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ABSTRACT

The knots and weights of a cubature formula are determined by a system of
nonlinear equations. The number of equations and unknowns can be reduced by
imposing some structure on the formula,

We are concerned with the construction of cubature formulae which are
invariant under rotations. Using invariant theory, we obtain a smaller system
of algebraically independent equations.

This is used to construct cubature formulae for the square and the triangle.
New results are:

— @ 24-point formula of degree 11 for the square,

— a 33-point formula of degree 13 for the square,

—- a 13 point formula of degfee 8 for the triangle and
— a 22 point formula of degree 10 for the triangle.




1. Introduction

Invariant theory is a beautiful nineteenth century technique.
Recently it’s used to study error-correcting codes [16] and to construct cubature formulae for 2 and 3
dimensional regions [1], {4] and {7]. These cubature formulae were all invariant with respect to
reflection groups. In order to obtain cubature formulae with less knots, we will use a subgroup of a
reflection group.

2. Invariant theory

Let G be a group of linear transformations acting on a n-dimensional vector space V over a field X,

Definition 1: An invariant of G is a polynomial ¢(%) which is unchanged by every linear transfor-
mation in G. Or, without words :

Pg(¥)) = p(F). g €G. VX €V,

Definition 2: Polynomials Y, (%), . .. ,¥,(X) are called algebraically dependent if there is a polyno-

mial Y(F) in r variables with complex coeficients, not all zero, such that (Y, (%), . ... ¢ () =0.

Otherwise the polynomials ¢; (%), . . . ,¢,.(¥) are algebraically independent.

The following theorems are useful.

Theorem 13 Any n+1 polynomials in n variables are algebraically dependent.

Proof ¢ See [9].

0O
Theorem 2 : There always exist n algebraically independent invariants of G in n variables.
Proof : See [2].

&

Definition 3 ¢ The G-orbit containing the point'@ € V is the set of points g (@), where @ is fixed and g
runs through all elements of the group G.

We need some kind of basis to describe all invariants as functions of the elements of this basis.




Definition 4 : Let ¢,(%), ... ,¢,(¥) be invariants of G. ¢;(F). ..., ¢(*) form an integrity basis
for the invariants of G < any invariant of G is a polynomial in ¢,(¥), ..., ¢,(¥'). Each polyno-

mial ¢;(¥) is called a basic invariant of G.

From theorem 1 we know that if { > n then there exist polynomial equations, called syzygies,

relating ¢, (), . .., (F).

Let CIf;. ... .f.] be the set of all polynomials in fy, ..., f, with complex coefficients.
Let IP(G) be the vector space of invariants of the group G, IP;(G) the vector space of invariants of G
of degree & d and IP, the vector space of all polynomials in n variables of degree <d.

e

Definition 5 3 A good integrity basis for IP(G) consists of homogeneous invariants ¢;(%), ..., A€
( 2 n) where (%), ..., ¢, (%) are algebraically independent and
IP(G) =€l (F), ..., ¢, (X)) if I=n

or
P =, (F).... . (FN® ¢, (F) . Clpy (T, . .. . ()]

@ e ® ¢l(.§?) + C[¢1(?)n e :¢n(?)] if l > n,
From Sloane [16] we know what the syzygies are for a good integrity basis ¢y, ... .9, :
— If [ = n, there are no syzygies.

— If { > n, there are ({—n)* syzygies expressing the products ¢;.¢;, G > n, j > n) in terms of
é1.....¢, if the product is not commutative. Thus if the product is commutative, there are
({—n)I—n+1)/2 syzygles expressing the products ¢; . ¢, i > n, j 2i) in termsof ¢;.. ... &, -

For each integer { 2 0, the homogeneous invariants of degree i form a finite dimensional vector
space over IR of dimension ¢;. A useful formula for the ¢;'s is given by the following.
Theorem 3 {Molien's formula)

Let (o), . .. ,0,(0) be the eigenvalues of o € G. Then

> i 1 1
£ =TT L o0 - (man (@D

Proof See {12].
0

If (XD ... .¢(F) form a good integrity basis for the invariants of G and d; = deg ¢;(F), then (see




Sloane [16))
Y et! = ~ 1 if [=n
=0 H (1"""t
or
L4
- 1+ 3 v
T ept= —1724 if I>n
=0 1 -

Example 1:

Let V = IR? and G the group of rotation symmetries of a square.
Using matrices to describe linear transformations, we can write

3 I B e R e

The following polynomials are invariants of G : ¢y = 7%, ¢, = r4 cos 40 and ¢; =

x=rcosfandy=rsind.

The invariants ¢b;, ¢, ¢3 must be algebraically dependent according to theorem 1.

Indeed : ¢3 — @7 + 92 = 0.

The Molien-series for this group is

E c.t‘ - ...1— 1 2 1
= 4 \1+4¢2=2¢ 142 14242t
1+¢4

T -0

The polynomials ¢y, 2, ¢3 form a good integrity basis of G.

