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Dipartimento di Fisica, Università della Calabria, 87036 Rende (CS), Italy

Giovanni Lapenta
Centre for mathematical Plasma Astrophysics, Department of Mathematics,

Katholieke Universiteit Leuven, Celestijnenlaan 200B, B-3001 Leuven, Belgium

With first-principles kinetic simulations, we show that a large-scale Alfvén wave (AW) propagating
in an inhomogeneous background decays into kinetic Alfvén waves (KAWs), triggering ion and
electron energization. We demonstrate that the two species can access unequal amounts of the
initial AW energy, experiencing differential heating. During the decay process, the electric field
carried by KAWs produces non-Maxwellian features in the particle VDFs, in accordance with space
observations. The process we present solely requires the interaction of a large-scale AW with a
magnetic shear and may be relevant for several astrophysical and laboratory plasmas.

Introduction. Alfvén waves (AWs) are low-frequency
electromagnetic fluctuations that can originate and prop-
agate in magnetized plasmas. AWs have been predicted
[1] and later observed in the solar wind and in many other
space and laboratory plasmas [2–7]; they carry equal
amounts of kinetic and magnetic energy, and have been
invoked to significantly contribute to plasma energization
in various astrophysical environments [8–15]. In order to
efficiently convert AW energy into particle energy, the
original fluctuation must decay from macroscopic (fluid)
scales to smaller (kinetic) scales.

It is widely accepted that this decay can be efficiently
promoted by the interaction of counter-propagating
AWs [16–21], leading to turbulence [22–28]. However,
when the magnetic field through which an AW propa-
gates is inhomogeneous, the wave decay can be directly
mediated by the interaction of the initial large-scale fluc-
tuation with the background medium [29–35]. Contrary
to the case of turbulence, the effects of this decay route
on plasma heating at kinetic scales have remained as of
yet largely unexplored [36–38].

In this work we present the results of a numerical ex-
periment in which the decay of AWs into kinetic AWs
(KAWs) in a magnetic shear is studied self-consistently
over a wide range of length scales, from macroscopic
(fluid) to microscopic (electron) scales. Our initial con-
figuration is such that the AW-to-KAW transition, pro-
moted by an inhomogeneous background, results from
the so-called phase-mixing process [39, 40]. We show
that phase mixing leads to differential heating for ions

and electrons. This differential heating is justified via a
simple argument on how the two species can access the
kinetic and magnetic energy carried by AWs.
Model. We employ the semi-implicit Particle-in-Cell

code iPic3D [41] to solve the Vlasov-Maxwell system of
equations for an ion-electron plasma in a periodic two-
dimensional (x, y) Cartesian geometry. An inhomoge-
neous background magnetic field is initialized along x
with a sheared profile along y,

Bx,0(y) = Bmin +
Bmax −Bmin

1 + [y/(hL)]r
+ α

(
y

L/2
− 1

)2

, (1)

where h = 0.2, r = 10. The field strength decreases
through the shear from Bmax at y = 0 to Bmin =
Bmax/2 at y = ±L/2. A small correction α is added
to ensure that dBx,0/dy = 0 at the domain bor-
ders [42]. The spatial profile of the number density
n = ne = ni is obtained by imposing pressure equilib-
rium, B2

x,0(y)/(8π) + 2n(y)kT = constant, and by con-
sidering an equal and uniform ion/electron temperature
Ti = Te = T . The thermal-to-magnetic pressure ratio is
βi = βe = nkT/(B2

max/8π) = 0.5 at y = 0. At t = 0,
a large-scale AW of wavelength 2π/L is superimposed to
the background magnetic field as a perturbation in the
out-of-plane direction ẑ:

δBz(x) = a cos

(
2π

L
x

)
, δvz(x, y) = − δBz(x)

Bx,0(y)
cA(y),

(2)
where cA(y) = Bx,0(y)/

√
4π(mi +me)n(y) is the Alfvén

speed, and a = Bmax/10. The particle velocity dis-
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FIG. 1. Fluctuations in Bx at t = 50, 150, 300ω−1
C,i (from left to right), identifying the KAWs produced inside, and drifting

away from, the shear.

tribution functions (VDFs) are initialized as drifting
Maxwellians, imposing that the total current J = Je +
Ji = c∇ × B/(4π) and that the center-of-mass velocity
u = δvz ẑ. The initial electric field is set according to
Ohm’s law

