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Abstract. We provide a complete classification for regular subalgebras B ⊂

M of injective factors satisfying a natural relative commutant condition. We

show that such subalgebras are classified by their associated amenable dis-

crete measured groupoid G = GB⊂M and the action mod(α) of G on the flow

of weights induced by the cocycle action (α, u) of G on B. We obtain a similar

result for triple inclusions A ⊂ B ⊂ M where M is an injective factor, A is a

Cartan subalgebra of M , and B ⊂ M is regular, showing that such inclusions

are also classified by their associated groupoid G = GB⊂M and the induced ac-

tion on the flow of weights. Given such a discrete measured amenable groupoid

G, we also construct a model action of G on a field of Cartan inclusions with

prescribed action on the associated field of flows.
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1. Introduction

For precise definitions and terminology used in the introduction, we direct the
reader to the preliminaries in Section 2.

Historical overview of the classification of group and groupoid actions : In the
theory of operator algebras, one central point of interest has always been the clas-
sification of automorphisms and group actions. The first step in this direction was
taken when Connes provided a classification of automorphisms of the hyperfinite
II1 factor R in [12] and [10]. Soon after, the classification of actions of finite groups
on R was done by Jones in [30] and then extended to actions of discrete amenable
groups by Ocneanu in [47], where he proved that any two outer actions of a dis-
crete amenable group on R are cocycle conjugate. The problem of obtaining the
correct invariants for discrete amenable group actions on injective type III factors
was then solved by Sutherland and Takesaki in [58] and [59] for type IIIλ with λ 6= 1.
They also resolved the remaining III1 case together with Kawahigashi in [33] for
discrete abelian groups and with Katayama in [32] for discrete amenable groups,
hence obtaining the complete set of invariants for such actions. The methods in
the above papers depend heavily on the type of the factor and the lack of a discrete
decomposition in the type III1 case makes it more challenging. In [40], Masuda gave
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2 CLASSIFICATION OF REGULAR SUBALGEBRAS OF INJECTIVE TYPE III FACTORS

an Evans-Kishimoto type intertwining argument ([20]) and classified centrally free
actions of discrete amenable groups on injective factors. His proof is independent
of the type of the factor. In [41], he extended his results to general outer actions of
discrete amenable groups on injective factors, hence providing a unified approach
to the proof of such a classification theorem.

Extending the classification theory to actions of discrete measured groupoids on
injective factors was first motivated by the classification problem of compact abelian
group actions on injective factors. In [31], Jones and Takesaki classified compact
abelian group actions, by first using Pontrjagin duality to reduce the problem to the
classification of discrete abelian groups on semifinite von Neumann algebras, and
then reducing that to the classification of groupoid actions on semifinite factors.
This was further developed by Sutherland and Takesaki in [58] and Kawahigashi
and Takesaki in [34]. For discrete amenable groupoid actions on injective factors
of type III, the complete set of invariants was obtained in [43] by Masuda.

Regular subalgebras and connections to the classification of actions: In his semi-
nal paper [13], Connes showed that a finite von Neumann algebra is amenable if and
only if it is approximately finite-dimensional (AFD). One important consequence
of this theorem is that a crossed product von Neumann algebra B ⋊(α,u) G arising
from a free cocycle action of a discrete amenable groupoid G on a tracial injective
von Neumann algebra, which preserves the trace and acts ergodically on the center
Z(B) is always isomorphic to the hyperfinite II1 factor R. If the subalgebra B and
the groupoid G uniquely determine such a crossed product decomposition of R thus
not depending on the action (α, u), was naturally an interesting question to con-
sider. The question can also be rephrased as whether any two regular subalgebras
B1 and B2 satisfying Z(Bi) = B′

i ∩R with isomorphic associated groupoids GBi⊂R

are conjugate by an automorphism of R. Hence this establishes a bridge between
the classification of regular subalgebras of R satisfying the relative commutant con-
dition and the classification of cocycle actions of an amenable discrete measured
groupoid on R.

In the case when B is abelian, i.e., a Cartan subalgebra of R, Feldman-Moore
theory ([21] and [22]) shows that the associated groupoid is principal, i.e. a count-
able p.m.p. ergodic equivalence relation. The uniqueness problem was solved in
this case by Connes, Feldman, and Weiss in [14]. On the other hand, when B is
a factor, GB⊂R = NR(B) is a discrete amenable group and the uniqueness theo-
rem follows from Ocneanu’s classification in [47]. In the general case, even though
groupoid actions were classified back in [58], the uniqueness problem of all cocycle
actions (α, u) preserving the trace was recently solved by Popa, Shlyakhtenko, and
Vaes who showed in [53] that any such 2-cocycle untwists. Combined with [58], this
proves that there is a unique trace-preserving cocycle action of G on B, or equiva-
lently that two such inclusions Bi ⊂ R that have isomorphic associated groupoids
are conjugate by an automorphism of R.

First main theorem and a sketch of the proof: The results in [53] motivated us
to study the classification problem for such subalgebras of a general injective factor
(typically of type III). We investigate when two regular subalgebras Bi ⊂M for an
injective factor M are conjugate by an automorphism of M . The first main result of
this paper settles this question in the case when they satisfy a relative commutant
condition at the level of the continuous cores. In this case, the invariant is the
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Connes-Takesaki module map of the associated discrete measured groupoid action.
To be more precise, in Theorem 3.5, we prove the following:

Theorem A. Let M be an injective factor and for i ∈ {1, 2}, let Bi ⊂M be regular
subalgebras with conditional expectation Ei : M → Bi and satisfying Z(B̃i) = B̃i ∩

M̃ . Let Gi be the associated discrete measured amenable groupoids and (αi, ui) be the
associated cocycle actions on Bi. Then there exists an automorphism θ ∈ Aut(M)
such that θ(B1) = B2 if and only if type(B1) = type(B2) and there exists a groupoid
isomorphism σ : G1 → G2 which conjugates the modules, i.e., mod(α1) ∼σ mod(α2).

We remark here that for such a regular subalgebra B of a factor M , almost every
factor in the ergodic decomposition of B has a constant type, that we denote by
type(B). We explain this rigorously in Lemma 2.6 and Definition 2.7. In Lemma 3.2,
we show that the relative commutant condition on the canonical cores as above is
equivalent to the associated actions being centrally free, in the sense of Ocneanu [47].
Therefore the proof of Theorem A boils down to a 2-cohomology vanishing problem
and the classification of centrally free actions of a discrete measured amenable
groupoid on a measurable field of injective factors. We provide in Theorem 3.4 a
new proof of this classification result which is a special case of the more general
classification of free actions due to Masuda [43]. For the proof, we first reduce the
problem to the classification of genuine actions, noting in Theorem 3.1 that any
2-cocycle on an infinite factor is a coboundary by using a Packer-Raeburn [50] type
stabilization trick. Then we apply the known classification results up to cocycle
conjugacy for amenable group actions on injective factors ([47], [58], [59], [33], [32],
[40]) to the isotropy groups Γx = {g ∈ G | s(g) = t(g) = x} of an amenable groupoid
G. To extend this to actions of the groupoid, we need to make equivariant choices of
cocycle conjugacies for the isotropy groups with respect to isomorphisms Γy → Γx
given by conjugating with a groupoid element g such that s(g) = x and t(g) = y
as in [53]. We use a technical cohomology lemma ([53, Theorem 3.5]) to show
that such an equivariant choice exists if every cocycle self conjugacy for each Γx is
approximately inner. More precisely, suppose α is an action of an amenable group
G on an injective factor M . Suppose c is a 1-cocycle for α and θ ∈ Aut(M) such
that θ◦αg◦θ

−1 = Ad(cg)◦αg . Then we show the existence of a sequence of unitaries
wn ∈M such that Ad(wn) → θ in the u-topology of Aut(B) and w∗

nαg(wn) → cg in
the topology of pointwise convergence in the space of 1-cocycles of α. We prove this
in Lemma 3.3 by using some ultrapower techniques and Ocneanu’s 1-cohomology
vanishing result ([47, Proposition 7.2]).

Regular subalgebras containing a Cartan subalgebra: The next part of this paper
deals with a relative version of Theorem A, similar to the case of the hyperfinite II1
factor in [53]. In Proposition 2.14, we prove that if A ⊂M is a Cartan subalgebra
of an injective factor, then an intermediate subalgebra A ⊂ B ⊂M is regular in M
if and only if the Feldman-Moore equivalence relation RA⊂B ⊂ RA⊂M is strongly
normal in the sense of [23]. The question that we are interested in then can be
stated as follows. Given two such inclusions Ai ⊂ Bi ⊂ M , with Bi regular, when
are they conjugate by an automorphism in M , i.e., there exists θ ∈ Aut(M) with
θ(B1) = B2 and θ(A1) = A2. As before, this boils down to classifying actions of
the associated discrete measured groupoids GBi⊂M on measurable fields of Cartan
inclusions into injective factors and thus on their associated ergodic equivalence
relations up to cocycle conjugacy.
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Historical overview of the classification of group and groupoid actions on ergodic
equivalence relations: Connes and Krieger in [15] gave a classification up to outer
conjugacy, of outer automorphisms of an ergodic hyperfinite equivalence relation
preserving a finite (type II1) or infinite (type II∞) measure. This was extended to
type III (with no invariant measure) ergodic hyperfinite equivalence relations by
Bezuglyi and Golodets in [5]. The next step was to extend the classification re-
sults to outer actions of amenable groups. This became possible after the existence
and uniqueness problem of cocycles of hyperfinite equivalence relations with dense
ranges in amenable groups was solved in [24] by Golodets and Sinelshchikov. The
complete set of invariants for amenable group actions on ergodic hyperfinite equiv-
alence relations up to cocycle conjugacy was then found by Bezuglyi and Golodets
in [7] (for measure preserving equivalence relations), [6] (for type IIIλ with λ 6= 0)
and finally in [8] (for the type III0 case). Recently in [42], Masuda gave a new
unified proof of the classification theorem. For the convenience of the reader, we
state this result as Theorem 4.4 in this paper.

Second main theorem and sketch of the proof: In [53] the authors showed that two
cocycle actions of a discrete measured groupoid G with unit spaceX on a measurable
field of Cartan inclusions (Ax ⊂ Bx)x∈X , such that the action globally preserves
the field of Cartan subalgebras (Ax)x∈X and with each Bx being the hyperfinite
II1 factor such that the induced actions on the field of ergodic equivalence relations
(Sx)x∈X are outer, are cocycle conjugate. This in turn shows that two pairs of triple
inclusions Ai ⊂ Bi ⊂ R with Ai ⊂ R being Cartan subalgebras and Bi ⊂ R being
regular are conjugate an automorphism in M if and only if the associated groupoids
are isomorphic. In this paper, we prove a more general classification theorem for
any field of injective factors with Cartan subalgebras and show that the invariant
is the action on the field of flows associated with the equivalence relations. More
precisely, in Theorem 4.7, we prove the following:

Theorem B. Let M be an injective factor and for i ∈ {1, 2}, let Ai ⊂ Bi ⊂M be
a pair of inclusions, where Ai ⊂M are Cartan subalgebras and Bi ⊂M are regular.
Let Ri be the corresponding Feldman-Moore equivalence relations for the Cartan
inclusions Ai ⊂ Bi. Let Gi be the discrete measured amenable groupoids associated
to the inclusions Bi ⊂M and (αi, ui) be the associated cocycle actions on Ri. Then
there exists an automorphism θ ∈ Aut(M) such that θ(B1) = B2 and θ(A1) = A2 if
and only if type(B1) = type(B2) and there exists a groupoid isomorphism σ : G1 →
G2 which conjugates the actions on the flows, i.e., mod(α1) ∼σ mod(α2).

We follow a similar strategy as earlier to prove Theorem B. In Lemma 4.2, we
show that for an outer cocycle action of a discrete measured groupoid on a field
of infinite equivalence relations, the cocycle is a coboundary, hence reducing the
problem to the classification of genuine actions. We use the Bezuglyi-Golodets
classification results for actions of amenable groups and apply them to the isotropy
groups Γx of the groupoid. Once again we can use [53, Theorem 3.5] to extend this
to actions of amenable groupoids if we can show that every cocycle self conjugacy for
Γx is approximately inner. In this context of Cartan inclusions, we formulate this
more precisely as follows. Let α be an action of an amenable groupG on an injective
factor M such that it preserves a Cartan subalgebra A ⊂M and such the associated
action on the equivalence relation in outer. Let c be a 1-cocycle for α taking values
in NM (A) and θ ∈ Aut(M) with θ(A) = A such that θ ◦ αg ◦ θ−1 = Ad(cg) ◦ αg.
Then in Lemma 4.5 we show that there exists a sequence of unitaries wn ∈ NM (A)
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such that Ad(wn) → θ in the u-topology in Aut(M) and w∗
ncgαg(wn) → cg in the

topology of pointwise convergence. In Theorem 4.6 we thus show that two actions
of an amenable groupoid on a field of Cartan inclusions are cocycle conjugate if and
only if the actions on the associated field of flows are conjugate. We note that this
is a generalization of [42, Theorem 2.4] for amenable groupoid actions on fields of
ergodic equivalence relations.

Model actions and third main theorem: In the final section, we construct ex-
amples of actions realizing the invariants. We use the notion of adjoint flows in-
troduced by Vaes and Verjans in [63], where they construct for any given ergodic
flow (Ft)t∈R, a canonical countable ergodic equivalence relation RF whose associ-

ated flow is the adjoint F̂t of the given flow. We show in Proposition 5.1 that any
R-equivariant nonsingular isomorphism ψ : F → F ′ between two flows induces a

canonical ‘adjoint’ isomorphism ψ̂ : F̂ → F̂ ′ between their adjoint flows and canon-
ically lifts to a nonsingular isomorphism between the ergodic equivalence relations
Ψ : RF → RF ′ which induces the adjoint isomorphism on the associated flows,

i.e., mod(Ψ) = ψ̂. We note in Theorem 5.2 that the construction of the adjoint
flow is sufficiently canonical to extend to groupoid actions on fields of flows. As an
immediate corollary, we can construct regular subalgebras realizing the invariants
obtained in Theorem B as follows:

Theorem C. Let G be a discrete measured ergodic groupoid that is amenable with
unit space (X,µ). Let (Fx)x∈X be a field of ergodic flows such that the set of points
x ∈ X for which Fx is the translation action R y R has measure zero. Let ψ
be an action of G on the field of flows (Fx)x∈X . Then there exists an injective
factor M with a Cartan subalgebra A ⊂M and an intermediate regular subalgebra
A ⊂ B ⊂ M of type III such that there is a groupoid isomorphism σ : GB⊂M → G
and the associated cocycle action (Ψ, u) of GB⊂M on the field of ergodic equivalence
relations given by A ⊂ B satisfy mod(Ψ) ∼σ ψ.

We remark that the triple inclusion A ⊂ B ⊂M in the statement of the theorem
is unique in the sense that if there exists another triple A1 ⊂ B1 ⊂ M1 satisfying
the conclusion of the theorem, there is a ∗-isomorphism θ : M → M1 such that
θ(B) = B1 and θ(A) = A1, essentially by Theorem B. Now, Theorem A states that
for a regular subalgebra B ⊂M , if B satisfies the relative commutant condition at
the level of the continuous cores, then it is uniquely determined by its associated
groupoid and the action on the associated field of flows. Since by Theorem 5.2,
any discrete measured amenable groupoid admits a model action on B fixing a
Cartan subalgebra A of M , we prove in 5.3 the following corollary to Theorem A
and Theorem C.

Corollary D. Let M be an injective factor and B be a regular subalgebra of M of
type III with a conditional expectation E : M → B. Then Z(B̃) = B̃′ ∩ M̃ if and
only if there exists a Cartan subalgebra A of M such that A ⊂ B ⊂M .

