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Abstract

Some results of non-equilibrium statistical mechanics are presented, both in
the context of biological systems as well as in a classical physics context.
In the biological context we seek the microscopic perspective as well as the
macroscopic perspective. The physics context is sought mainly as a test
case and reference for development of generalized perturbation or expansion
techniques.

Concerning the microscopic perspective in the biological context, we present
a model for kinesin, a molecular motor responsible for many important cel-
lular processes that require work. Kinesin is capable of transforming chemi-
cally stored energy into work through a series of chemical and conformational
changes, stepping along microtubules (a biochemical polymer that structures
cells) as its ‘rails’. Our approach to model this motor enzyme is to consider
the spatial-chemical states as states of a Markov process, modelling the rates
as exchanges of mass and energy with thermal and chemical (or particle)
reservoirs of the environment. Due to translational invariance of the pro-
cess, we need only describe a single stepping cycle. Under some additional
assumptions (based on experiments), we may further reduce the state space
until we arrive at a model consisting of six states that are well defined. The
model describes the experimentally observed behavior of kinesin well.

We present an interacting particle model for the thermoelectric effect. This
leads to some insight in the working of temperature gradients as thermo-
dynamic forces. On the other hand, it provides us with a possibility to
investigate perturbations beyond the linear regime.
Next we argue that –in spite of its general validity– the fluctuation theorem
is not useful to obtain higher order response coefficients. By introducing
the notion of field-reversal, we propose a (time-)symmetrical equivalent of
the fluctuation theorem as a complementary relation. We then argue that
a generalized form of the fluctuation theorem (derived by making use of
field-reversal only) combines these fluctuation relations to allow derivation
of response coefficients up to any given order (and consequently not neces-
sarily by perturbing around equilibrium). These arguments are strengthened
through a more explicit derivation of these relations in the context of Markov
processes and further elucidated with help of some examples.

At the end we venture into the macroscopic perspective with help of Dy-
namic Energy Budget theory (DEB theory), a biological theory describing
mass and energy flows for individual organisms. We present two different
models that investigate the possibility of a relatively simple underlying local
dynamics. First we propose a simple type of chemical reaction model –a
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2 ABSTRACT

caricature of a more realistic chemical reaction system– without any kind
of geometrical structure. This model describes the dynamics for V1-morphs
(organisms whose surface area grows as their volume) according to DEB the-
ory up to a single free parameter. Then, in order to describe the dynamics
for isomorphs, we propose a “wire” model that takes the geometrical struc-
ture of the organism into account, in order to obtain coincidence with the
dynamics dictated by DEB theory.



Preface

“The metaphor is the bridge to reality1”

–Arabian proverb.

Building, in the title of this work, expresses both Imperfect, Present and
Future tense, for this is work in progress. That doesn’t mean that it is
unfinished however, it merely expresses that science is always fluid, moving,
changing, exploring the unknown. Building bridges, as I argue below, is the
‘core business’ of science in a metaphorical sense. Science ultimately leads
to understanding of the relation between two different viewpoints on reality.
As such, it has been, is, and will be a great challenge to integrate the various
(fields of the) sciences. This work reflects on my experience with Biology
and Physics.

Thomas Kuhn proposed in his work “The Structure of Scientific Revolu-
tions” [58] that science is based on paradigms: the glasses through which
we observe the world. As science develops, we merely adapt our paradigm
suggesting that there may not be an objective scientific reality. I would think
however that since everyone obtains a personal set of paradigms that by com-
municating and confronting these paradigms with each other we may develop
meta-paradigms that integrate earlier seemingly contradictory paradigms
into a comprising paradigm.
This idea was known to the native American Indians as The Medicine Wheel
[108]: every place on the wheel will provide a different perspective on its cen-
tre; only by integrating all these ideas into one will we may catch a glimpse
on the truth of the centre. This is what I believe is the true nature of science
and I believe that in some sense it expresses our human, mythical curios-
ity, or search for divine truth and freedom (the truth will set you free?).
Could this be the reason why in history so many reverends have contributed
greatly to science? Could it be that this is somehow what Richard Bucke
M.D. meant when he wrote in “Cosmic Consciousness” [15] that it seemed
as if mankind was evolving to greater consciousness?

To my personal opinion it is crucial that science –as any knowledge– is shared,
so that no one is restricted in their quest for truth and freedom. Also, I
believe that restricted access to information leads to power that may be
misused. For this reason I have chosen to represent some key ideas in a
relatively accessible storyline that accompanies the main scientific body of
this work. Another good reason for the accompanying storyline, is that it

1From the Arabic “el h. aqq” ,(�لحّ�) may also be translated as “truth”.
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4 PREFACE

seeks to arouse the curiosity and wonder that perhaps have gone to slumber,
but that certainly lie within everyone of us. Hopefully it is as much fun
as it is of educative value, but of course no one should feel obliged to read
it, the work may also be understood without it. Should anyone feel at a
loss in reading this work then I would like to encourage them to contact
me. Even more importantly, I would also like to encourage others to share
their wisdom and truth, be it through scientific writing or any other means
of communication, so that we will be able to responsibly hand over this
beautiful planet from one generation to the next.

Christian Maes confronted me once with the following philosophical dilemma:
would you like to be hooked to a machine that would grant unlimited hap-
piness. Back then I intuitively argued against being attached to such a
machine: I might loose my independence and I supposed that I would would
not be motivated to make the best of life. In the last couple of years however
I have drastically changed my point of view: yes, I would like to be attached
to such a machine because I simply function much better when I am happy.
And no, being happy doesn’t make me lazy or forget my goals, on the con-
trary. I realized that without being aware of it, I am hooked to a similar
machine because I like to eat chocolate and chocolate makes us happy [103]
(perhaps this was the subconscious reason I went to Belgium); added to that
comes the twofold increase in life expectancy from eating chocolate [106,107]
so I couldn’t be happier.

Of course in the end chocolate is only surrogate for the real stuff, therefore
I would like to sincerely thank all those that contributed to my well-being:
First of all my promotor Christian Maes, for raising ‘the question’ and being
my ‘sphinx mirror image’, giving me all the freedom I ever dreamed of to do
my work.
But no less important I would like to warmly thank Fatiha and Zekkia, Nora
and Hans, Steven and Jeroen, and all my good friends and relations, for their
warm and enthusiast home support.
I would also like to thank all my colleagues at the institute and elsewhere
for their share in professional and personal joy and friendship, within and
without the institute: Frank, Karel, Michel, Toni, Joris, Alessio, Tim, Marco,
Caroline, Paul, Wojtek, Jordi, Lieselot, Rob, Milan, Tassilo, Mark, Walter,
André, Christine and Anita.
Last, but not least I would like to thank the group of theoretical biology at
the VU in Amsterdam for their hospitality, enthusiasm, valuable discussions
and openness during our collaboration: Bas, Anne Willem, Tânia and George
thanks a lot!
Special thanks to: Christian, Tim, Tassilo, Marco, Frank and Raymond, for
their contributions to help me fine-tune and upgrade this work.

Leuven, May 2005,
Maarten van Wieren.
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Prologue





What are you staring at?

“When I was a little kid my mother told me not to stare into the sun. . .
so once when I was six I did.”

–Maximillian Cohen in π

When Jonathan was twelve, he had only started to see that there was so much
more to life than he previously realized. One day for instance, he had realized
that the ice cubes in his cola didn’t disappear but merely turned liquid, making
his cola taste watery. He also realized that there was a big difference between
the violence in the movies and the harsh reality of the everyday news. And that
his mother was not necessarily angry with him when she yelled at him, she had
good days and bad days, like himself.
Today he had a particularly bad day. His mother wouldn’t allow him to go to
the school’s party tonight, arguing that he hadn’t behaved that well lately. He
had started yelling that he’d rather live with his father, and she retorted that
maybe that wasn’t such a bad idea. (His father worked as a travelling salesman
you should know.) It was simply unfair, she had not given him a chance to
prove himself and was simply in a bad mood herself. Actually she had been that
way pretty much since he had openly stated to her that he couldn’t approve of
mother’s latest friend (while he and mother were having an intimate moment).

Just like he had done so many times before, Jonathan sat in the garden, throwing
pebbles into their big pond, but although at other times he would get fascinated
with the ripples forming where the pebbles sank to the bottom, interfering with
the other ripples, he was not in the mood right now. He just stared into the
water, rhythmically casting the pebbles, not blinking once for the bright sparkling
reflections of the sun on the water.
He hadn’t noticed the seedy character, that had come standing next to him, and
so when the character casually asked “What are you staring at?” Jonathan jerked
and jolted to a standing position. He looked upon a strange unwieldy man with
grey hair, big round cheeks, parchment skin, friendly shining grey-green eyes
with a grotesque nose in between them. That was surely the largest, longest
nose Jonathan had ever seen. “What are you doing here, you’re not supposed to
enter other people’s gardens just like that!”
Immediately the character reponded: “Know you no hospitality? Have you no
manners, young lad? I believe I asked you a question, and very politely I must
add. Although in the way you are staring at me now I almost feel indulged to
ask the question again, only less politely this time.” The character smiled when
he finished as to encourage Jonathan to speak.
“Ehhm. . . well, excuse me. . . ” Jonathan felt embarrassed with his reaction and
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10 WHAT ARE YOU STARING AT?

stammered a meek excuse “I was staring at your nose I’m afraid, it’s so big you
see.” Jonathan had a bit frank way of putting his thoughts into words.
“I could very well see you were staring at my nose, thank you. And yes, it’s
big. Believe me, I know; and proud of it too.”, he added with a naughty twinkle
in his eyes. “But that’s quite common with gnomes you know. Actually I was
wondering what you were staring at right before you started staring at my nose.”
The gnome’s left toe, pointing through the hole in his shoe, jumped up and
down with excitement.
“You’re a what?! A gnome?? What on earth is a gnome?”
“What kind of question is that supposed to be? Haven’t I just told you that
I am a gnome? Well so this is what a gnome looks like then, isn’t it!” And
he waved his scraggy hands in front of his green tattered garments to indicate
himself, making his frizzly grey hair bounce.
“I’m sorry, I guess you’re right, my mother also tells me not to ask silly ques-
tions.”
“Silly questions? Hasn’t your mother told you there is no such thing like a silly
question?” And the pesky gnome seemed quite amused with his remark.
“I believe you are full of questions, are you not?” he added.
“I don’t know what you’re talking about.” Jonathan denied.
“Well I guess I’d better forget about asking what you were staring at.”
Jonathan thought back to the moment right before he was disturbed and imme-
diately his mood sank, and he sat down with it by the pond and pebbles. Then
he responded meekly “Oh . . . nothing. . . ”.



CHAPTER 1

Putting things in perspective

1.1. Breaking and Forming Circles

The way we look at things determines the way we perceive them, but on
the other hand there also is great coherence in the way we see things. This
coherence is facilitated and maintained through communication. In this way
we are able to learn from other’s experiences and may we in turn teach
others. In this way we are connected as mankind through our cultures.
Science as a special part of culture –that is not restrictàed to any heritage
in particular– is the ultimate challenge of man to determine a perception of
reality that is universal, i.e. such that independently of culture others would
likely find a strongly similar perception of the same object. In need for a
universal constant, a Platonic reality to which we may refer, mathematics
has been discovered and rediscovered throughout the world.1
Whenever we become aware of some aspect of reality, we may wonder what
it really is we perceive. Would we share our perception with others, then
there is a good chance (certainly if they are culturally close) that they have
a slightly different perception, but in our need for clarity (and possibly also
for practical reasons) this is unacceptable: a dispute emerges. A positive,
bonding and uniting dispute will lead to an agreement on the perceived,
leaving room for personal flavor but not for misunderstanding. I personally
believe that if such an agreement is well-balanced, that it will lead to an
objective understanding of the actual reality, whether it exists or not does
not matter, reality can be created.

A good metaphor, to see how combined perception may lead to increased
understanding of reality, is the following: imagine you’re seated with some
of your best friends in a circle, in the middle of the circle stands (or for those
that love to feed their imagination: hovers) an unknown object. Clearly,
your friends will be able to tell you what the object looks like on the other
side, of course provided you share a common language referring to common
experiences. Should one of them be so brave to stand up and walk toward
the object and touch it, then he will be able to tell you what it feels like,
that is provided he wasn’t incinerated on the spot by some unknown force.
You could learn a lot without twitching as much as a finger.
This is one of the ideas behind the medicine wheel of the native American
Indians. It is also one of the ideas no doubt behind the flower of life, a
hypnotizing hexagonal pattern of overlapping circles such that new circles

1As an exception on the opposite: there exists a tribe of Indians in the Amazon
that are number-blind, they cannot distinguish four objects from eight [12]. This is
seen as a confirmation of a controversial theory on consciousness that supposes that our
consciousness is formed by our language.
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12 1. PUTTING THINGS IN PERSPECTIVE

Figure 1.1.1. The flower of life.

and lenses and other patterns are formed within, see Figure 1.1.1. This
geometrical figure is an expression of cunning abstraction and was known
at least 1500 years ago, it was found painted on an otherwise empty white
wall in the temple of Osiris at Abyos in Egypt [91], others were found in
Phoenician art of the 9th century B.C. [120]. Some mystics believe that
understanding the pattern means understanding everything, but I just like
how everything is connected to everything else and that the centre of each
circle is the edge of others. As if to indicate that, although we may think
that we have understood something –that we are in the middle of a circle
so to speak–, that there we are on the edge of another circle facing the next
mystery of our perception and conscious mind.

1.2. The Big, the Petite and the Ugly

The lenses in the flower of life remind me of the recent western science. We
have learned to zoom in and zoom out on reality as no civilization known
to us has ever been able to do before. In this way we have learned a great
deal about the cosmos we live in and the substance it consists of. These
two extremes –the big and the ‘petite’– have attracted our attention quite
strongly in recent history, so much in some sense that we understand rela-
tively little about our everyday reality. This is not so strange, because our
everyday reality is immensely complex, this is like looking at all the circles in
the flower of life and the circles that they in turn form, trying to understand
the relation. The complexity of our reality is almost too overpowering to be
appreciated, too multifaceted to be comprehended all at once and piece by
piece it doesn’t make a lot of sense, it’s like the ugly duckling in the fairy
tale.

This thesis tries to help the little duckling grow into a swan, but also in-
evitably reflects our western scientific perspective on reality. At the one
end of the spectrum, in the first part, we zoom in on an incredibly small
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sub-system of our complex reality and try to understand this already quite
complex molecular motor in terms of relatively easy principles that have
proven their worth in ‘less complicated’ cases. At the other end of the spec-
trum, the third part tries to tackle the problem from the other end: there
we start from a beautiful little island in the sea of Biology that reminds us a
lot of physics (and was constructed with Physics in mind a lot). From there
we set sail and try to reach the other end that we discovered before. It is
much like trying to prove the world is round by sailing it, but we wouldn’t
be able to sail with some proper mast and sail. For this reason we go explore
the possibilities of physically inspired mathematics to take us farther. At
the end of our three-parted journey we hope to have gained and shared more
experience in the nature of our common reality.

1.3. Building Bridges

The title of this work isn’t “Building Bridges” for no reason. In order to
share experience with others, it is crucial that the language we use reflects
sufficient previous common experience to accomplish understanding. With
respect to science, this means that we must put some effort in re-uniting
the fields of science that have drifted apart under pressure of specialization.
Only in this way, may we maintain the coherence of scientific reality that is
vital for its healthiness and growth. Just like in the myth of the tower of
Babel, the unity in science has collapsed under the forces of specialization
and now we speak different languages that we must translate, in that sense
this work tries to translate between Biology and Physics.
In Dutch we have the figure of speech “ezelsbruggetje”, a donkey’s bridge: a
bridge that the supposedly stupid donkey needs to get across without un-
derstanding. Well, if the need to get across is high this is maybe not such
a bad idea. The gap between Biology and Physics has certainly lessened,
and a bridge is desirable, and this work aims to contribute in that respect.
Just like in nature: it pays to really cooperate rather than to ‘parasitically’
exploit one another’s capabilities, because through cooperation we will be
confronted with a different perspective on reality, and as I have argued above
it is through such confrontation that we may learn about the nature of our
reality, or the nature of nature so to speak.
Building bridges is perhaps in that sense the ultimate goal of science, buil-
ding metaphorical bridges to reality. It is for certain the ‘core business’ of
Statistical Mechanics and Mathematical Physics, the branches of Physics
that seek to relate the parts of what we know or suppose, and more often
than not we have indeed gained understanding about the nature of our re-
ality in this way. For that reason, it should not be surprising that these
fields form an important aspect of this work, on the other hand it brings us
to the disclaimer: this is not a mathematical work in the sense that the
mathematics are only used as a tool and no new tools have been developed,
at most a new use has been found in some aspects. It was nonetheless tempt-
ing to (mis-)use mathematical notation to facilitate a more logical structure
and the mathematically inclined might frown upon the use of words like
‘theorem’, ‘proposition’, ‘lemma’ and so on, but I ask them to forgive my
abuse.
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1.4. As the Eagle Flies, Outline

Isn’t it fascinating how eagles and other birds of prey soar the great heights of
the skies? It is the archetypal image of freedom, the freedom I have enjoyed
in the work that condensed into what you are reading now. Freedom of
movement parallels clarity of mind, like the eagle has an overview over the
landscape it flies above. Because it is probably quite challenging to read the
chapters that follow I present the reader with an overview of this work as a
guide to put the pieces into the perspective they belong to.

