) (103)

where in this case a(u,v) = [y Jy Vu-Vvdxdy+B- [y fo Vuvdxdy+7y ) fo uvdxdy, see (3).

5.1 Construction of the matrices AL’;E’{;Z]

Using the integration rules described in Section 4.1, we obtain that

AR = R R +ﬁ1 AP+ &H,Lﬁ’}nfzuiz wib04)
where
Rl = Ml g k), R = gl o M,
H)szlnfz] Mr[llzfz] ® ngzlﬂl]’ Hglﬁfz] — HEZ] ® Mr[ﬁl],
ML) — plrd) o plr),

In particular, for the case n; = n, =n and p; = p» = p,

A[ Pl _ K[pp +Bl H[{’np +/3 Hr[lpnp]_i_ M;Epnp], (105)

with K[p,P] K[p P) + K’[lp”p].
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5.2 Spectral distribution

We will now study, for fixed p1, p2 > 1, the spectral distribution of the sequence of matrices

(104) under the additional mild assumption that the ratio “2 —. v is constant as ny — o0
ni
With this assumption we have

Al — K[llnngz] R VB711 Ay +ﬁz s (7) MR (106)

For every ny > 3p; + 1 such that n, = vy > 3p, + 1, we decompose the matrices K,[,’f ln§2]
and K,Lf L 2} into
Kr[/f,'ngﬂ E\{ ] + IQL[?JZQL K}glfll;gzl B[PIJ’Z] + Rqun[;ﬂ, (107)
where
B\LI;I,;SZ] — C[pzl ®BL1 }7 BLIilnIZU] — B[pz} @C’[gl}7

and

k\{npl;gﬂ . K[[l)lné’z] B[f’lvPZ] C[/’Z] ®R[ ] +S[p2] BL[:I] +S}[’ll;2] ®R[l’l]

RLITngz] — [PlnP2] BLP]l;é’z] _ r[f’z] ®S[ ] [Pz] ®C;[11171] +R[ ]®S[P1].

We recall that the matrices BL‘” ], Lp ], ,[,p ], 7l were introduced in Section 4.4, see (82)—(85).
Finally, we define

1
Bl = : BIE +vBRE (108)
RESE) = LREE 4 vREGE. (109)
From Lemmas 12 and 13 we know that BL] = Ty1p—2(fp) and C[ Pl nwtp—2(hp) for

p>1landn >3p+1. By Lemma 2 we then obtain

BLplll’llzJZ] = Tnz+p272(hpz) ® Tn1+p172(fp|) = 7;12+p2727n|+p172(hp2 ®fp1 )a
BLpllJSZ] Ty +py—- Z(fpz) QT 4p,— 2(h171) = Tn2+l72—2~,111+p1—2(fp2 ®hp1 )a

and
(P1,p2] _ 1 h h 110
Buiny” = Taytpy—2,m+p1—2 v @ fpr +Vp @hp, ). (110)

Hence, by Theorem 5,

A A
{Bnpll,n?]} ~ hﬁz ®f171 ) {B"I:I,niz72 } ~ sz ®h171 )

5 In this way, AL‘T{,;’;Z] is really a sequence of matrices, since only n; is a free parameter. The relation

np = vn must be kept in mind while reading this section. We point out that this request could be replaced by
even milder conditions, but at the price of heavier notations.
If n; and n; are not proportional, i.e., ny /n; does not converge to a positive constant, then:

e cither a distribution does not exist (when ny /n; does not have a limit),
e or it exists, but this distribution completely ignores the differential operator in x (if nj /ny converges to
zero) or the operator in y (if ny /n; converges to zero).
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and
{B”plla;l€2]} *hm @ fp1 + VI @hyp,. (111

