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Incrementally learning new information from a non-stationary stream
of data, referred to as ‘continual learning’, is a key feature of natural
intelligence, but a challenging problem for deep neural networks. In

recent years, numerous deep learning methods for continual learning
have been proposed, but comparing their performances is difficult due to
the lack of acommon framework. To help address this, we describe three
fundamental types, or ‘scenarios’, of continual learning: task-incremental,
domain-incremental and class-incremental learning. Each of these
scenarios hasits own set of challenges. Toillustrate this, we provide a
comprehensive empirical comparison of currently used continual learning
strategies, by performing the Split MNIST and Split CIFAR-100 protocols
according to each scenario. We demonstrate substantial differences
between the three scenarios in terms of difficulty and in terms of the
effectiveness of different strategies. The proposed categorization aims

to structure the continual learning field, by forming a key foundation for
clearly defining benchmark problems.

Animportant open problem in deep learning is enabling neural net-
works to incrementally learn from non-stationary streams of data'.
For example, when deep neural networks are trained on samples from
anew task or data distribution, they tend to rapidly lose previously
acquired capabilities, aphenomenonreferred to as catastrophic for-
getting®*. In stark contrast, humans and other animals are able to
incrementally learn new skills without compromising those that were
already learned®. The field of continual learning, also referred to as
lifelong learning, is devoted to closing the gap inincremental learning
ability between natural and artificial intelligence. Inrecent years, this
area of machinelearning research has been rapidly expanding, fuelled
by the potential utility of deploying continual learning algorithms
for applications such as medical diagnosis®, autonomous driving’ or
predicting financial markets®.

Despite its scope, continual learning researchis relatively unstruc-
tured and the field lacks ashared framework. Because of an abundance
of subtle, but oftenimportant, differences between evaluation proto-
cols, systematic comparison between continual learning algorithms s
challenging, even when papers use the same datasets’. It is therefore
notsurprising that numerous continual learning methods claim to be

state-of-the-art. To help address this, here we describe a structured
and intuitive framework for continual learning.

We put forward the view that, at the computational level'’, there
are three fundamental types, or ‘scenarios’, of supervised continual
learning. Informally, (a) in task-incremental learning, an algorithm
must incrementally learn a set of clearly distinguishable tasks; (b) in
domain-incremental learning, an algorithm must learn the same kind
of problembutin different contexts; and (c) in class-incremental learn-
ing, an algorithm must incrementally learn to distinguish between a
growing number of objects or classes. In this article, we formally define
these three scenarios and point out different challenges associated
with each one of them. We also review existing strategies for continual
learning with deep neural networks and we provide acomprehensive,
empirical comparison to test how suitable these different strategies
are for each scenario.

llO

Three continual learning scenarios

In classical machine learning, an algorithm has access to all training
data at the same time. In continual learning, the data instead arrives
inasequence, orinanumber of steps, and the underlying distribution
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ofthe datachanges over time. In this article, we propose that, depend-
ingon how the aspect of the data that changes over time relates to the
function or mappingthat mustbe learned, there are three fundamen-
tal ways in which a supervised learning problem can be incremental
(Table 1). Below, we start by describing the resulting three continual
learning scenariosintuitively. After that we define them more formally:
firstin a restricted, ‘academic’ setting, before generalizing them to
more flexible continual learning settings.

Intuitive descriptions and each scenario’s challenges

The first continual learning scenario we refer to as ‘task-incremental
learning’ (or Task-IL). Thisscenariois best described as the case where
an algorithm must incrementally learn a set of distinct tasks (see
refs. " for examples from the literature). The defining charac-
teristic of task-incremental learning is that it is always clear to the
algorithm—also at test time—which task must be performed. In prac-
tice, this could mean that task identity is explicitly provided, or that
the tasks are clearly distinguishable. In this scenario it is possible to
train models with task-specific components (for example, a separate
output layer per task), or even to have acompletely separate network
foreachtasktobelearned. Inthislast case thereis noforgettingatall.
The challenge with task-incremental learning, therefore, is not—or
should not be—to simply prevent catastrophic forgetting, but rather
to find effective ways to share learned representations across tasks,
to optimize the trade-off between performance and computational
complexity and to use information learned in one task to improve per-
formance on other tasks (that is, to achieve positive forward or even
backward transfer between tasks)'***. These are still open challenges.
Real-world examples of task-incremental learning are learning to play
different sports or different musical instruments, because typically it
is always clear which sport or instrument should be played.

We call the second scenario ‘domain-incremental learning’ (or
Domain-IL). Inthis scenario, the structure of the problemis always the
same, but the context or input-distribution changes (for example, there
are domain-shifts; see refs.'*"). Similarly to task-incremental learning,
this scenario can be described as that analgorithm mustincrementally
learn a set of ‘tasks’ (although now it might be more intuitive to think
of them as ‘domains’), but with the crucial difference that—at least at
test time—the algorithm does not know to which task asample belongs.
However, identifying the task is not necessary, because each task has
the same possible outputs (for example, the same classes are used in
eachtask). Using task-specific componentsinthis scenariois, however,
only possible if an algorithm first identifies the task'®, but that is
not necessarily the most efficient strategy. Preventing forgetting ‘by
design’is therefore not possible with domain-incremental learning, and
alleviating catastrophic forgetting is stillanimportant unsolved chal-
lenge. Examples of this scenario areincrementally learning to recognize
objects under variable lighting conditions* (for example, indoors
versus outdoors) or learning to drive in different weather conditions”.

The third continual learning scenario is ‘class-incremental learn-
ing’ (or Class-IL). This scenariois best described as the case where an
algorithm must incrementally learn to discriminate between a grow-
ing number of objects or classes (for example, refs. ?°). An often
used set-up for this scenariois that asequence of classification-based
tasks (although now it might be more intuitive to think of them as
‘episodes’) is encountered, whereby each task contains different
classes and the algorithm must learn to distinguish between all
classes'”?”?%, In this case, task identification is necessary to solve
the problem, as it determines which possible classes the current
sample might belong to. In other words, the algorithm should be
able both tosolve eachindividual task (that is, distinguish between
classes within an episode) and to identify which task asample belongs
to (that s, distinguish between classes from different episodes).
For example, an agent might first learn about cats and dogs, and
later about cows and horses; while with task-incremental learning

Table 1| Overview of the three continual learning scenarios

Scenario Intuitive description Mapping to learn
Task-incremental Sequentially learntosolve  f: X xC—Y
learning a number of distinct tasks
Domain-incremental Learn to solve the same f:x-Y
learning problem in different

contexts
Class-incremental Discriminate between f:x-exy

incrementally observed
classes

learning

Notation: X is the input space, ¥ is the within-context output space and €is the context
space. In this article, the term ‘context’ refers to an underlying distribution from which
observations are sampled. The context changes over time. In the continual learning literature,
the term ‘task’ is often used in a way analogous to how the term ‘context’ is used here.

the agent would not be expected to distinguish between animals
encountered in different episodes (for example, between cats and
cows), withclass-incremental learning this isrequired. Animportant
challengein thisscenarioislearning to discriminate between classes
that are not observed together, which has turned out to be very chal-
lenging for deep neural networks, especially when storing examples
of previously seen classes is not allowed**°,

Formalizationin arestricted, ‘academic’ setting

Tomore formally define these three scenarios, we start by considering
the simple, but frequently studied, continual learning setting in which
aclassification problemis split up into multiple parts or episodes that
must be learned sequentially, with no overlap between the different
episodes. Inthe continual learning literature, these episodes are often
called tasks, but in this article we will refer to them as ‘contexts”. The
termtaskis problematicbecauseintheliteratureitis used with several
different meanings or connotations. From here on, we will use the term
task only to refer to a context when it is always clear to the learning
algorithm when a sample belongs to that context (as is the case with
task-incremental learning).