The thesis is divided in three main parts with an accompanying prologue and
epilogue to introduce the relevant concepts before and discuss the results of
our endeavour at the end of the main body. The first and third part deal
specifically with biological systems:
In Part 1 we are concerned with the microscopic perspective on the biological
reality. Chapter 3 in this part is devoted to a model for kinesin, a molecular
motor responsible for intercellular transport. The model is firmly based on
physics laws and available experimental data and successfully describes the
behavior of kinesin under varying applied loads and ATP concentrations.
Part 2 is the ‘constructioneering’ part of the thesis: here we enunciate the
techniques and understanding we have developed in the context of kinesin
to a context more common to physics. First, in Chapter 4, we introduce
an interacting particle model for the thermoelectric effect, investigating the
linear response theory of the model and catching a glimpse on how to obtain
a formal expansion beyond first order. The linear response is in accordance
with known results. In Chapter 5, we elaborate on the lessons learned in the
preceding chapter concerning a systematic expansion beyond first order and
uncover the relevance of field-reversal to obtain generalizations of the results
common to the field so far, like the Fluctuation theorem, Green-Kubo rela-
tions and Onsager reciprocities. We investigate some implications of these
elaborations through some examples.
Finally, in Part 3, we change our point of view to the macroscopic realm
of Biology in order to find a link to the microscopic perspective. Chapter
6 introduces a successful biological theory of mass and energy flows in or-
ganisms (Dynamic Energy Budget (DEB) theory, already a bridge between
various biological theories in itself) and deals with two models possibly un-
derlying this theory. The first model is a particle reaction model that has
no (geometrical) structure, from it we can successfully derive the equations
for V1-morphs (organisms whose surface area scales with their volume) from
DEB theory up to a single free parameter. The second model is a geometri-
cally structured model, describing the mass and energy flows for isomorphs
(organisms whose shape is invariant under growth) for a ‘wire’ type of re-
serve transport.



Who plays whom?

“There are as many gods as there are melodies in music.”

–a Hindu saying.

“I’m sooo bored!” Jonathan sighed.
“Why don’t you count the pebbles instead of throwing them in the pond, and
see how many there are?” the gnome replied.
“No way! There are far too many of them!”
“Does that mean you can’t count them then?”
“Well no, but it would take ages!”
“Maybe, but that depends on how smart you count. I agree there are many
pebbles on the terrace but you could certainly count them, if I were to propose
to you to count all the drops of water in the pond, that would be a completely
different matter.”
“I don’t see the difference.”
“Well for starters I would have to tell you how big every drop of water really is. . .
but then again, once I’ve told you that, you could tell me how many drops of
water there are in the pond without counting them.”

The garden gnome obviously enjoyed the puzzled look on Jonathan’s face, and
paused for a bit.
“Well you could count of how many drops I’ve told you its size of course!” the
gnome grinned, “You see it doesn’t matter if you count my words or the actual
drops, the outcome will be the same. There is a great mysterious power to
counting: the power of abstraction.” And the gnome tinkered with his hands to
signify the mystery of it.
“The power of abstraction. . . ” Jonathan repeated these words as to figure out
their meaning.
“You see”, the gnome continued, “it doesn’t matter if I count pebbles, apples or
grains of sand, the idea is exactly the same. Also it doesn’t matter who does the
counting –provided no mistakes are made– anyone will find the same outcome.
That is what I call abstraction, getting rid of the part that doesn’t matter.”
“So, where does the power come in?”
“The power lies in the fact that numbers always behave in the same predeter-
mined way. If for instance I decide that one plus one is two, than that means
that both one pebble plus one pebble is two pebbles as one grain of sand plus
one grain of sand makes two grains of sand. In this way everything may be
connected to everything else. That’s the power.”
“I really don’t see why you make such a fuss about something so obvious. Anyone
could tell you that!” Jonathan retorted indignantly.

15



16 WHO PLAYS WHOM?

“It just seems so obvious to you because you were enchanted to believe without
questioning, but in fact I could count in a different way. For instance if I take one
drop of water and another drop of water, than that makes one drop of water.”
“Two you mean.”
“No, just one. Here let me show you.”

The gnome sat down next to Jonathan and picked a leave with some dewdrops
still left on them. Then he carefully let one drop slide onto the palm of his hand.
“Now watch carefully, as I add another waterdrop.” Slowly, another drop came
into motion as the gnome held the leave over his hand, and as the drop fell off
the leave onto the gnome’s hand it merged with the drop already there to form
a new, bigger drop.
“You see? One plus one makes one!”
“But that’s cheating! That drop is bigger than the ones before.”
“I wasn’t cheating! I just didn’t tell you how big the drop would be, I was merely
stating that adding one drop to another leaves me one drop. But you couldn’t
have confirmed more convincingly that you’re enchanted quite severely: instead
of accepting the facts, you looked for an excuse to keep your supposed reality
intact and noted that the final drop is bigger than the two. In fact I wouldn’t be
surprised if you would try to convince me that the final drop is about two times
as big as the ones before. You see that is the power of abstraction, you would
rather believe that the size of waterdrops is conserved than to have to think of
a new way of counting.”

After a moment of pause Jonathan wondered out loud: “But everything we know
is conserved, isn’t it? I mean nothing ever just disappears, although things may
take on a different form. . . ”
“Excellent! You are a true believer! See how powerful the abstraction of mathe-
matics is! Suppose you are right: then it is not so obvious how is joy conserved,
or anger, or love. And how about boredom Jonathan, is that conserved? Are
you still bored?”
“Well, err, no.” Jonathan admitted.
“Well neither am I, so where did the boredom go?”
“It got transformed?” Jonathan responded hesitantly.
“You might be right, but you can never be too sure! Many people once were
sure they had found the truth, but they had only found something useful. For
example: a group of wise men tried understand nature by ‘seeing’ its founding
elements, they considered that everything is conserved just like you did. But
then they also had to conclude that there must exist some ‘monster’ that can
grow without eating anything! That doesn’t seem to make a lot of sense, does
it?”
“No, not really.” Jonathan admitted.
“An exception to a rule confirms it nonetheless. But let it be a warning that
however useful the power of abstraction may seem, you should realize that it
does not provide any guarantee that what we learn from it is actually true. It is
foremost an aid to memory, a way of connecting one experience to another. But
because everything is always changing we can’t always blindly rely on previous
experience. In the end the only constant is change itself.”
“But why do those people bother with it then?
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“Most of them try to keep comfortable most of the time and let’s say that ab-
straction helps them at that; in one way or another. Remember those wise men?”
“Sure, those who came up with the monster?”
“Well most of the time thinking kept them comfortable and one day one of them
realized that that ‘monster’ –that seemed to violate the rules they had set out–
could be understood by assuming that everything ultimately consists of particles,
very many separate particles. Should they all interact in a similar way, but never
once in the same way, then the ‘monster’ would really only be that the parti-
cles tend to go where they can. Strangely enough, as if the devil was playing
with them, the way these particles would interact made them conclude that all
those particles were connected at the same time! So once more the power of
abstraction had led to contradictory results.”

This was becoming all too much for the poor young mind of Jonathan and the
gnome decided to let it rest.
“So why don’t you now tell me how many drops of water are in the pond by
counting them smartly .”
Jonathan seemed surprised by the question for a moment, but then quickly
regained his wits and smiled broadly: “One of course!”
“Yes indeed!” the gnome confirmed, “One very big one!”





CHAPTER 2

The main players

2.1. Mathematics

It is a common misconception, that mathematics is a language, but it is not.
Mathematics is not a language because an essential ingredient of language
is meaning (i.e. reference to experience) which is not inherently present in
mathematics. If it is anything related to language then it is more like the
grammar of science, a set of rules that people like to stick to for mutual
convenience and understanding. In fact its power lies in the very fact that
it has no inherent meaning and that for many entirely unrelated occasions
we may use the same mathematics with a different meaning. This is called
abstraction.1

2.1.1. Uncertainty, probability and expectation.

“You might be right, but you can never be too sure!”

Life is threaded with uncertainty, but every bit of information we can lay our
hands on may take away some of that uncertainty. Paradoxically enough,
being sure of uncertainty also yields certainty. The mathematical “tool” that
yields information about uncertainties is known as probability.

Suppose we have some experiment with possible outcomes x ∈ X, then the
probability distribution is denoted p(x), essentially numbers indicating how
probable a certain event is with respect to all other possible events. This
set of all possible outcomes X is called the state space. By agreement,
complete certainty is indicated with probability 1 and hence summing over
the complete state space (all possible outcomes) for some distribution p(x)
should always yield 1 ∑

X

p(x) = 1 (2.1.1)

where the sum is over the state space X. This implies conservation of pro-
bability.

Let’s do an experiment: toss a fair coin once. The outcome may be either
heads or tails to which we will refer for convenience by 0 a 1 respectively:
x ∈ X = {0, 1}. The probability that one particular side turns up, upon
flipping the coin, is equal for each side (that is what defines its fairness),
so the probability that one specific side turns up is one half for each side:

1From a scientific point of view there is also evidence that mathematics neurally stands
apart from language, three stroke victims that have lost most of their logical language
abilities are still well capable of reasoning correctly with mathematical problems [13,115].
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p(x) = 1
2 .

Now let’s complicate our experiment a bit: toss that fair coin two times.
The total amount of outcomes is 2 · 2 = 4 and because there is no influ-
ence of the first toss on the second (and vice versa, i.e. they are indepen-
dent) each of these outcomes will have the same probability: p(x) = 1

4 ,
with x ∈ X = {(0, 0); (0, 1); (1, 0); (1, 1)}. When in general, each outcome is
equally probable (and thus ‘fair’) we refer to the distribution as a uniform
distribution, which may serve as a reference for comparing to other possi-
ble distributions.
Suppose now, that we would add the outcomes of the previous experiment
so that the total may be 0, 1 or 2: X′ = {0, 1, 2}. The probability for any
given outcome is now no longer equal: the probability that the outcome is
either 0 or 2 is given by the amount of ways that you can get 0 or 2 di-
vided by the total amount of possible outcomes (the size of the previous
state space |X| = 2 · 2 = 4). Since there is only one way to get two heads
or two tails both probabilities are 1

4 . The probability to get one head and
one tail is two-fold on the other hand, so the corresponding probability is 2

4 .
We get a probability distribution that is no longer uniform: p(x = 0) = 1

4 ;
p(x = 1) = 2

4 ; p(x = 2) = 1
4 . Note that the sum over all probabilities yields

1, which indicates that we are certain that all states of the new state space
X ′ have been taken into account.

Should we do some experiment N times and observe the amount of times
our outcome is a certain one N(x) and divide it by N then we would find
that for very large N this approaches the probability distribution

lim
N→∞

N(x)
N

= p(x) a.s. (2.1.2)

This is commonly known as the law of large numbers. Should we for instance
repeat the experiment with the coin a large amount of times and observe the
amount of heads (0) then it will converge to 1

2N (if the coin is fair).

Suppose that we do some complicated experiment but we are not interested
in the specific outcome but rather observe a certain property (say for in-
stance the square of the outcome x2 in one of the experiments above). The
expectation of such an observation through observable f(x) is then de-
fined as

〈f〉 =
∑

X

f(x)p(x) (2.1.3)

(e.g. if f(x) = x2 for the experiment above where a coin is tossed twice and
the outcomes are added, the expectation would be 〈f〉 = 6

4).

In general, it could be that the outcome of some experiment is a continuous
rather than a discrete variable, so that the state space becomes continu-
ous. In that case, we can no longer speak of probability distributions but
rather speak of probability densities or probability measures dP (x).
Integrating over all possible outcomes, we obtain unity

∫

X
dP (x) = 1 (2.1.4)
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Analogously, the expectation of some observable f becomes

〈f〉 =
∫

X
f(x)dP (x) (2.1.5)

2.1.2. Entropy.

“there must exist some ‘monster’ that can grow without
eating anything!”

Let’s go back to the example of tossing a coin twice and adding up the
outcomes so that we have a state space X = {0, 1, 2}. Another way to get
the same state space (either 0, 1 or 2) may be to cast a fair “3-sided die”2 and
subtract one from the result. Unlike when tossing two coins, we would find a
uniform distribution over all possible outcomes. From this, we may conclude
that the probability distribution somehow contains information about the
underlying process that would lead to that particular distribution. Should
every possible outcome be equally probable, then “anything may happen”
and this expresses that we don’t know anything really about what what
could happen, one could say that we are as uncertain as we could be, there
is no information, no indication of an ingenious ‘machinery’ that prefers one
outcome over another. Should on the other hand the probability of one
outcome be much bigger than another, it would provide more certainty on
the outcome. This is known as the Bayesian approach.

The person who went after such an idea that the nature of the distribution
contains information on the uncertainty was Shannon3 who concluded that
the amount of uncertainty necessarily should take on the form

SI(p(x)) = −kS

∑

X

p(x) ln p(x) (2.1.6)

with kS > 0 a positive constant, for a proof see [101]. This measure of uncer-
tainty SI , known as Shannon or information entropy, becomes largest
for a uniform distribution (over n possible outcomes it goes toln(n)) and
smallest (zero) as the probability of one of the events goes to 1 (and thus
the others to zero), and it will decrease as the distribution gives more and
more certainty on the outcome being a particular one.

A good reason to name the quantity introduced in (2.1.6) an entropy is
that it is closely related to entropies that are more directly related to the
thermodynamic entropy (see Section 2.2.2).
Almost a century before Shannon, Boltzmann introduced another entropy,
but rather than dealing with probabilities directly it deals with the size of
state space. The idea is that every bit of state space has the same weight, but
the amount of state space associated with a certain characteristic C (e.g. such
as the outcome being greater than 3 Cex > 3 for some X = {0, 1, 2, . . . , n})
may be much bigger than for others. Suppose that the total amount of
state space or weight belonging to a certain characteristic is given by W (C)

2A 6-sided die will do if one divides the outcome by 2, rounding up.
3Shannon was looking for ways to code messages in a most efficient way with respect

to possible dataloss due to disruption.
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(for the example W (Cex) = n − 3), then the Boltzmann entropy of that
characteristic is given as

SB(C) = kB ln W (C) (2.1.7)

where kB > 0 is a positive constant (in the context of physics it will be Boltz-
mann’s constant). As perhaps is intuitively already clear, the Shannon and
Boltzmann entropies are related. In the Boltzmann entropy, all the states in
the state space get the same weight and the states are grouped according to
characteristics C. If we suppose a complete set of characteristics {C} such
that they do not overlap (so ∪C{x(C)} = X, where {x(C)} indicates the set
of all states associated with C and ∀C, C ′ ∈ {C} : {x(C)} ∩ {x(C ′)} = ∅;
{C} is then also known as a partition of state space) then we may introduce
probabilities to observe some characteristic p(C). If we suppose that the
probability for a characteristic is proportional to the amount of associated
state space, so that p(C) = W (C)/|X| (where we use W (C) = |{x(C)}| – ex-
pressing the idea that every bit of state space has the same weight), then we
may consider the Shanon entropy of that distribution and it will be formally
related to the Boltzmann entropies through

SI(p(C)) = −kS

∑

C

p(C) ln p(C) =
kS

kB

[
ln |X| −

∑

C

p(C)SB(C)
]

We should keep in mind that the Shannon entropy above may be rewritten
in terms of the states in the state space; when using the same weight for all
the states we have

SI(p(C)) = −kS

∑

X

1
|X| ln

1
|X| = kS ln |X|

so because the Boltzmann entropy is associated with a uniform distribu-
tion, the associated Shannon entropy on the probability distribution of the
partition is maximal with respect to the entire state space.

To further clarify the relationship between these entropies, we consider the
following example: consider an (un)fair coin that has a probability h to show
heads and a probability (1− h) to show up tails; toss this coin N times and
observe the amount of heads H or tails (N −H). The probability to obtain
a certain density of heads ρ = H/N after N tosses is given by

pN (ρ) =
(

N

ρN

)
hρN (1− h)(1−ρ)N

∼= 1√
2πNρ(1− ρ)

e−N
[
ρ ln ρ

h
+(1−ρ) ln

(1−ρ)
(1−h)

]
(2.1.8)

where we have used the binomial coefficient
(
N
H

)
= N !

H!(N−H)! and Sterling’s
approximation N ! ∼=

√
2πN exp[N(lnN − 1)].

Given a certain sequence of heads and tails with a given density of heads ρ,
we could imagine that we pick from this sequence randomly a toss and in this
way interpret ρ as the probability that we pick heads from a given sequence
with density ρ. Part of the exponential is then (minus) the Shannon entropy
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of that probability ρ (the entire term in the exponential divided by −N is
called the relative entropy)

SI(ρ) = −ρ ln ρ− (1− ρ) ln(1− ρ) (2.1.9)

with kS = 1. We see that (2.1.8) will exponentially decrease with N unless
the term in the exponential is zero and the only way that it may become zero
is when ρ = h. In other words: only when ρ converges to the probability
distribution of one toss with the (un)fair coin, will the probability of such a
sequence be significant; this is when the relative entropy (the entire term in
the exponent of (2.1.8) divided by −N) is maximized.4
Now, consider the state space of the above experiment: XN = {(0, . . . , 0),
(1, 0, . . . , 0), . . . , (1, . . . , 1)}; the size of the state space is given as |XN | = 2N ;
the size of state space belonging to a certain density of heads ρ = H/N (the
characteristic C) is then given as |{x(ρ)}| =

(
N
ρN

)
so that the Boltzmann

entropy for a specific ρ becomes

SB(ρ) = kB(N) ln
(

N

ρN

)
∼= kB(N)SI(ρ) (2.1.10)

where we have once more used Stirling’s approximation. So if we associate
a probability distribution to the set of characteristics under consideration,
then the characteristic that has the largest amount of state space associated
also maximizes the Shannon entropy of the associated probability distribu-
tion when the coin is fair (h = 1

2). For a more thorough perspective, see for
instance [72], or alternatively [36], also for other entropies and their appli-
cations.
Later, in the context of Markov processes interpreted as physical systems
attached to thermodynamical reservoir(s) we will make use of these relations
between the Shannon and Boltzmann entropies in order to motivate which
observable on the Markov process we like to consider the relevant (thermo-
dynamic) entropy for the physical system.

2.1.3. Graphs.

“In this way everything can be connected to everything
else.”

Graphs are most useful mathematical elements that can represent how things
are connected to one another. We will not deal in this work with graph theory
itself but merely use some of its concepts. Mainly because Markov processes
(see the following Section 2.1.4) have a lot in common with graphs, it will be
convenient to refer to these concepts later. The reader interested in graph
theory is referred to for instance [10].

A graph is a network of connected nodes, and many things in life may
be represented in abstraction by some form of graph or another, see for
instance [8] for a popularized report of recent developments in this respect.
Graphs come in many forms and may have many properties that are relevant
when dealing with them. Below the most relevant ones are defined, the
accompanying Figure 2.1.1 serves to clarify some of them.

4The exponential decay for ρ 6= h is the exponential decay of large deviations.



