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ABsTrACT. We provide a complete classification for regular subalgebras B C
M of injective factors satisfying a natural relative commutant condition. We
show that such subalgebras are classified by their associated amenable dis-
crete measured groupoid G = Gpc s and the action mod(a) of G on the flow
of weights induced by the cocycle action (o, u) of G on B. We obtain a similar
result for triple inclusions A C B C M where M is an injective factor, A is a
Cartan subalgebra of M, and B C M is regular, showing that such inclusions
are also classified by their associated groupoid G = G s and the induced ac-
tion on the flow of weights. Given such a discrete measured amenable groupoid
G, we also construct a model action of G on a field of Cartan inclusions with
prescribed action on the associated field of flows.
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1. INTRODUCTION

For precise definitions and terminology used in the introduction, we direct the
reader to the preliminaries in Section

Historical overview of the classification of group and groupoid actions: In the
theory of operator algebras, one central point of interest has always been the clas-
sification of automorphisms and group actions. The first step in this direction was
taken when Connes provided a classification of automorphisms of the hyperfinite
IT; factor R in lﬂ] and IE] Soon after, the classification of actions of finite groups
on R was done by Jones in @] and then extended to actions of discrete amenable
groups by Ocneanu in ML where he proved that any two outer actions of a dis-
crete amenable group on R are cocycle conjugate. The problem of obtaining the
correct invariants for discrete amenable group actions on injective type III factors
was then solved by Sutherland and Takesaki in [58] and [59] for type III, with A # 1.
They also resolved the remaining III; case together with Kawahigashi in @] for
discrete abelian groups and with Katayama in lﬁ] for discrete amenable groups,
hence obtaining the complete set of invariants for such actions. The methods in
the above papers depend heavily on the type of the factor and the lack of a discrete
decomposition in the type III; case makes it more challenging. In ], Masuda gave
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an Evans-Kishimoto type intertwining argument (|20]) and classified centrally free
actions of discrete amenable groups on injective factors. His proof is independent
of the type of the factor. In |41, he extended his results to general outer actions of
discrete amenable groups on injective factors, hence providing a unified approach
to the proof of such a classification theorem.

Extending the classification theory to actions of discrete measured groupoids on
injective factors was first motivated by the classification problem of compact abelian
group actions on injective factors. In |31], Jones and Takesaki classified compact
abelian group actions, by first using Pontrjagin duality to reduce the problem to the
classification of discrete abelian groups on semifinite von Neumann algebras, and
then reducing that to the classification of groupoid actions on semifinite factors.
This was further developed by Sutherland and Takesaki in [58] and Kawahigashi
and Takesaki in [34]. For discrete amenable groupoid actions on injective factors
of type III, the complete set of invariants was obtained in [43] by Masuda.

Regular subalgebras and connections to the classification of actions: In his semi-
nal paper [13], Connes showed that a finite von Neumann algebra is amenable if and
only if it is approximately finite-dimensional (AFD). One important consequence
of this theorem is that a crossed product von Neumann algebra B X, ) G arising
from a free cocycle action of a discrete amenable groupoid G on a tracial injective
von Neumann algebra, which preserves the trace and acts ergodically on the center
Z(B) is always isomorphic to the hyperfinite IT; factor R. If the subalgebra B and
the groupoid G uniquely determine such a crossed product decomposition of R thus
not depending on the action (o, u), was naturally an interesting question to con-
sider. The question can also be rephrased as whether any two regular subalgebras
By and Bs satisfying Z(B;) = B} N R with isomorphic associated groupoids Gp,cr
are conjugate by an automorphism of R. Hence this establishes a bridge between
the classification of regular subalgebras of R satisfying the relative commutant con-
dition and the classification of cocycle actions of an amenable discrete measured
groupoid on R.

In the case when B is abelian, i.e., a Cartan subalgebra of R, Feldman-Moore
theory (|21] and |22]) shows that the associated groupoid is principal, i.e. a count-
able p.m.p. ergodic equivalence relation. The uniqueness problem was solved in
this case by Connes, Feldman, and Weiss in [14]. On the other hand, when B is
a factor, Gpcr = Ng(B) is a discrete amenable group and the uniqueness theo-
rem follows from Ocneanu’s classification in [47]. In the general case, even though
groupoid actions were classified back in |58, the uniqueness problem of all cocycle
actions («, u) preserving the trace was recently solved by Popa, Shlyakhtenko, and
Vaes who showed in [53] that any such 2-cocycle untwists. Combined with [58], this
proves that there is a unique trace-preserving cocycle action of G on B, or equiva-
lently that two such inclusions B; C R that have isomorphic associated groupoids
are conjugate by an automorphism of R.

First main theorem and a sketch of the proof: The results in |53] motivated us
to study the classification problem for such subalgebras of a general injective factor
(typically of type III). We investigate when two regular subalgebras B; C M for an
injective factor M are conjugate by an automorphism of M. The first main result of
this paper settles this question in the case when they satisfy a relative commutant
condition at the level of the continuous cores. In this case, the invariant is the
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Connes-Takesaki module map of the associated discrete measured groupoid action.
To be more precise, in Theorem [B.5], we prove the following:

Theorem A. Let M be an injective factor and for i € {1,2}, let B; C M be regular
subalgebras with conditional expectation E; : M — B; and satisfying Z(Ei) = f?l N
M. Let G; be the associated discrete measured amenable groupoids and (cv;, u;) be the
associated cocycle actions on B;. Then there exists an automorphism 6 € Aut(M)
such that 8(By) = Bs if and only if type(B1) = type(B2) and there exists a groupoid
isomorphism o : G1 — Ga which conjugates the modules, i.e., mod(ay) ~, mod(as).

We remark here that for such a regular subalgebra B of a factor M, almost every
factor in the ergodic decomposition of B has a constant type, that we denote by
type(B). We explain this rigorously in Lemma[2.6 and Definition 27 In Lemmal3.2]
we show that the relative commutant condition on the canonical cores as above is
equivalent to the associated actions being centrally free, in the sense of Ocneanu [47].
Therefore the proof of Theorem A boils down to a 2-cohomology vanishing problem
and the classification of centrally free actions of a discrete measured amenable
groupoid on a measurable field of injective factors. We provide in Theorem B4l a
new proof of this classification result which is a special case of the more general
classification of free actions due to Masuda [43]. For the proof, we first reduce the
problem to the classification of genuine actions, noting in Theorem B] that any
2-cocycle on an infinite factor is a coboundary by using a Packer-Raeburn [50] type
stabilization trick. Then we apply the known classification results up to cocycle
conjugacy for amenable group actions on injective factors (|47], [58], [59], [33], |32],
[40]) to the isotropy groupsI';, = {g € G | s(g) = t(g) = x} of an amenable groupoid
G. To extend this to actions of the groupoid, we need to make equivariant choices of
cocycle conjugacies for the isotropy groups with respect to isomorphisms I'y — I,
given by conjugating with a groupoid element g such that s(g) = z and t(g) = y
as in [53]. We use a technical cohomology lemma (|53, Theorem 3.5]) to show
that such an equivariant choice exists if every cocycle self conjugacy for each I',, is
approximately inner. More precisely, suppose « is an action of an amenable group
G on an injective factor M. Suppose c is a 1-cocycle for o and 6 € Aut(M) such
that o060~ ! = Ad(cy)oa,. Then we show the existence of a sequence of unitaries
wy, € M such that Ad(w,,) — 6 in the u-topology of Aut(B) and w} ay(wy,) — ¢4 in
the topology of pointwise convergence in the space of 1-cocycles of a. We prove this
in Lemma by using some ultrapower techniques and Ocneanu’s 1-cohomology
vanishing result (|47, Proposition 7.2]).

Regular subalgebras containing a Cartan subalgebra: The next part of this paper
deals with a relative version of Theorem A, similar to the case of the hyperfinite II;
factor in [53]. In Proposition [Z14] we prove that if A C M is a Cartan subalgebra
of an injective factor, then an intermediate subalgebra A C B C M is regular in M
if and only if the Feldman-Moore equivalence relation R a4cp C Racas is strongly
normal in the sense of |23]. The question that we are interested in then can be
stated as follows. Given two such inclusions A; C B; C M, with B; regular, when
are they conjugate by an automorphism in M, i.e., there exists § € Aut(M) with
0(B1) = By and 8(A;) = As. As before, this boils down to classifying actions of
the associated discrete measured groupoids Gp,ar on measurable fields of Cartan
inclusions into injective factors and thus on their associated ergodic equivalence
relations up to cocycle conjugacy.
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Historical overview of the classification of group and groupoid actions on ergodic
equivalence relations: Connes and Krieger in [15] gave a classification up to outer
conjugacy, of outer automorphisms of an ergodic hyperfinite equivalence relation
preserving a finite (type II;) or infinite (type Il ) measure. This was extended to
type III (with no invariant measure) ergodic hyperfinite equivalence relations by
Bezuglyi and Golodets in [5]. The next step was to extend the classification re-
sults to outer actions of amenable groups. This became possible after the existence
and uniqueness problem of cocycles of hyperfinite equivalence relations with dense
ranges in amenable groups was solved in [24] by Golodets and Sinelshchikov. The
complete set of invariants for amenable group actions on ergodic hyperfinite equiv-
alence relations up to cocycle conjugacy was then found by Bezuglyi and Golodets
in [7] (for measure preserving equivalence relations), [6] (for type III, with A # 0)
and finally in [8] (for the type IIIy case). Recently in [42], Masuda gave a new
unified proof of the classification theorem. For the convenience of the reader, we
state this result as Theorem [£4] in this paper.

Second main theorem and sketch of the proof: In |53] the authors showed that two
cocycle actions of a discrete measured groupoid G with unit space X on a measurable
field of Cartan inclusions (A, C B.)sex, such that the action globally preserves
the field of Cartan subalgebras (A,).cx and with each B, being the hyperfinite
II; factor such that the induced actions on the field of ergodic equivalence relations
(Sz)zex are outer, are cocycle conjugate. This in turn shows that two pairs of triple
inclusions A; C B; C R with A; C R being Cartan subalgebras and B; C R being
regular are conjugate an automorphism in M if and only if the associated groupoids
are isomorphic. In this paper, we prove a more general classification theorem for
any field of injective factors with Cartan subalgebras and show that the invariant
is the action on the field of flows associated with the equivalence relations. More
precisely, in Theorem 7] we prove the following:

Theorem B. Let M be an injective factor and for i € {1,2}, let A; C B; C M be
a pair of inclusions, where A; C M are Cartan subalgebras and B; C M are regular.
Let R; be the corresponding Feldman-Moore equivalence relations for the Cartan
inclusions A; C B;. Let G; be the discrete measured amenable groupoids associated
to the inclusions B; C M and (o, u;) be the associated cocycle actions on R;. Then
there exists an automorphism 0 € Aut(M) such that 0(B1) = Bz and 0(A;1) = Az if
and only if type(B1) = type(B2) and there exists a groupoid isomorphism o : G; —
G2 which conjugates the actions on the flows, i.e., mod(a;) ~, mod(as).

We follow a similar strategy as earlier to prove Theorem B. In Lemma E2] we
show that for an outer cocycle action of a discrete measured groupoid on a field
of infinite equivalence relations, the cocycle is a coboundary, hence reducing the
problem to the classification of genuine actions. We use the Bezuglyi-Golodets
classification results for actions of amenable groups and apply them to the isotropy
groups I',, of the groupoid. Once again we can use |53, Theorem 3.5] to extend this
to actions of amenable groupoids if we can show that every cocycle self conjugacy for
T', is approximately inner. In this context of Cartan inclusions, we formulate this
more precisely as follows. Let a be an action of an amenable group G on an injective
factor M such that it preserves a Cartan subalgebra A C M and such the associated
action on the equivalence relation in outer. Let ¢ be a 1-cocycle for « taking values
in Nar(A) and 6 € Aut(M) with §(A) = A such that 6 o oy 0 671 = Ad(cy) o a.
Then in Lemma .5 we show that there exists a sequence of unitaries w, € N (A)
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such that Ad(w,) — 6 in the u-topology in Aut(M) and w} cyaq(wyn) — ¢4 in the
topology of pointwise convergence. In Theorem we thus show that two actions
of an amenable groupoid on a field of Cartan inclusions are cocycle conjugate if and
only if the actions on the associated field of flows are conjugate. We note that this
is a generalization of [42, Theorem 2.4] for amenable groupoid actions on fields of
ergodic equivalence relations.

Model actions and third main theorem: In the final section, we construct ex-
amples of actions realizing the invariants. We use the notion of adjoint flows in-
troduced by Vaes and Verjans in [63], where they construct for any given ergodic
flow (F}):cr, a canonical countable ergodic equivalence relation Ry whose associ-
ated flow is the adjoint F} of the given flow. We show in Proposition E.1] that any
R-equivariant nonsingular isomorphism v : F — F’ between two flows induces a
canonical ‘adjoint’ isomorphism 1/; : I — F’ between their adjoint flows and canon-
ically lifts to a nonsingular isomorphism between the ergodic equivalence relations
U : Rrp — Rp which induces the adjoint isomorphism on the associated flows,
ie, mod(¥) = . We note in Theorem that the construction of the adjoint
flow is sufficiently canonical to extend to groupoid actions on fields of flows. As an
immediate corollary, we can construct regular subalgebras realizing the invariants
obtained in Theorem B as follows:

Theorem C. Let G be a discrete measured ergodic groupoid that is amenable with
unit space (X, u). Let (Fy)zex be a field of ergodic flows such that the set of points
x € X for which F, is the translation action R ~ R has measure zero. Let 1
be an action of G on the field of flows (Fy)zex. Then there exists an injective
factor M with a Cartan subalgebra A C M and an intermediate reqular subalgebra
A C B C M of type III such that there is a groupoid isomorphism o : Gpcy — G
and the associated cocycle action (V,u) of Gecnp on the field of ergodic equivalence
relations given by A C B satisfy mod(¥) ~, 1.

