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Abstract

We construct for every connected locally finite graph IT the quantum automorphism group
QAutII as a locally compact quantum group. When II is vertex transitive, we associate
to I a new unitary tensor category C(II) and this is our main tool to construct the Haar
functionals on QAutIl. When II is the Cayley graph of a finitely generated group, this
unitary tensor category is the representation category of a compact quantum group whose
discrete dual can be viewed as a canonical quantization of the underlying discrete group. We
introduce several equivalent definitions of quantum isomorphism of connected locally finite
graphs II, I’ and prove that this implies monoidal equivalence of QAutII and QAutII’.

1 Introduction and main results

Quantum automorphism groups of finite graphs were introduced in [Bic99, Ban03]. Contrary
to what one might expect, they need not be finite quantum groups, but are compact quantum
groups in the sense of Woronowicz. This leads to numerous intriguing families of compact
quantum groups, see e.g. [Sch19a,Sch19b]. To illustrate this with an isolated example, we
mention that combining [Kup96, Aral4, Edgl9], it follows that the dual G of the quantum
automorphism group G of the Higman-Sims graph is an infinite discrete quantum group with
property (T), while the fusion rules of G are abelian, since they coincide with the fusion rules

of SO(5).

Quantum automorphism groups of finite graphs are in a deep way related to quantum infor-
mation theory and in particular, quantum strategies for nonlocal games, through the notion of
quantum isomorphism of graphs, see [LMR17]. In particular, it was shown in [MR19, MR20)]
that two finite graphs II and II' are quantum isomorphic if and only if for every finite planar
graph K, the number of graph homomorphisms from K to II equals the number of graph ho-
momorphisms from K to II'. Moreover, this implies that the quantum automorphism groups
QAut IT and QAutII' are monoidally equivalent, i.e. have equivalent representation categories.

The automorphism group G of an infinite graph II is a Polish group for the topology of pointwise
convergence. If the graph Il is connected and locally finite, then G is a locally compact, totally
disconnected group. These automorphism groups of connected locally finite graphs play a key
role in the theory of totally disconnected groups. It is thus a natural problem to construct
the quantum automorphism group of a connected locally finite graph and fit this construction
in the theory of locally compact quantum groups (in the sense of [KV99, KV00]). Because of
their totally disconnected nature, one should expect to define these quantum automorphism
groups as “algebraic” quantum groups in the sense of [VD96, KVD96|. If the graph is finite,
one should find back the construction of [Bic99, Ban03].

Given a connected locally finite graph II, it is straightforward to define a multiplier Hopf *-
algebra (A, A) by mimicking the generators and relations approach for finite graphs. It was
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however an open problem to prove that (.4, A) admits Haar functionals, i.e. positive functionals
that are left, resp. right invariant. Since this existence problem for the Haar measure could
not be solved, other approaches to quantum symmetries for infinite graphs were proposed. In
[Voi22], quantum automorphism groups are considered without their topology, i.e. as discrete
and therefore often uncountable quantum groups (see Remark 2.34). In [GS12], only a quantum
semigroup structure is considered.

The main result of this paper is to construct the left and right Haar measure on the quantum
automorphism group of any connected locally finite graph II. Denoting by I = V (II) the vertex
set of II, we thus prove that the natural multiplier Hopf *-algebra (A, A) generated by self-
adjoint idempotents (u;;); jer forming a “magic unitary” that commutes with the adjacency
matrix of I, admits positive faithful invariant functionals. As a result, we obtain QAutII as an
algebraic quantum group (in the sense of [VD96, KVD96]) and as a locally compact quantum
group (in the sense of [KV99, KV00]). Our results thus provide a completely new and wide
class of locally compact quantum groups.

The main new tool to construct the Haar measures on (A, A) is a unitary tensor category
C(IT) that we associate to a connected, locally finite, vertex transitive graph. This new unitary
tensor category C(II) is actually of independent interest. When II is the Cayley graph of a
finitely generated group I', with symmetric finite generating set S = S~! C I, then C(II) has
a natural fiber functor and thus is the representation category of a compact quantum group
G. As we explain below, G is isomorphic with the quantum isometry group defined in [BhS10)]
and the dual G can be viewed as a canonical quantization of the pair (I',S). It turns out that
many interesting families of discrete quantum groups arise as such quantizations. We prove
for instance that the property (T) discrete quantum groups of [VV18] can be identified with
the canonical quantization of the groups constructed in [C-Z91] as the groups acting simply
transitively on Z;—buildings.

We also relate quantum automorphism groups of connected locally finite graphs to quantum
information theory and nonlocal games. We generalize the results of [B-W18, MR19, MR20] to
the infinite setting. We prove that two graphs II and II’ are quantum isomorphic if and only if
the appropriate equalities of pointed homomorphism counts from finite planar graphs to II and
IT" hold. We also prove that these properties are equivalent with the existence of an algebraic
quantum isomorphism (in the sense of [B-W18]) and that they imply the monoidal equivalence
of the quantum automorphism groups QAut II and QAutII’.

To formulate our results in more detail, we first need some basic terminology. For us, a graph
IT is a pair (I, F) of a set of vertices I and a set of edges E that is a subset E' C I x I satisfying
(i,7) € B iff (j,7) € E. We thus do not consider multiple edges or orientations, but we do allow
loops. We write ¢ ~ j when (i,5) € E. A path of length n > 0 in II is a sequence (g, ..., )
of vertices satisfying iy ~ ix for all k € {1,...,n}. The graph II is said to be connected if
for all 4,j € I, there exists an n > 0 and a path (ig,...,4,) in II with ig =4 and 7,, = j. The
degree deg(i) of a vertex i € I is the cardinality of the set {j € I |i ~ j}. The graph II is said
to be locally finite if deg(i) < oo for all i € 1.

The automorphism group AutIl of a graph II is the group of all permutations o : I — [
satisfying (o x 0)(F) = E. We equip Aut II with the topology of pointwise convergence. If I is
countable, AutII is a Polish group. If IT is connected and locally finite, then AutII is a locally
compact, second countable, totally disconnected group.

We say that a sum ), ; a; of a family of elements (a;);cr in an algebra A converges strictly
to 1 if for all b € A, we have that a;b = 0 = ba; for all but finitely many ¢ € L, and

Zaib:b:Zbai for all b € A.

el i€L



Recall that an algebra A is said to be nondegenerate if for every nonzero a € A, there exist b, ¢ €
A with ab # 0 and ca # 0. One then embeds A as a subalgebra of its multiplier algebra M (.A).
When A and B are nondegenerate x-algebras, a s-homomorphism 7 : A — M (B) is called
nondegenerate if the linear span of all m(a)b, a € A, b € B, equals B. Such a nondegenerate
s-homomorphism has a unique extension to a x-homomorphism 7 : M(A) — M(B). A net
(aj)jes in M(A) is said to converge strictly to a € M(A) if for every b € A, the net (ba;);cs
is eventually equal to ba and the net (a;b)jcs is eventually equal to ab. Note that this is
equivalent with convergence in the strict topology on M (A).

Theorem A. Let Il be a connected locally finite graph with vertex set I.

1. There exists a (necessarily unique) universal x-algebra A generated by elements (u;;); jer
satisfying the following properties.

*

[ ] UU

= u;j and ugj = wu;j for alli,j € 1.

o Foralli,j,k €I with j # k, we have that u;ju;, = 0 = ujug;. For all i,j € I, we have
that Y pcruik = 1 =D, cpug; strictly.

o Foralli,j € I, we have that Zke]:kNj Uik = D kel Wkj- This means that the matriz u
commutes with the adjacency matriz of 11.

2. The *-algebra A is nondegenerate and there is a unique nondegenerate x-homomorphism
A:A—= MA® A) satisfying Auij) = Y per(uix @ ugj) strictly for all i,j € I. The pair
(A, A) is a multiplier Hopf x-algebra in the sense of [VD92, Definition 2.4).

3. The multiplier Hopf x-algebra (A, A) admits a positive faithful left invariant, resp. right
invariant, functional. It is thus an algebraic quantum group in the sense of [VD96] and
[KVDY6, Definition 1.2]. Taking the norm closure, resp. weak closure, in the GNS-construc-
tion of these invariant functionals, we get the C*, resp. von Neumann, versions of a locally
compact quantum group in the sense of [KV99, Definition 4.1], resp. [KV00, Definition 1.1].

The precise meaning of statement 1 is that there exists a x-algebra A generated by elements
(uij)ijer satisfying the three listed properties and that for any other x-algebra B generated
by elements (v;j;); jer satisfying the same properties, there exists a surjective *-homomorphism
m: A — B satisfying 7(u;;) = v for all 4,5 € I.

Recall that a functional ¢ : A — C is said to be left invariant if (id ® ¢)A(a) = ¢(a)l for all
a € A, which should be interpreted as

(i[d® @) (Ala)(b® 1)) =p(a)b = (1d®@ ¢)((b® 1)A(a)) forall a,be A,

which makes sense because A(A)(A® 1) = A® A in a multiplier Hopf -algebra.

For a connected locally finite graph II, the classical automorphism group G = AutIl is a totally
disconnected, locally compact group. The *-algebra O(G) of locally constant functions, with
its natural comultiplication, is a multiplier Hopf %-algebra. With (A, A) defined by Theorem A,
we have the surjective multiplier Hopf *-algebra homomorphism

m: A= OG) : (uig) = lseqio()=i} - (1.1)

In this way, Aut II is a closed quantum subgroup of the locally compact quantum group defined
by (A, A) (see Remark 2.32). We thus introduce the following terminology.

Definition B. Given a connected locally finite graph II, we denote by QAutIl the locally
compact quantum group characterized by Theorem A and call it the quantum automorphism
group of II.



As mentioned above, the main difficulty to prove Theorem A and the main novelty of this
paper is to show that the natural multiplier Hopf x-algebra (A, A) admits positive left and
right invariant functionals. We prove this by first associating to Il a unitary tensor category
C(II) in which the morphisms are defined by matrices given by homomorphism counts from
finite planar graphs to II. This is closely related to [MR19, MR20], but also a bit different,
since we should not try to define Rep(QAutII) as a unitary tensor category, simply because
QAut II need not be compact.

Once Theorem A has been proven, all this will become more transparent and we will prove
in Proposition 5.6 that C(II) can be viewed as the unitary tensor category of all QAutII-
equivariant ¢°°(I)-bimodules H of finite type, where the latter means that p; - H and H - pi;
are finite dimensional for every minimal projection p; € £>°(I). In the classical case, given a
transitive and proper action of a locally compact group G on a countable set I, this unitary
tensor category of G-equivariant ¢°°(I)-bimodules of finite type was introduced in [AV16].

Note that in the preceding two paragraphs, we are implicitly assuming that the graph II is
sufficiently regular, for instance vertex transitive, so that indeed the action of QAutIl on [
is transitive. In general, we rather construct a unitary 2-category C(II), where the 0-cells are
indexed by the quantum orbits of the action of QAutIl on I.

We actually perform all our constructions of the quantum automorphism group QAut II and of
the unitary 2-category C(II) relative to any graph category D (in the sense of [MR19, Definition
8.1], see Section 2.1) containing the graph category P of planar bi-labeled graphs. So, for
any such graph category D and for any connected locally finite graph II, we obtain a locally
compact quantum group G and a unitary 2-category C(D, II). We prove in Proposition 5.6 that
C(D,1I) is equivalent with the category of G-equivariant ¢°°(I)-bimodules of finite type. When
D is the graph category of planar bi-labeled graphs, G equals the quantum automorphism
group QAutIl. When D is the graph category of all bi-labeled graphs, G equals the classical
automorphism group AutIl. In general, we have AutIll C G C QAutll as closed quantum
subgroups.

It follows from [VV18, Proposition 6.1] that if IT is the Cayley graph of a countable group I" with
a finite symmetric generating set S = S~! C T, then C(II) admits a natural fiber functor and
thus becomes the representation category of a compact quantum group G. Combining Theorem
3.2 and Proposition 5.6, we obtain the following description of this compact quantum group.
Moreover, we prove in Proposition 3.4 that G is also isomorphic to the quantum isometry group
introduced in [BhS10] associated with the spectral triple given by (I, S).

Theorem C. Let I' be a countable group with finite symmetric generating set S = S~' C T.
We denote by G the universal compact quantum group where O(G) is generated by the entries
of an S x S unitary representation U such that for every n > 1, the vector &, € £2(S™)

1 ifsi--sp=einl,

0 otherwise,

En(S1y.vy8n) = {

18 invariant under the n-fold tensor power of U.

Denote by 11 the Cayley graph of (I, S) with quantum automorphism group QAutIl. Then the
unitary tensor category of QAut Il-equivariant £°°(T')-bimodules of finite type is equivalent with
the representation category Rep G.

Note that G is of Kac type and note that, using &, one can show that the fundamental
representation U is isomorphic to its conjugate U.

By construction, T is a closed quantum subgroup of the compact quantum group G in Theo-
rem C, and this identification is given by the surjective x-homomorphism 7 : O(G) — C[I'] :



m(ust) = ds¢s. We prove that there is no intermediate group O(G) — C[A] — CII'] and
therefore view the dual G as a quantization of I', in the following sense.

Definition D. We say that a discrete quantum group @, realized as the dual of a compact
quantum group G, is a quantization of the countable group I' if we are given a surjective
Hopf *-algebra homomorphism 7 : O(G) — CI[I'] that does not factor through surjective Hopf
x-algebra homomorphisms O(G) — C[A] — CI[I'] unless the second arrow is an isomorphism.

The prototype examples of quantizations in the sense of Definition D (see Example 3.6) are

Ay(n) — F,, induced by u;; — 0;;a;, where u;; are the entries of the fundamental n-
dimensional unitary representation of the universal unitary quantum group A,(n) and where

ai,...,a, are free generators of F,. The second example is A,(n) — (Z/27)*", induced by
wi;j > 0; j a;, where this time a; are the free generators of the free product (Z/27Z)*" satisfying
a? =e.

In Section 4, we define when two connected locally finite graphs IT and II' are quantum iso-
morphic. Quantum isomorphism of finite graphs can be defined in many equivalent ways, see
[LMR17,B-W18, MR19, MR20], and has become a key notion in quantum information theory.
Three of these definitions have an immediate counterpart for connected locally finite graphs:
quantum isomorphism given by the existence of a magic unitary on a Hilbert space intertwin-
ing the adjacency matrices (see Definition 4.1), algebraic quantum isomorphism given by the
existence of nonzero x-algebra generated by the entries of a magic unitary intertwining the ad-
jacency matrices (see Definition 4.2) and planar isomorphism given by the equality of pointed
homomorphism counts from finite planar graphs (see Definition 4.4). We then prove the fol-
lowing result, generalizing [B-W18, Theorem 4.9] and [MR19, Theorem 7.16] from finite graphs
to connected locally finite graphs.

Theorem E (See Theorem 4.5). For all connected locally finite graphs I1 and I, the notions
of quantum isomorphism, algebraic quantum isomorphism and planar isomorphism coincide.

2 Locally compact quantum automorphism groups of connected
locally finite graphs

2.1 Bi-labeled graphs and graph categories, following [MR19, MR20]

Fix a connected locally finite graph II with vertex set I. For ¢,j € I, we write ¢ ~ j if (i, 7) is
an edge in II.

Following [MR19, Definition 3.1], a bi-labeled graph (K, z,y) € G(n,m) is a finite graph K =
(V, E)) together with tuples z € V™ and y € V™ of vertices. We define the subsets G.(n,m) C
Gi(n,m) C Ga(n,m) C G(n,m) in the following way.

We define G.(n,0) = G.(0,m) = () for all n,m > 0. For all n,m > 1, we define G.(n,m) as the
set of bi-labeled graphs (K, z,y) such that K is connected.

We define Gi(n,0) = G1(0,m) = 0 for all n,m > 0. For all n,m > 1, we define G;(n, m) as the
set of bi-labeled graphs (K, x,y) such that every connected component of K intersects x and
intersects y.

Finally, we define G2(0,0) = () and, for all n,m > 0 with n +m > 1, we define Ga(n, m) as the
set of bi-labeled graphs (K, z,y) such that every connected component of K intersects x U y.

Since II is locally finite, for every K = (K, z,y) € Ga(n, m), the definition of the II-homomor-
phism matrix 7% in [MR19, Definition 3.4] makes sense. This matrix 7% is the I" x I"™ matrix



with values in NU {0} defined by
TZ’]C =#{¢:V(K) = I| ¢ is a graph homomorphism and ¢(z) =i, ¢(y) =4},

for all + € I" and j € I"™. Here, a map ¢ : V(K) — [ is called a graph homomorphism if
(o(v), p(w)) € E(IT) for all (v,w) € E(K). By convention, when n = 0 or m = 0, we view T
as a row indexed by I, resp. a column indexed by I™.

When K € Gi(n,m), the matrix 7% has the following finiteness properties: for every i € I™,
there are only finitely many j € I'™ with TZ’]C # 0, and for every j € I, there are only finitely
many ¢ € I"™ with TZ’JC # 0. Since we only assumed that II is locally finite, the matrix 7% need
not define a bounded operator from £2(I"™) to £2(I™). For instance, if K = (K,z,y) € G(1,1)
is defined by V(K) = {0,1}, E(K) = {(0,1),(1,0)} and z; = y; = 0, as illustrated in Figure
1, then T® is the diagonal matrix with TZ’ZC =degi for all i € I.

X1
Al

Figure 1: The bi-labeled graph K € G(1,1) with T = degi for all i € T

In [MR19, Section 3.1], several operations on bi-labeled graphs were defined. The composition
K1 0Ks of K1 € G(n, k) and Ko € G(k,m) is a bi-labeled graph in G(n, m) such that, in case
K1 and Ky belong to Gi, we have Th1°%2 — TR K2 by [MR19, Lemma 3.21]. Note that the
matrix product at the right hand side makes sense because of the finiteness properties of T,
When K and Ky are connected, K1 o Ko remains connected.

The tensor product K @ K' of K € G(n,m) and K' € G(n/,m’) belongs to G(n + n',m + m’)
and consists of putting K and K’ next to each other. We have that TX®X" = 7K @ 7K' When
K,K' € G; for i € {1,2}, then also K ® K’ € G;. Note however that £ ® K’ is not connected.
Below, we will also define a relative tensor product that preserves connectedness. The transpose
K* of K = (K, x,y) is defined as K* = (K, y, x) and satisfies T*" = (T%)*. All G., G and G,
are stable under this transpose operation.

For all n,m > 0, we define the basic bi-labeled graph M™™ consisting of a single vertex, say
0, no edges and labeling x1 =--- =2, =0=y; = - -+ = Y. We sometimes write 1 instead of
MUL because the associated matrix is the identity matrix.

Following [MR19, Definition 8.1], a graph category D is a collection of subsets D(n,m) C
G(n,m) that contains M and M?? and that is closed under composition, tensor product
and transpose. We then denote D.(n,m) = D(n,m) N G.(n, m) and similarly with D; and Ds.

We finally recall from [MR19, Definition 5.4] the definition of the graph category P of planar bi-
labeled graphs. A bi-labeled graph (K, x,y) belongs to P(n, m) if the graph K is planar and if the
labelings = and y are lying in an appropriate way “at the outside” of K, see [MR19, Definition
5.4]. By [MR19, Theorem 6.7], P is the smallest graph category containing M0 M2 and
the bi-labeled graph K = (K, z,y) € G(1,1) with V(K) = {0,1}, E(K) = {(0,1),(1,0)} and
x1 =0, y; = 1, whose associated matrix TX is the adjacency matrix of II.

I

*——0

U1

Figure 2: The bi-labeled graph K € G(1,1) such that T* is the adjacency matrix of II



2.2 Unitary 2-categories associated with connected locally finite graphs

Given a countable set I, we consider the category of Hilbert ¢°°(I)-bimodules, consisting of
Hilbert spaces equipped with commuting normal representations of ¢°°(I). Denoting by p; €
¢>°(I) the canonical minimal projections, a Hilbert ¢°°(I)-bimodule H is the same thing as an
I x I graded Hilbert space, by considering the closed subspaces H; ; = p; - H - pj. Together with
£>°(I)-bimodular bounded operators as morphisms and the relative tensor product

Her K= H piop-K), (2.1)
i€l
we obtain a C*-tensor category. We view H ®; K as a closed subspace of H ® K. When
T:H — H and S : K — K’ are bounded ¢°°(I)-bimodular operators, the ordinary tensor
product T'® S preserves these closed subspaces. We denote by T' ®; S the restriction of T'® S
to H ® IC, defining in this way the tensor product of morphisms.

Note that ¢£2(I) with its obvious £°°(I)-bimodule structure serves as the identity object. Every
Hilbert ¢°°(I)-bimodule H has a natural conjugate H, with bimodule structure f-&-g = g* - € - f*
for all £ € H and f,g € ¢°°(I). We say that an ¢°°(I)-bimodule is of finite type if p; - H and
‘H - p; are finite-dimensional for all ¢ € I. Whenever H is of finite type, we have the natural
morphism

Ch)mH Hiegm Y > (E®9),

J€I ¢conb(p;-H-pj)

where we denoted by onb(p; - H - p;) any choice of orthonormal basis of p; - H - p;.

Assume now that G is a locally compact group and that G ~ [ is a continuous, transitive action
with compact stabilizers, i.e. I = G/K for some compact open subgroup K C G. Following
[AV16, Proposition 2.2], we consider the category of G-equivariant Hilbert ¢°°(I)-bimodules of
finite type, i.e. Hilbert £°°(I)-bimodules H of finite type equipped with a unitary representation
m: G — U(H) satisfying

w(g)(pi - H - pj) =pgi-H-pg; forallgeG, i, jel.