24 2. THE MAIN PLAYERS

Figure 2.1.1. Some essential graphs. From left to right: a
directed graph; a spanning tree; a rooted spanning tree (on
the grey vertex); and a spanning monocycle.

A directed graph G is a collection of vertices V possibly connected to each
other by a set of arrows A that each have aweight (A = {Aij ≥ 0}, i, j ∈ V),
notation G = (V, A).

A path is a sequence of vertices and connecting arrows beginning in a vertex
and ending in a vertex. A simple path is a path that contains every vertex
in the graph at most once. A cycle is a path of which the beginning and
endpoints are the same. A simple cycle is a cycle that passes any vertex
at most once.

A connected graph is a graph where each vertex is connected to any other
by at least one path. A tree T is a graph with a unique simple path between
any two beginning and ending vertices with the property that reversing the
path implies reversing the arrows. A directed tree is a tree with at most
one arrow between any two vertices. A rooted tree is a directed tree with
the longest path from any vertex ending in a single vertex, the root r: Tr.

A subgraph G′ ⊆ G is a graph that contains a collection of vertices and
arrows that are in G: V′ ⊆ V, A′ ⊆ A. A subgraph that contains all vertices
V′ = V is a spanning graph. A spanning graph that is also a tree is a
spanning tree. A spanning graph that contains a single simple cycle is
named a spanning monocycle.

The weight of a path is the product over all arrows in the path. The
weight of a graph g(G) is the product over all (non-zero) arrows in the
graph

g(G) =
∏

{Aij>0}∈A

Aij (2.1.11)

.

2.1.4. Markov processes.

“The power lies in the fact that numbers always behave
in the same predetermined way”
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2.1.4.1. States and rates. Consider a system that may occur in a number
of different states, x, y, . . . and so on, then we call the collection or set of all
possible states the state space X = {x, y, . . .} of the system (which we take
finite for the purpose of this work). The system may change its state by going
through transitions from one state at a certain time xt to another state at
another time ys (for some s > t), denoted xt → yt+s. The system undergoes
such transitions at rates r(x, y) ≥ 0 independently of how long the system
has been in that state. Such a system satisfies theMarkov property, which
states that the probability of a transition may only depend on the present
and not on the past.
Before we continue it will prove useful to introduce a natural division of the
rates into two parts. The rates can be thought of in terms of probability per
unit of time and as such it is helpful to introduce the notions escape rate
λ(x) and transition probability p(x, y) that are defined in the following
way

λ(x) ≡
∑

y

r(x, y) (2.1.12)

p(x, y) ≡ r(x, y)λ(x)−1 (2.1.13)

Note that the transition probabilities are indeed normalized:∑
y p(x, y) = 1.

Suppose that at some given moment t the system is in state xt, and that a
transition xt → ys will occur at a time s > t, then what are the probability
distributions for s and y? The escape rate indicates how quickly the system
tends to undergo a transition independently of where it will end up; according
to the Markov property this must be independent of the time spent in the
state and this gives rise to an exponential or Poisson distribution for the
escape times. The probability that it will take longer than s′ before the
process escapes from state x is given by

P (s > s′) = exp
[− s′ λ(x)

]
(2.1.14)

The probability that after escaping state xthe process will end up in state y
is determined by the transition probability: p(x, y).
As a notation we will also denote transitions x → y as (x, y) or alternatively
as α, β, γ, . . . for short. This means that the stochastic process of changes
between states at certain jump times is described by the rates R : X2 →
{R+}X2 . In principle the rates R with elements Ryx = r(x, y) may vary
with time but for the purpose of this work we only consider constant rates
(homogeneous Markov processes).

To avoid unnecessary complications, we only consider Markov processes that
are irreducible, which means that it is not possible to consider the Markov
process as two or more independent Markov processes.5

5Two Markov processes are independent if and only if the transition rates of the
combined process are given by the the transition rates of the relevant independent process:
r((x, y), (x′, y)) = r(x, x′)∀x, x′, y, see for instance [37], also for a more formal introduction
of Markov processes.
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2.1.4.2. Observables. A Markov process in itself isn’t very interesting,
unless we intend to observe something as the process unfolds, for this purpose
we introduce observables on states f : X → R and observables on
transitions f : X2 → R. Of course, observables on transitions may be
defined in terms of observables on states, but we avoid such complication.
We define some basic observables below.

The most elementary observable on states indicates if the process yt is in a
specific state x

x(yt) = I(yt = x) (2.1.15)

where I(X = Y ) = 1 if and only if X = Y and zero otherwise, is the indicator
function. The expectation value of x(yt) is simply

〈x(yt)〉 = pt(x) (2.1.16)

with pt : X → [0, 1] the probability distribution on the state space at time t.

The transitions between states are particularly interesting to observe and
for reasons that will become apparent later we introduce the notions flow,
current and traffic. These terms seem identical and in other contexts
people might use them indiscriminately, but we make a clear distinction
between them through their definitions. Flow is the most basic observable
on transitions that indicates if a transition in the process (y, y′)t = γt is a
specific transition (x, x′) = α

kα(γt) = I(γt = α) = δα,γt (2.1.17)

where δα,γt is the Kronecker delta. Its expectation value at any time is given
by

〈kα〉t ≡ lim
τ→0

1
τ

∫ t+τ

t

∑
γ

kα(γ)ps(γ)ds = pt(x)r(α) (2.1.18)

Let θα = θ(xx′) = (x′x) denote reversal of a transition then we have the
following property on the reverse flow kθα(γ) = kα(θγ). We define the
asymmetric current over a transition as the difference between forward and
reverse flow

j−α (γ) = kα(γ)− kα(θγ) (2.1.19)

and the symmetric traffic over a transition as the sum of the forward and
the reverse flow

j+
α (γ) = kα(γ) + kα(θγ) (2.1.20)

As with the flow, the expectation values are denoted by 〈j−α 〉t and 〈j+
α 〉t, in

some parts of this work where we only deal with the (asymmetric) current
the − sign may have been omitted for notational convenience. Throughout
the work, current and traffic will mostly be denoted with capital letters, this
indicates that we are concerned with the associated extensive quantities, see
also the notes below (2.1.24)-(2.1.25) on the facing page.
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2.1.4.3. Master equation. In order to predict observations in time, we
should discuss the evolution of the probability distribution pt(x); it is given
by the master equation

d

dt
pt(x) =

∑

y∈X

〈j−x,y〉t (2.1.21)

This is in essence the continuity equation for the probability density (pro-
bability need to be conserved). For a finite system with constant rates,
the probability distribution will converge to a unique stationary measure
pt(x) → p(x) as t →∞; so that both sides of (2.1.21) must be equal to zero.
In practice, we will only encounter and have use for the stationary mea-
sure that is the solution of the stationary master equation and will therefore
omit the symbol t in the notation.

It is possible to express (2.1.21) equivalently in terms of evolution on observ-
ables

d

dt
〈f〉 = L〈f〉 (2.1.22)

where Lf(x) =
∑

y r(x, y)[f(y)− f(x)] is the Markov generator.

There are two ways to refer to the stationary measure that will both prove
useful: the tree view and the path view. In what follows we present both.

2.1.4.4. Path view. Instead of describing the process in terms of changes
between states on the regular state space X, we here consider all possible evo-
lutions of the process over some time interval or path length τ as “states”;
we call them paths ω = {xt}τ

t=0 (of length τ) and the associated pathspace
is denoted Ω = {ω} (so all paths in Ω have the same length). Along the path,
the state changes occasionally from one state to the next, such an event is
called a jump or transition αt taking place at the so-called jump-time t.
Alternatively, we can represent a path in terms of these transitions given the
initial state x0 the path may (with some abuse of notation) be expressed
alternatively as ω = {x0} ∪ {αt}t(ω).
Given the initial conditions, there exists on pathspace a probability density
also known as the pathspace measure dP that normalizes as follows:∫

Ω
dP (ω) = 1 (2.1.23)

2.1.4.5. More observables. We have already discussed the most elemen-
tary observables, but here we generalize the notion for usage on state space.
For observables on states fx or on transitions fα we may define associated
observables on paths, respectively

Fx(ω) =
∫ τ(ω)

0
fx(xt)dt (2.1.24)

Fα(ω) =
∑

t

fα(αt) (2.1.25)

where τ is the length of the path; the sum is over all jump times t in ω; and
αt is the associated transition of the jump time t. As a matter of notation,
we use upper case for observables that are extensive in the path length and
lower case for those that are not. By normalizing the extensive observables
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above, we obtain observables that are not extensive in the path length which
may be convenient if we consider the limit for infinite paths later :

fx(ω) =
1

τ(ω)

∫ τ(ω)

0
fx(xt)dt (2.1.26)

fα(ω) =
1

Σ(ω)

∑
t

fα(αt) (2.1.27)

where Σ(ω) is the amount of jump times for a given trajectory.

The average of any observable on paths f(ω) is defined as

〈f〉 =
∫

Ω
dP (ω)f(ω). (2.1.28)

Of course it’s almost never easy to calculate the pathspace measure, even
when the initial distribution it the stationary distribution. For this reason
the following result will be most helpful because it allows to compare two
pathspace measures.

2.1.4.6. The Radon-Nikodým derivative. A result that is most valuable is
the Radon-Nikodým derivative for Markov processes, the so-called Gir-
sanov formula –that compares two Markov processes M(X, R) and M′(X,R′)
with the same pathspace Ω– is given by

dP

dP ′ (ω) = exp
[ ∑

t

ln
r(αt)
r′(αt)

−
∫ τ

0
[λ(xt)− λ′(xt)]dt + ln

p0(x0)
p′0(x0)

]
(2.1.29)

where the sum is over all jump times in ω; τ is the length of the path; and p0

and p′0 are the initial measures of either process. For a precise formulation
and proof of the theorem of which this is main result we refer to [52]. Note
the first term in the exponential, because later –in the context of physical
applications– it will be associated (partly) to the entropy change in the
thermodynamic reservoirs that are associated with the relevant transitions,
see Chapter 5 on page 99.
With respect to a flat measure dP ′ on Ω (so that both the escape rates and
the transition probabilities are uniform) we define P (ω) = dP (ω)/dP ′(ω) so
that for two different paths ω, ω′ ∈ Ω and with the same initial measure p0

we have

P (ω)
P (ω′)

= exp
[∑

t(ω)

ln
r(αt)
r(α′t)

−
∫ τ

0
[λ(xt)− λ(x′t)]dt + log

p0(x0)
p0(x′0)

]
(2.1.30)

From this, we can immediately see that for any three distinct paths ω, ω′, ω′′ ∈
Ω

P (ω)
P (ω′)

P (ω′)
P (ω′′)

=
P (ω)
P (ω′′)

(2.1.31)

this may be seen as detailed balance on pathspace so we see that the sta-
tionary pathspace measure has a Gibbsian character. See Section 2.1.4.8 for
a definition of detailed balance.
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2.1.4.7. Tree view. Every Markov process can be associated with a di-
rected graph M(X, R) with R the transition rates between the states in X.
For every finite Markov process for which the associated graph is connected,
there exists a unique stationary solution of the probability density.

For a stationary Markov process we have the reduction principle

Lemma 2.1.1: Reduction principle.
Let M(X, R) and M′(X′, R′) be two directed graphs, with

X′ = X\{z} (2.1.32)
and

R′yx = c
[
Ryx + RzxRyz

(∑
u

Ruz

)−1
]

(2.1.33)

then the stationary measures and flows of the Markov processes associated
with the directed graphs are related as follows

p′(x) =
p(x)

1− p(z)
and

〈k′(x,y)〉 =
c

1− p(z)

[
〈k(x,y)〉+ 〈k(x,z)〉r(z, y)

(∑
u

r(z, u)
)−1

]
(2.1.34)

Conversely, if the stationary measures of the Markov processes associated
with the directed graphs are related as given by (2.1.34) then the rates of the
two processes are related as given by (2.1.33).

Proof. The master equation for stationarity, expressed in terms of the
rates of the Markov process associated with M′, reads

0 =
∑

y 6=z,x

[
p′(x)[r′(x, y)]− p′(y)[r′(y, x)]

]
(2.1.35)

substituting (2.1.33) we obtain

0 = c
∑

y 6=z,x

[
p′(x)[r(x, y) + r(x, z)r(z, y)

(∑
u

r(z, u)
)−1]−

p′(y)[r(y, x) + r(y, z)r(z, x)
(∑

u

r(z, u)
)−1]

]
(2.1.36)

This may be rewritten as
∑

y 6=x

[
p̃(x)r(x, y)− p̃(y)r(y, x)

]
=

∑

y 6=z

[
p̃(z)r(z, y)− p̃(y)r(y, z)

]
(2.1.37)

with p̃(z) = p(z) and p̃(x) = c′p′(x) ∀x 6= z. Note that the sum on the
left hand side now includes z. We recognize on both sides the change in
probability for some measure p̃ and since the total probability is conserved
and p̃(z) = p(z) we have c′p′(x) = p̃(x) = p(x) ∀x 6= z. The prefactor
follows from normalization c′ = (1− p(z)). With c some constant, it is then
evident that 〈k′(x,y)〉 = cc′−1

[〈k(x,y)〉+ 〈k(x,z)〉r(z, y)(
∑

u r(z, u))−1
]
.

On the other hand, given the stationary flows 〈k′(x,y)〉 and the probability
distribution p′(x), the rates corresponding to them are uniquely determined
and hence the solution given above can be the only one. (Suppose that we
have another set of rates that have the same stationary distribution, then
the flows can never all be the same.) ¤
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This reduction principle serves two purposes, it may be used to reduce the
state space of the system and we can use it to prove the Markov tree
theorem:

Theorem 2.1.2: Markov tree theorem.
Let T denote a spanning tree on the graph M(X, R), and let the weight of
that spanning tree rooted on some state x be given as g(Tx), then p(x) is
proportional to sum of all weights of all trees rooted on x

p(x) =
1
Z

∑

T

g(Tx) (2.1.38)

with Z =
∑

x

∑
T g(Tx) the partition function.

Proof. The theorem follows from the reduction principle of Lemma
2.1.1 with induction. ¤

This theorem is related to Matrix tree theorem and to the ergodic theorem
and has been rediscovered on many occasions; see references [33,48,53,69]
for details and other proofs. Although it serves no fundamental purpose in
this work, the theorem is useful for doing calculations on a finite state space
and a valuable tool to gain insight for the visually inclined. It points out
that spanning trees can be seen as basic faculties of a Markov process.

2.1.4.8. Detailed balance. A special case arises when in stationarity there
is no probability current over any transition α:

〈j−α 〉 = 0 ∀α (2.1.39)

which is equivalent to

p(x)r(x, y) = p(y)r(y, x) ∀x, y (2.1.40)

This is known as detailed balance or microscopic reversibility. De-
tailed balance is associated with equilibrium (in physics) through theGibbs
measure νG : X → R, a probability measure such that

νG(x) =
1

ZH
exp[−βH(x)] (2.1.41)

with ZH =
∑

x exp[−βH(x)] the partition function; H : X → R the Hamil-
tonian of the system being described by the Markov process; and β a scaling
factor. In the context of physics, β will play the role of inverse temperature
of the thermal reservoir that the system is connected to; see Section 2.2.2.
In the same context, the Hamiltonian of the system is a function on state
space that uniquely determines the amount of energy stored in the system
whether by means of entropy, particles, interactions or otherwise, and in this
way detailed balance is associated with equilibrium. If we interpret the tran-
sitions between states as (slight) changes in the relevant (thermodynamic)
reservoirs, then conservation of energy of the system including those reser-
voirs implies that a change of energy in system reflects a change of entropy
in the reservoirs (without influencing their properties for they are deemed to
be infinitely big with respect to the system).
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2.2. Physics

2.2.1. Classical physics.

“Many people once were sure they had found the truth,
but they had only found something useful.”

Throughout this dissertation, we will restrict ourselves to the realm of clas-
sical physics for two reasons: it keeps things simple that are already compli-
cated enough and the problems we will deal with are most likely within the
perspective of that realm.

Physics –and certainly classical physics– studies the cause and effect in our
surroundings, this is most eloquently captured in the notion of time that is
so frequently present as an essential ingredient in all the beautiful formulae
that form the backbone of current physics. Our world is one of change, and
knowledge of its ways means power, or as an evolutionist might put it: it
provides us with a better fitness. Hence physicists and other scientists alike
search for things that change in a constant or predetermined way. By the
power of abstraction they were able to discover laws, and what more lovely
way to capture such laws than with mathematics? Mathematics, a collective
mental construction, the perfect constant that Plato once envisioned.

One of the first (very) successful applications of mathematics are the laws of
Newton that stood unchallenged for more than two centuries. By the work
of Hamilton and others, the work of Newton was cast in a more universal
form. Given a system with specific microscopic interactions, the microscopic
configuration of a certain state x determines the Hamiltonian indicating the
energy of the configuration

H(x) = H(~qx, ~px) (2.2.1)

~qx, ~px indicate the generalized position and momentum coordinates. Let f
be some observable of the system, then the dynamics are given by

d

dt
f =

∂

∂t
f + L̂f (2.2.2)

where L̂ = D~p(H) ·D~q −D~q(H) ·D~p is the Liouvillian.

For observables that do not explicitly depend on time, we have

d

dt
f = L̂f (2.2.3)

if we set L̂ = L the generator from the context of stochastic systems on
conserved state space there is a direct analogy (a formal correspondence)
with (2.1.22), indicating the relation between Hamiltonian dynamics and
Markovian dynamics. Of course this is only an analogy, let it be clear that
the deterministic Hamiltonian dynamics and the stochastic Markovian dy-
namics are fundamentally different, even though they may be related by
approximation, see the next Section 2.2.2.
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2.2.2. Thermodynamics and statistical mechanics.

“a group of wise men tried understand nature by
‘seeing’ its founding elements”

Thermodynamics is the study of heat (ex)changes that developed from the
end of the 18th century in search of understanding of the relations between
heat, work, energy, temperature and in 1865 the entropy ‘monster’ was dis-
covered by Clausius. This discovery led to the famous second law of ther-
modynamics: heat does not spontaneously flow from a colder to a hotter
body, or alternatively, the entropy of a system can only increase. Although
some ideas of underlying “atomic principles” date back to antiquity, ther-
modynamics was developed without reference to such an underlying reality,
developed merely through rigorous analysis of experiments on a human scale
reality.