We remark that the triple inclusion A C B C M in the statement of the theorem
is unique in the sense that if there exists another triple A; C By C M; satisfying
the conclusion of the theorem, there is a *-isomorphism 6 : M — M; such that
6(B) = By and 6(A) = A;, essentially by Theorem B. Now, Theorem A states that
for a regular subalgebra B C M, if B satisfies the relative commutant condition at
the level of the continuous cores, then it is uniquely determined by its associated
groupoid and the action on the associated field of flows. Since by Theorem [£.2]
any discrete measured amenable groupoid admits a model action on B fixing a
Cartan subalgebra A of M, we prove in the following corollary to Theorem A
and Theorem C.

Corollary D. Let M be an injective factor and B be a regular subalgebra of M of
type III with a conditional expectation E : M — B. Then Z(B) = B'NM if and
only if there exists a Cartan subalgebra A of M such that AC B C M.

Most of our results are type III generalizations of the type II; results in |53].
Therefore Sections [ and M in our paper are structured similarly as [53]. The
main difficulty and novelty in our paper stems from the fact that outer actions of
amenable groups on type III factors are no longer unique, but classified by modular
data that we have to handle. For clarity, we set up our notation and terminology
in a similar way as the authors of |53].
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2. PRELIMINARIES

2.1. Injective factors and ergodic decompositions. We start with some basic
definitions and known results from the theory of injective factors. For all results
in this paper, we shall only consider von Neumann algebras acting on separable
Hilbert spaces.

Definition 2.1. A von Neumann algebra M acting on a separable Hilbert space
H is called injective if there exists a projection F : B(H) — M with ||E]| = 1. Tt
follows from this that F > 0 and by [62], E is a (not necessarily normal) conditional
expectation.

Definition 2.2. A von Neumann subalgebra B C M is called regular if the von
Neumann algebra generated by the normalizer Ny (B) = {u € U(M) | uBu* = B}
is equal to M.

Connes in |13, Theorem 6] showed that a von Neumann algebra is injective if and
only if it is approximately finite dimensional (AFD), i.e., it is the weak closure of
an increasing union of finite dimensional von Neumann subalgebras. Clearly each
type I factor is hyperfinite. Murray and von Neumann in [45] already established
the uniqueness of the hyperfinite factor of type II;. The bulk of the remaining work
in the classification of injective factors was also done in [13], which established the
uniqueness of the injective Il factor |13, Corollary 4] and the uniqueness of the
injective type IIIy factors, for A € (0, 1) |13, Theorem 8], proving that each of them
is isomorphic to the Powers’ factor Ry [54]. He also showed that injective type
I, factors are classified by their ergodic flow of weights, we shall describe this
in further detail in this section. The final step of the classification program was
completed by Haagerup in [25] where he proved that any injective factor of type
IIT, is isomorphic to the Araki-Woods factor Ry [4].

We now recall the construction of the Connes-Takesaki crossed product |16]. We
begin with a faithful, normal state ¢ and let af be the modular automorphism
group of ¢. Looking at Uf’ as an action of R on M, we construct the crossed
product M x,s R represented on the Hilbert space L?(H,R) = H ® L?(R) where
M C B(H). We recall that for £ € L?*(H,R) and z € M, the crossed product is
generated by the operators {my(z) | z € M} and {u; | t € R} which acts as follows:

(mo(@)€)(1) = o2 (2)€(8),
(ui€)(s) = &(s — 1)

Using Connes’ Radon-Nikodym cocycle, one can show that this construction is
canonical, and it does not depend on the choice of the state. For a factor of type
I, we call this crossed product the canonical continuous core of M and denote it
by M = M x,4 R. In |61], Takesaki proved the following:

Theorem 2.3. (See [61, Theorem 4.5]) Let M be a factor of type III and ¢ be a
faithful normal state on M, such that M s the crossed product M X, R. Then M
1s a I, von Neumann algebra and there exists a semifinite faithful normal trace T
on M and a one-parameter group of automorphisms (0s)scr such that:

(i) Tobs =e 5T,

(i) M is isomorphic to M xR
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By the Connes-Takesaki relative commutant theorem [16], we know that Cjs :=
Z(M) = MNM . Asin [16] we denote for a type III factor M, the pair
(Cw,0lc,,) as the smooth flow of weights on M, and the quartet (M,H,R,T) as
the non-commutative flow of weights on M. Two important properties of the non-
commutative flow of weights are:

(1) The fixed point algebra MY = M.
(2) If M is a factor, 6, is ergodic on C)s for all s € R.

Writing Cyy = L°(X), 0s|c,, can be written as a point-map Fs; on X. We shall
call (X, Fy) the flow of weights in what follows. In terms of Connes’ classification
of type III factors [11], the flow of weights can be interpreted as follows:

(1) M is of type III; if X is a singleton and the flow is trivial.
(2) M is of type III, for A € (0,1) if Fy is periodic with period —2mlog(\).
(3) M is of type Il otherwise.

We define the right notions of isomorphisms of flows and weak equivalences of
automorphisms before stating the final classification in the type IIIy case due to
Krieger |36] and Connes |13].

Definition 2.4. 1. A one-to-one bimeasurable map of a Lebesgue measure space
(X, B, 1) onto a Lebesgue measure space (X', B’, /) that carries p-null sets to p'-
null sets will be called an isomorphism. An isomorphism T : (X, B, u) — (X, B, 1)
will be called an automorphism of the measure space.

2. Given two countable group actions G ~ (X,pu) and G’ ~ (X', ), they
are called orbit equivalent and denoted G ~,, G’ if there exists an isomorphism
U: (X,u) = (X', 1) such that for a.e. =z € X, we have U(G - z) = G’ - U(z).
Given a measure space (X, u), two automorphisms 7" and T” are called orbit (or
weakly) equivalent and denoted T ~,, T if they generate weakly equivalent groups
of automorphisms.

Definition 2.5. Two ergodic flows F; and F on measure spaces (X, ) and (X', ')
respectively are called isomorphic if there is an isomorphism 7T : X — X’ such that
for all s € R and for a.e. z € X, FloT(z) =T o Fs(x).

It was shown in [36] and [13] that any two injective factors of type Il are
isomorphic if and only if their associated ergodic flow of weights are isomorphic.

Since we shall be considering subalgebras of injective factors in this paper, we are
going to use the central decomposition extensively. Given a separable Hilbert space
H, we denote the set of all von Neumann algebras acting on H by vIN(#). This space
has a certain natural topological structure. This goes back to the works of Effros
[19] and Marachel [39] and is defined as the weakest topology on vIN(H) that makes
the maps M — ||¢|a|| continuous for every ¢ € B(H).. The corresponding Borel
structure is known as the Effros-Borel structure on vIN(#). The works of Effros [1§],
[19] and Marachel [39] and subsequent works by Nielsen [|46], Sutherland [55] and
Woods [64] concluded that the factors of type I,,,n € N, I, I3, I, I, A € [0, 1]
are all Borel sets with respect to this structure. By |55, Theorem 2.2], given a Borel
set B C [0, 1], the set of factors {M € vN(H) | M is of type III, where A € B} is
Borel. Suppose M C B(H) is an injective factor of type III and suppose B C M
is a regular subalgebra. Let Z(B) = L*(X,u) for some standard probability
space. Then we have an ergodic central decomposition of B into factors, namely
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B = [% B, with B, C B(M,), such that # = [  H, and the map X > z >
B, € vN(H;) is a Borel map with respect to the Effros structure.

[L3, Proposition 6.5] gives us immediately that if B has central decomposition
B= fix B, where Z(B) = L*(X, u), then B, is an injective factor for a.e z € X.
We now prove the following lemma that gives a necessary condition for a direct
integral of factors to be non-constant.

Lemma 2.6. Suppose M is an injective factor and B C M be a regular subalgebra
satisfying Z(B) = B'NM with a conditional expectation E : M — B and central de-
composition B = fix B,. Then the measurable field (B, )zex can be non-constant
only if B, is of type IIIy for a.e. x € X.

Proof. Since the inclusion is regular, we have a discrete measured amenable groupoid
G with a cocycle action on B such that B x G is isomorphic to M. Let R be the
countable amenable equivalence relation on (X, u) given by x ~ y if and only if
there exists g € G with s(g) = « and t(g) = y. Since M is a factor, R is er-
godic. Let E denote the set {I,,n € N} U {I,II;, I} U {IIIy, A € [0,1]}. Let
F(H) € vN(H) denote the set of factors acting on a separable Hilbert space H. By
|55, Theorem 2.2|, the map type : F(H) — E is Borel. Now we consider the map
from X to E given by x +— type(B;). Clearly this is R-invariant as when (z,y) € R,
we have that B, = B, and hence they clearly have the same type. Hence this map
is essentially constant, as required. O

Definition 2.7. A regular von Neumann subalgebra B C M of an injective factor
M satisfying Z(B) = B’ N M with central decomposition B = fix B, is said to
be of type k with k € {I, for n € N,I,1I;, 11,11} if for a.e. 2 € X, B, is of
type k.

2.2. Amenable groupoids and cocycle actions. The concept of discrete mea-
sured groupoids goes back to [37]. All definitions in this section are taken from

12].

Definition 2.8. 1. A groupoid is a collection of morphisms G between a set of
objects G(© such that every morphism is invertible along with the following four
canonical maps:

The source map s : G — G(© sending (f :  — y) to z.

The target map ¢ : G — G© sending (f : x — y) to ¥.

The inverse map i : G — G sending (f : 2 — y) to (f 1 :y — 2).

The composition map o : G — @ sending (f,g) to g o f where G =
{(f.9)lf.9€G,s(9) =t())}

We shall often denote g o f as gf for convenience. The unit space G(©) can be seen
as a subset of G via identity morphisms.

2. A discrete measurable groupoid is a groupoid G equipped with a structure of
a standard Borel space such that the inverse and composition maps are Borel, and
s71(z) (and hence also t~1(z)) is countable for every x € G.

We note here some important properties of discrete measurable groupoids that
are fairly straightforward:

e The source and target maps of a discrete measurable groupoid are measur-
able and G(© c G is a Borel subset.
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e Let 11 be a probability measure on the set of objects G(*) of a discrete mea-
surable groupoid G. Then for any measurable subset A C G, the function

g C, z— #(sil(x) NA)

is measurable and the measure us; on G defined by

ps(A) = oo #(s7 (z) N A)du(z)
is o-finite. We call it the left counting measure of . The same statement
holds if we replace s by ¢ and the corresponding measure y; is called the
right counting measure of p.
e The following conditions on x (as above) are equivalent:
(1) Hs ~ [t
(2) i (fs) ~ fs-
(3) For every Borel subset £ C G such that s|¢ and t|¢ are injective, we
have that p(s(€)) = 0 if and only if u(¢(€)) = 0.

Definition 2.9. A probability measure p on G is called quasi-invariant if it
satisfies one of the (and hence all) conditions of Lemma 1.5. A discrete measured
groupoid is a discrete measurable groupoid G together with a quasi-invariant mea-
sure pon GO Let G be a discrete measured groupoid with quasi-invariant measure
pand A C GO be a Borel subset. Then G|4 = s~ (A)Nt~!(A) with the normalized
measure ﬁl” A is a discrete measured groupoid called the restriction of G to A.

A functor between groupoids is called a groupoid homomorphism. A groupoid
homomorphism with an inverse is called an isomorphism. A measurable groupoid
isomorphism between discrete measurable groupoids has a measurable inverse. A
measurable homomorphism f : G — H between discrete measured groupoids with
quasi-invariant measures figo) and fiz;0) on G and H© is called non-singular if
fattgo) ~ . An isomorphism of discrete measured groupoids is a non-singular
groupoid isomorphism.

A discrete measured groupoid G with unit space G(°) = X has two important
associated objects:

e The associated isotropy bundle T' = (I'y)zex where I'y = {g € G, s(g) =
t(g) = x} is called an isotropy group of x.

e The associated nonsingular equivalence relation R on (X, u) given by x ~ y
if and only if there exists an element g € G with s(g) = z and t(g) = y.

We recall here from Section 3.2 in [2] the various equivalent notions of amenability
of a discrete measured groupoid. We also recall from [2, Section 5.3], that amenabil-
ity of a discrete measured groupoid is equivalent to amenability of the associated
equivalence relation and amenability of the isotropy groups I', for a.e. =z € X.
When the associated equivalence relation is ergodic, we say that the groupoid is
ergodic.

For a discrete measured groupoid G, we define G®) = {(g, h, k) | t(g) = s(h),t(h)
s(k)}. In the rest of the subsection, we define ‘cocycle actions’ and ‘crossed products’
exactly in the same way as in the case of p.m.p. groupoids and trace-preserving
actions in [53, Section 2]. The notation used in this section is very similar to the
notation used in [53].
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Definition 2.10. (See [53, Definition 2.2]) A cocycle action (o, u) of a discrete
measured groupoid G with unit space G(°) = X on a measurable field (B,).cx of
von Neumann algebras is given by a measurable field of *-isomorphisms between
the source and the targets G > g — a4 @ By, — By and a 2-cocycle, i.e.
a measurable field of unitaries G® > (g,h) — u(g,h) € U(By(,) satistying the
following conditions:

e a,0ay = Ad(u(g,h)) o ag, for all (g,h) € G,

e a,(u(h, k))u(g, hk) = u(g, h)u(gh, k) for all (g, h, k) € GO,

e a, =id when g € g,

e u(g,h) =1 when g€ G or h € GO,

Recall that an automorphism o € Aut(B) is outer if there is no unitary element
v € U(B) such that « = Ad(v). We shall call an automorphism a € Aut(B) free
or properly outer as in [53], if for every nonzero element v € B (not necessarily a
unitary anymore), there exists © € B such that vz # a(z)v. It is easy to check that
an automorphism is outer if and only if it is properly outer when B is a factor. In
the context of cocycle actions, we call (o, u) free if o is free for a.e. x € X and for
all g # id in the isotropy groups I';,. We repeat the definition of cocycle conjugacy
as in |53, Section 2].

Definition 2.11. 1. Two cocycle actions («,u) and (5, v) of a countable group G
on von Neumann algebras B and D respectively are said to be cocycle conjugate
if there exists a *-isomorphism 0 : B — D and unitaries w, € U(D) such that

e foayzo00 ! =Ad(wy)o B, forall g € G.
e 0(u(g,h)) = weBy(wn)v(g, h)wy, for all g,h € G.