Together with G-equivariant £°°(I)-bimodular bounded operators as morphisms and the relative
tensor product H ®; K, we obtain the unitary tensor category C(G m I) introduced in [AV16].

If we drop the transitivity assumption for the action G ~ I, we rather find a unitary 2-category,
defined as follows. Denote by (I,;)q.ce the partition of I into orbits for G ~ I. We consider
& as the set of 0-cells. For all a,b € &, the class of 1-cells C,_y(G ~ I) consists of the G-
equivariant Hilbert ¢°°(1,)-£°°(I)-bimodules of finite type. The morphisms between two such
1-cells are the G-equivariant £°°(1,)-£>°(I;)-bimodular bounded operators. The tensor product
of H€Cop(G1I)and K € Cp_o(G ~ I) is defined as H ®p, K.

In this section we define, given any connected locally finite graph II with vertex set I and given
any graph category D containing all planar bi-labeled graphs, a similar unitary 2-category
C(D,II) of Hilbert bimodules. When D is the graph category of all bi-labeled graphs, we will
prove in Proposition 5.6 that C(D, IT) is equivalent with the unitary 2-category C(G ~ I) defined
above, with G = AutIl. When D = P is the graph category of all planar bi-labeled graphs,
we will prove that C(P,II) = C(G ~ I), where G = QAutII is the quantum automorphism
group of II, which we still have to construct. We however first construct the unitary 2-category
C(P,II) and use it as a tool to construct QAut IT and to prove that QAut IT is a locally compact
quantum group.

For the rest of this section, fix a connected locally finite graph II with vertex set I and fix a
graph category D containing all planar bi-labeled graphs. For all n,m > 0, define

E(nam) = {(K,x,y) EDc(n+1,m—i—1) | o = Yo and T :ym} :



Notice that we made a shift of notation from n-tuples of labels (z1,...,z,) to (n + 1)-tuples
of labels (zo,...,x,). This will be more natural in a context of relative tensor products over
¢2°(I) and £°°(I)-bimodular maps.

For every K = (K, x,y) € L(n,m), the I""! x I™*! matrix T* is £>°(I)-bimodular, in the sense
that T,L’]C = 0 if ig # jo or if i, # jm. Since K is supposed to be connected, once we fix one of
the indices is or j;, there are only finitely many choices for the other indices such that TZJC #0.
In particular, 7% defines and will be viewed as an ¢*°(I)-bimodular map from F(I™*1), the
space of finitely supported functions on I™*!, to F(I"*1). Here, we equip F(I"*!) with the
bimodule structure (F - & - F')(i) = F(ig) (i) F'(in,). As mentioned above, if the degree of the
vertices of IT is not uniformly bounded, then TX need not extend to a bounded operator from
gZ(Ierl) to £2(1n+1)_

Note that £ is closed under composition and transpose of bi-labeled graphs. As before, TX" =
(TF)* and TFK = TR 7K' When K € L(n,m) and K’ € L(n/,m’), the relative tensor product
K&, K € L(n+n',m-+m)is defined as

Ko, K'=1%" @ M2 @19™) o (K@ K') o (15" @ M>! @ 19™) .

Since the planar bi-labeled graphs are contained in D, we get that K®, K’ € L(n+n',m+m/).
By construction, TKE®rK" — TK @, TX'. In matrix notation, this means that
K@rK' _ K K’

j—ZL] - z_;0""LAnujO"'jm in"'inJrn’vjm"'jerm/ :
Viewing F(I"t7'+1) = F(I"1) @; F(I"'*1), this relative tensor product is also compatible
with the tensor product of ¢°°(I)-bimodular maps considered above.
We define Mor(n,m) as the linear span of all matrices/operators TN with K € L(n,m).
By construction, Mor(n,m)* = Mor(m,n), Mor(n, k) Mor(k,m) C Mor(n,m) and T ®; S €
Mor(n +n’,m +m’) for all T' € Mor(n,m) and S € Mor(n/,m’).
Since elements of Mor(n, m) are ¢*°(I)-bimodular, a special role is played by Mor(0,0) and

Mor(1,1), since they form *-algebras of functions on I, resp. I x I. We define the equivalence
relation =~ on I (not to be confused with the edge relation i ~ j) in the following way:

i~j ifand only if Tj; =T}; for all T'€ Mor(0,0). (2.2)

We denote by £ the set of equivalence classes of ~, with corresponding partition (I)qce of I.
Later on, in Corollary 2.26, we will interpret £ as the set of quantum orbits of II, meaning that
£ is a singleton if and only if the graph II is quantum vertex transitive.

Note that every graph automorphism o € AutIl acts on I""! diagonally and that all T €
Mor(n,m) are Aut II-equivariant. In particular, all "€ Mor(0, 0) define Aut II-invariant func-
tions on I. So when II is a vertex transitive graph, £ is a singleton.

For future reference, we gather the notations introduced so far in the following definition, and

add several other vector spaces of matrices/operators that play a key role in this paper.

Definition 2.1. Let II be a connected locally finite graph. Let D be a graph category con-
taining all planar bi-labeled graphs. We define

L(n,m) ={(K,z,y) € D(n+1,m+1)| K is connected, o =yo and x, = ym},

Mor(n,m) = linear span of all "1 x I matrices T with K € L(n,m) .



Denote by (I;)qce the equivalence classes of the equivalence relation defined in (2.2). For every
a € £, we denote by 1, € £>°(I) the indicator function of I, C I. We define for all a,b € &,

Mor,_(n,m) = Mor(n, m)(1, ® 1°™) = (1, ® 1¥™) Mor(n, m) ,
Mor_(n, m) = Mor(n, m)(1¥™ ® 1) = (1" ® 1) Mor(n,m) ,
Morg_y(n, m) = Mor(n,m)(1, ® 1™V @ 1,) = (1, ® 1%~ @ 1,) Mor(n, m) ,

with the convention that Mor,_;(0,m) = 0 = Mor,_4(n,0) when a # b.

The following lemma contains all that is needed to define C(D,II) as a concrete unitary 2-
category of ¢°°(1,)-£>°(1Ip)-bimodules of finite type.

Lemma 2.2. 1. For every T € Mor(n,n), the functions

(id (= Trn)(T) I —-C:i— Z Tii1~~in,ii1~~-in and

i1, sin €1

(Tr,, @id)(T) : I - C:i— Z Tigvip—1i,i0-in_1i

10,eeyin—1€1
belong to Mor(0,0), and the above sums have only finitely many nonzero terms.

2. The elements of Mor,_(n,m) and Mor_y(n,m) define bounded ¢>°(I)-bimodular operators
from C2(I™+1) to £2(17F1).

3. For every T € Mor,_(n,m), the range projection P of T belongs to Mor,_(n,n) and
P Mor,_(n,n) P is a finite dimensional C*-algebra. A similar statement holds for T €
Mor_p(n, m).

4. We have that Mor,_p(n, m) C More—(n,m) and Mor,_y(n, m) C Mor_(n, m).

5. We have Mor,_p(n,m)* = Mor,_p(m,n) and Mor,_p(n, k) Mor,_p(k,m) C Mor,_p(n,m).
We also have that

Mor,—p(n, m) @1, Mory_.(n',m") C Morg—c(n+n',m +m') .

For every i € I we definer € I as 7 = (zﬂ, ...,ip). For every It I matriz T, we
denote by T the I™ 1 x It matriz given by T;; = Tz

6. For every T € Mor,_y(n,m), we have that T e Mory_q(m, n).

7. Let P € Mor,_p(n,n) be a self-adjoint projection. Then Pisa self-adjoint projection in
Mory_q(n,n). Defining

6 = P innion—1-in if io = l2n = J,
10-i2n,] — .
" 0 otherwise,

o ) Piisnininoaio 0 =don =,
dg-ion,] — :
" 0 otherwise,

we have s € Morg_q(2n,0) with ss* < P ®y, ﬁ, t € Mory_p(2n,0) with tt* < P ®, P and

(s"@, VA @nt)=P and (t*©p1)(1®,s)=P.



8. The formulas

Try : Mor,_p(n,n) — C: Try(T) = (id @ Tr, )(T);  for alli € I,
Tr, : Mor,_4(n,n) — C: Tr,.(T) = (Tr, ®id)(T); for alli € I

provide well-defined tracial functionals on Mor,_p(n,n). If P € Mor,_p(n,n) is a self-
adjoint projection and if s € Morg_4(2n,0) and t € Mory_4(2n,0) are defined as in 7, then
for all T € PMor,_4(n,n)P,

Try(T) = (s*(T ® 1%™)s); for alli € Iy, and Tr.(T) = (t*(1°" @ T)t); for alli € .

Once Lemma 2.2 is proven, we can define the unitary 2-category C(D,II) in the following way.

Definition 2.3. Let II be a connected locally finite graph. Let D be a graph category con-
taining all planar bi-labeled graphs. We define C(D,II) as the unitary 2-category with & as
the set of O-cells. For all a,b € &, the set of 1-cells C,_4(D,II) consists of the (formal finite
direct sums of) self-adjoint projections P in Mor,_4(n,n) with n > 0. The space of morphisms
between the self-adjoint projections P € Mor,_(n,n) and Q € Mor,_p(m,m) is defined as
P Mor,_y(n,m)Q. The tensor product of the self-adjoint projections P € Mor,_,(n,n) and
Q € Mory_c(m,m) is defined as P ®, @ and the tensor product of morphisms is defined
similarly.

Note that we can identify a self-adjoint projection P € Mor,_4(n,n) with its range, which is
a finite type £°°(I,)-£>°(I;)-subbimodule of £2(I"*1). In this way, the tensor product in Defi-
nition 2.3 is compatible with the tensor product of bimodules and ¢°°(I)-bimodular operators
discussed above.

By (2.3), every object H € C,_4(D, 1) has a conjugate H € Cp_o(D,II). Lemma 2.2 provides
all needed properties to check that C(D,II) is a well-defined unitary 2-category.

Also note that the morphisms s and ¢ in (2.3) are solutions for the conjugate equations but
need not be standard solutions, see Definition 2.4 and the comments following it.

Proof of Lemma 2.2. 1. By symmetry and linearity, it suffices to consider (id ® Tr,)(T*) for
K € L(n,n). Since K is connected, for every i € I, in the sum defining (id ® Tr,)(T%);, there
are only finitely many nonzero terms. Define the planar bi-labeled graph R € P(2n,1) by

R = (1®n ® MI,O ® 1®(n—1)) o (1®(n—1) ® M2’0 Q 1®(n—2)) 6---0 (1 ® MQ,O) ,
as illustrated in Figure 3.

Zo Z1 r2
° . ° ol3
Yo T5 Ty

Figure 3: The bi-labeled graph R € P(2n,1) for n =3

Then, K = R* o (K ® 12(»=1) o R belongs to D(1,1). By construction, K’ € £(0,0) and
K = (id ® Tr,,)(T).

2. Take T' € Mor,_(n,m) and write T = (1, ® 19")S with S € Mor(n,m). For every i € I, we
have that (id ® Tr,)(SS*); < +o00. By 1 and the definition of ~, the function

i — (id ® Tr,)(SS*);

10



is constant on I, and we denote this constant by k.. Thus, (id ® Tr,)(T'T™); equals k, when
i € I, and equals 0 otherwise. Viewing T as the direct sum of the operators T; = (p; ® 1)T
acting on ¢2(I") and using that the operator norm is bounded above by the Hilbert-Schmidt
norm, we get that
ITIP = sup | T3P < sup Tra(TiTF) = ko
iel iel

So, T is a bounded operator. By symmetry, also the elements of Mor_(n, m) define bounded
operators.

3. We first prove that for every ¢ € I,, the map
Morg—(n,m) — B(C*(I™), (p; @ 19™) (1" ) : T (p; @ 19™)T

is injective. If T" € Mor,—(n, m), it follows from the previous paragraph that the map i —
(id ® Tr,)(TT*); is constant on I,. So if (p; ® 19™)T = 0, we get that (id ® Tr,)(TT*) = 0.
Because Try, is the usual trace on bounded operators, which is faithful, we conclude that T = 0.

Then fix T € Mor,—(n,m) and write T = (1, ® 19")S with S € Mor(n,m). Denote by
P € B(?(I"*1)) the range projection of T. Fix i € I,. Since the bi-labeled graphs in £(n,m)
are assumed to be connected, the range of (p; ® 19™)S = (p; ® 1%™)T is a finite dimensional
subspace Hg of £2(I"1). By the claim above, the map

T Morg—(m,m) T* — B(Hp) : X — X (p; ® 19™)

is an injective *-homomorphism. Since Hj is finite dimensional, 7" Mor,_(m, m) T* is a finite
dimensional C*-algebra for all T' € Mor,_(n,m). Since P belongs to this C*-algebra, we get in
particular that P € Mor,_(n,n). Applying the previous statement to P instead of T, we then
also get that P Mor,—(n,n) P is a finite dimensional C*-algebra.

4. Fix a,b € € and fix T € Mor,_ (n,m). By symmetry, it suffices to prove that (1" ® 1,)T €
Mor,_(n,m). Fix i € I,. Since the range of (p; ® 1°™)T is contained in ¢?(W) for some finite
subset W C I™*! the set

Eo={ce&|(pi®1°" D o1,)T # 0}

is finite. Recall that Mor(0,0) is a *-algebra of functions on I containing the constant function
1 and recall that by definition of ~, for all ¢ € £ \ {b}, there exists an element S € Mor(0, 0)
such that S; # S; when i € I. and j € ;. Combining both, we can choose S € Mor(0,0) such
that S1, = 1, and S1. = 0 for all ¢ in the finite set & \ {b}. Write R = (1¥" ® S)T. Then,
R € Mor,_(n,m).

We claim that R = (1%" ® 1,)T. First note that (1" @ 1,)R = (19" ® 1,5)T = (1°" ® 1,)T.
Then fix d € £\ {b}. To prove the claim, it suffices to prove that (1" @ 14)R = 0. As in
the previous paragraph, we can choose F' € Mor(0,0) such that F1; = 14 and F'1, = 0. Since
S1p =1, and S1. =0 for all ¢ € & \ {b}, it follows from the definition of & that

(pi @19 (1°" @ FYR = (1°" ®@ FS)(p; ® 19T = Z (19" @ FS1.)(p; @ )T
ce&y
=(1%"® Fly)(pi® )T =0.

Since N — (p; ® 1¥™")N is injective on Mor,_(n,m) and (1°" @ F)R belongs to Mor,_(n,m),
we conclude that (1% @ F)R = 0. Then also

(1*"®1)R=(1*"® 14F)R=0.

So the claim is proven. Since R € Mor,_(n, m), we have shown that (1°"®1,)T € Mor,_(n, m).
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5. The first two properties are immediate. Using 4, we get that
Mor,_p(n, m) @, Mor,_.(n',m") C Mor,—(n,m) ® Mor_.(n', m’)
= (Mor(n,m) ®; Mor(n/, m’))(1, ® 12077/ =1) & 1)
C Morg—c(n+n';m+m') .
6. For every n > 1, define the planar bi-labeled graph R,, € P(2n,0) by
Ry = (1®(n—1) Q M2’0 ® 1®(n—1)> ° (1®(n—2) ® ./\/12’0 Q 1®(n—2)) 6.0 M2,0 7

as illustrated in Figure 4.

i) X1 T2
[ ] [ ] [
Z5 L4 z3

Figure 4: The bi-labeled graph R,, € P(2n,0) for n =3

Whenever K = (K, z,y) € G(n,m), the bi-labeled graph
K=(R,®1%")o(1*" @K@ 197) 0 (1°" @ R,n)

is isomorphic with (K,7,7). In particular, 7K — 7K. Since P C D, it follows that for all
K € L(n,m), K € L(m,n). Thus, for every T' € Mor(n, m), the matrix T belongs to Mor(m, n).

7. Define the planar bi-labeled graph S,, € P(2n + 1,1) by

S, = (1®n ® MLO ® 1®n) o (1®(n—1) ® MZ,O ® 1®(n—1)) o (1®(n—2) Q MZ,O Q 1®(n—2)) o...
o(1@M* ®1)o M>!

as illustrated in Figure 5.

o 1 T2 r3
[ ] [ ] [ ] [ ]
Yo 7 Z6 Ts X4

Figure 5: The bi-labeled graph S,, € P(2n+ 1,1) for n =3

Whenever K € L(n,n), we find that (K ® 19") 0 S,, € £(2n,0). The ij matrix coefficient of
the corresponding element in Mor(2n,0) equals E§~~~in,izni2n71~-in if 79 = 49, = j and equals 0

otherwise. It thus follows that the element s in (2.3) belongs to Mor,_4(2n,0). We similarly get
that ¢ € Mory_p(2n,0). The remaining formulas for s and ¢ follow from a direct computation.
8. By 1 and 4, for every T' € Mor,_(n, n), the function ¢ — (id®Try,)(T'); is constant on I,. Fix
i € I,. Since the elements of Mor,_p(n,n) are £>°(I)-bimodular, we can view T +— T(p; ® 19™)
as a *-homomorphism from Mor,_4(n,n) to the space of finite rank operators on ¢2(I"). Then
Try is the composition of this *-homomorphism with the usual trace. Thus, Tr, is a trace on
Mor,_(n,n). Similarly, Tr, is a trace on Mor,_p(n,n). The remaining formulas follow from a
direct computation. ]

Definition 2.4. For every minimal projection P € Mor,_;(n,n), thus representing an irre-
ducible object in C,_4(D,1I), we define the left and right dimension as

dy(P) = Try(P) and d,(P) = Tr,(P).

The categorical dimension of P, in the unitary 2-category C(D,II), is thus given by d(P) =

\Vd¢(P) d,(P). We also define p(P) = d,.(P)dy(P)~".
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For later use, we record two formulas for the ratio p(P) between the left and right dimension.
These will be used to give an explicit formula for the modular element of the quantum au-
tomorphism group of II, defined as the Radon-Nikodym derivative between the left and right
Haar functionals.

Lemma 2.5. Let P € Mor,_(n,n), Q@ € Mory_.(m,m) and R € Mor,_.(k, k) be minimal
projections such that (P ®p, Q) Morg—c(n + m, k)R # {0}, meaning that R is isomorphic with
a subobject of P ®1, Q in Cq—c(D,1II). Then, p(R) = p(P) p(Q).

Proof. Since R is a minimal projection, we can choose V' € (P ®1 Q) Mor,_¢(n + m, k)R such
that V*V = R. Take sp € (P ®; P)Mor,_4(2n,0) and tp € (P ®; P)Mor,_4(2n,0) as in
Lemma 2.2. Similarly choose sg and tg. Write A = p(P) p(Q).

By point 7 of Lemma 2.2, p(P)Y*sp and p(P)~'/*tp form a standard solution for the conju-
gate equations for P. Similarly, p(Q)1/4sQ and p(Q)_1/4tQ form a standard solution for the
conjugate equations for Q. Write s = (1 ®7 sg ®y 1)sp and t = (1 ®7 tp ®1 1)tg. Then, A/4g
and A~'/4t form a standard solution for the conjugate equations of S = P ®; Q. Fix i € I,.
The categorical trace on S Mor,_c(n + m,n +m) S is thus given by T+ A\V/2(s*(T @7 1)s);.
Therefore, we get that

(de(R) d(R))Y? = d(R) = AV2(s*(VV* @1 1)s); = A2 T (VV¥)
= A2 T, (V*V) = A2 dy(R) .

So, p(R) = dr(R)/dg(R) = . O

Since Mor,_(1,1) C £°(I, x Ip), we can identify projections in Mor,_(1,1) with subsets of
I, x I. For every subset W C I, x I, we denote by 1y its indicator function.

Lemma 2.6. Up to multiplication by a positive scalar, there exists a unique function p: I —
(0, +00) such that for all a,b € &, all minimal projections lyy € Mor,_p(1,1) and all (i,j) € W,
we have p(lw) = pj/ ;.

If P € Mor,_y(n,n) is a minimal projection, then the range of P is contained in £*(W), where
W = {ieI"™ |ig € Io,in € Iy, p(P) = pui,, /iy } -

Proof. For every (i,j) € I x I, there exist unique a,b € & such that i € I, and j € I, and
there then exists a unique minimal projection 1y € Mor,_5(1,1) with (7,j) € W. We define
C(i,j) = p(lw).

Fix i,k,j € I. We claim that C(i, k) C(k,j) = C(i,7). Take the unique a, b, c € £ and minimal
projections 1y € Mor,_p(1,1) and 1y € Mor,_.(1,1) such that (i, k) € W and (k,j) € W'.
Let 1y € Morg—.(1,1) be the unique minimal projection with (i,5) € V. Define the planar
bi-labeled graph K = (K, x,y) € P(3,2) by V(K) ={0,1,2}, E(K) =0, x; =i for i € {0,1,2}
and yp = 0, y; = 2. For all connected K1 € P.(3,3) and K2 € P.(2,2), we have that k1 ooy
is connected. Therefore, (1y ®; 1y )T 1y belongs to Mor,_.(2,1) and it is nonzero, because
the (ikj,ij) entry of this matrix equals 1. By Lemma 2.5, we find that p(1y) = p(1w) p(1w).
This proves the claim.

By the claim above, C(k,j) = C(i,7)C(i,k)~! for all i,k,j € I. Fixing a vertex e € I, we
define ps; = C(e, s) for all s € I and get that C(k,j) = ,u,ju;l for all j,k € I. Uniqueness of

up to a scalar multiple is obvious.