Most of our results are type III generalizations of the type II1 results in [53].
Therefore Sections 3 and 4 in our paper are structured similarly as [53]. The
main difficulty and novelty in our paper stems from the fact that outer actions of
amenable groups on type III factors are no longer unique, but classified by modular
data that we have to handle. For clarity, we set up our notation and terminology
in a similar way as the authors of [53].
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2. Preliminaries

2.1. Injective factors and ergodic decompositions. We start with some basic
definitions and known results from the theory of injective factors. For all results
in this paper, we shall only consider von Neumann algebras acting on separable
Hilbert spaces.

Definition 2.1. A von Neumann algebra M acting on a separable Hilbert space
H is called injective if there exists a projection E : B(H) → M with ‖E‖ = 1. It
follows from this that E ≥ 0 and by [62], E is a (not necessarily normal) conditional
expectation.

Definition 2.2. A von Neumann subalgebra B ⊂ M is called regular if the von
Neumann algebra generated by the normalizer NM (B) = {u ∈ U(M) | uBu∗ = B}
is equal to M .

Connes in [13, Theorem 6] showed that a von Neumann algebra is injective if and
only if it is approximately finite dimensional (AFD), i.e., it is the weak closure of
an increasing union of finite dimensional von Neumann subalgebras. Clearly each
type I factor is hyperfinite. Murray and von Neumann in [45] already established
the uniqueness of the hyperfinite factor of type II1. The bulk of the remaining work
in the classification of injective factors was also done in [13], which established the
uniqueness of the injective II∞ factor [13, Corollary 4] and the uniqueness of the
injective type IIIλ factors, for λ ∈ (0, 1) [13, Theorem 8], proving that each of them
is isomorphic to the Powers’ factor Rλ [54]. He also showed that injective type
III0 factors are classified by their ergodic flow of weights, we shall describe this
in further detail in this section. The final step of the classification program was
completed by Haagerup in [25] where he proved that any injective factor of type
III1 is isomorphic to the Araki-Woods factor R∞ [4].

We now recall the construction of the Connes-Takesaki crossed product [16]. We

begin with a faithful, normal state φ and let σφt be the modular automorphism

group of φ. Looking at σφt as an action of R on M , we construct the crossed
product M ⋊σφ R represented on the Hilbert space L2(H,R) = H ⊗ L2(R) where
M ⊆ B(H). We recall that for ξ ∈ L2(H,R) and x ∈ M , the crossed product is
generated by the operators {πφ(x) | x ∈M} and {ut | t ∈ R} which acts as follows:

(πφ(x)ξ)(t) = σφ−t(x)ξ(t),

(utξ)(s) = ξ(s− t).

Using Connes’ Radon-Nikodym cocycle, one can show that this construction is
canonical, and it does not depend on the choice of the state. For a factor of type
III, we call this crossed product the canonical continuous core of M and denote it

by M̃ =M ⋊σφ R. In [61], Takesaki proved the following:

Theorem 2.3. (See [61, Theorem 4.5]) Let M be a factor of type III and φ be a
faithful normal state on M , such that M̃ is the crossed product M ⋊σφ R. Then M̃
is a II∞ von Neumann algebra and there exists a semifinite faithful normal trace τ
on M̃ and a one-parameter group of automorphisms (θs)s∈R such that:

(i) τ ◦ θs = e−sτ ,
(ii) M is isomorphic to M̃ ⋊θ R
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By the Connes-Takesaki relative commutant theorem [16], we know that CM :=

Z(M̃) = M̃ ∩ M ′ . As in [16] we denote for a type III factor M , the pair

(CM , θ|CM
) as the smooth flow of weights on M , and the quartet (M̃, θ,R, τ) as

the non-commutative flow of weights on M . Two important properties of the non-
commutative flow of weights are:

(1) The fixed point algebra M̃θ =M .
(2) If M is a factor, θs is ergodic on CM for all s ∈ R.

Writing CM = L∞(X), θs|CM
can be written as a point-map Fs on X . We shall

call (X,Fs) the flow of weights in what follows. In terms of Connes’ classification
of type III factors [11], the flow of weights can be interpreted as follows:

(1) M is of type III1 if X is a singleton and the flow is trivial.
(2) M is of type IIIλ, for λ ∈ (0, 1) if Fs is periodic with period −2π log(λ).
(3) M is of type III0 otherwise.

We define the right notions of isomorphisms of flows and weak equivalences of
automorphisms before stating the final classification in the type III0 case due to
Krieger [36] and Connes [13].

Definition 2.4. 1. A one-to-one bimeasurable map of a Lebesgue measure space
(X,B, µ) onto a Lebesgue measure space (X ′,B′, µ′) that carries µ-null sets to µ′-
null sets will be called an isomorphism. An isomorphism T : (X,B, µ) → (X,B, µ)
will be called an automorphism of the measure space.

2. Given two countable group actions G y (X,µ) and G′ y (X ′, µ′), they
are called orbit equivalent and denoted G ∼w G′ if there exists an isomorphism
U : (X,µ) → (X ′, µ′) such that for a.e. x ∈ X , we have U(G · x) = G′ · U(x).
Given a measure space (X,µ), two automorphisms T and T ′ are called orbit (or
weakly) equivalent and denoted T ∼w T ′ if they generate weakly equivalent groups
of automorphisms.

Definition 2.5. Two ergodic flows Fs and F ′
s on measure spaces (X,µ) and (X ′, µ′)

respectively are called isomorphic if there is an isomorphism T : X → X ′ such that
for all s ∈ R and for a.e. x ∈ X , F ′

s ◦ T (x) = T ◦ Fs(x).

It was shown in [36] and [13] that any two injective factors of type III0 are
isomorphic if and only if their associated ergodic flow of weights are isomorphic.

Since we shall be considering subalgebras of injective factors in this paper, we are
going to use the central decomposition extensively. Given a separable Hilbert space
H, we denote the set of all von Neumann algebras acting on H by vN(H). This space
has a certain natural topological structure. This goes back to the works of Effros
[19] and Marachel [39] and is defined as the weakest topology on vN(H) that makes
the maps M 7→ ||φ|M || continuous for every φ ∈ B(H)∗. The corresponding Borel
structure is known as the Effros-Borel structure on vN(H). The works of Effros [18],
[19] and Marachel [39] and subsequent works by Nielsen [46], Sutherland [55] and
Woods [64] concluded that the factors of type In, n ∈ N, I∞, II1, II∞, IIIλ, λ ∈ [0, 1]
are all Borel sets with respect to this structure. By [55, Theorem 2.2], given a Borel
set B ⊂ [0, 1], the set of factors {M ∈ vN(H) | M is of type IIIλ where λ ∈ B} is
Borel. Suppose M ⊂ B(H) is an injective factor of type III and suppose B ⊂ M
is a regular subalgebra. Let Z(B) = L∞(X,µ) for some standard probability
space. Then we have an ergodic central decomposition of B into factors, namely
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B =
∫ ⊕

x∈X
Bx with Bx ⊂ B(Hx), such that H =

∫ ⊕

x∈X
Hx and the map X ∋ x 7→

Bx ∈ vN(Hx) is a Borel map with respect to the Effros structure.
[13, Proposition 6.5] gives us immediately that if B has central decomposition

B =
∫ ⊕

x∈X Bx where Z(B) = L∞(X,µ), then Bx is an injective factor for a.e x ∈ X .
We now prove the following lemma that gives a necessary condition for a direct
integral of factors to be non-constant.

Lemma 2.6. Suppose M is an injective factor and B ⊂M be a regular subalgebra
satisfying Z(B) = B′∩M with a conditional expectation E :M → B and central de-
composition B =

∫ ⊕

x∈X
Bx. Then the measurable field (Bx)x∈X can be non-constant

only if Bx is of type III0 for a.e. x ∈ X.

Proof. Since the inclusion is regular, we have a discrete measured amenable groupoid
G with a cocycle action on B such that B ⋊ G is isomorphic to M . Let R be the
countable amenable equivalence relation on (X,µ) given by x ∼ y if and only if
there exists g ∈ G with s(g) = x and t(g) = y. Since M is a factor, R is er-
godic. Let E denote the set {In, n ∈ N} ∪ {I∞, II1, II∞} ∪ {IIIλ, λ ∈ [0, 1]}. Let
F(H) ⊂ vN(H) denote the set of factors acting on a separable Hilbert space H. By
[55, Theorem 2.2], the map type : F(H) → E is Borel. Now we consider the map
from X to E given by x 7→ type(Bx). Clearly this is R-invariant as when (x, y) ∈ R,
we have that Bx ∼= By and hence they clearly have the same type. Hence this map
is essentially constant, as required. �

Definition 2.7. A regular von Neumann subalgebra B ⊂M of an injective factor

M satisfying Z(B) = B′ ∩M with central decomposition B =
∫ ⊕

x∈X
Bx is said to

be of type k with k ∈ {In for n ∈ N, I∞, II1, II∞, III} if for a.e. x ∈ X , Bx is of
type k.

2.2. Amenable groupoids and cocycle actions. The concept of discrete mea-
sured groupoids goes back to [37]. All definitions in this section are taken from
[2].

Definition 2.8. 1. A groupoid is a collection of morphisms G between a set of
objects G(0) such that every morphism is invertible along with the following four
canonical maps:

• The source map s : G → G(0) sending (f : x→ y) to x.
• The target map t : G → G(0) sending (f : x→ y) to y.
• The inverse map i : G → G sending (f : x→ y) to (f−1 : y → x).
• The composition map ◦ : G(2) → G sending (f, g) to g ◦ f where G(2) =
{(f, g)|f, g ∈ G, s(g) = t(f)}.

We shall often denote g ◦ f as gf for convenience. The unit space G(0) can be seen
as a subset of G via identity morphisms.

2. A discrete measurable groupoid is a groupoid G equipped with a structure of
a standard Borel space such that the inverse and composition maps are Borel, and
s−1(x) (and hence also t−1(x)) is countable for every x ∈ G.

We note here some important properties of discrete measurable groupoids that
are fairly straightforward:

• The source and target maps of a discrete measurable groupoid are measur-
able and G(0) ⊂ G is a Borel subset.
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• Let µ be a probability measure on the set of objects G(0) of a discrete mea-
surable groupoid G. Then for any measurable subset A ⊂ G, the function

G(0) → C, x→ #(s−1(x) ∩ A)

is measurable and the measure µs on G defined by

µs(A) =

∫

G(0)

#(s−1(x) ∩ A)dµ(x)

is σ-finite. We call it the left counting measure of µ. The same statement
holds if we replace s by t and the corresponding measure µt is called the
right counting measure of µ.

• The following conditions on µ (as above) are equivalent:
(1) µs ∼ µt.
(2) i∗(µs) ∼ µs.
(3) For every Borel subset E ⊂ G such that s|E and t|E are injective, we

have that µ(s(E)) = 0 if and only if µ(t(E)) = 0.

Definition 2.9. A probability measure µ on G(0) is called quasi-invariant if it
satisfies one of the (and hence all) conditions of Lemma 1.5. A discrete measured
groupoid is a discrete measurable groupoid G together with a quasi-invariant mea-
sure µ on G(0). Let G be a discrete measured groupoid with quasi-invariant measure
µ and A ⊂ G(0) be a Borel subset. Then G|A = s−1(A)∩t−1(A) with the normalized
measure 1

µ(A)µ|A is a discrete measured groupoid called the restriction of G to A.

A functor between groupoids is called a groupoid homomorphism. A groupoid
homomorphism with an inverse is called an isomorphism. A measurable groupoid
isomorphism between discrete measurable groupoids has a measurable inverse. A
measurable homomorphism f : G → H between discrete measured groupoids with
quasi-invariant measures µG(0) and µH(0) on G(0) and H(0) is called non-singular if
f∗µG(0) ∼ µH(0) . An isomorphism of discrete measured groupoids is a non-singular
groupoid isomorphism.

A discrete measured groupoid G with unit space G(0) = X has two important
associated objects:

• The associated isotropy bundle Γ = (Γx)x∈X where Γx = {g ∈ G, s(g) =
t(g) = x} is called an isotropy group of x.

• The associated nonsingular equivalence relation R on (X,µ) given by x ∼ y
if and only if there exists an element g ∈ G with s(g) = x and t(g) = y.

We recall here from Section 3.2 in [2] the various equivalent notions of amenability
of a discrete measured groupoid. We also recall from [2, Section 5.3], that amenabil-
ity of a discrete measured groupoid is equivalent to amenability of the associated
equivalence relation and amenability of the isotropy groups Γx for a.e. x ∈ X .
When the associated equivalence relation is ergodic, we say that the groupoid is
ergodic.

For a discrete measured groupoid G, we define G(3) = {(g, h, k) | t(g) = s(h), t(h) =
s(k)}. In the rest of the subsection, we define ‘cocycle actions’ and ‘crossed products’
exactly in the same way as in the case of p.m.p. groupoids and trace-preserving
actions in [53, Section 2]. The notation used in this section is very similar to the
notation used in [53].
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Definition 2.10. (See [53, Definition 2.2]) A cocycle action (α, u) of a discrete
measured groupoid G with unit space G(0) = X on a measurable field (Bx)x∈X of
von Neumann algebras is given by a measurable field of ∗-isomorphisms between
the source and the targets G ∋ g 7→ αg : Bs(g) → Bt(g) and a 2-cocycle, i.e.

a measurable field of unitaries G(2) ∋ (g, h) 7→ u(g, h) ∈ U(Bt(g)) satisfying the
following conditions:

• αg ◦ αh = Ad(u(g, h)) ◦ αgh for all (g, h) ∈ G(2).

• αg(u(h, k))u(g, hk) = u(g, h)u(gh, k) for all (g, h, k) ∈ G(3).

• αg = id when g ∈ G(0).

• u(g, h) = 1 when g ∈ G(0) or h ∈ G(0).

Recall that an automorphism α ∈ Aut(B) is outer if there is no unitary element
v ∈ U(B) such that α = Ad(v). We shall call an automorphism α ∈ Aut(B) free
or properly outer as in [53], if for every nonzero element v ∈ B (not necessarily a
unitary anymore), there exists x ∈ B such that vx 6= α(x)v. It is easy to check that
an automorphism is outer if and only if it is properly outer when B is a factor. In
the context of cocycle actions, we call (α, u) free if αg is free for a.e. x ∈ X and for
all g 6= id in the isotropy groups Γx. We repeat the definition of cocycle conjugacy
as in [53, Section 2].

Definition 2.11. 1. Two cocycle actions (α, u) and (β, v) of a countable group G
on von Neumann algebras B and D respectively are said to be cocycle conjugate
if there exists a *-isomorphism θ : B → D and unitaries wg ∈ U(D) such that

• θ ◦ αg ◦ θ−1 = Ad(wg) ◦ βg for all g ∈ G.
• θ(u(g, h)) = wgβg(wh)v(g, h)w

∗
gh for all g, h ∈ G.

2. Two cocycle actions (α, u) and (β, v) of a discrete measured groupoid G on fields
of von Neumann algebras (Bx)x∈X and (Dx)x∈X respectively are said to be
cocycle conjugate if there exists a measurable field of ∗-isomorphisms x 7→ θx :
Bx → Dx and a measurable field of unitaries g 7→ wg ∈ U(Dt(g)) that satisfies:

• θt(g) ◦ αg ◦ θ
−1
s(g) = Ad(wg) ◦ βg for all g ∈ G.

• θt(g)(u(g, h)) = wgβg(wh)v(g, h)w
∗
gh for all (g, h) ∈ G(2).

One important reason for classifying actions up to cocycle conjugacy, is that it
is the right notion of equivalence between actions that makes the corresponding
crossed products von Neumann algebras isomorphic. The bijection between regular
inclusions and crossed products can be seen in various ways, for example in [17]
which uses inverse semigroups. We shall use the algebraic correspondence between
inverse semigroups and discrete measured groupoids (c.f. [51]). We shall discuss
this in greater detail now.