Inthe ‘academic continual learning setting’ sketched above (that
is, classification-based, non-overlapping contexts encountered
sequentially), a clear distinction can be drawn between the three sce-
narios. To formalize this, we express each sample as consisting of three
components: aninput x € X, awithin-contextlabel y € Yandacontext
label c € €. The three scenarios can then be defined based on how
the function or mapping that must be learned relates to the context
space €. With task-incremental learning, an algorithm is expected to
learnamappingoftheform f : X x ¢ —» Y, withdomain-incremental
learning a mapping of the form f : X — ¥ must be learned and with
class-incremental learning the shape of the mapping to be learned is
f : X = € x Y.For class-incremental learning this mapping can also
be writtenas f : X — G, with G the ‘global label space’ obtained by
combining ¢and y.

These definitions imply that the three scenarios can be distin-
guished based on whether at test time context identity informationis
knowntothealgorithmand, in caseitisnot, whetheritmust beinferred
(Fig.1). Each scenario thus specifies whether context labels are available
during testing, but not necessarily whether they are available during
training. With task- and class-incremental learning, it is often implicit
that context labels are provided during training (for example, in the
case of supervised learning), but with domain-incremental learning it
is good practice to explicitly state whether context labels (or context
boundaries) are provided during training.

To illustrate the continual learning scenarios with an example,
Fig. 2 shows how Split MNIST, which is a popular toy problem for con-
tinual learning?***"*?, canbe performed according to each of the three
scenarios. Further examples illustrating these scenarios with other
context sequences are provided in Supplementary Note 1.
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At test time, is
context identity known?
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Task incremental Must context identity
be inferred?

//////\\\\\\
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Domain incremental Class incremental

Fig.1|Decision tree for the three continual learning scenarios. The scenarios
canbe defined based on whether at test time context identity is known and if it is
not, whether it must be inferred.

It might be unintuitive to distinguish domain- and class-
incremental learning by whether context identity must be inferred,
because with class-incremental learning context identificationis often
notexplicitly performed, as typically adirect mappingislearned from
theinputspace X to the set of globallabels G. Another way to tell these
two scenarios apart is by whether different contexts contain the same
classes (domain-incremental learning) or different classes
(class-incremental learning). However, it should then be realized that
whether two samples belong to the same class can change depending
on perspective: in the Split MNIST example (Fig. 2), with domain-
incremental learning the digits ‘0’ and ‘2’ belong to the same class (as
they are both even digits), but with class-incremental learning they are
considered different classes.

Generalization to more flexible settings

Theclear separation between the three scenarios makes the academic
continual learning setting convenient for studying these scenarios
and their different challenges in isolation. However, this setting does
not reflect well the arbitrary non-stationarity that can be observed in
the real world**~*°. To generalize the three scenarios to more flexible
continual learning settings, we first introduce a distinction between
the concepts ‘context set’and ‘data stream”:

The ‘context set’is defined as a collection of underlying distribu-
tions, denoted by {D_} ., from which the observations presented to
the algorithm are sampled. For a supervised continual learning prob-
lem, for each context c € ¢,samplesfrom D consistofaninput x € X
and awithin-contextlabel y € y.(Withclass-incrementallearningeach
context could also contain a single class, in which case the within-
context labelyis not used.)

The ‘data stream’ is defined as a (possibly unbounded) stream of
experiencesthataresequentially presented tothe algorithm:e,, e,, ....Each
experience consists of aset of observations sampled fromone or more of
theunderlyingdistributions of the context set. These experiences are the
incremental steps of acontinual learning problem, inthe sense thatateach
step, the algorithm has free access to the data of the current experience,
but not to the data from past or future experiences (see alsoref. *).

Inthe academic continual-learning setting, there is no distinction
between the context set and the data stream, because each experience
consists of all the training data of a particular context. In general,
however, suchadirectrelationis not needed. Every observation within
eachexperience caninprinciple be sampled from any combination of
underlying datasets from the context set. This can be formalized as:

edil ~ 3 pE'De M

ceC

whereby e/[{] is observation i of experience ¢t and pﬁ’i is the probability
that this observationis sampled from D Importantly, in this framework,
from a probabilistic perspective, two observations at different points
intime canonly differ from each other with respect to the (combination
of) contexts from which they are sampled. With this formulation, the
contextset describes the aspects of the data that ‘can’change over time
and the probabilities pé’i describe ‘how’ they change over time.

An advantage of distinguishing between the context set and the
data stream is that it makes it possible to describe continual learning
problems with gradual transitions between contexts**”***? or whereby
contexts are revisited*> *. In this framework, which is suitable for
so-called ‘task-free continual learning®*#¢*8, generalized versions of
the three scenarios can be defined based on how the mapping that must
be learned relates to the context space ¢, which describes the
non-stationary aspect of the data. Supplementary Note 2 illustrates
how a ‘task-free’ data stream can be performed according to each of
the generalized versions of the three scenarios.

We note that for complex real-world incremental learning prob-
lems, it might not be straight-forward to express the mapping that
mustbelearned in terms of the context space ¢, for example, because
there are different aspects of the data that change over time. Toaccom-
modate this, amultidimensional context space ¢ canbe used, whereby
each dimension could adhere to a different scenario. This allows for
continual-learning problems that are mixtures of scenarios (Supple-
mentary Note 3). Another generalization is that contexts do not need
to be discrete, but can be continuous (in that case the summation in
equation (1) becomes anintegral); an example of a continuous context
setis Rotated MNIST with arbitrary rotation (Supplementary Note 3).

Empirical comparison

Tofurther explore the differences between the three continual learning
scenarios, here we provide anempirical comparison of the performance
of different deep learning strategies. To do this comparisoninastruc-
tured manner, in Supplementary Note 4 we discuss and distinguish
five computational strategies for continual learning (Fig. 3). For each
strategy, weincluded afew representative methods in our comparison.

Compared methods

The use of context-specific components was represented by
context-dependent gating (XdG"), which masks for each context a
randomly selected subset of hidden units; and the separate networks
approach, where the available parameter budget is divided over all
contexts and a separate network is learned for each context.

Included parameter regularization methods were elastic weight
consolidation (EWC*’), which estimates parameter importance usinga
diagonal approximationto the Fisher information; and synapticintel-
ligence (SI*'), which estimates parameter importance online based on
the training trajectory.