We can partition I x I into subsets W; C I x I such that W; C Lo, X I, and such that lw; is
a minimal projection in Mor,; 4 .(1,1). Let P € Mor,_4(n,n) be a minimal projection. Define
X ={i€l, x I"! x I, | P(i) # 0}, where (i) € £2(I""!) denotes the basis vector that is
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equal to 1 on i and equal to 0 elsewhere. By definition, the range of P is contained in £2(X).

Take i € X. Take ji,...,jn such that (ig_1,i5) € W;, for all k € {1,...,n}. Since iy € I,

and i,, € I}, we have aj, = a and b;, = b. Thus, Q = lw,, ®r--- @ lw, is a projection in

Mor,_4(n,n) and, by definition, Q(i) = (i). Therefore PQ # 0. By Lemma 2.5, we get that
My Mia M

This concludes the proof of the lemma. O

Remark 2.7. We have chosen to take the ¢°°(I)-bimodules ¢?(I"*!) as basic objects, even
though they are not of finite type, so that the actual objects in C,_p(D, II) have to be defined
as strict submodules. This choice will be helpful in constructing the quantum automorphism
group of II later in the paper. It is however possible to describe C(D,II) with spaces of finite
paths in II as basic objects. We explain this construction here and it will be useful in Section
3 to construct fiber functors, and their corresponding compact quantum groups, for C(D, II).
Define K,, = (K, z,y) € P(n+ 1,n+ 1) with V(K) ={0,...,n}, (i,j) € E(K) iff |i — j| =1
and z; =y; =i for all i € {0,...,n}, as illustrated in Figure 6.

X0 xr1 o Tn—1 Tn
Yo Y1 Y2 Yn—1 Un

Figure 6: The bi-labeled graph K, = (K, z,y) € P(n+ 1,n+ 1)

Then, P, 41 = Tr (1, ® 12=D @ 1) € Morg_y(n,n) is the orthogonal projection of £2(I, X
I~ x I,) onto the £2-space of the set of paths of length n from a vertex in I, to a vertex in Ij.
We can view this as an object P, 4 € Cq—p(D,II). By concatenation of paths, P, 4 ®1, P p.c
embeds into Py q,c and the latter is isomorphic with the direct sum of all P, o ®1, Prp.cs
b € £. By reversion of paths, we get that % =Poba-

For every n-tuple d = (di,...,d,) of integers d; > 0, write D = dy + --- + dy, and define
the planar bi-labeled graph K4 = (K,z,y) € P(D + 1,n + 1) where V(K) = {0,...,D},
(t,7) e BE(K) iff |i—j| =1, x; =i foralli € {0,...,D}, while yo = 0 and y; = dy + - - - + d; for
all 7 € {1,...,n}, as illustrated in Figure 7.

Zo T T2 T3 T4  Ts T T7 g 9
Yo 1 Y2 Y3

Figure 7: The bi-labeled graph Ky = (K, z,y) € P(10,4) with d = (3,2,4)

Then, TX¢ € PpMor(D,n) and, for all a,b € &, the right support of T%4(1, ® 121 @ 1;)
equals (2(W) with i € W iff ig € I, i, € I, and for all k € {1,...,n}, there exists in II a path
of length dj from i;_1 to i;. By varying d,...,d,, we conclude that every irreducible object
in Cq4—p(D,1I) is contained in one of the P, 43, n > 0.

We could thus take the path spaces P, . as basic objects of the unitary 2-category C(D,1I).
By construction, the space of morphisms from P, 44 to P, 44 is given by the linear span of
the operators T% (1, ® 12~ © 1) where K = (K, z,y) € D(n+ 1,m + 1) is connected, with
To = Yo, Tn, = Ym and with z and y being paths in K.
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2.3 A =x-algebra associated with the unitary 2-category C(D, IT)

We still fix a connected locally finite graph II with vertex set I and a graph category D
containing all planar bi-labeled graphs. We denote by C(D,II) the unitary 2-category defined
in Definition 2.3. By construction, C(D,II) is a concrete unitary 2-category of £°°(I)-bimodules
of finite type.

In [DCT14, Proposition 3.12], an I-partial compact quantum group is associated to any such
unitary 2-category and this should be viewed as a quantum groupoid with classical unit space 1.
This I-partial compact quantum group of [DCT14] is in particular a x-algebra B with positive
Haar functionals. We repeat this construction here in a concrete way, defining B by generators
and relations, in such a way that in the next section 2.4, we can easily define an algebraic
quantum group (A, A) and its Haar functionals as a corner of B.

Denote by UB the free vector space with basis Ll,>o(I" ! x I"*1). We denote the basis vectors
as Fy,(i,j) for n >0 and i,j € ", We view F,, as an "1 x I"*! matrix with entries in UB.

For every i € I"t! we define 7 € I"*! by 7 = (i, - ,ip). We turn UB into a x-algebra by
defining

FoimGio- - inki - km,jo- - jnli - lm if i, = ko and j,, = lo,
Fn@,j)Fm(k,w:{ ooty = o and =

otherwise,
Fo(i, )" = Fn(2,7) -

Note that, by definition, (Fo(4,7)) jyerxr is a family of mutually orthogonal, self-adjoint idem-
potents in UB. Also note that if I is infinite, then U B is non-unital.

For the following lemma, recall that Dj(n, m) denotes the set of bi-labeled graphs (K, z,y) in
D(n,m) with the property that every connected component of K intersects z and intersects y.
Similarly to the notation £(n,m), we define

Li(n,m)={(K,z,y) € D1(n+1,m+1) | 2o =yo and x, = ym} -

Recall the equivalence relation ~ on I introduced in (2.2), with equivalence classes (I,)qece-
We denote by d(i, j) the distance in the graph II between vertices i,j € I.

Lemma 2.8. 1. The linear span
T = span{(F,T" = T"F,,)i; | n,m > 0,K € L1(n,m),i € I"*!,j e ™} (2.4)
is a x-ideal in UB.
2. If n >0 and i,j € I such that iy, % ji for some k € {0,...,n}, then F,(i,j) € T.

3. Ifn>0 and i,j € 1" such that d(ip_1,ix) # d(jx_1,7%) for some k € {1,...,n}, then
F,.(i,j) € T

4. For alln,m >0, a,b € £ and T € Mor,_p(n, m), the entries of F,T — TF,, belong to T.

Definition 2.9. We define B as the quotient of B by the x-ideal Z defined in (2.4).

Proof of Lemma 2.8. 1. As in the proof of Lemma 2.2.6, we get that for every K = (K, z,y)
in £1(n,m), the bi-labeled graph (K,y,T) belongs to £1(m,n). Taking its transpose, we find
that (K,Z,y) € L£1(n,m). This operation shows that Z* = Z. For every K € L1(n,m) and for
every k > 1, we have that K ® 19¥ and 19*¥ ® K belong to £1(n + k,m + k). It follows that
T Fy(i,j) € T and Fy(i,§)Z C T for all k > 0 and i, € I¥T1. So, T is a *-ideal in UB.
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2. Take n > 0, 4,5 € I"™" and k € {0,...,n} such that i % jr. Take S € Mor(0,0) with
Si, # Sj,- Then,

(Sj, = Si) Fuliy §) = (Fu(1®F @ S @190 M) — (190 @ S @ 190 M F,) e T,

ij
so that F,,(i,j) € Z.

3. Assume that F,(i,5) ¢ Z and fix k € {1,...,n}. We have to prove that d(ig_1,ix) =
d(jk—1,7x). Fix an integer d > 0. Define K = (K, z,y) € L1(n,n) with V(K) ={0,1,...,n+
d — 1}, with (v,w) € E(K) iff vyw € {k—1,k,...,k+d— 1} and |v — w| = 1, and with
rs=ys=sif0<s<k—landzs=ys=s+d—1if k<s<n.

Then TX is a diagonal matrix with TZ’ZC >0 for all i € I"*! and Tz’f > 0 iff there exists in II a
path of length d from i;_1 to ig.

Since (F,T* — T’CFn)ij € 7 and since we assumed that F,(i,5) € Z, the following property
holds for every d > 0 : there exists in II a path of length d from ix_; to iy iff there exists
in IT a path of length d from j;_1 to ji. Since this holds for all d > 0, we must have that

d(ik-1, k) = d(jk-1, Jk)-
4. Tt follows in particular from 2 that the entries of Fj,(1,® 12"V ®1,) - (1,01%" V@ 1,)F,
belong to Z. In combination with the definition of Z, statement 4 follows immediately. O

From now on, we also (and mainly) view Fj, as an I"T! x I"*! matrix with entries in B.

In the next section, we will prove that the underlying multiplier Hopf x-algebra (A, A) of the
quantum automorphism group II can be identified with a corner of B (when B is defined using
D =P). We now construct a faithful positive functional on B, whose restriction to this corner
will turn out to be the left invariant Haar functional on (A, A).

As before, we denote by F(I"*1) c ¢2(I™*!) the subspace of finitely supported functions
It — C. Recall that every T' € Mor(n,m) defines a linear map from F(I™*!) to F(I™+1).

Lemma 2.10. Let a,b € €, k > 0 and let P € Mor,_(k, k) be a minimal projection, thus
realizing an irreducible object in Cq_p(D, I1).

For every n > 0, there exists a subset ibf,_p(n, P) C Mor,_p(n, k)P with the following proper-
ties.

1. For all VW € ibf,_y(n, P), we have that W*V =0 if VAW and W*V =P if V. =W.

2. In B(£2(I"*1)), we have that 2oveibt, yn,p) V'V equals the projection onto the closed linear
span of Mor,_p(n, k) P2 (I*+1).

3. For all ¢ € F(I"Y), there are only finitely many V € ibfq_y(n, P) such that V*¢ # 0.
We read ibf as “isometric basis of finite type”.

Proof. For every n-tuple d = (dy,...,d,) of integers d; > 0, define the planar bi-labeled graph
Dy= (K,z,y) € P(n+1,n+1) with V(K) ={0,1,...,d1 + -+ dy}, with (v,w) € E(K) iff
|v —w| = 1, and with labeling zg = yo =0, xp = yp = d1 + -+ d for all k € {1,...,n}, as
illustrated in Figure 8.

The matrix D¢ := TP4 is diagonal, D& > 0 for all i € I"t! and Dzdi > 0 iff for every k €

(23

{1,...,n}, there exists in II a path of length dj, from iy_1 to i.

For every integer A > 0, define the subset W (n, \) C I"*! consisting of all i € I"™! such that
for all k € {1,...,n}, the distance in II from ix_; to i is at most \. For all a,b € £, denote by
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Zo Tl €2 €3
Yo U1 Y2 Y3

Figure 8: The bi-labeled graph Dy = (K, z,y) € P(4,4) with d = (3,2,4)

Q(a,b,n,\) € £>°(I""1) the indicator function of the set {i € W(n,\) | ig € I,,i, € I}. Since
Q(a,b,n, ) is the range projection of

>, D1, e1°" Ve,
d:0<dp <\

it follows from Lemma 2.2 that Q(a,b,n,\) € Mor,_(n,n).

Fix a,b € € and fix n > 0. Write Ry = Q(a,b,n,0) and Rs = Q(a,b,n,s) — Q(a,b,n,s — 1) for
all s > 1. To prove the lemma, it now suffices to choose finite bases of orthogonal isometries
for the finite dimensional morphism spaces Rs Mor,_4(n, k)P and to define ibf,_;(n, P) as the
union of these bases. O

Let Irr,_p be a choice of representatives for all irreducible objects in C, (D, IT) and realize every
a € Irr,_p by a minimal projection P, € Mor,_p(ka, ko) With kq > 0. For every a € Irr,_ and
n > 0, we write ibf,_,(n, o) := ibf,_4(n, P,). We mean by this any choice of basis satisfying
the conclusion of Lemma 2.10. We often write sums over ibf,_;(n, ) and one checks easily
that such sums are independent of the choice of basis.

Lemma 2.11. For alln >0 and £ € F(I"Y), we have that

o> Yo vvre=¢ (2.5)

a,be€ aglrr,_y, VeEibf,_p(n,a)

and the sum on the left has only finitely many nonzero terms.

Proof. 1t follows immediately from the construction in Lemma 2.10 that

> Yy e

a,bef aclirg,_p VEibf,_p(n,a)

with strong convergence in B(£?(I"*1)). We thus only have to prove that the sum in (2.5) has,
for every fixed ¢ € F(I™*!), only finitely many nonzero terms.

Since £ is finitely supported, we can take a finite subset & C & such that (1a®1®(”_1) ®1,)E=0
unless a,b € &. So we only have nonzero terms in (2.5) for a,b € &. Fix a,b € &. Using
the notation introduced in the proof of Lemma (2.10), we can take A > 0 large enough such
that Q(a,b,n,\)¢ = (1, ® 19(n-1) 15)€. Since Q(a,b,n,A) is an orthogonal projection in
Mor,_p(n,n), the subset J C Irr,_p of a such that P, Mor,_p(ka,n) Q(a,b,n, A) is nonzero, is
finite. When a ¢ 7, we have that V*¢ = 0 for all V' € Mor,_3(n, ). Once we also fix o € J, it
follows from Lemma 2.10 that there are only finitely many V' € ibf,_;(n,a) with V*¢ #0. O

For all n > 0 and &, € F(I"Y), we write

Fu&m) =Y &) n() Fuli,j) - (2.6)

i,jelntl

Then Lemma 2.8.4 translates to the property F,,(T¢,n) = F,(§,T*n) for all T € Mor,_p(n, m),
¢ € F(I™Y) and n € F(I™FY).
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For all a,b € £ and « € Trr,_y, define H, C F(I**1) as H, = P, (F(I**1)). Define

B, = span{Fy,(&n) [ {,n € Ha} .
By Lemma 2.10, the linear map
O : B_>H7a®alg H, : ea(Fn(gan)) = Z (V7*€®V*77)
Veibf,_p(n,a)
is well-defined.

Viewing F,, as a linear map from F(I"1) ®u, F(I"!) to B, we define mo = Fj, o 6,. The
following properties are now a consequence of Lemma 2.11.

1. We have m, o mq = m,. Also, 0y 0mg = 0 and m, o m3 = 0 whenever o # 5. We have
B = mo(B).

2. The restrictions 6, : By, — H, ®alg Ho and Fy,, : E@alg H, — B, are each other’s inverse.

3. For every z € B, we have that

x = Z Z Ta ()

a,beE a€lrry,
and this sum has only finitely many nonzero terms.

Remark 2.12. We have thus in particular found a vector space isomorphism between B and
the direct sum of the vector spaces (Hy ®alg Ha)abes actm, - 1t would be possible as well to
take this vector space as the starting point to define B. The weight of the construction would
then shift to providing a well-defined product and x-operation on this vector space, very much
in the spirit of the Tannaka-Krein theorem in [Wor88|.

For every a € &, we represent the identity object e, of C4—o(D,II) by the minimal projection
14 € Mor,—4(0,0) = Cl,, so that He, = F(I,). It then follows that the orthogonal projections
(Fo(i,7))ijer, are all nonzero in B and form a vector space basis of the x-algebra B.,. So,
all projections Fy(i,j), i ~ j, are nonzero in B. They are orthogonal and linearly span the
diagonal subalgebra By. We then get the well-defined conditional expectation

mo: B — By :mo(z) = Zﬂ'ga(l’) .
acé
Definition 2.13. We uniquely define g : By — C : po(Fp(7,5)) = 1 whenever i ~ j, and then
define ¢ : B — C: ¢ = ¢g o mp.
Recall from Definition 2.4, the left and right dimension of the irreducible objects in C,_(D, II).
Proposition 2.14. For all x,y € B, we have

play )= Y dil@)" (falx).ba(y)) . (2.7)

a,bef aclrr,_y

ez = > Y. dp(@) (Oa(2),0a(y)) - (2.8)

a,beE aclrr,_y

In particular, @ is a positive faithful functional on B.

The bijective linear map p : B — B : p(z) = d,(a)de(a)rx for all v € B, and a € Trr,_y,
satisfies
plzy) = p(x)p(y) and @(zy) = e(yp(x)) for all z,y € B.
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Proof. We start by proving (2.7). Let a,b,c,d € €, a € Irr,_p and B € Irr._y. By linearity, it
suffices to prove (2.7) for z € B, and y € Bg. When a # ¢ or b # d, both the left and the right
hand side of (2.7) are zero. So, we assume that ¢ = a and d = b, so that 8 € Irr,_;. Again by
linearity, we may assume that x = Fy, (&, 1) and y = Fg,(¢',n') with §,n € Hqo and §',1' € Hg.

For every m > 0, denote by .J,,, the anti-unitary operator on £2(I"™*1) given by (J,,,¢)(i) = £(7)

for all € € 2(I"™*') and i € ™+, When & € F(I"!) and & € F(I™*), we define € @; ¢ €

F(ImHm 1) by (€ @7 €)(3) = E(ig -+ im) & (im + -+ G ). Write n = ko + kg. By definition,
(Zl‘y* = Fka (57 77) Fk@ (5/7 77/)* = Fka (67 77) FkB(Jk@ (5/)7 Jkg (77/))

/ / (2.9)
= Fo(§ ®1 Jiy (€)sn @1 Ty () -

We now use the notations and results from Lemma 2.2. Note that Ji, PgJy, = }73 By Lemma

2.2, the minimal projection ]3; in Mory_,(kg, kg) is a representative for the conjugate of 5. So,
if a # B, we have .

(Py ®1 Pg) Morg—q(n,0) = {0} .
It follows from (2.9) that mo(zy*) = 0, so that ¢(xy*) = 0. If a # 3, the right hand side of
(2.7) is obviously 0.

We finally consider the case where 8 = a. Then, (P, ®; ]3;) Mor,—4(n,0) is one-dimensional.
Lemma 2.2 provides the isometry dg(O[)_l/ 25 in this intertwiner space. Therefore,

mo(zy*) = de(a) FFy (s (€ @1 Tk, (€)), 8" (n @1 Tk (7))
so that
play®) = de(a)™ D (s(), (€ @1 Tk (EN) (@1 Jro (7)), 5(5))
1,j€1,
=d()™ D EDE OG0 () = de(a) T E@n, T @) .
i,jelkatl
This last expression is equal to the right hand side of (2.7). The formula (2.8) is proven
analogously.

Since the subspaces B, with « € Irr,_; and a,b € £ are linearly independent and span B, the
linear map p is well-defined and bijective. Combining (2.7) and (2.8), we find that p(zy) =
o(yp(x)) for all z,y € B. Then, for all z,y,z € B,

p(zp(2)p(y)) = w(yzp(x)) = p(ryz) = e(2p(y)) .
Since ¢ is faithful, it follows that p(x)p(y) = p(zy). O
Lemma 2.15. Let p: I — (0,+00) be the map defined in Lemma 2.6. Then,

P(Fn(is ) = i 13, Fui ) = i, 15, Fui 5) -

In particular, if p;, ,ui_ol F [, uj_ol, then F,(i,7) =0 in B.

Proof. Since F,(i,j) = Fi(ioi1, joj1) F1(iri2, jij2) - - F1(in—1%n, jn—1jn) and since p is multi-
plicative, it suffices to consider the case n = 1.

If ig % jo or i1 % j1, we have that Fi(i,j) = 0 by Lemma 2.8 and there is nothing to prove.
So, we may assume that g, jo € I, and i1,j1 € I for some a,b € £. Take the unique minimal
projections lyy, 1y € Mor,_p(1,1) such that (ig,i1) € W and (jo,j1) € W'. f W £ W’ we find
that Fl(i,j) = F1<1w(i),j) = Fl(i, 1w<j)) =0inB. If W= W/, we find that Fl(i,j) < Blw,
so that p(F1(7,7)) = p(lw) Fi(7,5). By Lemma 2.6, we get that p(1lw) = p;, ui_ol and also that
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Recall that Ds(n, m) denotes the set of bi-labeled graphs (K, x,y) € D(n,m) such that every
connected component of K intersects x Uy. We denote

EQ(n7m) = {(K7$7y) € D2(n+ 17m+ 1) | o = Yo and Tp = ym} :

Lemma 2.16. For ecvery K € Lo(n,m), i € I"TY, j € I™Y the equality

Y ThFuk,j)= D Ti5Fulisk)

kelm+1 kelntl

holds in B and both sides have only finitely many nonzero terms in B.

Proof. By Lemma 2.8.3, both sides of the sum have only finitely many nonzero terms in B5.

Fix K € La(n,m), i € I"" and j € I"™*!. As in the proof of Lemma 2.10, we can take
connected K1 € £(n,n) and Ky € L(m,m) such that TX and T*? are diagonal matrices with
Ti}fl > 0 and T]’% > 0. Then, K1 0K oKy € L(n,m). Therefore, the following equalities of
matrices hold over B.

T’Cl FnT’CT’CQ — FnTK:IT]CT]CQ — FnT]CloKO/CQ — TKloKO/CQFm

=TT, = T TR, T
Taking the ij-component and dividing by Tl’fl T;%, the lemma follows. O
Remark 2.17. For all edges e, f € E(II), we can define the element E, ; € B by E.; =
F(igi1, joj1) with e = (io,41) and f = (jo,j1). The elements E ; generate B and E} ; = E 7.
Also the defining relations for B can be written in terms of the generators E, ; and matrices
indexed by paths in II. Although we do not need this in this paper, we provide the following
outline how to do this.

