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1 Introduction

Quantile regression was introduced by Koenker and Bassett (1978) as an alternative to least
squares estimation and yields a far-reaching extension of regression analysis by estimating
families of conditional quantile curves. Since its introduction, quantile regression has found
great attraction in statistics because of its ease of interpretation, its robustness and its nu-
merous applications which include such important areas as medicine, economics, environment
modeling, toxicology or engineering [see Buchinsky (1994); Cade et al. (1999) or Wei et al.
(2006) among many others]. For a detailed description of quantile regression analysis we refer
to the monograph of Koenker (2005), which also provides a variety of additional examples.
In a concrete application the parametric specification of a quantile regression model might
be difficult and several authors have proposed nonparametric methods to investigate condi-
tional quantiles [see Yu and Jones (1998), Dette and Volgushev (2008) and Chernozhukov
et al. (2010) among many others]. However, nonparametric methods involve the choice of a
regularization parameter and for high dimensional predictors these methods are not feasible
because of the curse of dimensionality. Parametric models provide an attractive alternative
because they do not suffer from these drawbacks. On the other hand, in the application
of these models the problem of model selection and validation is a very important issue,
because a misspecification of the regression model may lead to an invalid statistical analysis.
Machado (1993) considered a modification of the Schwarz (1978) criterion for general M-
estimates, Ronchetti (1985) studied such a variant for the Akaike information criterion [see
Akaike (1973)]. Koenker (2005) proposed to use the Akaike criterion for quantile regression,
which usually overestimates the dimension but has advantages with respect to prediction.
More recently, several authors have worked on penalized quantile regression in the context
of variable selection in sparse quantile regression models [see Zou and Yuan (2008); Wu and
Liu (2009); Shows et al. (2010)].

The work of the present paper is motivated by some recent application of nonlinear median
regression with the EMAX model in pharmacokinetics [see Callies et al. (2004) or Chien et al.
(2005) among others]. In studies of this type model identification is not the primary goal
of the statistical analysis, but quantities such as area under the curve (AUC) or minimum
effective dose (MED) are of main interest and model selection should take this into account.
Example 2.1, see Section 2, is one such situation where a dose response relationship is
modeled by nonlinear quantile regression and a clear target is involved. Different dose
response models are considered with the specific purpose of using the selected model to
estimate the minimal effective dose, i.e. the target, the minimal dose for which a specified
minimum effect is achieved.

Model selection methods such as the Akaike information criterion or the Schwarz-Bayesian
information criterion operate in an ‘overall’ mode. Indeed, it is not required and even
not possible to specify beforehand which purpose the selected model should serve. On the
one hand, this is convenient since for prediction beyond the last observation as well as for
estimation of the variability and for estimation of a 10% quantile, one and the same selected
model could be used. On the other hand, this of course implies that in situations when one



has a specific purpose in mind, there could be better search methods, leading toward models
that are more efficient for that specific purpose. One such clear example is in phase II dose
finding studies where the sole purpose of the modeling procedure is to find the minimal
effective dose. In such studies, there is usually no specific interest in other aspects of the
model such as predictions or variability estimation.

The focused information criterion (FIC, Claeskens and Hjort, 2003, 2008b) is designed for
such targeted model searches. It explicitly takes the purpose of the modeling procedure
into account. The underlying idea is to start by specifying the focus and then to select
from different models that model for which the focus estimator has the smallest estimated
mean squared error (MSE). Other loss functions than squared error could be used, e.g. linex
loss (Claeskens and Hjort, 2008a) or ¢, loss (Claeskens et al., 2006). The use of the FIC
has been extended from the parametric regression models with maximum likelihood esti-
mation for which it was first defined toward semiparametric models (Claeskens and Carroll,
2007), generalized additive partial linear models (Zhang and Liang, 2011), capture-recapture
models (Bartolucci and Lupparelli, 2008), time series models (Claeskens et al., 2007), Cox
proportional hazard regression models (Hjort and Claeskens, 2006) and volatility forecasting
(Brownlees and Gallo, 2008), to name a few.

The purpose of the present paper is to develop a methodology for focused model selection in
quantile regression analysis. The basic terminology is introduced in Section 2, where we also
present a motivating example from a phase II dose finding study. Section 3 provides some
asymptotic properties of the quantile regression estimate under local alternatives. A rigorous
statement of these properties is — to the best knowledge of the authors — not available in
the literature. In Section 4 we use these results to define a focused information criterion for
quantile regression models. The methodology is illustrated by a small simulation study and
by the analysis of a data example in Section 5. Finally, some concluding remarks are given
in Section 6 and the more technical arguments are deferred to an appendix in Section 7.

2 Preliminaries

Let F(y|x) denote the conditional distribution function of a random variable Y for a given
predictor z. For a given 7 € (0,1) we consider the common nonlinear quantile regression
model

Q-(z) = F~!(r]x) = g(x; ),

where the regression function g(z; ) depends on a g-dimensional vector of parameters [ :=
(Brs -y Bpy Bpsts - -, Bg)" € © C R? and an explanatory variable x € X. In order to address
the problem of model selection we follow Claeskens and Hjort (2003) and assume that the
specification of the parameter 5 generates several sub-models, where each of the sub-models
contains the first part of the vector 3, that is By := (81, ..., 5,)" (Claeskens and Hjort (2003)
call this the narrow model and call these parameters “protected” parameters). The following
example illustrates this assumption for a class of competing models.



Example 2.1 Consider the Hill model

ﬁlxﬁ%

g(l',ﬁ) —64+W, (2.1)
which is widely used in pharmacokinetics and dose response studies [for some applications
see Chien et al. (2005); Park et al. (2005); Blake et al. (2008) among many others]. The
“simplest” model to describe the velocity of a chemical reaction or a dose response relation-
ship is a sub-model of (2.1) and is obtained by the choice 3 = 1 and £, = 0, namely the
Michaelis Menten-model

prx

g<x;ﬁlaﬁ27170) = 52-'-517

The model (2.2) corresponds to the narrow model (note that we have p = 2, ¢ = 4 in the
general terminology). Moreover, there are several other interesting models which arise as
special cases of the Hill model. A famous competitor is the EMAX model which is obtained
for f3 =1, that is

(2.2)

511’
x; B, Bo, 1, = (3, + ) 2.3
g(z; B, B2, 1, Bs) = Ba Byt z (2.3)
Similarly, if no placebo effect is assumed, this can by addressed by the choice g4 = 0, i.e.
By
: = — 2.4
g<xuﬁl7ﬁ27ﬁ370) 253_'_1:,33 ( )

The models (2.1) — (2.4) are frequently used for modeling dose response relationships.