Later, by pioneers like Maxwell, Boltzmann and Gibbs, statistical mechanics
was developed, providing a link between a supposed microscopic mechanical
reality and the macroscopic laws of thermodynamics. A critical assumption
that had to be made in order to arrive at such a link, was Boltzmann’s
Stoßzahl Ansatz, an randomization assumption that leads to an equidistri-
bution over all accessible (micro-)states of the system.6 Though it is believed
that the solution to this problem lies in the chaotic nature of classical me-
chanics, it remains a mathematical mystery until this day how to derive
thermodynamics without a randomizing assumption in one form or another,
see for instance [21, 32]. On the other hand, the very idea that we are
dealing with a system consisting of very many elements of which we do
not know what state they are in, makes a more Bayesian approach perhaps
more sensible (that leads to maximization of the Gibbs measure given the
constraints) [14, 72]. In the current context, we will make our version of
the Stoßzahl Ansatz by using a stochastic dynamics in the form of Markov
processes.

At the heart of statistical mechanics lies the definition of entropy according
to Boltzmann: he proposed that the entropy S is given by the logarithm of
the amount of accessible microstates W given macroscopic restrictions

S = kB ln W (2.2.4)

where kB is Boltzmann’s constant. He had in mind a gas of very many
hard spheres, with an accordingly big state space of possible configurations.
He realized that the weight (amount of state space) associated with the val-
ues that one would typically expect to observe for the thermodynamic (thus
macroscopic) observables, would be extremely big with respect to other val-
ues. (With respect to the simple example discussed at the end of Section
2.1.2 this is like taking the limit N → ∞ so that the only relevant con-
tribution of the probability distribution is centered extremely close around
ρ = h.)
As we have demonstrated in Section 2.1.2 the Boltzmann entropy (2.2.4)

6This is related to the ergodic hypothesis, which states that the time spent in some
region of the phase space of microstates with the same energy is proportional to the volume
of this region, or equivalently that an average in time for long times is equivalent with an
average over space.
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or (2.1.7) is strongly related to the Shannon entropy (2.1.6). Similarly as
with the Shannon entropy, it follows from Boltzmann’s famous H-theorem
that this entropy will follow a rule like the second law of thermodynamics
and that therefore it is justified to identify it with the entropy known from
thermodynamics.

In this way, it is possible to derive the probability to find a system –connected
to a heat bath7 at temperature T– in a specific microstate x of energy Ex.
This probability is proportional to the Boltzmann factor

p(x) ∝ exp−βEx (2.2.5)

where we have defined β = 1/kBT the inverse temperature. Normaliza-
tion of the probability distribution over all microstates leads to the Canon-
ical partition function

ZC =
∑

x

exp−βEx (2.2.6)

From this Canonical partition function, we may derive many thermodynamic
properties, including the average or expected energy of the system, the free
energy and the entropy.

Should the system be capable of exchanging (a single type of) particles with
a particle bath or reservoir, then the state space gets more complicated
because with any particle added to or omitted from the system the amount
of accessible states varies. The associated Grand Canonical partition
function is given as

ZGC =
∑

x,N

exp−β[Ex − µN ] (2.2.7)

where we have introduced µ the chemical potential, the equivalent of
inverse temperature for particle baths.

In general, any equilibrium partition function will have a form like (2.2.6)
and (2.2.7) and for this reason the probability distribution on states (that can
be associated with these partition functions) are quite naturally described
by a Gibbs measure (2.1.41) and as we have seen before this implies that the
system is in detailed balance and that hence there are no probability flows.

For systems connected to (a) reservoir(s) (e.g. a particle or heat bath), the
changes in the system caused by these reservoirs are effectively well described
by independent random events. That the influences of the reservoir are sup-
posed to be independent allows for a Markovian description on the state
space of the system.
When dealing with a less ideal situation (of more realistic systems), correla-
tions or other forms of memory may break the Markov property with respect
to the behavior of the system on its native state space, but in that case it is
always possible to enlarge the state space of the system so that it incorpo-
rates these memory effects up to the desired degree of accuracy so that it is
a Markov process.

7Also known as heat reservoir, a heat bath is a model for a very big environment
connected to the system that is held responsible for energetic fluctuations of the system.
“Very big” refers to the thermodynamic limit (N → ∞) where due to the law of large
numbers and the central limit theorem averages remain constant.
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On the other hand, one may immediately set out to describe the (experi-
mental) behavior of a system with a Markov process adding more and more
states to an initial state space, until a satisfactory accuracy is attained, this
is the so-called hidden Markov modeling. Of course, it will depend on the
question that one wishes to answer, which of these methods is preferable and
how extensive the model will become. In reality, it is mostly a mix of these
methods that is used for the construction of a Markov model.

2.2.3. Nonequilibrium statistical mechanics.

“The only constant is change itself.”

Change seems to be an inherent property of nature, a “law” that keeps ev-
erything in motion. The spots on the sun are in motion, the sun is orbited
by planets, clouds in their skies float, the water in the oceans flows, as tiny
man walks planet earth. Even a solid rock will slowly get eroded by wind
and water. Though not everything changes at the same rate, nothing seems
to escape the law of change. And at short timescales stable objects that
appear motionless are filled with microscopic (thermal) fluctuations.
Some of these systems may to good approximation be considered in equi-
librium, meaning that on short enough timescales there should be no nett
communication with the environment of any substance or energy, and that
–statistically speaking– the internal state has to be constant. But any re-
alistic system will in fact be out of equilibrium most of the time, be it due
to changes in temperature, flows of external sources or otherwise. Although
the occasional physicist might get discouraged by this, we should be really
glad about the “law of change”, we owe our existence to it.

In spite of the fact that change, or rather nonequilibrium, is common to say
the least, regular statistical mechanics deals mostly with systems that are in
equilibrium, and unfortunately a natural extension to nonequilibrium is not
straightforward. For this reason, there has been quite some effort the last
century to develop statistical mechanics for a nonequilibrium context, with
some important breakthroughs, such as linear response theory [38], Green-
Kubo relations [35, 57], minimal entropy production [87], the fluctuation
theorem [25,30], Jarzynski’s equality [31,46].
One of the key ideas has been to generalize the success of Boltzmann’s ap-
proach to nonequilibrium systems, but in order to do so we need to know
what to count and more importantly we need to know the weights of what
we count. This is not an easy task.
An important progress in the field was for that reason the insight that that
stationary measures on pathspace are Gibbs-like measures, and that there-
fore the paths may be considered as the ‘states’ that need to be counted and
the (relative) weights are then given by the the exponential factor in the
Girsanov formula (2.1.29). From this point of view, the above mentioned
results may be readily derived, see [70–74]. In this perspective, nonequilib-
rium may be seen as reservoirs acting on the transitions from one state to
the next in a Hamiltonian system and in this way nonequilibrium stationary
states can be constructed.
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2.2.3.1. Linear response, and beyond. The idea of linear response theory
is that when a system is out of equilibrium but still close to equilibrium, that
the properties of the system remain the same and this makes the behavior
predictable. In this way some linear laws of physics that deal with nonequi-
librium situations such as Ohm and Fick’s laws may be derived. Other results
are the Green-Kubo relations and the minimal entropy production principle.
In the context of Markov processes, the Green-Kubo relations can be dis-
played derived as follows: suppose that we observe a current 〈Jα〉 and see
how it changes when we perturb the rate of another transition γ so that
rϕ(γ) = rϕ(θγ)−1 = r0(γ) exp 2ϕγ , then we define the linear response
coefficient

Lαγ =
d

dϕγ
〈J−α 〉 |ϕ=0 (2.2.8)

for which the following result may be obtained (see Section 4.6.1 on page 94
and Section 5.6.4 for a derivation)

Lαγ = 〈J−α J−γ 〉0 (2.2.9)

where 〈J−α J−γ 〉0 =
∫

J−α (ω)J−γ (ω)dP0(ω) is the equilibrium current-current
correlation between the transitions α and β. Such relations for all couples
of α, β are called the Green-Kubo relations; from them the Onsager
reciprocity relations follow

Lαγ = Lγα (2.2.10)

The principle of minimal entropy production follows from the Onsager
reciprocity relations and states that around equilibrium the entropy will
strive towards a state of minimal entropy production, see also Section 5.6.5.
Let it be clear that this is a extreme shortcut presentation for the context of
Markov processes and that historically the order was different.

To go beyond linear response close to equilibrium, or perturb around nonequi-
librium states is still a challenge left standing, although some progress has
been made most notably with the fluctuation theorem which states that
the probability that the system will produce a given amount of entropy
∆S = σ will be proportional to probability that the same amount will dis-
appear (so opposite of what is to be expected from the second law) times
the exponential of this amount

Prob[∆S = σ] = Prob[∆S = −σ] expσ (2.2.11)

This is a general result for stationary systems and a relation that is related
to Jarzynski’s equality, relating the work W done by a system to the free
energy difference ∆G between two equilibrium states

exp−β∆G = 〈exp−βW 〉
here β is the inverse temperature and the brackets indicate (as above) aver-
aging over all possible realizations of the transition between the two equili-
brium states. See for instance [93] for an application in the context of DNA
folding/unfolding.
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2.3. Biology

2.3.1. A bird’s eye view on biology.

“An exception to a rule confirms it nonetheless.”

From a physicist’s point of view ,biology is synonymous with ‘trouble’ and
the trouble starts with the very definition of life. There does not seem to be
a unanimous idea –even among biologists– of what life is, it seems as if for
every scientist there is a definition and for every definition there exists an
exception that one a priori would rather (or not) have included. And indeed
it seems that this problem of vagueness is prevalent throughout biology,
nature is so diverse and complex that is bound to contain some ingenious
unwelcome exception to almost any definition or model proposed, if not
it is due to the complexity which makes it difficult in general to separate
intimately integrated systems.
This makes it particularly hard to generalize findings into “universal laws” as
physicists like to do, and in that way the vagueness lies perhaps at the basis
of the difficulties that physics has encountered upon entering the domain of
biology: dealing with complexity when they had gotten used to the beauty
of simplicity. With some biologists this has even led to the conviction that
there is no place for physics in biology and that the fields deal with “separate
realities”.

Biology does not seem to be bothered that much by the complication of
vagueness that seems inherent of complexity, on the contrary it seems stim-
ulating and the science is vibrantly alive and expanding. Biology has for
instance entered the domain of chemistry where clearly none of the elements
are considered to be alive. This is the field of molecular biology which –from
a complexity point of view– seems comparable to when chemistry would in-
clude elementary particle physics.
Another example lies at the other end of the spectrum: the Gaia theory
of James Lovelock [61,68] –although still somewhat controversial– proposes
that entire ecosystems and ultimately the entire biosphere can be thought of
in some sense as a self-regulatory “organism”. In between these two extremes
stands the biological individual, subject to Darwinian selection, whose neural
traits are subject to yet another extremal field: biological psychology. Some
other examples of biological notions that are intuitive, but hard to define
rigorously, are the terms individual, parasitism and organ.

Just to get the flavor of this vagueness, let’s briefly take a look at another
term: mutualism. “Mutualism is an interaction between two species in which
both species derive benefit.” With as a classic example the bee, that polli-
nates plants in turn for nectar and pollen. But what is precisely benefit? Is it
beneficial to be dependent? Sometimes it is, sometimes not. Of course, this
is in principle a matter of pay-off, do the benefits outweigh the costs? But
what are precisely then those costs, do they count if they had to be made
anyway? Hopefully this gives a flavor; how about parasitism? “Parasitism is
an interaction between two organisms, in which one organism (the parasite)
attains all the benefits of the close relationship.” But what is “close”? And
isn’t there possibly a small benefit, or do we refer to it as mutualism then
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right away? It seems we cannot see detailed enough and perhaps are too
involved to really form an objective perspective on life and it seems that the
vagueness is perhaps antropocentrism. Aren’t we all in some sense parasites
of the sun?

To give an idea of the tremendous scale that biology spans and the complexity
involved we will give a short outline of biology from molecule to individual.
At the smallest level we have simple molecules that form the essential buil-
ding blocks, typically they have sizes of about 0.1 - 1 nm (=10−9m). The
amount of these building blocks is relatively small (∼ 100) and the chemical
interaction is relatively straightforward. At the next level are the somewhat
larger molecules (∼ 10 nm) that are synthesized from the smaller building
blocks. There variety of these macromolecules is much larger (∼ 103 − 104)
and their functions are much more complex depending more on structural
conformation (lock and key principle) to facilitate the elementary reaction
cycles and form the molecular complexes (∼ 100 nm) that form the back-
bone of the assemblies or organelles (the equivalent of organs for a cell).
Organelles come in quite a few different shapes and sizes (0.1-10 µm) and
typically perform many different rather complex functions that have a large
impact on the chemical household of a cell. The smallest organisms (viruses
apart) are unicellulars (bacteria in particular), but there exists also success-
ful cooperations between cells that form multicellular organisms that may
reach sizes of the order of 1 µm to 100 m (mycelium for instance). Many
of such multicellulars have rather complex subsystems of highly specialized
cells known as organs that are responsible in one way or another for the
keeping up of the common good, reproduction.

We see that biology spans quite a range in both scale and complexity and
it seems hopeless to expect that within a reasonable amount of time the
endeavours of current molecular biology will lead to a thorough causal un-
derstanding (from first physics principles) of the higher organisation levels of
an organism let alone of groups of organisms, or even ecosystems. And yet,
it must be possible to obtain some form of coherent abstract understanding
of at least parts of biology. . .

With the recent developments in the field of microscopic biology (molecular
biology, cell biology, systems biology, etc.), some hope has arisen however.
As we will see in Chapter 3 on page 51, there is certainly some use for physics
in this microscopic realm of biology although many problems encountered
already at this level are not immediately solved.

2.3.2. Information, regulation and homeostasis.

“Most of them try to keep comfortable most of the time”

One of the key elements in biology is information, or at least the abstract
idea of what information is [67].8 Reproduction for instance –a key element
in most definitions of life– crucially involves transfer of information from

8Information can be thought of as a local state or confirmation of some information
carrier that may be mechanically transfered to a receptor. If the receptor is another
information carrier then we refer to the transfer process as replication or copying, if the
receptor is an actor then we call the transfer signalling.
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one generation to the next, as does Darwinian selection. Other well-known
examples are the neural or hormonal system that both share the property of
transmitting information to organize the cooperation of multicellulars.

Information is also transfered on the molecular level. With respect to re-
production through the replication of DNA for instance (well, mostly [66]).
Protein synthesis involves messenger RNA to transfer information from the
DNA to the ribosomes (the protein factories). In nerve cells, signals may be
transmitted along the axon in the form of an electrical pulse.

The mechanisms that are responsible for the transfer of information are nu-
merous, but we discern two categories: spontaneous and active, or driven
transfer. Diffusion, or radiation are instances of a spontaneous process, re-
production and neural signalling are examples of active transfer.

In order to be able to transfer information it needs to be conserved just the
same which implies that a biological system needs to counter the ‘entropic
monster’ that tends to disrupt any information in its wake into environmental
fluctuations. Keeping the fluctuations out of a system is necessarily done by
insulation or damping of the fluctuations and as a desirable consequence the
internal environment is kept constant.
This regulation of the internal environment is a crucial property of life and is
present also in definitions of life by the name of homeostasis. Homeostasis is
the tendency to keep the internal environment constant to maintain a stable
condition for the processes that take place in it, conserving information as
such by some self-regulatory mechanism(s).
Homeostasis also plays a central role in Dynamic Energy Budget theory
(DEB theory for short), there it serves as a ‘building block’ to facilitate the
mass and energy flows in an organism. We will go deeper into this theory in
Chapter 6 on page 139.

2.4. Chemistry

2.4.1. A natural bridge between physics and biology.

“a way of connecting one experience to the other”

Let’s go back in time, back to the time when myth, religion and science
were indistinguishable (or didn’t really exist yet), back to the time of our
ancestors. . . As the human race spread over the globe and crossed the ice
of what is now Bering strait, they had no idea what was waiting for them in
this new world. They must have stood completely marvelled at the sight of
Niagara Falls, or Grand Canyon, or Monument Valley.
Like this it must have been a monumental experience, when the Hopi people
got the first sight of the natural bridges that lie in what is now the state Utah.
One bridge in particular they named Sipapu, “portal to the netherworld”,
the portal between the living to the dead, the portal through which their
ancestors once came into this world. When a young Hopi tribesman would
ask one of the elders “How did we end up in this place?” well they could
simply point to Sipapu.
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Figure 2.4.1. Sipapu natural bridge.

In many other places around the world however, there were no natural bridges
to point at in answer to such questions. And so the curious had to find other
ways to get their satisfaction. As toolmaking and experience had given rise
to a more and more successful agriculture, people had more and more time
to indulge into their inquisitive nature. Their curiosity was rewarded by
insight and this led to further development and in many cases to the rise of
many great civilizations, and ultimately it led to science.
Should we reconstruct the “genealogy” of the exact science all the way back
to the time of myth, then the relation between physics, chemistry and biology
would become apparent. As can be seen from the the left scheme in Figure
2.4.2, chemistry naturally lies between physics and biology with respect to
both time and origin. This observation is strengthened when we make a
sketch of the typical complexity of the systems subject to each science as can
be seen from the right scheme in Figure 2.4.2. For this reason, chemistry
plays a pivotal role in bridging the gap between physics and biology. See
also [77] for more arguments why chemistry forms a natural bridge between
physics and biology.

2.4.2. Elementary reactions.

“they all interact in a similar way. . . ”

In this section, we introduce some basic results from chemistry that will prove
useful later. Chemistry is the science of matter (e.g. atoms and molecules)
and its interactions, and chemical reactions are the pivotal object of study.
The simplest form of a chemical reaction is a first order reaction that
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Figure 2.4.2. Sketchy scheme of “genealogy” of some sci-
ences (left) and sketchy scheme of length versus complexity
scale of these sciences (right).

Toolmaking

Myth

Magical
Medicine

Alchemy

Construction

Physics

Chemistry

Medicine

Biology

tim
e Astronomy

Particle
Physics

Physics

S
trin

g
s

Chemistry

Biology

le
n

g
th

 s
ca

le

complexity

you are
here

describes the reaction of one substance A into another substance B and
back.