We denote by P, C I"™! the set of all paths of length n in II. By convention, Py = I. We denote
by UP the free vector space with basis vectors E,(i,7), n > 0, i,j € P,. The same formulas
defining the x-algebra structure on UB also define a x-algebra structure on UP. We define P
as the quotient of P by the relations E,T* = TXE,, for all n,m > 0 and K = (K,z,y) in
D(n+1,m+ 1) such that g = yo, T, = Ym and (xo,...,Zn), (Yo,--.,Ym) are paths in K. One
checks that the well-defined *-homomorphism E, (i, j) — F,(i,j) actually is a x-isomorphism
of P onto B.

When i,j € P,, we write e = (ix—1, ) and fr = (jrk—1,Jx) and note that

En(Z,]) = Eel,fl e Eenvfn .

In this way, we have concretely identified B with a *-algebra generated by the elements E ;
and a set of relations.

2.4 Locally compact quantum automorphism groups of connected locally
finite graphs

We still fix a connected locally finite graph II with vertex set I and a graph category D
containing all planar bi-labeled graphs. In this section, we associate to D and II an algebraic
quantum group, i.e. a multiplier Hopf x-algebra (A, A) with positive faithful integrals. In the
next section, we then prove that (A, A) satisfies the universal property of Theorem A when
D = P is the category of planar bi-labeled graphs.
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Denote by U.A the free vector space with basis L,>1(I™ x I™). We denote the basis vectors of
UA as Uy(i,j) for all n > 1 and 4,5 € I". We view U, as an I" x I"™ matrix with entries in
UA. We turn UA into a *-algebra by defining

Un(zv])* = Un(ia j) and Un(%]) Um(i,yj/) = Uner(iilajj,) .

Recall that D;(n, m) denotes the set of bi-labeled graphs (K, z,y) in D(n, m) with the property
that every connected component of K intersects z and intersects y.

Lemma 2.18. Define T = span{(UnT’C — T’CUm)ij ! n,m > 1,K € Dy(n,m),i € I",j € Im}.
Then T is a x-ideal in UA.

Proof. The same argument as for Lemma 2.8.1 works. 0

Definition 2.19. We define the x-algebra A as the quotient U A/Z, where Z is the x-ideal
defined in Lemma 2.18.

We also view U, as an I™ x I"™ matrix with entries in .A. We still denote by d the distance in
the graph II.

Lemma 2.20. 1. If n > 2, i,j5 € I" and if there exists a k € {1,...,n — 1} such that
d(ikvik-i-l) 7& d(jkvjk-i—l); then Un(za]) =0in A.
In particular, ifn>1,i€ I", k€ {1,...,n} and s € I are fized, then the set

{jeI"|jr=s and U,(i,j) # 0 in A}
is finite. An analogous statement holds if we fix j € I™ and one of the iy.

2. Let n,m > 1 and K = (K, z,y) € D(n,m). Assume that every connected component of K
intersects x Uy (i.e. K € Da(n,m)) and assume that at least one connected component of K
intersects x and intersects y. Then for alli € I™ and j € I'™ the equality

> Unli, T = ) TiUn (k. J) (2.10)

ke['n ke]'m

holds in A and both sides of the sum only have finitely many terms that are nonzero in A.

3. Ifn>1and if K = (K,z,0) € D(n,0) is such that every connected component of K
intersects x, then
S Un(i, )T =TF1  strictly. (2.11)
jem

4. The x-algebra A is nondegenerate: if x € A and xy =0 for all y € A, then z = 0.

5. The elements u;; = Uy(i,7) fori,j € I satisfy the relations in Theorem A.1.

Proof. 1. The proof is identical to the proof of Lemma 2.8.3.
2. The proof is identical to the proof of Lemma 2.16.

3. This follows from 2 because the bi-labeled graphs £ ® 1 and 1 ® K satisfy the assumption
of 2. Since we have not yet shown that A is nondegenerate, we have to interpret (2.11) in the
following way: if we fix a € A and if we multiply the terms in (2.11) either on the left or on
the right by a, there remain only finitely many nonzero terms and their sum equals Ti’C a.
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4. Assume that z € A is such that 2y = 0 for all y € A. Applying 3 to K = M0 and fixing
1 € I, we find that Zjelx Ui(i,j) = x. But the left hand side is zero. So, x = 0. Now that we
have proven that A is nondegenerate, we can view A as a x-subalgebra of M (A) and we can
interpret (2.11) as strict convergence in M (A).

5. This follows by applying 3 to M? and M%!, and by applying the defining relations of A
to the connected planar bi-labeled graphs M?!, M2 and K = (K, z,y) € P.(1,1) given by
V(K)=1{1,2}, E(K)=1{(1,2),(2,1)}, 1 = 1 and y; = 2. O

Proposition 2.21. 1. There is a unique x-homomorphism A : A — M(A® A) satisfying

A(Un(i,9)) = Z (Un(i, k) @ Up(k,j)) strictly, for alln >1, 4,5 € I"™. (2.12)
keln

2. There is a unique *-anti-automorphism S : A — A and a unique *-homomorphisme : A — C
satisfying

S(Un(i,7)) =Un(3,1) and e(Uy(3,j)) =0;; foralln>1,1,5¢€l".

3. The pair (A, A) is a multiplier Hopf x-algebra in the sense of [VD92, Definition 2.4]. Its
antipode is S and its co-unit is €.

Proof. 1. Tt follows from Lemma 2.20.1 that multiplying the terms of the sum in (2.12) on the
left or on the right by a ® 1 or 1 ® a for some element a € A, only finitely many nonzero terms
remain. So, we find a well-defined linear map

U UA = MARA): U(Un(i,5) = Y (Unl(i, k) @ Un(k,j)) strictly.
keln

We have to prove that ¥(Z) = {0}, where Z is the *-ideal defined in Lemma 2.18. Fix n,m > 1,
K € Di(n,m) and i € I", j € I"™. We have to prove that W((U,T%);;) = V((T*U,)ij).

We say that a matrix (Xj;); jes over an index set J and with entries in an algebra is of finite
type if for all ¢ € J, there are at most finitely many j € J with X;; # 0, and for all j € J,
there are at most finitely many ¢ € J with X;; # 0. The product of matrices of finite type is
well-defined and associative.

Fix a,b € A. By Lemma 2.20.1, the formulas X;; = aUpy(i,k) ® 1 and Yj; = 1 ® bUy ; define
matrices of finite type with entries in M (A ® A). Note that XT* = TXX and YTF = TXY.
Using the definition of ¥, we get that (XY);; = (a ® b)¥(U,(4,4)) for all i,j € I™. It follows
that

(a@0)U((UnT")ij) = (XYTN)i; = (XT Y )35 = (T*XY)y; = (a @ b) U (T Un)yj) -
Since this holds for all a,b € A, we conclude that ¥((U,T%);;) = W((T*U,,)i;). It follows that
U(Z) = {0}.

By passing to the quotient, we define A : 4 — M(A® A). It is easy to check that A is a
*x-homomorphism.

2. The same argument showing that Z* = 7 shows that S is a well-defined *-anti-automorphism.
It is easy to check that e is well-defined.

3. The coassociativity of A follows immediately from the definition of A. We have already seen
in 1 that A(A4)(1®.A) and (A®1)A(A) are subspaces of A® A. By Lemma 2.20.3, we get for
all 4,7 € I" that

S Ui, UG ) = i1 = 3 Un(F)Un(k, ) strictly.
kelm™ kelm
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So, for all a € A, i,j € I", we get that

Z aUn(Z7k)S(Un(kvj)) = 04,4 = Z S(Un(zvk))Un(kvj)a .

ke[” ke[n

It follows that (A, A) is a multiplier Hopf x-algebra with antipode S and counit e. O

To prove that the multiplier Hopf *-algebra (A, A) admits positive left and right invariant
functionals, we will construct a *-isomorphism between A and a corner of the x-algebra B
constructed in the previous section. Using the positive faithful functional ¢ on B, we will find
the left Haar integral and the right Haar integral on (A, A).

From now on, we write u;; = Uy(7,j) for all 4,j € I. Note that the elements (u;;); jer generate

A.

Fix a base vertex e € I. Recall the equivalence relation ~ on I defined in (2.2) with equivalence
classes (I,)qece. Take the unique a € £ such that e € I,. With the same proof as for Lemma
2.8.2, we have that u;; = 0 if ¢ % j. So, by Lemma 2.20.5, we get that

Z uje = 1 strictly.
i€ly

Define the #-subalgebra B. C B as the linear span of Fy(i,e)BFy(j,e), i,j € I,. Since
(Fo(7,5))(,jyerx1 is an orthogonal family of idempotents in B, we should consider B, as a
corner of B.

Lemma 2.22. The map
Oc i A= Be: Oc(Un(i,§)) = Y Fuya(sit, eje) (2.13)
s,tel,
is a x-isomorphism with inverse O (F,(i, 7)) = Upn+1(i, ) whenever ig, iy, € I, and jo = jn =

€.

Note that by Lemma 2.8.3, the sum in (2.13) has only finitely many nonzero terms.

Proof. Since for every K € Di(n,m), we have that 1 ® T @ 1 € L£1(n,m), while £1(n,m) C
Di(n+ 1,m+ 1), it is immediate that the formulas for ©, and its inverse respect the defining
relations for A and B. Because

> Unsasiteje) = (3 use) Unisd) (32 we) = Un(ind)

s,tel, s€l, tel,
we indeed get that ©, and ©_! are each other’s inverse. O]

Definition 2.23. Using the notation of Definition 2.13, we define the functional ¢, : A — C:
pe = o BO,. By Proposition 2.14 and Lemma 2.15, @, is a positive, faithful, tracial functional
on A.

Using the notation of Lemma 2.10, we also get the following explicit formula for ¢, on a set of
elements linearly spanning .A. When i € I", we denote by (i) € £2(I") the corresponding basis
vector, i.e. the function that is equal to 1 on ¢ and equal to 0 elsewhere.

e (useUn (i, j)ute) = 05,1 > (V(s), (sis)) {(eje), V(e)) (2.14)
Veibfa_q(n+1lea)

forall s,t € I, 4,5 € I", n>1.
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Theorem 2.24. The functional . is left invariant: for alla € A, we have that (id®p.)A(a) =
ve(a)l. Also, Ve := e 0 S is a positive, faithful, right invariant functional on (A, A). Thus,
(A, A) is an algebraic quantum group in the sense of [VD96] and [KVDI6, Definition 1.2].

Proof. 1t suffices to prove that for all a € A and all b € A of the form b = ug U, (i, j)ute, we
have that

(id ® (Pe)((a ® 1)A(b)) = agpe(b) :

By definition, the left hand side is given by the following sum, with only finitely many nonzero
terms.

Z a Usrq Un(ia k) Utry Pe (Une Un(ka .]) uTQE) .

ri,re€l,kel™

Using (2.14), this expression equals

> aug Un(is k) uy > (V(r), (rkr)) ((eje), V(e))

rel.keln Veibfg_q(nt+1l,eq)

= Z a Up2(sit, Tk?”) <V(T)7 (’I“]CT)> <(€j€), V(€)> : (215)
rel,kel™ Veibfa_q(n+1,eq)

Similarly to (2.6), we introduce the notation
Un(&m) = > @) n(5) Unli, 5)
ijern

for all finitely supported functions &,n € F(I") C £2(I"™). By definition of A, we have that
Un(T*€,n) = Up (&, (TY)*n) for all K € Di(n,m), & € F(I™) and n € F(I™).

So we find that the expression in (2.15) equals

3 aUpsa((sit), V(1)) ((eje), V()

r€l,VEibfa_a(n+1l,ea)

= > aUy (V*(sit), (r) ((eje), V(e)) . (2.16)

rel,VEeibf,_q(n+1,eq)

Every V appearing in (2.16) is £°°(I)-bimodular, so that V*(sit) = d, (V*(sit), (s)) (s). There-
fore, the expression in (2.16) equals

st Z aUy(s,7){(s), V*(sis)) ((eje), V(e)) .

rel,Veibfa_q(n+1,eq)

Since ), .; Ui(r, s) = 1 strictly, we finally find equality with

Os,t > a((s), V*(sis)) {(eje), V(e)) = ape(b) -

Veibfg_q(n+1,eq)

So, @ is left invariant. Since S is a x-anti-automorphism satisfying Ao S =00 (S® S) 0o A,
where ¢ is the flip automorphism, we get that v, is positive, faithful and right invariant. [

By [VD96, Theorem 3.7], the left invariant functional on (A, A) is unique up to a scalar multiple.
So, changing the base vertex e € I to f € I, we must have that ¢ is a multiple of .. This
multiple can be explicitly computed using the map p: I — (0, +00) of Lemma 2.6.

Proposition 2.25. We have that . = py gt @y foralle, f el.
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Proof. Take the unique a,b € £ such that e € I, and f € I;. Fixn > 1 and 4,5 € I™ and
s € I,. We make the following direct computation, making use of Lemma 2.16, Proposition
2.14 and Lemma 2.15.

Pe(useUn(i, ) = p(Fny1(sis, eje)) = Z (Fnia(sirs,ejfe))

rely
=" (B (sir, i )i (s, fe) = S @(p™ (Fi(rs, fe)) s (sir, j )
rely rely
= LS (R (rs, fe) Py (siry e ) = 22 57 @ (Fuya(rsin, fejf)
€ 7‘6[17 € TGIb
0 N .
= L (Unsa(si,ef) = “Lop(useln(i, 1)) -
He He
This concludes the proof of the proposition. O

We can now interpret the equivalence relation = on I as really giving the quantum orbits under
the quantum automorphism group, in the sense of [LMR17, Definition 3.1].

Corollary 2.26. For alli,j,e € I, we have that

71 . . .
Hj He ZfZ%j,

W) =
euig) {0 if i g

In particular, u;; # 0 if and only if i = j.

Proof. Applying Proposition 2.25 to f = j, we find that ¢e(ui;) = pjpg ' p;(uij). When
i % j, we have that u;; = 0. When ¢ = j, we have by definition that ¢;(u;;) = 1 and thus
eluis) = pj g O

Note that, in the classical case where (A, A) corresponds to the ordinary automorphism group
of I, Corollary 2.26 is saying that the numbers 1, are equal to A(Stab j), where A is a left Haar
measure on Aut II.

By [VD96, Proposition 3.10], we know that there exists an element § € M(.A) such that
Ye(a) = pe(ad) for all a € A. As in Proposition 2.25, we can give a concrete formula for this
modular element of the algebraic quantum group (A, A).

We first need the following lemma.

Lemma 2.27. Ifi,j,s,7 € I and psp; = # u,«uj_l, then uijue =0 in A.

Proof. Fix a base vertex e € I and take a € £ with e € I,. By definition,

Oc(uijus) = Y Fi(ti,ef) Fy(is, jr) Fy(sl, re) .
tlel,

If us,u;l # urujfl, it follows from Lemma 2.15 that F' (is, jr) = 0. So, Oc(ujjus,) = 0, implying
that u;jus. = 0. O

Proposition 2.28. There exists a unique element 6 € M (A) such that for alli,j € I, we have
that du;; = ;0 = ,ui,u;luij. The element ¢ belongs to the center of M(A). For alli,j € I, we
have that ‘

%ukj == Z &Uik strictly. (2.17)
ker M rer HF

For every e € I and every a € A, we have that ¥.(a) = pe(ad). So, § is the modular element
of (A, A).
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Proof. Fix e € I. Since for every a € A, there are only finitely many s € I such that augs, # 0
or usea # 0, we have a well-defined element 6 € M(A) such that - __; ity tuge = 9 strictly.

Let i,j € I be arbitrary. By definition,
(5uij = Z %useuij .

sel ¢

By Lemma 2.27, if usu;; # 0, we have pipgt = ujue_l and thus peu, ' = ui,uj_l. It follows
that i i
(5uij = Z —Z_useuij = —lu” .
sel J ,LL]
We similarly find that u;; 6 = ui,uj_lu,;j.

Since du;; = ;0 for all 4,5 € I, we have that a = ad for all a € A. It then follows that §
belongs to the center of M(A).

Summing the equalities d uy; = uk,uj_lukj and d u;, = ,uiu,;luik over k € I, we find (2.17).

To prove that ¥e(a) = @e(ad) for all e € I, a € A, we first note that in the same way as
we defined the antipode S : A — A, there exists a unique *-anti-automorphism x : B — B
satisfying x(F,(i,7)) = Fu(3,7) for all 4,5 € I"*! n > 0. Defining the anti-unitary operators

Jn on (1Y) by (J,€)(i) = £(7), we have
H(Fn(&ﬁ)) = Fn(Jnna Jnf) for all &ne f(]n+1).

Note that the map V — J,V.Jy transforms any isometric basis of finite type ibf,_4(n,¢e,) into
another isometric basis of finite type for Mor,_,(n,0). We thus get by definition that pox = .

Fix e € I and take a € £ with e € I,. Since 1, = . 0 S and p, = ¢ o O,, we can make the
following computation, using that ¢ = ¢ o kK and using Proposition 2.25. Let n > 1, 4,5 € I"
and r € I, be arbitrary.

Ye(Un (i, j)ter) = @e(ureUn(7,7)) = @(Fn+1(rr, eie)) = o(k(Fnt1(r]r, €ie)))
= p(Furi(eie,rjr)) = or(Un(i, j)uer) = pepty ' oe(Un i, j)uer)
= ‘Pe(Un(ivj)Neﬂr_luer) = Pe(Un (i, j)uerd) -

Since ¢,7 € I"™ and r € I, are arbitrary, we conclude that 1.(a) = @e(ad) for all a € A. O

Quite naturally, we have a coaction of (A, A) on F(I), the x-algebra of finitely supported
functions on I. Note that the multiplier algebra M (F(I)) is the x-algebra of all functions from
I to C.

Proposition 2.29. There is a unique nondegenerate x-homomorphism
a:F(I) > MARFU)): alp:) = Z(UU ®p;) strictly, for alli € 1.
Jel

We have that « is a coaction, meaning that (A®id)oa = (id®a)oa. A function F € M(F(I))
satisfies a(F) =1 ® F if and only if F is constant on each of the sets I, C I, a € £.

Proof. Tt is immediate to define the coaction «. For every F' € M(F(I)) and 4,5 € I, we have
that o(F)(ui; ® pj) = F(i)(uij ® pj). Therefore, a(F) = 1 ® F if and only if for all 4, j with
uij # 0, we have that F'(i) = F(j). By Corollary 2.26, this holds if and only if F(i) = F(j) for
all ¢ ~ j. O
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Corollary 2.26 and Proposition 2.29 both say in a way that the equivalence classes (I;)qce can
be viewed as the quantum orbits of the quantum automorphism group (A, A) of IT (w.r.t. the
graph category D). The following result is thus quite natural and straightforward. We include
it for later reference since in Examples 4.8 and 4.9, we will provide graphs II such that AutII
is compact, but QAutII is noncompact. We use here as definition of compactness that the
reduced C*-algebra is unital.

Proposition 2.30. The following statements are equivalent.

1. The locally compact quantum group associated with (A, A) is compact.
2. For every a € &, the quantum orbit I, is finite.
8. There exists an a € € such that the quantum orbit I, is finite.

4. The x-algebra A is unital.

Proof. Fix a vertex e € I and let H = L?(A, .) be the GNS Hilbert space of the left invariant
functional ¢, with faithful nondegenerate GNS-representation 7 : A — B(H). Denote by A
the norm closure of 7(A).

1 = 2. By assumption, A is unital. Fix j € I. Since (7(usj))icr is a family of orthogonal
projections in A summing up strictly to 1, there are only finitely many nonzero projections in
this family. Since 7 is faithful, this precisely says that the quantum orbit of j is finite.

2 = 3 is trivial and 3 = 4 follows because for j € In, };c; wij is the identity of A.
4 = 1. When A is unital, certainly A is unital. O

The following result provides a sufficient condition for the unimodularity of (A, A). In Example
4.9, we will see that the transitivity assumption is essential. In Example 4.10, we will see that
the converse of Proposition 2.31 does not hold: there are quantum vertex transitive graphs II
such that QAut II is unimodular, but AutII is not unimodular.

Proposition 2.31. If the classical automorphism group Aut Il is unimodular and acts transi-
tively on I, then also (A, A) is unimodular.

Proof. Since 11 is vertex transitive, the set £ is a singleton. Take W € I x I such that 1y is
a minimal projection in Mor(1,1). Since all elements of Mor(n,n) commute with the diagonal
AutII action, it follows from the mass transport principle for unimodular graphs (see e.g.
[LP16, Corollary 8.8]) that for all 4,j € I,

kel kel

This means that dim,(1ly) = dim, (1w ), so that p(ly) = 1. By Lemma 2.6, the function pu
must be constant. So, § = 1 and (A, A) is unimodular. O

2.5 Proof of Theorem A
Proof of Theorem A. We apply Theorem 2.24 to D = P. We have thus found an algebraic

quantum group (A, A) generated by elements (u;j); jer satisfying all the properties listed in
Theorem A.
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It only remains to prove the universal property. So assume that A; is a x-algebra generated by
elements (v;;); jer satisfying the relations in Theorem A. We have to prove the existence of a
s-homomorphism ¢ : A — A; satisfying ®(u;;) = v;; for all 4,5 € I.

Write V,(4,7) = vijy -+ Vinj, for alln > 1 and 4,5 € I". We view V, as an I"™ x I" matrix
with entries in Aj;. Tt suffices to prove that V,, T* = TXV,, for all K € Pi(n,m) and n,m > 1.
Denote

Po(n,m) = {K € Pi(n,m) | V,T* = T*V,,} .

Note that Pq is closed under tensor products and compositions of bi-labeled graphs. By the
properties of the generators v;;, we have that M2 and M?! belong to Py. Obviously, the
identity M5! belongs to Pp.