The single syzygie is ¢3 = ¢1 ¢3.

3. Invariant cubature formulae

Consider an integral

If1= £w(?)f(?)d?

over an arbitrary region & € R* with w(Z) > 0.

r4 sin 40 where

(1)




Definition 6 ¢ A cubature formula is an approximation for the integral Z[f ], of the form

e —
RIfl= T wi f(ZO). e))
i=0
The non-zero constants w; are called weights and the %@ are called knots.
A cubature formula has degree d if I[f ] = Q[f] Vf € P,.

Definition 7 : A cubature formula is said to be invariant with respect to a group G if the domain of
integration Q and the weight function w(X') remain unchanged under a transformation g € G, and if
the set of knots is a union of G-orbits. The knots of one and the same orbit have the same coefficient

W;.

The usefulness of invariant theory, in the context of constructing cubature formulae, is highlighted
by the following result due to Sobolev :

Theorem 4 : Let the fornuda (2) be invariant with respect to G. The cubature formula (2) has degree d
< Ilf 1= 0l 1 vf € IP,(G).

Proof : See [17].
|

The knots and weights of a cubature formula are the solution of the system of nonlinear equations
Qlfl=1[f1 i=1,....dimIp,

where the f; form a basis for the vector space IP; and the knots and weights are the unknowns. The
number of equations and unknowns can be reduced by imposing some structure additional on the for-
mula . Sobelev's theorem suggests that we look for invariant formulae, that is, solutions of the equa-
tions

Qlgpl1=1l¢;] i=1,..., dim IP,(G)

where the ¢; form a basis for IP;(G) . This was done in [1], {4] and [7] when G is a reflection group,
for which there exist no syzygies relating the basic invariants.

In the following sections, G will be the group of rotation-symmetries of a square or the group of
rotation-symmetries of a triangle.

4. Cubature formulae for the square

We want to construct cubature formulae for C, : the square {(x,y) : ~1 € x,y € 1} with weight
function w(x,y) = 1, The symmetry-group of a square contains 4 reflections and 4 rotations. It is
known as the dibedral group D4 of order 8 The rotations form a subgroup R,.




In example 1 we found a good integrity basis for IP(R4) : ¢1 = 12, ¢y = r* cos 40, ¢3 = r4 sin 46.
The system of nonlinear equations we must solve, is described by

Theorem 5 ¢ An invariant cubature formula with respect to Ry, of degree d = 2k—1 is a solution of the
system of nonlinear equations

Ol dadi] = 1[pidseh]
with2r + 4s + 4t < d, r.s € IN,¢ € {0,1}.

2
The number of equations = dim IP4(R,) = lk—;l]

Proof :
The number of linear independent invariants of degree i, ¢;, can be found using the Molien-serie :

o 14¢4
t! e
L ot = =)

2 1+t = (1—t?—t4+¢5) T ot
i=0

¢;=0 wheni isodd

> cp = 1, Cqg = 1, Cq4 = 3. C; = c;“2+c;_4—c;..(,, i ) 6

>0 =2 ’7}] 41 wheni is even.

k%41 E

d
Then, dim IP,(R4) = T, ¢; = [ 5
i=0

We know that ¢, ¢ and ¢; form a good integrity basis for IP(R).
The single syzygie is ¢3 = ¢i—¢2.
Thus the “monomials™ ¢ .¢5.¢4 with r,s € IN, ¢ € {0,1} and 2r+4s+4¢ < d form a basis for IP,(R4).
(]

Bach orbit in an invariant cubature formula introduces a number of unknowns in the nonlinear
equations and gives a number of knots in the cubature formula. The different types of orbits are
described in table 1.




number of | number of points
type | point | unknowns in a R4-orbit unknowns
1 (a.b) 3 4 a, b, weight
2 (a.a) 2 4 a, weight
3 {a.0) 2 4 a, weight
4 | (0,0 1 1 weight

Table 1 : different types of R4-orbits.
Let F; be the number of orbits of type i in an invariant cubature formula.

We will fook for cubature formulae with the number of unknowns equal to the number of equa-

tions, thus
3F1 + 2(F2+F3) + F4 = dim ﬂ)d(R4)

In order to obtain cubature formulae with the smallest number of knots, we use as many orbits with

3 unknowns as possible, thus
Fo+F3+F,; S 1.

In table 2 we give the structure of the minimal formulae, the number of knots, the place where the
formulae can be found and the symmetry-group of the formulae.

number
d | k| dimP,(Ry) | Fy | Fo4F3 | F4 | of knots | reference | G
1]1 1 0 0 1 1 [18] Dy
3 ]2 2 0 1 0 4 {18] D,
513 5 1 1 0 8 [18] D,
714 8 2 1 0 12 [8] D,
9135 13 4 0 1 17 [13] R,
11 ] 6 18 6 0 0 24 Table 5 Ry
13 | 7 25 8 0 1 33 Table 6 Ry
15| 8 32 10 1 0 44 [18] Dy

Table 2 : cubature formulae invariant w.r.t. R4,

New results for the square !