2. Two cocycle actions (o, u) and (8, v) of a discrete measured groupoid G on fields
of von Neumann algebras (B;).cx and (D;).cx respectively are said to be
cocycle conjugate if there exists a measurable field of *-isomorphisms = — @, :
B, — D, and a measurable field of unitaries g — w, € U(Dyy)) that satisfies:

® Oyg 000 9;&7) = Ad(wg) o B, for all g € G.
o Oy (u(g,h)) = wgﬂg(wh)v(g,h)w;h for all (g,h) € g@,

One important reason for classifying actions up to cocycle conjugacy, is that it
is the right notion of equivalence between actions that makes the corresponding
crossed products von Neumann algebras isomorphic. The bijection between regular
inclusions and crossed products can be seen in various ways, for example in [17]
which uses inverse semigroups. We shall use the algebraic correspondence between
inverse semigroups and discrete measured groupoids (c.f. [51]). We shall discuss
this in greater detail now.

Let G be a discrete measured groupoid with a quasi-invariant probability measure
pon GO We define the full pseudogroup [[G]] of G as the set of all Borel subsets
U C G such that the source and the target maps restricted the U are injective. We
also identify U and U’ if the symmetric difference is a set of measure zero. The
composition of two such subsets & and V in [[G]] is defined as

U-V=A{ghlgeU heV,sg)=th)}
We note that [[G]] is an inverse semigroup with the unique inverse of U given by
Ut ={g7t| g el}. Clarly, UU'U =U and U~ UU~' = UL, Indeed U U
consists of the identity morphisms between the elements of s|y; and UU ! consists
of the identity morphisms between elements of ¢|y.
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Suppose now that («,u) is a cocycle action of G on the field of von Neumann
algebras B = (B, )zex, with G = X. We now describe the cocycle crossed product
which produces, for every such cocycle action (o, u), a von Neumann algebra M
such that B C M is regular and comes with faithful normal conditional expectation
E : M — B. We define the cocycle crossed product M from the full pseudogroup
[[G]] of the groupoid. For every U € [[G]], we define the Borel maps ¢y : s(U) — t(UU)
by du(s(g)) = t(g) for all g € Y. Writing

= [ B duto),

b'e
the cocycle action (a,u) of G on the field (B,)zex induces an action of the in-
verse semigroup [[G]] as follows: every subset U € [[G]] gives a x-isomorphism
ay : Blyqy — Blyg), namely

(e (b))(t(g)) = ay(b(s(g))) for all b € Bl and g € U.

The partial isometries u(U/) have source projections u(U)*u(U) = 1,y, range pro-
jections u(U)u(U)* = 1,y and expectation E(u(Uf)) = lyngw . For an element
b € Blyq), these partial isometries satisfy u(U)bu(U)* = ay(b).

Similarly, we have a 2-cocycle for the inverse semigroup action as follows: for
every pair of elements U,V € [[G]], there is a unitary element u(U,V) € Blyy.v)
given by

w(U, V)ign) = u(g, h) for all g € U and h € V with s(g) = t(h).

For two elements U, V € [[G]], we have that u(U)u(V) = u(Ud, V)u(U.V). We consider
the von Neumann algebra generated by B and partial isometries u(U/) for all such
sets U € [[G]] and call it the ‘cocycle crossed product’.

We claim that B is a regular subalgebra of M. To prove our claim, let v be
a partial isometry in M with v*v and vv* in Z(B) and satisfying vBv* C B and
v*Bv C B. Since for all i C [[G]], the partial isometry u(Uf) is of this form, it is
enough to prove that v is of the form ug with u € Ny (B) and ¢ = v*v € Z(B). Now
let {v;,i € N} be a maximal family of partial isometries in M such that the source
projections {p; = v}v;} are pairwise orthogonal and belong to Z(B), the range
projections {g; = v;v}} are pairwise orthogonal and belong to Z(B) and v; = v.
Now, by looking at the ergodic decomposition of M, we can see that the projections
po=1—>,piand go =1— 73, ¢ are equivalent in M since 1 — py and 1 — ¢ are
equivalent in M. Now assuming py and gg are not equal to zero, we can construct
in exactly the same way as [1, Lemma 12.1.2] a partial isometry w € M with w*w
and ww* in Z(B) such that wBw* C B, w*Bw C B, and pw = w = wq. This then
contradicts the maximality of the family that we chose. Hence py = gy = 0 and we
get a unitary u = Y. v; in Ny (B) such that ug = v, as required. We can check
that the relative commutant B’ N M is isomorphic to L>(G(®)) if and only if B, is
a factor a.e. and the cocycle action is free.

To see the converse, we begin with an inclusion B C M, where B is regular, with
a faithful and normal conditional expectation E : M — B such that B satisfies the
relative commutant condition. We consider the standard probability space (X, u)
such that the centre Z(B) is isomorphic to L*°(X, i), and the ergodic decomposi-
tion B = f:fBeX B,. Let v € M be the partial isometries such that vBv* = Bq and
the source and range projections v*v and vv* lie in Z(B), and let P be the set of
all such partial isometries. We then equip P with an equivalence relation, namely
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v ~ w for two such partial isometries if and only if v € Bw. Now we consider the
quotient Z = P/ ~ and note that there is a natural inverse semigroup structure on
Z. Using the algebraic correspondence between groupoids and inverse semigroups,
we can uniquely construct a discrete measured groupoid G with G(® = X such
that the full pseudogroup [[G]] corresponds with Z. Now, note that P acts on
B = szX B, du as follows: for any partial isometry v € P with e, = v*v and
fo = vv*, we define a, : Be, — Bf, by a,(b) = v*bv. On passing to Z, since there
is no unique lift Z — P, we get a 2-cocycle and a corresponding cocycle action of
the inverse semigroup Z on B. This in turn gives a cocycle action of the groupoid
G on (B,).ecx and by construction, we have that B C M is isomorphic with the
crossed product inclusion B C (By)zex X G. There is an isomorphism between
two such crossed product inclusions if and only if the associated discrete measured
groupoids are isomorphic and via this isomorphism, their corresponding cocycle ac-
tions are cocycle conjugate. It can be checked that M = B X(4,,) G being a factor
is equivalent to G being ergodic.

2.3. Equivalence relations and Cartan subalgebras. As a special case of the
discussion in the previous section, if the regular subalgebra B in M is in particu-
lar abelian, then the corresponding discrete measured groupoid has trivial isotropy
groups almost everywhere, i.e., it is a countable equivalence relation. Such subalge-
bras are called Cartan subalgebras and the crossed product is isomorphic to M as
in the previous section and is called the von Neumann algebra of the equivalence
relation. This was described first by Feldman and Moore in [22] and [21]].

Definition 2.12. If M is a von Neumann algebra and A is an abelian subalgebra,
we say that A is a Cartan subalgebra if A satisfies the following:

e A is maximal abelian,
e A is regular, i.e. Njs(A) generates M,
e there exists a faithful normal conditional expectation of M onto A.

A countable equivalence relation is an equivalence relation R C X x X on a
standard Borel space X, which is a Borel subset of X x X and all equivalence
classes are countable. We denote by R(z) for the equivalence class of x € X. We
also define R(A) = UzcaR(z). Hence R is countable when R(z) is countable for
every © € X. A partial isomorphism ¢ : A — B between two Borel subsets of X
is a Borel isomorphism from A onto B. We denote like in the case of groupoids,
the full pseudogroup by [[R]] as the set of such ¢ whose graph is contained in R.
The domain of ¢ is written as D(¢) and the range is written as R(¢). We denote
by R(A) = p; *(py 1(A)) = p; ' (p; *(A)) and call this the R-saturation of A, where
p1 and ps are the left and right projections of R onto X. Clearly R(A) is Borel if
and only if A is Borel. Given a o-finite measure  on X, we say that the measure
is quasi-invariant for R if it has the property that u(R(4)) = 0 <= u(A4) = 0.
In this case we say that R is non-singular with respect to u. We say that a Borel
subset A C X is invariant (or saturated) if R(A) = A upto a null set. The relation
(R, i) is called ergodic if every invariant Borel subset is either null or co-null.

Suppose now that p is a o-finite measure on X and R is a countable non-singular
equivalence relation on X. We define the o-finite measure v; on R by

u(C) = /X | du(z)
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where C® denotes the cardinality of the set {(z,y) € C | (x,y) € R}. Similarly we
can define the measure v, by C' — [ |Cy| du(z) where C, = {(y,z) € C'| (z,y) €
R}. It is easy to see that v, and v, are mutually absolutely continuous and we define
the Radon-Nikodym 1 cocycle of R with respect to p as the function D), : R — R}
defined by D, (z,y) = jTVi(a:, y). The Radon Nikodym 1 cocycle D,, is 1 if and only
if R preserves the measure .

We recall now the construction (c.f. [21]) of the von Neumann algebra of an
equivalence relation with a 2-cocycle L(R,c). It can be shown that L(R,c) is a
factor if and only if R is ergodic. We note that L*°(X, u) C L(R,c) is a Cartan
subalgebra. The main result in |21 asserts that the converse is true: any Cartan
inclusion A C M has a unique associated nonsingular countable equivalence relation
R on a Borel space (X, 1) and a 2-cocycle ¢ such that A C M is isomorphic as an
inclusion to L (X, u) C L(R,c). The Cartan subalgebra A is hyperfinite if and
only if the equivalence relation R is hyperfinite, in which case the 2-cocycle vanishes
(Theorem 6, [22]).

Suppose R is a countable ergodic non-singular equivalence relation on (X, ).
Now suppose S is a countable, non-singular subequivalence relation of R. We define
the space Aut(R) as the space of all measure-space automorphisms ¢ € Aut(X, p)
such that (¢ x ¢)(R) = R. We also define the full group [R] or Int(R) of R
as follows: ¢ € [R] if ¢ € Aut(R) and (¢(z),z) € R u a.e. We also denote
Autr (S) = Aut(S) N [R]. Lastly, the full pseudogroup [[R]] of R is defined as the
set of Borel isomorphisms ¢ : A — B between subsets of X such that the graph of
¢ is contained in R.

Now let M (X, pu) be the set of complex-valued measures that are absolutely
continuous with respect to u. We endow M (X, u) with a norm by putting ||v| =
|v|(X) where |v| is the total variation of v. With respect to this norm, M (X, u) is
a Banach space. We consider now the map L'(X,u) — M (X, ) given by g — v,
where

vy (f) = /X 9() f(z) da(z)

This gives a Banach space isomorphism between L'(X, ) and M (X, u). For o €
Aut(X, p) and g € LY (X, pu), we define a,(g) € L*(X, u) by

oa~!
au(o)) = gl @) L 0

It can be checked that «, is an isometry of L*(X, u) and that (3),, = o, 83,. Under
our identification, a,(g) corresponds to a(vy) = vy 0 a~'. In |29], Hamachi and
Osikawa introduced the u-topology on Aut(R). For a,,8 € Aut(R), we say that
an, — B weakly if

lim [lay,(g) — B(g)]| =0

n—00

for all ¢ € L'(X,u). Now we define the metric d,, on Aut(R) as d, (o, 3) =
p{z | a(z) # B(x)}). We say that «,, converges to § uniformly if d, (o, 5) — 0.
We now say that a sequence a,, converges to 8 in the u-topology if o, — 8 weakly
and appa,t — BB~ uniformly for all ¢ € [R]. It can be checked that this
topology indeed corresponds to the u-topology on Aut(L(R)), hence justifying the
terminology. It is also shown in [29] that Aut(R) is a Polish group with respect to
the u-topology. We now state the following definition as in [23].



14 CLASSIFICATION OF REGULAR SUBALGEBRAS OF INJECTIVE TYPE III FACTORS

Definition 2.13. A subequivalence relation S C R is called strongly normal if the
graphs of the elements of Autz(S) generate R.

Now suppose A C M is a Cartan inclusion isomorphic to L>(X, u) C L(R,c¢).
By |3, Theorem 1.1], for any intermediate von Neumann subalgebra A C B C M,
there exists a unique faithful normal conditional expectation Fg : M — B and A
is a Cartan subalgebra of B. From this, it follows that intermediate von Neumann
subalgebras A C B C M are in one-to-one correspondence with subequivalence
relations S C R and the bijection is given by considering B = L(S,u). We note
that BN M c AANM = A C B and hence the relative commutant condition
B'N M = Z(B) is always satisfied in this situation. An action o : ' ~ S of a
countable group on a non-singular equivalence relation S (on a probability space
(X, p)) is called outer if for all g # e € T', we have that (z,a4(z)) ¢ S for a.e. z € X.
We now prove the following folklore result, along the same lines as Proposition 5.1,
[53] which proves the tracial case.

Proposition 2.14. In the above setting, B is a reqular subalgebra of M if and only
if the corresponding subequivalence relation S is strongly normal in R.

Before proving the above proposition we need the following lemma:

Lemma 2.15. Let B be a von Neumann algebra of type Il or type III and Ay and
Ag be Cartan subalgebras of B, and let b be a partial isometry such that b*b € Ay,
bb* € Ay and bA1b* = Asbb*. If z is the central support of b*b in B, then A1z and
Aoz are conjugate by a unitary in Bz.

Proof. First, we shall prove this in the case where B is a factor of type III. Let
p = b*b and ¢ = bb* be projections in A; and As respectively. Let R; and Ro
be the countable ergodic nonsingular equivalence relations corresponding to the
Cartan inclusions A; C B and Ay C B on probability spaces (X1, p1) and (Xa, o)
respectively. Let U; and U, denote the range sets of the projections p and ¢ in
X; and Xs respectively. Assume first that p and ¢ are both strictly smaller than
1. By ergodicity, we can choose elements of the full pseudogroups ¢ € [[R1]] and
1/) S [[RQ]] such that D((b) = Uy, R(d)) = Xl\Ul, D(l/)) = U; and R(1/)) = XQ\UQ.
Let ug (with source and range projections p and 1 — p respectively) and u,, (with
source and range projections ¢ and 1 — g respectively) be the corresponding partial
isometries in B normalizing the Cartan subalgebras A; and As respectively.