Multiplying the equality 3y, Vik = D _p.; Ukj o1 the left by vis and on the right by vy, we
find that

rel(s, j)visvy; = rel(i, t)visvy;  where rel(k,l) = 1if k ~ 1 and rel(k,l) =0if k£ 1. (2.18)

Define the interval graph I for £ > 2 with vertex set {1,...,k} and i ~ j iff |i — j| = 1.
Then (2.18) is saying that Jo := (I2,(1,2),(1,2)) belongs to Py(2,2). Define for n > 2,
TIn = (In,(1,...,n),(1,...,n)). Then,

Tur1 = (12D @ M2 @1) 0 (7, @ Fo) 0 (19D @ M>! 1)

for all n > 2. By induction, we conclude that 7, € Py(n,n) for all n > 2.

Whenever 1 <nym <k, 1 <z <2< - <zxp<kandl <y <y <+ <ym<Ek,
we obtain the planar bi-labeled graph (I, x,y). We denote by Z the set of all these bi-labeled
graphs (I, z,y), with k and x,y arbitrary as described. When (Iy,z,y) € Z is arbitrary, we
first write (VyT%);; = (T7%V}); for all i, j € I*, which holds because Ji, € Po(k, k). If we now
sum over all the indices is € = and j; ¢ y and use that ) . ;v;; = 1 strictly and
strictly, we conclude that (I, x,y) € Py. So, Z C Py.

As in [MR19, Theorem 6.7], one proves that P; is the smallest set of bi-labeled graphs that
contains Z U { M52, ML M1} and that is closed under composition and tensor products.
Thus, Py = P1. O

jerVij =1

Following Definition B, we denote by G = QAut Il the locally compact quantum group arising
from Theorem A. Using (1.1), we view the classical automorphism group Autll as a closed
quantum subgroup of QAutII. We say that II has quantum symmetry if QAutII # AutII.

Remark 2.32. The *-homomorphism 7 : A — O(G) in (1.1) is surjective and is a morphism
of multiplier Hopf x-algebras. In general, a surjective morphism of multiplier Hopf *-algebras
m: A — Ay always identifies the corresponding locally compact quantum group Gy as a closed
quantum subgroup of G in the strictest sense of the word (see [Vae04, Definition 2.5]). For this,
it suffices to note that we may view A, resp. A;, as a dense subspace of the predual L(G),, resp.
L(G1)«, and that the faithful normal x-homomorphism L(G1) — L(G) is therefore well-defined
because 7(A) = A;.

The x-algebra A in Theorem A has a universal C*-algebra completion Cy ¢(G) and a reduced
C*-algebra completion Cy,(G), where the latter is given by the GNS representation w.r.t.
the Haar functionals. We have a canonical surjective *-homomorphism Cy ¢(G) — Co.(G).
Of course, if II has no quantum symmetry, we have that G = AutIl and both the full and
reduced C*-algebra equal Cp(AutIl). Recall that G is said to be co-amenable if the above
s-homomorphism Cy ¢(G) — Co(G) is faithful. Recall that the dual G is said to be amenable
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if L>(G) = L(G) admits an invariant mean. Co-amenability of G implies amenability of G.
It is an open problem whether the converse implication holds in general, but it does hold for
compact quantum groups by [Tom03, Theorem 3.8].

By [Cral6, Theorem 3.2], amenability passes to closed quantum subgroups. So, the following
result is an immediate consequence of [Sch19b, Theorem 2.2]. In particular for d > 3, the
d-regular tree II has a lot of quantum symmetry, in the sense that QAutII is not even co-
amenable. Of course, QAut Il is also not amenable, because already Aut Il is nonamenable.

Proposition 2.33. Let II be a connected locally finite graph with vertex set I. Assume that
I = I, U I, is a partition into two nonempty subsets. For all k € {1,2}, write G, = {0 €
AuwtIl | o(i) =1 for alli € Ii}.

1. If both G1 and Gy are nontrivial groups, then 11 has quantum symmetry.

2. If G1 and Gy are both nontrivial groups and if at least one of them has at least three elements,
then QAut Il is not co-amenable and the dual of QAutIl is not amenable.

Remark 2.34. In [Vo0i22, Definition 7.1, a quantum automorphism of a graph II with vertex
set I is defined as a magic unitary U € U(¢*>(I) ® H) that commutes with the adjacency matrix
of II. By definition, there is a bijective correspondence between such quantum automorphisms
and nondegenerate x-representations 7 of the x-algebra A in Theorem A. The tensor product
between two such quantum automorphisms 7 and 72 is then given by (7 ® m2) o A.

The discrete quantum automorphism group G, defined in [Voi22, Definition 7.2] is then asso-
ciated with the finite-dimensional nondegenerate x-representations of A. So by definition, its
compact dual G is equal to the Bohr compactification of QAut II. Note that the 1-dimensional
x-representations of A precisely correspond to the elements of AutIl, while finite-dimensional
«-representations of A are related to matrix models of QAutIl, as discussed in [Voi22]. Al-
though we have no concrete example in mind, it is in principle possible that A has very few
finite-dimensional *-representations. For instance, the intersection of all their kernels could be
nonzero. In principle, this can already happen with finite graphs. In such cases, the homomor-
phism from QAut II to its Bohr compactification is not injective.

2.6 Recovering the classical automorphism group of 11

Let now D = G be the graph category of all bi-labeled graphs and consider the associated
multiplier Hopf x-algebra (A, A). Define K = (K, z,y) € G1(2,2) by V(K) = {1,2}, E(K) =0,
r1 =1 =ys and 9 = 2 = y;. Then the relation U,TF = TrU, says that w;jur = ugu;,
so that A is abelian. We thus find that A is the x-algebra O(G) of locally constant functions
on a totally disconnected, second countable, locally compact group G that acts properly and
continuously on the graph II. Since the %-algebra O(AutIl) satisfies the defining relations of
A, we have proven the following.

Proposition 2.35. If D = G is the graph category of all bi-labeled graphs, the associated
algebraic quantum group (A, A) is isomorphic with the algebra of locally constant functions on
the automorphism group Aut Il with its natural comultiplication.

2.7 Remarks

Remark 2.36. When II is a locally finite graph with finitely many connected components, the
automorphism group Aut Il with the topology of pointwise convergence is locally compact. It
is thus tempting to also define QAutII as a locally compact quantum group. This is however
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typically impossible. To see this, assume that II is the disjoint union of two connected locally
finite graphs IIy and II;. Denote by A; the multiplier Hopf *-algebra defining QAut II; for
i = 0,1. Then the hypothetical QAut Il would admit the co-free product of QAutIly and
QAutII; (i.e. the free product of the x-algebras .4y and .A;, which amounts to the free product
of the duals of QAutIl;, i = 0,1) as a closed quantum subgroup. If one of the QAutlIl; is
noncompact and the other is nontrivial, such a co-free product is not well-defined as a locally
compact quantum group, for the same reason that the free product of two nontrivial locally
compact groups, with at least one of them nondiscrete, is not well-defined as a locally compact
group. Therefore, also QAutII is not well-defined as a locally compact quantum group.

Once IT is no longer connected, QAut IT can only be well-defined if all connected components of
IT have a compact quantum automorphism group. In particular, the quantum automorphism
group of any finite graph is well-defined, as was done in [Bic99, Ban03].

Remark 2.37. Let II be a connected locally finite graph with vertex set I. Denote by (A, A)
the multiplier Hopf *-algebra defining QAut II. Fix a base vertex e € I. It would be natural to
try to define the stabilizer of e as a compact open quantum subgroup of QAutII, in the sense
of [KKS15]. The projection p = ue in A is group-like, meaning that A(p)(1®p) =pRp =
A(p)(p®1), but p is typically not central, as required by [KKS15, Definition 4.1]. Nevertheless,
the linear span of the projections (u;);er forms a co-ideal D in (A, A). This means that
A(D) C M(A®D). This co-ideal plays the role of the homogeneous space QAut II/ Stab e and
equals D={z c A|A(z)(1®p) =2z®@p = (1®p)A(z)}.

The algebraic quantum groups defined in [SVV22] as Schlichting completions of discrete quan-
tum groups have, by construction, a natural compact open quantum subgroup. Therefore in
[SVV22], the Haar functionals can be constructed by combining the Haar state on this compact
quantum subgroup with the “counting measure” on the homogeneous space. Since in our set-
ting, the stabilizer of a vertex is not a compact quantum subgroup, we have to make a detour
via Sections 2.2 and 2.3 to define the Haar functionals on QAut II.

3 Fiber functors and quantizations of discrete groups

We now assume that I' C AutIl is a subgroup that is acting simply transitively on the set [
of vertices of II. This is equivalent with saying that II is the Cayley graph of I' w.r.t. a finite
generating set S C I satisfying S = S~!. Recall that this Cayley graph has vertex set I', edges
E={(g,h) €T xT | g th € S}, and admits the action of T' by left translation.

In particular, IT is vertex transitive so that £ is a singleton and C(D,II) is a unitary tensor
category. In this section, we prove that C(D,II) has a natural fiber functor and we identify the
dual of the associated compact quantum group as a quantization of I.

We use the “path approach” to C(D,II) as explained in Remark 2.7. We denote by P, € C(D,1I)
the (orthogonal projection onto the) ¢2-space of the set of paths of length n in II.

Recall that we denoted by L(n,m) the set of connected bi-labeled graphs K = (K, x,y) €
D.(n,m) satisfying xo = yo and x,, = yn,. To every K € L(n,m) we associated the matrix
TX and we defined Mor(n,m) as the linear span of all T K € L(n,m). We denote by
Ly(n,m) C L(n,m) the subset of bi-labeled graphs in which both z and y are paths in K.
As explained in Remark 2.7, the linear span of all TX, K € Ly(n,m), equals the space of
morphisms from P, to P,.

Denoting by S = S~! the given finite generating set of I, we define for every K € £,(n, m) the
S™ x S™ matrix R* by

RE = TZ’jC with ¢ = (e, s1,5182,...,51---sp) and j = (e, t1, t1ta, ..., t1 - tm). (3.1)
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Note that th =0if 818, # t1 - ty. Also note that R;Ct counts the number of labelings of
the edges (v, w) € E(K) by elements (v, w) € S subject to the following constraints:

o Y(xi—y,x;) =s; forallie{l,...,n} and ¥(yi—1,y;) =t; for all i € {1,... ,m},

e for every path (vp,...,v) in K with vg = vg, we have that 1 (vg,v1) - - - ¥ (vg—1,vx) = € ; in
particular, ¥ (w,v) = (v, w)~! for all (v,w) € E(K).

Proposition 3.1. The maps P, — (>(S™) and T — RN define a unitary fiber functor on
C(D,1I).
The resulting compact quantum group G is of Kac type, has a fundamental self-conjugate unitary

representation V = (vs)ses and the space of morphisms from the m-fold to the n-fold tensor
power of V is given by the linear span of the matrices R*, K € Ly(n,m).

The map v — ¢ s extends to a surjective Hopf *-algebra homomorphism from the polynomial

algebra O(G) to the group algebra C[T']. It turns G into a quantization of I' in the sense of
Definition D.

Proof. The first two statements hold by construction. To prove the last statement, define for
every n > 1,
Ry =A{(s1,...,80) €S" |s1---s,=e inT}.

Define £ = (K,z,y) € L,(n,0) by K = Z/nZ, i ~ j iff i — j € {£1}, z; = i + nZ for all

1=0,...,n and yg = nZ, as illustrated in Figure 9.
€3
X9 X4
1 Zs5
Zo, Yo, Te

Figure 9: The bi-labeled graph KC € £,(n,0) with n =6

By definition, R* = 1if s € R,, and R = 0if s ¢ R,,. Since I' is generated by S with relations
LJ,2; Ry, the conclusion follows from Lemma 3.5 below. O

In the special case where D = P, the graph category of planar bi-labeled graphs, we find the
following description for the compact quantum group G of Proposition 3.1. In combination
with Proposition 5.6 below, the following result will provide the proof of Theorem C stated in
the introduction.

Theorem 3.2. Let I' be a countable group with finite symmetric generating set S = St C I,
The compact quantum group G that is associated in Proposition 3.1 to the Cayley graph of (T, S)
and the graph category P of planar bi-labeled graphs equals the universal compact quantum group
G generated by the entries of an S x S unitary representation U such that for every n > 1, the
vector &, € (2(S™)

1 ifsi---sp=einl,
fn<sl,...,sn>={ forr o

0 otherwise,

is invariant under the n-fold tensor power of U.
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Definition 3.3. For every countable group I' with finite symmetric generating set S = S~! C
I, we call the dual G of the compact quantum group defined in Theorem 3.2 the planar
quantization of (I',S).

In Corollary 5.8 below, we will see that it almost never happens that the surjective x-homo-
morphism 7 : O(G) — C[I'] is an isomorphism.

Proof of Theorem 3.2. We denote as above by P, the set of planar bi-labeled graphs in which
the labelings form paths. It then suffices to check, as in [MR19, Theorem 6.7], that P, is the
smallest set of bi-labeled graphs that contains all the “circular” planar bi-labeled graphs K
introduced in the proof of Proposition 3.1 (and giving rise to the invariant vector &,) and that
is closed under composition and relative tensor product

K Ry IC/ _ (1®n ® M1’2 ® 1®n’) o (/C ® ]C/) o (1®n ® M2,1 ® 1®n’) '
O

In the following result, we prove that the compact quantum group G of Theorem 3.2 can be
characterized as well as the universal compact quantum group acting in a trace preserving way
on the reduced C*-algebra C)(T") such that span{\s | s € S} is an invariant subspace. This
then identifies G with the quantum isometry group defined in [BhS10, Theorems 2.2 and 2.6],
associated with the spectral triple given by (I, S).

Proposition 3.4. Let T be a countable group with finite symmetric generating set S = S~ C T.
Denote by G the compact quantum group defined in Theorem 3.2 with fundamental unitary
representation U = (ust)sies. Denote by £(g) the word length (w.r.t. S) and consider the
reduced group C*-algebra C)(I') generated by the group of unitaries (Ag)ger. Define Wy, =

span{), | £(g) = n}.
1. The formula

a(A) = Z As Qugt forallt e S,
seS

uniquely extends to a trace preserving action of G on CX(T).
2. We have that a(Wy,) C W,, ® O(G) for all n > 0.

3. If B CHI) — Cx(') ® C(H) is any continuous, trace preserving action of a compact
quantum group H on C}(T') such that BOWV1) C Wi @ C(H), there is a unique Hopf *-algebra
homomorphism 7 : O(G) — O(H) such that = (id ® 7) o av.

Proof. 1. In order to prove that « uniquely extends to a continuous x-homomorphism « :
Cx(T) = CX(T) ® C(G), we start by proving that a(Ay,) - a(N,) = 1 ® 1 whenever t € S™
and tq - - -t, = e. This means that we have to prove that

Z >\51"‘5n @ Usyty =+ Uspt, =1 & 1. (3'2)
sesn

Defining, for every g € T,
Yg = Z Usity """ Uspty (3:3)

SES™:81+:Sn=g
we thus have to prove that y. = 1 and that y, = 0 if g # e.

We use the context and notation of Proposition 3.1 for the special case where D = P is the
graph category of planar bi-labeled graphs. As in the beginning of this section, we consider
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the morphism spaces Mor(n, m) in the unitary tensor category C(P,II), where II is the Cayley
graph of (', S). Writing T}, = T%¢ € Mor(n, 1) where d = (n) and K4 is defined in Figure 7,
we conclude that T,,7)F € Mor(n,n). Applying the fiber functor of Proposition 3.1, we get that
for every n > 1, the matrix X,, € B(¢*(S™)) defined by

1 ifsiesy =t by,
b t = .
e 0 otherwise,
is an endomorphism of the n-fold tensor power U®™ of U.

Fix g € I'. If g cannot be written as a product of n elements in S, obviously y, = 0. If
g=r1---1ry, for some r € S™, we find that

Yg = (Xn U®n)rt = (U®n Xn)rt = (U®n gn)r = gn(r) .
By definition, &,(r) =1 when g = e and §,(r) = 0 if g # e. So, (3.2) is proven.

Since & is an invariant vector of U®? and U is unitary, we find that u}, = u,-1,1 for all
s,t € S. It follows that a(\)* = a(\-1) for all t € S. Since tt~! = e = t~!t, the previous
paragraphs imply that a(MA)a(M)* =1®@ 1 = a(M)* (). So, a(A¢) is a unitary for all ¢t € S.

If now s1---s, = t1---t,, for some s € S” and t € S™, also 51---.9”75;11---151_1

conclude using the previous paragraphs that
a(As) - a(As,) = () - alAy,) -
It follows that a uniquely extends to a well-defined *-homomorphism from C[I'] to C['|® O(G).

= e and we

Denote by 7 the canonical trace on C(T'). Since &, is an invariant vector for U®", we im-
mediately find that (7 ® id)(a(z)) = 7(z)1 for all z € C[I']. Therefore, o extends to a *-
homomorphism from C}(I') to C(I') ® C(G) and thus defines a continuous action of G on
C;(T") by construction.

2. Let t € S™ such that h := t; ---t, has length k. We must prove that a(A\,) € Wi ® O(G).
Again defining y, by (3.3), we have to prove that y, = 0 whenever ¢(g) # k.
Since T is the vertex set of II, we have Mor(1,1) C £°(I'xT"). Write Vi = {(g,h) | £(g~1h) = k}.
It follows from Example 2.7 that 1y, € Mor(1,1). Using 7, € Mor(n,1) as in part 1 of the
proof and applying the fiber functor to 73,1y, T}, we conclude that the matrix X, € B(¢2(S™))
defined by

)1 if -8, =11ty and l(s1---s,) =k,

kst = 0 otherwise,

is an endomorphism of the n-fold tensor power U™ of U.

Fix g € T with ¢(g) # k. Write £ = £(g). If g cannot be written as a product of n elements in
S, obviously y, = 0. If g =71 -- -7, for some r € S", we find that

Yg = (Xn,é U®n)rt = (U®n Xn,é)rt =0.

3. Define vy € C(H) such that 3(\;) = > cg As ® vg. Since 3 is a continuous trace preserving
action, B defines a unitary representation of H on ¢(T") for which W), is an invariant subspace.
So the matrix V' = (vg)stcs is a unitary representation of H. Expressing that

1 if s1---s, = e,

(T®id)/8()‘51 e '/\Sn) = {

0 otherwise,

we conclude that the vector &, defined in Theorem 3.2 is invariant under the n-fold tensor power
of V. So by definition, there is a unique Hopf *-algebra homomorphism = : O(G) — O(H)
satisfying m(ust) = v for all s,¢ € S. By construction, f = (id ® 7) o a. O
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Let T be a countable group generated by a finite symmetric subset S = S~! C I'. Denote by
Fg the free group with free generators a,, s € S. Given a subset R C LI>2;S", we say that I is
generated by S with relations R if the kernel of the natural homomorphism Fg — I' : a5 — s
equals the smallest normal subgroup of Fg containing asa,—1 for all s € S and as, - - - as, for all
(S1,.-.,5n) ER.

Lemma 3.5. Assume that I is a countable group generated by a finite symmetric subset S =
S~ C T and relations R C U, S™. Assume that (s,s71) € R for all s € S.

Let G be a compact quantum group of Kac type with polynomial algebra O(G). Assume that
O(G) is generated by the entries ug of an S x S unitary representation U of G.

Assume that : O(G) — C[I'] is a surjective Hopf x-algebra homomorphism satisfying m(us) =
05t 8 foralls € S.

Assume that for every (s1,...,sn) € R, there exists a G-invariant vector § in the n-fold tensor
power of U with £(s1,...,8,) # 0. Then G is a quantization of T in the sense of Definition D.

Proof. Assume that A is a countable group, ¥ : O(G) — C[A] is a surjective Hopf *-algebra
homomorphism and p : A — ' is a surjective group homomorphism such that poy = w. We
have to prove that p is an isomorphism.

The elements ¢ (ug) are the entries of a unitary representation of K, which must be the direct
sum of |S| one-dimensional representations. We thus find a unitary matrix X € U(C®) such
that X¢(u)X™* is a diagonal matrix. Denote by D € Mg(C) ® C[I'] the diagonal matrix with
diagonal entries s € S. Applying p to X (u)X*, it follows that X DX* remains diagonal. Since
the elements s € S are all distinct, this forces X to be the product of a diagonal matrix and
a permutation matrix. In particular, ¢ (u) is already a diagonal matrix. The diagonal entries
of 1(u)ss then are one-dimensional representations of A and thus given by group elements
v(s) € A.

Since (s,571) € R for all s € S and since I is generated by S with relations R, it suffices to
prove that v(s1)---v(s,) = e for all (s1,...,s,) € R. Fix (s1,...,s,) € R. Take a G-invariant
vector & € £2(S™) for the n-fold tensor power of U with £(s1,...,s,) # 0. The fact that £ is an
invariant vector is expressed by the relation

D gty Uk, §(t1y o tn) = &k, k) 1 for all By, Ky €S

t1,etn €S
Applying ¥, we get that £(k1, ..., kn) Y(k1) - y(kn) = &(k1, ..., kn) Lin C[A] for all ky, ... ky €
S. Since &(s1,...,8n) # 0, this means that v(s1)---v(sn) = e. O

Example 3.6. Let n > 1 be an integer. Define the 2n x 2n matrix J, = (}1 Ig) and consider

the Kac type compact quantum group G = A,(J,,), which is isomorphic with A,(2n) = A,(I2,).
Denote by U = (uj;) the fundamental representation of A,(J,). Also consider A, (n) with its
fundamental representation V. Denote by ai,...,a, the free generators of F,. We have the
surjective Hopf *-algebra homomorphisms

0oV
T - (’)(Au(n)) — C[Fn] : ﬂ'g(’UZ‘j) = (5i7]‘ai .