Let G be a discrete measured groupoid with a quasi-invariant probability measure
µ on G(0). We define the full pseudogroup [[G]] of G as the set of all Borel subsets
U ⊂ G such that the source and the target maps restricted the U are injective. We
also identify U and U ′ if the symmetric difference is a set of measure zero. The
composition of two such subsets U and V in [[G]] is defined as

U · V = {gh | g ∈ U , h ∈ V , s(g) = t(h)}

We note that [[G]] is an inverse semigroup with the unique inverse of U given by
U−1 = {g−1 | g ∈ U}. Clearly, UU−1U = U and U−1UU−1 = U−1. Indeed U−1U
consists of the identity morphisms between the elements of s|U and UU−1 consists
of the identity morphisms between elements of t|U .
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Suppose now that (α, u) is a cocycle action of G on the field of von Neumann
algebrasB = (Bx)x∈X , with G(0) = X . We now describe the cocycle crossed product
which produces, for every such cocycle action (α, u), a von Neumann algebra M
such that B ⊂M is regular and comes with faithful normal conditional expectation
E : M → B. We define the cocycle crossed product M from the full pseudogroup
[[G]] of the groupoid. For every U ∈ [[G]], we define the Borel maps φU : s(U) → t(U)
by φU (s(g)) = t(g) for all g ∈ U . Writing

B =

∫ ⊕

X

Bx dµ(x),

the cocycle action (α, u) of G on the field (Bx)x∈X induces an action of the in-
verse semigroup [[G]] as follows: every subset U ∈ [[G]] gives a ∗-isomorphism
αU : B1s(U) → B1t(U), namely

(αU (b))(t(g)) = αg(b(s(g))) for all b ∈ B1s(U) and g ∈ U .

The partial isometries u(U) have source projections u(U)∗u(U) = 1s(U), range pro-
jections u(U)u(U)∗ = 1t(U) and expectation E(u(U)) = 1U∩G(0) . For an element
b ∈ B1s(U), these partial isometries satisfy u(U)bu(U)∗ = αU (b).

Similarly, we have a 2-cocycle for the inverse semigroup action as follows: for
every pair of elements U ,V ∈ [[G]], there is a unitary element u(U ,V) ∈ B1t(U .V)

given by

u(U ,V)t(gh) = u(g, h) for all g ∈ U and h ∈ V with s(g) = t(h).

For two elements U ,V ∈ [[G]], we have that u(U)u(V) = u(U ,V)u(U .V). We consider
the von Neumann algebra generated by B and partial isometries u(U) for all such
sets U ∈ [[G]] and call it the ‘cocycle crossed product’.

We claim that B is a regular subalgebra of M . To prove our claim, let v be
a partial isometry in M with v∗v and vv∗ in Z(B) and satisfying vBv∗ ⊂ B and
v∗Bv ⊂ B. Since for all U ⊂ [[G]], the partial isometry u(U) is of this form, it is
enough to prove that v is of the form uq with u ∈ NM (B) and q = v∗v ∈ Z(B). Now
let {vi, i ∈ N} be a maximal family of partial isometries in M such that the source
projections {pi = v∗i vi} are pairwise orthogonal and belong to Z(B), the range
projections {qi = viv

∗
i } are pairwise orthogonal and belong to Z(B) and v1 = v.

Now, by looking at the ergodic decomposition of M , we can see that the projections
p0 = 1−

∑
i pi and q0 = 1−

∑
i qi are equivalent in M since 1− p0 and 1− q0 are

equivalent in M . Now assuming p0 and q0 are not equal to zero, we can construct
in exactly the same way as [1, Lemma 12.1.2] a partial isometry w ∈M with w∗w
and ww∗ in Z(B) such that wBw∗ ⊂ B, w∗Bw ⊂ B, and pw = w = wq. This then
contradicts the maximality of the family that we chose. Hence p0 = q0 = 0 and we
get a unitary u =

∑
i vi in NM (B) such that uq = v, as required. We can check

that the relative commutant B′ ∩M is isomorphic to L∞(G(0)) if and only if Bx is
a factor a.e. and the cocycle action is free.

To see the converse, we begin with an inclusion B ⊂M , where B is regular, with
a faithful and normal conditional expectation E :M → B such that B satisfies the
relative commutant condition. We consider the standard probability space (X,µ)
such that the centre Z(B) is isomorphic to L∞(X,µ), and the ergodic decomposi-

tion B =
∫ ⊕

x∈X
Bx. Let v ∈ M be the partial isometries such that vBv∗ = Bq and

the source and range projections v∗v and vv∗ lie in Z(B), and let P be the set of
all such partial isometries. We then equip P with an equivalence relation, namely



12 CLASSIFICATION OF REGULAR SUBALGEBRAS OF INJECTIVE TYPE III FACTORS

v ∼ w for two such partial isometries if and only if v ∈ Bw. Now we consider the
quotient I = P/ ∼ and note that there is a natural inverse semigroup structure on
I. Using the algebraic correspondence between groupoids and inverse semigroups,
we can uniquely construct a discrete measured groupoid G with G(0) = X such
that the full pseudogroup [[G]] corresponds with I. Now, note that P acts on
B =

∫
x∈X

Bx dµ as follows: for any partial isometry v ∈ P with ev = v∗v and

fv = vv∗, we define αv : Bev → Bfv by αv(b) = v∗bv. On passing to I, since there
is no unique lift I → P , we get a 2-cocycle and a corresponding cocycle action of
the inverse semigroup I on B. This in turn gives a cocycle action of the groupoid
G on (Bx)x∈X and by construction, we have that B ⊂ M is isomorphic with the
crossed product inclusion B ⊂ (Bx)x∈X ⋊ G. There is an isomorphism between
two such crossed product inclusions if and only if the associated discrete measured
groupoids are isomorphic and via this isomorphism, their corresponding cocycle ac-
tions are cocycle conjugate. It can be checked that M = B ⋊(α,u) G being a factor
is equivalent to G being ergodic.

2.3. Equivalence relations and Cartan subalgebras. As a special case of the
discussion in the previous section, if the regular subalgebra B in M is in particu-
lar abelian, then the corresponding discrete measured groupoid has trivial isotropy
groups almost everywhere, i.e., it is a countable equivalence relation. Such subalge-
bras are called Cartan subalgebras and the crossed product is isomorphic to M as
in the previous section and is called the von Neumann algebra of the equivalence
relation. This was described first by Feldman and Moore in [22] and [21].

Definition 2.12. If M is a von Neumann algebra and A is an abelian subalgebra,
we say that A is a Cartan subalgebra if A satisfies the following:

• A is maximal abelian,
• A is regular, i.e. NM (A) generates M ,
• there exists a faithful normal conditional expectation of M onto A.

A countable equivalence relation is an equivalence relation R ⊂ X × X on a
standard Borel space X , which is a Borel subset of X × X and all equivalence
classes are countable. We denote by R(x) for the equivalence class of x ∈ X . We
also define R(A) = ∪x∈AR(x). Hence R is countable when R(x) is countable for
every x ∈ X . A partial isomorphism φ : A → B between two Borel subsets of X
is a Borel isomorphism from A onto B. We denote like in the case of groupoids,
the full pseudogroup by [[R]] as the set of such φ whose graph is contained in R.
The domain of φ is written as D(φ) and the range is written as R(φ). We denote
by R(A) = p−1

1 (p−1
2 (A)) = p−1

2 (p−1
1 (A)) and call this the R-saturation of A, where

p1 and p2 are the left and right projections of R onto X . Clearly R(A) is Borel if
and only if A is Borel. Given a σ-finite measure µ on X , we say that the measure
is quasi-invariant for R if it has the property that µ(R(A)) = 0 ⇐⇒ µ(A) = 0.
In this case we say that R is non-singular with respect to µ. We say that a Borel
subset A ⊂ X is invariant (or saturated) if R(A) = A upto a null set. The relation
(R, µ) is called ergodic if every invariant Borel subset is either null or co-null.

Suppose now that µ is a σ-finite measure on X and R is a countable non-singular
equivalence relation on X . We define the σ-finite measure νl on R by

νl(C) =

∫

X

|Cx| dµ(x)
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where Cx denotes the cardinality of the set {(x, y) ∈ C | (x, y) ∈ R}. Similarly we
can define the measure νr by C →

∫
X
|Cx| dµ(x) where Cx = {(y, x) ∈ C | (x, y) ∈

R}. It is easy to see that νl and νr are mutually absolutely continuous and we define
the Radon-Nikodym 1 cocycle of R with respect to µ as the function Dµ : R → R+

∗

defined by Dµ(x, y) =
dνl
dνr

(x, y). The Radon Nikodym 1 cocycle Dµ is 1 if and only
if R preserves the measure µ.

We recall now the construction (c.f. [21]) of the von Neumann algebra of an
equivalence relation with a 2-cocycle L(R, c). It can be shown that L(R, c) is a
factor if and only if R is ergodic. We note that L∞(X,µ) ⊂ L(R, c) is a Cartan
subalgebra. The main result in [21] asserts that the converse is true: any Cartan
inclusion A ⊂M has a unique associated nonsingular countable equivalence relation
R on a Borel space (X,µ) and a 2-cocycle c such that A ⊂ M is isomorphic as an
inclusion to L∞(X,µ) ⊂ L(R, c). The Cartan subalgebra A is hyperfinite if and
only if the equivalence relation R is hyperfinite, in which case the 2-cocycle vanishes
(Theorem 6, [22]).

Suppose R is a countable ergodic non-singular equivalence relation on (X,µ).
Now suppose S is a countable, non-singular subequivalence relation of R. We define
the space Aut(R) as the space of all measure-space automorphisms φ ∈ Aut(X,µ)
such that (φ × φ)(R) = R. We also define the full group [R] or Int(R) of R
as follows: φ ∈ [R] if φ ∈ Aut(R) and (φ(x), x) ∈ R µ a.e. We also denote
AutR(S) = Aut(S) ∩ [R]. Lastly, the full pseudogroup [[R]] of R is defined as the
set of Borel isomorphisms φ : A→ B between subsets of X such that the graph of
φ is contained in R.

Now let M(X,µ) be the set of complex-valued measures that are absolutely
continuous with respect to µ. We endow M(X,µ) with a norm by putting ‖ν‖ =
|ν|(X) where |ν| is the total variation of ν. With respect to this norm, M(X,µ) is
a Banach space. We consider now the map L1(X,µ) → M(X,µ) given by g 7→ νg
where

νg(f) =

∫

X

g(x)f(x) dµ(x)

This gives a Banach space isomorphism between L1(X,µ) and M(X,µ). For α ∈
Aut(X,µ) and g ∈ L1(X,µ), we define αµ(g) ∈ L1(X,µ) by

αµ(g)(x) = g(α−1(x))
d(µ ◦ α−1)

dµ
(x)

It can be checked that αµ is an isometry of L1(X,µ) and that (αβ)µ = αµβµ. Under
our identification, αµ(g) corresponds to α(νg) := νg ◦ α

−1. In [29], Hamachi and
Osikawa introduced the u-topology on Aut(R). For αn, β ∈ Aut(R), we say that
αn → β weakly if

lim
n→∞

‖αn(g)− β(g)‖ = 0

for all g ∈ L1(X,µ). Now we define the metric dµ on Aut(R) as dµ(α, β) :=
µ({x | α(x) 6= β(x)}). We say that αn converges to β uniformly if dµ(αn, β) → 0.
We now say that a sequence αn converges to β in the u-topology if αn → β weakly
and αnφα

−1
n → βφβ−1 uniformly for all φ ∈ [R]. It can be checked that this

topology indeed corresponds to the u-topology on Aut(L(R)), hence justifying the
terminology. It is also shown in [29] that Aut(R) is a Polish group with respect to
the u-topology. We now state the following definition as in [23].
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Definition 2.13. A subequivalence relation S ⊂ R is called strongly normal if the
graphs of the elements of AutR(S) generate R.

Now suppose A ⊂ M is a Cartan inclusion isomorphic to L∞(X,µ) ⊂ L(R, c).
By [3, Theorem 1.1], for any intermediate von Neumann subalgebra A ⊂ B ⊂ M ,
there exists a unique faithful normal conditional expectation EB : M → B and A
is a Cartan subalgebra of B. From this, it follows that intermediate von Neumann
subalgebras A ⊂ B ⊂ M are in one-to-one correspondence with subequivalence
relations S ⊂ R and the bijection is given by considering B = L(S, u). We note
that B′ ∩ M ⊂ A′ ∩ M = A ⊂ B and hence the relative commutant condition
B′ ∩M = Z(B) is always satisfied in this situation. An action α : Γ y S of a
countable group on a non-singular equivalence relation S (on a probability space
(X,µ)) is called outer if for all g 6= e ∈ Γ, we have that (x, αg(x)) /∈ S for a.e. x ∈ X .
We now prove the following folklore result, along the same lines as Proposition 5.1,
[53] which proves the tracial case.

Proposition 2.14. In the above setting, B is a regular subalgebra of M if and only
if the corresponding subequivalence relation S is strongly normal in R.

Before proving the above proposition we need the following lemma:

Lemma 2.15. Let B be a von Neumann algebra of type II∞ or type III and A1 and
A2 be Cartan subalgebras of B, and let b be a partial isometry such that b∗b ∈ A1,
bb∗ ∈ A2 and bA1b

∗ = A2bb
∗. If z is the central support of b∗b in B, then A1z and

A2z are conjugate by a unitary in Bz.

Proof. First, we shall prove this in the case where B is a factor of type III. Let
p = b∗b and q = bb∗ be projections in A1 and A2 respectively. Let R1 and R2

be the countable ergodic nonsingular equivalence relations corresponding to the
Cartan inclusions A1 ⊂ B and A2 ⊂ B on probability spaces (X1, µ1) and (X2, µ2)
respectively. Let U1 and U2 denote the range sets of the projections p and q in
X1 and X2 respectively. Assume first that p and q are both strictly smaller than
1. By ergodicity, we can choose elements of the full pseudogroups φ ∈ [[R1]] and
ψ ∈ [[R2]] such that D(φ) = U1, R(φ) = X1\U1, D(ψ) = U2 and R(ψ) = X2\U2.
Let uφ (with source and range projections p and 1 − p respectively) and uψ (with
source and range projections q and 1− q respectively) be the corresponding partial
isometries in B normalizing the Cartan subalgebras A1 and A2 respectively.

We now consider the element u = b + uψbu
∗
φ. This is clearly a unitary in B

since it is the sum of two partial isometries with orthogonal domains and ranges.
We claim that u conjugates A1 to A2. To prove the claim we write an element
a ∈ A1 as a = ap+ a(1− p) and notice first that b(ap)b∗ ∈ A2q. We also have that
(uψbu

∗
φ)a(1 − p)(uφb

∗u∗ψ) = uψb(u
∗
φauφ)b

∗u∗ψ. Note that since uφ normalizes A1,
hence u∗φauφ ∈ A1. Now as we have that bA1b

∗ = A2q, and finally as uψ normalizes

A2, we have that uψA2qu
∗
ψ ⊆ A2(1−q). Hence uA1u∗ ⊆ A2 and a similar argument

shows that u∗A2u ⊆ A1 and therefore they are equal.
Now for the remaining cases, notice that if b∗b = bb∗ = 1, then b is the required

unitary. Suppose now that b∗b = 1 and bb∗ < 1. We can choose a projection p1 6= 0
in A1 such that p1 < 1 and consider the partial isometry b1 = bp1. Now we have
that p = b∗1b1 ∈ A1, q = b1b

∗
1 ∈ A2, b1A1b

∗
1 = A2b1b

∗
1 and p and q are both strictly

smaller than 1. By the preceding case, we then have that A1 and A2 are unitarily
conjugate. A similar argument clearly works if b∗b < 1 and bb∗ = 1.
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Now suppose B is of type II∞ and τ(p) = τ(q) < ∞, where τ is the faithful
normal semifinite trace. By ergodicity of the equivalence relations, we can find a
sequence of elements φn ∈ [[R1]] such that U1

⊔
⊔nφn(U1) = X1 where D(φn) = U1

and similarly a sequence of elements ψn ∈ [[R2]] where D(ψn) = U2 such that
U2

⊔
⊔nψn(U2) = X2. As earlier we denote uφn

and uψn
to be the corresponding

partial isometries. Now we consider the element u = b+
∑
n uψn

bu∗φn
. Since this is

a sum of partial isometries with orthogonal domains and ranges, u is a unitary. As
for each n ∈ N, we know that uφn

normalizes A1 and uψn
normalizes A2, it is easy

to see as in the type III case that u conjugates A1 to A2. If p and q are infinite: we
choose a finite projection p1 ∈ A1 and consider the partial isometry b1 = bp1. Now
we have that b1A1b

∗
1 = A2b1b

∗
1 and the source and the range projections b∗1b1 ∈ A1

and b1b
∗
1 ∈ A2 have finite trace. Thus we are reduced to the previous case.