E = −1

c
(u×B) +

1

enec
(J×B)− 1

ene
∇ ·Pe + Ie, (3)

where Pe is the electron pressure tensor, and electron
inertia terms Ie are neglected. The numerical domain
has size Lx = Ly = L = 56c/ωpi, where c is the speed
of light and ωpi is the ion plasma frequency. In order to
limit computational costs while including electron-scale
physics, we choose a reduced mass ratio mi/me = 25.
The computational grid has Nx × Ny = 2802 cells, cor-
responding to a spatial resolution ∆x = ∆y = c/ωpe.
The time step is set to ∆t = 0.25ω−1C,e, where ωC,e is
the electron cyclotron frequency at y = 0. We employ
64000 particles per cell to reduce numerical noise. The
Alfvén-to-light speed ratio and the electron plasma-to-
cyclotron frequency ratio at y = 0 are cA/c = 0.02 and
ωpe/ωC,e = 10. Because our background equilibrium is
not an exact solution of the Vlasov-Maxwell equations,
we observe mild oscillations appearing in the system’s en-
ergy integrals over time. However, we have verified that
no spurious energization arises in our results due to our
choice of initial conditions (see Supplemental Material),

Results. The simulation is run until t = 300ω−1C,i =
5.3tA, where tA = L/cA(y = 0) is the Alfvén crossing
time. The initial perturbation propagates at the local
Alfvén speed, which is larger at the center of the do-
main than at the sides, leading to phase mixing inside
the shear region. This causes small-scale fluctuations to
form inside the shear, where the original wave vector kx
bends, developing a ky component that grows linearly in
time. Previous works have shown that when these fluctu-
ations reach the Larmor-radius scale (i.e. kyrL,i ∼ 1) in

FIG. 2. Time variation of total electromagnetic energy, ther-
mal energy, and bulk energy for electrons (subscript e) and
ions (subscript i).

such a configuration, the Alfvén mode is converted into
a kinetic Alfvén mode and KAWs are produced inside
the shear region [42–45]. These KAWs have nonnegligi-
ble group speed along y and drift towards the edge of the
domain. Figure 1 shows subsequent phases of KAW evo-
lution and propagation, in the form of parallel magnetic
field fluctuations δBx.

The time-dependent energetics of the system is shown
in Figure 2, where we report the evolution of total elec-
tromagnetic energy EEM = (B2 + E2)/8π, kinetic bulk
energy Ef = ρu2/2 (where ρ is the mass density), and ki-
netic thermal energy Eth = (m/2)

∫
(v− u)2fdv (where

f is the particle distribution function), for ions and elec-
trons in the whole domain, normalized to the initial total
energy of the system. We observe a continuous decrease
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FIG. 3. Contributions to the energy variation of electrons (top row) and ions (bottom row) from the cumulative integral of
J · E, Π : D, and pθ. The individual terms in J · E and Π : D are shown in the middle and right columns, respectively.

in EEM and Ef
i (which corresponds to a decrease in the

AW energy), and a simultaneous increase in Eth
i .

To better characterize this energy transfer, we quan-
tify the energy conversion channels [46]. For a periodic
system, the rate of change of Ef and Eth for each species
α is

∂〈Ef
α〉

∂t
= 〈Jα ·E〉+ 〈Πα : Dα〉+ 〈pαθα〉, (4)

∂〈Eth
α 〉

∂t
= −〈Πα : Dα〉 − 〈pαθα〉, (5)

where 〈...〉 denotes spatial average. From Maxwell’s equa-
tions, the rate of change of the average electromagnetic
energy is

∂〈EEM〉
∂t

= −
∑
α

〈Jα ·E〉. (6)

Equations (4)–(6) completely characterize the system’s
energy flows: the electromagnetic fields exchange energy
with the plasma kinetic bulk energy by means of the J ·E
terms; each species can convert their own bulk energy
into thermal energy via the Π : D and pθ terms, and
vice versa. The isotropic term pθ (with p = tr(P)/3 and
θ = ∇ · u) is related to the compression and expansion
of fluid elements. The deviatoric term Π : D, instead, is
given by the traceless pressure tensor Π = P−pI and the
stress tensor D = (∇u + (∇u)>)/2− (θ/3)I. There is no

direct way for the electromagnetic energy to be converted
into particle heating, nor can a particle species exchange
energy directly with another species, due to the absence
of collisions.