7r1:O(Ao(Jn))—>(9(Au(n)):7r1(U):(V 0> and

By Lemma 3.5, the composition 7 o 7 turns A,(J,) into a quantization of F,. Indeed, it
suffices to observe that the vector Z?gl(ei ® Jpe;) is, by definition, a G-invariant vector for

—

U®2 whose “evaluation on (a;, ai_l)” equals 1 for all 7. A fortiori, the intermediate A,(n) is a
quantization of FF,,.
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With a similar reasoning, the surjective Hopf x-algebra homomorphism 7 : O(4,(n)) —
(Z)27)*™ : m(usj) = 05 5a; turns A,(n) into a quantization of (Z/27)*".

We conclude this section by computing a few examples of planar quantizations of discrete
groups.

Recall from [BBCO07, BicO1] that the hyperoctahedral quantum group H™(d) is defined as the
closed subgroup of A,(d) by adding the relation u;ju;; = 0 = uj;uy; whenever j # k. The space
of morphisms between tensor powers of U is given by the linear span of all noncrossing partitions
in which each block contains an even number of points. Using the matrix J; = ( I(ji Iéi), we
can define, as in [BaS10, Section 3] and [BNY15, Example 3.5], a twisted version of H™(2d)
generated by the entries of a 2d-dimensional unitary representation with relations expressing

that

2d 2d
Z(ei ® Jg(e;)) and Z(ei ® Ja(e;) ® e; @ Ja(e;))
i=1 i=1

are invariant vectors in the 2-fold, resp. 4-fold, tensor power of U. Then, H*(J;) is monoidally
equivalent with H*(2d), but not isomorphic with H*(2d).

The following result can be deduced from Proposition 3.4 and [BhS10, Theorem 5.1]. Since we
can give a short proof in our context, we include it for completeness.

Proposition 3.7. The planar quantization of the free group Fq with its canonical symmetric
generating set S C Fy given by the free generators and their inverses, is isomorphic with the
dual of Ht(Jaq).

The planar quantization of the free product I' = (Z/27)*® with its canonical symmetric gener-
ating set S given by the free generators of order 2 is isomorphic with the dual of H*(d).

In particular, if 11 denotes the d-regular tree, then the unitary tensor category C(P,I1) is equiv-
alent with the representation category of H(d) and thus described by noncrossing partitions
in which each block contains an even number of points.

Proof. Denote by Gy the planar quantization of Fy and denote Go = H ™ (Jy4). We realize both
as generated by the entries of an S x .S unitary matrix, where the defining relations for G, are
given by the Gi-invariant vectors

&n = Z ($1,...,8p) forallm>2

SES™:81-Sp=€

and where the defining relations for Go are given by the Gg-invariant vectors & and n =
> ees(s,57, s,s71). In all these formulas, we denote for s € S™ by (s) € ¢*(S™) the canonical
basis vector.

To prove the first statement, it suffices to prove that all &, are Go-invariant and that 7 is
G1-invariant.

Using &4, we find that the operator T : £2(S?) — ¢2(S?) given by

1 if 8159 = tyto,
0 if 51892 7& t1t2,

(T(s182), (tit2)) = {

is a Gi-morphism. When s1, s2,%1,t2 are generators in Fy, the relation sise = tito precisely
holds in two cases: first when sy = sfl and ty = tfl, and secondly if s; = t1 and so = to.
These two cases overlap in the case where to = s9 = 31_1 = tl_l. It follows that T' = 14§65 — P
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where P is the orthogonal projection onto span{(ss~!) | s € S}. So, P is a Gi-morphism.
Since n = (1® P ® 1)(&&2 ® &2), it follows that n is Gi-invariant.

Conversely, using n, we find that P is a Gg-morphism. Note that &, = 0 when n is odd. We
prove by induction on n that £, is Ge-invariant. When n = 1, this holds by definition. Assume
that n > 2 and that £,_o is Ge-invariant. Define the Gs-morphism Q) := 1 — P and, for all
n > 3, the Go-morphism

Qn=(Q@1°" )10 Q@19 ¥)... 190" 0 Qy) .
Note that @, is the orthogonal projection onto
span{(sl, sy 8p) €8 ‘ $1---8, 1s a reduced word} .

When s € S?" and s;---s9, = e, the word si---s9, is not a reduced word. So, the set
Z, ={s€ 8% | 51--- 89, = e} can be partitioned into the subsets

Enk = {s SR ‘ S1---Sap =€, S1---Si is a reduced word, and sgy1 = s,;l}

for all 1 <k <2n — 1. It then follows that

2n—1

fon = (2@ &on) + Y (Qr@ 18P (1% g & @ 12Cr e, .
k=2

So, &y, 18 Ga-invariant.

The proof of the second statement is entirely similar. As for the last statement, it suffices
to note that the d-regular tree is the Cayley graph of (Z/27)*¢ with its canonical symmetric
generating set. O

Motivated by the property (T) discrete quantum groups defined in [VV18], we also introduce
the following variant of planar quantizations of discrete groups, adapted to non-symmetric
generating sets. Given a countable group I" with a, not necessarily symmetric, finite generating
set F' C T, we can define the planar quantization Gy of (', F U F~!) as in Definition 3.3. We
now define a canonical intermediate

0(G1) - O(G) - C[I] .

Definition 3.8. Let I' be a countable group generated by a finite subset F' C I'. We define G
as generated by the entries ug of an F x I unitary representation U such that the F~1 x F~1
matrix V' with entries v,—1;-1 = wu}, is unitary and such that for every n > 1 and every
e € {£1}", the vector

bne EC(FT X oo X Fo) 1 & (51,000, 8p) = (3.4)

1 ifs;---s,=ein T,
0 otherwise,

is invariant under the tensor product of U%", i = 1,...,n, where Ul := U and U~ ! = V.

Note that by definition, G is of Kac type and U =2 V. Note that we have the canonical surjective
Hopf *-algebra homomorphism p : O(G) — C[I'| : p(ust) = sz S-

When (E}H is the planar quantization of (I', FUF~!) with fundamental representation W for Gy,
then G is the closed quantum subgroup of Gy that arises by adding the relations wg = 0 = wys
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whenever s € F', t ¢ F and whenever s € !, ¢t ¢ F~1. The corresponding surjective Hopf
x-algebra homomorphism 7 : O(G1) — O(G) is given by

Ut if s,t € F,
W(wst) - u:71t71 lf S,t S F_l,
0 otherwise.

In particular, if F' happens to be symmetric, then 7 is an isomorphism. The following definition
is therefore unambiguous.

Definition 3.9. Given a countable group I' with a, not necessarily symmetric, finite generating
set F' C I', we consider the compact quantum group G defined in 3.8 and we call its dual G
the planar quantization of (T, F').

Note that when F is “partially symmetric”, in the sense that F # FNF~! # (), the fundamental
representation U is reducible because ug = 0 = us whenever s € FNF~landte F \ F -1

In [C-Z91], the concept of a triangle presentation was introduced, and this is a subset T C
F x F x F of the triple power of a finite set F', satisfying a number of combinatorial conditions
(see also [VV18, Definition 2.3]). The groups I'r with generating set F' and relations str = e
for all (s,t,r) € T are, by [C-Z91], precisely the groups that act simply transitively on the
vertices of an Ay building. In [VV18, Definition 5.1] the compact quantum group Gr was
defined, generated by the entries u;; of an F' x F' unitary representation U, such that the vector
&1 € 12(F x F x F) defined by

1 if(s,t,r) €T,

. (3.5)
0 otherwise,

Er(s,t,r) = {

is invariant under the 3-fold tensor power of U.

It was then proven in [VV18] that in numerous cases, the dual (/}\T is a discrete quantum group
with property (T). We now prove that @} is the planar quantization of (I'p, F'), which demon-
strates that the planar quantization procedure does lead to very interesting discrete/compact
quantum groups.

Proposition 3.10. Let T' C F x F' x F be a triangle presentation. Then ([/}} is isomorphic
with the planar quantization of (Up, F).

Proof. Let ([/}; be the planar quantization of (I'r, F), so that Gy, is generated by the entries uy
of an F' x F unitary representation U subject to the relations in Definition 3.8.

As in [VV18], given s,t € F', we write s — t if there exists a (necessarily unique) r € F' such
that (s,t,7) € T. Throughout the proof, we will repeatedly use [C-Z91, Proposition 3.2] saying
that for all m,k > 0 with m+k > 1,

51~--smt;1---tf1 # e in I'r when s;,t; € F for all 4,7, 5; /4 sjpq forall 1 <i <m —1,
ti7/—>ti+1 for all 1§’L§k‘—1 andsm#tk.
In particular, given s,t,r € F, we have that str = e in I'p iff (s,t,7) € T. Therefore,
&1 = &£3,4++- With some abuse of notation, we also denote by U the fundamental representation

of Gy and denote by V the F~! x F~! matrix with entries vy-1,-1 = u’,. It thus suffices to
prove that all vectors &, . are Gp-invariant for all n > 1 and ¢ € {£1}".
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By definition, & +— and & —4 are Gp-invariant. By [VV18, Lemma 5.8], the orthogonal pro-
jections onto

span{(ss™') | s € F} C 2(F x F71) | span{(s's) | s € F} C *(F' x F),

span{(st) | s,t € F,s =t} CL*(F x F), span{(t ‘s ) |s,t€ Fs—t} Cc(F1xF1),
are all Gp-morphisms. Denoting W = {(s7},¢t) € F! x F | s #t} and W = {(s,t7!) €

F x F~' | s # t}, we also get that the projections @, @’ on the linear span of W, W’ are
Gp-morphisms.

By the axioms of triangle presentations, for every (s,t~1) € W, there is a unique (r—!,1) € W
such that st=! = 771 holds in I'y. We write (r=1,1) = o(s,t~!). We also denote by o the
corresponding partial isometry from £2(F x F~1) to £2(F~! x F), with 00* = Q and 0*0 = Q'.
One checks that

c=QUR&e1le&H ) (L-+010&e1)Q".

So, ¢ is a Gp-morphism.

Combining the diagonal projections above, the orthogonal projections Ry, and R), on the linear
spans of

{(s) ‘ se FFandforallie{l,...,k—1}, we have si 7> siq1 ; and
{(s) | se (FYH*and foralli € {1,...,k — 1}, we have si;llﬁs;l b

are Gp-morphisms.

For every € € {£}", we denote by

inv(e) = Z #{j|j>iande; = +1}

i:Ei:—
the number of inversions of signs, so that inv(e) = 0 iff € is of the form (++---+ —---—).
Since e € F', we have that {; 1 = 0 and & _ = 0. Also, st # e for all s,¢t € F', so that {3 4+ =0
and & __ = 0. We already observed that & _ and & _4 are Gp-invariant. Altogether, we

have proven that &, . is Gr-invariant whenever n € {1, 2}.

Define the order relation (n',&’) < (n,¢) iff either n’ < n or (n" = n and inv(e’) < inv(e)). By
induction, it suffices to write every &, . with n > 3 in terms of Gy-morphisms and vectors &, ./
with (n/,e’) < (n,e).

First consider the case where inv(e) > 0. So, there exists a k € {1,...,n — 1} with g = —1
and egpq = +1. Write ¢ = (eq,...,e5_1,+1,—1,€k49,...,&,) and note that inv(e’) < inv(e).
Also write €” = (e1,...,6k_1,6k42, - - -,En) € {£}" 2. Then,

gn,s = (1®(k_1) & 62,7+ & 1®(n_k_1))£n72,s” + (1®(k_1) ®o® 1®(n_k_1))§n,s/ ;

as required.

Next consider the case where inv(e) = 0, which we divide in three subcases: ¢ = (+---+),
g = (—---—) and the case where ¢ consists of m plus signs followed by n —m minus signs with
1<m<n-—1.

We make use of the following Gp-morphisms associated with &7 :

X:PF Y PFxF): X(sh) = > (tr) and
(t,r)EF2:(s,t,r)eT
Y (F) = C(F ' x F7Y): Y(s) = > (r 41y

(t,r)EF2:(s,t,r)ET

38



First consider the case where € = (+ - - - +) consists of n plus signs. For every k € {1,...,n—1},
denote by ¢(®) € {£}"~! a string of n — 2 plus signs and a single minus sign in position k.
Then,
n—2
bne = (X®1° D) | )+ (Rpp @150 F D) (1% @ X @190 D)e | )+ Rnbnee -
k=1
By [C-Z91, Proposition 3.2], R,,&, . = 0, and we are done with the first case.
The case where € = (— -+ —) consists of n minus signs, is handled analogously.
Finally consider the case where € consists of m plus signs followed by n — m minus signs with
1 <m < n—1. Define ¢ = {£}"2 consisting of m — 1 plus signs followed by n —m — 1 minus
signs. Note that

én,a — (1®(m71) ® 527+_ ® 1®(n*m71))€n_276/ + n with ni= (1®(m71) ® Q/ ® 1®(nfm71))£n75 )

When1<k<m-—1lorm+1<k<n-—1, denote by ¢ e {£}""1 the string of signs that
one obtains by replacing in € the two consecutive (same) signs exer41 by the single sign —ey.
If m = 1, write ¥/ = n. If m > 2, define /' = (R,, ® 12=m))(18(m=1) @ @' @ 12(=m=1)¢
and note that

n= (1®(m—1) ® Q/ ® 1®('rL—m—1))(X ® 1®(n—2))é—n_17€(1)

—2

+ (Rk+1 ® 1®(m—k-2) ® Q/ ® 1®(nfmfl))(1®k X ® 1®(n7k72))§n_115(k+1) + 7]/ )
1

3

e
Il

If m =n — 1, by [C-Z91, Proposition 3.2], we have ' = 0 and we are done.
If m < n—2, we denote T = (R, ® 190=m))(12(m=1) @ Q' @ 1®¥(»="=1)) and write

W =TA*" @Y @1%0" )¢ | (niy)
n—m-—2
+ Z T(19" ® R;€+1 ® 1®(n—m—kz—1))(1®(m+k) QY ® 1®(n—m—k—2))5%178(””“1)
k=1
+ T 1®m ® R/n—m)é.’me ‘

By [C-Z91, Proposition 3.2], the last term is zero. This concludes the proof. O

4 Quantum isomorphism of graphs and examples

Recall that a matrix (vi;)(; j)erx.s of bounded operators on a Hilbert space H is called a magic
unitary if

vij = vy = vfj and kaj =1= Zvik strongly, for alli € I, j € J. (4.1)
kel keJ

So, a magic unitary is nothing else than a unitary element V € B(H ® (*(J), H @ (*(I)) for
which all matrix entries are self-adjoint projections.

The notion of quantum isomorphism of two finite graphs is usually defined in the context of
quantum strategies for the graph isomorphism game. In [LMR17, Theorem 4.4], it was proven
that such a quantum commuting isomorphism of finite graphs is equivalent to finding a magic
unitary that intertwines the adjacency matrices. That definition, [LMR17, Definition 4.1], can
be immediately generalized to infinite graphs as follows.
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Definition 4.1. We call two graphs II and II' quantum isomorphic if there exists a nonzero
Hilbert space H and a magic unitary (Uz‘j)(i,j)GV(H)xV(H/) on H such that

Y vk= > wy forallie V(I) and j € V(IT'). (4.2)
keV(Il'):k~j keV (II):k~t

In [B-W18, Definition 4.4], an algebraic variant of quantum isomorphism was defined and also
this definition has an immediate generalization to infinite graphs.

Definition 4.2. We call two locally finite graphs II and IT' algebraically isomorphic if there
exists a nonzero x-algebra A generated by self-adjoint idempotents (Uz‘j)(i,j)eV(H)xV(H') that are
orthogonal, meaning that vy v, = 0 = vgpvgj if i # j, i’ # j', and that satisfy

Z vip = 1= kaj strictly, and Z Vip = Z vg; for all i € V(II), j € V).
kel kel kel knj kETkri

Note that contrary to the Hilbertian setting in Definition 4.1, self-adjoint idempotents that
sum up to 1 strictly in an abstract x-algebra are not necessarily orthogonal. Therefore we have
to add this assumption in the definition of algebraic isomorphism.

In [MR19, Theorem 7.16] (see also [MR20]), it is proven that two finite graphs II, IT" are quantum
isomorphic if and only if for every finite planar graph K, the number of graph homomorphisms
from K to II, resp. from K to IT', are equal. One cannot expect the same statement to hold
for infinite graphs, because typically this homomorphism count only gives 0 or +oo. If II is
connected and locally finite, it is thus more natural to count pointed homomorphisms, in the
following way.

Notation 4.3. Let K be a connected finite graph and = € V(K). Let II be a locally finite
graph and ¢ € V(II). We write

hom (K, z,11,i) = #{¢ : V(K) — V(II) | ¢ is a graph homomorphism and ¢(z) =1 } .

Note that when II is a finite, vertex transitive graph, hom(K, z,I1, i) = |V (IT)|~! hom(K,II).

Definition 4.4. Let II, I’ be connected locally finite graphs with vertex sets I, I’ and quantum
orbits (Iy)ace and (I!),cer. We say that 1T and II' are planar isomorphic if there exists a
bijection p : & — £’ such that for every connected finite planar graph K and every x € V(K),
we have

hom(K, z,11,7) = hom(K, z,1',i') whenever i € I,, i’ € I:)(a), a€éf.

For a planar graph K and an arbitrary vertex x € V(K), the bi-labeled graph K = (K, z, ) is
planar in the sense of [MR19, Definition 5.4]. So, K € P(1,1) and
hom (K, x,11,4) = T

7 )

where the right hand side is defined w.r.t. II. Considering the equivalence relation ~ on V (II)
defined in (2.2) w.r.t. the graph category of planar bi-labeled graphs, we thus have by definition
that for all planar graphs K, hom (K, z,II,7) = hom(K,z,II, j) whenever i = j, i.e. whenever
i and j lie in the same quantum orbit.

By [B-W18, Theorem 4.9] and [MR19, Theorem 7.16], for finite graphs, quantum isomorphism,
algebraic isomorphism and equality of homomorphism counts from planar graphs are all equiv-
alent. Moreover, these properties are proven there, for finite graphs, to be equivalent to the
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existence of a specific kind of monoidal equivalence between the representation categories of
the (compact) quantum automorphism groups. We now prove that these equivalences still hold
for infinite graphs that are connected and locally finite. In particular, quantum isomorphism
of connected locally finite graphs still implies monoidal equivalence of the locally compact
quantum automorphism groups, see Remark 4.6.

In the following theorem, all notations, in particular all spaces Morn(n,m) of matrices and
all quantum orbit partitions (I,)qece, are taken w.r.t. the graph category of planar bi-labeled
graphs, so that the associated locally compact quantum group is the quantum automorphism
group QAut Il of the graph II. Recall the notation

L(n,m) ={K=(K,z,y) € P(n+1,m+1) ‘ K is connected, zg = yo and z, =y, } .
Theorem 4.5. Let II,II' be connected locally finite graphs with vertex sets I,1' and quantum
orbits (Ig)aece and (I))qecer. Then the following statements are equivalent.

1. The graphs 11 and II' are quantum isomorphic in the sense of Definition /.1.
2. The graphs I and II' are algebraically isomorphic in the sense of Definition 4.2.
3. The graphs IT and 11" are planar isomorphic in the sense of Definition 4./.

4. The unitary 2-categories C(P,I1) and C(P,Il') are equivalent in the following way: there
exists a bijection p : € — &' and bijective linear maps

I Mory_y(n,m) — Morg(la)fp(b)(n,m) satisfying

TP (1, @ 12D @ 1)) = T (1,0 @ 19D @ 1,)

for all a,b € € and all K € L(n,m). This equivalence preserves the left and the right
dimension of Definition 2.4.

When one of the conditions in Theorem 4.5 holds, it also follows that the algebraic quantum
groups QAut IT and QAutII’ are monoidally equivalent in the sense of [DC07, Definition 2.17]
and hence, the corresponding locally compact quantum groups are monoidally equivalent as
well, by [DC07,DCO08]. We discuss this in Remark 4.6 below.

Proof. 1 = 2. Let V = (’Uij)(i,j)ejxp be a quantum isomorphism between IT and II' on the

Hilbert space H. Denote by A C B(H) the x-algebra generated by the projections v;;. Multi-
plying (4.2) on the left by v;; and on the right by v,;, we find that

rel(t, j) vivs; = rel(i, s) vipvs; foralli,s € I, t,j €T,
where rel(k,l) =1 if k ~ [ and rel(k,l) = 0 if k ¢ . It follows that
rel(ig, 1) - -+ rel(in—1,%n) Vigjo * * * Vinjn = Tel(Jo, J1) -+ - 1€l(fin—1, Jn) Vigjo * * * Vipjn

for all i € I"*! and j € JUan Summing over iq,...,i,—1 € I and ji,...,jn_1 € I, it follows
that
Pn (i, 8) vijvs = pn(d, ) vijug foralli,s eI, jtel,

where p, (i, s) denotes the number of paths of length n from i to s in II, resp. II'. We conclude
that v;;vs = 0 when the distance d(i, s) in II differs from the distance d(j,t) in II'. So, since
IT and II" are locally finite, if we multiply the infinite sums in (4.1) on the left or on the right
with an element vy, only finitely many nonzero terms remain. It follows that these infinite
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sums also converge to 1 strictly, in the algebraic sense. So, A defines an algebraic isomorphism
between II and IT'.