In dose finding studies, a typical problem is to estimate the minimal effective dose (MED),
that is the smallest dose level such that a minimum effect, say A is achieved. For the purpose
of model selection, the aim is to find the model which best estimates the MED. ‘Best’ is
here understood in mean squared error sense. In more detail, the focus of the model search
procedure is the quantity u(8) = g~ 1(A, 3). For different models, this focus takes different
parametric forms. For the four given models in the current example, the focus is given by

(M)W BA  By(A—By) (§3A>1/ﬁ3
Pi+Ba—A AT B+ AT \f—A ’

for the models (2.1), (2.2), (2.3) and (2.4), respectively. It is typically the case in phase II
clinical trials or in toxicological studies that the estimation of the minimum effective dose is

(2.5)

the main goal of the experiment. The focused information criterion is constructed to select
the model which estimates the MED in the best way, by taking explicitly this target into
account from the start.

The aim of this paper is to derive a focused model choice criterion for quantile regression
analysis, which addresses problems of this type in more generality. For this purpose we
propose to choose a subset from (8,41, ..., 05,) such that the MSE for estimating a certain
focus parameter

H= u(ﬁla"'aﬂpaﬁp-ﬁ-la"'aBQ) (26)
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by the chosen quantile regression model is minimal. In order to find this “best” model, we
will determine the MSE of the estimator jig for each possible sub-model, where S denotes
any subset from (Bp11,...,0,)". Throughout the text, Ss will denote a parameter vector
for the model which includes all parameters from the narrow model plus the parameters
contained in a set S C {p+1,...,q}, that is Bs = (b1, .., Bp, (B))jes)’. Note that fg € Og,
where ©g C RPH®! denotes the canonical projection of © corresponding to the parameters
from the sub-model S. We will use the notation g(z;Bs) for the model g(z; ), which is
obtained for the vector 8 = (51, .., Bp, Yo.5¢: (Bj)jes)’, where for a given set S the vector
Y0,s consists of the parameters of a ¢ — p-dimensional vector -, corresponding to the sub-
model S and 5S¢ denotes the complement of S. Here, the values of 7, are always chosen such
that g(x; B1, ..., Bp,70) gives the narrow model. For example, in a linear regression model
where 7 corresponds to the regression coefficients, we choose 79 = (0,...,0)", whereas in
Example 2.1 where the narrow and full model are given by (2.2) and (2.1), respectively, we
have (70.1,7.2) = (1,0). Other functions of the parameter [ are interpreted in the same way
if their argument is Bg. In order to emphasize the case where all parameters are included in
the quantile regression model we use the notation g(z; Ss,u) and we define the vectors

50,fuzz = (517 cee 75}?7 ’Yo)t and 50,5 = (517 e 75p7 ’Yo,s)t-

Throughout this paper let n denote the sample size and § be a vector of dimension ¢ — p.
Following Claeskens and Hjort (2003) we assume that the unknown “true” parameter, say
Birue, is of the form

o
ﬂtrue = (517 cee aﬁp? Yo + %)t (27)
If a particular quantile regression model has been specified (by the choice of an appropriate
set ), the quantile regression estimate [, s on the basis of n observations Y;,....,Y, at
experimental conditions 1, ..., z, is defined as the minimizer of the function

Z pr(Yi — g(zi; Bs)) (2.8)

where p,(z) :==7I(2 > 0)z 4+ (1 — 1)I(z < 0)z denotes the check function [Koenker (2005)].

3 Asymptotic properties

In this section we study the asymptotic properties of quantile regression estimates under local
alternatives of the form (2.7), which are required for the derivation of a focused information
criterion for quantile regression. For this purpose we assume that the following assumptions
are satisfied.

(AO) The parameter space © is compact.



(A1) (i) Y3,...,Y, are independent random variables with densities fi,(-|z1),. .., fun(-|Zn)
such that for each = € X, fi,(-|x) is continuous. Fj}, denotes the corresponding distri-
bution function, while f;,(u) = fin(u + g(z4; Bos)|z;) is the density of the regression
error u; g := Y; — g(x;; Bo,s) with corresponding distribution function Fj,.

(ii) There exists a constant w > 0 such that for i = 1,2,...,n ; n € N the densi-
ties fin(-|z;) are uniformly bounded away from 0 by a constant 0 < Ky < oo in a
neighbourhood W= [g(xm Btrue) - w, g<xz> ﬁtrue) + ’UJ] of g(l’z; ﬂtrue)-

(iii) The densities f;, are uniformly bounded from above by a constant 0 < K; < co.
(iv) The densities f;,(u) are differentiable with respect to u and |f/ (u)| < K, in a

neighborhood of zero, where the constant Ky does not depend on n.

(A2) g(x; Brun) is twice continuously differentiable with respect to the parameter vector 8.y
for all x € X. For a given sub-model S and Sy € ©g we denote the corresponding
derivatives by

. ) = 20550

(A3) (i) There exists a positive definite matrix V' such that

/(P9 Bs)

Bs=Bls Bs=Bls

N
lim — > " m(x, Bopun) (@i, Bo,pun)’ = V.
i=1

n—o0 N, 4

(ii) There exists a positive definite matrix ) such that

i 23 ot B o iz g = = (2012,

where (g is a p X p-matrix which corresponds to the narrow model and ()1; denotes a
(¢ — p) X (¢ — p)-matrix corresponding to the additional parameters of the full model.
(iii) There exist constants 0 < C1,Cy < oo and u > 0 such that

max [ ) < Cy, max [ M(zi,B)]| < G

pes =L n

for all 3 in the neighbourhood U := {Be€O|18—Bosull <u}of Bofun-
(Ad) Fi(g(zs; Prrue)) =T foralli =1,... n.