For functional regularization, compared were learning without for-
getting (LWF*°), which uses the inputs from the current context as anchor
points; and functional regularization of the memorable past (FROMP*'),
which uses stored examples from past contexts as anchor points.

The included replay methods were deep generative replay
(DGR?), which replays generated representations at the input level;
brain-inspired replay (BI-R*®), which replays generated representations
at the latent feature level; experience replay (ER****), which replays
stored samples in the ‘standard way’ (that is, loss on replayed data
addedtolosson current data); and averaged gradient episodic memory
(A-GEM**), which replays the same stored samples but using the loss
onreplayed data asinequality constraint (that s, loss on current data
optimized under constraint that loss on replayed data cannotincrease).

The compared template-based methods were iCaRL*, with mean
latent feature representations of stored examples as templates; and the
generative classifier from ref. *, which uses class-specific generative
models as templates.
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Task-incremental learning Image + context label

Within-context label®

Choice between two digits of same context (e.g. 0 or 1)

Domain-incremental learning Image

Within-context label

Is the digit odd or even?

Class-incremental learning Image Global label

Choice between all ten digits

Fig.2|Split MNIST according to the three scenarios. a, The Split MNIST
protocol is obtained by splitting the original MNIST dataset into five contexts,
with each context consisting of two digits. b, Overview of what is expected of the
algorithm at test time when the Split MNIST protocol is performed according

to each continual learning scenario. *With task-incremental learning, at the

computational level, there is no difference between whether the algorithm must
return the within-context label or the global label, because the within-context
label can be combined with the context label (which is provided as input) to get
the global label.

— Context 1 Context 2 loss

— Context 2

Parameter 1

Parameter 2

Anchor
points

Fig.3|Schematicillustrations of different continual learning strategies.
a, Context-specific components. Certain parts of the network are only used for
specific contexts. b, Parameter regularization. Parameters important for past
contexts are encouraged not to change too much when learning new contexts.
¢, Functional regularization. The input-output mapping learned previously is
encouraged not to change too much at a particular set of inputs (the “anchor
points’) when training on new contexts. d, Replay. The training data of anew

e
Class 2 template
_ | Class1
o | template
=] H
z : 6(2)
& *
I X(tesl)
X Feature 2

context is complemented with data representative of past context. The replayed
datais sampled from M, which canbe amemory buffer or a generative model.

e, Template-based classification. A ‘template’is learned for each class (for
example, a prototype, an energy value or a generative model), and classification
is performed based on which template is most suitable for the sample to be
classified. See Supplementary Note 4 for a detailed discussion of these strategies.

Finally, two baselines were included. As lower target, referred to
as ‘none’, the model was incrementally trained on all contexts in the
standard way. As upper target, referred to as ‘joint’, the model was
trained on the data of all contexts at the same time.

Set-up

We performed both the Split MNIST and the Split CIFAR-100 protocol
according to each of the three scenarios. All experiments used the
academic continual learning setting and context identity information
was available during training. To make the comparisons as informative
as possible, we used similar network architectures and similar training
protocols for allcompared methods. Depending on the continual learn-
ing scenario, the output layer of the network was treated differently.
With task-incremental learning, amulti-headed output layer was used
whereby each context had its own output unitsand only the units of the
context under consideration were used. For the other two scenarios,
single-headed output layers were used, with the number of output
units equal to the number of classes per context (domain-incremental
learning) or to the total number of classes (class-incremental learning).
See Methods for more detail.

Results

For both Split MNIST (Table 2) and Split CIFAR-100 (Table 3), we found
clear differences between the three continual learning scenarios. With
task-incremental learning, almost all tested methods performed well

comparedto the ‘none’ and ‘joint’ baselines, with domain-incremental
learningtherelative performances of many methods dropped consider-
ably and with class-incremental learning they decreased even further.

The decline in performance across the three scenarios was most
pronounced for the parameter regularization methods. On both pro-
tocols, EWC and Sl performed close to the upper target when context
identity was known during testing (that is, task-incremental learning);
with domain-incremental learning the performance of both methods
was substantially lower, but remained above the lower target of sequen-
tially training anetwork in the standard way; and with class-incremental
learning the performance of EWC and Sl was similar to the lower target,
indicating thatin this scenario these methods failed completely. There
was a similar trend across the three scenarios for the functional regu-
larization methods, albeit less pronounced for FROMP than for LwF.

Replay-based methods performed relatively well in all three
scenarios. Although on both protocols their performance still
decreased from task- to domain- to class-incremental learning, the
decline was less sharp than for the regularization-based methods,
and replay-based methods were among the top performers in each
scenario. Template-based classification also performed well with
class-incremental learning, with iCaRL and the Generative Classifier
among the best performing methods on both protocols.

For class-incremental learning, the methods that performed best
either used a generative model or they stored previously seen data
in a memory buffer. Directly comparing methods using these two
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Table 2 | Results on Split MNIST

Strategy Method Budget GM Task-IL Domain-IL Class-IL
Baselines None - lower target 84.32 (+0.99) 60.13 (+1.66) 19.89 (+0.02)
Joint - upper target 99.67 (+0.03) 98.59 (+0.05) 98.17 (+0.04)
Context-specific components Separate Networks 99.57 (+0.03)
XdG 9910 (+0.10)
Parameter regularization EWC 99.06 (+0.15) 63.03 (+1.58) 20.64 (x0.52)
Sl 99.20 (+011) 66.94 (+1.13) 21.20 (+0.57)
Functional regularization LwF 99.60 (+0.03) 7118 (¥1.42) 21.89 (+0.32)
FROMP 100 9912 (x013) 84.86 (+1.02) 77.38 (+0.64)
Replay DGR Yes 99.50 (+0.03) 95.57 (+0.30) 90.35 (+0.24)
BI-R Yes 99.61(+0.03) 97.26 (+0.15) 94.41 (+0.15)
ER 100 98.98 (x0.07) 93.75 (+0.24) 88.79 (x0.20)
A-GEM 100 98.54 (+0.10) 87.67 (+1.33) 65.10 (+3.64)
Template-based classification Generative Classifier Yes 93.82 (+0.06)
iCaRL 100 92.49 (+0.12)

Reported is the final test accuracy (as percentage, averaged over all contexts) of all compared methods on the Split MNIST protocol, which is performed according to all three scenarios. The
experiments followed the academic continual learning setting and context identity information was available during training. The column ‘Budget’ indicates the number of examples per class
that was allowed to be stored in a memory buffer. The column ‘GM’ indicates whether a generative model was learned, for which additional network capacity was used. Each experiment was

performed 20 times with different random seeds, reported is the mean (ts.e.m.) over these runs.