A ¿ B (2.4.1)
These transitions take place at chemical reaction rates k(A,B) (the rate at
which B is formed from A) and k(B, A) (the rate at which A is formed from
B) expressed in moles per second (mol · s−1).9
Of course, most (elementary) reactions are not of this type but involve bin-
ding (and unbinding) of particles to form other particles, such reactions are
second order reactions

A + B ¿ C (2.4.2)
The reaction rates are the binding k(A+B,C) and unbinding rates k(C, A+
B), where the binding rate depends on the rate at which the particles meet
(e.g. in bulk experiments on the product of the concentrations). All other
types of reaction may be constructed from these two elementary ones.

2.4.3. Nonequilibrium properties of reactions.

“ . . . but never once in the same way ”

The Arrhenius equation [3] expresses how these chemical reaction rates
depend on the temperature, it states that

k ∝ exp−βGB (2.4.3)

where GB is the Gibbs free energy of the free energy barrier that needs to
be overcome in order for the reaction to take place, note that it may be in-
terpreted as a type of Boltzmann factor. Generally the Arrhenius equation
works well for bulk chemical reactions at intermediate temperature ranges
(∼ 100K [17]). Although the Arrhenius formula is also valuable outside

9A mole is a fixed, large number of particles, some 6.02214 · 1023 particles to be more
precise.
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its original context (i.e. in the context of general physics), its validity be-
comes problematic for complex reaction systems [34], around phase transi-
tions [116], conductivity in glassy systems [49] and for loop-closure of DNA
hairpins [118]. More in general, we could say that its validity lessens far
from equilibrium, see Section 5.7.2 on page 121.

Another rather useful result of chemistry, especially in the context of biology,
was proposed by Leonor Michaelis and Maud Menten in 1913 and describes
the dependence of the reaction rate for an enzymatic reaction of some sub-
strate S into a product P by means of enzyme M in a chemical reactor

S + M ¿ S·M → P (2.4.4)

where S ·M denotes the bound enzyme substrate complex. Note that the
second transition only has one arrow to indicate that that reaction is sup-
posed to be irreversible. We will rederive their result and introduce some
more notation in the meantime.
The change in the amount of bound complex S ·M in the reactor for instance
is given by

d

dt
S·M = k(S + M, S·M)− k(S·M,S + M)− k(S·M, P ) (2.4.5)

If the reactor is big and well mixed10, then by the law of mass action the
binding rate depends on the concentrations of substrate [S] and enzyme [M ]
as

k(S + M, S·M) = [S][M ]V kB (2.4.6)
where V is the volume of the reactor and kB is the binding constant. In
a similar way, the other reaction rates depend on the concentration of only
one substance: k(S·M, S + M) = [S·M ]V kU ; k(S·M,P ) = [S·M ]V kR.
If we now assume that we are in stationary conditions, such that the amount
of bound enzyme substrate complex does not change, then it may be de-
rived that the rate at which products form depends on the concentration of
substrate as

d

dt
P =

[S]
Km + [S]

kmax (2.4.7)

where Km = (kU +kR)k−1
B is theMichaelis-Menten constant, and kmax =

(M + M ·S)kR is the maximal effective reaction rate (with (M + M ·S) the
total amount of enzyme present).
We will prove this Michaelis-Menten behavior in a Markovian context
later in Section 3.5.2 on page 66.

2.4.4. Chemistry and statistical mechanics.

“everything ultimately consists of particles,
very many particles.”

In equilibrium, concentrations of substances in a particle bath may be re-
lated to the chemical potential. Let’s consider the transition reaction above
(2.4.1) for equilibrium: k(A,B) = k(B,A). Around equilibrium, the reac-
tion rate will on average be slow enough with respect to mixing (for instance

10Well mixed means that the correlations decay rapidly with respect to the reaction
rates and that thus mean field applies.
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by diffusion) so that reaction rates will behave according to the law of mass
action and using k(A,B) = kA,B[A] we thus find in equilibrium

[A]
[B]

|eq= kB,A

kA,B
(2.4.8)

Let us now consider a small subsystem in the reactor, that can contain at
most one particle at a time and may have different properties than the bulk.
When the bulk around the subsystem is “well mixed” so that the interactions
with the subsystem are independent then the bulk acts as a particle bath.
An A or B particle may enter the subsystem and then react into a B or A
particle respectively. This is formally a system of three states 0, A and B
that can be described by a Markov process. The rate at which an A or B
particle enters the subsystem is proportional to their concentrations, whereas
the rates to leave the position are constant

r(0, A) = kA[A] r(A, 0) = k′A (2.4.9)

r(0, B) = kB[B] r(B, 0) = k′B (2.4.10)

r(A, B) = k′A,B r(B, A) = k′B,A (2.4.11)

with k′A,B and k′B,A the conversion rates that depend on the properties of
the subsystem. In equilibrium (thus detailed balance) we must have (2.4.8)
and therefore we have the following restriction

k′B,Ak′BkA

k′A,Bk′AkB
=

kB,A

kA,B
(2.4.12)

Note that for the simple case when the properties (the free energy) of the
subsystem are the same as in the bulk, that k′x = kx and k′x,y = ky,x and
thus the restriction holds.
On the other hand, we may express the rates with respect to detailed balance
according to the grand canonical ensemble

r(0, A) = rA expβ(µA − 1
2
GA) r(A, 0) = rA exp 1

2
βGA (2.4.13)

r(0, B) = rB expβ(µB − 1
2
GB) r(B, 0) = rB exp 1

2
βGB (2.4.14)

r(A,B) = rAB exp 1
2
β(GA −GB) r(B, A) = rAB exp 1

2
β(GB −GA)

(2.4.15)

with rx the timescales; µx the chemical potentials; and Gx the Gibbs free
energy of state x. We may identify

βµx = ln[x] + lnKx (2.4.16)

with Kx a priori arbitrary constants, if we set

βGx = ln k′x − ln kx + lnKx (2.4.17)

rx =
√

kxk′xK−1
x rAB =

√
k′A,Bk′B,A (2.4.18)

In equilibrium, it follows with detailed balance that µA = µB. With require-
ment (2.4.12) we find the following relations

kA,B

kB,A
=

k′A,B

k′B,A

=
KA

KB
= expβ(GA −GB) (2.4.19)
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Thus the free energy difference between A and B particles in the bulk must
be the same as in the subsystem. However, there may be a free energy
difference between the bulk and the subsystem ∆Gb,p which is given by

β∆Gb,p = ln
kA

k′A
= ln

kB

k′B
(2.4.20)

Suppose now that the reaction in the subsystem is fast with respect to the
spontaneous reaction in the bulk so that for finite rAB we are in the limit

lim kA,BkB,A → 0 (2.4.21)

and suppose that the system contains some nonequilibrium concentrations
of A and B particles such that for the subsystem µA 6= µB. The law of mass
action will not change though we are away from equilibrium, nor is there any
other imaginable effect that could change the rates as proposed above, so we
expect to obtain a description of the system as a Markov process that is no
longer in detailed balance and therefore we have a nonequilibrium description
of the subsystem in a particle bath (with two types of particles).

These results are easily generalized for more complicated reactions as well.
For the general reaction

aA + bB + · · · ¿ mM + nN + . . . (2.4.22)

we have in equilibrium (for any subsystem)

aµA + bµB + · · · = mµM + nµN + · · · (2.4.23)

ln k→ − ln k← = β(aGA + bGb + · · · −mGm − nGN − . . . ) (2.4.24)

Although we have made a direct link between chemical potential and con-
centration in a well mixed particle bath, the notion of chemical potential is
more general than that. In general, a particle bath with a certain chemical
potential is a system that presents particles to the subsystem at an indepen-
dent constant rate, where the independence of the events as such allow for a
Markovian description.





Part 1

Bottom up view





The ant caries a load

Now, having created man and being a kindly god, Quetzalcoatl realized
he needed to find a way to feed his new creation. One day he spotted
a big black ant with a kernel of corn. This, he knew, would be the
perfect food to feed mankind. To find out where the ant got the corn,
Quetzalcoatl turned himself into an ant and followed the black ant to
a mountain. In a crack in this mountain Quetzalcoatl saw not only
corn but beans, peppers, sage, and other kinds of food fit for mankind.
Quetzalcoatl, still in the body of an ant, squeezed through the crack,
took a kernel of corn and dragged it back to man so that man could
plant it for food.

–from Aztec Mythology by Lorna Dils.

“So, if I understand well what you’re saying, all this must in the end be made
up of tiny particles? How could it be? I mean you’re trying to say I am made
of particles? I don’t think so, I am made up of, ehmm. . . well Jonathan!”
As Jonathan was trying to oversee the implications of what the gnome had said,
it seemed him too much to be possible. But then, suddenly he understood what
was going on, the little gnome was fooling him again.
“You’re trying to teach me a lesson, right? That if you take the implications of
an observation too far that it becomes useless, right?”
“No. Everything I’ve said is undoubtedly useless, at least from your point of
view, but true nonetheless.”
Jonathan sat down on the lawn by the pond and sighed, it seemed hopeless
to make sense out of that little gnome. Was he even sane? Jonathan started
plucking the grass.
“Hey, careful young man! That’s an ant you almost squashed there!” The gnome
jumped up and got hold of his shoulder.
“Where?” Jonathan looked up innocently.
“There!” The gnome pointed to a place in between his legs on the grass and as
Jonathan followed his finger something strange seemed to happen, it seemed as
if his vision was sucked along the imaginary path the finger was pointing out,
his vision zooming in on the location as the world around grew dim. Then a
whirring sound, and with a shock, Jonathan stood eye in eye with the most
gigantic creature he had ever seen. His stomach clasped into a cramp as his
heart started pounding and he was breathing heavily. Reassuringly, the gnome
shook his shoulder. “Hey don’t worry, he’s not going to eat you or anything.
Well not as long as I am here. This is the ‘monster’ that grew without eating
anything.” he added jokingly. “I’ve sprayed you with some gi-ant pheromone
so he will recognize you, don’t worry!” But Jonathan was not in the mood for
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jokes, and grasped for breath, and soon the earth sank away from underneath
his feet.

“Where am I?” as the gnome patted in his face, Jonathan came by again. “You’re
lying in the grass.” the gnome responded matter-of-factly. “You had a terrible
attack of fright over a simple ant and passed out.” he added calmly. The magic
word ‘ant’ brought the fear back to Jonathan’s eyes. “Where is it?”
“Don’t worry, I asked if he would come back at a more convenient time, so he
left.”
Jonathan dared to breathe again, but as he got to his senses, he noticed some-
thing wasn’t quite right. The grass somehow didn’t feel green and the light was
dim. As he sat up he noticed that he wasn’t lying on the grass at all, oh no, this
was somewhere else, a sort of jungle. “Where are we?”
“Like I said: you were lying in the grass.You’ve just become a bit smaller that’s
all, but don’t worry, I can change you back to normal in a whiffy.” The gnome
was having his share of fun with poor Jonathan again, enjoying his puzzled looks
once more.
“Do you see that little breadcrumb over there?” All that Jonathan could see
was a porous light-brown boulder lying in the direction the gnome was pointing.
“The ant must have forgotten to carry it with her to the nest. Why don’t you
and I take it to their nest and get acquainted fashionably this time.”
“Are you serious?”
“Of course I am, you’re as safe as a baby with me by you side.”
“But I can’t lift that breadcrumb-boulder! It’s way to heavy!” And Jonathan
stepped over to the breadcrumb-boulder to demonstrate him.
“You’re right, I forgot. Here, I have a potion that’ll help you.” And from the
inside of his green jacket the gnome handed him a little green vial. Jonathan
read the label: ‘Myosin Enhancer; x10’. Since things couldn’t possibly get any
weirder than they had already become Jonathan shrugged and emptied the vial
all at once into his open mouth. “Oh! Hold on! I almost forgot: you’ll need this
one as well.” And another white little bottle appeared from one of his pockets.
Jonathan read ‘Titanium Bones’ on the label and swallowed its contents. “Oth-
erwise you would have squashed yourself to jelly. . . ” the gnome clarified in a
light tone, as if the remark concerned a side-effect of flatulence. Some moments
later, Jonathan noticed a happy sort of powerful feeling and decided that he
could give it a try, but although he could lift the boulder of the ground it was
still quite heavy. “Here, let me help you.”

As they approached the ant’s nest, Jonathan noticed more and more ants around
close by, but since they didn’t seem to notice him or the gnome he didn’t feel
so frightened anymore.
“What you see around you is nature’s finest in self organisation. I mean the ant
colony. I’ve known this one in particular for quite some time.” An ant walked
by their left side in the opposite direction.
“If you know them so well, then why don’t you greet them?”
“I am greeting them!”
“Well sorry, I didn’t hear you say anything. . . ”
“Say anything? Why would I say anything, don’t you know that ants don’t have
ears? No if you want to talk with ants you went with the wrong gnome, I’m
afraid. This is not a fairy tale, you know! I communicate with the ants’ nest
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through smell. Pheromone it’s called.”
Jonathan understood only half of what the gnome was saying, “But how can
they be so well organized when they have only smell to communicate? Surely
that won’t allow for a very complicated conversation.”
“No of course not, but they don’t need conversation, they are so well organized
that they only need little ‘words’.”
“And you were telling me they don’t talk.”
“They don’t. I mean ‘words’ as a figure of speech. You should observe the
‘quotes’ as I speak.”

“As I was saying the colony is very well organized and operates as a single
individual. Every ant has a certain task and with brief signals they let each other
know how they are doing. Depending on such a signal, the ants may change
their course of action. It’s a miracle that the colony accomplishes all this with
only brief and local communication but as you can see –right here around you–
it works really well. Evolution has provided the ants with time to ‘think out’ how
to communicate.”
“What I’m trying to clarify is that this is pretty much in the same way as all
the ‘particles’ in your body communicate in a simple and local way. Acting in
concert, they form the complicated being of Jonathan; capable of asking difficult
questions.”





CHAPTER 3

Kinesin

3.1. Molecular motors

Have you ever wondered what makes your muscles contract? The funny
thing is that you are capable of doing muscular work without ‘eating work’
so somehow your body is capable of transferring the chemical energy avail-
able in your food into work.
From a thermodynamics point of view, this is really interesting because
thermodynamics studies just that: conversion of energy into work by some
means; be it –until relatively recently– man made machines rather than bi-
ological ‘machines’.
As it turns out however, the underlying process responsible for this con-
version in biological systems is rather different than those in man made
machines. For this reason, the regular approach of thermodynamics isn’t
immediately helpful.
Fortunately we have some abstract understanding of the processes underly-
ing common thermodynamical systems through statistical mechanics. With
this understanding, we have a way to understand and describe –at least to
some extent– the conversion of energy into work for biological systems.

The organs capable of doing work are commonly known as muscles; they in
turn consist of muscle cells that will contract when given the right impulse by
your nervous system. Of course these muscle cells need to be ‘fed’ (chemical)
energy in order to be able to contract, but then we should still ask ourselves:
What is ultimately responsible for this contraction of a muscle cell?
It turns out that muscle cells contain so called actin fibres with myosin mole-
cules attached, and when properly fed with chemicals these myosin molecules
will ‘pull’ one fibre along the other; many of such myosin molecules acting in
concert causing contraction of the cell. The question that remains is: How is
myosin capable of such pulling? To give the short answer: one could say that
myosin changes its shape back and forth every time it uses some chemical
energy, pulling the actin fibre along one way. Pretty much like you would
peddle a canoe along a river.

Myosin is not an isolated case, there is a whole collection of so-called motor
molecules that share the property that they change their shape back and
forth every time they use some fixed amount of chemical energy. This is the
way muscles contract, sperm cells swim, unicellular organisms move and stay
in shape, the way that cells split their chromosomes into separate parts after
DNA replication and even the way that certain molecules and organelles get
transported across cells.
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Especially this last property may seem rudimentary at a first glance: be-
cause of the aqueous environment in cells it would seem much less costly
and hence more efficient to let spontaneous diffusion take care of transporta-
tion for free. Why would evolution ever favor something so relatively costly
as active transport? Basically, for the same reason that modern society
makes use of mechanized transportation: when distances increase and ‘time
is money’ it pays to move faster.
But if ‘time is money’ why didn’t organisms just stay small? In order to see
why organisms may favor being big, we should keep in mind that the fluctu-
ations and thus uncertainties are much bigger in small environments and in
order to repress the negative influence of such fluctuations an organism can
roughly evolve in two ways: become larger or become more organized. But
these strategies cannot be considered separately, because on the one hand a
more organized and thus more complex system will take more space. On the
other hand, bigger and more complex systems demand additional complexity
(organization) to keep their elements stable with respect to each other.
One form of such stabilization is (an infrastructure with) active transport.
Put more directly: the reason for active transport is that diffusion –the
alternative– slows down at least inversely proportional to increasing distance.
This implies that –given that the turnover of a centrally produced mole-
cule must remain constant– the concentration difference needed between the
place of production and consumption with growing distance between them
becomes larger and larger, which would eventually lead to overcrowding of
the cytoplasm and consequently lower the diffusion constant, just like in an
overcrowded place people will cease moving altogether.1
On the other hand diffusion slows down inversely proportional to the (ef-
fective) size of the molecules which again implies that as the cell becomes
more complex and hence consist more and more of complex and thus bigger
molecules that active transport becomes more and more favorable. Crucially
there is a point where it pays to invest in active transport; that’s when mo-
lecular motors enter; enter also the accompanying infrastructure; enter the
contemporary “science fiction” like images of cells as highly complex well
organised chemical factories with ‘conveyor belts’ [1,65].

3.2. Kinesin

Kinesin is one of the most common motors involved in almost all of the above
mentioned processes. The responsibility of kinesin for active transport was
observed directly only as recent as 1985 almost simultaneously by Lasek and
Brady [59] and Vale and Reese [114] who studied transport of vesicles along
microtubules in the cytoplasm of the axons (tubular extensions of neural
cells) of giant squid.