2 = 4. Fix an algebraic isomorphism A between II and IT'. _Note that since A contains a
family of elements that sum up strictly to 1, the x-algebra A is nondegenerate. For every
n > 1, consider the I"™ x I'" matrix V,, with entries in A defined by

Vn(i,j) = Viyjr " Vingn -

Recall that we say that an infinite matrix T is of finite type if for every ¢, there are only finitely
many k for which Tj; # 0, and for every j, there are only finitely many k such that Tj; # 0.
For every IC € P1(n,m), we have the finite type matrices Tll[C and TX,. Define

Po(n,m) = {K € Pi(n,m) | ViTfy = Tf Vin } -

Repeating the argument given in the proof of Theorem A, we find that Py = P;.

We now prove the following claim: if 7" is a finite type I™ x I'"™ matrix with entries in C and if
TV,, =0, then T'= 0. To prove this claim, assume that T'V,,, = 0. Then for all ¢ € I", we can
choose a finite subset F; C I"™ such that T;, = 0 if & € F; and such that

> Tik Vkyjy - - Vkpjy =0 for all j € I,
keF;

Let a € A be any nonzero element. Multiplying the above expression on the left by a and on
the right by v, j,, - - vs,j, for an arbitrary s € F;, we can sum first over j,,, then over j,,_1,
up to summing over j; and conclude that aT;s = 0. So, T;s = 0 for all 4, s, proving the claim.
We similarly get that if S is a finite type scalar matrix and V,,S = 0, then S = 0.

We next claim that when T is a finite type scalar I™ x I matrix and S is a finite type scalar
I'" x I'™ matrix such that TV,, = V,,S, then also T*V,, = V,,,S*. So, we assume that for all
i€l andjel™,

kelm kel’™
Fix arbitrary a € A, s € I and t € I'". Write 7 = (in,...,11). We multiply the above sum on

the left by aV,,(5,7) and on the right by V,,(7,t). Note that there are only finitely many 1, j, k
such that

ﬂkavm(g,j) Vm(ka]) Vn(i,%) 7£ 0 or Skjavm(g,j) Vn(lak) Vn(iva 7& 0.

So we may sum over i, k, j in any order and find that

ad TuVoit)=a Y SiVm(3.7).

ieln jerm

Taking the adjoint, it follows that (T*V},)sia* = (VinS*)sa™ for all a € Aand s € Im teI™.
Since A is nondegenerate, this means that T*V,, = V,,5*.

Define M(n, m) as the set of all finite type scalar matrices T for which there exists a finite
type scalar matrix S such that T'V,, = V,,S. By the claim above, S is unique and we denote
S = ®(T). We similarly define M’(n, m) as the set of finite type scalar matrices S for which
there exists a finite type scalar matrix T with T'V,,, = V,,S. Obviously, M'(n,m) = ®(M(n,m))
and @ is a bijective linear map. By the second claim, ®(7%) = ®(T")*. By construction, ® is
multiplicative whenever the sizes of the matrices match.
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We have proven above that for every K € Py (n,m), we have TX € M(n,m) and ®(T%) = T}},.
In particular, ® is a *-isomorphism from Mor'(0,0) onto Mor™ (0,0). We now deduce from
this that for every a € £, we have that 1, € M(1,1) and ®(14) = 1,4, where p: € — &' is a
bijection.

We want to define p by saying that p(a) = b if there exist ¢ € I, and j € Ij such that v;; # 0.
To make this well-defined, we first note that for every i € I, there exists at least one j € I’ with
v;j # 0, because these elements sum up strictly to 1. Next, we prove the following: if i ~ s
and if v;; # 0 and ve # 0, then j ~t. Let S € Mor™' (0, 0) be arbitrary and put 7' = ®~1(S).
Since TV = VS, we find that Sjv;; = T;v;; and Sivg = Tsvse. Thus, S; = T; and S; = T.
Since i = s, we have T; = T,. So, S; = S, for all S € MorH,(O, 0), so that j ~ ¢t. We conclude
that the map p : &€ — &’ is well-defined. Similarly, its inverse is well-defined and p is thus a
bijection. By construction, 1,V = V1,,, so that 1, € M(1,1) and ®(1,) = 1,(4)-

We have now proven that for all £ € Pi(n,m) and all a,b € &,
<I)(Tlllc(la ®18Mm=2 g 1b)) = Tll'lc/(lp(a) ®1%" 2 g Low)) -

We can thus define ¥ by restricting ® : M(n+1,m+1) — M'(n+1,m+1) to the subspace
Morll ,(n,m) c M(n+1,m+1).

4 = 1. Repeating the construction of Section 2.3, we obtain a x-algebra B that is linearly
spanned by elements Fy,(&, &) for n >0, € € F(I") and & € F(I'™*), such that

Fn(gagl) Fm(n’ 77,) = Fner(g Qr nagl S 77/) ) Fn(é.vf/)* = Fn(Jnf,Jngl) and
Fo(T€, &) = Fn (€, 9,5(T)°E)

for all T € Mor ;(n,m), a,b € &, € € F(I™), ¢ € F(I'™™). Moreover, B admits the
faithful positive functional ¢ : B — C given by

PEEEN=D Y Yo @OV (TR (V) (7)) -

a€€ i€ly el ) Veibfll ,(n,0)

Repeating the constructions of Section 2.4 and Lemma 2.22, we next find a nondegenerate
x-algebra A generated by elements (w;;)(; j)erxr giving an algebraic isomorphism of IT and T,

and such that A admits a positive faithful functional 6 : A—C.

Denote by H the Hilbert space completion of A w.r.t. (z,y) = 0(y*z). For every z € A and
for every self-adjoint idempotent p € A, we have that (px)*(pz) + (x — px)*(x — px) = z*z.
Applying 6 and using positivity, it follows that 6((px)*(pz)) < O(x*z). So, left multiplication
by p defines a bounded operator on H. Since A is generated by the self-adjoint idempotents
wyj, it follows that left multiplication by any z € A defines a bounded operator 7(z) € B(H).
Now the self-adjoint projections v;; := m(w;;) define a quantum isomorphism between II and
IT.

3 = 4. Using the notation of Lemma 2.2, we note that for all a € &, the vector space
Mor!l (n,m) carries a positive definite scalar product given by (T, S) = Try(S*T). The same
holds for Mor (n,m). The proof of Lemma 2.2 also provides R,, € P(2m+1,1) such that for
all K1,K2 € L(n,m),a €&, i€ I, and k € {1,2}, we have (K; @ 1¥™)oR,,, € L(n+m,0) and

(TE' (1, @ 18™), TX? (1, ® 1%™)) = (TF);  where S = R}, 0 (Kb 0 K1 ® 1™) 0 R,p,.

An analogous formula holds w.r.t. II'. Also note that S € £(0,0) and note that statement 3 is
precisely saying that

(T)i = (Tf); for all S € £(0,0), i € o, j € I, a €E. (4.3)
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We thus conclude that
(T (1o ® 19™), TH? (1o © 19™)) = (ThH (L) © 19™), Th? (1ya) © 1°™))

for all Ky,Ko € L£L(n,m). So, there are unique unitary operators ¥"™ from Morl (n,m) onto
Morl" (n, m) mapping Th (1, ® 19™) to Tr’[C/(lp(a) ® 19m),

Recall from Lemma 2.2 that Morll ,(n,m) C Morl (n,m). To conclude that statement 4
holds, we fix a,b € £ and K € L(n,m). We have to prove that

VI (T (1 @ 190D @ 1)) = TH (1) @ 1% @ 1,04) - (4.4)
As we have seen in the proof of Lemma 2.2, we can pick a finite subset & C £ such that
(1, ®1%Mm Ve1)=0 and T(1w @ 1% PV e1,,) =0

for all ¢ € £\ &. Since Mor'!(0,0) is a *-algebra, we can then choose T € Mor (0, 0) such that
T; = 0 whenever i € I, c € & \ {b} and T; = 1 whenever i € I,,. Take S, € £(0,0) and o, € C
such that T' = Zf’le arTﬁsT and write S = Z,]le ozTTgT. By (4.3), we get that S; = 0 for all
JeI, cep(&)\{p)}, and S; =1 for all j € I;(b).

For every r, we have Tﬂc(l@m ® Tl‘%) = Tgoﬂ@m@&), and similarly w.r.t. II’. It follows that
Vo (T (e @ 19 @ T)) = T (1 © 19" D @ 5)
By the properties of T" and S and by the definition of &), we have that

TH(1, @ 12Mm Ve T) =11, 1%V o 1,) and
T (L) © 190770 @ 8) = T (1) @ 19"V @ 1,0) -

So, (4.4) is proven.

4 = 3. We apply statement 4 for n = m = 0. Taking for £ € £(0,0) the identity bi-labeled
graph MU1 we get that ¥979(1,) = 1) Then taking an arbitrary S € £(0,0) and taking
arbitrary a € £, 1 € I, and j € I, we get that Tﬁsla = (Tﬁs)ila and Tﬁg/lp(a) = (Tﬁg/)jlp(a).
Since W)Y is linear, it follows that (T5); = (T33);, i-e. (4.3) holds. This precisely says that IT
and II' are planar isomorphic. O

Remark 4.6. The x-algebra A constructed in the proof of Theorem 4.5, which in particular
realizes the algebraic quantum isomorphism between II and II’, also provides in the following
way a monoidal equivalence (in the sense of [DCO07, Definition 2.17]) between the algebraic
quantum groups QAutIl and QAutIl. The x-algebra A is generated by (wij)ierjer- We
realize QAut IT and QAutIl’ as (A, A), resp. (A, A), with their canonical generators (u;;); jer,
resp. (%)i,je 1. It is now straightforward to check that the commuting coactions

a:A— MA®A): a(wy) = Z(Uik ® wg;j) and
kel
B:A— MU A): B(wij) = Z(wik ® ug;)

kel’

turn A into a bi-Galois object that defines the monoidal equivalence between (A, A) and (A', A).
By the results of [DCO07], this algebraic bi-Galois object can then be completed into a von

Neumann algebraic bi-Galois object linking the locally compact quantum groups QAut IT and
QAut I, in the sense of [DCO08, Definition 4.1].
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In [A-V16, Theorem 6.4], examples of isomorphic but not quantum isomorphic finite graphs
are given. This includes a concrete example of two graphs G and G’ sharing the following
properties: they have 24 vertices, no loops, every vertex has degree 9 and they are vertex
transitive. We can use this to give examples of connected locally finite graphs II illustrating
the following phenomena.

1. In Example 4.8, we provide examples where AutII is compact, but QAut II is noncompact
and quantum vertex transitive.

2. In Example 4.9, we provide examples where Aut Il is compact, but QAut II is nonunimodular
and quantum vertex transitive. In particular, the transitivity assumption in Proposition 2.31
is essential.

3. In Example 4.10, we provide examples where QAutlIl is quantum vertex transitive and
unimodular, but AutIl is nonunimodular. So the converse of Proposition 2.31 does not
hold.

All these examples arise from the following elementary construction. Let B be a connected base
graph with no loops and constant finite degree d > 2. Assume that for every vertex v € V(B),
we are given a finite graph G,. Assume that all these graphs G, have the same number of
vertices, say k, have no loops and are of constant degree f < x. We then consider a product
graph II whose vertex set is the disjoint union of V(G,), v € V(B), and where two vertices
in the same V(G,) are connected in II iff they were connected in G,, while for i € V(G,) and
j € V(Gy) with v # w, we connect ¢ to j iff v ~ w in B. Note that II is connected, has no
loops and is of constant degree f + dk.

We denote by I = V/(II) the vertex set and define 7 : I — V(B) by n(i) = v iff i € G,.
As before, we denote by Mor(n, m) the space of "1 x I+ matrices associated with IT and
the graph category P of planar bi-labeled graphs. Recall that Mor(1,1) consists of diagonal
matrices and can be viewed as a x-algebra of functions on I x I.

To make sure that Aut Il is easy to compute, we make the following assumption: for all v £ w
in V(B), there exists a z € V(B) \ {v,w} such that z ~ v and z ¢ w.

Lemma 4.7. The function S : I x I — {0,1} where S(i,j) = 1 iff (i) = ©(j) belongs to
Mor(1,1).

In particular, a permutation o of V (I1) belongs to AutII if and only if there exists a p € Aut B
such that 0(Gy) = Gy for all v € V(B) and o restricts to an isomorphism between G, and
Gp(v) for allv € V(B).

Proof. Define K = (K,z,y) € £(1,1) with V(K) = {0,1,2}, 0 ~ 1 ~ 2 and 29 = yo = 0,
x1 = y1 = 2, as illustrated in Figure 10.

Zo x1
Yo Y1

Figure 10: The bi-labeled graph K € £(1,1)

Then K € £(1,1) and the corresponding element 7" € Mor(1,1) is given by T'(4,j) = #{k € I |
k ~ ik~ j}. When (i) = 7(j), we have that kd < T(i,j) < k(d + 1). When 7 (i) ~ m(j),
by our assumption on B, there are at most d — 2 vertices z € V(B) \ {n(i),7(j)} that are
connected to both 7 (i) and 7(j). Thus, T(i,7) < 2f 4+ (d — 2)k < kd. When 7(i) # 7(j) and
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(i) # 7(j), there are at most d — 1 vertices z € V(B) that are connected to both 7 (i) and
(7). Thus, T'(i,7) < k(d—1) < kd.

Choosing a polynomial P that takes the value 1 on the integers in [kd, x(d + 1)] and that takes
the value 0 on the integers in [0, kd — 1], it follows that S = P(T") belongs to Mor(1,1). By
construction, S(i,7) = 1 if w(i) = w(j) and S(i,j) = 0 otherwise.

When o € Autll, we have that S(o(i),0(j)) = S(i,j) for all (i,j) € I x I. So, whenever
(i) = 7(j), we must have that m(o(i)) = w(o(j)). This precisely says that o globally respects
the partition of II(V) into the subsets (V(Gy))vev (B)- O

In the following examples, we make use of the concrete quantum isomorphic, but nonisomorphic
finite graphs G, G’ of [A-V16] mentioned above. We use the following observation: if for all
v € V(B), we are given a quantum isomorphism (in the sense of Definition 4.1) between finite
graphs G, and G/, then the direct sum over v € V(B) of these magic unitaries, defines a
quantum isomorphism between the product graphs II and II' constructed from (gv)uev( B)>
resp. (G,)yev(B), over the base graph B.

Example 4.8. We construct a connected locally finite graph IT such that AutIl is compact
while QAut II is noncompact and quantum vertex transitive.

Take the base graph B to be V(B) = Z and n ~ m iff [n —m| = 1. Define II as the product
graph given by G,, = G for all n # 0 and Gy = G’. By Lemma 4.7, the classical automorphism
group Autll is compact. In particular, all classical orbits are finite. For the following reason,
QAut II is quantum vertex transitive and, in particular, noncompact by Proposition 2.30.

Define II' as the product graph given by G, = G for all n € Z. Since G and G’ are quantum
isomorphic, we get that IT and II' are quantum isomorphic. By Theorem 4.5, it suffices to
prove that QAut I’ is quantum vertex transitive. But this is immediate, because II' is vertex
transitive.

To give more elaborate unimodular vs. nonunimodular examples, we make use of (variants of)
the grandparent graph of [Tro85] as a base graph B (see e.g. [LP16, Example 7.1]).

Example 4.9. We construct a connected locally finite graph I such that AutIl is compact
while QAut II is nonunimodular and quantum vertex transitive.

Realize the grandparent graph in the following way. Fix an integer d > 3 and let By be the
d-regular tree. Choose an infinite geodesic path bs, = bpb1bs - - - in By, which just means that
we fix any infinite path without backtracking. This defines an orientation w on E(By), where
w(v,w) =1 if the edge from v to w points in the direction of by and w(v,w) = —1 otherwise.
We define the graph B in the following way: we keep the vertex set V(B) = V(Bp) and we
define the set of edges F(B) by adding to E(By) an edge between v, w € V(By) if there exists an
x € V(By) such that v ~ x and z ~ w in By and w(v,z) = w(x,w). Note that every v € V(By)
has exactly one neighbor w € V(By) with w(v,w) = 1 and d — 1 neighbors w € V(By) with
w(v,w) = —1. It then follows that B is a (d*> — d + 2)-regular graph.

Fix a base vertex e € V(B). Then define IT as the product graph given by G, = G for all
veV(B)\{e} and G. = G'.

Since the group of automorphisms of B fixing e is compact, it follows from Lemma 4.7 that
AutII is compact. Defining II" as the product graph given by G, = G for all v € V(B), we find
that II’ is quantum isomorphic with II. Since II’ is vertex transitive, a fortiori II’ is quantum
vertex transitive. By Theorem 4.5, also II is quantum vertex transitive. In particular, by
Proposition 2.30, QAut Il is noncompact.
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Since II is quantum vertex transitive, to prove that QAutII is nonunimodular, it suffices to
prove that the unitary tensor category C(P,II) admits an irreducible object with different left
and right dimension. Since IT and IT" are quantum isomorphic, by Theorem 4.5, it thus suffices
to provide a single endomorphism 7' of an object in C(P,II') such that the left and right trace
of T are different.

Denote I = V(II') and consider 7 : I — V(B) where (i) = v if i € G,. Denote by Mor(1,1)
the linear span of all diagonal matrices TI’IC/, where K = (K, xoz1,x071) € Pc(2,2). Recall that
Mor(1,1) is a *-algebra and note that we can view Mor(1,1) as well as the linear span of all
functions (i, j) + (T););, where K € Pc(1,1). The adjacency function A(i,j) = 1 for i ~yp j
and A(7,7) = 0 for ¢ oy j belongs to Mor(1,1). By Lemma 4.7, also the function S(7,5) = 1
if m(1) = n(j) and S(i,7) = 0 if w(:) # mw(j) belongs to Mor(1,1). Thus W := (1 — S)A belongs
to Mor(1,1). By construction, W (i,j) =1 if n(i) ~p 7(j) and W (4, j) = 0 otherwise.

Next define £ = (K,z,y) € P.(1,1) by V(K) = {0,1,2,3} and edges 0 ~ 1 ~ 3 ~ 2 ~ 0
forming a square, together with the diagonal edge 1 ~ 2, and 1 = 0, y; = 1, as illustrated in
Figure 11.

X1 Y1

Figure 11: The bi-labeled graph K € P.(1,1)

Choosing any orientation on K and assigning the function W € Mor(1,1) to every positive
edge of K, it follows from Lemma 4.11 below that the function

IxT—R:(i,5)— (TS)(x(i),n(j)) belongs to Mor(1,1).

Write R = T§. Among the edges in B, we distinguish the short edges belonging to E(By) and
the long edges that were added when defining B. One then checks that

0 if v olpw,

R(v, w) = 2d -1 if (v, w) is a positive short edge in B,
did—-1)+1 if (v, w) is a negative short edge in B,
d if (v, w) is a long edge in B.

Since d > 3, all these values are distinct. Define P : V(B) — {0,1} by P(v,w) = 1 if (v, w)
is a positive short edge in B and P(v,w) = 0 otherwise. Since Mor(1,1) is a *-algebra, it
follows that P’ : (i,5) — P(w(i),n(j)) belongs to Mor(1,1). For every i, there are precisely x
elements j such that P’(i,j) = 1. For every j, there are precisely (d — 1)k elements 4 such that
P'(i,j) = 1. Therefore, the left trace of P’ equals x and its right trace equals (d — 1)x. It thus
follows that QAut(Il') and QAut(II) are nonunimodular.

Example 4.10. We include a final example of a connected locally finite graph II such that
QAut II is quantum vertex transitive and unimodular, while Aut Il is nonunimodular.

Let d > 3 be an integer and let B be the d-regular tree. Fix an infinite geodesic path by, =
boby --- in B. As in Example 4.9, consider the associated orientation w : E(B) — {£1}.
We denote by Aut,(B) the group of orientation preserving automorphisms of B. Note that
Aut,,(B) is nonunimodular (see e.g. [LP16, Section 8.2]).

We associate to by in a unique way a coloring 6 : V(B) — Z/3Z of the vertices such that
0(by) = k + 3Z for all k > 0, and such that for any infinite geodesic path cocy - - - ¢sbpbpy1 - -
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that joins the path bso, we have 0(c;) = k — s — 1 +n + 3Z. We denote by Auty(B) the group
of automorphisms of B that leave 6 invariant. Note that Autg(B) C Aut,(B). Also note that
we have a well-defined continuous homomorphism ¢ : Aut,,(B) — Z/3Z : 0(c(v)) = ((o) +6(v)
for all o € Aut,(B) and v € V(B). By construction, Auty(B) is the kernel of ¢, so that also
Auty(B) is nonunimodular.

Defining Go = GG, G1 = GUG" and Gy = G’ LIG’, we have three nonisomorphic, but quantum
isomorphic finite graphs. We define II as the product graph of Gy(,), v € V(B). Lemma 4.7
provides a continuous group homomorphism ¢ : AutII — Auty(B) with Ker being compact.
Every o € Auty(B) gives rise to a canonical ¢/ € AutIl with ¢ (o’) = 0. So, AutIl is the
semidirect product of Auty(B) and the compact group Kervy. We conclude that AutII is
nonunimodular.

We prove that QAut IT is quantum vertex transitive and unimodular. Defining IT’ as the product
graph of copies of G UG for all v € V(B), we find that II and IT' are quantum isomorphic.
Since I is ignoring the coloring 6 and since the graph G LI G is vertex transitive, by Lemma
4.7, the graph II' is vertex transitive and its automorphism group is the semidirect product
of Aut B and a compact group. So, AutIl’ is unimodular. By Proposition 2.31, QAutII’ is
quantum vertex transitive and unimodular. Since IT and II" are quantum isomorphic, it follows
from Theorem 4.5 that also QAutII is quantum vertex transitive and unimodular.