Table 3 | Results on Split CIFAR-100

Strategy Method Budget GM Task-IL Domain-IL Class-IL
Baselines None - lower target 61.43 (+0.36) 18.42 (+0.33) 7.71(x0.18)
Joint - upper target 78.78 (+0.25) 46.85 (+0.51) 4978 (+0.21)
Context-specific components Separate Networks 76.83 (+0.25)
XdG 69.86 (+0.34)
Parameter regularization EWC 76.34 (+0.29) 21.65 (+0.55) 8.24 (+0.25)
sl 74.84 (+0.39) 22.58 (+0.42) 810 (+0.24)
Functional regularization LwF 78.59 (+0.24) 29.45 (+0.39) 25.57 (x0.27)
Replay DGR Yes 71.40 (x0.32) 20.52 (+0.43) 9.67 (+0.22)
BI-R Yes 7914 (x0.21) 30.26 (+0.44) 25.81(+0.41)
ER 100 76.43 (+0.24) 39.00 (+0.34) 37.57 (+0.21)
A-GEM 100 73.30 (+0.39) 20.51(x0.59) 20.38 (1.45)
Template-based classification Generative Classifier - Yes 46.83 (+0.18)
iCaRL 100 37.83(+0.21)

Reported is the final test accuracy (as percentage, averaged over all contexts) of all compared methods on the Split CIFAR-100 protocol, which is performed according to all three scenarios.
The experiments followed the academic continual learning setting and context identity information was available during training. The column ‘Budget’ indicates the number of examples per
class that was allowed to be stored in a memory buffer. The column ‘GM’ indicates whether a generative model was learned, for which additional network capacity was used. Note that we were
not able to run the method FROMP on this protocol due to its high computational costs. Each experiment was performed 10 times with different random seeds, reported is the mean (¢s.e.m.)
over these runs. All compared methods used convolutional layers that were pre-trained on CIFAR-10, see Methods for full details.

types of memories can be arbitrary, as their performance can heavily
depend on the number of stored examples or the kind of generative
model. We instead focus on comparing methods using the same type
of memory.

For methods using generative models, the largest differences were
observed with Split CIFAR-100. In particular, DGR did not perform well
onthis protocol, indicating that standard generative replay (that s, at
theinputlevel)isnotagood approach whenthe input dataare complex
(see also refs. *°*°7), There was also a substantial gap in performance
between BI-R and the Generative Classifier. As both methods had a
generative model on the latent features, this suggests that the way in
which a generative model is used (that is, for generating replay or as
templates) isimportant as well.

For methods using stored data, we found that replaying stored
datainthe standard way (asis done by ER) was not often outperformed
by more complex ways of using stored data. In fact, perhaps surpris-
ingly, on all experiments ER comfortably outperformed A-GEM, and
ER performed significantly better than FROMP on two of the three
scenarios of Split MNIST. These results held for different sizes of the
memory buffer (Extended Data Fig. 1). A clear improvement over ER
was only observed with iCaRL, and only when the size of the memory
buffer was relatively small.

Discussion
Continual learning is akey feature of natural intelligence, but an open
challenge for deep learning. Standard deep neural networks tend
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to catastrophically forget previous tasks or data distributions when
trained onanew one. Enabling these networks to incrementally learn,
and retain, information from different contexts has become a topic
ofintense research. Yet, despiteits scope, the continual learning field
lacks structure and direct comparisons between published papers
canbe misleading. Here, we pointed out that an important difference
between continual learning set-upsis whether contextidentity is known
to the algorithm and—if it is not—whether it must be inferred. Based
on these two distinctions, we identified three scenarios for continual
learning: task-incremental learning, domain-incremental learning and
class-incremental learning.

These three scenarios and their different challenges can be con-
veniently studied in an academic continual learning setting, where a
classification-based problem is split up in discrete, non-overlapping
contexts (which are often called ‘tasks’) that are encountered in
sequence. We showed that in this setting there is a clear separa-
tion between the three scenarios. At least in part because of two
preprints of this article’®*, the terms ‘task-incremental learning’,
‘domain-incremental learning’ and ‘class-incremental learning’ are
sometimes being used in the recent literature in a way that restricts
them to this academic setting. Here, by interpreting these three
scenarios as specifying how the non-stationary aspect of the data
relates to the mapping that must be learned, we propose that they
generalize to more flexible continual-learning settings. To dem-
onstrate the value of such generalized versions of these three sce-
narios, Supplementary Note 2 shows how a ‘task-free’ data stream
without sharp context boundaries can also be performed in three
different ways.

A key insight of this article is that a useful way to categorize
continual-learning problemsis based on how the non-stationary aspect
of the data relates to the mapping to be learned. For supervised clas-
sificationthisleads tothe three continual learning scenarios discussed
here, but the same perspective might also be useful for unsupervised
orreinforcementlearning (Supplementary Note 5). Continual learning
can be categorized in other ways as well, some of which we discuss in
Supplementary Note 6.

Using the academic continual-learning setting, for each scenario
we performed an empirical comparison of a representative selection
of continual learning algorithms. This comparison revealed marked
differences between the three scenarios in overall difficulty level and
intherelative effectiveness of different continual learning strategies.
The only strategy among the top performers in all three scenarios is
replay, with the replayed data sampled either from a memory buffer
oragenerative model. Surprisingly, within the class of methods using
stored data, the strongest performanceis often obtained by the method
ER, whichreplaysstored data ‘inthe standard way’. In our experiments,
popular methods such as A-GEM and FROMP, which use stored data
in more complex ways, are almost always outperformed by ER, even
though the computational costs of A-GEM and FROMP are strictly
higher than those of ER.

Inthe class-incremental learning scenario, we found that parameter
regularization methods such as EWC and Sl fail almost completely, even
on Split MNIST. Functional regularization typically works better, espe-
ciallywhen usingstored dataasanchor points, but thisstrategy also does
not work optimally. We hypothesize that regularization-based strate-
gies—at least by themselves—are not well suited for class-incremental
learning because they do not provide away tocompare between classes
that are not observed together. Regularization-based methods aim
to learn new contexts while preserving the function or parameters
learned in previous contexts. However, with class-incremental learn-
ing, learning a new context (for example, distinguishing 2" and ‘3’)
while preserving what was learned before (for example, distinguish-
ing ‘0’ and ‘1) is not enough; it is also needed to combine information
from different contexts (for example, for distinguishing ‘1’ and 2’).
For learning to distinguish between classes not observed together,

it might be unavoidable to use either replay, which allows for com-
paring between classes from different contexts during training, or
template-based classification, which allows for comparing between
classes from different contexts during inference (that is, during the
classification decision).

Task-incremental learning is sometimes considered ‘easy’, and it
has been argued that the continual-learning community should move
away fromthe assumptionthat contextidentities (or task labels, asthey
are often called) are provided at test time®°. A reason for this notion
might be that with task-incremental learning, the bar is often set too
low. In our experiments, while all methods indeed perform substan-
tially better thanthe usual ‘lower target’ inwhich asingle shared neural
network is sequentially trained on all contexts, most methods per-
formworse than the more appropriate lower target in which asmaller,
separate network is trained for each context. To do better than this
‘Separate Networks’ approach, positive forward or backward transfer
between contexts is necessary, but achieving such positive transfer is
not trivial*",

Domain-incremental learning might be the least studied continual
learning scenario. A few years ago this scenario was regularly studied
with Permuted MNIST***¢! but this protocol is not often used any-
more as it is considered too artificial. The continual learning field is
currently dominated by context sets created by splitting up existing
image classification datasets based on class labels (for example, Split
MNIST, Split CIFAR-100). Although in theory these context sets can
be performed according to all three scenarios, they are typically less
intuitive and/or realistic under the assumptions of domain-incremental
learning. However, in recent years, several resources have been cre-
ated that provide—or enable the generation of—more realistic
context sets well suited for domain-incremental learning®**-6-*,
These resources might help to renew the community’s interest in
this scenario.