— degree 11 with 24 knots : The formula has all knots inside the region and all weights are positive.
The number of knots is equal to Méller's lower bound [13]. The structure of the formula can be




seen in figure 1.
Mantel [11] told us that R4 was a possible structure for a nonfortuitous minimal cubature formula
of degree 11 for a R4 invariant region. However, he could not guarantee the existence of the for-

mula.
On the other hand, Mé&ller and Schmid [14] believed that the formula didn't exist.

— degree 13 with 33 knots : The formula has all knots inside the region and all weights are positive.
The structure of the formula can be seen in figure 2. Cubature formulae with 34, 35 and 36 knots
are known [3], but they all have knots outside the region. A 37-point formula with all knots
inside the region was found by Rabinowitz and Richter [15].

5. Cubature formulae for the triangle

We want to construct cubature formulae for T, : the triangle {(x,y) : x.y Z 0, x+y € 1} with
weight function w(x,y) = 1.

It is easier to apply invariant theory to construct cubature formulae for A : the triangle
{(xy) :x € % V3 y—x €1, =3 y—x € 1}. The symmetry-group of this triangle contains 3

reflections and 3 rotations. It is known as the dihedral group D3 of order 6.
The rotations form a subgroup Rj.

Cubature formulae for A can be transformed into cubature formulae for T'; of the same degree, by
the following affine transformation

1—2x
3

a3y
3

-+ X

ATy

Analogous as in example 1, it can be shown that ¢; = r2, ¢, = r® cos 30, ¢y = 3 sin 36, with
x=rcos@andy = r sin 6, form a good integrity basis for the invariants of R3.
The single syzygie is ¢2 + ¢2 — 3 = 0.

The system of nonlinear equations we must solve, is described by

Theorem. 6 ¢ An invariant cubature formula with respect to R3, of degree d is a solution of the system of
nonlinear equations

Qlpids¢5] = Llpidi¢5]

with 2r+3s+3t €d, r.s €IN,t € {0,1}.

2
The number of equations = dim IP4(R3) = [..._____d +:;d+6 }




Proof :
The number of linear independent invariants of degree i, ¢;, can be found using the Molien-serie :
2 14¢°
ett = —— e
i)=:o ' (1—¢3)(1—-£*)

> 1462 = (1—2—t3+4¢5) T ot
i=0

Peg=1c¢,=0,c3=1,¢3=2,¢c4=1

¢; = Cj—p T Cj—3 = Cj—5. i ? 3

> o= ity a3 [2(:,-;1)#]_

3 9
Then,
dim P,(R,) = iéci"——“ @—’C%iz—) + —giifdmodsm 0
= M@gy_z) if d mod 3 # 0
= [(a+1)d+2)+4]

6

We know that ¢, ¢, and ¢ form a good integrity basis for IP(R;).
The syzygie is ¢3 = ¢3 — ¢2.
Thus the “monomials” ¢} p5d, withr,s € IN, ¢ € {0,1} and 27 +3s+3¢ < d form a basis for IP,(R3).
0

The different types of orbits are described in table 3.

number of | number of points
type | point | unknowns in a Rs-orbit unknowns
1 (a.b) 3 3 a, b, weight
2 | @® 2 3 a, weight
3 (0,0) 1 1 weight

Table 3 : different types of Rj-orbits.




Let ¥, be the number of orbits of type i in an invariant cubature formula.
The number of equations is equal to the number of unknowns if

3F+2F+F; = dim IPd(Rg).

In order to obtain cubature formulae with the smallest number of knots we must choose the £} s0
that

F,+F; $1

In table 4 we give the structure of the minimal formulae, the number of knots, the place where the
formulae can be found and the symmetry-group of the formulae.

number
d | dmP{Ry) | Fy | Fp | Fa | of knots | G | reference
1 1 o101 1 D, | [18]
2 2 0|l 11]0 3 Dy | [5]
3 4 1[0} 1 4 D; | [18]
4 5 1 |10 6 Dy | [5]
5 7 2 |01 7 Dj | [18]
6 10 310141 10
7 12 4 010 12 Ry | [6]
8 15 5100 15 Ry | Table 7
9 19 6 | 0 1 19 D, | [10]
10 22 71011 22 Ry | Table 8

Table 4 : cubature formulae invariant w.r.t. Rs.

New results for the triangle

— degree 8 with 15 knots : The number of knots is equal to Stroud’s lower bound [18] and thus all
weights are positive. The formula has 3 knots outside the region.

— degree 10 with 22 knots : The number of knots is equal to Stroud’s lower bound [18] and thus all
weights are positive. The formula has 3 knots outside the region.
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