Suppose now that B ⊆ B(H) be an arbitrary von Neumann algebra of type II∞
or III. Let the centre be Z(B) = L∞(Y, ν) and let the ergodic decomposition be

B =
∫ ⊕

y∈Y
By. We can write the Cartan subalgebras A1 and A2 as direct integrals

of Cartan subalgebras
∫ ⊕

y∈Y A1,y and
∫ ⊕

y∈Y A2.y. Let p and q be the source and

range projections b∗b and bb∗ respectively, z be the central support of p and q, and
E ⊂ Y be the range set of z. Given y ∈ E, by the factor case, we can find a unitary

uy ∈ By such that uyA1,yu
∗
y = A2,y. Letting u =

∫ ⊕

y∈E uy be the corresponding

unitary in Bz, clearly u conjugates A1z to A2z. �

Proof of Proposition 2.14. If B is of type II1, the result follows from [53, Propo-
sition 5.1]. Now suppose B ⊂ M be regular. We notice that there is a natural
map from NM (B) ∩ NM (A) to AutR(S). Thus it is enough to prove that for any
u ∈ NM (B), there is a unitary element b ∈ U(B) such that bu ∈ NM (A).

Now as in [53], for any u ∈ NM (B) and a fixed v ∈ NM (A), we look at the
automorphisms Aut(B) ∋ β : x 7→ uxu∗ and Aut(A) ∋ α : x 7→ vxv∗. We define
ev = EB(vu

∗) and note that evβ(a) = α(a)ev for all a ∈ A. Letting bv denote the
partial isometry in the polar decomposition of ev, we note that bvβ(a) = α(a)bv
for all a ∈ A. We denote by zv ∈ Z(B), the central support of b∗vbv ∈ B. For each
projection a ∈ A, since we also have β(a)b∗v = b∗vα(a), we have for all projections
a ∈ A,

α(a)bvb
∗
v = bvβ(a)b

∗
v = bvb

∗
vα(a)

Since A ⊂ M is a Cartan subalgebra, we have that A′ ∩M = A and hence that
bvb

∗
v ∈ A. Thus we can find a projection q ∈ A such that α(q) = bvb

∗
v. By the

same argument, as β(A) ⊂ M is a Cartan subalgebra, we can find a projection
p ∈ A such that β(p) = b∗vbv. We note now that the Cartan subalgebras β(A)zv
and Azv satisfy all the hypotheses of Lemma 2.15 and therefore β(A)zv and Azv are
unitarily conjugate as Cartan subalgebras of Bzv. Since A is regular in M , clearly
the join of all the central projections zv as v varies over NM (A) is 1. Thus we can
conclude that the join of the unitaries in Bzv we get from Lemma 2.15 is a unitary
b ∈ U(B) that conjugates β(A) to A and thus bu ∈ NM (A).

On the other hand, if S ⊂ R is strongly normal, AutR(S) generates R. Clearly if
φ ∈ AutR(S), the corresponding unitaries uφ belong to NM (B), and hence B ⊂M
is regular. �

If the conclusion of Proposition 2.14 is satisfied, we can write A ⊂ B as the
direct integral of Cartan inclusions (Ay ⊂ By)y∈Y where t Z(B) = L∞(Y, µ), By
is a factor a.e. and (Sy)y∈Y is the associated field of ergodic equivalence relations.
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Then M can be realized as the crossed product of a free cocycle action (α, u) of
a discrete measured groupoid G on the measurable field (Ay ⊂ By)y∈Y . More

precisely, G(0) = Y and we have the following:

• a measurable field of Cartan preserving *-isomorphisms between the sources
and the ranges, i.e., g 7→ αg : Bs(g) → Bt(g) such that αg(As(g)) = At(g).

• a measurable field of unitaries normalizing the Cartan subalgebras, i.e.,
G(2) ∋ (g, h) 7→ u(g, h) ∈ NBt(g)

(At(g))

that satisfy the conditions in Definition 2.2.3. Alternately we can view R as a
semidirect product of the subequivalence relation S = (Sy)y∈Y with an outer co-
cycle action of G on S. We conclude this section with the definition of cocycle
conjugacy for actions on Cartan inclusions.

Definition 2.16. 1. Two cocycle actions (α, u) and (β, v) of a countable group
G on Cartan inclusions A ⊂ B and C ⊂ D as above are said to be cocycle
conjugate if there exists a *-isomorphism θ : B → D with θ(A) = C and unitaries
wg ∈ ND(C) such that

• θ ◦ αg ◦ θ−1 = Ad(wg) ◦ βg for all g ∈ G.
• θ(u(g, h)) = wgβg(wh)v(g, h)w

∗
gh for all g, h ∈ G.

2. Two cocycle actions (α, u) and (β, v) of a discrete measured groupoid G on fields
of Cartan inclusions (Ax ⊂ Bx)x∈X and (Cx ⊂ Dx)x∈X respectively are said to
be cocycle conjugate if there exists a measurable field of ∗-isomorphisms x 7→
θx : Bx → Dx with θx(Ax) = Cx and a measurable field of unitaries g 7→ wg ∈
NDt(g)

(Ct(g)) that satisfy:

• θt(g) ◦ αg ◦ θ
−1
s(g) = Ad(wg) ◦ βg for all g ∈ G.

• θt(g)(u(g, h)) = wgβg(wh)v(g, h)w
∗
gh for all (g, h) ∈ G(2).

2.4. Central freeness and Connes-Takesaki module map. Recall the con-

tinuous core (M̃,R, θ, τ) associated to a factor M of type III with respect to a

faithful normal state φ. We develop some notation here. The group Ũ(M) = {u ∈

U(M̃) | uMu∗ = M}, the normalizer of M in M̃ is called the extended unitary
group of M . For each u ∈ Ũ(M), we write

Ãd(u) = Ad(u)|M ∈ Aut(M)

and set Cntr(M) = {Ãd(u) | u ∈ Ũ(M)} which is a normal subgroup of Aut(M).

Each α ∈ Aut(M) can be extended to an automorphism α̃ ∈ Aut(M̃) given by:

α̃(xut) = α(x)(Dφ ◦ α−1 : Dφ)tut

where (Dφ◦α−1 : Dφ)t is the Connes cocycle derivative, the trace τ satisfies τ◦α̃ = τ
and for every s ∈ R, α̃ ◦ θs = θs ◦ α̃. The restriction of α̃ to the center CM is called
the Connes-Takesaki module map of α and is denoted by mod(α) ∈ Aut(CM) which
commutes with the smooth flow of weights θ|CM

. Similarly for an action α : GyM ,
we denote the action on the flow of weights by mod(α) : Gy CM .

The automorphism group Aut(M) is identified with the following subgroup

Autτ,θ(M) of Aut(M̃):

Autτ,θ(M) = {σ ∈ Aut(M̃) | σ ◦ θs = θs ◦ σ, τ ◦ σ = τ}

In other words, for each α ∈ Aut(M), α̃ ∈ Autτ,θ(M) and if an element σ ∈
Autτ,θ(M) leaves each element of M invariant, then σ = id.
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For an action α : G → Aut(M), if w : G → U(M) satisfies w(g)αg(w(h)) =
w(gh), then we say w is a 1-cocycle for α. We denote by Z1

α(G,U(M)) the set of
all 1-cocycles for α. Recall that two cocycle actions (α, u) and (β, v) are said to be
cocycle conjugate if there exists w : G→ U(M) and θ ∈ Aut(M) such that

Ad(wg) ◦ αg = θ ◦ βg ◦ θ
−1 and w(g)αg(w(h))u(g, h)w(gh)

∗ = θ(v(g, h)),

Definition 2.17. 1. Let G be a countable group and let (α, u) and (β, v) be two
cocycle actions of G on injective factors B and D respectively. We say that
(α, u) and (β, v) are strongly cocycle conjugate if they are cocycle conjugate as in
Definition 2.11 and θ : B → D can be chosen such that the induced isomorphism
on the flow of weights is trivial, i.e., mod(θ) = 1.

2. Let (X,µ) be a standard probability space and G be a discrete measured groupoid
with unit space G0 = X . Let (α, u) and (β, v) be two cocycle actions of G on
fields of injective factors (Bx)x∈X and (Dx)x∈X . We say that α and β are
strongly cocycle conjugate if they are cocycle conjugate as in Definition 2.11 and
moreover for almost every x ∈ X , θx : Bx → Dx can be chosen such that the
induced isomorphims on the flow of weights are trivial, i.e., mod(θx) = 1.

For an injective factor M of type III, the Connes-Takesaki module map is sur-
jective and the following exact sequence splits:

1 → ker(mod) → Aut(M)
mod
−−−→ Autθ(C) → 1.

An important object associated with an action α : G → Aut(M) is the normal
subgroup of G defined by:

Nα = {g ∈ G | αg ∈ Cntr(M)}

We note that mod(αn) = id for n ∈ Nα and hence mod(α) can be regarded as
an action of G/N on CM . The classification of discrete amenable group actions on
injective factors up to cocycle conjugacy has been developed over the years by many
hands (c.f. [30], [47], [58], [59], [33], [32]). In particular, the classification theorem
states that any free action α of a discrete amenable group on an injective factor of
type III is classified by three invariants: the normal subgroup Nα, the action on
the flow of weights mod(α) and a characteristic invariant χ(α).

Moreover if the subgroup Nα is trivial, then the characteristic invariant χ(α)
vanishes, and such actions are classified just by the actions on the flow of weights.
We shall focus precisely on this picture. We begin with the notion of central freeness
introduced by Ocneanu in [47] for group actions on von Neumann algebras.

Definition 2.18. For a factor M , an automorphism θ ∈ Aut(M) is called centrally
trivial if for any centralizing sequence xn ∈ M , i.e., which is norm bounded and
satisfies limn→∞ ‖[φ, xn]‖ = 0 for any φ ∈ M∗, we have θ(xn)− xn → 0 ∗-strongly.
A discrete group action α : G→ Aut(M) is called centrally free if for any nontrivial
g ∈ G, αg is not centrally trivial.

By [33, Theorem 1], in case of an injective factor M of type III, an automorphism
θ ∈ Aut(M) is centrally trivial if and only if θ = Ad(u)◦σφc where σφc is an extended
modular automorphism for a dominant weight φ on M , c is a θ cocycle on U(CM )

and u ∈ U(M). By Proposition 5.4, [26], this is equivalent to θ̃ being inner on M̃
for an infinite factor. Hence we conclude that centrally free actions are precisely
the ones that are outer as actions on the continuous core. We shall now introduce
the invariants for actions on ergodic flows.



18 CLASSIFICATION OF REGULAR SUBALGEBRAS OF INJECTIVE TYPE III FACTORS

Definition 2.19. 1. Let (Fs)s∈R and (F ′
s)s∈R be ergodic flows on (X,µ) and (X ′, µ′)

respectively. Let δ and δ′ be a two actions of a countable group G on Fs and
F ′
s respectively. We say that δ and δ′ are conjugate and denote it by δ ∼ δ′

if there exists a nonsingular R-equivariant isomorphism σ : X → X ′ such that
σ ◦ δg ◦ σ

−1 = δ′g for all g ∈ G.
2. Let (Y, ν) be a standard probability space and let Fy on (Xy, µy)y∈Y and F ′

y

on (X ′
y, µ

′
y)y∈Y be two measurable fields of ergodic flows. Let G be a discrete

measured groupoid with G(0) = X and let δ and δ′ be two actions of G on
the fields of flows (Fy)y∈Y and (F ′

y)y∈Y respectively. We say that δ and δ′ are
conjugate and denote by δ ∼ δ′ if there exists a measurable field of nonsingular
R-equivariant isomorphisms σy : Xy → X ′

y such that for a.e. g ∈ G, we have

that σt(g) ◦ δg ◦ σ
−1
s(g) = δ′g.

From the previous discussion, the classification theorem for centrally free actions
can be stated as follows:

Theorem 2.20. ([41, Theorem 2.3]) Let M be an injective factor and (α, u) and
(β, v) be two centrally free cocycle actions of a discrete amenable group G on M .
Then we have the following:

(i) The cocycle actions (α, u) and (b, v) are cocycle conjugate if and only if mod(α) ∼
mod(β).

(ii) The cocycle actions (α, u) and (b, v) are strongly cocycle conjugate if and only
if mod(α) = mod(β).

We conclude this section with the definition of centrally free actions for a discrete
measured groupoid on a field of factors.

Definition 2.21. Let G be a discrete measured groupoid with G(0) = X . A cocycle
action (α, u) of G on a measurable field of factors (Bx)x∈X is called centrally free
if for a.e. x ∈ X and all g ∈ Γx, the automorphism αg is centrally non-trivial.

3. Actions on fields of injective factors

In the case of II1 factors, it has been shown that any cocycle action of an
amenable group can be perturbed to a genuine action in [52]. In [53, Theorem
3.1], it has been shown that any cocycle action of an amenable discrete measured
groupoid on a measurable field of II1 factors can be perturbed to a genuine action.
We begin this section with a 2-cohomology vanishing result for groupoid actions on
fields of infinite factors. For the proof, we use a Packer-Raeburn type stabilization
trick as in [49]. We remark here that such a stabilization trick had already appeared
in the literature before [49], for example, in [56, Theorem 4.2.2].

Theorem 3.1. Let (X,µ) be a standard probability space and (Bx)x∈X be a field
of infinite factors. Let (α, u) be a cocycle action of a discrete measured groupoid G
with unit space X on the field (Bx)x∈X. Then u is a coboundary, i.e., there exists
g 7→ wg ∈ U(Bt(g)), a measurable field of unitaries such that for all (g, h) ∈ G(2) we
have u(g, h) = αg(w

∗
h)w

∗
gwgh.

Proof. Since for all x ∈ X , Bx is separable, we assume without loss of generality
that they are represented on the same separable Hilbert space H. Let Gx denote
the countable set of groupoid elements {g ∈ G | t(g) = x}. Since for a.e. x ∈ X ,
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Bx is infinite, let (φx)x∈X denote a family of *-isomorphisms between Bx and
Bx ⊗ B(l2(Gx)). Thus for a.e. g ∈ G, we have a *-isomorphism

φt(g) ◦ αg ◦ φ
−1
s(g) : Bs(g) ⊗ B(l2(Gs(g))) → Bt(g) ⊗ B(l2(Gt(g)))

For convenience of notation, we denoteDx = Bx⊗B(l2(Gx)), α′
g = φt(g)◦αg◦φ

−1
s(g).

Now in each B(l2(Gx)) we denote the matrix units by exg,h for g, h ∈ Gx. For

each g ∈ G, Bt(g) is infinite and hence the projections 1 ⊗ e
t(g)
g,g and α′

g(1 ⊗ e
s(g)
1,1 )

are equivalent, where ex1,1 denotes the diagonal matrix unit corresponding to the
identity element 1 ∈ Gx. We now pick partial isometries wg ∈ Dt(g) such that

w∗
gwg = 1⊗e

t(g)
g,g and wgw

∗
g = α′

g(1⊗e
s(g)
1,1 ). Now for g ∈ G, we consider the element

Dt(g) ∋ Vg :=
∑

k∈Gs(g)

α′
g(1⊗ e

s(g)
k,1 )wg(1⊗ e

t(g)
g,gk)

A simple computation shows that α′
g(1 ⊗ e

s(g)
k,1 )wg(1 ⊗ e

t(g)
g,gk) is a partial isometry

with source projection 1 ⊗ e
t(g)
gk,gk and range projection α′

g(1 ⊗ e
s(g)
k,k ). Hence we

have that Vg is the sum of partial isometries with orthogonal sources and ranges,

and hence Vg ∈ U(Dt(g)). Now for k, l ∈ Gs(g), we can check that α′
g(1 ⊗ e

s(g)
k,l ) =

Ad(Vg)(1 ⊗ e
t(g)
gk,gl).