By Lemma 1 and the inequalities (83), (85), the two matrices R,[fl' ps 2] and RL’? ',52] satisfy

rank(ﬂ,’il,’ff]) < rank(C[ ]®R[p1]) +rank(S[ ]®B,,11]) +rank(S[p2] ®R[p1])
= rank(C22)yrank (RP) + rank (512 )rank (B! + rank (S22 yrank (R
< (vai+p2=2)22p1 — 1) +2(2p2 = 1)(m + p1 = 2) +2(2p2 — 1)2(2p1 — 1)
=o((n1+p1—2)(vni+p2—2)), asn — oo,

and in a similar way we also obtain
rank(RES2) = o((my + p1 — 2)(vay + p2 —2)),  as ny — oo,
Thus,

rank (R Lpl',’gﬂ) <rank(/\,{1pl,’,’;2])+rank( Lﬁ‘,’,’;ﬂ) o((m+p1—2)(vmi+p2—2)), (112)

as n; — oo. Note that (ny + p; —2)(vny + py — 2) is the dimension of the matrix AL’?{,}’Z’Q].

Moreover, using Lemmas 1, 12, 13 and the fact that the matrices KPPl el glel bl
are normal, we obtain

HRm,Pz | <~ ||A{Pl P2 HJFVHRPI’M]” _ HK[Pth P|,P2]||+VHKI7|,P2 §1P1~P2]H

ny,ny nlvnz ny,ny ny,ny nl n ny,ny ny,ny

1
SIREE -+ 1B +v|u<“:3n';2 I+ vIBREE

IA

1
= I I+ N B+ v -+ viBE )

1 1
< f||M£§”||m\|K£'f”nm+ My, +VIKE M o+ vM.

From Lemma 11 it follows
RIS < 0py s (113)

where Q) p, is a constant independent of n.

Theorem 18 The sequence of matrices {AnpllnI;Z]} is distributed like the function gp, p, :
[-7, 7] = R,
1
8p1.pa = ;hpz Q@ fpr1 + VI @hp,, (114)

in the sense of the eigenvalues.
Proof We have to show that, VF € C.(C,C),

1 (ni+p1=2)(vn1+p2-2)

li F(A;(AlPP2]
e (a1 —2) (Vi + p2—2) (Ai(An.a")

l T T
_ W/_n/_nF(g,,l,,,z(el,92))d91d92.
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By (106)-(109), we have

A[Pl p2) B[Pl ,p2] +RP11P2] Bl Pl,Pz

ny,ny ny,ny

+/32H,£ﬁ’1n’;ﬂ+ YoMl s)
v(ng)?

Recalling that n, = vn, is determined as a function of n;, we now prove that the hypotheses
of Theorem 1 are satisfied with Z,, = Ai{i‘,’{;z}, X, BL’;‘,’,’;Z] and Y,,1 the remaining term

in the right-hand side of (115). We have seen in (111) that {B (p1.2] } A &p,.p,- Noting that

np,ny
B,[f;] ,’,’272] is symmetric, by Theorem 5 we obtain

[P.p2]y _ 5 (pglprp]
[1Biyiay” || = p(Bajiny”) < Mg,
where My, = max gp,p,(61,62) is a constant independent of #;.

PR (61,0y)e-ma)?

By Lemma 1, we get

flpp] ﬁZ [p1.pa] Y [p1.p2]

nl,nz 1,’12 (n1)2 np,ny

\ﬁll , \ﬂzl ,
< IIH,E’f,‘nfz |+ S A+ o )2 M

\Bll \le Y

o o [ R L [ e i [
v(n)

\ﬁll Iﬁz\ Y

< rmllM,E?Z]llmHH,E’f”Hm IHE o M2+ AT 122 22V,

and from Lemma 11 it follows that

1 2 s
f nl]’ln.:z +B Hn[,),lnfﬂ-i- Y M[I’lﬁz]

V(n1)2 ny,ny
Combining (113) and (116), we obtain

where Qpl, p, 18 a constant independent of ny.
On the other hand, by using (112)—(113) and (116), we get