Figure 3 (left column) shows the cumulative time in-
tegrals of J · E, Π : D, and pθ, for electrons (top row)
and ions (bottom row). We observe a positive integrated
electron Je · E at almost all times, and a roughly equal
and opposite contribution from Πe : De. The contribu-
tion of peθe produces no significant energy gain or loss.
Equations (4)–(6) indicate that J ·E > 0 acts as a source
for the bulk energy and removes energy from the elec-
tromagnetic fields; while Π : D < 0 removes bulk en-
ergy in favor of an increase in thermal energy. Therefore,
the combined action of the electron J · E and Π : D
is such that electromagnetic energy is continuously con-
verted into electron internal energy. As a result, a net
increase in electron thermal energy is observed.

The ion energetics shows a significantly larger contri-
bution of Πi : Di to the heating, which is not counterbal-
anced by the action of Ji·E and piθi. The removal of bulk
energy via Π : D is accompanied by a roughly equal in-
crease in thermal energy, with no significant decrease in
electromagnetic energy. Since the electromagnetic field
cannot be the source of the observed ion heating, we
conclude that such heating directly derives from the ini-
tial ion bulk motion. Note that the electron bulk energy
stored into the initial AW is negligible (since me � mi),
and therefore electrons cannot experience a similar pro-
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FIG. 4. Center: Spatial distribution of E‖ and Re = 1 − Te,⊥/Te,‖ at t = 150ω−1
C,i in the lower half of the simulation domain.

Left: contribution of the terms in Ohm’s law (3) to E‖ along a cut through y = −15c/ωpi; Right: electron VDF measured

inside an Re > 0 region at t = 150ω−1
C,i.

cess of bulk-to-thermal energy conversion. Since AWs
carry equal amounts of magnetic and kinetic energy, the
result presented above indicates that, during the AW-to-
KAW conversion, half of the wave energy (i.e. the kinetic
part) can only be accessed by ions, while the other half
(i.e. the magnetic part) can in principle be accessed by
both species. This is the main cause of the differential
heating observed here for ions and electrons, and the rea-
son for the excess in ion-to-electron heating.

In Figure 3 we also show the individual terms in the
sum composing the integrated J · E =

∑
j JjEj (middle

column) and Π : D =
∑
jk ΠjkDjk (right column). For

both particle species the energization due to J · E oc-
curs along x (approximately the direction of B), which
implies the presence of a parallel electric field E‖ ' Ex.
The interaction of ions with E‖ in this specific configu-
ration has been observed in previous works [42]; here, we
show that Ji,‖E‖ > 0 is balanced by a Ji,⊥E⊥ < 0, re-
sulting in a negligible net Ji ·E. Instead, the J‖E‖ term is
dominant for the electrons, and a net transfer of electro-
magnetic energy to electron kinetic energy is observed.
Concerning the effect of Π : D, the dominant contri-
butions for ions are both diagonal Πi,xxDi,xx and off-
diagonal terms Πi,xzDi,xz, while for electrons the diago-
nal, field-aligned term Πe,xxDe,xx is by far dominant over
off-diagonal terms. Considering that such off-diagonal
terms stem from agyrotropy in the particle VDFs [47],
this suggests that finite Larmor radius (FLR) effects con-
cur in the conversion of ion kinetic energy into thermal
energy, while electrons remain gyrotropic.

The presence of E‖ further supports the interpretation
of the observed fluctuations as KAWs, which typically
carry a parallel electric field component [48]. The origin
of this E‖ can be found in Ohm’s law: the parallel part
of (3) is

E‖ = − 1

ene
(∇ ·Pe)‖ + Ie,‖, (7)

and we can expand ∇ ·Pe = ne∇ ·Te + Te · ∇ne, which
indicates that a E‖ can arise from both density and tem-
perature gradients, as we observe in our simulation.

During the initial stages of the system’s evolution, the
generation of E‖ is primarily driven by density gradients
caused by phase mixing. As electrons are accelerated
by E‖ and the temperature increases, anisotropies in Te

also begin contributing to the creation of parallel electric
field (Figure 4, left panel). The process then becomes
(temporarily) self-fueling: parallel electron acceleration
results in parallel current (hence J · E > 0) and is ac-
companied by heating via Π : D < 0. This increases
the parallel temperature, creates temperature gradients
that further contribute to E‖, and so on. As time passes,
the initial large-scale AW loses energy and the driving of
density fluctuations inside the shear slows down, eventu-
ally halting the energy exchange between electrons and
fields.