Let us denote by (λg)g∈G the field of unitary operators λg : l
2(Gs(g)) → l2(Gt(g))

given by λg(δh) = δgh. Since we have that Ad(V ∗
g )◦α

′
g(1⊗e

s(g)
k,l ) = 1⊗e

t(g)
gk,gl for all

g ∈ G and for all k, l ∈ Gs(g), we can conclude that the action Ad(V ∗
g ) ◦α

′
g is of the

form βg ⊗Ad(λg) where βg : Bs(g) → Bt(g) is an action of G on the field (Bx)x∈X .
We have thus constructed unitaries Vg ∈ U(Dt(g)) such that

α′
g = Ad(Vg) ◦ (βg ⊗Ad(λg))

Let σg := βg ⊗Ad(λg) and define the 2-cocycle

u′(g, h) = V ∗
g α

′
g(V

∗
h )φt(g)(u(g, h)))Vgh

Hence (σ, u′) defines a cocycle action of G on the field of factors (Dx)x∈X . Since
we have that λg ◦ λh = λgh, the unitaries u′(g, h) are of the form u1(g, h)⊗ 1 with
u1(g, h) ∈ U(Bt(g)). For g ∈ G we now define the unitaries:

U(Dt(g)) ∋Wg =
∑

r∈Gt(g)

u1(g, g
−1r)⊗ et(g)r,r

Now we shall denote Cg,h = u′(g, h)∗σg(Wh)Wg and check that Cg,h =Wgh.

Cg,h = (u1(g, h)
∗ ⊗ 1)(

∑

r∈G(t(h))

βg(u1(h, h
−1r)) ⊗Ad(λg)(e

t(h)
r,r ))(

∑

s∈Gt(g)

u1(g, g
−1s)⊗ et(g)s,s )

= (u1(g, h)
∗ ⊗ 1)(

∑

r∈G(t(h))

βg(u1(h, h
−1r)) ⊗ et(g)gr,gr)(

∑

s∈Gt(g)

u1(g, g
−1s)⊗ et(g)s,s )

=
∑

r∈G(t(h))

u1(g, h)
∗βg(u1(h, h

−1r))u1(g, r) ⊗ et(g)gr,gr

=
∑

r∈G(t(h))

u1(gh, h
−1r) ⊗ et(g)gr,gr =

∑

s∈Gt(g)

u1(gh, h
−1g−1s)⊗ et(g)s,s =Wgh
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Hence Wg is a 1 cocycle that perturbs σ to a genuine action. Now we consider the

unitaries Zg = φ−1
t(g)(VgWg) which satisfies αg(Zh)Zg = u(g, h)Zgh as required. �

For a direct integral B =
∫ ⊕

x∈X
Bx of factors, we denote by B̃ the direct integral

of the canonical cores (not necessarily factors anymore)
∫ ⊕

x∈X B̃x. The following
lemma establishes a condition on a regular inclusion, that is equivalent to the
central freeness of the corresponding groupoid action.

Lemma 3.2. Let M be an injective factor of type III and let B ⊂ M be a regular
von Neumann subalgebra with a faithful normal conditional expectation E : M → B
satisfying Z(B) = B′∩M . The resulting cocycle action (α, u) of a discrete measured
groupoid G on B is centrally free if and only if Z(B̃) = (B̃)′ ∩ M̃ .

Proof. Claim 1: M̃ is canonically isomorphic to B̃ ⋊(α̃,u) G. To prove this, let us
assume that B ⊂ M ⊆ B(H) and let φ be a faithful normal state on B. We define
now a faithful normal state ψ on M by ψ = φ ◦E. Suppose that Z(B) = L∞(X,µ)

and let B =
∫ ⊕

x∈X Bx be the ergodic decomposition into factors. We can choose

separable Hilbert spaces Hx such that Bx ⊆ B(Hx) and faithful normal states φx
on Bx for all x ∈ X such that:

• The two faithful normal states φ and
∫
x∈X φx are equal.

• The two Hilbert spaces H and
∫ ⊕

x∈X
Hx are isomorphic.

Next, we define the Hilbert spaces Kx = Hx ⊗ L2(R), K = H ⊗ L2(R) and

K′ =
∫ ⊕

x
Kx. Consider the natural Hilbert space isomorphism u : K → K′ that

sends an element of the form (ξx)x∈X ⊗ f ∈ (
∫ ⊕

x
Hx) ⊗ L2(R) to (ξx ⊗ f)x∈X ∈∫ ⊕

x
(Hx ⊗ L2(R)). Clearly we have that uu∗ = u∗u = 1. We represent M̃ ⊂ B(K)

as the SOT-closure of the subalgebra generated by the elements of B of the form
{(bx)x∈X ⊗ 1 | bx ∈ Bx}, the partial isometries {u(U) ⊗ 1 | U ∈ [[G]]}, and the

canonical unitaries {uφt | t ∈ R} that satisfy

uφt (bu(U))u
φ∗
t = σφt (bu(U))

On the other hand, B̃ ⋊(α̃,u) G ⊂ B(K′) can be represented as the SOT-closure
of the subalgebra generated by the elements corresponding to the subalgebra B:
{(bx ⊗ 1)x∈X | bx ∈ Bx}, the partial isometries {ũ(U) | U ∈ [[G]]} for the action α̃

of G on
∫ ⊕

x∈X
B̃x, and the unitaries {(uφx

t )x∈X | t ∈ R} which satisfy for U ∈ [[G]]:

ũ(U)(bxu
φx

t )x∈s(U)ũ(U)
∗ = α̃U ((bxu

φx

t )x∈s(U))

We define a map F : B(K) → B(K′) by F (x) = uxu∗. It is easy to check that
the map F satisfies the following:

• F ((bx)x∈X ⊗ 1) = (bx ⊗ 1)x∈X for bx ∈ Bx,
• F (u(U)⊗ 1) = ũ(U) for u ∈ [[G]],

• F (uφt ) = (uφx

t )x∈X for all t ∈ R

Since F is given by a unitary conjugation and sends generators to generators, F

gives an isomorphism between the von Neumann algebras M̃ and B̃ ⋊(α̃,u) G thus
proving our claim.

Claim 2: Given an automorphism α ∈ Aut(Bx), the automorphism α̃ ∈ Aut(B̃x)
is properly outer if and only if α̃ is outer. Since proper outerness clearly implies
outerness, we prove here the other direction. Let us assume first that α̃ is not
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properly outer, i.e., there exists v ∈ B̃x such that α̃(b)v = vb for all b ∈ B̃x. Let
v = w|v| be the polar decomposition of v such that w is a partial isometry. We
have that the projections w∗w and ww∗ are central, and we denote p = w∗w =

ww∗ ∈ Z(B̃x). Assuming that w 6= 0, we will show that α̃ is inner. First we note

that α̃(b)w = wb for all b ∈ B̃x. Let (θt)t∈R be the trace scaling action of R on

B̃x which commutes with α̃ and acts ergodically on the center Z(B̃x). Since the
action is ergodic, we can find a sequence of real numbers tn ∈ R and a sequence of

projections pn ∈ Z(B̃x) such that pn ≤ p for all n and

∞∑

n=0

θtn(pn) = 1.

As θ commutes with α̃, we have that α̃(b)θt(w) = θt(w)b for all t ∈ R and

b ∈ B̃x. We consider now the element W =
∑∞

n=0 θtn(wpn)and check that W ∗W =∑∞
n=0 θtn(pnw

∗wpn) =
∑∞
n=0 θtn(pn) = 1 and WW ∗ =

∑∞
n=0 θtn(wpnw

∗) =∑∞
n=0 θtn(pn) = 1. Now, for an arbitrary b ∈ B̃x, letting bn = bθtn(pn), we check

that:

Wb =

∞∑

n=0

θtn(w)θtn (pn)b =

∞∑

n=0

α̃(θtn(pn))α̃(b)θtn(w)

=

∞∑

n=0

α̃(b)α̃(θtn(pn))θtn(w) =

∞∑

n=0

α̃(b)θtn(α̃(pn))θtn(w)

=
∞∑

n=0

α̃(b)θtn(wpn) = α̃(b)W

Now it can be checked that for (B̃)′ ∩ B̃ ⋊(α,u) G = Z(B) if and only if for a.e.

x ∈ X and for all g ∈ Γx\{e}, α̃g ∈ Aut(B̃x) is properly outer. By Claim 1 and

Claim 2, we then have that (B̃)′ ∩ M̃ = Z(B̃) if and only if for a.e. x ∈ X and for

all g ∈ Γx\{e}, α̃g ∈ Aut(B̃x) is outer, and by the equivalence between outerness
of α̃ and central freeness of α, we have the desired conclusion. �

We shall now present a new proof of the classification theorem for centrally free
actions of amenable discrete measured groupoids on fields of injective factors. This
has already been proved in further generality, for (not necessarily centrally) free
actions by Masuda in [43]. We first need the following lemma, essentially due to
Ocneanu on approximate innerness of cocycle self conjugacies. Our formulation is
very similar to [43, Lemma 3.2] but several similar formulations have appeared in
the literature before, for example in [31], [58], [34]. In what follows, we shall follow
the same terminology as in [47, Section 5.1]. In particular, we shall denote for a
von Neumann algebra M and a free ultrafilter ω on N, the Ocneanu ultrapower,
and the ω-centralizing sequence algebra by Mω and Mω respectively.

Lemma 3.3. Let B be an injective factor, G be a countable amenable group, and
α be a centrally free action of G on B. Suppose we have θ ∈ Aut(B) such that
mod(θ) = 1 and vg ∈ U(B) a 1-cocycle for α that satisfies θ◦αg ◦θ−1 = Ad(vg)◦αg
for all g ∈ G. Then there exists a sequence un ∈ U(B) such that

Ad(un) → θ and lim
n

||u∗nvgαg(un)− 1||#φ = 0 for all g ∈ G
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Proof. Since θ is trivial on the flow of weights, by [33, Theorem 1], θ ∈ Int(B).
Hence we have a sequence wn ∈ U(B) such that Ad(wn) converges to θ in the usual
topology in Aut(B). For a faithful normal state φ, we then have that:

‖φ ◦Ad(wn)− φ ◦ θ‖ → 0

We fix now a free ultrafilter ω on N. Clearly the above equation also converges as

n → ω. Now note that as n → ω, ‖wn‖
#
φ 9 0, i.e., wn is not a trivial sequence.

Now let xn be a sequence such that ‖xn‖
#
φ → 0 and note that as n → ω, we have

that

φ(Ad(wn)(xnx
∗
n)) + φ(Ad(wn)(x

∗
nxn)) → φ(θ(xnx

∗
n)) + φ(θ(x∗nxn)) → 0

as φ ◦ θ is also a faithful normal state on B. Hence the sequence (wn) normalizes
the trivial sequences and hence W := (wn) ∈ Bω. Since Ad(wn) ◦ αg ◦ Ad(w∗

n) →
Ad(vg) ◦ αg in Aut(B), we have that

||φ ◦ (Ad(wn) ◦ αg ◦Ad(w
∗
n))− φ ◦ (Ad(vg) ◦ αg)|| → 0 as n→ ω

We can check from this that we have:

||[φ,w∗
nvgαg(wn)]|| → 0 as n→ ω

Denoting still the induced action of G on Bω by α, we note from the previous
equation that the element Vg =W ∗vgαg(W ) ∈ U(Bω). Next, we check that:

V (g)αg(V (h))V (gh)∗ =W ∗vgαg(W )αg(W
∗vhαh(W ))V (gh)∗

=W ∗vgαg(vh)αgh(W )V (gh)∗

=W ∗vgαg(vh)αgh(W )αgh(W )∗v∗ghW

=W ∗vgαg(vh)v
∗
ghW

= 1

and hence V is a 1-cocycle for the action α of G on Bω. Clearly, α is still a
centrally free action on Bω . By the final remark in [47, Pg. 42], centrally free
actions are strongly free and semiliftable (we refer the reader to [47, Section 5.2]
for the appropriate definitions) and thus satisfy the hypotheses of Ocneanu’s one
cohomology vanishing result as in [47, Proposition 7.2]. Using the proposition, there
exists Z ∈ U(Bω) such that Z∗Vgαg(Z) = 1.

As in [12, Proposition 1.1.3], we can choose a representative sequence (zn) for
the unitary Z ∈ U(Bω) with zn ∈ U(B). Since Z is ω-centralizing, we have that
Ad(zn) → id as n → ω. Now we define a sequence of unitaries un ∈ U(B) by
un := wnzn. Then we have that

lim
n→ω

Ad(un) = lim
n→ω

Ad(wn) ◦Ad(zn) = θ

Now note that in Bω, we have that Z∗W ∗vgαg(WZ) = 1 and hence we have that
u∗nvgαg(un) → 1 as n→ ω as required. The u-topology on Aut(B) and the topology
of pointwise convergence on the space of 1-cocycles are both metrizable, hence we
can pass to a subsequence and assume that the conclusion of the theorem remains
valid as n→ ∞, which completes our proof. �

We shall now prove the classification theorem for centrally free actions of a
discrete measured amenable groupoid on a measurable field of injective type III
factors. At the heart of the proof is a cohomology lemma proved in [53, Theorem
3.5]. As the authors mention in [53], the formulation here is different than the



CLASSIFICATION OF REGULAR SUBALGEBRAS OF INJECTIVE TYPE III FACTORS 23

cohomology lemmas that appear in [31] and [57], but the proof is similar to the one
in [57, Theorem 5.5].

Theorem 3.4. Let (X,µ) be a standard probability space and let G be a discrete
measured groupoid which is amenable with G(0) = X. Let α and β be centrally free
actions of G on a field of injective type III factors (Bx)x∈X such that X = G(0).
Then we have the following:

(i) The actions α and β are cocycle conjugate if and only if mod(α) ∼ mod(β),
(ii) The actions α and β are strongly cocycle conjugate if and only if mod(α) =

mod(β).

Proof. It is straightforward to check the ‘only if’ directions of both statements. We
shall first deduce (ii) from (i) and then prove (i). Now suppose that mod(α) ∼
mod(β) and let σx ∈ Autθx(CBx

) be the automorphisms for all x ∈ X such that
σt(g) ◦ mod(βg) ◦ σ

−1
s(g) = mod(αg) for a.e. g ∈ G. By surjectivity of the Connes-

Takesaki module map (c.f. [60, Theorem 1.1]), we can find automorphisms σ̃x ∈
Aut(Bx), such that mod(σ̃x) = σx for all x ∈ X and then consider the action
β′
g = σ̃t(g) ◦ βg ◦ σ̃

−1
s(g) for all g ∈ G. We note here that mod(αg) = mod(β′

g) for

a.e. g ∈ G. Since β and β′ are strongly cocycle conjugate by (ii), we have a field
of automorphisms θx ∈ Aut(Bx) such that mod(θx) = 1 for a.e. x ∈ X and a
1-cocycle (cg)g∈G such that for a.e. g ∈ G, we have

θt(g) ◦ β
′
g ◦ θ

−1
s(g) = Ad(cg) ◦ αg

and hence (θx ◦ σ̃x)x∈X and (cg)g∈G gives the required cocycle conjugacy between
α and β. We prove the ‘if’ direction of (ii) below.

Let R be the non singular countable equivalence relation induced by G defined
by

R = {(t(g), s(g)) | g ∈ G}.