We now consider the element u = b + uypbugy. This is clearly a unitary in B
since it is the sum of two partial isometries with orthogonal domains and ranges.
We claim that u conjugates A; to As. To prove the claim we write an element
a € Ay as a = ap + a(l — p) and notice first that b(ap)b* € Azq. We also have that
(uypbuj)a(l — p)(upb*uy,) = upb(ujauey)b*uy,. Note that since ugy normalizes A,
hence ujauy € A;. Now as we have that bA;b* = Aaq, and finally as u, normalizes
Ay, we have that uwquu:L C Ay(1—gq). Hence uAju, C Az and a similar argument
shows that u*Asu C A; and therefore they are equal.

Now for the remaining cases, notice that if b*b = bb* = 1, then b is the required
unitary. Suppose now that b*b = 1 and bb* < 1. We can choose a projection p; # 0
in A; such that p; < 1 and consider the partial isometry b; = bp;. Now we have
that p = b7b; € Ay, ¢ = b1b] € Ag, b1 A1b] = Asb1b] and p and ¢ are both strictly
smaller than 1. By the preceding case, we then have that A; and Ay are unitarily
conjugate. A similar argument clearly works if 6*b < 1 and bb* = 1.
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Now suppose B is of type Il and 7(p) = 7(q) < oo, where 7 is the faithful
normal semifinite trace. By ergodicity of the equivalence relations, we can find a
sequence of elements ¢,, € [[R1]] such that U; | U, ¢, (U1) = X1 where D(¢,) = Uy
and similarly a sequence of elements 1, € [[Rz]] where D(¢,) = Uz such that
Us | |Untn(Uz) = Xa. As earlier we denote ug, and uy, to be the corresponding
partial isometries. Now we consider the element u = b+ 3 uy,buj . Since this is
a sum of partial isometries with orthogonal domains and ranges, v is a unitary. As
for each n € N, we know that ue, normalizes A; and w,, normalizes Ao, it is easy
to see as in the type III case that u conjugates A; to As. If p and ¢ are infinite: we
choose a finite projection p; € A; and consider the partial isometry b; = bp;. Now
we have that b; 4167 = A2b1b} and the source and the range projections b7b; € A;
and b1b] € Ay have finite trace. Thus we are reduced to the previous case.

Suppose now that B C B(#) be an arbitrary von Neumann algebra of type 11,
or ITI. Let the centre be Z(B) = L*°(Y,v) and let the ergodic decomposition be

B = fyeéy B,. We can write the Cartan subalgebras A; and A, as direct integrals

of Cartan subalgebras f;iy Ay, and fyeéy Asy. Let p and g be the source and
range projections b*b and bb* respectively, z be the central support of p and ¢, and
E C Y be the range set of z. Given y € F, by the factor case, we can find a unitary
uy € By such that uy Ay yuy = Az . Letting u = fyeiEuy be the corresponding
unitary in Bz, clearly u conjugates A1z to Asz. O

Proof of Proposition[2.14} If B is of type II;, the result follows from |53, Propo-
sition 5.1]. Now suppose B C M be regular. We notice that there is a natural
map from Ny (B) N Np(A) to Autr(S). Thus it is enough to prove that for any
u € Na(B), there is a unitary element b € U(B) such that bu € Nys(A).

Now as in |53], for any u € Ny (B) and a fixed v € Ny (A4), we look at the
automorphisms Aut(B) 3 8 : z — uzu® and Aut(4) > «a : x — vav*. We define
e, = Ep(vu*) and note that e,((a) = a(a)e, for all a € A. Letting b, denote the
partial isometry in the polar decomposition of e,, we note that b,5(a) = a(a)b,
for all a € A. We denote by z, € Z(B), the central support of b}b, € B. For each
projection a € A, since we also have (a)b} = ba(a), we have for all projections
acA,

O‘(a)b'ubi; = bvﬂ(a)bi; = bvb;a(a)

Since A C M is a Cartan subalgebra, we have that A’ " M = A and hence that
bybs € A. Thus we can find a projection ¢ € A such that a(q) = b,b%. By the
same argument, as S(A) C M is a Cartan subalgebra, we can find a projection
p € A such that S(p) = bib,. We note now that the Cartan subalgebras 5(A)z,
and Az, satisfy all the hypotheses of Lemma[2.T5 and therefore 3(A4)z, and Az, are
unitarily conjugate as Cartan subalgebras of Bz,. Since A is regular in M, clearly
the join of all the central projections z, as v varies over Ajs(A) is 1. Thus we can
conclude that the join of the unitaries in Bz, we get from Lemma 2T5lis a unitary
b € U(B) that conjugates 5(A) to A and thus bu € Nys(A).

On the other hand, if S C R is strongly normal, Autz (S) generates R. Clearly if
¢ € Autr(S), the corresponding unitaries ug4 belong to Ny (B), and hence B C M
is regular. ([l

If the conclusion of Proposition [Z.14] is satisfied, we can write A C B as the
direct integral of Cartan inclusions (4, C By)yey where t Z(B) = L*(Y, u), By
is a factor a.e. and (Sy)yey is the associated field of ergodic equivalence relations.
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Then M can be realized as the crossed product of a free cocycle action («,u) of
a discrete measured groupoid G on the measurable field (4, C By)yey. More

precisely, G(©) =Y and we have the following:

e a measurable field of Cartan preserving *-isomorphisms between the sources
and the ranges, i.e., g — oy : By(g) — By(g) such that ay(Agg)) = Ayg)-
e a measurable field of unitaries normalizing the Cartan subalgebras, i.e.,
g(2) S (g5 h) = u(g, h) € NBt(g) (At(q))
that satisfy the conditions in Definition 2.2.3. Alternately we can view R as a
semidirect product of the subequivalence relation S = (S,)yey with an outer co-
cycle action of G on §. We conclude this section with the definition of cocycle
conjugacy for actions on Cartan inclusions.

Definition 2.16. 1. Two cocycle actions (o, u) and (8,v) of a countable group
G on Cartan inclusions A C B and C C D as above are said to be cocycle
conjugate if there exists a *-isomorphism 6 : B — D with #(A) = C and unitaries
wy € Np(C) such that

e foayo00! = Ad(wy)o B, for all g € G.
e 0(u(g,h)) = weBy(wn)v(g, h)wy, for all g,h € G.

2. Two cocycle actions (a,u) and (8, v) of a discrete measured groupoid G on fields
of Cartan inclusions (A, C By)zex and (C, C D,).ex respectively are said to
be cocycle conjugate if there exists a measurable field of *-isomorphisms x
0y : By — D, with 6,(A;) = C, and a measurable field of unitaries g — w, €
Nb,,, (Cy(g)) that satisfy:

o Oyg0ayo0 05_(;) = Ad(wg) o B, for all g € G.
o Oy (ulg, h)) = wgﬁg(wh)v(g,h)w;h for all (g, h) € G2,

2.4. Central freeness and Connes-Takesaki module map. Recall the con-

tinuous core (]T/[/, R,0,7) associated to a factor M of type III with respect to a

faithful normal state ¢. We develop some notation here. The group U(M) = {u €

Z/{(]T/[/) | uMu* = M}, the normalizer of M in M is called the extended unitary

group of M. For each u € U(M), we write

Ad(u) = Ad(u)|y € Aut(M)

and set Cnt, (M) = {;rd(u) | u € U(M)} which is a normal subgroup of Aut(M).
Each o € Aut(M) can be extended to an automorphism & € Aut(M) given by:

a(zus) = a(z)(Dpoa™t : Do)suy

where (Dgoa~1 : Dg), is the Connes cocycle derivative, the trace 7 satisfies Toq = 7
and for every s € R, @ of; = 05 0 & The restriction of & to the center Cy; is called
the Connes-Takesaki module map of o and is denoted by mod(«) € Aut(Caq) which
commutes with the smooth flow of weights 0|c,,. Similarly for an actiona : G ~ M,
we denote the action on the flow of weights by mod(«) : G ~ Cyy.

The automorphism group Aut(M) is identified with the following subgroup

Aut; g(M) of Aut(M):
Autr (M) = {c € Awt(M) |00, =0,00, Too =1}

In other words, for each o € Aut(M), & € Aut,p(M) and if an element o €
Aut, (M) leaves each element of M invariant, then o = id.
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For an action o : G — Aut(M), if w : G — U(M) satisfies w(g)agy(w(h)) =
w(gh), then we say w is a 1-cocycle for a. We denote by Z}(G,U(M)) the set of
all 1-cocycles for a. Recall that two cocycle actions (o, u) and (3, v) are said to be
cocycle conjugate if there exists w: G — U(M) and 0 € Aut(M) such that

Ad(wg) oag=00py0 6~! and w(g)ag(w(h))ul(g, h)w(gh)* = 0(v(g, h)),

Definition 2.17. 1. Let G be a countable group and let («, u) and (8, v) be two
cocycle actions of G on injective factors B and D respectively. We say that
(o, u) and (B,v) are strongly cocycle conjugate if they are cocycle conjugate as in
Definition ZITland 6 : B — D can be chosen such that the induced isomorphism
on the flow of weights is trivial, i.e., mod(f) = 1.

2. Let (X, u) be a standard probability space and G be a discrete measured groupoid
with unit space G = X. Let (a,u) and (3,v) be two cocycle actions of G on
fields of injective factors (B;)zex and (Dy)zex. We say that « and f§ are
strongly cocycle conjugate if they are cocycle conjugate as in Definition 21Tl and
moreover for almost every z € X, 0, : B, — D, can be chosen such that the
induced isomorphims on the flow of weights are trivial, i.e., mod(6,) = 1.

For an injective factor M of type III, the Connes-Takesaki module map is sur-
jective and the following exact sequence splits:

mod

1 — ker(mod) — Aut(M) — Autg(C) — 1.

An important object associated with an action a : G — Aut(M) is the normal
subgroup of G defined by:

No={9€G|aye€Cnt.(M)}

We note that mod(a,,) = id for n € N, and hence mod(«) can be regarded as
an action of G/N on Cps. The classification of discrete amenable group actions on
injective factors up to cocycle conjugacy has been developed over the years by many
hands (c.f. |30], [47], [58], |59], [33], [32]). In particular, the classification theorem
states that any free action « of a discrete amenable group on an injective factor of
type III is classified by three invariants: the normal subgroup N, the action on
the flow of weights mod(«) and a characteristic invariant x(«).

Moreover if the subgroup N, is trivial, then the characteristic invariant y(«)
vanishes, and such actions are classified just by the actions on the flow of weights.
We shall focus precisely on this picture. We begin with the notion of central freeness
introduced by Ocneanu in [47] for group actions on von Neumann algebras.

Definition 2.18. For a factor M, an automorphism 6 € Aut(M) is called centrally
trivial if for any centralizing sequence x,, € M, i.e., which is norm bounded and
satisfies lim,_, o ||[@, zn]|| = 0 for any ¢ € M., we have 6(z,) — xz, — 0 *-strongly.
A discrete group action a : G — Aut(M) is called centrally free if for any nontrivial
g € G, oy is not centrally trivial.

By [33, Theorem 1], in case of an injective factor M of type III, an automorphism
0 € Aut(M) is centrally trivial if and only if § = Ad(u)o7? where 5% is an extended
modular automorphism for a dominant weight ¢ on M, ¢ is a 6 cocycle on U(Cas)

and u € U(M). By Proposition 5.4, [26], this is equivalent to § being inner on M
for an infinite factor. Hence we conclude that centrally free actions are precisely
the ones that are outer as actions on the continuous core. We shall now introduce
the invariants for actions on ergodic flows.
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Definition 2.19. 1. Let (Fs)ser and (F!)ser be ergodic flows on (X, 1) and (X', p/)
respectively. Let 6 and ¢’ be a two actions of a countable group G on Fy and
F! respectively. We say that § and §’ are conjugate and denote it by 6 ~ ¢’
if there exists a nonsingular R-equivariant isomorphism o : X — X’ such that
ocobgoo ! =4 forall geG.

2. Let (Y,v) be a standard probability space and let Fy on (X, py)yey and Fy
on (X, p1y)yey be two measurable fields of ergodic flows. Let G be a discrete
measured groupoid with G = X and let § and & be two actions of G on
the fields of flows (F})yey and (Fy),cy respectively. We say that § and ¢ are
conjugate and denote by 6 ~ ¢’ if there exists a measurable field of nonsingular
R-equivariant isomorphisms o, : X, — X.vl; such that for a.e. g € G, we have
that oy(g) 0 dg 0 o) = 0.

From the previous discussion, the classification theorem for centrally free actions
can be stated as follows:

Theorem 2.20. ([41, Theorem 2.3]) Let M be an injective factor and (a,u) and
(B,v) be two centrally free cocycle actions of a discrete amenable group G on M.
Then we have the following:
(i) The cocycle actions (o, u) and (b,v) are cocycle conjugate if and only if mod () ~
mod(f).
(i) The cocycle actions («,u) and (b,v) are strongly cocycle conjugate if and only
if mod(a)) = mod(3).

We conclude this section with the definition of centrally free actions for a discrete
measured groupoid on a field of factors.

Definition 2.21. Let G be a discrete measured groupoid with G(©) = X. A cocycle
action (a,u) of G on a measurable field of factors (B;).cx is called centrally free
if for a.e. * € X and all g € I';, the automorphism a4 is centrally non-trivial.

3. ACTIONS ON FIELDS OF INJECTIVE FACTORS

In the case of II; factors, it has been shown that any cocycle action of an
amenable group can be perturbed to a genuine action in |52]. In |53, Theorem
3.1], it has been shown that any cocycle action of an amenable discrete measured
groupoid on a measurable field of II; factors can be perturbed to a genuine action.
We begin this section with a 2-cohomology vanishing result for groupoid actions on
fields of infinite factors. For the proof, we use a Packer-Raeburn type stabilization
trick as in |49]. We remark here that such a stabilization trick had already appeared
in the literature before |49], for example, in |56, Theorem 4.2.2].