Figure 4 also shows the spatial distribution of elec-
tron temperature anisotropies Re = 1 − Te,⊥/Te,‖ at

t = 150ω−1C,i. Fluctuations with Re > 0 are clearly visible
inside the shear. Accordingly, inside these KAW struc-
tures we find that the electron VDFs consistently present
parallel temperature anisotropy. At subsequent times,
the VDFs show a core-beam structure (Figure 4, right
panel) that continuously oscillates around vx = 0. This
oscillation suggests that E‖ of opposite signs are pushing
electrons along the ±x directions equally. We find that
the beam consistently develops around the local KAW
phase speed, coherently with the development of a beam
observed in the ion VDF around the same speed [42]. We
note that Re < 0 regions also arise inside the shear due
to the transition from AW to KAWs via phase mixing.
However, these regions rapidly disappear as they drift
away from the shear, while Re > 0 regions survive until
the end of the run.

Discussion and conclusions. We have presented the
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first fully kinetic simulation of KAW generation from
Alfvénic phase mixing in magnetic shears. The transi-
tion from an initial AW to KAWs in an inhomogeneous
background yields a net increase in the ion and electron
internal energy. The accessible portion of magnetic and
kinetic energy in the initial wave is different for ions and
electrons, resulting in a net differential heating for the
parameters employed in our simulation.

From the kinetic point of view, the measured particle
heating is partially promoted by the fact that both ions
and electrons resonate with the E‖ carried by KAWs, in
a process akin to Landau damping. This electric field is
sustained by both density and electron temperature gra-
dients, suggesting that the isothermal closure for elec-
trons employed in previous studies [42–45] may be in-
sufficient in describing the electron physics. In this Let-
ter we have explored the physics of electrons in such a
scenario for the first time, showing the development of
non-Maxwellian features in the electron VDFs. We also
observed that ions experience FLR effects, which are ab-
sent for electrons. FLR contributions are hinted at in our
Π : D analysis, which suggests that these effects promote
and participate in the conversion of ion bulk energy into
internal energy.

The phase mixing process transforms initially paral-
lel fluctuations into increasingly smaller perpendicular
ones. Although such a spectral energy transfer may re-
semble the phenomenology of turbulence, phase mixing
remains a very distinct process. In our simulation, we
observe an accumulation of energy in the spectral region
where kyrL,i = 1, indicating a continuous formation of
a narrow-band population of KAWs (see Supplemental
Material). This energy cascade does not proceed further
towards larger ky. When KAW-like fluctuations form,
they immediately start drifting out of the shear, caus-
ing the phase mixing to halt. This is different from the
phenomenology of turbulence, in which energy cascades
towards scales smaller than rL,i (see e.g. [49]).

Theoretical studies of Alfvénic turbulence have re-
ported a preferential electron heating for systems with
β ≤ 1 and a preferential ion heating for β > 1 [50–55].
Our results suggest a possibly different behavior of lin-
ear phase mixing with respect to non-linear turbulence
in partitioning energy between ions and electrons. In
the Supplemental Material, we explain why this discrep-
ancy goes beyond linear theory of KAW Landau damp-
ing. However, we emphasize that the energy argument
presented above only prescribes the lower and upper lim-
its of electron and ion energization. Due to the resonant
nature of the processes at play, the actual gain in energy
experienced by both species will likely depend on β of
each species [56], on the mass ratio mi/me, and on the
temperature ratio Ti/Te. Such a parametric study is left
for future work.

Phase mixing is an entirely generic process that solely
requires the interaction of large-scale fluctuations with

gradients in background velocity, density, and/or mag-
netic field strength to take place. As such, it is entirely
plausible that it may play a relevant role in a number
of astrophysical systems. For example, it may constitute
the generation mechanism for the observed signatures of
parallel electron heating and acceleration during KAW
generation from large-scale AWs [57] and for the electron
core-beam structures that have recently been detected
within more accurate observations of the Earth’s magne-
tosphere [58]. It is also expected that kinetic-scale phase
mixing plays a more dominant role in several other as-
trophysical scenarios where direct measurements are not
available, e.g. the solar corona [39], or the magnetosphere
of compact objects [38]. This lack of direct measure-
ments, along with a lack of theoretical work on phase-
mixing at kinetic scale, may have contributed to under-
estimating the importance of this process. Finally, it is
worth recalling that AW phase mixing has long been con-
sidered a viable route for the release of wave energy in
fusion plasmas [59, 60], which makes the results presented
in this Letter potentially interesting beyond plasma as-
trophysics.

In conclusion, despite its simplicity, the model pre-
sented in this Letter constitutes a paradigm for the fate
of Alfvén waves in magnetic shears at kinetic scales, and
is in principle applicable to a wide range of astrophysical
and laboratory plasmas where Alfvén waves and mag-
netic shears are present.
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