=0 (i) . (116)
ny

Rm[’z Bl HPth] ﬁZH[Pth]_’_ Y M[[’hl’z]
1

ny,n ny,n n np,n
1,12 1,12 V(n1)2 1,12

< QPthv

glPrP /31 flrira) ﬁZH p1.p2] Y [p1.12)
ny,ny Hp\ nny T 2 Mny,ny
ni v(ny)

1

<HRI71 \P2) Il +‘ Bi Hm \p2) +B2H.’717/’2]+ Y M[Pl-ﬁz]
ni

ny,ny ny,ny ny,ny V(l’ll)z ny,ny

1
< rank (RS2 R

ny,ny

+(ni+p1—2)(var +p2—-2) H H’[ﬁlwz + [32]_1[191 pl Vg lpp

n,np V(I’l])z np,ny
1
< k(R )0y (-4 1= 2)(vm 4 p2=2)0 (1)
=o((n+p1—2)(vimi+p2—2)), asn; —>oo.
Hence, all the hypotheses of Theorem 1 are satisfied, and the symbol (114) follows. O

In the next two subsections we discuss in more detail the spectral properties of the

matrices AL’T[,’@Z] with n; = ny = n in the cases p; = p» = 1 and p; = pr = 2.
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5.3 The bilinear case p; = p, =1

In the case p; = py = 1, for every ny = ny = n > 4, the matrix AL{;,I] is (n—1)2x (n—1)2
and is given by

Ay = ”]+’3‘ +ﬁ A+ Ll (117)
where the matrices K,[J,",l], ﬁ,ﬁ},’,l] s ITI,[,S;L]], M, [l 1 are described in Section 5.1. Theorem 18 reads

in the case p; = p, =1 as {A,[ll,’,,”} 3 g1.1, with

81,1(61,62) = (fi®h1)(61,62) + (1 @ f1)(61,62)

_8 %cos(el)

2 4
373 —fcos(eg)—gcos(el)cos(ez).

3

5.3.1 Localization of the eigenvalues and clustering

Y 1
Theorem 19 For every n > 4 such that 5z <3

L] y 8/ & y . vy 16 v
o-(A[ ) C (max(ﬁ,g(smﬂ) +972>7mm<4+n—2,?7@))
X[_wl\:w \ﬁu:wz\] e (118)

b

Proof Fix n > 4. By computing the real and imaginary part of ALI.,}]], we obtain

11 _ Pig B2
ln

PulLD Al =

ReAl: = kLY + 5 ALy +4 H[1 !

The target is the localization of cr(ReA[1 1]) and G(ImA i 1])
We begin with G(ReALJ, ]) Since n satisfies the condltlon o5 < 3, ReALln] is Hermi-

tian, irreducible and, by Gershgorin’s theorems,

iy - (¥ 16 v
o(ReAnn’) C (n2’3 9n2>'

We can improve this range as follows. The matrix K,Ll,‘ll] is equal to the matrix B,Ll;ll] defined
in (108), taking into account that in this case v = 2 = 1. Therefore, by (110) we obtain

;Er}l] :BLI,}LI] =T 1(M®fHi+[i®h) =T 1,-1(81,1)-

The range of g; 1 is [0,4] and so, by Theorem 5, G(Kn nl]) C (0,4). Moreover, since M,[, i _

M,[,I] ®M,£1], from Lemmas 1 and 14 it follows that M,[,ﬁ,, ¥ is symmetric and that G(M,[ll,nl]) C
(é, 1). By the minimax principle we then have

Amnax (ReAN) = A (KA + M) < A (KEA) + 5 A (1) < 44 .

I’l
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In addition, by the minimax principle, by Lemmas 1 and 14, and by the fact that A, (K,[Zu) =
4 (sin %)2 we obtain

Amin (ReAl") = Ao (K1 + r M,L{,g])

— Jonin (K ®M“]+M,[1”®K[”+ !