Theorem 3.1. Let (X, p) be a standard probability space and (By)zex be a field
of infinite factors. Let (a,u) be a cocycle action of a discrete measured groupoid G
with unit space X on the field (By)zex. Then u is a coboundary, i.e., there exists
g — wy € U(Byy)), a measurable field of unitaries such that for all (g, h) € G@ we
have u(g, h) = ag(wj)w;wgn .

Proof. Since for all x € X, B, is separable, we assume without loss of generality
that they are represented on the same separable Hilbert space H. Let G, denote
the countable set of groupoid elements {g € G | t(g) = z}. Since for a.e. z € X,
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B, is infinite, let (¢;).cx denote a family of *-isomorphisms between B, and
B, ® B(12(G;)). Thus for a.e. g € G, we have a *-isomorphism

Pug) © g © By(g) * Bi(g) @ B(*(Gs())) = Bitg) ® BIP(Guy)))

For convenience of notation, we denote D, = B,®B(1*(G,)), o) = ¢t(g)°ag°¢5_(}])-
Now in each B(I*(G.)) we denote the matrix units by ey for g,h € G,. For
each g € G, By, is infinite and hence the projections 1 ® ef](g) and ay(1® ei(f))

)

are equivalent, where ef ; denotes the diagonal matrix unit corresponding to the

identity element 1 € G,. We now pick partial isometries wy, € Dy, such that

wywg = 1®ef](7g) and wyw; = (1 ®eiff)). Now for g € G, we consider the element

s t
Dygy 3 Vy = Z o/g(l ® ekff))wg(l ® eg()zzg)
kE€Gs(g)

A simple computation shows that o (1 ® ez(“f))wg(l ® 62(29) is a partial isometry

with source projection 1 ® e;(]i)gk and range projection o/g(l ® eifz)). Hence we

have that V is the sum of partial isometries with orthogonal sources and ranges,
and hence V, € U(Dy4)). Now for k,l € G4, we can check that oy (1 ® ez(f)) =

Ad(Vy)(1 @ epd) ).

Let us denote by (Ag)geg the field of unitary operators Ay : 12(Gy(g)) — 12(Gi(g))
given by \y(d) = dgn. Since we have that Ad(V,") ooy (1 ®625f)) =1® ef](]‘c‘{z]l for all
g € G and for all k,l € G4, we can conclude that the action Ad(V;") o o is of the

form 8, ® Ad()\,) where 8, : By(g) — By(g) is an action of G on the field (By)zecx-
We have thus constructed unitaries Vj € U(Dy(g4)) such that

a; = Ad(Vy) o (By ® Ad(Ng))
Let 04 := B, ® Ad(\,) and define the 2-cocycle
u'(g,h) = Vi ag (Vi) deg) (u(g, ) Vin
Hence (o, u’) defines a cocycle action of G on the field of factors (Dg)zex. Since

we have that Aj o A\, = Ay, the unitaries u/(g, h) are of the form u(g, h) ® 1 with
u1(g,h) € U(Byy)). For g € G we now define the unitaries:

UDyg) 3 Wy = > wilg, g 'r)@eld
T€G1(9)

Now we shall denote Cy j, = v/(g, h)*o,(Wy)W, and check that Cy j, = Wy,

Con = (ur(g: ) @ 1)( Y Bylur(h, b)) ® AdA) () Y ualg,g7's) ®ellD)

T€G (¢ (h)) 5€G1(g)

= (g, ) @) D Bylua(h,h ') @ell) ) D wlg, g 's) @ell?)
r€G(1(h)) s€G4(g)

= > ulg.h) Bylur(h, hMr))ur(gr) ® ef),

TEG(t(h))

= Y wgh,h '@l = Y u(gh,h g s) @ el =W,
T€G (¢ (h)) 8€G1(g)



20 CLASSIFICATION OF REGULAR SUBALGEBRAS OF INJECTIVE TYPE III FACTORS

Hence W, is a 1 cocycle that perturbs o to a genuine action. Now we consider the
unitaries Z, = QS;(;)(V(]WQ) which satisfies ay(Z1)Z, = u(g, h)Z,n as required. O

For a direct integral B = szBG  Ba of factors, we denote by B the direct integral
of the canonical cores (not necessarily factors anymore) fz ex B The following

lemma establishes a condition on a regular inclusion, that is equivalent to the
central freeness of the corresponding groupoid action.

Lemma 3.2. Let M be an injective factor of type III and let B C M be a reqular
von Neumann subalgebra with a faithful normal conditional expectation E : M — B
satisfying Z(B) = B'NM. The resulting cocycle action (o, u) of a discrete measured

groupoid G on B is centrally free if and only if Z(B) = (B)' N M.

Proof. Claim 1: M is canonically isomorphic to B X(a,u) 9. To prove this, let us
assume that B C M C B(H) and let ¢ be a faithful normal state on B. We define
now a faithful normal state ¢ on M by 1) = ¢ o E. Suppose that Z(B) = L>°(X, u)
and let B = fi « Bz be the ergodic decomposition into factors. We can choose
separable Hilbert spaces H, such that B, C B(H,) and faithful normal states ¢,
on B, for all x € X such that:

e The two faithful normal states ¢ and fm cx ¢ are equal.
e The two Hilbert spaces H and fi  H. are isomorphic.

Next, we define the Hilbert spaces K, = H, ® L*(R), K = H @ L*(R) and
K = ffa K. Consider the natural Hilbert space isomorphism u : K — K’ that
sends an element of the form (§;)zex @ f € (f:fB He) ® L2(R) to (& @ flzex €
ff(?—lz ® L2(R)). Clearly we have that uu* = u*u = 1. We represent M C B(K)
as the SOT-closure of the subalgebra generated by the elements of B of the form
{(bg)zex ® 1 | by € By}, the partial isometries {u(Ud) ® 1 | U € [[G]]}, and the
canonical unitaries {u{ | ¢ € R} that satisfy

uf (buU) yuf™ = of (bu())

On the other hand, B X(a,u) G C B(K') can be represented as the SOT-closure
of the subalgebra generated by the elements corresponding to the subalgebra B:
{(by ® 1)meX | b, € By}, the partial isometries {@(U) | U € [[G]]} for the action &
of G on f < x Bz, and the unitaries {(uf")pex | t € R} which satisfy for U € [[G]]:

ﬁ(u)(bmutz)wES(u)ﬁ(u) &M((bzutz)wES(Z/l))
We define a map F : B(K) — B(K') by F(z) = uzu*. It is easy to check that
the map F' satisfies the following:
i F((bw)IEX ® 1) = (bw ® 1)EEX fOI‘ b;E € B;Ea
e Fu()®1) = u(U) for u € [[G]],
o F(uf) = (u)")sex forall t € R
Since F' is given by a unitary conjugation and sends generators to generators, F'
gives an isomorphism between the von Neumann algebras M and B X(a,u) G thus
proving our claim.
Claim 2: Given an automorphism a € Aut(B,), the automorphism & € Aut(E;)
is properly outer if and only if & is outer. Since proper outerness clearly implies
outerness, we prove here the other direction. Let us assume first that & is not
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properly outer, i.e., there exists v € B, such that a(b)v = vb for all b € B,. Let
v = w|v| be the polar decomposition of v such that w is a partial isometry. We
have that the projections w*w and ww™ are central, and we denote p = w*w =
ww* € Z ( «). Assuming that w # 0, we will show that & is inner. First we note
that &(b)w = wbd for all b € B,. Let (0¢)ter be the trace scaling action of R on
B, which commutes with & and acts ergodically on the center Z (B ). Since the
action is ergodic, we can find a sequence of real numbers ¢,, € R and a sequence of
projections p, € Z (Ez) such that p, < p for all n and

> 01, (pn) =1.
n=0

As 0 commutes with &, we have that &(b)f;(w) = 0;(w)b for all ¢t € R and
b € B,. We consider now the element W = >0 o0, (wpn)and check that W*W =
ZZOZO Or,, (Prnw*wp,) = ZZO:O 0, (pn) = 1 and WW* = EZO:Q Or, (wppw™) =
2% 01 (pn) = 1. Now, for an arbitrary b € B,, letting b, = b, (p,), we check
that:

Wb = Z 01, ()0, (Pn)b = >~ 60z, (pn))@(b)0s, (w)
n=0
= Z a(b)a(0y,, (pn))0r, (w) = Z a(b)0t, (G (pn))0t, (w)
n=0 n=0
Z (wpp) = a(b)W

Now it can be checked that for (B)' N B X(a,u) G = Z(B) if and only if for a.e.
x € X and for all g € I‘m\{e} ay € Aut( w) is properly outer. By Claim 1 and
Claim 2, we then have that (B B) N M= Z(B) if and only if for a.e. z € X and for

all g € T, \{e}, @, € Aut( B,) is outer, and by the equivalence between outerness
of & and central freeness of «, we have the desired conclusion. O

We shall now present a new proof of the classification theorem for centrally free
actions of amenable discrete measured groupoids on fields of injective factors. This
has already been proved in further generality, for (not necessarily centrally) free
actions by Masuda in |43]. We first need the following lemma, essentially due to
Ocneanu on approximate innerness of cocycle self conjugacies. Our formulation is
very similar to |43, Lemma 3.2] but several similar formulations have appeared in
the literature before, for example in [31], |58], [34]. In what follows, we shall follow
the same terminology as in [47, Section 5.1]. In particular, we shall denote for a
von Neumann algebra M and a free ultrafilter w on N, the Ocneanu ultrapower,
and the w-centralizing sequence algebra by M“ and M, respectively.

Lemma 3.3. Let B be an injective factor, G be a countable amenable group, and
a be a centrally free action of G on B. Suppose we have 6§ € Aut(B) such that
mod(f) =1 and vy, € U(B) a I-cocycle for a that satisfies foay00™1 = Ad(vg)oay
for all g € G. Then there exists a sequence u, € U(B) such that

Ad(up) — 6 and lim ||uyvgag(uy,) — 1||zE =0forallgeG
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Proof. Since @ is trivial on the flow of weights, by |33, Theorem 1|, § € Int(B).
Hence we have a sequence w,, € U(B) such that Ad(w,) converges to ¢ in the usual
topology in Aut(B). For a faithful normal state ¢, we then have that:

¢ o Ad(wy,) — po 8| =0

We fix now a free ultrafilter w on N. Clearly the above equation also converges as
n — w. Now note that as n — w, ||wn||zE - 0, i.e., wy, is not a trivial sequence.

Now let z,, be a sequence such that ||:1:n||f — 0 and note that as n — w, we have
that

P(Ad(wn)(zn2y,)) + ¢(Ad(wn)(23,20)) = H(0(znzy,)) + (0(27,20)) = 0

as ¢ o 6 is also a faithful normal state on B. Hence the sequence (w,) normalizes
the trivial sequences and hence W = (w,,) € B¥. Since Ad(wy,) o ay o Ad(w}) —
Ad(vg) 0 ag in Aut(B), we have that

l|¢ o (Ad(wy) 0 ag o Ad(wy,)) — ¢ o (Ad(vg) o)l = 0 asn — w
We can check from this that we have:
[0, wzvgag(wn)]|| —0asn—w

Denoting still the induced action of G on B, by «a, we note from the previous
equation that the element V;, = W*v a (W) € U(B,,). Next, we check that:

*, ok
W

and hence V is a 1-cocycle for the action a of G on B,. Clearly, « is still a
centrally free action on B¥. By the final remark in |47, Pg. 42|, centrally free
actions are strongly free and semiliftable (we refer the reader to |41, Section 5.2]
for the appropriate definitions) and thus satisfy the hypotheses of Ocneanu’s one
cohomology vanishing result as in |47, Proposition 7.2]. Using the proposition, there
exists Z € U(B,,) such that Z*V,ay(Z) = 1.

As in [12, Proposition 1.1.3], we can choose a representative sequence (z,) for
the unitary Z € U(B,,) with z, € U(B). Since Z is w-centralizing, we have that
Ad(z,) — id as n —» w. Now we define a sequence of unitaries u,, € U(B) by
Up ‘= Wp2Zn. Then we have that

lim Ad(uy,) = 7}1_1% Ad(wy,) o Ad(z,) =6

n—w

Now note that in B,,, we have that Z*W*vsa,(WZ) = 1 and hence we have that
uhvgog(un) — 1 as n — w asrequired. The u-topology on Aut(B) and the topology
of pointwise convergence on the space of 1-cocycles are both metrizable, hence we
can pass to a subsequence and assume that the conclusion of the theorem remains
valid as n — oo, which completes our proof. O

We shall now prove the classification theorem for centrally free actions of a
discrete measured amenable groupoid on a measurable field of injective type III
factors. At the heart of the proof is a cohomology lemma proved in [53, Theorem
3.5]. As the authors mention in [53], the formulation here is different than the
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cohomology lemmas that appear in [31] and [57], but the proof is similar to the one
in |57, Theorem 5.5].

Theorem 3.4. Let (X, u) be a standard probability space and let G be a discrete
measured groupoid which is amenable with G©) = X. Let o and B be centrally free
actions of G on a field of injective type III factors (Bg)zex such that X = G,
Then we have the following:

(i) The actions « and 8 are cocycle conjugate if and only if mod(a) ~ mod(3),
(i) The actions « and 8 are strongly cocycle conjugate if and only if mod(«a) =

mod(f).

Proof. Tt is straightforward to check the ‘only if” directions of both statements. We
shall first deduce (ii) from (i) and then prove (i). Now suppose that mod(«a) ~
mod(f3) and let o, € Autg,(Cp,) be the automorphisms for all z € X such that
T4(g) © mod(By) o Us_(;) = mod(ay) for a.e. g € G. By surjectivity of the Connes-
Takesaki module map (c.f. |60, Theorem 1.1]), we can find automorphisms ¢, €
Aut(B;), such that mod(d;) = o, for all x € X and then consider the action
By = Gig) 0 By o &;(;) for all g € G. We note here that mod(ay) = mod(f;) for
a.e. g € G. Since 8 and 8’ are strongly cocycle conjugate by (ii), we have a field
of automorphisms 6, € Aut(B;) such that mod(f,) = 1 for a.e. z € X and a
1-cocycle (¢g)geg such that for a.e. g € G, we have

Oi(g) © By 0 0y = Ad(cg) 0 g

and hence (0, 0 6;)zex and (¢g)geg gives the required cocycle conjugacy between
a and 8. We prove the ‘if’ direction of (ii) below.