The three continual learning scenarios described in this article
provide auseful basis for defining clear and unambiguous benchmark
problems for continual learning. We hope this will accelerate progress
to bridge the gap between natural and artificial intelligence. Moreover,
we believe that it is an important conceptual insight that, at the com-
putationallevel, asupervised learning problem canbeincrementalin
these three different ways. Perhaps especially in the real world, where
continual learning problems are often complex and ‘mixtures’ of sce-
narios, it might be fruitful to approach problems as consisting of a
combination of these three fundamental types of incremental learning.

Methods
All experiments were run using custom-written code for the Python
machine learning framework PyTorch®.

Contextsets

For the Split MNIST protocol, the MNIST dataset®® was split into
five contexts, such that each context contained two digits. The dig-
its were randomly divided over the five contexts, so the order of the
digits was different for each random seed. The original 28x28 pixel
greyscale images were used without pre-processing. The standard
training/test-split was used, which resulted in 60,000 training images
(approximately 6,000 per digit) and 10,000 test images (approximately
1,000 per digit).

For the Split CIFAR-100 protocol, the CIFAR-100 dataset® was
splitupinto ten contexts, such that each context contained tenimage
classes. The classes were randomly divided over the contexts, with a
different class order for each random seed. The original 32x32 pixel
RGB-colour images were normalized (that is, each pixel-value was
subtracted by the relevant channel-wise mean and divided by the
channel-wise standard deviation, with means and standard devia-
tions calculated over all training images). No other pre-processing or
augmentation was applied. The standard training/test-split was used,
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which resulted in 50,000 training images (500 per class) and 10,000
testimages (100 per class).

Base neural network architecture

To make the comparisons as informative as possible, we used the same
base neural network architecture for all methods as much as possible.
For Split MNIST, the base network had two fully connected hidden lay-
ers of 400 ReLU each and a softmax output layer. For Split CIFAR-100,
the base network had five pre-trained convolutional layers followed
by two fully connected layers with 2,000 ReLU each and a softmax out-
put layer. The convolutional layers contained 16, 32, 64, 128 and 256
channels. Each convolutional layer used a3x3 kernel, apadding of 1and
there was a stride of 1in the first layer (that is, no downsampling) and
astride of 2 in the other layers (that is, image-size was halved in each
of those layers). Batch norm® was used in all convolutional layers, fol-
lowed by a ReLU non-linearity. No pooling was used. The convolutional
layers were pre-trained on CIFAR-10, which is a dataset containing
similar but non-overlapping images and image classes compared with
CIFAR-100. To pre-train the convolutional layers, the base neural net-
work was trained to classify the 10 classes of CIFAR-10 for 100 epochs,
using the ADAM-optimizer (g, = 0.9, ,=0.999) with learning rate of
0.0001 and mini-batch size of 256. For the pre-training on CIFAR-10,
images were normalized and augmented by random cropping and hori-
zontal flipping. A similar pre-training protocol was used in ref. %, During
theincremental training on CIFAR-100, the parameters of the pre-trained
convolutional layers were frozen. For all compared methods, freezing
these parameters resulted in similar or better performance compared
with not freezing them.

Output layer

The softmax output layer of the network was treated differently
depending on the continual learning scenario that was performed.
Withtask-incremental learning, amulti-headed output layer was used,
meaning thateach context had its ownoutput unitsand only the output
units of the context under consideration—that is, either the current
context or the replayed context—were set to ‘active’ (see next para-
graph). With domain-and class-incremental learning, asingle-headed
output layer was used. For domain-incremental learning, this meant
thatall contexts used the same output units (thatis, there were 2 output
units for Split MNIST and 10 for Split CIFAR-100); for class-incremental
learning, this meant that each class had its own output unit (that is,
there were 10 output units for Split MNIST and 100 for Split CIFAR-100).
With both domain- and class-incremental learning, always all output
units were set to ‘active’. Note that with class-incremental learning
another possibility is to use an ‘expanding head’ and only set the out-
put units of classes seen so far to active (for example, see refs. 25,
We found that for our experiments there was not much difference in
performance between these two options. Because all output units
should always be active for the Bayesian interpretation of the param-
eter regularization methods®, we decided to use that approach in
this study.

Whether an output unit was set to ‘active’ controlled whether a
network could assign a positive probability to its corresponding class.
The probability predicted by a neural network with parameters 6 that
aninputxbelongs to output class o was calculated as:

(x,0)

=5 ifoutputunitoisactive
e

po(0lx) =4 L€ (¥)]
0 otherwise
whereby zfj‘"’] was the logit of output class o obtained by putting input

xthroughthe neural network with parameters 6. The summationin the
denominator was over all active classesin the outputlayer. Importantly,
with task- and class-incremental learning, output class o refers to the
‘global class’ that is obtained by combining the within-context label y

and the context label c (that is, the set of global classes is given by
g = Y x €). Withdomain-incremental learning, output class orefers to
the within-context label y.

Datastream

All experiments in this article used the academic continual learning
setting, meaning that the different contexts were presented to the
algorithm one after the other. Within each context, the training data
was fed to the algorithm in a stream of independent and identically
distributed experiences (or iterations). For Split MNIST, each context
was trained for 2,000 iterations with mini-batch size of 128. For Split
CIFAR-100, there were 5,000 iterations per context with mini-batch
size of 256.Some of the compared methods (EWC, FROMP and iCaRL)
performed an additional pass over each context’s training data upon
finishing training on that context.

Loss function and optimization

For allcompared methods, the parameters of the neural network were
sequentially trained on each context by optimizing a loss function
(denoted by £.,) using stochastic gradient descent. In eachiteration,
theloss was calculated as the average over all samples in the mini-batch
and asingle gradient step was taken with the ADAM-optimizer (3,= 0.9,
B,=0.999; ref. ) and a learning rate of either 0.001 (Split MNIST) or
0.0001 (Split CIFAR-100).

For most compared methods, a central component of the loss
function was the multi-class cross-entropy classification loss on the
dataofthe current context. For aninputxlabeled with ahard target o,
this classification loss was given by:

£E (x,0;0) = —log py (0]x) 3)

with p,the conditional probability distribution defined by the neural
network with parameters 6, as given in equation (2).