M[l]® M,[l”)
> Aunin (K5 Anin (M} >+7me(Mn”)xmm(Kn”>+ Amnin (M)

Therefore, we obtain for G(ReAL{hl]) the localization

1] Y 8. T N y 16 v
o(ReApn)) C <max<n2,3 (smzn) + 50 2) min (4+ o)) W9

(1,1

We now localize the spectrum O'(ImA[ ]) The matrices ﬁ,,.y,; ] and ﬁ,[,},;l] are skew-

L1]

symmetric. 6 As a consequence, the matrices 1H,£ M 1 and 1H,£ . are Hermitian, proving that

all the eigenvalues of H,[l M 1 and H,[l n 1 are purely imaginary. Moreover, ﬁ,[ll,;l] = [1] ® Hy, (1
and H[1 = gl @MY Thus, by Lemmas 1 and 14, G(H,[,lnl]) o(H lnl]) c {0} x (—1,1).
Hence, by the minimax principle,

Ammin (Im ALY = Apnin (& lﬁ[l 1] ﬁz : Al 1]>

(B 188 (5 L) B

n

and similarly it can be proved that

Amax (Im ALY < ui—” 1Bl

n
Therefore, we obtain for (ImAL{;ll]) the localization

B[ + 12| |ﬁ1\+|ﬁz|].

n

o(ImAlil) ¢ [— (120)

Combining (6) with (119)—(120), we obtain (118). O

Theorem 19 shows that {A,[:;,l]} is strongly clustered at [0,4], the range of the function
g1.1. This is confirmed by the following corollary.

Corollary 3 Ve € (0,1) and Vn > max (4, \/27 M) we have

qn(€) =0,
[1,1]

where q,(€) is the number of eigenvalues ofA,,]_n lying outside [0,4]¢.

6 This follows from their definition and from Lemma 1, taking into account that H,[,l] is skew-symmetric,
while M,[ll] is symmetric, see Theorem 7.
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Proof Fix € € (0,1) and n > max (47 \/g, M) . Since n satisfies the conditions # <1

§7
nl2 < € and M < &, by Theorem 19 we have

oAl c (%74+ ni;) y {_ Iﬁllj\ﬁzh Iﬁllj;\ﬁzq

nn

C[-€&4+¢€| x[—€,€=10,4].

Hence, g,(g) = 0. O

5.4 The biquadratic case p; = py =2

2

In the case p; = p» =2, for every n| = ny =n > 5, the matrix A[ 1 is n? x n? and

Bi ~ B

2] _

AR =k 4 22]

2 5
Hnn + Hnn + M1[1n )

where the matrices K,[, 7 ], ,[, M }, ,[,2,,2], My (2.1 are described in Section 5.1. Theorem 18 reads

in the case p; = pp =2 as {Am } 4 822, with

822(01, 92) =(®h)(01,6)+ (ha ® f2)(61,6,)

=% [99+600§(91) +6¢0s(602) —15¢c08(26;) — 15¢c0s(26,) —52cos(6;) cos(62)

— 14cos(6;)cos(26,) — 14cos(60;) cos(26;) — cos(26;) cos(26,)].

5.4.1 Localization of the eigenvalues

25y
12012

2 2
22 w10y 2047\ 49y
oAii’) C (max< 1002 * 100n2 )24 2

1L |Bi[+[B2| 11 [Bi] + B
X{ Goa G . 2}

Theorem 20 For every n > 5 such that < %

(121)

Proof Fix n>5 such that the condition (22,
2

< % is met. By computing the real and imagi-

nary part of A[ nn We obtain

RCA;[«,%;‘LZ]—K,[,Z,12]+ M’[m}’ and ImA[”] [31H[22 ﬁ2 22]

The target is now the localization of G(RGAL%;?]) and cr(ImA[2 2]).

First we localize the spectrum of ReAL%hZ]. Note that

Real) = ki + Tmi? = P o kP + kP o + TP o m?