Because kinesin is capable of transferring chemical energy into work at a rel-
atively simple and fundamental level, it forms an interesting study object to
learn about the role of physics, or –more in particular– statistical mechanics

1The fact that the cytoplasm of cells is subdiffusive implies that evolution has indeed
encountered the problem of overcrowding and that active transport is far from rudimentary
for contemporary (complex) organisms.
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in biology. Kinesin has been studied experimentally to quite some extent and
for this reason there is a fair amount of both quantitative and qualitative
measurements on its working available, making a serious and detailed study
of its workings from a physicist’s point of view feasible.

A kinesin molecule is about 110 nm long and 10 nm thick and consists of
two heads (the reactive core of the molecule) connected to two interwoven
strands. On the other end of these strands, a variety of cargo may be car-
ried (e.g. packages with chemical constituents or chromosomes) and kinesin
carries such loads along microtubules, long filamentous macromolecules.

Experimentally, one can in vitro apply a load to this end pulling it back.
The two heads are the motor domains that interact alternately with the
microtubule to generate movement. Studies [92,113] show that the head in
front tugs the head in the back forward. This tugging, the so-called ‘power-
stroke’, is initiated by association of the head in front with an ATP-molecule.
One imagines that the motor contains a pre-strung spring that is unstrung
as a result of the binding of an ATP molecule; together with asymmetries in
the binding to the microtubule this drives the motor forward. In the next
step the ATP is hydrolyzed into ADP and Pi. With this reaction the relevant
head gains energy (about 20 kT or 83 × 10−21J [41]) that causes a return
into its original pre-strung state -after the release of the Pi and ADP. The
number of ATP molecules hydrolyzed per mechanical step remains 1/1 for
a broad range of loads [97]. In the mean time the head that was tugged
forward binds to the microtubule under dissociation of the ADP molecule
that was still present in its reaction core. The enzyme has now moved one
step (of about 8.1 nm, [43,97]). The other head can then release its Pi and
becomes loosely bound to the microtubule, thereby completing the reaction
cycle. We will come back to the details of this cycle in Section 3.4.

It should be mentioned, that this alternating head-over-head motion of ki-
nesin has been challenged by the experiments of [42]. They found that
the orientation of kinesin as seen from above remained the same instead of
changing 180◦ at every step, as would be expected from a head over head
movement. They suggested an inchworm motion instead. However, the (en-
ergetically asymmetrical) “limping” of inchworm motion is incompatible with
earlier findings that suggest strongly that both heads act “independently” and
(almost) symmetrically at 8 nm steps. On the other hand, their experiments
could also be interpreted in favor of the head over head movement when
allowing for only a slight asymmetry between the steps (due to zipping and
unzipping of the helical linker between the heads). And indeed, later exper-
iments demonstrated that there is indeed only a slight asymmetry between
the steps [4,121].

3.3. A chemical motor model

The molecular motor kinesin works, through its mechanical couplings, on the
energy release in the dissociation of ATP. We make here some abstraction of
the actual processes to obtain a simple thermodynamic scheme of a chemical
motor.
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Consider a system coupled to two particle reservoirs at chemical potentials
µ1 and µ2, everything immersed in a bath at constant temperature and
pressure. In the system the particles undergo a reaction: the simplest thing
is to assume two energy levels e1 ≥ e2 with the particles from the first particle
reservoir entering the system at level e1. The reaction takes them down to
level e2 after which they leave to the second particle reservoir. The heat per
particle that is released to the thermal reservoir is denoted by Q and the
work per particle that is done by the system is denoted by W . The work
consists in a conformational change of the system (giving rise to motion).
In the steady state, a particle current is maintained and work is done while
heat is exchanged with the environment.
By energy conservation (per particle):

W + Q + e2 − e1 = 0 (3.3.1)

For the (total) entropy production in the steady state, we must add the
changes of entropy in all the reservoirs and the second law gives

Q + (µ1 − e1)− (µ2 − e2) ≥ 0 (3.3.2)

As a consequence, by eliminating Q, the maximal work per particle that can
be done by our molecular motor is always bounded as

W ≤ µ1 − µ2 (3.3.3)

On the other hand, if Q ≥ 0 (heat released to the environment), then also

W ≤ e1 − e2 (3.3.4)

and Q ≤ 0 implies W ≥ e1 − e2. This is all what can be said thermody-
namically about the theoretical efficiency of our motor. Note that the above
thermodynamics is indifferent to the smallness of the system (such as a mo-
lecular motor) as long as the reservoirs can be considered macroscopically
large. For our molecular motor the particle reservoirs form the environment
with which the motor exchanges ATP and its constituents. The state of
the α−th reservoir is a non-negative integer nα and it gives the number of
particles of species α present in the reservoir. This reservoir is characterized
by a chemical potential µα which is maintained throughout. The heat bath
or thermal reservoir fixes the inverse temperature β−1, corresponding e.g. to
body temperature, in which all other reservoirs and system are immersed.
Finally the motor can do work against some external force (called load) by
moving some distance related to conformational changes.

Going to the full details of the biochemical reality is too much of a task. A
standard procedure is to invoke the so called Markov approximation. The
evolution is given on the level of reduced states of a much more compli-
cated microscopic process. There have appeared other Markov models in
the literature [5,27,50] but we emphasize that these are more on the level
of effective description through the hidden Markov model approach, whereas
we construct a state space explicitly based on the chemical nature of the
motor.
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3.3.1. States and rates. The first introductions of Markov processes
in the study of chemical reactions can be found in [62,79]. In our case, not
only pure chemistry but also mechanics will specify the transition rates. We
follow here the line of [72], Sections 5 and 6.2, specialized to a mechanochem-
ical system.
The state of the motor is characterized by both chemical and mechanical
aspects. For example the kinesin heads can be filled with ATP or their con-
stituents and strains may exist between the heads. In general the states of
the motor are characterized by numbers i = (i1, . . . , im) giving each time the
number of particles of species α present, and by coordinates j = (j1, . . . , js)
giving the mechanical description. In this way, x = (i, j) ∈ X is a reduced
state for the motor and X will denote the (finite) state space.

We want to define a Markov process for the (x, y). The dynamics is as fol-
lows. There are exchanges of particles between the particle reservoirs and the
subsystem. Secondly, there are (chemical) reactions within the subsystem by
which the numbers i change (but not the nα) and by which energy is released
to the thermal reservoir. This also involves the substrate (microtubule) and
the attachment of the motor to catalytic sites. Thirdly, there are the confor-
mational transitions changing the (collective) coordinates j. This can involve
internal rearrangements by which again energy is exchanged with the heat
bath but also motion (the power stroke) against some external force. For
all these transitions the transition rates are determined by the total change
of entropy. For example, in equilibrium, for a chemical reaction by which
i → i′ at fixed j by which energy is exchanged with the heat bath, the rates
satisfy the detailed balance condition

r0(i → i′, j)
r0(i′ → i, j)

= exp[−β∆G] (3.3.5)

with ∆G the Gibbs free energy. The concentrations of the various reactants
(or, the equilibrium chemical potentials) are then obtained by differentiat-
ing G with respect to the i. Stationary nonequilibrium is installed when the
environment maintains a different chemical potential; the concentration of
ATP can be much larger than its equilibrium value. For a particle exchange
between the motor and the environment the transition rates will pick up a
dependence on e.g. the ATP concentration.
We conclude that the nonequilibrium transition rates are obtained by associ-
ating with each state x ∈ X an energy Gx and we assume the transition-rates
r(x, y) and r(y, x) between two such states x and y to satisfy:

r(x, y)
r(y, x)

= Φ(x, y)eβ[Gx−Gy ] (3.3.6)

where β is the inverse temperature and Φ(x, y) = 1/Φ(y, x) will break the
detailed balance condition as a consequence of the driving mechanism via
the gradient in chemical potential, possibly counteracted by some external
load.
We can solve (3.3.6) by the choice

r(x, y) =
ωxyeβµxy

1 + eβ[Fλxy−Uxy]
(3.3.7)
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with µxy the chemical potential of some substance α involved in the transition
from state x to state y. The motivation to choose the dependence of the
rates on the thermodynamic fields according to (3.3.7) stems from the idea
that particle reservoirs influence the rates only in one direction whereas the
load influences the rates through a series of underlying (more) microscopic
transitions, to cause a Michaelis-Menten type of dependence in concert.
The difference in energy is in the exponential, Fλxy −Uxy with Uxy = Gx −
Gy, the free energy difference between state x and state y without load.
Fλxy = ~F · ~λxy is the product of an external load acting from state y to
state x over “distance” ~λxy = −~λyx. Since in the motility cycle the whole
configuration has shifted over the stepping distance (≈ 8 nm) we demand
that

∑
cycle λxy = λ.

Expression (3.3.7) is further parameterized by ωxy = ωyx. We call ωyx the
characteristic frequency of transition (x, y); it may be seen as a measure of
the smoothness (inverse friction) of the transition and may still depend on
the applied load F due to some conformational change inside the kinesin
head. By the symmetry x ↔ y, it cannot have a definite influence on the
nonequilibrium features of the motion. Comparing (3.3.7) with (3.3.6) we
have

Φ(x, y) = e−β[Fλxy−µxy+µyx] (3.3.8)
and (3.3.7) solves (3.3.5) in equilibrium.

We will take the ωxy constant (not dependent on the load) so that the main
implication of formula (3.3.7) is that the effect of the load on the rates is
bounded by some rate-limiting process (as is the case for the whole model
with respect to the ATP concentration); hence the choice of a Michaelis-
Menten form in (3.3.7) seems most natural. This differs from the choices
made in e.g. [27,28] where the rates also solve (3.3.6) but are not bounded
as function of the load.
In Section 3.4 we will give the concrete realization of (3.3.7).

3.3.2. Entropy production. The probability pt(x) to find the system
in state x at time t satisfies the Master equation (2.1.21):

dpt(x)
dt

=
∑

y∈X

[r(y, x)pt(y)− r(x, y)pt(x)] (3.3.9)

We are interested in the stationary process; that is when pt(x) = p(x) is
no longer varying with time. The model describes a nonequilibrium steady
state when (3.3.9) vanishes without each term in the sum being zero. We
can associate a mean entropy production rate 〈S〉 to it, see [70,73,74,96],

〈S〉 =
∑
x,y

p(x)r(x, y) log
r(x, y)
r(y, x)

(3.3.10)

〈S〉 is always non-negative and it is zero if and only if p(x)r(x, y) = p(y)r(y, x)
(detailed balance).
The current Jxy(t1, t2) over a time-interval [t1, t2] between any two different
states x and y is the random variable

Jxy(t1, t2) = Kxy(t1, t2)−Kyx(t1, t2) (3.3.11)
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with Kxy(t1, t2) the flow, or number of transitions in [t1, t2] from state x
to state y. When sampled over a large time-interval, we get its mean, the
stationary current

〈Jxy〉 = p(x)r(x, y)− p(y)r(y, x) = lim
t↑+∞

Jxy(0, t)
t

(3.3.12)

and another way to write the entropy production rate:

〈S〉 =
∑
x,y

〈Jxy〉ϕ−xy (3.3.13)

with ϕ−xy = 1
2 log(r(x, y)/r(y, x)) the thermodynamic force by which the

system is driven away from equilibrium. The basic relations are then
∑

y

〈Jxy〉 = 0,
∑
x,y

〈Jxy〉ϕ−xy > 0 (3.3.14)

and similarly to (3.3.1)-(3.3.4), they ought to decide the performance of the
Markovian motor. Most interesting are the currents associated with the
power stroke because from these we obtain the velocity and the possible
dependence on load and ATP concentration. In the same manner, since
motor functioning can hardly be imagined without a cyclic component, we
are concerned with Markov chains that are at least partially cyclic. We call
a Markov chain monocyclic if we can write X = {1, 2 . . . , n} and r(x, y) = 0
unless x = y ± 1 (with the convention that n + 1 ≡ 1). For a monocyclic
Markov chain the currents satisfy 〈Jxy〉 = J = −〈Jyx〉 when y = x + 1 and
are zero otherwise. Using (3.3.7) in (3.3.13), it is then easy to verify that
the mean entropy production rate takes the explicit form

〈S〉 = Jβ[∆µ− Fλ] (3.3.15)

where ∆µ =
∑n

x=1[µx,x+1 − µx+1,x] and λ =
∑n

x=1 λx,x+1. We have taken
the positive direction of the current opposite to that of the load. The power
stroke is effectively generating motion (in the right direction) as long as the
load F ≤ ∆µ/λ, or, ∆µ/λ is the maximal force that can be delivered by the
motor for given nonequilibrium concentrations, see (3.3.3). It is therefore
natural to say that the stall force Fstall, the load at which the mean entropy
production vanishes, satisfies

Fstall =
∆µ

λ
. (3.3.16)

While this monocyclic (sometimes also called linear) architecture most con-
veniently expresses the motion of a motor, in reality, various rate limiting
steps can break the exact order of steps. Nevertheless formulae (3.3.15) and
(3.3.16) remain valid if the transition rates satisfy a local detailed balance
equation as in (3.3.6) with no bias or driving over internal loops except over
the main motility cycle where the current is J . Consider for example the
Markov chain as depicted in Figure 2 for n = 6 where, in parallel, 3 linear
chains connect the states 3 and 5. Again, using stationarity, if we assume that
the concentration differences satisfy µ36−µ63+µ65−µ56 = µ34−µ43+µ45−µ54

and the distances satisfy λ34 + λ45 = λ36 + λ65 as would be the case with-
out preferred direction in the subcycle of states 3, 4, 5, 6, formula (3.3.15)
remains unchanged for J = J12. The inclusion of parallel paths or loops
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(as they will arise naturally from the biochemical considerations in the next
section) replaces the introduction of (non-exponential) waiting times that
have been used as extra fitting resources in the linear chains of [28].

3.4. The model

Our aim is not just to find a model that fits the experimental results, but
rather to continue the discussion of Section 3.3.1 to derive and to justify the
details of a Markov chain model based on both qualitative and quantita-
tive information about the transition rates. Only a posteriori will we check
whether the model performs well in reproducing the experimental data. Nev-
ertheless, some amount of fitting will be needed and this will be addressed
in Section 3.4.3.

3.4.1. Reduction of states. Experiments [94] show that the Pi re-
leases from a kinesin head prior to ADP; for one kinesin-head this leaves us
with the following states: the empty head referred to as the K-state; one
filled with ATP, the T-state; one filled with ADP + Pi, the P-state; and
one with ADP only which is referred to as the D-state. In principle a ki-
nesin head could in all cases be either or not bound to the microtubule. The
same chemical studies [94] however have shown that a kinesin head associ-
ated with ADP is unlikely to be bound to a microtubule while in the other
states the kinesin head is likely to be bound to a microtubule. Therefore we
take only four states per head into account; for two heads there are sixteen
possible states for kinesin. These sixteen states are schematically depicted
in Figure 3.4.1 (with periodic boundary conditions), where the arrows indi-
cate the direction of (strong) preference for the various transitions when a
nonzero chemical potential difference is driving the system. All states are
referred to by two capitals, the first representing the front head, the second
representing the rear head.

This set of sixteen states can be further reduced on the basis of some assump-
tions and approximations, whereby we leave out abnormalities that arise only
under extreme conditions, such as backward loads and extreme loads.
We first consider the path that is generally followed by kinesin: starting from
the KD-state, one head is loose and the other bound to the microtubule;
by binding ATP the motor goes to the TD-state; then kinesin undergoes
a transformation because of binding to the ATP-molecule, leading to the
power stroke and thus to the DT-state; as a result the ATP hydrolyzes while
the other head rebinds to the microtubule, thereby releasing its ADP. Since
the order of these two processes is not set, kinesin can go to the KP-state
via two possible ways: either through the KT-state or through the DP-state.
After this so-called rate limiting step takes place, the Pi produced in hydrol-
ysis of the ATP is released from the front head, and kinesin returns to the
KD-state, the state we started with.
Sometimes kinesin may dissociate from the microtubule completely. Here we
assume that this is always the case when kinesin is in the DD-state. This
could happen when the head in front cannot bind to the microtubule in time
and the Pi of the other head dissociates. In this model however we would
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Figure 3.4.1. Scheme of chemical states for kinesin. The
arrows indicate the transitions between the states; the large
dotted arrow indicates the power stroke; the grey arrows in-
dicate the transitions that are disregarded; the grey areas
indicate states that are left out of the model.
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like to compare to measurements for an attached motor, so we leave out this
DD-state and its transitions2.
Fluorescence experiments [82] show that once a free kinesin molecule (in the
DD-state) binds to a microtubule, it releases one of its ADP’s quite quickly,
but at low ATP concentrations it takes much longer to release the second
ADP molecule. Because ADP release is associated with the binding of a
kinesin head to the microtubule, it is clear that binding of ATP to one head
is needed to put the other in position to bind to the microtubule. This
is confirmed by other experiments [92,113] that show that the binding of
ATP to kinesin is associated with a deformation of the head leading to a
tugging force on the rear head. Altogether it seems realistic to assume that
at reasonable ATP concentrations (> 1µM) it is unfavorable for the kinesin
to release ADP from the rear head. The states associated with the release
of ADP from the rear head are therefore left out of the model (the second
column from the left in the scheme with four states in grey).3

2For considering the expected turnover rates at various microtubule concentrations,
one can calculate the rate of detachment from the mean distance travelled as was measured
by [98] (see Section 3.5.6 for details) and the rate of re-attachment was measured by [82].

3These states occur if ATP concentrations get too low for motility and would effec-
tively be a waiting state with double binding force (KK-state) and some ‘get-back-to-
mobile’ states if ATP concentrations become sufficiently high again; it could still play a
role at high loads.
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Figure 3.4.2. Scheme of Markov states for our model of
kinesin. The arrows indicate the typical direction of the pro-
cess; the numbers refer to the numbers in the lower right
corner of the chemical states in Figure 3.4.1.

6 3 2
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Four more states can be discarded on basis of a similar principle. Because the
binding of ATP (to the front head because of the former consideration) re-
sults in a tugging force on the rear head, it is energetically unfavorable (thus
improbable) for ATP to bind to kinesin before the rear head is detached (in
the KD-state). Therefore the transitions from the KT- and KP-state to the
TT- and TP-state respectively are disregarded, thereby logically discarding
the four states in the lower-right corner of the scheme.
Finally, we assume that ATP can only hydrolyze once the deformation of
the head associated with its binding has taken place. This assumption effec-
tively discards the transition from the TD-state to the PD-state. A single
state or group of states that does not take part in the motility cycle but has
only one connection to it, may act as a ‘waiting’ state, lowering the effective
rates to leave the state to which it is attached, see the appendix of [75] for
details. The PD-state has such properties with respect to the DP-state in
the motility cycle, whence we apply this principle there, combining those
two states into one.