(A5) (i) There exists a constant 0 < k; < oo such that for all 5 € © and for n > ny

n

BB — Bl < -3 lotw ) — (e o)

=1

(ii) There exists a constant 0 < ky < oo such that for all 5,5 € © and for n > ng

LS ol ) — ot A < kall8' — B
i=1



Note that the second subscript n is used here for the distribution functions Fj, (and cor-
responding densities f;,) in order to emphasize that we are working under the assumption
(2.7) of local alternatives. Moreover, it should be pointed out here that a similar assumption
as (Ab) was also used by Jureckova and Prochazka (1994) in order to ensure identifiability
of the parameter 3y, that is

n

BllE — 817 < -3l ) — oz OF < kall5’ — B (3.1)

=1

for all 3,3 € ©. However, for some important nonlinear models, the left inequality may
not be fulfilled. A typical example is model (2.1), where we have g(x;0, s, 83, 51) = [
independent of the values of 8, and [53. However, for the derivation of the asymptotic results
in this chapter it is actually enough to assume that (3.1) holds only for the “pseudo-true”
parameter (o ., which corresponds to assumption (A5)(i).

3.1 Consistency of the quantile regression estimator

In this section, we will prove that under the local alternatives of the form (2.7) the estimated
regression quantile 3, ¢ in a given submodel .S converges in probability to 5y . The precise
statement is the following result.

Theorem 3.1 Assume that (A0) — (A5) and (2.7) are satisfied. For any submodel S, the
statistic ﬁn s 15 a consistent estimator for [y g, i.e. Bn s — Bos=op(l) as n— oo.

Proof. Define
ANi(Bs) = gl Bs) — g(xi; Po,s), (3.2)

and note that under the local alternatives (2.7) A;(Sywe) tends to zero for n — oo. Using
assumptions (A1), (A3)(iii) and (2.7), we obtain for some a satisfying |a| < [A;(Bye)| and
Bi between Btrue and BO,full

Tn,T(xi) = g ( (Btrue»_ m() fm( ) (5true)

< a6y mac IS 0r N sy o1 m) = o) 33)

i=1,.., vn

where § = (0,...,0,0)" denotes a vector of length ¢ which is zero in the first p components
and takes the value 0 from (2.7) in the last ¢ — p components. Now recall the definition
of u; s in (A1) and note that the estimated regression quantile /3, ¢ minimizes the objective

function

Za(fls) = —Zm 9(2:: B5)) — pr ()

= - Z p‘r U; 8 — ﬁS)) - p‘r(ui,S)] . (34)



We first calculate the expectation of Z,(8s) as
BlZu(3s) = Z [ 7= Lz on)s = As3)) + (Liszoy = 3] dFin(s)

(- b+ [ s dBals) 4 A FulB(B9) (50}

—0oQ0

- —Z{ / - SAF(s) A3 Fin(Ai(Fs) = Fu(0)
+ A4(B5) (Fin(0) = Fia(Bi(Burac)) §
_ —Z/ Bs)) dFm(s) + o(1), (3.5)

where the last identity follows from (3.3) and the fact that = " | A;(8s) is bounded due
to assumptions (A5) and (A0). Note that the integral in the last line is always positive,
except in the case A;(fBs) = 0 which corresponds to the choice s = fys. Furthermore, the
identifiability assumption (A5)(i) guarantees that for sufficiently large n and any parameter
Bs € Og different from fj g we have

%Z:; (/A(:(Bs)(s — i) dﬁm(S)) - 20

This implies that for sufficiently large n the sum in (3.5) will only be zero for fg = 5y s and
is strictly positive otherwise. The key step for completing the proof is a uniform convergence
property of the criterion function. More precisely, we will show in the Appendix that

sup | Za(Bs) — EZa(Bs)]| = 0. (3.7)

Bs€Og

Because Z,, is minimized at 3, g, we have

Zn(Bus) < Zn(Bos) = 0. (3.8)

Then from (3.6), (3.7) and (3.8) follows the statement of the Theorem, i.e. ||Bn.s — fo.s| =
Op(l). O

3.2 Weak convergence under local alternatives

In this section we derive the asymptotic distribution of the quantile regression estimator Bn s
for each sub-model S under local alternatives of the form (2.7), which is the key step for
defining the FIC in every sub-model.



Theorem 3.2 Under assumptions (A0) - (A5) and (2.7) we have

Vilfos = fus) % N~ (@51 (200 ) 0701 - Q5 e

WSQH

where N'(u, X)) denotes a normal distribution with mean p and covariance matriz X,

Qs = lim =3 fun(gis b))z, fo.s)m(i, o)’
=1

n—oo M, 4
- t
VS = lim — Zm(xiaﬁo,S)m<xi7ﬁo,s) )
n—oo N i—1

and g is a |S| X p-projection matriz consisting of ones and zeros which simply extracts from
Q11 the rows corresponding to the sub-model S.

Proof. 3, s minimizes the objective function G,,(3g) := Yoy Lo (Y — g(zi; Bs)) — pruis)] .
We use a Taylor expansion at the point 8y s to write G, in the slightly modified form

n

GBs) = 3 {n{m,m}(l CP)ABS) — L ey 7A(Bs)

i=1

1 o<, s<ni(8s)) (Di(Bs) — uis) + Lias)<urs<oy (Uis — Ai( Bs))

= —V/n(Bs — Bos) (Tns + Rus(Bs)) + Z bi(Bs), (3.9)

where the random variables I',, 5, R, s(8s) and b;(8s) are defined by

F"»S = ;wf(ui,S)%m(xia 60,5); (310)

n 1 .
R, s(Bs) = ;%(Ui,s)% m(xi,ﬂi,s)—m(xi,ﬁo,s)],

bi(Bs) = Ljocu;s<ai(ps)}(Di(Bs) — tis) + Lia,(ss)<ui s<0y (Wis — Ai(Bs))
and Bi,g in the definition of R, s denotes a suitable value between ¢ and 3y g. Furthermore,
Ur(uis) = Thiy, 5201 + (T = Dy, 5<0}

denotes the “derivative” of the check function p,. In the Appendix we will derive the
following asymptotic properties of G,,:

e For I',, s defined in (3.10) we have
Los 2 W, (3.11)

where

W ~ N(( Con ) 5,7(1— T)vs).