Memory buffer and generative models

Several ofthe compared methods (FROMP, ER, A-GEM and iCaRL) main-
tained a memory buffer in which examples of previously seen classes
were stored. Except for the experiments in Extended Data Fig. 1,100
examples per class were allowed to be stored in the memory buffer (that
is, the per-classmemory budget Bwas set to 100). Some other methods
(DGR, BI-R and the Generative Classifier) learned generative models,
these methods used up to three times as many parameters compared
with the other methods.

Baselines

For the baseline ‘None’, which was included as alower target, the base
neural network was sequentially trained oneach contextinthe standard
way, meaning that the loss function to be optimized was always just
the classification loss on the current data (that s, £, = £°).

For the baseline ‘Joint’, which was included as an upper target,
the base neural network was trained on the data from all contexts at
the same time. For this baseline, the same total number of iterations
was used as with the sequential training protocol (that is, 52,000
iterations for Split MNIST and 10x5,000 iterations for Split CIFAR),
but each mini-batch was always sampled jointly from the data of
all contexts.

Approaches using context-specific components

For XdG and the ‘Separate Networks’ approach, not all parts of the
network were used for each context. These approaches require knowl-
edge of which context a sample belongs to (to select the correct
context-specific components), which meant that they could only be
used in the task-incremental learning scenario. For both approaches,
training was performed usingjust the classification loss on the current
data (thatis, £ = £9).
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In the task-incremental learning scenario, the other methods
(that is, all methods except XdG and Separate Networks) used the
available context identity information only in the form of a separate
output layer for each context. This is a common and often sensible
way to use context identity information, although in Supplementary
Note 7 we show that sometimesit is more efficient to use context iden-
tity information in other ways.

Separate Networks. For the Separate Networks approach, theavailable
parameter budget was equally divided over all contexts tobe learned,
and a separate sub-network was trained for each context. For Split
MNIST, each context-specific sub-network had two fully connected
hidden layers of 100 ReLU each and a softmax output layer. For Split
CIFAR-100, the pre-trained and frozen convolutional layers were shared
betweenall contexts, and only the fully connected part of the network
was split up into context-specific sub-networks. Each context-specific
sub-network had two fully connected layers with 400 ReLU each and
asoftmax output layer.

XdG. With XdG?, the base neural network was used and for each contexta
different, randomly selected subset of X% of the unitsin each hidden layer
was fully gated (that s, their activations were set to zero), with Xahyper-
parameter whose value was set by agrid search (Supplementary Note 8).

Parameter regularization methods

For the parameter regularization methods EWC and Sl, aregularization
term was added to the classification 10ss: Lo = £ + £param—reg- This
regularization term penalized changes to parameters thought to be
important for previously learned contexts.

EWC. Theregularization term of EWC* consisted of aquadratic penalty
term for each previously learned context, whereby the term of each
context penalized parameters for how different they were compared
to their value directly after finishing training on that context. When
training on context K > 1, the EWC regularization term was given by:

Nparams 2
o015 (3T 0-8)) o

i=1

withAahyperparameter controlling the regularization strength (which
was set based onagrid search, Supplementary Note 8), 0(" thevalue of
the i parameter at the end of training on context X, and F("’ the esti-
mated importance of parameter i for context k. This lmportance esti-
mate was calculated as the i diagonal element of the Fisher information
matrix of context k:

o _ 1
Fz(‘i - |S(k)| z

xesk)

(Z (kx)< Slogpy (OIX)‘ ) ) )
9=

A(x

whereby §® was the training data of context k and 6" was the probabil-
ity that x belongs to output class o, as predicted by the network after
finishing training on context k—that is, 62") = pyw (0)x). The inner sum-
mation in equation (5) was over all output classes that were active
during training on context k.

Sl. The regularization term of Sl (ref. *') consisted of a single quadratic
termthat penalized changesto the parameters away fromthe value they
had after finishing training on the previous context. When training on
context K >1, the Slregularization term was given by:

Nparams

=y Z Q(K—l)(e 9*) 6)

(K)
‘Cparam—reg

withyahyperparameter controlling the regularization strength (which
was set based onagrid search, see Supplementary Note 8), éjthe value

of the i*" parameter at the end of training on context K - 1,and 0 Vthe
estimated importance of parameter i after the first K — 1 contexts have
beenlearned. To compute these parameter importance estimates, after
each context k, aper-parameter contribution to the change of the loss
was calculated for each parameter i as follows:

N,
® _ iters ® 6 o al[[(k)]
ol = (61e01 - 61 - 1) T

t=1

@

with N, the number of iterations per context, 8[t®] the value of
parameter i after the " training iteration on context kand ‘s‘“’(;a—(;“()]th
gradient of the loss with respect to parameter i during the £" training
iteration on context k. For every context, these per-parameter contribu-
tions were normalized by the square of the total change of that param-
eter during training on that context plus asmall dampening term £ (set
t0 0.1, tobound the resulting normalized contributions when a param-
eter’s total change goes to zero), after which they were summed over
all contexts so far:

k-1 ®
QEK—I) — (k)l—z (8)
k=1 (Al_ ) +¢&

with A® = 6,[Niers ] - 6,/0®) where 6,[0%“] was the value of parameter
iright before starting training on context k.

Functional regularization methods

Similar as with parameter regularization, the functional regularization
methods LwF and FROMP had aregularization term added to the clas-
sification 10SS: Lol = £€ + Leunc—reg- This regularization term encour-
aged theinput-output mapping of the network not to change too much
atasetofanchor points.

LwF. The method LwF (ref. *°) used the inputs from the current context
asanchor pointsin combination with knowledge distillation”. During
training on context K > 1, the LwF regularization term was given by:

K-1

-2, 2 P}, (olx)log[py (ox)] ©)

k=10€0y

£®

func—reg

(x.0) =

whereby 0, was the set of output classes in context k, *was the param-
eter vector with values as they were at the end of training on context
K—-1and p] (olx)was the ‘temperature-raised’ probability thatinputx
belongs to output class o, as predicted by the network with parameters
6. These temperature-raised probabilities were defined as:

exp [zf,"’e) / T]

SR (10)

Py (0b) =

with Tthe temperature, which was set to 2, and z8*?the logit of output
class o obtained by putting input x through the neural network with
parameters 6. The summation in the denominator was over all active
classes in the output layer. With task-incremental learning, for each
context’sterminthe outer summation of equation (9), only the output
classes contained in that context were active. With domain- and
class-incremental learning, always all output classes were active. In
eachiteration, the LwF regularization term was computed as average
over the same inputs that were used to compute £€.

We note that thisimplementation of LwF differs slightly fromthe
implementation of LWF used in ref.?®, Compared with that implemen-
tation, theregularization term here was weighted less strongly, which
substantially improved the performance of LwF on Split CIFAR-100.
Initial experimentsindicated that by reducing the weight of the replay
termin equation (16) itisalso be possible toimprove the performance
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of several of the replay methods on Split CIFAR-100, but at the cost of
impaired performance on Split MNIST.