We now have reduced our model to six states with only seven transitions, as
depicted in Fig. 3.4.2. There are two main cycles in the model. One runs
through the KT-state, the other through the DP-state. Four transitions de-
pend on load, one on the ATP concentration, one on the ADP concentration
and one on the concentration of Pi.

3.4.2. The rates of the model. Because on a microscopic level every
step should in principle be reversible, every rate in one direction is accom-
panied by a non-zero rate for the reversed transition: in reality chemical
potential differences or loads are not infinite. For the rest, we take the rates
of the form (3.3.7) satisfying (3.3.6) and giving a physical parametrization.
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As the motor goes through a cyclic process, it eventually returns to each
state. Since each state has an associated internal energy, the internal energy
difference over every cycle in the model should be zero: U12 + U23 + U34 +
U45 + U51 = 0, U34 + U45 = U36 + U65. Note that this is always true due to
the definition of Uij = Gi−Gj . In fact, here we assume that even U45 = U36

since one expects the associated reactions to be (almost) independent of the
configuration of the other head.

Similarly the motor is displaced by distance λ through a motility cycle. If
we assume that transitions involving a reaction from ATP to ADP+Pi or
dissociation of Pi do not depend on load we get that λ12 +λ23 +λ34 = λ and
λ65 = λ34. So every one of these transitions account for a bit of movement.

For practical purposes we express the rates belonging to transition (i, j) in
terms of concentration of substance α rather than in chemical potentials,
writing exp(βµα) = Kα[α]. In what follows the energies are expressed in
units where β = 1.

The transition from the 1- to the 2-state depends linearly on the ATP con-
centration, with a coefficient ω12KATP that was determined to lie between
1.2−2.8 µM−1s−1 [82]. The increase in the Michaelis-Menten constant with
load [98,117] together with the fact that ATP-binding results in a power-
stroke [92], leads us to believe that this transition is also force dependent at
some characteristic length λ12 and against some internal energy difference
U12:

r(1, 2) =
ω12KATP[ATP]

1 + exp[Fλ12 − U12]
(3.4.1)

where we use the KATP, λ12 and U12 as fitting parameters. For the transition
rate in the opposite direction r(2, 1) we use r(2, 1)(F = 0) = 70s−1 [82] to
solve ω12.

The power stroke, where the system goes from the 2-state to the 3-state,
is of course also load dependent. We assume that the associated internal
energy difference U23 lies (well) below 20 kT keeping in mind as a bound
that the hydrolysis of one ATP molecule releases a free energy of about 20
kT at room temperature.

For rate r(2, 3) we estimate ω23 = 104s−1; λ23 and U23 need to be fitted.

Transition (3,4) may involve some load dependence and we take r(3, 4)(F =
0) = 306s−1 to fit ω34. In this transition ADP is released from the binding
head, so the reverse rate depends on the concentration of ADP:

r(4, 3) = KADP[ADP] exp[Fλ34 + U34]r(3, 4) (3.4.2)

Transition (4,5) is simply dissociation of ATP into ADP + Pi, and no depen-
dence on load is expected here. Hence we may simply write r(4, 5) = ω45 and
r(5, 4) = ω45 exp[−U45], where we choose ω45 = 104. Analogously we write
r(5, 1) = ω51 and r(1, 5) = KP[Pi] exp[−U51] for the rate-limiting transition,
and keep in mind that r(5, 1) should be of the order of 100 s−1.4

4From chemical analysis it is estimated to be only about half of that [82]; optical trap
experiments measure however speeds up to 813 nm/s which would be equivalent to a rate
of at least 100 s−1.
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The transitions out of state 6 are special because of the aforementioned
reduction of states that has regrouped the DP- and PD-states, see the end
of 3.4.1 and the appendix of [75] for details . For the rest, the transitions
(3,6) and (6,5) are equivalent with transitions (4,5) and (3,4), respectively.
Looking back at the reduction of states at the end of the appendix of [75],
we thus write the rates to leave state 6 as

r(6, 3) =
r(5, 4)

1 + exp[F (λ12 + λ23)− U23 + U45]
(3.4.3)

r(6, 5) =
r(3, 4)

1 + exp[F (λ12 + λ23)− U23 + U45]
(3.4.4)

Here λ12 + λ23 is obviously the distance the head has to move to be in the
rearward position, and U23 − U45 is the energy that is gained by restringing
the lever that is associated with the power stroke in the fixed head.

From equilibrium thermodynamics,

eβ∆µ = eβ∆G [ATP]
[ADP][P]

, (3.4.5)

which implies
KATP

KADPKP
= eβ∆G (3.4.6)

where we take ∆G = 20 kT (where k is Boltzmann’s constant and T=300K
is the absolute temperature) [41]. The exact value of ∆G is not very impor-
tant for the quality of the results but it plays a role in the thermodynamic
prediction of the stall force. We are interested in the regime where the con-
centrations of ADP and Pi are small. We choose [ADP]=[Pi]=1 nM and the
ATP concentration, together with the load, is the major variable. We also
take KADP = KATP or, from (3.4.6), KP = exp(−β∆G). We checked that
there was no qualitative dependence of the fitting on small changes in these
choices. A summary of the resulting rates is given in Tables 1 and 2.

3.4.3. Fitting of the model. As is clear from the previous section, the
states of the Markov chains have a fixed interpretation and most rates are
at least partially determined by the biochemical data but some parameters
remain free. The data that we use to fit to, are summarized in Figure 2
of [117]. This fitting consists of the maximal velocity and Michaelis-Menten
constant at three different forces. That is the main additional input to our
model. A fourth measuring point comes from their measurement of the stall
force at a cut-off time of 2 seconds: the stall force seems to saturate -at
infinite ATP concentrations- to about 8.5 pN. It implies that the velocity
cannot exceed 1

2λ s−1. We use vmax(F = 8.5 pN) = 1
2λ s−1 as another fitting

point5. As a consequence we choose not to force the velocity to become
strictly zero at a load of about 6-8 pN.

We found it most convenient to start by fitting to the maximal velocities
associated with saturating ATP concentrations, since then transition 1 → 2
and thus its three parameters KATP, λ12 and U12 play no role. Next, we fit

5This will be taken up further in Section 3.5.3; taking values lower than 1
2
λ increases

the fitting error.
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Table 1. Relevant parameters for the rates given in Section
3.4.2 under minimization of λ12 (fit 1), a marks the sub-
stances that are released in a progressive cycle; T=300K.

(x, y) ωxy(s−1) λxy(nm) Uxy(kT) α Kα(M−1)
(1,2) 694 2.55 2.19 ATP 2020
(2,3) 104 5.14 7.91 - -
(3,4) 104 0.40 -3.45 ADPa 2020
(4,5) 104 0 -1.0 - -
(5,1) 601 0 -5.64 Pi

a 2.1·10−9

(3,6) 104 0 -1.0 - -
(6,5) 104 0.40 -3.45 ADPa 2020

Table 2. Relevant parameters for the rates given in Section
3.4.2 under minimization of ω51 (fit 2), a marks the sub-
stances that are released in a progressive cycle; T=300K.

(x, y) ωxy(s−1) λxy(nm) Uxy(kT) α Kα(M−1)
(1,2) 2500 3.85 3.51 ATP 500
(2,3) 104 3.74 12.0 - -
(3,4) 104 0.51 -3.45 ADPa 500
(4,5) 104 0 1.95 - -
(5,1) 601 0 -14.0 Pi

a 2.1·10−9

(3,6) 104 0 1.95 - -
(6,5) 104 0.51 -3.45 ADPa 500

the remaining parameters to the values of the Michaelis-Menten constant.
Two basic fittings have been obtained, one under minimization of λ12 (fit 1)
and one under minimization of ω51 (fit 2) without allowing U23 to become
bigger than 12 kT.6 Experimentally one could distinguish between these
extremes by seeing whether there is a maximum in the Michaelis-Menten
constant or not beyond 5 pN (see Figure 3.5.7).

The results of these fittings can be seen in Table 1 and 2. Under minimization
of λ12 (fit 1) ω51 becomes fairly big compared to earlier estimates; also U23

seems to be rather small in this case and also KATP seems big. On the
other hand it may seem strange that λ12 ≈ 1

2λ for fit 2. A priori we see no
good reason to choose either one of these fittings as ‘the right one’. We will
continue to refer to them as fit 1 versus fit 2 and they can be considered as
two different numerical solutions of the same model.

3.5. Results

3.5.1. Velocity. The average velocity of kinesin can be measured as a
function of ATP concentration and external load. It is the average distance
travelled by the motor per unit time. In our Markov chain, it is given by the
rate at which the system runs the basic cycle 1 → 2 → 3 → 5 → 1. Since

6Allowing U23 to increase even further leads to an unrealistically high free energy
difference for transition (5,1) while on the other hand the results of the next section would
remain the same.
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Figure 3.5.1. Logarithmic plot of the velocity as a function
of ATP concentration for various loads (from top to bottom
1 pN, 3 pN, and 5 pN).
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each cycle is associated with a fixed length λ, we take 〈v〉 = λJ as velocity
in our model, with

J = J51 ≡ r(5, 1)p(5)− r(1, 5)p(1) (3.5.1)

the average (particle) current in the stationary Markov chain between states
5 and 1.

Running our Markov chain gives rise to Figs. 3.5.1 and 3.5.2 for the behavior
of velocity as a function of ATP concentration and load respectively. The
relative error with respect to the fitting of [117] remains within 3.5%. For
very small loads at [ATP] concentration of 5µM the agreement is not so
good as the fitting obtained in [28]. On the other side, for large loads (and
this is relevant for the stalling behavior, i.e. when F = Fstall), in contrast
with e.g. [28], our theoretical velocity curve does not vanish at around 7 pN;
it decays more slowly and becomes zero when Fλ = ∆µ as corresponds to
the thermodynamics of Section 3.3 and equation (3.3.16). Strictly speaking
however, the curve remains in full agreement with the experimental data
of [117]. Moreover, whereas some theories of kinesin function like [28] even
predict that the velocity becomes negative for high loads, the experimental
findings of [16] tell that kinesin does not walk back under loads of up to 13
pN.

Turning to analytical results, one expects the velocity 〈v〉 = λJ to qualita-
tively follow Michaelis-Menten kinetics, that is

〈v〉 ≈ vMM = λJmax
[ATP]

[ATP] + Km
(3.5.2)

where Jmax is the maximal current (at saturating ATP concentration) and
Km is called the Michaelis-Menten constant, both dependent on the external
load [117]. Experimentally (and also in our numerical results), this law is
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Figure 3.5.2. Normalized plot of the velocity as a function
of load for ATP concentrations of 2mM (top, ©) and 5µM
(bottom, +). The points measured by [117] are indicated in
the figure.
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Figure 3.5.3. The mean run length as a function of ATP
concentration at various loads, from top to bottom at 1.1 pN
(©), 3.6 pN (+) and 5.6 pN (♦); the lines are fittings (see
Section 3.5.6 and Table 3), the points are measurements of
[98].
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obeyed from near zero loads to at least 5.5 pN with Km increasing with
the load. If, in our model, we put [Pi]= 0 (which really corresponds to the
case where [Pi]¿[ATP]), then r(1, 5) vanishes. We can then calculate the
current J with definition (3.5.1) and we indeed find the Michaelis-Menten
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Figure 3.5.4. The mean run length as a function of load
at high ATP concentrations (©=2mM) and low ATP con-
centrations (+=5µM); the lines are fittings (see Section 3.5.6
and Table 3), the points are measurements of [98].
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form (3.5.2). For this calculation, it suffices to check that the stationary
distribution p has a very specific form:

p(1) =
Km

[ATP] + Km
; p(x) =

p′(x)[ATP]
[ATP] + Km

, (3.5.3)

where p′(i) are positive numbers that do not depend on the ATP concentra-
tion and are given by the Reduction principle 2.1.1. Of course, in reality,
[Pi] 6= 0 and [ADP]6= 0 and this is important when considering small ATP
concentrations (near equilibrium situation) as it then happens that the cur-
rent becomes negative for large enough loads. This is not visible in the
Michaelis-Menten form (3.5.2) and we suggest therefore the modification

J =
Jmax[ATP] + JminKm

[ATP] + Km
(3.5.4)

where Jmin = lim[ATP]↓0 J as we verify that Km ≈
∑

x p′(x)r(x, 1)[ATP]/r(1, 2)
does not depend on the ATP concentration. This relation (3.5.4) will also
be important for the stalling behavior of the motor (when J ≈ 0).

3.5.2. Generalized Michaelis-Menten. In the previous Section 3.5.1,
we have demonstrated Michaelis-Menten kinetics for the special case of the
Markov model for kinesin. Here we will generalize that result to a broader
context.

First of all we consider the case where the enzyme can only bind to the
substrate when it is in one particular state. Then there is only one rate
rS = ωS [S] ∈ R in the associated Markov process M(X, R) that depends on
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the substrate. If we apply the Markov tree Theorem 2.1.2, then we see that
the numerator of the current is a polynomial of first degree in [S]

〈jS〉 =
1
Z

∑

C

(g(C~S)− g(Cθ~S)) =
1
Z

(c1[S]− c0)

with C~S , Cθ~S the monocycles with the [S] dependent transition in the forward
and the backward direction respectively, and c1 and c0 some constants that
depend on the precise architecture of the Markov process. The partition
function will also be a polynomial of first degree in [S] so that we may write

〈jS〉 =
c1[S]− c0

z1[S] + z0
=

[S]jmax + jmin

[S] + Km

with jmax = c1
z1

the maximal current when [S] →∞; jmin = − c0
z1

the minimal
current when [S] → 0; and finally the Michaelis-Menten constant Km = z0

z1
.

In the irreversible case when rθS = 0 we have that jmin = 0 so that we return
to the regular Michaelis-Menten expression.

More in general, one could imagine that the binding rate of the substrate to
the enzyme depends on the precise conformation of the enzyme and suppose
that there are n such confirmations with associated binding transitions that
all in parallel depend on the substrate concentration [S], then we obtain for
the total substrate current

〈jS〉 =
[S](c0 + c1[S] + · · ·+ cn−1[S]n−1)− (d0 + d1[S] + · · ·+ dn−1[S]n−1)

z0 + z1[S] + · · ·+ zn[S]n

In the limit for saturating [S] this becomes

lim
[S]→∞

〈jS〉 =
[S]cn−1 + cn−2 − dn−1

zn−1 + zn[S]

which is according to Michaelis-Menten when [S] À (cn−2 − dn−1)/cn−1.

3.5.3. Stalling the motor. The external load that is applied to kinesin
reaches a certain maximum at the moment kinesin stalls. This maximum
force has been referred to as the “stall force” Fstall. It has been almost
universally recognized that this stall force varies around 5-8 pN. Moreover,
the measurements of [117] suggest that the stall force is concave as function
of the chemical potential difference. All this looks like being in contradiction
with the thermodynamics of Section 3.3.2 where, around (3.3.15), we found
from considerations on the mean entropy production that λFstall = ∆µ.
This contradiction can be removed by being more clear about the nature of
stalling, as we will now explain.

In order to measure the stall force in an experimental set-up, one has to
choose a certain finite cut-off time τ during which the motor should not move;
from that time the motor is considered to have stalled7. Doing measurements
on the stall force using such a cut-off time τ as a function of the parameters
comes down to an integration over the variable velocity v(t) seeing that
it remains within some error interval, say

∫ τ
0 v(t)dt < δ. The apparent

7There is an experimental consideration to be made for the statistical evaluation of the
stall force: in a considerable fraction of runs, for not too small loads, the motor dissociates
before stalling which could lead to a biased sampling at high loads, see also [16].
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Figure 3.5.5. The experimental stall force measured by
[98] (+) compared with the line of equal velocity for fit 1;
the solution of 〈v〉 = 1

2λ. As can be seen this line at least
roughly represents the measurements.
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contradiction above disappears if we assume that the stalling condition is
equivalent with solving the equation v([ATP], F ) = λ/τ for reasonable τ .
After all, experimentally the stall regime is identified as a horizontal plateau
in displacement records and the plateau duration is not infinite. In Fig. 3.5.5
we have connected the points where the force and the concentration give the
velocity 〈v〉 = 1

2λ for fit 1; this should be compared with figure 3b in [117].
As is clear, this profile resembles the experimental stall force, in support of
our assumption.

Because we have the velocity rather explicitly in terms of the ATP concen-
tration,(3.5.4), we solve the equation v([ATP], F ) = λ/τ in terms of [ATP],
obtaining the stall concentration

[ATP]st(τ) =
Km( 1

τ − Jmin)
Jmax − 1

τ

(3.5.5)

Hence, for some finite load and some finite τ the stall concentration can be
infinite. This is again consistent with the findings of [117], their Fig. 3b.

We can also use the equation (3.5.5) to obtain numerically the load de-
pendence of Jmin and Km. In Fig. 3.5.6 the results can be seen on the
measurements of [117]. For small loads fit 1 follows the experimental val-
ues perfectly and for larger loads fit 1 seems to have better characteristics
compared to fit 2 as well, even though many of the experimental points are
scattered towards lower values. Of course, also Km is load dependent. In
Fig. 3.5.7 we see the results of calculating Km from the measurements of
the stall load of [117]. Km is certainly of the right order, but the points
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Figure 3.5.6. Logarithmic plot of −Jmin. The two lines
indicate the direct calculation of our model using two dif-
ferent fittings (“· · · ” for fit 1, “− · −” for fit 2), the three
points to the left are calculations using the parameters of the
Michaelis-Menten fit of [117] (¤’s using (3.5.6)) the points to
the right are calculations using their measurement of the stall
load (©’s and +’s for fit 1 and 2 respectively using (3.5.5)
with τ = 2 s).
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are rather wide-spread. When compared with our model, fit 1 seems to do
better than fit 2 here just as well.