Let R be the non singular countable equivalence relation induced by G defined
by

R =A{(t(9),s(9)) | g € G}.

The amenability of G implies that R is an amenable equivalence relation and by
the |14], we know that X can be partitioned into X; and X5 where each X; is R
invariant, R|x, has finite orbits and hence admits a fundamental domain and R|x,
is generated by a single non-singular automorphism. From this it follows that there
exists a measurable lift ¢ : R — G such that

o s(q(z,9)) =y and t(q(x,y)) = =, and
e ¢ is a morphism, i.e., ¢(x,y)q(y, z) = q(z, 2) for a.e. (z,y) € R

We let T denote the family (T',).cx and define an action § of R on I' as follows:
For all (z,y) € R, let us denote by J(, ) : 'y — I'; the group isomorphism given
by 0(z,)(9) = a(z,y)gq(z, y)~! for all g € Ty. Clearly O(2,y)©0(y,z) = O(z,2) S ¢ is a
morphism. Hence the groupoid G is isomorphic to a semidirect product I' xsR. For
convenience of notation we shall use «(, ,) and B, ) to denote ay(y ) and Byz,y)-

Let Z1(T';,U(B.)) be the space of all 1-cocycles ¢, for the action a®. We denote
by P, the Polish space of ‘strong’ cocycle conjugacies between the actions o® and
(3% on B,. More precisely, let P, C Aut(B,) x ZL(I';,U(B,)) be the collection of
all (0, (cg)ger, ) such that the following conditions are satisfied:

e 0 € Aut(B,) and mod(§) =1,
o ¢, €U(B,) for all g € Ty and (¢g)ger, is a 1 cocycle for o,
e 0oB,007t = Ad(cy) o for all g,h € T,
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The u-topology on Aut(B;) and the topology of pointwise convergence on the
space of 1-cocycles endows P, with a natural topology. We now note that since for
the restricted actions of the isotropy groups a*, % : I'y ~ B, mod(a*) = mod(8%),
the actions are strongly cocycle conjugate by Theorem Thus we have that P,
is non-empty. We have a family of Polish groups U(B,) acting on P, as follows: for
w € U(B;) and (0,vy) € P,, we define

w-0=Ad(w)ofand (w-v); = wygay(w")

It is easy to check that w-foa,ow-0~! = Ad(w-v), o oy and hence this action is
well defined. We claim that this action has dense orbits. To check this let (6, ¢) and
(6, d) be two elements of P,. By Lemma[3.3] we consider the sequences of unitaries
wy, and z, such that the following holds:

e Ad(w,) — 6 and Ad(z,) — ¢ in Aut(B;)

o llwpegag(wn) =17 —= 0 and [|2;dgay(z0) = 1|7 =0

Since Aut(B;) is a Polish group, the sequence of unitaries u, = z,w} satisfy
Ad(uy) 0@ — 5. We recall from the proof of Lemma B3] that for a free ultrafil-
ter w on N, we can assume that the sequences W := (w,) and Z = (z,) are in

U(BY). Since the sequence zXdjaq(z,) —1 — 0 *-strongly and Z € B, we also

have that z,c4(2)) — dg *-strongly as n — w. Now for the same reason, as n — w
we also have:

lzntwegag(wnzn)—dgllF < lznwycgag(wnzy) —znag (3)If +lznag () —dg|§ — 0

Therefore the unitaries w,, also satisfy u, - ¢, — dy in the topology of pointwise
convergence in Z}(I'y,U(B,)) as n — w. Once again by passing to a subsequence,
we have proved our claim. Now, we follow the same notation and the same strat-
egy as in |53, Theorem 5.7] and define the measurable field of continuous group
isomorphisms R > (z,y) — Q(g,) : U(By) — U(B,;) and the homeomorphisms
R > (2,Y) = Y(ay) : Py — Py such that to an element (0, (cy)ger, ), the map v, )
does the following:

e § € Aut(B,) is sent to the element v, ,y 060 B, ,) € Aut(By),

e (cg)ger, is sent to the cocycle (a(myy)(c(;(yyw)(g)))gepz.

It can be easily checked that a/, )00/, ,) and the 1-cocycle g — o, ) (c(;(w) (9))
form a cocycle conjugacy between the actions a® and % of the isotropy groups I',,
on B,. Since mod(a(g,)) = mod(B,,,) for all (z,y) € R and mod(f) = 1, we
have that this is indeed a strong cocycle conjugacy and hence 7(, (0, (cg)ger,) is
an element in P,.

Now [53, Theorem 3.5] gives us a measurable field of cocycle conjugacies 7, =
(0z, (cg)ger.,) together with a I1-cocycle R > (x,y) — () € U(B:) that satisfies
Te = C(a,y) V(wy) (Ty). Since 7 is a section, 0, € Aut(B,) clearly satisfies mod(6,) =
1. For an element g € I';, we then get that c(%y)oz(%y)(c(;(y,z)(g))oag(ca)y)) = ¢q4.
Hence it follows that:

(1) C(w7y)o‘(w7y)(c5<y,z) (9) = g0 (Cay))

Now any element b € G with s(b) = y and t(b) = x can be written as b =
q(x,y)bo for a unique element by € I';. We define a new field of unitaries (d, €
U(Byg)))geg as follows: we put dy = ¢, if g € T, for some z € X, we put

dg(z,y) = C(z,y) and finally for any element of the groupoid b as above, we define
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d(g) = C(z,4)%(a,y)(Cbo ). Note that b can also be written as d,,,(bo)q(z,y) and by
Equation[l] d, = Cé(x,y)(bo)aé(z,y)(bo)(C(m,y)) and hence this is well defined. We now
show that it is indeed a 1-cocycle for a. Let a,b be elements of G with s(a) = z,
t(a) = s(b) = y and ¢(b) = x. Note that:

ba = q(z,y)boq(y, 2)ao = 6z ) (bo)q(, 2)ao = 6(x4)(b0)d(s,2)(a0)q(, 2) = q(, 2)5( 2 (bo)ag

Now we calculate that:
Ayt (da) = C(a,y)(w,y) (Cbo Ao (dg(y,2)a0)) = C(o,y) A,y (Coo Qo (s, . (a0)a(y,2)))

= Clay) Q) (Coo Qo (€5, ) (a0) ) Qb0 X, . (a0) (C(y,2)))

(

(

= Cla,y) X(wy) (Coody, -y (a0) Moy 2 (a0) (C(y,2)))

= ) ¥ (C(0.2) 0. (€521 (bg)an))
(c5-

= Ca2) %2 (G571 (bo)an)) = dba

This means that (dy)geg is a 1-cocycle for « and along with (0,),ex, this gives
a strong cocycle conjugacy between « and . (I

Before we state the classification theorem for regular subalgebras, we define
the following notation for convenience. Suppose we have two discrete measured
groupoids G; and G with unit spaces X; and X5 respectively. Suppose 0 : G; — Go
is a groupoid isomorphism such that o(X;) = X2. Suppose a7 and «s are actions
of G1 and G, on fields of factors (By)zex, and (Dy)yex, respectively. We say that
mod(ay) and mod(«as) are conjugate via o and denote it by mod(a;) ~, mod(as)
if there exists a family of automorphisms ¢, : Cg, — Cp__, such that for a.e. g € G,
we have

o(x)

b1(g) ©mod(ay) o gb;(;) = mod(SBy(y))

Theorem 3.5. For i € {1,2}, let B; C M; be two inclusions of von Neumann
algebras, where M; are injective factors and B; are regular subalgebras with faithful
normal conditional expectations E; - M — By satisfying Z(B;) = (B;)' N M. Let
Z(B;) = L>™(X;, ;) and let the associated discrete amenable groupoids be G;, with

QZ-(O) = X, and cocycle actions (a;,u;) on B;. Then there exists an isomorphism
0 : My — My satisfying 6(B1) = Ba if and only if type(B1) = type(Bs) and there
is a nonsingular isomorphism o : G1 — Go with 0(X1) = Xa such that mod(ay) ~
mod(az).

Proof. It By and Bs are of type I,, or II;, this follows from [14] and [53]. In the
remaining cases, it is enough to show that if the preceding two conditions are
satisfied, then the actions (a1, u1) and (ag,us) are cocycle conjugate, hence giving
isomorphic crossed products. By Lemma B2 («1,u1) and (a2, us) are centrally
free. By Theorem BT (for type I, Il and type III), we can assume that «; and
«z are genuine actions. If By and Bs are not of type III, then a; and as are cocycle
conjugate by |58, Theorem 1.2]. If they are both of type III, then cocycle conjugacy
follows by Theorem [3.4l The ‘only if’ direction is easy to check and we avoid the
details here. O

4. ACTIONS ON FIELDS OF ERGODIC HYPERFINITE EQUIVALENCE RELATIONS

We begin this section by recalling the notion of Maharam extensions [38] and
looking at the canonical core of a type III factor as a von Neumann algebra of
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an equivalence relation. Let R be a countable nonsingular equivalence relation on
a standard probability space (X, u). Let ¥ be a locally compact group with left
Haar measure A and let Z : R — X be a cocycle. The skew product equivalence
relation R x z ¥ is defined on the product space (X x X, x A) by (z,9) ~ (y,h)
if and only if (x,y) € R and g~ 'h = Z(x,y). We note that R xz ¥ is a countable
(1 x A)-nonsingular Borel equivalence relation on X x X.

Recall from Section the Radon-Nikodym 1-cocycle D,, for an equivalence
relation R on (X, p). We note that log(D,) : R — R is also a 1 cocycle to the
additive group R.

Definition 4.1. The skew product of R with the cocycle log(D,) : R — R is
called the Maharam extension of R and is denoted by ¢(R). We can easily check
that ¢(R) is the countable nonsingular Borel equivalence relation on (X x R, p X v)
where v with respect to the Lebesgue measure is given by:

v(A) = / et dt
A
and (z,s) ~ (y,t) if and only if (z,y) € R and t — s = log(D,)(z, y).

If we further assume that R is of type III and consider the action R ~ (X xR, px
v) where dv = et dt and where R acts by translation on the second component,
we see that this action preserves the Maharam extension and hence induces an
action on the abelian von Neumann algebra of ¢(R)-invariant functions L (X x
R, 1 x v)*(R)  this is called the associated flow of the equivalence relation R. If R is
assumed to be ergodic, the only invariant functions with respect to this action are
the constant functions. This precisely gives the smooth flow of weights on the factor
L(R). The type classification of von Neumann algebras and the classification of
Borel equivalence relations agree in the sense that the nonsingular Borel equivalence
relation R is of a particular type if and only if its associated von Neumann algebra
L(R) is of the same type. It is a well-known fact that for a nonsingular countable
equivalence relation R on (X, p), the von Neumann algebra L(c(R)) associated

with its Maharam extension is canonically isomorphic to the continuous core L(R)
of L(R) with respect to the faithful normal state associated to the measure u. For
details about most of the discussion above, we refer the reader to [217].

Suppose we have an inclusion A C B C M where M is an injective factor, A is
a Cartan subalgebra of M, and B is a regular subalgebra of M. As in section 2.3,
we can write A C M as L*°(X,u) C L(R) for an ergodic hyperfinite equivalence
relation R on (X, ). By Proposition 2.14] we have that B is isomorphic to L(S)
where S is a strongly normal subequivalence relation of R. As in the previous
discussion, we notice that at the level of the continuous cores, AcBc Mis
isomorphic to the inclusion L>®(X x R, u x v) C L(¢(S)) C L(¢(R)). In particular,
A is a Cartan subalgebra of M and hence ~maximal abelian. Now, B NM C
A'NM = A C B and therefore Z(B) = B'N M. This will appear later in Corollary

We now shift our focus to 2-cohomology vanishing results for actions on Cartan
inclusions. Similar to Theorem B.Il we prove the following theorem here.

Theorem 4.2. Let (X,u) be a probability space and G be a discrete measured
groupoid with unit space X. Let (Az C By)zex be a measurable field of infinite
factors with Cartan subalgebras. Let (o, u) be a free cocycle action of G on the field
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(Az C Bz)zex, where for g € G, we have that ay(Agg)) = Ayg), then the cocycle u
is a coboundary: there exists a measurable field of umtarzes normalizing the Cartan
subalgebras G > g+ wy € N, (Ayg)) such that for all (g, h) € G?, we have

u(g, h) = ag(wp Jwywgn.

Proof. We follow the same notation as in Theorem Bl We consider G, = {g €
g, t(g) = z}. For all x € X, let S, denote the corresponding ergodic hyperfinite
equivalence relation on a standard probability space (Y, i1;) as in [21)]. Since S, is
infinite for almost every x € X, we can assume that S, is isomorphic to Cy X S,
where Cy denotes the complete equivalence relation on N, i.e., m ~ n for all m,n € N.
Once again by the main theorem in 21|, we can take a measurable field (¢,),cx of
*_isomorphisms B, and B(I?(G,)) such that ¢,(A;) = A, @ [*(G,) for a.e. 7 € X
where [°°(G,) denotes the diagonal Cartan subalgebra in B(I(G,)).

Once again for z € X, we denote by D, the infinite factor B, ® B(I2(G.)),
by C, the Cartan subalgebra A, ® [°°(G,) and by «j, the action ¢4 o oy 0 gb_l
By(g) @ B(I*(9a(g))) = Bu(g) @B(1*(Guy))) such that ag(Ay >®l (Gs(e))) = At(g) o
1°°(Gi(g)).- We consider the matrix units ey , in B(1%(G.)), i. the element that
sends the basis element dj, to the basis element &, in 1%(G,). Denoting the identity
element in each G, by 1 we consider the elements 1®e§(,g) € Cy(q) and aé(l@ei_(f)) €
Ci(q) for each g € G. By ergodicity of the underlying equivalence relation, we can
find partial isometries wy € Dy(g) such that wiwy, = 1® ell9), wew; = a(1® 61(1))
and ngt(g)w;; = Ot(g).