WSQH



e For every g € U it holds that

1
Gn(Bs) = —vtfn,s+§thn,sv+0P(n_1/Z||v||2)+0(n_1/2||v||3)+0(n_1||U||4)+0P(n_1/6||v||3/2)
(3.12)
where U denotes the neighbourhood of fy i defined in assumption A3(iii) and

V= Vil fos), Qus = 3 FulOmzs, fo.s)m(i, fos)
=1

The approximation (3.12) will be used to establish a Bahadur-type representation for the
statistic 7}, = \/ﬁ(BmS — Bo,s)- More precisely, we will show in the appendix that T, is
stochastically bounded, that is A

[Tl = Op(1). (3.13)

Note that Theorem 3.1 implies that P(Bms € U) — 1 for n — oo. Therefore, by (3.12) and
(3.13) G,,(Bn,s) has the following stochastic expansion:

A A 1. A
Gn(ﬁn,S) = _Trtll—‘n,S + §T7€Qn,STn + Op(l). (314)
Next, define 85 ¢ := Bo,s+ U, //n with U, := Q;EFW. By (3.11), the term U, is asymptot-
ically normal distributed and in particular ||U,|| is also stochastically bounded. Therefore it

follows that P(f) ¢ € U) — 1 for n — oo. Moreover, U, satisfies U/T'y 5 = U} Qn,sU, and
consequently (3.12) yields

GulBrs) = —5UkQusUn + op(1). (3.15)

From (3.14) and (3.15) it therefore follows that

. B 1. . 1
Gn(/Bn,S) - Gn(ﬁ:;s) = —Tﬁrn,s + §T£Qn,STn + §U£Qn,SUn + OP(]->
1 - ~
= §(Tn —Un)'Qns(T,, — Uy,) + op(1). (3.16)

Note that by the definition of Bn s the left-hand-side of the above equation is always non-
positive, while the first term in the second row on the right-hand-side is always positive due
to the positive definiteness of @, s. Consequently, we obtain ||7,, — U, || = op(1), i.e.

T = /(o5 = fns) = Un + 0p(1) = Qs + 0p(1).

Therefore the asymptotic normality of T,, follows directly from (3.11).
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4 The FIC for quantile regression

From Theorem 3.2, an expression for the FIC can be derived by similar arguments as in
Claeskens and Hjort (2003). By applying the Delta method we get the asymptotic distribu-
tion of the estimator fig in the submodel S

on !

Viljis = ferue) = V(p(Bus) — 1(Bos)) + Va(u(Bos) — tt(Birue)) B Ns— s 0 (4.1)
with
Qo1 1
N, 0, — 7(1 — V. 4.2
5~ ( 88 Qs (WSQH 98 T( T)Qs SQS 96 ) (4.2)
and & = (0,...,0,0)". Here as well as in the following steps, all partial derivatives 8—5}(% and

a%% are evaluated at 5 = [y ruy and 8 = [y g, respectively. This yields for the MSE of (4.1)

_ Qo1 o Qo O O Qo1 on '~
MBEs = 5 QS (WSQH) %0 (WSQH) (QS )y 355 2855 QS (71'5@11) 6aﬁfu” 0

+ ( On tS)Q + % (1 -7)Q35'VsQ3'
OB 0Bs s g 5

Because the third term in this expression does not depend on the particular sub-model we
finally define the FIC for the quantile regression estimator as

t
Fics = 2 [QS (2 Yoo (2 ) @3+ rta - Qs veQs'] S

TsQn Ts(Q11 98
_o9 Q01 au b
2855 QS (WSQH) 58Bfu” 0. (43)

It remains to estimate the unknown quantities in this expression such that the FIC can be
calculated from the data. The key step here is to find an estimator of the matrices ()5 which
is consistent under local alternatives. Using the regression “errors” ¢; = Y; —g(x;; 317 el Bp),
(B, ..., B3, are estimated in the full model) Kim and White (2003) suggested to estimate the
matrix Qg by

~

QS = Z]l{ en<é; <cn}m($“60 S) (I“BO’S)t'

N QCn

where 307 s is calculated by taking estimates 51, e ,Bp from the full model and ¢, denotes
the bandwidth of the estimator which is in some way (e.g. by cross-validation) determined

from the data. The other terms in (4.3) can be estimated similarly as in Claeskens and Hjort
(2003), e.g.

1 o ; :
~ 0 Z m(xs, Bo.s)m(xi, Bo.s)"-
=1

11



Finally, we have to estimate the term 66°. By Theorem 3.2 we have shown that

Dy = v1((Bpir = %0,1)s -+ (By — W0.0-p))" = D ~ N(8, K),

where K denotes the (¢ — p) X (¢ — p)-matrix obtained by taking the last ¢ — p rows and
columns from the matrix 7(1—7)Q 'V Q™. Therefore, D D! has mean §§'+ K, and, following
Claeskens and Hjort (2003), we propose to use the estimator 5ot = D, D! — K, which should
be truncated to zero when the result is negative definite. An estimator K can be obtained
directly by taking the corresponding rows and columns of 7(1 — T)Q_IVQ_I of the estimated
covariance matrix of the full model. Finally, the derivatives of p can be estimated by plug-in-
estimators, using estimates for fy f.; from the full model. Summarizing these calculations,
we obtain for every submodel S the following expression for the estimated FIC which can
be calculated from the data:

T 8ﬂ(ﬁ)t A_1( Qm ) g ( Q01 >t A1 taﬂ(ﬁ)
FICy = - 0ot . ZPAE)
> 865 5=Bo,fullQS 7TSQH 77SQ11 (QS ) 855 B=Po, fult
u(B)’ A1y A—191(B)
+ 1-— V.
3ﬁs ‘ﬂ:BO,fullT( T>QS SQS 855 ‘B:BO,full

B=Bo, full

865 7"’S‘Qll 67 ‘ﬁ:BO,full

where v := (Bp41, ..., f;)" denotes the last (¢ — p) components of the parameter vector (3.
The largest difficulty in specifying a focused information criterion is the derivation of the
mean squared error expressions under local misspecification. Once these expressions are
obtained, the MSE values of several models may be compared in order to decide on a best
model. Such comparisons give rise to inequalities in terms of the local misspecification
neighborhood defined by J, the chosen focus p and K, related to the lower-right part of
the inverse Fisher information matrix. The result of Theorem 5.3 of Claeskens and Hjort
(2008b) where the MSE values of two models are compared, is applicable to this setting.