:M,L}@K,E (k74 L) e,
n
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Therefore, by the minimax principle, by Lemmas 1 and 15, and by (90),

Amin (ReAS? >>7me<M[2®K[2)+am( kP oMy >+ T i (M @M”)

= Aanin (i) Aanin (K + A (K5) A (M )+-3 lmm( ) i (M)

72 1 y | 2m+4y

>2. — _ .
102 10 © 100n2 1002

(122)

25y
12012

vided in Lemma 15 for the spectrum of the matrix (K,[l ] + [2]) Hence, by the minimax

Moreover, recalling that n > 5 satisfies the condition < 6, we can use the bound pro-

principle, by Lemmas 1 and 15, and by (90),
Tmin(ReA) > A (M @ KE) + i ( (K + LM ) )

= Jomin (M )M( ?) + A (K,Mn% ) A (M)

1 72 y 1 a2+10y

— L= T 123
10 10n2 " #2 10 100n2 (123)

Furthermore, since K,[,?f] = BLz_;f} + RL%;,Z], we can decompose ReALz,’nZ] as

22 Y

ReAwsy = BLil +Riy) + 5 My

Lui.

We recall from (110) that BL%;,Z} = To.1(82,2). The range of g» is [0,3], and so by The-

2.2

orem 5 we obtain G(BL n2]) c (o, 3) Concerning the symmetric matrix R;; ', we find by

22]) - [—%, %] Using Lemmas 1 and 15, we also

find that 6(M{7") C (k5. 1)- Then, we apply again the minimax principle to obtain an
upper bound for Amax (ReA[2 2 ):

Gershgorin’s first theorem that G(R[

3 49
i (ReAR) < A (Bl )+ A (R ) + L Aman (M) < 5 -+ 2— +L==+T

(124)

Combining (122)—(124) we obtain

2 2
o(ReA?) c (max <L107 2n “’) 7£+nl2>. (125)

100n2 * 100n2 24
Now we localize the spectrum of ImA,[1 p 2 . The matrices H,[, I ], [2 2 are skew-symmetric
and H[n] MP? ]®H[ | ,E,,] = ,[,}®M,[, !, By Lemmas 1 and 15, we have G(H,L,’,, ]) =

o (Hy iz 2]) c {0} x (f%, %) Hence, by the minimax principle,

Aoin A7) = (21 16374 P2 LY
>;me(&7H””)Hmln<&l >>—@ﬂ_@£
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and similarly it can be proved that

Amax (ImAZZ) < Mi—l' 1k 1

12 n 12
Thus,
2] 11 [Bi]+[Ba| 11 [Bi]+ B
ImA Cl—— — . 126
omAn) S|~ 1 . (126)
Using (6) in combination with (125) and (126), we obtain (121). O

6 Conclusions

We have studied the spectral properties of stiffness matrices that arise when isogeometric
analysis is employed for the numerical solution of classical second order elliptic problems.
Motivated by the applicative interest in the fast solution of the related linear systems, we
have provided a spectral characterization of the involved matrices. In particular, we have
given an asymptotic analysis of

. the eigenvalue of minimal modulus and the eigenvalue of maximal modulus,
. the conditioning,

. the localization of the spectrum,

. the global behavior of the spectrum.

B W=

Concerning all these items, as in the case of Finite Differences and Finite Elements, the
crucial information comes from a symbol that describes the spectrum. The current analysis is
not yet complete since we have to take into account more involved geometries, variable co-
efficients operators, etc. We expect that the global symbol of the associated matrix sequence,
describing the spectrum in such a general context, will be formed, in analogy with the Finite
Difference and Finite Element context, by using the information from the main operator (the
principal symbol in the Hérmander Theory [26]), the used approximation techniques, and
the involved domain.

Of course, a second challenging step will be the use of such spectral information for
designing optimal preconditioners in the Krylov methods, optimal multigrid methods, and
efficient combinations of these techniques.
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