FROMP. The method FROMP (ref.*") performed functional regulari-
zation in a Bayesian framework and used stored data from previous
contexts, referred to as memorable inputs, as anchor points. During
training on context K, the regularization term of FROMP was given by:

K-1 sen T -1 5
K 1 (6) (6*) (K-1) (6) 67)
Liimereg (0) = ETZ > (m -m ) Ky, (m -m )

k.0 k.0 k,0 k,0 (11)
k=1 0€0y

with rahyperparameter controlling the regularization strength (which
was set based on a grid search, see Supplementary Note 8) and #* the
parameter vector with values as they were at the end of training on con-
textK - 1.Further, m(k?Zwasavector containing foreachmemorableinput
from context k the probability that this input belongs to output class o
as predicted by the network with parameters 6. That is, the i" element
of miez was given by mffg[i] = py (0]x®P), with x“» the i memorable
input of context k. Finally, Kf{’? was a matrix whose elements were
givenby:

K111 = goliVO gl 12
with:
(o)
golil = 207 13)
60 oete

and V% was a diagonal matrix with diagonal v® given by:

L= 5 dg (1000 AD Y ) (14)
k=1

K
v® XEDy

whereby J®(x) = M| _, with f,(x) the logits obtained by putting
input x through the’feural network with parameters 6, and
APE)[E]] = pow (@) (1 = pgw (/1))

The selection of memorable inputs, which are FROMP’s anchor
points, took place after finishing training on each context. After fin-
ishing on context k, for each input x in that context’s training set, a

relevance score was calculated as:

r@) =Y pg(0l) (1 - pg(olx) (15)

0E0;
whereby O, was the set of output classes in context k and 8 were the
parameters after training on context k. Then, for each output class in
contextk, the Binputs with the highest relevance scores were selected
asthe memorableinputs for that class and stored in the memory buffer.

Replay-based methods

The replay-based methods had two separate loss terms: one for the
dataofthe current context, denoted as £ren» and one for the replayed
data, denoted as £y, Except with A-GEM, during training the objec-
tive was to optimize an overall loss function that was a weighted sum
of these two terms, with the weights depending on how many contexts
had beenseenso far:

1 1

Leyrrent + (1 — (16)

Liotal = N )Lreplay

contexts so far Ncontexts sofar

Ineachiteration, the number of replayed samples was always equal to
the number of samples from the current context (that is, 128 for Split
MNIST and 256 for Split CIFAR-100).

ER.WithER, the term £ .. Was the standard classification loss on the
data of the current context (that is, £eyrren, = £6). The term £y, Was

also the standard classification loss, but on the replayed data. Ineach
iteration, the samples to be replayed were randomly sampled fromthe
memory buffer. The memory buffer was updated after each context,
when for each new class B samples were randomly selected from the
training data and added to the buffer.

A-GEM. For the method A-GEM (ref. **), the loss terms £ yrenc@nd £yepiay
were defined similarly as for ER. The population of the memory buffer
and sampling of the the data to be replayed from the memory buffer
were also the same. The only difference compared to ER was that with
A-GEM, the objective was not to minimize the combined loss (that is,
L), DUtinstead the objective was to minimize the loss on the current
data (thatis, £.,rren) Under the constraint that the loss onthe replayed
data (thatis, £,.p1,) did notincrease. Toachieve this, in every iteration,
the gradient vector that was used to update the parameters (that is,
thegradient vector that was putinto the ADAM-optimizer) was required
to haveapositive angle with the gradient of £, Therefore, whenever
theangle betweenthe gradient of £encand the gradient of £,y .y Was
negative, the gradient of £ en Was projected onto the orthogonal
complement of the gradient of £ ¢pjay. Let B.yiren b€ the mini-batch of
data from the current context and B, the mini-batch of replayed
data from the memory buffer. The gradient of £,rene Was then:

1 6L%(x,0;0)
= — _— 17
gcu”en[ ‘Bcurrem' (x’a)ezcurrem 69 ( )
and the gradient of £, was given by:
6£C(x, 0;0)
== _— 18
greplay |$replay | 60 ( )

(%,0)€Bieplay

The gradient g' used to update the parameters was then given by:

: T
8current lfgcurrent 8replay = 0

g = (19)

P Geurrent' Greplay Zeen
current — repla
(&replay Erepiay+¥) "

otherwise,

with yasmall constant to ensure numerical stability. In A-GEM’s origi-
nal formulation® there was no y-term, but we found that without it,
performance was unstable. We used y=1x107".

DGR. With DGR?, two neural networks were sequentially trained onall
contexts: a classifier, for which we used the base neural network, and a
separate generative model.

For training of the classifier, aswithERand A-GEM, £ reniand £ epiay
were the standard classification loss on the data of the current context
and the replayed data, respectively. With DGR, the replayed data was
obtained by sampling inputs from a copy of the generative model and
labelling them as the most likely class predicted for those inputs by a
copy of the classifier. The samples replayed during context K were
generated by copies of the generator and classifier stored directly after
finishing training on context K - 1. With task-incremental learning, each
replayed sample was labelled and evaluated separately for all previous
contexts and £,y Was the average over those contexts.

As generative model a variational autoencoder (VAE; ref. ?) was
used, which consisted of an encoder network g, that mapped an
input-vector xto avector of latent variables z, and a decoder network
p, that mapped those latent variables back to a reconstructed or
decoded input-vector x. The architecture of these two networks was
kept similar to that of the base neural network: for Split MNIST, the
encoder and the decoder were both fully connected networks with two
hiddenlayers of 400 ReLU each; for Split CIFAR-100, the encoder con-
sisted of the same five pre-trained convolutional layers as the base
neural network followed by two fully connected layers with2,000 ReLU
units, and the decoder consisted of two fully connected layers with

Nature Machine Intelligence


http://www.nature.com/natmachintell

Article

https://doi.org/10.1038/s42256-022-00568-3

2,000 ReLU followed by five deconvolutional (or transposed convolu-
tional) layers” that mirrored the convolutional layers and contained
128, 64, 32,16 and 3 channels. The first four deconvolutional layers
used a4x4 kernel,apadding of1and astride of 2 (that is, image size was
doubledineachofthoselayers), while the final layer used a3x3 kernel,
apadding of 1and a stride of 1 (that is, no upsampling). Batch-norm
and ReLU non-linearities were used in all deconvolutional layers except
for the last one. For both context sets, the VAE’s latent variable layer z
had 100 Gaussian units. The prior over the latent variables was the
standard normal distribution.

For agiven input x, the loss function for training the parameters
ofthe VAE was:

LG (X; ¢, (/J) — £latent (X; ¢) 4 grecon (X; ¢, w) (20)
The firsttermin equation (20), the ‘latent variable regularization term’,

was given by:
2
o® )
J

with Ny, the number of latent variables, and x and of” the /" ele-
ments of u® and o™, which were the outputs of the encoder network
q, for input x. The second term in equation (20), the ‘reconstruction
term’,was given by the squared error between the original and decoded
pixel values:

Llatent(x; P) = % Z

Jj=1

2 2
(1 + log(aj@ ) — p}x) - (21

Npixels

2 (% _Xp)z

p=1

Lrecon (X; ¢’ lp) = (22)

whereby x, was the value of the p™ pixel of the original input image x
and x, was the value of the p™ pixel of the decoded image x = p,, (z),
withz% = u® + ¢® x eand e sampled from (0, /).