It previously has been obtained that some averaged versions of the FIC behave asymptotically
similar to the AIC, see Claeskens and Hjort (2008a). We shall not repeat these calculations,
but rather refer to that paper.

5 Finite sample properties

Different model selection methods each have their own underlying strategy. For example,
the AIC aims at minimising the estimated expected Kullback-Leibler distance between the
true density of the data and the density corresponding to the specified models. The BIC
originates from an approximation to the Bayesian posterior probability of the model given
the data, which should be large for the selected model. With these different underlying
constructions, it should be no surprise that different models get selected if different types of
information criteria are applied. Theoretical properties, such as efficiency, might be other

12



reasons for practitioners to prefer one criterion above another. It can be shown that no
model selection method can be universally best, a criterion that is efficient cannot at the
same time be strongly consistent (Yang, 2005).

With the construction of the FIC, we start explicitly from a focus that is to be estimated
and we try to find the best model for precisely this purpose. It is in such situations that
the FIC can be recommended, when models are constructed for a particular purpose. Dose
finding studies are ideally suited for the use of the FIC since the focus, the MED, plays the
prominent role in all of the modeling process. We wish to stress, however, that the given
theory and derivations extend much beyond the dose finding studies. Any focus p that is
expressible in terms of the model parameters $ and that is differentiable with respect to
these parameters could be taken as the starting point for the FIC. This quantity is to be
used in the FIC expression (4.4) and the model with the smallest such value gets selected.

5.1 Linear quantile regression

In this section we present a simulation study for model selection by the FIC criterion in a
linear quantile regression model. Moreover, we also illustrate the practical application of the
FIC for quantile regression in a detailed way and compare the performance of the FIC for
estimation of the focus parameter to more conventional model selection criteria such as AIC
and BIC. We consider the following model:

9(z; Bo, B1, V1,72, 73, Ya) = Bo + frx1 + 1121 + Yaze + Y323 + Yaza. (5.1)

Here, By and ; denote the “protected” parameters which are included in every candidate
model while 7; to 74 may be included or not. Consequently, there will be 16 candidate
models to choose from which all contain 3y and (7, but differ with respect to the parameters
~v1 — 4. For example, the narrow model only contains Sy and 3; while v, — 4 are set to zero.
The procedure starts by specifying the focus parameter, for which we chose the prediction
of Y at covariate value (1, 21, 22, 23, 24) = (10,10, 10,10, 10). Next, the focus is written in
terms of the model notation as

11 (Bos Brs 71, Y25 35 Ya) = Bo + 1051 + 1091 + 10792 + 1073 + 1074.

To continue, each candidate model is fitted to the data and the resulting parameter estimates
are used to estimate the MSE of the focus estimator in the considered models. This yields
an FIC value defined by (4.4) for every candidate model. Finally, the model with the lowest
FIC value gets selected and an estimator of the focus parameter is obtained by taking the
estimated focus from the chosen model.

For our simulation study, data are generated from model (5.1) with parameter values Sy = 1,
f1=1and v =799 =3 =4 = 1/y/n. First, a set of covariate values of size n is generated
by drawing from normal distributions, that is

X, ~ N(20,25), Z1 ~ N(20,6.25), Zy ~ N(—10,6.25), Z3 ~ N(10,1), Zy ~ N(5,2.25).
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Those values are now considered as fixed and are used in all simulation runs. For the
distribution of the “error” e =Y — g(z, Byue) we assume two different scenarios: A normal
distribution with mean 0 and variance 0?> = 4 and a Cauchy distribution with location
parameter a = 0 and scale parameter b = 2. Furthermore, we consider two different sample
sizes, n = 50 and n = 100. The parameters are estimated using median regression (i.e.
7 = 0.5). We conduct 2000 simulation runs where in each run model selection is performed
using the FIC. From the chosen model, we obtain a post-selection-estimator fi; prc for the
focus parameter p;.

In order to compare the FIC to more conventional information measures such as AIC and
BIC, in each replication step we also estimate p; using the model selected by AIC and BIC.
In the median regression case, the AIC and BIC for the candidate model S are obtained as

1
AICs = nlog(a) + p, BICs = nlog(6) + 3P log(n),

where 6 = 237" | |y; — g(a; Bn.s)|, p denotes the number of parameters in the model S and
n the number of observations [for details see Hurvich and Tsai (1990)]. For a comparison of
the different model selection procedures we compute the absolute errors of the post-selection-
estimators for p

|,&1,FIC - ,utrue| ; |[1’1,AIC - ,utrue| ; |[1'1,BIC' - ,utrue| 3 (52)

where [i; prc, fl1,a1c and fi; prc denote the estimators of the focus p;, where the model has
been chosen by FIC, AIC and BIC, respectively.

We calculate the median absolute error and the median absolute deviation (MAD) from the
2000 replications separately for FIC, AIC and BIC. The results are displayed in Table 1.

Median MAD
FIC | AIC | BIC | FIC | AIC | BIC
n =50, e~ N(0,4) 1.90 | 2.11 | 2.09 1094 | 1.12 | 1.17
n=>50, e~C(0,2) |236|264|262]|137]|1.53]|1.53
n =100, e~ N(0,4)|1.45|1.74|1.79|0.70 | 0.94 | 1.02
n =100, e~ C(0,2) | 1.65]2.01|2.05|0.87|1.18 | 1.20

Table 1: Median and median absolute deviation (MAD) of the absolute errors of the estimates
of the focus j1 obtained from the FIC, AIC and BIC.