The amenability of G implies that R is an amenable equivalence relation and by
the [14], we know that X can be partitioned into X1 and X2 where each Xi is R
invariant, R|X1 has finite orbits and hence admits a fundamental domain and R|X2

is generated by a single non-singular automorphism. From this it follows that there
exists a measurable lift q : R → G such that

• s(q(x, y)) = y and t(q(x, y)) = x, and
• q is a morphism, i.e., q(x, y)q(y, z) = q(x, z) for a.e. (x, y) ∈ R

We let Γ denote the family (Γx)x∈X and define an action δ of R on Γ as follows:
For all (x, y) ∈ R, let us denote by δ(x,y) : Γy → Γx the group isomorphism given

by δ(x,y)(g) = q(x, y)gq(x, y)−1 for all g ∈ Γy. Clearly δ(x,y) ◦ δ(y,z) = δ(x,z) as q is a
morphism. Hence the groupoid G is isomorphic to a semidirect product Γ⋊δR. For
convenience of notation we shall use α(x,y) and β(x,y) to denote αq(x,y) and βq(x,y).

Let Z1
α(Γx,U(Bx)) be the space of all 1-cocycles cg for the action αx. We denote

by Px the Polish space of ‘strong’ cocycle conjugacies between the actions αx and
βx on Bx. More precisely, let Px ⊂ Aut(Bx) × Z1

α(Γx,U(Bx)) be the collection of
all (θ, (cg)g∈Γx

) such that the following conditions are satisfied:

• θ ∈ Aut(Bx) and mod(θ) = 1,
• cg ∈ U(Bx) for all g ∈ Γx and (cg)g∈Γx

is a 1 cocycle for αx,
• θ ◦ βg ◦ θ

−1 = Ad(cg) ◦ αg for all g, h ∈ Γx.
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The u-topology on Aut(Bx) and the topology of pointwise convergence on the
space of 1-cocycles endows Px with a natural topology. We now note that since for
the restricted actions of the isotropy groups αx, βx : Γx y Bx, mod(αx) = mod(βx),
the actions are strongly cocycle conjugate by Theorem 2.20. Thus we have that Px
is non-empty. We have a family of Polish groups U(Bx) acting on Px as follows: for
w ∈ U(Bx) and (θ, vg) ∈ Px, we define

w · θ = Ad(w) ◦ θ and (w · v)g = wvgαg(w
∗)

It is easy to check that w · θ ◦αg ◦w · θ−1 = Ad(w · v)g ◦αg and hence this action is
well defined. We claim that this action has dense orbits. To check this let (θ, c) and
(δ, d) be two elements of Px. By Lemma 3.3, we consider the sequences of unitaries
wn and zn such that the following holds:

• Ad(wn) → θ and Ad(zn) → δ in Aut(Bx)

• ‖w∗
ncgαg(wn)− 1‖#φ → 0 and ‖z∗ndgαg(zn)− 1‖#φ → 0

Since Aut(Bx) is a Polish group, the sequence of unitaries un = znw
∗
n satisfy

Ad(un) ◦ θ → δ. We recall from the proof of Lemma 3.3 that for a free ultrafil-
ter ω on N, we can assume that the sequences W := (wn) and Z := (zn) are in
U(Bωx ). Since the sequence z∗ndgαg(zn) − 1 → 0 *-strongly and Z ∈ Bωx , we also
have that znαg(z

∗
n) → dg *-strongly as n→ ω. Now for the same reason, as n→ ω

we also have:

‖znw
∗
ncgαg(wnz

∗
n)−dg‖

#
φ ≤ ‖znw

∗
ncgαg(wnz

∗
n)−znαg(z

∗
n)‖

#
φ+‖znαg(z

∗
n)−dg‖

#
φ → 0

Therefore the unitaries un also satisfy un · cg → dg in the topology of pointwise
convergence in Z1

α(Γx,U(Bx)) as n → ω. Once again by passing to a subsequence,
we have proved our claim. Now, we follow the same notation and the same strat-
egy as in [53, Theorem 5.7] and define the measurable field of continuous group
isomorphisms R ∋ (x, y) → α(x,y) : U(By) → U(Bx) and the homeomorphisms
R ∋ (x, y) → γ(x,y) : Py → Px such that to an element (θ, (cg)g∈Γy

), the map γ(x,y)
does the following:

• θ ∈ Aut(By) is sent to the element α(x,y) ◦ θ ◦ β(y,x) ∈ Aut(Bx),
• (cg)g∈Γy

is sent to the cocycle (α(x,y)(cδ(y,x)(g)))g∈Γx
.

It can be easily checked that α(x,y)◦θ◦β(y,x) and the 1-cocycle g → α(x,y)(cδ(y,x)(g))
form a cocycle conjugacy between the actions αx and βx of the isotropy groups Γx
on Bx. Since mod(α(x,y)) = mod(β(x,y)) for all (x, y) ∈ R and mod(θ) = 1, we
have that this is indeed a strong cocycle conjugacy and hence γ(x,y)(θ, (cg)g∈Γy

) is
an element in Px.

Now [53, Theorem 3.5] gives us a measurable field of cocycle conjugacies πx =
(θx, (cg)g∈Γx

) together with a 1-cocycle R ∋ (x, y) → c(x,y) ∈ U(Bx) that satisfies
πx = c(x,y) ·γ(x,y)(πy). Since π is a section, θx ∈ Aut(Bx) clearly satisfies mod(θx) =
1. For an element g ∈ Γx, we then get that c(x,y)α(x,y)(cδ(y,x)(g))αg(c

∗
(x,y)) = cg.

Hence it follows that:

(1) c(x,y)α(x,y)(cδ(y,x)(g)) = cgαg(c(x,y))

Now any element b ∈ G with s(b) = y and t(b) = x can be written as b =
q(x, y)b0 for a unique element b0 ∈ Γy. We define a new field of unitaries (dg ∈
U(Bt(g)))g∈G as follows: we put dg := cg if g ∈ Γx for some x ∈ X , we put
dq(x,y) := c(x,y) and finally for any element of the groupoid b as above, we define
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d(g) := c(x,y)α(x,y)(cb0). Note that b can also be written as δ(x,y)(b0)q(x, y) and by
Equation 1, dg = cδ(x,y)(bo)αδ(x,y)(b0)(c(x,y)) and hence this is well defined. We now

show that it is indeed a 1-cocycle for α. Let a, b be elements of G with s(a) = z,
t(a) = s(b) = y and t(b) = x. Note that:

ba = q(x, y)b0q(y, z)a0 = δ(x,y)(b0)q(x, z)a0 = δ(x,y)(b0)δ(x,z)(a0)q(x, z) = q(x, z)δ−1
(y,z)(b0)a0

Now we calculate that:

dbαb(da) = c(x,y)α(x,y)(cb0αb0(dq(y,z)a0)) = c(x,y)α(x,y)(cb0αb0(dδ(y,z)(a0)q(y,z)))

= c(x,y)α(x,y)(cb0αb0(cδ(y,z)(a0))αb0αδ(y,z)(a0)(c(y,z)))

= c(x,y)α(x,y)(cb0δ(y,z)(a0)αb0δ(y,z)(a0)(c(y,z)))

= c(x,y)α(x,y)(c(y,z)α(y,z)(cδ−1
(y,z)

(b0)a0
))

= c(x,z)α(x,z)(cδ−1
(y,z)

(b0)a0
)) = dba

This means that (dg)g∈G is a 1-cocycle for α and along with (θx)x∈X , this gives
a strong cocycle conjugacy between α and β. �

Before we state the classification theorem for regular subalgebras, we define
the following notation for convenience. Suppose we have two discrete measured
groupoids G1 and G2 with unit spaces X1 and X2 respectively. Suppose σ : G1 → G2

is a groupoid isomorphism such that σ(X1) = X2. Suppose α1 and α2 are actions
of G1 and G2 on fields of factors (Bx)x∈X1 and (Dy)y∈X2 respectively. We say that
mod(α1) and mod(α2) are conjugate via σ and denote it by mod(α1) ∼σ mod(α2)
if there exists a family of automorphisms φx : CBx

→ CDσ(x)
such that for a.e. g ∈ G,

we have

φt(g) ◦mod(αg) ◦ φ
−1
s(g) = mod(βσ(g))

Theorem 3.5. For i ∈ {1, 2}, let Bi ⊂ Mi be two inclusions of von Neumann
algebras, where Mi are injective factors and Bi are regular subalgebras with faithful
normal conditional expectations Ei : M → Bi satisfying Z(B̃i) = (B̃i)

′ ∩ M̃ . Let
Z(Bi) = L∞(Xi, µi) and let the associated discrete amenable groupoids be Gi, with
G
(0)
i = Xi and cocycle actions (αi, ui) on Bi. Then there exists an isomorphism
θ : M1 → M2 satisfying θ(B1) = B2 if and only if type(B1) = type(B2) and there
is a nonsingular isomorphism σ : G1 → G2 with σ(X1) = X2 such that mod(α1) ∼σ
mod(α2).

Proof. If B1 and B2 are of type In or II1, this follows from [14] and [53]. In the
remaining cases, it is enough to show that if the preceding two conditions are
satisfied, then the actions (α1, u1) and (α2, u2) are cocycle conjugate, hence giving
isomorphic crossed products. By Lemma 3.2, (α1, u1) and (α2, u2) are centrally
free. By Theorem 3.1 (for type I∞, II∞ and type III), we can assume that α1 and
α2 are genuine actions. If B1 and B2 are not of type III, then α1 and α2 are cocycle
conjugate by [58, Theorem 1.2]. If they are both of type III, then cocycle conjugacy
follows by Theorem 3.4. The ‘only if’ direction is easy to check and we avoid the
details here. �

4. Actions on fields of ergodic hyperfinite equivalence relations

We begin this section by recalling the notion of Maharam extensions [38] and
looking at the canonical core of a type III factor as a von Neumann algebra of
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an equivalence relation. Let R be a countable nonsingular equivalence relation on
a standard probability space (X,µ). Let Σ be a locally compact group with left
Haar measure λ and let Z : R → Σ be a cocycle. The skew product equivalence
relation R×Z Σ is defined on the product space (X × Σ, µ × λ) by (x, g) ∼ (y, h)
if and only if (x, y) ∈ R and g−1h = Z(x, y). We note that R×Z Σ is a countable
(µ× λ)-nonsingular Borel equivalence relation on X × Σ.

Recall from Section 2.3 the Radon-Nikodym 1-cocycle Dµ for an equivalence
relation R on (X,µ). We note that log(Dµ) : R → R is also a 1 cocycle to the
additive group R.

Definition 4.1. The skew product of R with the cocycle log(Dµ) : R → R is
called the Maharam extension of R and is denoted by c(R). We can easily check
that c(R) is the countable nonsingular Borel equivalence relation on (X ×R, µ× ν)
where ν with respect to the Lebesgue measure is given by:

ν(A) =

∫

A

e−t dt

and (x, s) ∼ (y, t) if and only if (x, y) ∈ R and t− s = log(Dµ)(x, y).

If we further assume that R is of type III and consider the action R y (X×R, µ×
ν) where dν = e−t dt and where R acts by translation on the second component,
we see that this action preserves the Maharam extension and hence induces an
action on the abelian von Neumann algebra of c(R)-invariant functions L∞(X ×
R, µ×ν)c(R), this is called the associated flow of the equivalence relation R. If R is
assumed to be ergodic, the only invariant functions with respect to this action are
the constant functions. This precisely gives the smooth flow of weights on the factor
L(R). The type classification of von Neumann algebras and the classification of
Borel equivalence relations agree in the sense that the nonsingular Borel equivalence
relation R is of a particular type if and only if its associated von Neumann algebra
L(R) is of the same type. It is a well-known fact that for a nonsingular countable
equivalence relation R on (X,µ), the von Neumann algebra L(c(R)) associated

with its Maharam extension is canonically isomorphic to the continuous core L̃(R)
of L(R) with respect to the faithful normal state associated to the measure µ. For
details about most of the discussion above, we refer the reader to [27].

Suppose we have an inclusion A ⊂ B ⊂ M where M is an injective factor, A is
a Cartan subalgebra of M , and B is a regular subalgebra of M . As in section 2.3,
we can write A ⊂ M as L∞(X,µ) ⊂ L(R) for an ergodic hyperfinite equivalence
relation R on (X,µ). By Proposition 2.14, we have that B is isomorphic to L(S)
where S is a strongly normal subequivalence relation of R. As in the previous

discussion, we notice that at the level of the continuous cores, Ã ⊂ B̃ ⊂ M̃ is
isomorphic to the inclusion L∞(X ×R, µ× ν) ⊂ L(c(S)) ⊂ L(c(R)). In particular,

Ã is a Cartan subalgebra of M̃ and hence maximal abelian. Now, B̃′ ∩ M̃ ⊂

Ã′∩M̃ = Ã ⊂ B̃ and therefore Z(B̃) = B̃′∩M̃ . This will appear later in Corollary
5.3

We now shift our focus to 2-cohomology vanishing results for actions on Cartan
inclusions. Similar to Theorem 3.1, we prove the following theorem here.

Theorem 4.2. Let (X,µ) be a probability space and G be a discrete measured
groupoid with unit space X. Let (Ax ⊂ Bx)x∈X be a measurable field of infinite
factors with Cartan subalgebras. Let (α, u) be a free cocycle action of G on the field
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(Ax ⊂ Bx)x∈X, where for g ∈ G, we have that αg(As(g)) = At(g), then the cocycle u
is a coboundary: there exists a measurable field of unitaries normalizing the Cartan
subalgebras G ∋ g 7→ wg ∈ NBt(g)

(At(g)) such that for all (g, h) ∈ G(2), we have

u(g, h) = αg(w
∗
h)w

∗
gwgh.

Proof. We follow the same notation as in Theorem 3.1. We consider Gx = {g ∈
G, t(g) = x}. For all x ∈ X , let Sx denote the corresponding ergodic hyperfinite
equivalence relation on a standard probability space (Yx, µx) as in [21]. Since Sx is
infinite for almost every x ∈ X , we can assume that Sx is isomorphic to CN × Sx
where CN denotes the complete equivalence relation on N, i.e., m ∼ n for allm,n ∈ N.
Once again by the main theorem in [21], we can take a measurable field (φx)x∈X of
*-isomorphisms Bx and B(l2(Gx)) such that φx(Ax) = Ax ⊗ l∞(Gx) for a.e. x ∈ X
where l∞(Gx) denotes the diagonal Cartan subalgebra in B(l2(Gx)).

Once again for x ∈ X , we denote by Dx the infinite factor Bx ⊗ B(l2(Gx)),
by Cx the Cartan subalgebra Ax ⊗ l∞(Gx) and by α′

g the action φt(g) ◦ αg ◦ φ
−1
s(g) :

Bs(g)⊗B(l2(Gs(g))) → Bt(g)⊗B(l2(Gt(g))) such that α′
g(As(g)⊗ l

∞(Gs(g))) = At(g)⊗

l∞(Gt(g)). We consider the matrix units exg,h in B(l2(Gx)), i.e., the element that

sends the basis element δh to the basis element δg in l2(Gx). Denoting the identity

element in each Gx by 1 we consider the elements 1⊗e
t(g)
g,g ∈ Cs(g) and α′

g(1⊗e
s(g)
1,1 ) ∈

Ct(g) for each g ∈ G. By ergodicity of the underlying equivalence relation, we can

find partial isometries wg ∈ Dt(g) such that w∗
gwg = 1⊗ e

t(g)
g,g , wgw

∗
g = α′

g(1⊗ e
s(g)
1,1 )

and wgCt(g)w
∗
g = Ct(g).