We define now the unitary operator Vy = >, o vy Yo ol (1 ®€S(g))wq(1 ®et(g) ) and
note that V, CyVy = Cy(g). As in the proof of Theorem 3.1 we have that Vy is
the sum of partial isometries with orthogonal sources and ranges, and hence V €

NDt(g)(Ct (g))- Now for k,I € G4y, we can check that ag(l Z(lg)) =Ad(Vy)(1®

e;(lz;l). We consider once again the operator Ay : 12(Gyy)) — 12(Gy(y)) given by

Ag(0r) = 04, and note that
a;] = Ad(Vq) © (Bg ® Ad(Ag))

where 8, : Byg) — By(g) is an action of G on the field of factors (Bz)zex. We let
the action 8, ® Ad(),) be denoted by o,. Consider now the two cocycle u/(g, h) =

Vo (Vi) by (g, )Vgh and note that u'(g,h) € Np,,, (Cy(g)). Thus (o,u’) defines
a cocycle action of G on the field of Cartan inclusions (C, C D,)zex. Once again

we note that since AgoX, = Agp, there exists unitaries ui(g, h) € NDt(g) (Cli(g)) such

that u/'(g,h) = u1(g,h) ® 1. For r € Gy(,), we consider the matrix units eiff) and

define the unitary W, = Zregt(g) u(g, g7 r) ® ell? . Clearly Wy € Np,,, (Cra(g))s
and oy (Wp)W, = u'(g,h)Wyn. Therefore the unitaries Z, € Np,,, (Cy(g)) defined
as Zg = QS;(;)(V_(]WQ) satisfy ag(Zn)Zy = u(g, h)Zyp as required.

‘ O

The next step is to deduce the invariants for outer actions of amenable groupoids
on fields of ergodic equivalence relations as in Theorem 5.7, |[53]. This was done for
outer actions of countable amenable groups on the unique ergodic hyperfinite 1Ty
and I, equivalence relations in [7]. In the type III setting as well, invariants were
obtained for such actions on ergodic hyperfinite equivalence relations of type III,
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A € (0,1] in [6] and finally in the type IIIy case in [§]. One should note here that
these results can be considered as equivalence relation versions of Ocneanu’s theo-
rem (]47]) and the classification results due to Katayama, Sutherland and Takesaki
( |59] and |32]). Recently, a unified approach to proving this was given by Masuda
in [42].

We introduce the notion of the strong cocycle conjugacy in this context before
stating the theorem. For i € {1,2}, let R; be countable ergodic equivalence relations
on standard probability spaces (X, i;). Now suppose ¥ : (X1, 1) — (Xa, p2) is
a nonsingular measure space isomorphism. Letting p = log W, we consider
the map:

U (X xRup x A) = (Xa X Ry ug x A), Uz, s) = (¥(x),p(z) +3)

It can be checked that U is a R-equivariant measure preserving isomorphism and if
U : Ry — Ry is an orbit equivalence, then ¥ : ¢(R1) — ¢(Rg) is an orbit equivalence
between the Maharam extensions. ¥ induces a R-equivariant isomorphism of the
flow of weights given by ¥* : L°(X; x R)®' — L®(X, x R)R2. Now we consider
the measure spaces (Y;,v;) such that ¢; : L=(Y;) — L>®(X; x R)® are the R-
equivariant *-isomorphisms that implements the flow of weights R ~ (Y, v;). This
gives us a R-equivariant *-isomorphism:

(;52_1 o U* o o1 : L=(Y1,11) — L= (Y2, 1)

and such a map is implemented by a R-equivariant nonsingular isomorphism ¥y :
(Y1,11) — (Ya,v2). We denote this isomorphism by mod(¥). It can be shown that
there is a nonsingular factor map 7; : X; Xx R — Y; implementing ¢; that satisfies
mod(¥) o m; = my o W almost everywhere. If ¥ € Aut(R), we get the following
formula:
mod(W)(mi (,5)) = p(a) - m2(¥(x), 5).

For rigorous proofs of the facts discussed above, we refer the reader to |27]. Now
we are in a position to define the notion of strong cocycle conjugacy in this context.

Definition 4.3. 1. Let G be a countable group and let («,u) and (8,v) be two
cocycle actions of G on Cartan inclusions A C B and C' C D into injective
factors. Let us denote the associated ergodic equivalence relations by R on (X, )
and S on (Y, v) respectively. We say that («,u) and (8,v) are strongly cocycle
conjugate if they are cocycle conjugate as in Definition and § : B - D
can be chosen such that the corresponding isomorphism 6 : R — S induces the
trivial isomorphism on the flow of weights i.e., mod(6) = 1.

2. Let (X, ) be a standard probability space and G be a discrete measured groupoid
with unit space G¥ = X. Let (o, u) and (3,v) be two cocycle actions of G on fields
of injective factors with Cartan subalgebras (A, C B;)zex and (Cy C Dy)zex-
Let R, and S, denote the corresponding fields of ergodic equivalence relations.
We say that (o, u) and (B,v) are strongly cocycle conjugate if they are cocycle
conjugate as in Definition and moreover for almost every z € X, 6, : B, —
D, can be chosen such that the corresponding isomorphisms 6, : R, — S,
induce trivial isomorphims on the flow of weights, i.e., mod(8,) = 1.

Theorem 4.4. (See [42, Theorem 2.4]) Let B be an injective factor with a Cartan
subalgebra A C B and let the associated ergodic equivalence relation be S. Let G
be a countable amenable group and oy, as actions of G on A C B such that the
induced actions on S are outer. Then we have the following:
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(i) a1 and ag are cocycle conjugate, as in Definition[Z10if and only if mod(ay) ~
mod(az)

(i1) a1 and ag are strongly cocycle conjugate, as in Definition [{.3 if and only if
mod(ay) = mod(ag).

Now we briefly discuss ultrapowers of Lebesgue spaces. We first fix a free ultra-
filter w on N. Let A C B be a Cartan subalgebra of an injective factor. Let R be
the corresponding ergodic hyperfinite equivalence relation on a probability space
(X, B, iv). We consider sequences (A, )nen of subsets in B and define the equivalence
relation ~ by putting (A, )nen ~ (Bn)nen if p(4,AB,) = 0 as n — w. Now we de-
fine, as in |15] the ultraproduct BY = {(Ay)nen, An € B}/ ~. This forms a Boolean
algebra and we define the measure p® by putting pu® ((An)nen) = lim, e, p(Ay).
Thus (B“, u*) is a measure algebra and every automorphism T of (X, ) induces
an automorphism T of B given by T“((Ap)nen) = (T(A4n))nen-

We now denote by B, the fixed point algebra of {S¥, S € [R]|}. We also denote
by p. the restriction of u“ to B,. In other words, B, can be represented by
sequences (A )nen such that p(A4,AS(4,)) > 0asn s wforall Se[R]. T e
Aut(R), we have that T leaves B, invariant and we denote by T, the restriction of
T“ to B,,. It can be checked that T, is a measure-preserving automorphism of B,,.
By |15, Lemma 2.4], we have that for all ' € Aut(R), T, = 1 if and only if T' € [R].
We note that [15, Lemma 2.3| in the context of von Neumann algebras, gives the
following fact: Let B be an injective factor with a Cartan subalgebra A C B and
let S be the associated ergodic equivalence relation. If o € Aut(S) is outer, then
the induced automorphism on A¥ N B, is properly outer.

We now prove the following lemma on the approximate innerness of cocycle self
conjugacies, i.e. an equivalence relation version of Lemma

Lemma 4.5. Let G be a countable amenable group and o be an action of G on
an injective factor B with a Cartan subalgebra A C B such that the action is
Cartan preserving, i.e., for all g € G, ay(A) = A. Let S be the ergodic equivalence
relation associated to the inclusion A C B on a standard probability space (X, B, 1)
and assume that the action of G induced on S is outer. If § € Aut(A C B)
such that 0 € ker(mod) and vy € Np(A) is a I-cocycle for the action « satisfying
foayo0t = Ad(vy) oy for all g € G, there exists a sequence u, € Np(A) such
that:
Ad(up) — 6 € Aut(B) and unoy(u)) — vy — 0

in the u-topology and the *-strong topology for all g € G respectively.

Proof. We prove this in a similar way as Lemma B3]l Let us denote the group of
automorphisms of B that preserve A by Aut(B, A). By [22, Theorem 3, Theorem
4] and the fact that the equivalence relation is hyperfinite, we have that:

Aut(B, A) =2 Z'(R,T) x Aut(R)

where Z!(R,T) denotes the group of 1 cocycles of R with values in the circle. The
usual topology in Aut(B, A) corresponds to the u-topology in Aut(S) defined in
Section 2.3 and the standard topology in Z'(R,T) of convergence in measure as
introduced in [44].

Hence 6 corresponds to a pair (c,f0p) where 6y € Out(R) and mod(6y) = 1.
By the main result in [28], we have that 6y € [S]. Hence there exists a sequence
¢n € [S] such that ¢, — 0y in the u-topology in Aut(S). Now we write R = U, R,
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where each R,, is of type I,, and note that the cocycle ¢, = ¢|g, is a coboundary
by |21, Proposition 7.4]. Thus there exists for each n, a Borel function §,, : X — T
such that ¢, (7,y) = 6,(2)0,(y) ! for a.e. (z,y) € R,. Clearly, we can extend c,
to all of R and define a cocycle on S that is a coboundary. Now we can check that
¢, — cin ZY(R,T), i.e., ¢ is approximately a coboundary.

Since the topologies coincide, we have that the automorphisms in Aut(B, A)
corresponding to (¢, ¢,) are inner and converge to 6 in the usual topology in
Aut(B). Denoting by w, € Np(A) the unitaries such that Ad(w,) corresponds
to (cn, ¢n), we note that Ad(w,) € Aut(4 C B) and Ad(w,) — 6. We fix a free
ultrafilter w on N and consider now the sequence W := (w,, ), which lies in B“ by
the same argument as in Lemma B3 Since Ad(w,) o ag o Ad(w}) — Ad(vg) 0 ag
in Aut(A C B), we can check once again that letting vy, = wpvga,(w)), the
sequence (Vg )nen is a w-centralizing sequence. Clearly for all n € N and g € G,
Vgn € NB (A)

Now we consider the action «,, of G on AY N B,, and look at the corresponding
e preserving action on B,,. By |15, Lemma 2.3] (see the previous discussion), this
action is free. We claim now that there is a separable von Neumann subalgebra
Ay C A¥ N B, such that «, restricts to a free measure preserving action of G on
Ap. To prove the claim, we first note that since «y, is free, for a fixed g € G, there
exists a set I and orthogonal projections py,; € A* N B, such that for each i € I,
O.g(Dgi) L pg,i and Vierpg; = 1. Since A“ N B, is a countably decomposable von
Neumann algebra, we can thus find projections pg , such that c, ¢(pg,n) L pg,n for
all n € N and V,pgn = 1. Now we can define Ay to be the von Neumann algebra
generated by the countably many elements {aw, ¢(ph,n) | 9, h € G}. This is clearly
separable and by construction, the action «, on Ay remains free.

Let the underlying measure space be (Y,v) and let K be a finite subset of G
and € > 0. We shall now use a version of the Ornstein-Weiss Rohlin Theorem
(]48]) presented in |35, Theorem 4.46]. For some m € N, there exists finite subsets
T1,...,Ty, of G and projections Pi, ..., P, in Ag such that:

e The projections {a, n(P;) | 1 < i < m,h € T;} are orthogonal and their
sum P = 37" 37 1  s(P;) has trace at least 1 — .
e For every g € K and 1 < i < m, we have that |¢7; N T;| > (1 — €)|T3|.

Let (pik)ken € A be a representative sequence for the element P; € Ag. Since

Vg.n is w-centralizing, for each k, we can find ny € N such that for all 1 <7 <m
and for all g € T; we have that

va7nkag(pi7k) (pz k?)vqynk”

wl}—‘

Now for all ¢ € G, we define V, := (vgn, )ken and note that Vj is still a w-
centralizing sequence, i.e., V; € B,. From the above equation we have that for
eachl <i¢<m,V, commutes in B, with ay4(P;) whenever g € T;. It is easy to
check, as in Lemma il that V; is a 1-cocycle for the action of G on B,,. Now we
consider the element V € B,, given by V = (1 - P) + 37" > . Vyay(P;). The
summands in V' have orthogonal domains and ranges, and hence V is a unitary
operator. Moreover V clearly normalizes the subalgebra Ay. Now we fix g € K and
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look at the element Q = Y| 3= 1 .7 s(P;). We have that:
Voau,g(V)Q = Z Z Votu,g(V)ow, s (P;) = Z Z Votw,g(Vag, g-15(F;))
i=1 se€T;NgT; =1 seT;NgT;
= Z Z Voaw,g(Viaw(Pj)og g-15(F;))

1,7=1s,teT;NgT;

= Z Z V‘]O‘(—U,!J(Vq*ls)aw,s(‘Pi)

i=1 seT;NgT;

= Z Z ‘/saw,s(Pi) = VQ
1=1 se€T;NgT;

We note here that by our choice of Vg, it is clear that ) commutes with V', and we
similarly get QV = QVyay (V). As in [53, Theorem 4.7], we have that:

[Vottw,q(V) — V”% = [[(Vgu,g(V) = V)(1 - Q)H% <4r(1-Q)

where 7 denotes the trace in B,,. Now we have

T(l_Q):T(l_P)+Z Z aw,s(Pi)

i=1 seT;\gT;

=7(1=P)+ Y _|T\gTi|7(P;)
i=1

<e+ EZ |T;|7(P;) < 2€
i=1
Thus we have that ||V, — Ve, 4(V*)||3 < 8¢ and that the 1-cocycle Vj, for the action
o, of G on B, approximately vanishes. Now applying Ocneanu’s index selection
trick (|47, Lemma 5.5]), we can find a unitary Z € U(B,,) which normalizes A“NB,,
and such that V; = Zay, 4(Z*). Now we consider the unitary W € B“ given by
W = (wn, )ren and we choose a representative sequence (z)ien for the unitary
Z € U(B,,) such that z, € Ng(A) for all k € N. We define uy, = wy,, 2, and note
that Ad(ug) — 0 and upvgag(uf) — 1 as k — w. As in Lemma 3.3, we note that
both the topologies are metrizable and hence we can choose a subsequence such
that the conclusion holds as k£ — oo, as required. (I

Theorem 4.6. Let (Y,v) be a standard probability space and (By)ycy be a mea-
surable field of injective factors, with Cartan subalgebras A, C B,. Let o and  be
free actions of a discrete measured amenable groupoid G with unit space Y on the
field (Ay C By)yey. Then the following holds:

(i) a and B are cocycle conjugate if and only if mod(a) ~ mod(3).