In a second setting, data are again generated from model (5.1) with gy = f; = 1 and
Y1 =72 =3 = Y4 = 0.3. The corresponding results are shown in Table 2. From Table 1
and Table 2 it can be seen that in nearly all considered scenarios FIC either performs clearly
better in terms of median absolute error and MAD or at least equally well as AIC and BIC.
For both sample sizes FIC is a clear winner over both AIC and BIC if the errors are Cauchy
distributed. For normal errors, FIC shows substantial advantages over AIC and BIC with
parameter values v; = 7o = 73 = 74 = 1/4/n whereas for the case v, = 79 = 73 = 74 = 0.3
FIC yields similar results as AIC, but is still considerably better than BIC.
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Median MAD
FIC | AIC | BIC | FIC | AIC | BIC
n =50, e~ N(0,4) 260 | 2.72 1 3.34 | 1.24 | 1.47 | 1.47
n=50, e~C(0,2) |3.42 (396 |3.83]|159]|1.98 |2.12
n =100, e~ N(0,4)|2.10 | 187 |2.75|1.14| 1.15 | 1.53
n =100, e~ C(0,2) |2.90 |4.05|4.01 |1.38]2.04 | 2.38

Table 2: Median and median absolute deviation of the absolute errors of the estimates of the
focus py obtained from the FIC, AIC and BIC.

5.2 Nonlinear quantile regression: Application of the FIC for
dose-response-modeling

As a second example, we consider the class of quantile regression models introduced in
Example 2.1. All results are again based on 2000 simulation runs and we consider three
scenarios for the error distribution: Errors are assumed to be normal with mean 0 and
variance o2 = (.01, Cauchy distributed with location parameter a = 0 and scale parameter
b = 0.07 or normal with a heteroscedastic variance structure. In the heteroscedastic case we
assume that the errors are normal with mean 0 and standard deviation (depending on the
explanatory variable x)

1
= S — 5.3
o(z) =7+ T (5.3)
where 79 = —0.1, 7, = 0.24 and 7 = 0.15. This variance function was proposed by Lim

et al. (2010) for dose-response-modeling. We consider the case of two competing models,
the Michaelis-Menten-model defined in (2.2) and the Hill model without intercept given by
(2.4). We generate data from the model (2.4) with parameter values f; = 0.417, By = 25
and 83 = 1.75. As experimental design we choose six different dose levels equidistantly over
the dose range [0mg, 150mg] and assign 32 observations to each dose level. The parameters
are estimated using median regression (i.e. 7 =0.5). From these results we obtain a robust
estimate for the focus parameter p, the minimal effective dose (MED) defined in (2.5) with
A = 0.1. We investigate the performance of the FIC for choosing between the Michaelis-
Menten-model (2.2) and the Hill model (2.4). As in the previous chapter, we compare FIC
to AIC and BIC. In Table 3 we display the median and median absolute deviation of the
absolute errors (5.2) of estimators obtained from the different model selection procedures.

Median MAD
FIC | AIC | BIC | FIC | AIC | BIC
N(0,0.01) |1.76 | 1.96 | 3.12 | 1.04 | 1.22 | 1.53
N(0,0%(x;)) | 3.62 | 4.29 | 5.24 | 1.96 | 1.92 | 1.38
C(0,0.07) 4.25 | 5.70 | 5.73 | 2.43 | 0.98 | 0.96

Table 3: Median and median absolute deviation of the absolute errors of the estimates of the
focus ps obtained from the FIC, AIC and BIC.
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We observe that the median absolute error of FIC is the smallest in all cases, while the BIC
yields the largest median of the absolute errors. However, for the MAD the situation is not
so clear. While the FIC also yields the smallest MAD for homoscedastic normal distributed
errors, the BIC is superior in the case of the Cauchy distribution.

For this nonlinear example, we also compare FIC to AIC and BIC by counting how many
times in 2000 simulation runs the FIC obtains a better estimator (in terms of absolute
deviation) than AIC (FIC<AIC) and BIC (FIC<BIC) and vice-versa. The first row of Table
4 shows the results for homoscedastic normal distributed errors, the second row displays the
results for heteroscedastic errors with variance function (5.3) and the third row shows the
results for Cauchy distributed errors.

& FIC<AIC | FIC=AIC | AIC<FIC | FIC<BIC | FIC=BIC | AIC<BIC
N(0,0.01) 657 1085 258 1149 A75 376
N(,0%(z;)) | 579 1222 199 1176 469 355
C(0,0.07) 1062 571 367 1200 304 496

Table 4: Comparison of the absolute error of the estimate of the MED, where the model is
chosen by FIC and AIC (left part) and FIC and BIC (right part).

In this example it is clearly seen that in the majority of cases the FIC selects a model which is
better than the model chosen by AIC and BIC. Roughly speaking, FIC finds a better model
than BIC in more than half of the simulation runs for all considered error distributions.

5.3 Application of the FIC in a clinical dose response study

For an empirical illustration we consider a data example from a dose response study, which
has recently been investigated by Callies et al. (2004). Zosuquidar is an inhibitor of P-
glycoprotein which is administered in combination with chemotherapeutic agents in order
to increase tumor cell exposure to chemotherapy. In this study median regression is used to
estimate the relationship between the plasma concentration of Zosuquidar and the percentage
of P-glycoprotein inhibition [for details see Callies et al. (2004)]. The intercept 4 in model
(2.1) is assumed to be zero, so that either the Michaelis Menten model (2.2) or the Hill model
with no intercept (2.4) are candidates to describe the dose response relationship. The focus
parameter in question is the ICyg, the dose where 90% of maximum P-glycoprotein inhibition
are realized, that is A = 90. Figure 1 shows the data, the fitted median regression curves
and the location of the ICyy for both models. We observe substantial differences between
the estimates of the ICy, obtained from the two models and therefore model selection for
estimating the ICyy is of importance in this study. We use the FIC to decide whether the
Hill slope 33 is included in the model or not. The resulting FIC values are 1.21 - 107 for the
Michaelis Menten model (2.2) and 4.38 - 10° for model (2.4). Thus, the ICy, is estimated
using the Hill model with no intercept, which gives a value of I Coo = 183.19. Finally we
note that the AIC also selects the Hill model with no intercept in this example, while BIC
favors the Michaelis Menten model with only two parameters.
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Figure 1: Zosuquidar data with estimated median regression curves from the Hill and
Michaelis Menten model.