For the following lemma, we fix any connected locally finite graph Il with vertex set I and
we denote by Mor(1,1) the linear span of all the functions T : I x I — C defined by K =
(K, zox1,z071) € Pe(2,2), or equivalently by K = (K, z1,x2) € Pc(1,1).

Lemma 4.11. Let (K,z1,x2) € Ps(1,1). Assume that K has no loops and is oriented by
E(K) = EL(K)UE_(K). Assume that for every e € EL(K), we are given a function T, €
Mor(1,1). Then also the function

S:IxI—C:8(3i,j)= > I Twwlew), e(w))

PV (K) = Lip(@r)=ipla2)=j (vaw)e By (K)

belongs to Mor(1,1).

Proof. By linearity, we may assume that we are given, for every e € E(K), a planar bi-labeled
graph K. = (K¢, Ze,ye) € Pe(1,1) such that T.(i,j) = TZIJCQ We define the planar graph K’
by replacing every edge (v,w) € E,(K) by K., identifying v = z. and w = y.. We put
K' = (K',x1,x3). Then K' = P,(1,1) and, by construction, the corresponding function T
equals S. O

5 The unitary 2-category C(P,II) as category of QAut II-equi-
variant £>°(I)-bimodules

Consider a continuous action G ~ I of a locally compact second countable group G on a
countable set I. As explained in the beginning of Section 2.2 and following [AV16], we can
define the following unitary 2-category. The 0-cells are given by the set £ of orbits (I,)aee
for the action G ~ I. Then C,_,(G ~ I) is defined as the category of G-equivariant Hilbert
02°(1,)-£>°(Ip)-bimodules of finite type, with the relative tensor product defined by (2.1).

Given a connected locally finite graph II with vertex set I and given a graph category D
of bi-labeled graphs containing the planar bi-labeled graphs, we defined in Definition 2.3 a
unitary 2-category C(D,II). We prove below that when D = G, the graph category of all bi-
labeled graphs, then C(G, II) is isomorphic with C(Aut IT ~ I). More generally, given a faithful,
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continuous, integrable action G ~ I of a locally compact quantum group G on a countable
set I, we define the unitary 2-category C(G ~ I) of G-equivariant Hilbert ¢°°(I)-bimodules,
by quantizing the definitions of [AV16]. We then prove in Proposition 5.6 that when G is the
quantum automorphism group associated with II and D, as defined in Theorem 2.24, then
C(G ~ I) = C(D,II). In combination with Proposition 2.35, we then find in particular that
C(AutII ~ I) = C(G,1I).

5.1 The unitary 2-category of G-equivariant £>°(I)-bimodules

Let G be a locally compact quantum group, in the sense of [KV00], defined by a pair (M, A)
where M is a von Neumann algebra and A : M — M ® M. Assume that M is generated by
the entries of a magic unitary U € M ® B(¢*(I)) such that (A ®id)(U) = Uj3Uz3. Recall
that U = (uij)ijer is called a magic unitary of the rows and columns of U are self-adjoint
projections that sum up to 1 in M. Then,

a: (1) - M®BE(I):alp) = » (u;®p;) and
jel
B 0(1) = MEL(I): Bpi) = Y (uji ©p;)
jEI
are coactions of (M, A), resp. (M, A°P), on £>°(I).

Denote by S the antipode of G. Since S(u;;) = uji, we find that S? = id and that S is a normal
sx-anti-automorphism of M. We further assume that the left Haar weight ¢ and the right Haar
weight ¢ of G are tracial and that ¢(u;;) < +o00 and ¥ (u;;) < +oo for all 4, j € I. Note that
these conditions precisely mean that o and § are integrable in the sense of [Vae00, Definition

1.4].

Note that all assumptions that we made are satisfied by the quantum automorphism groups
that we constructed in Section 2.4.

Definition 5.1. We call a pair (H, V') a G-equivariant Hilbert £°°(I)-bimodule if A is a Hilbert
¢>°(I)-bimodule and V € M ® B(#H) is a unitary corepresentation of (M, A) such that

VARAF)V*=(1d®NB(F) and V*(1®p(F))V =(1d® p)a(F) forall F € (>°(I),
where A\ : £°°(I) — B(H), resp. p : £°°(I) — B(H), denote the left, resp. right, module action.

We say that (H,V) is of finite type if p; - H and H - p; are finite dimensional for all ¢ € I.

Thanks to the following lemma, we can define the tensor product of two G-equivariant Hilbert
¢2°(I)-bimodules.

Lemma 5.2. Let (H,X) and (K,Y) be G-equivariant Hilbert ¢>°(I)-bimodules. Denote by P
the orthogonal projection of H @ K onto the closed subspace H @1 K. Then, X12Y13(1 ® P) =
(1® P)X12Y13. Writing Z = X12Y13(1® P), we get that (H®1 K, Z) is a G-equivariant Hilbert
02°(I)-bimodule.

Proof. Note that P =}, ;(pu(pi) ® Ac(pi)). Thus,

X12Yi3(1®@ P) = Z Xia(uji @ pr(pi) @ Ac(pi))Y13 = (1® P)X19Y13 -
igel
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The space of morphisms from (#H,X) to (K,Y) is defined as the set of all bounded ¢>°(1)-
bimodular operators T : H — K satisfying Y(1 ® T) = (1 ® T)X. The identity object is
defined as the Hilbert space ¢2(I) with the obvious ¢*°(I)-bimodule structure and unitary
corepresentation U € M ®@ B(¢%(I)). One checks that

fHZf'PiG@ei

el

defines a unitary equivalence between (H, X) and the tensor product (H, X) ®@; (¢2(I),U). A
similar result holds for (¢2(I),U) ®; (H, X), so that (¢2(I),U) indeed is an identity object. We
have thus defined the C*-tensor category of G-equivariant ¢°°(I)-bimodules.

Note however that the identity object (¢2(I),U) need not be irreducible. We thus introduce
the following notation, which by Corollary 2.26, is compatible with the notation that we used
for quantum automorphism groups. Note that for actions of compact quantum groups, this
equivalence relation ~ was already defined in [DCKSS16, Definition 4.1].

Lemma 5.3. The relation on I defined by i ~ j if u;j # 0 is an equivalence relation. Given a
subset W C I, we have a(ly) = 1@ 1w iff B(lw) = 1@ 1w iff W is invariant under =.

Proof. Since S(u;j) = uj;, the relation ~ is symmetric. We have (ui, ® 1)A(u;5) = i ® ug;
for all 4,5,k € I. Assume that ¢ € I and u;; = 0. It then follows that u;; ® ug; = 0 for all
k € I. Since ujr = S(ug;), this means that ug; = 0 for all k& € I. Summing over k, we find
the contradiction that 1 = 0. So the relation ~ is reflexive. Finally, if ¢ =& k and k& ~ j, then
(uit @ 1)A(ugj) = uit @ ug; is nonzero. So wi; # 0 and i ~ j.

Given F' € (>°(I), we have that a(F) =1 Fiff 5(F) =1® F iff F(i) = F(j) for all i,j € I

We denote by (I,)qce the set of equivalence classes for ~. We denote by 1, € ¢°°(I) the
indicator function of I,. Note that by Lemma 5.3, we have that U(1® 1,) = (1 ® 1,)U.

Definition 5.4. We denote by C(G ~ I) the unitary 2-category with 0-cells £ and with 1-cells
Ca—t(G v I) given by the G-equivariant Hilbert ¢°°(I,)-¢>°(I})-bimodules of finite type.

We denote the identity object in Cu_o(G ~ I) by g, = (#2(1,),U(1 ® 1,)). To check that
Definition 5.4 indeed provides a unitary 2-category, the only nontrivial point is that every
(H,V) € Cqap(G ~ I) admits a conjugate. We consider the £°°(1I,)-£>°(1,)-bimodule H. Since
S? = id, we have the conjugate unitary corepresentation V € M ® B(H) satisfying (id ®
waﬁ)(V) = (id ® wy¢)(V*) for all £,n € H. Denoting by onb(KC) any choice of orthonormal

basis of a Hilbert space, one checks that the maps

s:0%(I1,) » Hon H:s(e) = Z (E®€) and
jEIb,§€Onb(pi-H-pj)
t03(I,) > Hop H:s(e) = > E®¢)

jEIb,ﬁeonb(pj~vai)

solve the conjugate equations for (H, V') and its conjugate (H, V).

In the theory of compact quantum groups, one obtains intertwiners between unitary represen-
tations by integration over the compact quantum group. In particular, for irreducible represen-
tations, this leads to the Peter-Weyl orthogonality relations. The following lemma provides a
similar result in the context of G-equivariant ¢°°(I)-bimodules. It will be a key tool in Section
5.2.
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Lemma 5.5. Let (H,X) and (K,Y) be G-equivariant £>°(I)-bimodules. Fiz a € £ and e € I,.
Denote by N C B(H,K) the space of bounded ¢>°(I)-bimodular operators from H to K.

1. There is a C > 0 such that ¢(u;e) = C for all i € I,.
2. For every Ty € N, there is a unique morphism ®(Ty) from (H,X) to (K,Y) satisfying

Ac(pi)@(Ty) = C (p @ id) ((wie ® )Y (1 ® Ac(pe)To)X*)  for alli € I. (5.1)
3. If Ty is a morphism from (H,X) to (K,Y) such that To = A (14)To, then ®(Th) = Tp.

Proof. 1. For all i,k € I, we have (u;; @ 1)A(uie) = uijp ® uge. By left invariance of ¢, we
conclude that ¢(u;e) = @(ug.) whenever i ~ k. So we find C' > 0 such that ¢(u;e) = C for all
1€ I,.

2. Fix Ty € N. Since (uje ® 1)(1d @ M) B(pe) = wie @ Ac(pi), the right hand side of (5.1) defines
an element T; € B(H,p; - K). We also have that (id ® Ay)B(pe)(tie @ 1) = uje @ Ay(p;), that
u?e = u;e and that ¢ is a trace. Therefore,

CT; = (¢ ®id)((uie ® 1)Y (1 ® Aic(pe)Torn (pe)) X ™)
= (e ®id)((uie ® )Y (1@ M (pe) To) X ™ (id @ Ap) B(pe) (uie ® 1))
= (¢ ®@id) ((uie ® DY (1 ® A (pe)To) X" (uie @ A (pi))) = CT; Au(pi) -
Since moreover ||T;|| < [|Tp]| for all ¢ € I, the operator T' =)
operator satisfying A (F)T = TAy/(F) for all F € ¢>°(1).
Also note that

ser Ti is a well-defined bounded

Cpr(F)Ti = (¢ ®id)((uie ® DY (id @ p)a(F)(1 @ Ac(pe)To) X*) = CT; py(F)

so that pic(F)T =T py(F) for all F' € £°°(1).

We finally need to prove that (1®7)X =Y (1®T). By the left invariance of ¢, we get for all
ikel,

Cuy, @ T; = (id © ¢ @id) ((uir ® 1@ 1)(A @ id) ((use @ 1)Y (1 @ A (pe)T0) X*))
= (id ® ¢ ®@id) ((uik ® uke ® 1)Y13Y23(1 © 1 @ A (pe)To) X33 X 13)
= (uix @ )Y (1® (p @1d) ((uge © 1)Y (1 @ A (pe)To) X*)) X*
= C(uir ® 1)Y (1@ A (pr)T) X" = C (i ® Ac(pi)) Y (1@ T) X"

First summing over k and then summing over ¢, we find that 1@ T =Y (1 ® T)X*.

3. If Ty is a morphism from (H, X) to (K,Y), we find that \c(p;)®(Tp) = C~! p(uie) Mc(p:i)To
for all ¢ € I. Since w;e = 0 if i & I, we conclude that ®(Tp) = A\ic(14)70. O

5.2 Isomorphism between C(G ~ I) and C(D, II)

We fix a connected locally finite graph II with vertex set I and a graph category D containing
all planar bi-labeled graphs. We denote by G the associated quantum automorphism group
defined in Theorem 2.24, with von Neumann algebra realization (M, A), generated by the
entries of a magic unitary U = (ui;)i jer-

Proposition 5.6. The unitary 2-categories C(D,II) and C(G ~ I) defined in 2.3 and 5.4 are
equivalent.
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Proof. We denote by (A,A) the algebraic quantum group underlying G. For every n >
0, define the G-equivariant ¢>°(I)-bimodule (K™, UMY by H™ = 2(1"*t1) and U™ =
Ui2Ui3 - - - Uy p42. By the defining relations for A, we have that U(”)(l TM =1 T’C)U(m)
for all £ € D.(n,m). We also have that U(1 ® 1,) = (1 ® 1,)U for all a € £. Thus, every
T € Mor,_p(n,m) defines a morphism from (K, U™) to (H™,UM™). In particular, every
orthogonal projection P € Mor,_;(n,n) defines an object in C4—p(G ~ I).

To conclude the proof of the proposition, we thus only have to prove the following two state-
ments. We denote by M(n,m) the space of all bounded, G-equivariant, ¢°°(I)-bimodular
operators from (H™), U™) to (H™, U™),

1. For all orthogonal projections P € Mor,_p(n,n) and Q € Mor,_(m,m), we have that

P M(n,m)Q C Mor,_p(n,m) . (5.2)

2. For every G-equivariant £>°(I)-bimodule (#, X)), there exists an n > 0, a,b € £, an orthog-
onal projection P € Mor,_j(n,n) and a morphism T from (H, X) to (H™,U) such that
PT #0.

Proof of 1. For i € I"™!, we again denote by (i) the canonical basis vector in £2(I"*1). For all
i € I""! and j € I™*!, we denote by E;; € B(£2(I™T1), ¢2(I"*1)) the obvious rank 1 operator.
Fix a base vertex e € I, and denote by ¢, the corresponding Haar functional defined in 2.23.
We use the notation of Lemma 5.5 and start by proving that

®(EBsik sjk) € Morg_p(n,m) forallse€ I, k€I, ic ™ andje ™t (5.3)

If s # e, then ®(FEy;p sj1x) = 0 by definition. So we may assume that s = e. Whenever r € mtl
and [ € I+ with rg = Iy € I, and 7, = l,,, € I, the matrix entry (®(Eeik,ejk))r is given by

Ve (Urern+1(T, eik)Upm+1(1, ejk:)*) = e (umeUnH(r, etk)Upmt1(lm -+ - Loy kKJm—1 - -jle))
= Qe (Un-i—m—l—l(rlm—l e 117’0, ez’k‘jm_l .. -jle)) .

By (2.14), this last expression equals

> (V(ro), (rlyp—1 - - - liro)) {(€ikjm—1 - - - jie), V(e)) . (5.4)
Veibfg_q(nt+m,eq)

Note that since €, 1, k, j are fixed, there are only finitely many nonzero terms in the above sum.
Also, by Lemma 2.2, for every V' € Mor,_4(n + m,g,), there is a unique Zy € Mor,_p(n, m)
satisfying

(V(ro), (rlm—1---liro)) = (Zv (roly - - lm—17n), (1))

for all r € I with r, € I, I1,...,l,,_1 € I. But then the expression in (5.4) equals the rl
matrix entry of the finite sum

> ((eikjm—1 ---j1€),V(e)) Zy .
VEibfg—q(n+m,eq)
We have thus proven (5.3).

To prove (5.2), since P Mor,_(n, m) @ is a finite dimensional vector space, it suffices to prove
that any Tp € P M(n,m)(Q belongs to the o-weak closure of P Mor,_;(n, m) Q. Denote by
Np the linear span of the rank 1 operators Eg;j, sjr with s € I, k € I, i € I"land jeIm
Choose a sequence T; € Np such that T; — T o-weakly. Then, ®(T}) — ®(Tj) o-weakly. By
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Lemma 5.5, we have ®(1y) = Tp. So, P ®(1;) Q — Tp o-weakly. By (5.3), all P ®(1;) Q belong
to P Mor,_p(n, m) Q. This concludes the proof of 1.

Proof of 2. We apply Lemma 5.5 to (K,Y) = (™, U™) and Ty € B(H,K) an arbitrary
bounded ¢>°(I)-bimodular operator. If for all choices of n > 1, T and e € I, the expression in
(5.1) equals zero for all i € I, it follows that

gp(uie Up+1(isr, klt) a) =0 when a = (id ® we,)(X™), for all i,e,k,r,t € I, 5,1l € m
n>1,§€H, ne€py- M- p:

Taking k = e, so that wje Upt1(isr, klt) = Upyi(isr,elt), summing over i, € I and only
considering n > 2, we find that

©(Un—1(s,1) (i[d @ we ) (X)) =0 foralln>1,s,1€I"and {,n € H.

Because the elements U,_i(s,l) are dense in M and ¢ is faithful, it follows that X = 0,
which is absurd. So, we find n > 0 and a nonzero morphism 7 from (#,X) to (X, U™).
Pick a,b € € such that (1, ® 12(*=D ® 1,)T is still nonzero. Since Mor,_j(n,n) contains
an increasing sequence of orthogonal projections converging strongly to 1, we can take an
orthogonal projection P € Mor,_4(n,n) such that PT # 0. O

Recall from Section 2.1 that G denotes the category of all bi-labeled graphs and P the category
of planar bi-labeled graphs. Given a connected locally finite graph II, the associated unitary
2-categories C(P,II) and C(G,II) were introduced in Definition 2.3.

Corollary 5.7. Let Il be a connected locally finite graph. Then II has no quantum symmetry,
meaning that QAutIl = AutIl, if and only if the natural functor C(P,1I) — C(G,II) is an
equivalence of 2-categories.

Proof. If QAutll = Autll, then it follows from Proposition 5.6 that the natural functor
C(P,1I) — C(G,1I) is an isomorphism of 2-categories.

Conversely, assume that this functor is an isomorphism of 2-categories. This means that the
equivalence relations =~ defined by P, resp. G, on I are the same and that Morf_b(n,m) =
Morg_b(n,m) for all a,b € £ and n,m > 0. Define K = (K,z,y) € G(4,4) by V(K) =
{0,1,2,3}, BE(K) =0, x; =i for all i € {0,1,2,3} and yo = 0, y1 = 2, y2 = 1, y3 = 3, as
illustrated in Figure 12.

i) T1 €T X3
[ ] [ ] [ ] [ ]
Yo Y2 Y1 Y3

Figure 12: The bi-labeled graph K € G(4,4)

Fix i,j € I*. We claim that the equality (F3T%);; = (TN F3);; holds in the x-algebra B
associated with P. Take the unique a,b € £ such that jo € I, and j3 € I;. As in the proof
of Lemma 2.10, we can take a connected K' = (K, z,z) € G(4,4) such that T*' is a diagonal
matrix and T]’? > 0. Then, K o K’ is connected, so that

T (1, ©19191) and TF (1, @ 1©1®13) belong to Mor?_,(3,3) = Mor”._;(3,3) .
By Lemma 2.8.4, the following equalities hold in the space of matrices over B.

BTN (1,019010 1) =BT 1,019101,) =T 1,191 1,) F;
=TTV (1, 01010 1L,) FB=T"FBTY (1,010121,).
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Taking the 5 entry and dividing by T7%: , the claim is proven. It follows that

]J ’
Fy(igiviais, jojijajs) = Fa(ioiairis, joj2jijs) in B, for all i,j € I*.
By Lemma 2.22, the x-algebra A associated with P is abelian. Hence, QAutIl = AutIl. O

Corollary 5.8. Let I' be a countable group with a ﬁlzite symmelric generating set S = S~ C T,
Denote by 11 the associated Cayley graph and let G be the planar quantization defined in 3.3
with canonical surjective Hopf *-algebra homomorphism m : O(G) — C[I'].

Then m is an isomorphism if and only if QAutIl = T, i.e. Il has no quantum symmetry and
AutIl=T.

Proof. For every n,m > 0, denote by M(n,m) the space of all bounded ¢°°(T")-bimodular
operators T from ¢?(I'"™*1) to ¢2(I'"*1) with the following property: for every i € T, there exist
only finitely many j € I'™ and k& € I such that Tj;;, # 0 or T}; 1; # 0. Define Mor!' (n,m) as
the set of all T' € M(n,m) that are I'-equivariant. We thus get

Mor” (n,m) c Mor9(n,m) € Mor" (n, m)

for all n,m > 0. The *-homomorphism 7 is an isomorphism if and only if Morp(n, m) =
Mor! (n, m) for all n,m > 0.

By Corollary 5.7, we have Mor” (n,m) = MorY(n,m) for all n,m > 0 if and only if QAutIl =
AutII. We thus only have to prove that MorY(n,m) = Mor! (n,m) for all n,m > 0 if and
only if AutIl =T'. Write G = AutIl. By Proposition 5.6 and Proposition 2.35, we have that
Mor9 (n,m) is equal to the space Mor®(n,m) of G-equivariant elements in M(n,m). So if
G =T, we have MorY(n, m) = Mor" (n, m).

Conversely, assume that Mor®(n,m) = Mor® (n,m) for all n,m > 0. Define K = {0 € G |
o(e) = e}. To conclude that G =T, we need to prove that K = {id}. For this it suffices to prove
that every operator Ty € A(pe)p(pe) M (n, m) is K-equivariant. Denote by 6,, : T — U(£?(I"1))
the diagonal translation action. Given Ty € A(pe)p(pe)M(n,m), we get that

T := Ze )To0m

gel
belongs to Mor! (n,m). So, T € Mor®(n,m). In particular, Ty = A\(pe)p(pe)T is K-equivariant.
O
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