(i) o and B are strongly cocycle conjugate if and only if mod(«) = mod(p).

Proof. As in Theorem B.4] the ‘if’ directions are the nontrivial ones. By the same
argument as in Theorem B.4] using surjectivity of the Connes-Takesaki module map
at the measure space level (c.f. |60, Theorem 2.2|, we can deduce (i) from (ii),
so we prove (ii) here. Let A and B denote the direct integrals of the measurable
fields (Ay)yey and (By)yey respectively. Since a and 3 preserve globally the Car-
tan subalgebras, it can be checked as in the discussion preceding Theorem [4.2] that
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Z(B) = (E)’QMQ and Z(B) = (E)’ﬁﬂg where M, and Mg denotes the respective
crossed products. Now by Lemma [3.2] o and 8 are centrally free. With the same
notation as Theorem[3.4] we let R be the corresponding amenable nonsingular equiv-
alence relation on Y and we let ¢, .y : I'; — I'y be the measurable family of group
isomorphisms for all (y, z) € R. We let P, be the Polish space of all strong cocycle
conjugacies between the actions (ag)ger, and (By)ger, on the inclusion A, C B,,.
More precisely we define P, = {(0,cy)ger, | 0 € ker(mod) C Aut(By), 0(A,) =
Ay, cg € N, (Ay), cgn = cgaglcn), 08,07 = Ad(cq)ay V g, h € Ty}. We endorse
P, with a topology in the same way as in Theorem 3.4l By Theorem 4] P, is
nonempty for all y € Y. Letting G, = N, (A,), we have an action Gy ~ P,, as
in Theorem B4l By the same argument as in Lemma [3.3] we can conclude that
this action has dense orbits if every cocycle self conjugacy is approximately inner,
which is guaranteed by Lemma

We now consider the measurable field of isomorphisms R > (y, 2) = v(y,2) : P. —
P, given by mapping (0, (cg)ger.) € P. to the automorphism «, 060, ) of B,
and the 1-cocycle g — (. )(c5(y,-)(g)). This is well defined because mod(a; ,)ofo
B(y,2)) = 1 as mod(ay) = mod(Sy) for all g € G. We use once again [53, Theorem
3.5] to find a measurable field y — m, = (6, (cg)ger,) of cocycle conjugacies
together with a 1-cocycle R > (y,2) — c(y,.) € Gy with 7, = ¢(, .y € G, such
that m, = c(y,2) - V(y,2) (7). Hence the field (cgy)ger, and (c(y,2))(y,-)er forms
a l-cocycle for the groupoid action « as shown in the proof of Theorem [3.4] and
along with the field of isomorphisms (8y),cy, we have a strong cocycle conjugacy,
as required. O

We have now all the ingredients to prove the main classification result for regular
subalgebras with Cartan inclusions.

Theorem 4.7. Let A; C B; C M;, i € {1,2} be two triples of von Neumann
algebras with separable preduals such that M;’s are injective factors, B; C M; are
reqular and A; C M; are Cartan subalgebras. Let G; be the associated amenable
discrete measured groupoids and (o, u;) be the associated free cocycle action of G;
on A; C B;. Then there exists an isomorphism 0 : My — My satisfying 0(B1) = Ba
and 0(A1) = Az if and only if type(B1) = type(Bz) and there is a nonsingular
isomorphism o : G1 — Gy with 0(X1) = X5 such that mod(ay) ~, mod(az).

Proof. Once again, we only show the isomorphism of inclusions if the conditions
are satisfied. By Theorem B in [53], the only cases to consider are type I, Il
and type III. By Lemma 2] we can assume that the 2-cocycles u; and wuy are
trivial. The genuine free actions are now cocycle conjugate by Theorem and
consecutively the crossed product inclusions are isomorphic. O

5. MODEL ACTIONS

In [63], the authors provide a canonical construction of ergodic equivalence rela-
tions with prescribed flows. More precisely, given any ergodic flow F : R ~ (Y, v),
they construct an adjoint flow F and a canonical ergodic equivalence relation Rp
such that the associated flow of Ry is isomorphic to F. The construction of the
adjoint flow is involutive, i.e., the adjoint of the flow Fis isomorphic to F. In this
section, we exploit this construction to provide model actions on fields of ergodic
equivalence relations with prescribed actions on the associated fields of flows.
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We recall the notion of adjoint flows introduced in |63]. For an ergodic flow
F:R ~ (Y,v), by |63, Proposition 3.1], there is a unique (up to measure-preserving
isomorphism) non-singular ergodic action of R? on a standard o-finite measure space
(Z,¢) such that the action of both R x {0} and {0} x R scale the measure ¢ and
such that R ~ Z/({0} x R) is isomorphic to R ~ Y. This unique R? action can
be realized concretely by considering (Z,() = (Y xR, v x \) where d\ = e~ *dt and
the action is given by

(t,7) - (y,8) = (t-y,w(t,y) +t+7+s)

where w : R x Y — R is the logarithm of the Radon-Nikodym cocycle. The ergodic
flow R ~ Z/(Rx {0}) is called the adjoint flow of F' and denoted by F': R ~ (Y, D).
In the concrete realization of the R? action as above, we note that the adjoint flow
can be described as the action of ({0} xR) on (Y xR)/R where R acts by translation
on the second variable.

Now let S be the unique countable ergodic hyperfinite equivalence relation of
type III; on a standard probability space (X, u) with the Radon-Nikodym one
cocycle Q : § — R. We consider the equivalence relation Rp on (X X Y) given by
(z,y) ~ («/,y') if and only if (z,2') € S and ¢y’ = Q(x,2’) - y. By |63, Proposition
3.4], we have that Rp is ergodic, hyperfinite and has associated flow F.

Let us consider two ergodic flows Fy : R ~ (Y1,11) and Fy : R ~ (Y2, 12) and let
1 be a R-equivariant nonsingular isomorphism between them. Let w; denote the
corresponding Radon-Nikodym cocycle. Now we consider the map:

12) : (Yfla ﬁl) - (}A/Qa ﬁ2)7 &(ya S) = (1/J(y),5(y) + S)
where 0 = log %. Note that here we use the concrete realization of the adjoint
flow to define the map. We now calculate:

(t,0) - (¥(y, ) = (£,0) - (¥(y),6(y) + 5) = (e (P(y)), wa(t, ¥(y)) +t+d(y) + 5)
= (

P(ae(y)), 6(eu(y)) +wilt,y) + 4 s) = Ylae(y), wi(t,y) +t +s)
&((ta O) ’ (yv S))

where the third equality follows from the fact that ¢ is R-equivariant. Thus z/AJ
commutes with the (R x {0}) action and hence is well defined. Since the flow
is given by translation, it is now easy to see that 7,/; is a R-equivariant nonsingular
isomorphism between the adjoint flows. Now we define the nonsingular isomorphism

U (X x Y, pxv) = (X X Yo, ux ), Uz,y) = (z,9(y))

We consider the Maharam extension ¢(R;) of R; together with the measure scaling
action of R. We have then an isomorphism ¥ between ¢(R1) and ¢(Rz) given by:

V(z,y,7) = (z,9(y),r +(y))

Note that the space of Rp,-invariant functions L>®(X x Y; x R)®# and L>®(Y;)
are isomorphic. It can be checked that this isomorphism is induced by the set map
m X xXY; xR; = Y; given by:

7T1'(IE, Y, t) = [(yv t)]
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Now we have that:
mod(¥)([y, t]) = mod(¥)(mi(z,y,1)) = 6(y) - m2(x, ¥ (y), )
=6(y) - [(V(), )] = [(¥(y),6(y) +1)]
(

(
Thus we have that mod(¥) = ). We summarize the above discussion in the follow-
ing proposition.

Proposition 5.1. For i € {1,2}, let F; : R ~ (Y;,1;) be two ergodic flows and
1 be a nonsingular R-equivariant isomorphism between them. Then v induces an
isomorphism 1 between the adjoint flows F; and a nonsingular isomorphism U :

Rr, = Rp, such that mod(¥) = 1/3

Since the construction of the adjoint flow is involutive, i.e, F s isomorphic
to F, Proposition [5.1] gives a way to construct an isomorphism between ergodic
equivalence relations inducing a given isomorphism between flows. Now, from this
construction, we have almost immediately the following theorem providing a model
action of a groupoid realizing the invariant.

Theorem 5.2. Let (Z,Q) be a standard probability space and G be a discrete mea-
sured groupoid with GO0 = Z. Let (F, : R ~ (Y2,12.)).ez be a measurable field of
ergodic flows. Let v be an action of the groupoid G on the field of flows (F.).cz, i.e.,
for each g € G there is a nonsingular R-equivariant isomorphism 1y : Fygy — Fy(g)
such that Yp o Vg = Ypg for a.e. (g,h) € G®@ . Then 4 canonically lifts to an
outer action ¥ of G on the field of ergodic equivalence relations (R, ).cz such that
mod(¥) ~ .

Proof. Let & on (Xi,p1) and So on (Xo, pig) be the unique countable ergodic
hyperfinite equivalence relations of type III; and II; respectively and let S = S§1 xSy
be the direct product on a standard probability space (X, u) = (X1 x Xo, 1 X po)-
It is easy to see that S is still ergodic, hyperfinite and of type III;. Recall that
we define Ry, on the space (X x Y,) as (z,y) ~ (2/,v) if and only if (z,2') € S
and y' = w(z,2’) - y. Clearly Rp, is a direct product of Sy and R}, where R}, is
defined on X7 x Y, in the same way as above.

Claim 1: Fwvery discrete measured groupoid G admits an outer action on the
unique ergodic hyperfinite II; equivalence relation. Assume for the moment that
Claim 1 is true, and let ® be such an outer action on §y. We define the isomorphisms
, R}%(g) — R}?t(g) such that mod(¥}) = v, as in Proposition EIl We now
consider the diagonal action ¥, = ®, x ¥, of G on the field (Rr,).ez. Clearly,

mod(¥) = ¢ and the only thing to check is that this is indeed an action. This is
clear as for y € Y,(,), we have that

U), 0 Wo(,y) = U (2,9(y) = (2,91 09y (y) = (2,9ng(2)) = Tje(x,7)

Since @ is outer, ¥ is a well-defined outer action on the field of equivalence relations
R, satisfying the conditions of the theorem.

Proof of Claim 1: Let pg be a probability measure on [0, 1] and let X denote the
unit space of G. Let G, denote the set {g € G | t(g9) = z}. Let (K, py) denote the
standard probability space ([0, 1], u0)®= for all x € X. Consider a fixed free weakly
mixing Z-action on ([0, 1], o) and let the orbit equivalence relation of the diagonal
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Z action on (K, u;) be R,. By definition R, is p.m.p., hyperfinite and since
Z ~ [0, 1] is weakly mixing, R is ergodic. We construct an action G ~ (Ry)zex as
follows: for g € G, we define o, : K4y — Ky(g) by ag(b)n = by-1j, for all b € K.
For a.e. x € X, any g € I';, and a fixed n € Z, the set {k € K, | ag(k) =n-k} has
measure zero, and this can be proved in the same way as in |9, Lemma 2.2|. Taking
intersections, it is clear then that for a.e. z € X and any g € I';, a4 is outer as an
automorphism on R, and hence the action G ~ (R;)zecx is outer. Now we can
fix a copy of the unique hyperfinite ergodic type II; equivalence relation Sy and let
¢z : Rz — 8o be a field of isomorphisms. Defining 8, to be ¢4 o oy 0 ¢>;(;), we
have that 3 is the required outer action of G on Sp.

Proof of Theorem C. We consider the field of adjoint flows (Fm)me x and the induced
action v of G on (ﬁ'x) By Theorem [5.2] ¢ lifts to an outer action ¥ of G on a field

of ergodic hyperfinite equivalence relations R, such that mod(\i/) = 1) = 1. Since
outside a null set, F, is not the translation action R ~ R, we have that R, is of
type III almost everywhere. We now consider the corresponding injective factors
B, = L(RF,) with the obvious Cartan subalgebras A,. Let M = (B,)zex %4 G
be the crossed product, and B and A be the direct integrals of the fields (B;)zex
and (A;)zex respectively. Since G is ergodic and U is an outer action, we have
that by construction M is a factor, B C M is a regular subalgebra, and A C M is
a Cartan subalgebra. Since such inclusions are classified by the associated discrete
measured groupoid and the associated actions on the field of flows as in Theorem
B, the desired conclusion follows. [l

We conclude this section with the following corollary to Theorem[5.2l The tracial
version of this was proved in [53, Corollary 3.4].

Corollary 5.3. Let M be an injective factor and B be a regular subalgebra of M
of type IIT with a conditional expectation E : M — B. Then Z(B) = B'NM if and
only if there exists a Cartan subalgebra A of M such that AC B C M.

Proof. If A C M is a Cartan subalgebra such that A C B, then by the discussion
preceding Theorem 2] it is clear that Z (E) = B'n M. Conversely, suppose the
relative commutant condition is satisfied. We can write M as a crossed product
B %, G of a free action of a discrete measured amenable groupoid G on B by
Theorem Bl Let G(© = X and choose a field of ergodic equivalence relations
R, and an action 8 of G on (R,)zex such that mod(8) = mod(a) by Theorem
Let (Cy C D;)zex denote the corresponding field of Cartan inclusions with
each D, being an injective factor. Let C' and D denote the direct integrals of
(Cy)zex and (Dy)zex respectively and let N denote the corresponding crossed
product (Dy)zex x5 G. By Theorem B.4] there exists a *-isomorphism 6 : N — M
satisfying (D) = B. It can be easily checked now that A = 6(C) is a Cartan
subalgebra of M and is obviously contained in B. O
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