Training of the generative model was also done with generative
replay, which was provided by its own copy stored after finishing train-
ingonthe previous context. Theloss terms of the current and replayed
datawere weighted similarly to the classifier:

1 1

Lgurrent + (1 - )LG

G
£ replay

total —

(23)

Ncontexts so far Ncontexts sofar

BI-R. Forthe method BI-R, we followed the protocol as described in the
original paper®. For Split CIFAR-100, all five of the proposed modifica-
tionsrelative to DGR were used: distillation, replay-through-feedback,
conditional replay, gating based on internal context and internal
replay. For Split MNIST, internal replay was not used, but the other
four components were used. We did not combine BI-R with SI. The
hyperparameter X, which controlled the proportion of hidden units
inthe decoder that was gated per class, was set based onagrid search
(Supplementary Note 8).

Compared withref.* there were two slight differences: (1) here we
used adifferent set of pre-trained convolutional layers for each random
seed, while ref. ?® always used the same pre-trained convolutional lay-
ers; and (2) in the class-incremental learning scenario, here we used a
softmax layer with the output units of all classes always set to active,
while ref. ?® used an ‘expanding head’ (that is, only the output units of
classes seen so far were set to active).

Template-based classification methods

Although for the context sets considered in this article, the
template-based classification methods could, in theory, be used
for all three continual learning scenarios, we considered them
only for class-incremental learning. This was because, from
an incremental-learning perspective, the specific benefit of
template-based classification (that is, rephrasing a class-incremental

learning problem as a task-incremental learning problem, see Sup-
plementary Note 4) is only relevant in that scenario.

Generative classifier. For the generative classifier™, a separate VAE
model was trained for each class to be learned. Training of these models
was done as described above for DGR, except that no replay was used
and each VAE was only trained on the examples from its own class.
Each class-specific VAE was trained for either 1,000 iterations (Split
MNIST) or 500 iterations (Split CIFAR-100), which meant that the total
number of training iterations was the same as for the other methods.
The mini-batch size was also the same: 128 for Split MNIST and 256 for
Split CIFAR-100.

The architecture of the VAE models was chosen so that the total
number of parameters of the generative classifier was similar to the
number of parameters used by generative replay. For Split MNIST, the
encoder and the decoder were both fully connected networks withtwo
hidden layers of 85 ReLU units each and the latent variable layer had
five units. For Split CIFAR-100, the pre-trained convolutional layers
were used as a feature extractor, and the VAE models were trained on
the extracted features rather than on theraw inputs (thatis, the recon-
structionloss wasin the feature space instead of at the pixel level). The
encoder and decoder both had one fully connected hidden layer with
85 ReLU and alatent variable layer with 20 units.

Classification was performed based on Bayes’ rule: a test sample
was classified as the class under whose generative model it was esti-
mated to be the most likely. That is, the output class label 0" predicted
for aninputxwas given by:

o0* = argmax p (x|o) 24)
o

whereby p(x|o) was the likelihood of input x under the generative
model of class 0. These likelihoods were estimated using importance
sampling’™:

f(x‘p((pzf)),l)f(z(5>| 0.1)

2
=1 f(z<s> 1,0 ,)

with g$?and o) the outputs of the encoder network for inputx, 'the
output ofthe decoder network fori inputz, Sthenumber oflmportaqce
samples and 2 the s" importance sample drawn from v (”, 657 1).
In this notation, f(x|u,X)indicates the probability density ofx un"der
the multivariate normal distribution with mean g and covariance matrix
¥. Similar to ref. >, we used $ =10,000 importance samples per likeli-
hood estimation.

iCaRL. The method iCaRL (ref. **) used a neural network for fea-
ture extraction and then performed classification based on a
nearest-class-meanrulein that feature space, whereby the class means
were calculated from stored data. To protect the feature extractor
network from becoming unsuitable for previously learned contexts,
iCaRL also replayed the stored data—as well as the inputs from the
current context with a special form of distillation—during training of
the feature extractor.

For the feature extractor we used the base neural network, except
with the softmax output layer removed. We denote this feature extrac-
tor by ¢,(.), with trainable parameters ¢. These parameters were
trained based onabinary classification/distillation loss. For this, during
training only, asigmoid output layer was appended to ¢,.. The resulting
extended network outputs for any output class 0 € {1, ..., Ngases sofar} @
binary probability whether input xbelongs toiit:

1

_ 26
1+ e~Wo¥p( 2o

Ppt0 =
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with 6 = (¢, wy, ..., wy,__.,.. )@ vector containing all the trainable para-
meters of iCaRL. Whenever anew output class o was encountered, new
parameters w,were added to 6.

In each context, the parametersin @were trained on an extended
dataset containing the current context’s training data as well as all
stored data in the memory buffer. When training on context K, each
input x with hard target o in this extended dataset was paired with a

new target-vector 6 whose /" element was given by:

p’ (x) ifoutputclassjincontextl,...,K—1
0,=1 "¢ 27)
Tio=jy if output classjin context K

whereby 6 is the vector with parameter values at the end of training
oncontextK — 1. The binary classification/distillation loss function for
an input x labelled with such an ‘old-context-soft-target/
new-context-hard-target’ vector gwas then given by:

Netasses so far

Licare (,0:0) = = 3, [éjlog P+ (1-0))log (1 - p’;,(x))] (28)

j=1

After finishing training on a context, datato be added to the mem-
orybuffer were selected as follows. For each new output class o, itera-
tively Bsamples (or ‘exemplars’) were selected based on their extracted
feature vectors according to a procedure referred to as ‘herding’. In
eachiteration, anew sample from output class o was selected such that
the average feature vector over all selected examples was as close as
possible to the average feature vector over all available examples
of class 0. Let x° = {x;,..., xy,} be the set of all available examples of
classoandlet p° = Nizxexo ¥,(x) be the average feature vector over
set x°. The n" exemplar (for n=1, ..., m) to be selected for output
class o was then given by:

po = argmin 29)

xexe

n-1
-1 (%(x) ) %(p,?))
i=1

This resulted in ordered exemplar-sets »° = {p?, ..., p5,} for each new
output class o that were stored in the memory buffer.

Finally, classification was performedbased onanearest-class-mean
rule in feature space, whereby the class means were calculated from
the stored exemplars. For this, let y, = %E,,eyo%(p) foro=1,...,
N passes so tar- The output class label o' predilcg:JtIed for anew input x was
then given by:

(30)

0" = argmin

0=L,...,Nciasses so far

||(/)¢(X) —Ho

Data availability

All datasets used in this study are freely available online resources:
http://yann.lecun.com/exdb/mnist/ (MNIST®®) and https://www.
cs.toronto.edu/-kriz/cifar.html (CIFAR-10 and CIFAR-100%).

Code availability

Documented code that can be used to reproduce or build upon
the reported experiments is available online under an MIT licence:
https://github.com/GMvandeVen/continual-learning”.
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