6 Discussion

The work in this paper was motivated by the problem of selecting a model to determine the
minimal effective dose in a dose response study on the basis of median regression analysis.
For this purpose we have extended the available theory for estimation under local misspecifi-
cation from a likelihood setting towards quantile regression models and developed a focused
information criterion (FIC) which takes the specific target of the statistical analysis into
account for the process of model selection. Simulation studies demonstrate that this way of
selection indeed often results in estimators of the effective dose with smaller error than those
obtained by standard selection methods such as AIC and BIC.

The answer to the question which criterion to use depends on the research problem, often
also on the preference of the researcher for one of the criteria and is not straightforward
to answer in general. When a model is to be sought that gives a best performance for the
estimation of a particular quantity, the focus, the FIC is a good choice since it is designed
for this purpose, and the results of Section 5 indicate some improvement with respect to the
precision of the focus estimate. The log(n) penalty that is used in the BIC may for large
sample sizes have the effect of selecting rather small models with only few parameters. The
AIC on the other hand has a possibility of overfitting, which might in some situations be
advantageous in order not to fail to identify possibly important variables. A good advice
would be to always consider the choice of the model search criterion in concert with the
further use of the model and to take the ideas underlying the construction of the criteria
into consideration.

The presented FIC is applicable in nonlinear quantile regression models in general, hence
not only for minimal effective dose determination. The procedure is always the same. First,
specify the focus and write it in terms of the model parameters. Estimate the MSE of the
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focus estimator in each considered model under a local misspecification assumption. This
yields a value of the FIC for every model, and the model with the smallest FIC gets selected.
In general the focus might depend also on the particular covariate information z, hence
= p(B;z). In such cases, the derived FIC expression is specific to the given value of z,
and ‘subject-specific’ model searches could be performed. When this level of detail is not
wanted, we can average the risk function over a wanted domain of values for the covariate x
(e.g. when x represents the age, one could consider a range of values (20, 60), or one could
perform the selection for all women in the dataset, or for all treated patients in a clinical
trial, etc.). Claeskens and Hjort (2008a) work this out for the class of generalized linear
models. One could consider the loss function for model S in the following way L, (S) =
n [{is(B;x) — purue(B; 2)}2 AW, (), where a weight function 1, determines a distribution
of relevant = values, which might for example be an empirical distribution over the observed
sample. A similar idea could be applied in this setting of nonlinear quantile estimation.
Another interesting topic for future research could be a study of asymptotic properties of the
estimators under a different local misspecification setting than (2.7) by no longer assuming
misspecification at the coefficient level, but rather at the level of the density functions. This
line of thought is explained for likelihood regression models in Claeskens and Hjort (2003,
Section 8) where it is assumed that fuue(y) = f(y;60,7%){1 + r(v)/v/n} + o(1/y/n), for
some function 7(-) that satisfies [ f(y;6o,70)|r(y)|dy < oo and [ f(y; 6o, 70)r(y)dy = 0. It is
expected that theoretical properties similar to those in the present paper can be developed
for such a situation.

7 Appendix: Proof of technical results

Proof of (3.7). The proof of the uniform convergence property can be established using
results of Liese and Vajda (1994), who presented general conditions for consistency of M-
estimators and the uniform convergence of the corresponding objective functions. However,
we still have to keep in mind that we work under local alternatives of the form (2.7). For
notational convenience, define 0, (8s) := Z,,(Bs) — E[Z,.(8s)] where Z,, is defined by (3.4).
We begin with a proof of the following properties, which will be used later to establish
uniform convergence of the objective function:

(B1) The class of functions {d,(8s)|n € N,n > ng} is equicontinuous on Og.

(B2) |Zu(Bs) — E[Za(Bs)]| = 0 for any Bs € Os.

First, observe that for 8g1,3s2 € Og

5u(Bs2) = 8a(Bs2)| < 22D Lo Bsa) — gl s,
=1
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which follows from the Lipschitz continuity of the check function. The equicontinuity (B1)
is then implied by assumption (A5) and (A0). For a proof of (B2) we introduce the notation

2(Bs) = p-(Yi—g(zi; Bs)) — pr(uis)
= Lpu, s<0p(1 = 7)A(Bs) — Lu, 550372 (Bs)
1 {0<u; s<ni(8s)) (Di(Bs) = tis) + Lia,(8s)<us s<03 (wis — Di(Bs))  (7.1)

which gives

1 & 1
w2 EZ;ﬁ“wmﬂl—ﬂ%ﬁww+ﬂm@m#Aﬂ@>

1 g0cu, s<n,85)} (Di(Bs) — wi,5)” + Lqa,(ss)<ur s<0y (Uis — Ai(Bs))?
=21 j0<u; s<n(8)y TA(Bs) (Ai(Bs) — uis)

+2]]'{Ai(/85)§71«i,5§0}(1 - T)Ai(ﬁS)(Uz’,S - Ai(ﬁs))] . (7.2)

Taking e.g. the expectation of = 37" | 11w, s<a,(3s)} (Ai(Bs) — us,s)?, the third term in the
above sum, yields

n

1 <& Ai(Bs) N 1 &
L D Ljocus s<aups (D Bs) — Ui,s)Zl = - Z/O (Ai(Bs)=s) fin(s)ds < — > A3 (Bs)
i=1 i=1

i=1
which is bounded by assumptions (A0) and (A5). Since the expectations of all other terms
in the sum (7.2) can be similarly bounded, we obtain that = 3" | E[z;(8s)%] is bounded.
Therefore it follows from Chebychev’s inequality that

P(Z,(3s) - BIZ,(68)] > o) < 22 Es)]