We define now the unitary operator Vg =
∑

k∈Gs(g)
α′
g(1⊗e

s(g)
k,1 )wg(1⊗e

t(g)
g,gk) and

note that V ∗
g Ct(g)Vg = Ct(g). As in the proof of Theorem 3.1, we have that Vg is

the sum of partial isometries with orthogonal sources and ranges, and hence Vg ∈

NDt(g)
(Ct(g)). Now for k, l ∈ Gs(g), we can check that α′

g(1 ⊗ e
s(g)
k,l ) = Ad(Vg)(1 ⊗

e
t(g)
gk,gl). We consider once again the operator λg : l2(Gs(g)) → l2(Gt(g)) given by

λg(δh) = δgh and note that

α′
g = Ad(Vg) ◦ (βg ⊗Ad(λg))

where βg : Bs(g) → Bt(g) is an action of G on the field of factors (Bx)x∈X . We let
the action βg ⊗Ad(λg) be denoted by σg. Consider now the two cocycle u′(g, h) =
V ∗
g α

′
g(V

∗
h )φt(g)(ug,h)Vgh and note that u′(g, h) ∈ NDt(g)

(Ct(g)). Thus (σ, u′) defines

a cocycle action of G on the field of Cartan inclusions (Cx ⊂ Dx)x∈X . Once again
we note that since λg◦λh = λgh, there exists unitaries u1(g, h) ∈ NDt(g)

(C(t(g)) such

that u′(g, h) = u1(g, h) ⊗ 1. For r ∈ Gt(g), we consider the matrix units e
t(g)
r,r and

define the unitary Wg =
∑
r∈Gt(g)

u1(g, g
−1r) ⊗ e

t(g)
r,r . Clearly Wg ∈ NDt(g)

(C(t(g)),

and σg(Wh)Wg = u′(g, h)Wgh. Therefore the unitaries Zg ∈ NDt(g)
(C(t(g)) defined

as Zg = φ−1
t(g)(VgWg) satisfy αg(Zh)Zg = u(g, h)Zgh as required.

�

The next step is to deduce the invariants for outer actions of amenable groupoids
on fields of ergodic equivalence relations as in Theorem 5.7, [53]. This was done for
outer actions of countable amenable groups on the unique ergodic hyperfinite II1
and II∞ equivalence relations in [7]. In the type III setting as well, invariants were
obtained for such actions on ergodic hyperfinite equivalence relations of type IIIλ,
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λ ∈ (0, 1] in [6] and finally in the type III0 case in [8]. One should note here that
these results can be considered as equivalence relation versions of Ocneanu’s theo-
rem ([47]) and the classification results due to Katayama, Sutherland and Takesaki
( [59] and [32]). Recently, a unified approach to proving this was given by Masuda
in [42].

We introduce the notion of the strong cocycle conjugacy in this context before
stating the theorem. For i ∈ {1, 2}, let Ri be countable ergodic equivalence relations
on standard probability spaces (Xi, µi). Now suppose Ψ : (X1, µ1) → (X2, µ2) is

a nonsingular measure space isomorphism. Letting ρ = log d(Ψ−1)∗µ2

dµ1
, we consider

the map:

Ψ̃ : (X1 × R, µ1 × λ) → (X2 × R, µ2 × λ), Ψ̃(x, s) = (Ψ(x), ρ(x) + s)

It can be checked that Ψ̃ is a R-equivariant measure preserving isomorphism and if
Ψ : R1 → R2 is an orbit equivalence, then Ψ̃ : c(R1) → c(R2) is an orbit equivalence

between the Maharam extensions. Ψ̃ induces a R-equivariant isomorphism of the
flow of weights given by Ψ̃∗ : L∞(X1 × R)R1 → L∞(X2 × R)R2 . Now we consider
the measure spaces (Yi, νi) such that φi : L∞(Yi) → L∞(Xi × R)Ri are the R-
equivariant *-isomorphisms that implements the flow of weights R y (Yi, νi). This
gives us a R-equivariant *-isomorphism:

φ−1
2 ◦ Ψ̃∗ ◦ φ1 : L∞(Y1, ν1) → L∞(Y2, ν2)

and such a map is implemented by a R-equivariant nonsingular isomorphism Ψ0 :
(Y1, ν1) → (Y2, ν2). We denote this isomorphism by mod(Ψ). It can be shown that
there is a nonsingular factor map πi : Xi × R → Yi implementing φi that satisfies
mod(Ψ) ◦ π1 = π2 ◦ Ψ̃ almost everywhere. If Ψ ∈ Aut(R), we get the following
formula:

mod(Ψ)(π1(x, s)) = ρ(x) · π2(Ψ(x), s).

For rigorous proofs of the facts discussed above, we refer the reader to [27]. Now
we are in a position to define the notion of strong cocycle conjugacy in this context.

Definition 4.3. 1. Let G be a countable group and let (α, u) and (β, v) be two
cocycle actions of G on Cartan inclusions A ⊂ B and C ⊂ D into injective
factors. Let us denote the associated ergodic equivalence relations by R on (X,µ)
and S on (Y, ν) respectively. We say that (α, u) and (β, v) are strongly cocycle
conjugate if they are cocycle conjugate as in Definition 2.16 and θ : B → D
can be chosen such that the corresponding isomorphism θ : R → S induces the
trivial isomorphism on the flow of weights i.e., mod(θ) = 1.

2. Let (X,µ) be a standard probability space and G be a discrete measured groupoid
with unit space G0 = X . Let (α, u) and (β, v) be two cocycle actions of G on fields
of injective factors with Cartan subalgebras (Ax ⊂ Bx)x∈X and (Cx ⊂ Dx)x∈X .
Let Rx and Sx denote the corresponding fields of ergodic equivalence relations.
We say that (α, u) and (β, v) are strongly cocycle conjugate if they are cocycle
conjugate as in Definition 2.16 and moreover for almost every x ∈ X , θx : Bx →
Dx can be chosen such that the corresponding isomorphisms θx : Rx → Sx
induce trivial isomorphims on the flow of weights, i.e., mod(θx) = 1.

Theorem 4.4. (See [42, Theorem 2.4]) Let B be an injective factor with a Cartan
subalgebra A ⊂ B and let the associated ergodic equivalence relation be S. Let G
be a countable amenable group and α1, α2 actions of G on A ⊂ B such that the
induced actions on S are outer. Then we have the following:



CLASSIFICATION OF REGULAR SUBALGEBRAS OF INJECTIVE TYPE III FACTORS 29

(i) α1 and α2 are cocycle conjugate, as in Definition 2.16 if and only if mod(α1) ∼
mod(α2)

(ii) α1 and α2 are strongly cocycle conjugate, as in Definition 4.3 if and only if
mod(α1) = mod(α2).

Now we briefly discuss ultrapowers of Lebesgue spaces. We first fix a free ultra-
filter ω on N. Let A ⊂ B be a Cartan subalgebra of an injective factor. Let R be
the corresponding ergodic hyperfinite equivalence relation on a probability space
(X,B, µ). We consider sequences (An)n∈N of subsets in B and define the equivalence
relation ∼ by putting (An)n∈N ∼ (Bn)n∈N if µ(An∆Bn) → 0 as n→ ω. Now we de-
fine, as in [15] the ultraproduct Bω = {(An)n∈N, An ∈ B}/ ∼. This forms a Boolean
algebra and we define the measure µω by putting µω((An)n∈N) = limn→ω µ(An).
Thus (Bω, µω) is a measure algebra and every automorphism T of (X,µ) induces
an automorphism Tω of Bω given by Tω((An)n∈N) = (T (An))n∈N.

We now denote by Bω the fixed point algebra of {Sω, S ∈ [R]}. We also denote
by µω the restriction of µω to Bω. In other words, Bω can be represented by
sequences (An)n∈N such that µ(An∆S(An)) → 0 as n → ω for all S ∈ [R]. If T ∈
Aut(R), we have that Tω leaves Bω invariant and we denote by Tω the restriction of
Tω to Bω. It can be checked that Tω is a measure-preserving automorphism of Bω.
By [15, Lemma 2.4], we have that for all T ∈ Aut(R), Tω = 1 if and only if T ∈ [R].
We note that [15, Lemma 2.3] in the context of von Neumann algebras, gives the
following fact: Let B be an injective factor with a Cartan subalgebra A ⊂ B and
let S be the associated ergodic equivalence relation. If α ∈ Aut(S) is outer, then
the induced automorphism on Aω ∩Bω is properly outer.

We now prove the following lemma on the approximate innerness of cocycle self
conjugacies, i.e. an equivalence relation version of Lemma 3.3

Lemma 4.5. Let G be a countable amenable group and α be an action of G on
an injective factor B with a Cartan subalgebra A ⊂ B such that the action is
Cartan preserving, i.e., for all g ∈ G, αg(A) = A. Let S be the ergodic equivalence
relation associated to the inclusion A ⊂ B on a standard probability space (X,B, µ)
and assume that the action of G induced on S is outer. If θ ∈ Aut(A ⊂ B)
such that θ ∈ ker(mod) and vg ∈ NB(A) is a 1-cocycle for the action α satisfying
θ ◦ αg ◦ θ−1 = Ad(vg) ◦ αg for all g ∈ G, there exists a sequence un ∈ NB(A) such
that:

Ad(un) → θ ∈ Aut(B) and unαg(u
∗
n)− vg → 0

in the u-topology and the *-strong topology for all g ∈ G respectively.

Proof. We prove this in a similar way as Lemma 3.3. Let us denote the group of
automorphisms of B that preserve A by Aut(B,A). By [22, Theorem 3, Theorem
4] and the fact that the equivalence relation is hyperfinite, we have that:

Aut(B,A) ∼= Z1(R,T) ⋊Aut(R)

where Z1(R,T) denotes the group of 1 cocycles of R with values in the circle. The
usual topology in Aut(B,A) corresponds to the u-topology in Aut(S) defined in
Section 2.3 and the standard topology in Z1(R,T) of convergence in measure as
introduced in [44].

Hence θ corresponds to a pair (c, θ0) where θ0 ∈ Out(R) and mod(θ0) = 1.

By the main result in [28], we have that θ0 ∈ [S]. Hence there exists a sequence
φn ∈ [S] such that φn → θ0 in the u-topology in Aut(S). Now we write R = ∪nRn
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where each Rn is of type In and note that the cocycle cn := c|Rn
is a coboundary

by [21, Proposition 7.4]. Thus there exists for each n, a Borel function δn : X → T

such that cn(x, y) = δn(x)δn(y)
−1 for a.e. (x, y) ∈ Rn. Clearly, we can extend cn

to all of R and define a cocycle on S that is a coboundary. Now we can check that
cn → c in Z1(R,T), i.e., c is approximately a coboundary.

Since the topologies coincide, we have that the automorphisms in Aut(B,A)
corresponding to (cn, φn) are inner and converge to θ in the usual topology in
Aut(B). Denoting by wn ∈ NB(A) the unitaries such that Ad(wn) corresponds
to (cn, φn), we note that Ad(wn) ∈ Aut(A ⊂ B) and Ad(wn) → θ. We fix a free
ultrafilter ω on N and consider now the sequence W := (wn)n which lies in Bω by
the same argument as in Lemma 3.3. Since Ad(wn) ◦ αg ◦ Ad(w∗

n) → Ad(vg) ◦ αg
in Aut(A ⊂ B), we can check once again that letting vg,n = wnvgαg(w

∗
n), the

sequence (vg,n)n∈N is a ω-centralizing sequence. Clearly for all n ∈ N and g ∈ G,
vg,n ∈ NB(A).

Now we consider the action αω of G on Aω ∩Bω and look at the corresponding
µω preserving action on Bω. By [15, Lemma 2.3] (see the previous discussion), this
action is free. We claim now that there is a separable von Neumann subalgebra
A0 ⊂ Aω ∩ Bω such that αω restricts to a free measure preserving action of G on
A0. To prove the claim, we first note that since αω is free, for a fixed g ∈ G, there
exists a set I and orthogonal projections pg,i ∈ Aω ∩ Bω such that for each i ∈ I,
αω,g(pg,i) ⊥ pg,i and ∨i∈Ipg,i = 1. Since Aω ∩Bω is a countably decomposable von
Neumann algebra, we can thus find projections pg,n such that αω,g(pg,n) ⊥ pg,n for
all n ∈ N and ∨npg,n = 1. Now we can define A0 to be the von Neumann algebra
generated by the countably many elements {αω,g(ph,n) | g, h ∈ G}. This is clearly
separable and by construction, the action αω on A0 remains free.

Let the underlying measure space be (Y, ν) and let K be a finite subset of G
and ǫ > 0. We shall now use a version of the Ornstein-Weiss Rohlin Theorem
([48]) presented in [35, Theorem 4.46]. For some m ∈ N, there exists finite subsets
T1, ..., Tm of G and projections P1, ..., Pm in A0 such that:

• The projections {αω,h(Pi) | 1 ≤ i ≤ m,h ∈ Ti} are orthogonal and their
sum P =

∑m
i=1

∑
s∈Ti

αω,s(Pi) has trace at least 1− ǫ.

• For every g ∈ K and 1 ≤ i ≤ m, we have that |gTi ∩ Ti| ≥ (1− ǫ)|Ti|.

Let (pi,k)k∈N ∈ A be a representative sequence for the element Pi ∈ A0. Since
vg,n is ω-centralizing, for each k, we can find nk ∈ N such that for all 1 ≤ i ≤ m
and for all g ∈ Ti we have that

‖vg,nk
αg(pi,k)− αg(pi,k)vg,nk

‖#φ ≤
1

k

Now for all g ∈ G, we define Vg := (vg,nk
)k∈N and note that Vg is still a ω-

centralizing sequence, i.e., Vg ∈ Bω. From the above equation we have that for
each 1 ≤ i ≤ m, Vg commutes in Bω with αg(Pi) whenever g ∈ Ti. It is easy to
check, as in Lemma 3.3 that Vg is a 1-cocycle for the action of G on Bω. Now we
consider the element V ∈ Bω given by V = (1 − P ) +

∑m
i=1

∑
g∈Ti

Vgαg(Pi). The
summands in V have orthogonal domains and ranges, and hence V is a unitary
operator. Moreover V clearly normalizes the subalgebra A0. Now we fix g ∈ K and
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look at the element Q =
∑m
i=1

∑
s∈Ti∩gTi

αs(Pi). We have that:

Vgαω,g(V )Q =

m∑

i=1

∑

s∈Ti∩gTi

Vgαω,g(V )αω,s(Pi) =

m∑

i=1

∑

s∈Ti∩gTi

Vgαω,g(V αω,g−1s(Pi))

=

m∑

i,j=1

∑

s,t∈Ti∩gTi

Vgαω,g(Vtαω,t(Pj)αω,g−1s(Pi))

=

m∑

i=1

∑

s∈Ti∩gTi

Vgαω,g(Vg−1s)αω,s(Pi)

=

m∑

i=1

∑

s∈Ti∩gTi

Vsαω,s(Pi) = V Q

We note here that by our choice of Vg, it is clear that Q commutes with V , and we
similarly get QV = QVgαg(V ). As in [53, Theorem 4.7], we have that:

‖Vgαω,g(V )− V ‖22 = ‖(Vgαω,g(V )− V )(1−Q)‖22 ≤ 4τ(1−Q)

where τ denotes the trace in Bω. Now we have

τ(1 −Q) = τ(1− P ) +

n∑

i=1

∑

s∈Ti\gTi

αω,s(Pi)

= τ(1− P ) +

n∑

i=1

|Ti\gTi|τ(Pi)

≤ ǫ+ ǫ
n∑

i=1

|Ti|τ(Pi) ≤ 2ǫ

Thus we have that ‖Vg−V αω,g(V ∗)‖22 ≤ 8ǫ and that the 1-cocycle Vg for the action
αω of G on Bω approximately vanishes. Now applying Ocneanu’s index selection
trick ([47, Lemma 5.5]), we can find a unitary Z ∈ U(Bω) which normalizes Aω∩Bω
and such that Vg = Zαω,g(Z

∗). Now we consider the unitary W ∈ Bω given by
W := (wnk

)k∈N and we choose a representative sequence (zk)k∈N for the unitary
Z ∈ U(Bω) such that zk ∈ NB(A) for all k ∈ N. We define uk := wnk

zk and note
that Ad(uk) → θ and ukvgαg(u

∗
k) → 1 as k → ω. As in Lemma 3.3, we note that

both the topologies are metrizable and hence we can choose a subsequence such
that the conclusion holds as k → ∞, as required. �

Theorem 4.6. Let (Y, ν) be a standard probability space and (By)y∈Y be a mea-
surable field of injective factors, with Cartan subalgebras Ay ⊂ By. Let α and β be
free actions of a discrete measured amenable groupoid G with unit space Y on the
field (Ay ⊂ By)y∈Y . Then the following holds:

(i) α and β are cocycle conjugate if and only if mod(α) ∼ mod(β).
(ii) α and β are strongly cocycle conjugate if and only if mod(α) = mod(β).

Proof. As in Theorem 3.4, the ‘if’ directions are the nontrivial ones. By the same
argument as in Theorem 3.4 using surjectivity of the Connes-Takesaki module map
at the measure space level (c.f. [60, Theorem 2.2], we can deduce (i) from (ii),
so we prove (ii) here. Let A and B denote the direct integrals of the measurable
fields (Ay)y∈Y and (By)y∈Y respectively. Since α and β preserve globally the Car-
tan subalgebras, it can be checked as in the discussion preceding Theorem 4.2, that



32 CLASSIFICATION OF REGULAR SUBALGEBRAS OF INJECTIVE TYPE III FACTORS

Z(B̃) = (B̃)′∩M̃α and Z(B̃) = (B̃)′∩M̃β where Mα and Mβ denotes the respective
crossed products. Now by Lemma 3.2, α and β are centrally free. With the same
notation as Theorem 3.4, we let R be the corresponding amenable nonsingular equiv-
alence relation on Y and we let δ(y,z) : Γz → Γy be the measurable family of group
isomorphisms for all (y, z) ∈ R. We let Py be the Polish space of all strong cocycle
conjugacies between the actions (αg)g∈Γy

and (βg)g∈Γy
on the inclusion Ay ⊂ By.

More precisely we define Py = {(θ, cg)g∈Γy
| θ ∈ ker(mod) ⊂ Aut(By), θ(Ay) =

Ay, cg ∈ NBy
(Ay), cgh = cgαg(ch), θβgθ

−1 = Ad(cg)αg ∀ g, h ∈ Γy}. We endorse
Py with a topology in the same way as in Theorem 3.4. By Theorem 4.4, Py is
nonempty for all y ∈ Y . Letting Gy = NBy

(Ay), we have an action Gy y Py , as
in Theorem 3.4. By the same argument as in Lemma 3.3, we can conclude that
this action has dense orbits if every cocycle self conjugacy is approximately inner,
which is guaranteed by Lemma 4.5.

We now consider the measurable field of isomorphisms R ∋ (y, z) 7→ γ(y,z) : Pz →
Py given by mapping (θ, (cg)g∈Γz

) ∈ Pz to the automorphism α(z,y) ◦θ ◦β(y,z) of Bz
and the 1-cocycle g 7→ α(z,y)(cδ(y,z)(g)). This is well defined because mod(α(z,y)◦θ◦
β(y,z)) = 1 as mod(αg) = mod(βg) for all g ∈ G. We use once again [53, Theorem
3.5] to find a measurable field y 7→ πy = (θy , (cg)g∈Γy

) of cocycle conjugacies
together with a 1-cocycle R ∋ (y, z) 7→ c(y,z) ∈ Gy with πy = c(y,z) ∈ Gy such
that πy = c(y,z) · γ(y,z)(πz). Hence the field (cg,y)g∈Γy

and (c(y,z))(y,z)∈R forms
a 1-cocycle for the groupoid action α as shown in the proof of Theorem 3.4, and
along with the field of isomorphisms (θy)y∈Y , we have a strong cocycle conjugacy,
as required. �

We have now all the ingredients to prove the main classification result for regular
subalgebras with Cartan inclusions.

Theorem 4.7. Let Ai ⊂ Bi ⊂ Mi, i ∈ {1, 2} be two triples of von Neumann
algebras with separable preduals such that Mi’s are injective factors, Bi ⊂ Mi are
regular and Ai ⊂ Mi are Cartan subalgebras. Let Gi be the associated amenable
discrete measured groupoids and (αi, ui) be the associated free cocycle action of Gi
on Ai ⊂ Bi. Then there exists an isomorphism θ :M1 →M2 satisfying θ(B1) = B2

and θ(A1) = A2 if and only if type(B1) = type(B2) and there is a nonsingular
isomorphism σ : G1 → G2 with σ(X1) = X2 such that mod(α1) ∼σ mod(α2).

Proof. Once again, we only show the isomorphism of inclusions if the conditions
are satisfied. By Theorem B in [53], the only cases to consider are type I∞, II∞
and type III. By Lemma 4.2, we can assume that the 2-cocycles u1 and u2 are
trivial. The genuine free actions are now cocycle conjugate by Theorem 4.6 and
consecutively the crossed product inclusions are isomorphic. �

5. Model actions

In [63], the authors provide a canonical construction of ergodic equivalence rela-
tions with prescribed flows. More precisely, given any ergodic flow F : R y (Y, ν),

they construct an adjoint flow F̂ and a canonical ergodic equivalence relation RF

such that the associated flow of RF is isomorphic to F̂ . The construction of the
adjoint flow is involutive, i.e., the adjoint of the flow F̂ is isomorphic to F . In this
section, we exploit this construction to provide model actions on fields of ergodic
equivalence relations with prescribed actions on the associated fields of flows.
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We recall the notion of adjoint flows introduced in [63]. For an ergodic flow
F : R y (Y, ν), by [63, Proposition 3.1], there is a unique (up to measure-preserving
isomorphism) non-singular ergodic action of R2 on a standard σ-finite measure space
(Z, ζ) such that the action of both R × {0} and {0} × R scale the measure ζ and
such that R y Z/({0} × R) is isomorphic to R y Y . This unique R2 action can
be realized concretely by considering (Z, ζ) = (Y ×R, ν×λ) where dλ = e−tdt and
the action is given by

(t, r) · (y, s) = (t · y, ω(t, y) + t+ r + s)

where ω : R× Y → R is the logarithm of the Radon-Nikodym cocycle. The ergodic
flow R y Z/(R×{0}) is called the adjoint flow of F and denoted by F̂ : R y (Ŷ , ν̂).
In the concrete realization of the R2 action as above, we note that the adjoint flow
can be described as the action of ({0}×R) on (Y ×R)/R where R acts by translation
on the second variable.

Now let S be the unique countable ergodic hyperfinite equivalence relation of
type III1 on a standard probability space (X,µ) with the Radon-Nikodym one
cocycle Ω : S → R. We consider the equivalence relation RF on (X × Y ) given by
(x, y) ∼ (x′, y′) if and only if (x, x′) ∈ S and y′ = Ω(x, x′) · y. By [63, Proposition

3.4], we have that RF is ergodic, hyperfinite and has associated flow F̂ .
Let us consider two ergodic flows F1 : R y (Y1, ν1) and F2 : R y (Y2, ν2) and let

ψ be a R-equivariant nonsingular isomorphism between them. Let ωi denote the
corresponding Radon-Nikodym cocycle. Now we consider the map:

ψ̂ : (Ŷ1, ν̂1) → (Ŷ2, ν̂2), ψ̂(y, s) = (ψ(y), δ(y) + s)

where δ = log
d(ψ−1

∗
)ν2

dν1
. Note that here we use the concrete realization of the adjoint

flow to define the map. We now calculate:

(t, 0) · (ψ̂(y, s)) = (t, 0) · (ψ(y), δ(y) + s) = (αt(ψ(y)), ω2(t, ψ(y)) + t+ δ(y) + s)

= (ψ(αt(y)), δ(αt(y)) + ω1(t, y) + t+ s) = ψ̂(αt(y), ω1(t, y) + t+ s)

= ψ̂((t, 0) · (y, s))

where the third equality follows from the fact that ψ is R-equivariant. Thus ψ̂
commutes with the (R × {0}) action and hence is well defined. Since the flow

is given by translation, it is now easy to see that ψ̂ is a R-equivariant nonsingular
isomorphism between the adjoint flows. Now we define the nonsingular isomorphism

Ψ : (X × Y1, µ× ν1) → (X × Y2, µ× ν2), Ψ(x, y) = (x, ψ(y))

We consider the Maharam extension c(Ri) of Ri together with the measure scaling

action of R. We have then an isomorphism Ψ̃ between c(R1) and c(R2) given by:

Ψ̃(x, y, r) = (x, ψ(y), r + δ(y))

Note that the space of RFi
-invariant functions L∞(X × Yi ×R)RFi and L∞(Ŷi)

are isomorphic. It can be checked that this isomorphism is induced by the set map
πi : X × Yi × Ri → Ŷi given by:

πi(x, y, t) = [(y, t)]
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Now we have that:

mod(Ψ)([y, t]) = mod(Ψ)(π1(x, y, t)) = δ(y) · π2(x, ψ(y), t)

= δ(y) · [(ψ(y), t)] = [(ψ(y), δ(y) + t)]

= ψ̂([(y, t)])

Thus we have that mod(Ψ) = ψ̂. We summarize the above discussion in the follow-
ing proposition.

Proposition 5.1. For i ∈ {1, 2}, let Fi : R y (Yi, νi) be two ergodic flows and
ψ be a nonsingular R-equivariant isomorphism between them. Then ψ induces an
isomorphism ψ̂ between the adjoint flows F̂i and a nonsingular isomorphism Ψ :

RF1 → RF2 such that mod(Ψ) = ψ̂.

Since the construction of the adjoint flow is involutive, i.e,
ˆ̂
F is isomorphic

to F , Proposition 5.1 gives a way to construct an isomorphism between ergodic
equivalence relations inducing a given isomorphism between flows. Now, from this
construction, we have almost immediately the following theorem providing a model
action of a groupoid realizing the invariant.

Theorem 5.2. Let (Z,Ω) be a standard probability space and G be a discrete mea-
sured groupoid with G(0) = Z. Let (Fz : R y (Yz , νz))z∈Z be a measurable field of
ergodic flows. Let ψ be an action of the groupoid G on the field of flows (Fz)z∈Z , i.e.,
for each g ∈ G there is a nonsingular R-equivariant isomorphism ψg : Fs(g) → Ft(g)
such that ψh ◦ ψg = ψhg for a.e. (g, h) ∈ G(2) . Then ψ canonically lifts to an
outer action Ψ of G on the field of ergodic equivalence relations (RFz

)z∈Z such that
mod(Ψ) ∼ ψ̂.

Proof. Let S1 on (X1, µ1) and S0 on (X0, µ0) be the unique countable ergodic
hyperfinite equivalence relations of type III1 and II1 respectively and let S = S1×S0

be the direct product on a standard probability space (X,µ) = (X1 ×X0, µ1 × µ0).
It is easy to see that S is still ergodic, hyperfinite and of type III1. Recall that
we define RFz

on the space (X × Yz) as (x, y) ∼ (x′, y′) if and only if (x, x′) ∈ S
and y′ = ω(x, x′) · y. Clearly RFz

is a direct product of S0 and R1
Fz

where R1
Fz

is
defined on X1 × Yz in the same way as above.

Claim 1: Every discrete measured groupoid G admits an outer action on the
unique ergodic hyperfinite II1 equivalence relation. Assume for the moment that
Claim 1 is true, and let Φ be such an outer action on S0. We define the isomorphisms

Ψ1
g : R1

Fs(g)
→ R1

Ft(g)
such that mod(Ψ1

g) = ψ̂g as in Proposition 5.1. We now

consider the diagonal action Ψg = Φg × Ψ1
g of G on the field (RFz

)z∈Z . Clearly,

mod(Ψ) = ψ̂ and the only thing to check is that this is indeed an action. This is
clear as for y ∈ Ys(g), we have that

Ψ1
h ◦Ψ

1
g(x, y) = Ψ1

h(x, ψg(y)) = (x, ψh ◦ ψg(y)) = (x, ψhg(x)) = Ψ1
hg(x, y)

Since Φ is outer, Ψ is a well-defined outer action on the field of equivalence relations
RFz

satisfying the conditions of the theorem.
Proof of Claim 1: Let µ0 be a probability measure on [0, 1] and let X denote the

unit space of G. Let Gx denote the set {g ∈ G | t(g) = x}. Let (Kx, µx) denote the
standard probability space ([0, 1], µ0)

Gx for all x ∈ X . Consider a fixed free weakly
mixing Z-action on ([0, 1], µ0) and let the orbit equivalence relation of the diagonal
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Z action on (Kx, µx) be Rx. By definition Rx is p.m.p., hyperfinite and since
Z y [0, 1] is weakly mixing, Rx is ergodic. We construct an action G y (Rx)x∈X as
follows: for g ∈ G, we define αg : Ks(g) → Kt(g) by αg(b)h = bg−1h for all b ∈ Ks(g).
For a.e. x ∈ X , any g ∈ Γx and a fixed n ∈ Z, the set {k ∈ Kx | αg(k) = n · k} has
measure zero, and this can be proved in the same way as in [9, Lemma 2.2]. Taking
intersections, it is clear then that for a.e. x ∈ X and any g ∈ Γx, αg is outer as an
automorphism on Rx, and hence the action G y (Rx)x∈X is outer. Now we can
fix a copy of the unique hyperfinite ergodic type II1 equivalence relation S0 and let
φx : Rx → S0 be a field of isomorphisms. Defining βg to be φt(g) ◦ αg ◦ φ

−1
s(g), we

have that β is the required outer action of G on S0. �

Proof of Theorem C. We consider the field of adjoint flows (F̂x)x∈X and the induced

action ψ̂ of G on (F̂x). By Theorem 5.2, ψ̂ lifts to an outer action Ψ̂ of G on a field

of ergodic hyperfinite equivalence relations RFx
such that mod(Ψ̂) =

ˆ̂
ψ = ψ. Since

outside a null set, Fx is not the translation action R y R, we have that RFx
is of

type III almost everywhere. We now consider the corresponding injective factors
Bx = L(RFx

) with the obvious Cartan subalgebras Ax. Let M = (Bx)x∈X ⋊Ψ̂ G
be the crossed product, and B and A be the direct integrals of the fields (Bx)x∈X
and (Ax)x∈X respectively. Since G is ergodic and Ψ̂ is an outer action, we have
that by construction M is a factor, B ⊂ M is a regular subalgebra, and A ⊂ M is
a Cartan subalgebra. Since such inclusions are classified by the associated discrete
measured groupoid and the associated actions on the field of flows as in Theorem
B, the desired conclusion follows. �

We conclude this section with the following corollary to Theorem 5.2. The tracial
version of this was proved in [53, Corollary 3.4].

Corollary 5.3. Let M be an injective factor and B be a regular subalgebra of M
of type III with a conditional expectation E :M → B. Then Z(B̃) = B̃′ ∩ M̃ if and
only if there exists a Cartan subalgebra A of M such that A ⊂ B ⊂M .

Proof. If A ⊂ M is a Cartan subalgebra such that A ⊂ B, then by the discussion

preceding Theorem 4.2, it is clear that Z(B̃) = B̃′ ∩ M̃ . Conversely, suppose the
relative commutant condition is satisfied. We can write M as a crossed product
B ⋊α G of a free action of a discrete measured amenable groupoid G on B by
Theorem 3.1. Let G(0) = X and choose a field of ergodic equivalence relations
Rx and an action β of G on (Rx)x∈X such that mod(β) = mod(α) by Theorem
5.2. Let (Cx ⊂ Dx)x∈X denote the corresponding field of Cartan inclusions with
each Dx being an injective factor. Let C and D denote the direct integrals of
(Cx)x∈X and (Dx)x∈X respectively and let N denote the corresponding crossed
product (Dx)x∈X ⋊β G. By Theorem 3.4, there exists a *-isomorphism θ : N →M
satisfying θ(D) = B. It can be easily checked now that A = θ(C) is a Cartan
subalgebra of M and is obviously contained in B. �
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