= o(1)

which establishes (B2). The uniform convergence in (3.7) can now be derived from (B1) and
(B2) using similar arguments as presented in Liese and Vajda (1994). (B1) yields for any
€ > 0 the existence of a 6 > 0 such that for every * € Og,

sup  [0n(Bs)| < [0n(87)| +€/2, m €.
{Bs:|Bs—B*|<8}

By the compactness of ©g there exist finitely many points 1, ..., Sk € Og such that

sup [0,(8s)| < [0n(8i)| +€/2, neN,

Bs€Os
for some i € 1,...,k. As a consequence, we have
lim P( sup [6,(Bs)| >€) < lim P(max |0,(8;)] > €/2) =0.
n—o00 Bs€Og n— o0 1<i<k

where the last equation follows from (B2), which implies (3.7).
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Proof of (3.11). Recall the definition of F' and f in assumption (A1). A straightforward
calculation yields

B[ (uis)] = 7(1 — Fin(0)) + (7 — 1) En(0) = Ein(Ai(Birue)) — Fin(0).

This gives for the expectation of I',, g,

n

BIl0s] = 3 | (Ful&1(6e)) — Ful0)) i, )| (1.3

i=1

Note that for some «; satistfying |a;| < |A;(Brrue)| and ; between Bo. fur and Birye, by using
assumptions (A1), (A2) and (2.7) we obtain the following representation:

Fin8i(Birue)) = Finl0) = finles) (i, @)t%) = Fn(0) (m<xi,ﬁo7fuu>t%) + o%).

Together with (7.3) and assumptions (A1)(iv), (A3)(i) and (3.3) this yields
1 e~ - o
El,s] = - Z fin(0)m(zs, Bo,s)m(zi, Bo,un)’d + o(1) (7.4)
i=1

and assumption (A3)(ii) implies

n— 00 7T5Q11

lim B[, ] =o' ( Qo ) 6. (7.5)

For the calculation of the variance of I';, ¢ we recall the definition of r, . in (3.3) and use
(7.3) and assumption (A4) to get

Var[i, (ui5)] = Fin(0) = 27F,(0) + 72 — (7 — F,(0))?

= En(Ai(ﬁtrue)) - rnﬂ'(xi) - En(Ai(ﬂtrue)) - Tn,T(xi)] i
= 7(1—=7) + 10 ()21 = 1) = (rpr(z:))2 = 7(1 = 7) + 0o(1).  (7.6)

Therefore, using (3.3) we obtain

n

Var[l', s] = ZT(l — T)(%m(flﬁi, Bo.s)m(z;, Bo,s)') + o(1).

i=1
which yields (by Assumption (A3)(i))

lim Var[l[',, ] = 7(1 — 7)v' V0. (7.7)

n—o0

Note that, due to assumptions (A0), (A2) and (A3), the process I';, s satisfies a Lindeberg-
Condition. From this result and (7.5), statement (3.11) is then obvious.
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Proof of (3.12). In order to show (3.12), we are going to establish the asymptotic properties
of the terms in (3.9) for S5 € U. First, for the expectation of b;(5s), assuming that A;(fBs) >
0 (the case where A;(8s) < 0 can be treated analogously with the same result) we obtain
for some & with |&[ < [A;(8s)]

Ai(Bs) ~ -
Ebu(Bs)] = / (=5 + Au(Bs)) Fnl) ds = Ful€)(Du(Bs)) /2.

Note that for S5 € U by assumption (A3)(iii) we have

Ay(s) = miai o) 7= + gt Ml B = O™ 2ol + O~ o) (75)

where B, € U denotes a suitable value between s and [y . Thus, using (7.8) together with
assumption (A1)(iv) we obtain

B 0B = Y (Jul0)(A:lB))/2) + 3 ((Finl€) = Fu0)(AilB5)")/2)
= % . (ﬁ'n(o)vtm(%,50,S)m(xi,5o,s)tv) + O Y2 ||?) + O(n o]
= S0 Qusv + O™ l) + O™ o). (7.9)

Similarly, for the variance of b;(8s) (we again consider the case A;(8s) > 0 and remark that
the calculations for A;(8s) < 0 yield the same result) it holds that

Aq(Bs) 5 ) 3
Valb B < [ (8ul88) — 9 Fnls)ds < 1 S
0
and consequently, for g € U
Var[> bi(Bs)] < K Y w = O(nY?|v?) (7.10)
=1 =1

where the last equality follows from (A3)(iii). An application of Chebychev’s inequality using
(7.10) yields

Z bi(Bs) = E[Z bi(Bs)] + Op(n™°Ju]|*’2). (7.11)

Finally, we will determine the asymptotical behavior of the term R, s(fs) for fs € U. Using
assumption (A3)(i) a similar argument as in the proof of (3.11) can be applied in order
to show that \/iﬁ >oiy ¥r(u;8) is asymptotically normal and stochastically bounded. Then,
under assumption (A3)(iii) one obtains v‘R,, s(8s) = Op(n~1/2||v||?) and this completes the
proof of (3.12).
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Proof of (3.13). It remains to prove that 7}, is stochastically bounded, that is ||T,| =

Op(1). Note that Theorem 3.1 implies ”T—\/%H = op(1). Therefore it follows from (3.12) and

the fact that P(f,s € U) — 1 for n — oo that G,,(53,.5) admits a representation

with
Aui= —TtTos + 0p(IFall) + Op(n~ Yo T,[%2) + 0p(1), (7.13)
1. ~ ~

Note that by (3.11) the term I',, ¢ which appears in (7.13) is asymptotically normal and
satisfies T'T.g = Op(||T,]]). Moreover, under assumptions Al(ii) and (A3)(i) we have
|By| > ¢||T,||? for some positive constant ¢ and n sufficiently large and B, is positive due to
the positive definiteness of the matrices @, s. Observing that G,(Bn.s) < Gn(Bo.s) = 0 by
the definiton of Bms, we obtain the inequality

e Tal® < [Bal < | A4, (7.15)

Considering the stochastic order of the terms in (7.13), this implies |7},|| = Op(1).
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