Equation (3.5.5) also gives a new interpretation to the term Jmin that first
appeared in (3.5.4): it is proportional to the finite stall concentration when
stalling is defined with infinite waiting time τ (plateau duration),

lim
τ→∞[ATP]st(τ) = [ATP]st ⇒ Jmin = −Jmax

Km
[ATP]st (3.5.6)

3.5.4. Entropy Production. As can be seen from the general discus-
sion around (3.3.2), the total steady state entropy production Q + (µ1 −
e1) − (µ2 − e2) ≥ 0 consists of two contributions: there is the heat Q given
to the body and there is the deterioration of the energy source (hydrolysis
of ATP). For fixed concentrations, the waste (even though pleasant) is just
in the heating.

It is quite straightforward to calculate the mean entropy production for our
model with equation (3.3.10). As one expects, the outcome increases with
ATP concentration and it decreases with load. Increasing the load decreases
the velocity but increases the work per particle W = Fλ. Since energy
conservation (3.3.1) implies that for greater work W , less heat per particle
Q can be dissipated and hence the heat current QJ decreases, it is indeed as
expected that the entropy production rate decreases with increasing load.

It is interesting to calculate the mean entropy produced per ATP molecule.
To do so we divide the mean entropy production by the ATP consumption,
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Figure 3.5.7. The two lines indicate the direct calculations
of Km from our model using two different fittings (“· · · ” for
fit 1, “− · −” for fit 2), the three points to the left are cal-
culations using the parameters of the Michaelis-Menten fit
of [117] (¤’s), the points on the right are calculations using
their measurement of the stall load (◦’s and +’s for fit 1 and
2 respectively). The best fitting would seem to be fit 1 with
respect to the characteristics. Unfortunately the points on
the right seem too widely scattered to draw strong conclu-
sions.
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which is the same as the current J (3.5.4) since only one ATP molecule is
used per cycle. We have numerically calculated that the entropy production
per cycle is linear with log [ATP] and with load, the slopes are 1 and −βλ
respectively. This is in full correspondence with (3.3.2). In case the motor
does no work, W = Fλ = 0, we expect β∆µ = MEP/J ; β∆µ = β∆G +
log[ATP]− log[ADP][Pi]≈ 55 for [ATP]=2mM. We find that fit 1 and fit 2
both give results in full correspondence with theory.

3.5.5. Efficiency. Estimating efficiencies for molecular motors is still
an issue of debate. In [20] it is for instance argued that one should not only
consider the power needed for a processive cycle but also a given average
velocity, thereby e.g., taking into account that the motor moves in a viscous
medium. As it is the case even for chemical plants, the proper definition
of efficiency surely depends on what you wish to keep constant and what
is considered as waste. Here we take the conventional set-up that centers
around the question what force is exerted by a molecular motor to keep
moving, see [27].

An efficiency usually counts the actual work performed by the motor divided
by the maximal possible work (input energy). We will speak in terms of
power output versus power input. The numerator, the power output, is easy:
it is just JFλ. For the denominator, which is always more problematic, we
can follow the standard thermodynamics that we had before. From (3.3.3),
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Figure 3.5.8. Semi-logarithmic plot of η as a function of
[ATP] for F = 3.2 (· · · ) and F = 4.5 pN (− · −), belonging
to the maxima of the curves in figure 3.5.9. Obviously the
maximal efficiency increases with [ATP], but for extremely
large [ATP] it decreases again (not shown in plot).
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we have the bound on the work W ≤ µ1 − µ2 so that the maximal input
power is ∆µ multiplied with the maximum current J0 = J(F = 0). The
denominator is thus taken equal to J0∆µ, the chemical potential current
without load, and does not depend on the load. We thus have as ‘efficiency’:

η =
JFλ

J0∆µ
(3.5.7)

The behavior of this ‘efficiency’ for our model can be seen in Figures 3.5.8 and
3.5.9. As expected it has a maximum as a function of load and it increases
with ATP concentration in the experimental regime. There seems to be a
global maximum of about 32% at an ATP concentration of approximately
9 · 10−2 M and a load of about 4.6 pN (not visible from the plot).

3.5.6. Mean run length. The processivity of kinesin along the micro-
tubular track refers to the attachment of the motor. The average distance
travelled before detachment of the motor from the microtubule 〈L〉 was ex-
perimentally measured by [98]. It depends on the average velocity 〈v〉 and
the rate of detachment rdet in the following way:

〈L〉 =
〈v〉
rdet

(3.5.8)

The velocity has been treated in section 3.5.1, remains the rate of detach-
ment.

The rate of detachment for our model is the sum over all possible ways to
detach, summing over all rates of detachment from a specific state, weighted
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Figure 3.5.9. Plot of η as a function of load for [ATP]=10−6

(· · · ) and [ATP]= 2·10−3 M (−·−). This efficiency clearly has
a maximum at some specific load that increases with [ATP]
from approximately 3.2 pN for [ATP]=10−6 to about 4.5 pN
for [ATP]= 2 · 10−3 M.
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with the probability to be in that state:

rdet =
∑

x

p(x)rdet(x) (3.5.9)

A first natural candidate where the detachment rate is non-zero is the PD-
state. The PD-state was taken in our model as part of the 6 state and the
corresponding rate of detachment would be according to equations (3.3.7),
(3.4.3) and (3.4.4) and the considerations made at the end of the appendix
of [75]:

p(PD)rdet(PD) =
p(6)

1 + eU23−U45−F (λ12+λ23)

ω6,det

1 + eU6,det−Fλ6,det
(3.5.10)

where the first part determines the PD-state part of the probability distribu-
tion of state 6 and the second part is the actual detachment rate containing
some fitting parameters ω6,det, U6,det and λ6,det. Moreover, the experimental
data indicate that the average distance travelled decreases with decreasing
ATP concentrations [98], suggesting that detachment may occur in the KD-
state (state 1) prior to binding with an ATP molecule.8 The corresponding
detachment rate for state 1 would be:

rdet(1) =
ω1,det

1 + eU1,det−Fλ1,det
(3.5.11)

introducing another three fitting parameters ω1,det, U1,det and λ1,det. Since
we expect that the binding of the KD-state is a bit more stiff than that of

8This makes sense since it is the first state in our model that is reached when a kinesin
molecule binds to the microtubule from a detached state.
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(x, y) ωxy (s−1) λxy (nm) Uxy (kT)
(1,det) 2.4 · 10−2 4.1 5.0
(6,det) 4.8 · 104 6.9 0.7

Table 3. Fitting parameters for the detachment rates given in Section 3.5.6.

the DP-state, U1,det should be larger than U6,det on the one hand and λ1,det
should be smaller than λ6,det on the other hand.
In Figs. 3.5.3 and 3.5.4 the results of this approach are given, where we
have used values for the fitting parameters as stated in Table 3 (fit 1 and
2 are compatible here). With the fitting of the additional parameters, the
processivity behavior is well reproduced.

3.5.7. Far from equilibrium and reversibility. Experimentally it
is observed that kinesin occasionally steps backward once, but never twice,
and that the probability of such a backward step increases with increasing
load [16,98,117]. With respect to the model this makes a lot of sense. As we
will clarify below, kinesin operates so far from equilibrium that it is strictly
irreversible for all practical purposes, and therefore one should never expect
that a processive cycle will be completed in the reverse direction. On the
other hand, it is far more likely that a single or perhaps several transitions
are made in reverse.
Take for instance transition (3 → 2), the probability that this transition is
made (in reverse) at any given time is given for the model by

Prob(3 → 2) = p(3)p(2, 3) (3.5.12)

As a function of the load, this probability displays a kind of Gaussian behav-
ior around 4 to 5 pN with a maximum up to 20% (depending on the ATP
concentration) which is in qualitative correspondence with the observations.

To give an impression just how far from equilibrium the experimental obser-
vations were made, we refer to Figure 3.5.10, there we clearly see how small
the experimentally observed region is and how far it lies away from equili-
brium (far left side of the plot). Close to equilibrium the velocity behaves
as a hyperbolic sine: v ∝ sinhβ(∆µ − Fλ), but far from equilibrium there
is a transition to the Michaelis-Menten characteristic because some of the
transition rates will remain finite and become limiting. One could say that
the behavior of kinesin undergoes a ‘2nd order phase transition’ from a insu-
lating or rigid state around equilibrium to a conducting or performing state
far from equilibrium. Of course that we are (very) far from equilibrium is in
part due to the extremely low concentrations of ADP and Pi. For this reason,
it will be interesting to see how the model behaves at higher concentrations
of the reactants although the model is too crude to be of quantitative value
it should still give some qualitative insight.
At slightly higher concentrations of the reactants (up to 1 µM), nothing
changes much but when even higher concentrations are reached the maximal
velocity becomes smaller and smaller, the ADP and Pi molecules start to
“inhibit” kinesin, or put differently, the probability that kinesin is in state
1 becomes smaller and smaller because some of the backward transitions
become more and more likely. This is in qualitative correspondence with
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Figure 3.5.10. Logarithm of velocity as a function of the
entropy production per cycle. The upper curve is at a load
of 5 pN, the lower at F = 1 pN. The horizontal lines indicate
the experimentally accessed range.
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experimental findings [95] that appeared after the publication of our re-
sults [75].

That kinesin operates far away from equilibrium implies that it is hardly re-
versible, and as a consequence the probability that the motor will go through
a cycle in the reverse order is extremely small. Indeed we may calculate the
probability that the motor goes through a reversed cycle with respect to
the probability that the motor goes through a regular forward cycle by the
fluctuation theorem

p(ωf )
p(θωf )

= expβ(∆µ− λF ) (3.5.13)

with ωf is a forward single cycle. On the other hand we have

J = J0

∑
ωf

[p(ωf )− p(θωf )] (3.5.14)

with J0 the characteristic cycle transition frequency. It follows that the
expected frequency at which a backward cycle will appear is given by

J0p(θωf ) =
J

expβ(∆µ− λF )− 1
(3.5.15)

Even when the load is high (∼5 pN) and the concentrations of ATP, ADP and
Pi are of the same order (∼1 mM) then still the factor in the exponent is at
room temperature so high (∼15 kT) that the frequency at which the motor
goes through a reverse cycle is extremely much smaller than the average
current (∼ 10−6) so its safe to say this will never be observed, not in a
million times.
Should one in a desperate attempt increase the concentration of the reactants
to such an extent that in principle the motor would be reversible, one would
find out that the motor dissociates from the microtubule so quickly that
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it will be impossible to measure anything (remember that the model was
conditioned on the fact that the motor remains bound to the microtubule).

That kinesin goes through a reverse cycle with only a negligible probability
means that one should not consider kinesin as a suitable system to observe
the fluctuation theorem directly as was proposed by [99] (there also more
suitably other rotary motors are proposed). The fact that kinesin may step
backward without completing a reverse cycle worsens its suitability as a test-
case for the fluctuation theorem even further.
With respect to reversibility of kinesin, we note that although strictly speak-
ing it is not dynamically reversible, the model is a Markov approximation of
a supposed reality that is dynamically reversible. The underlying dynamical
reversibility is reflected in the fact that the model contains no transitions
that are strictly irreversible (i.e. r(x, y) = 0 while r(y, x) 6= 0, as could never
be the case for it would require infinite entropy production), but we have
to conclude in spite that the model operates so far from equilibrium that
for all practical purposes it will seem strictly irreversible from a macroscopic
perspective. (This emphasizes that dynamic reversibility and macroscopic
irreversibility do not have to be in contradiction with each other.)
Moreover, due to the nature of kinesin, it will be impossible to reverse the
process in the sense of making the motor run backwards under an applied
load to generate ATP, which expresses an asymmetry in the chemical na-
ture of the process. As we will see in Section 5.7.1 on page 121, this is a
property that naturally arises in many systems when considering far from
equilibrium behavior for a microscopic dynamics that is of a chemical nature.
This exemplifies that systems that may microscopically run backwards are
not necessarily capable to run backwards macroscopically.





Part 2

Lateral view





Building bridges

Each day the Norns would go to the Urdar fountain and fill their
pitcher with water, they would travel back to the Yggdrasil tree by
using the Bifrost Bridge. From the edge of Nifl-hiem where the Norns
gather the water, the Bridge Bifrost crosses high over Midgard, before
it returns to the edge of Nifl-hiem. The Bridge Bifrost was build from
fire, water and air giving it the natural colors of the rainbow.

–from Norse Mythology by Dominic Fitzgerald.9

Upon reaching the queendom of the ants, the queen had most generously given
Jonathan some constructioneering lessons in return for the bread-boulder, ex-
plaining how they had built their nest and made sure that it would not collapse
whenever a playful human would thump overhead. Jonathan was amazed he
hadn’t at all realized that ants were such intelligent and efficient creatures. He
had become almost overenthusiastic in spite of the persistent darkness and col-
laborated with the nestbuilders until his potions started to wear of. Only then
Jonathan noticed that he had grown slightly disappointed that there had been
no room for lengthy discussions, or that not any word could be exchanged with
the ants at all for that matter. And so he was looking forward to having those
discussions with the gnome again, in spite that he always got fooled for a bit by
the gnome. He had to admit that there hadn’t been a moment anymore to feel
bored at all since he had met the gnome. Well except when they had just met,
but that seemed ages ago.
As they left the nest, the ants mandatorily provided them with provisions for
an excursion and after their eyes had gotten accustomed again to the bright
morning sun they set of.

“Where are we going, gnome?”
“Well I thought you’d be interested to pay Horai a visit.”
“Horai? Who’s Horai?”
“Horai isn’t a ‘who’, it’s a mountain, well an island really. I’ve been told that
the immortal beings live there and if we would pay it a visit maybe we could also
get a bit immortal. Wouldn’t you like that?”

9Norns are three complex female cosmic beings, the Fates, that embody the me-
chanical process of cause and effect and serve as a matrix for evolutionary force. Urdar
fountain is the fountain of life that is used to water Yggdrasil, the cosmic or world tree
of the nine worlds of the multiverse. Nifl-hiem is a realm of mist-becoming-ice, the “force
of antimatter pulling in on itself like a black hole”. Midgard is middle-earth, where man
lives and the other worlds meet. See for instance [102,112]. It is argued that not only the
Biforst Bridge and Nifl-hiem refer to a natural phenomena (some rainbow and the milky
way respectively), but that also the Yggdrasil tree refers to a natural phenomenon that
may have occured in the ancient skies: plasma discharge phenoma [109].
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Jonathan frowned. “Immortal? Why should I care?”
“Obviously you don’t care because you are convinced that you are immortal, but
let me remind you that you are mortal, even more mortal then myself if I may
add. Well that is to the extent that mortality leaves room for comparison.”
“You see,” the gnome continued, “once the end nears you’ll wish that it wasn’t
the end. You may compare it to when someone you like dies, or simply goes
away. You’d miss them, right?”
“I guess.”
“I mean you would miss me once I leave, right?”
“You? Never!” And Jonathan grinned broadly.
The gnome smiled back with sparkling eyes, for he knew that the kid understood
what he was trying to say. “Now that’s exactly the reason we should go to Horai,
otherwise that “never” of yours is not going to last very long!”

After a long walk they reached the side of a lake. The water lay calmly, shim-
mering like a sea of diamonds in the sun. In the distant mist Jonathan could
discriminate the contours of what should be Horai island. The gnome put a
hand on the shoulder of Jonathan and pointed somewhere left along the shore
where a beautiful rainbow arced between the shore and the island. “Let’s take
that bridge over there.”
But no matter how far they walked, the bridge seemed as far away as ever and af-
ter quite some time Jonathan decided to protest: “We’re not getting any closer,
are you sure that that bridge of yours is not just a rainbow? We could walk
endlessly before reaching a rainbow, you know!”
“Come come, don’t despair! That “bridge of mine” is the immortals bridge and
has been crossed many a time, but only by those who dared to hope.”
“OK, alright, alright, I’m hoping a lot more already.” Jonathan replied with some
tone of sarcasm.
The gnome abruptly stopped. “You may be right, I guess we’d better build our
own bridge.” And he immediately started looking frantically around him for ma-
terial that would be of use for the purpose. Jonathan stood perplexed by the
sudden radical turn that the gnome had made.
“Hey! Are you going to help me or are you going to stand there as a lump of
stone. I thought you liked building so much.”
Jonathan realized the gnome was right and quickly regained his wits to start
helping the gnome.

The hours crawled by, as they endlessly brought material from the surroundings
that could serve for building the bridge. At the end of the day they had gathered
so much that the shore started to look like a constructioneers’ workplace. They
decided to start building the next day. That night Jonathan had vivid imagi-
nations on how to exactly construct the bridge and he couldn’t sleep with the
excitement.



CHAPTER 4

A model for the thermoelectric effect

What has become clear from our study of kinesin with respect to nonequi-
librium statistical mechanics, are two main things: kinesin operates far from
equilibrium (and it is safe to say that kinesin is far from exceptional in the
biological context), and because of this, the behavior is clearly and crucially
nonlinear. So if we would like to obtain a more general understanding of bi-
ological systems in a statistical mechanical context, we will need to expand
our knowledge on the behavior of nonequilibrium systems beyond the linear
response regime and that is the main goal of this chapter.

In the current chapter, we discuss a model for the nonequilibrium behavior
of a typical physics system, namely a model that describes the thermoelec-
tric effect. The purpose is to understand how temperature differences may
interact with other ways to drive the system out of equilibrium. As written
in the first line of Onsager’s 1931 article on reciprocal relations [85], “When
two or more irreversible transport processes (heat conduction, electrical con-
duction and diffusion) take place simultaneously in a thermodynamic system
the processes may interfere with each other.” Reciprocity relations are the
most well-know realizations hereof, and said model will make it possible to
study those in a specific context.
Moreover the model serves as a starting point to see how to go beyond linear
response theory. It is convenient to model such well understood behavior like
the thermoelectric effect since in this way it is possible to check if the model
behaves in correspondence with the relevant laws of physics. The approach
that is followed comes from exploring nonequilibrium behavior via the the-
ory of spatially extended stochastic dynamics, a standard reference is [105].
Although this model is not instantly related to any known biological system,
it could for instance with some minor alterations approximately describe the
circulatory system of plants, that which is responsible for the exchange of
chemicals between roots, leaves and other parts.

The calculations for this model will give valuable clues on how to proceed in
a more general context and this will be the subject of Chapter 5, expanding
around equilibrium and nonequilibrium state. This chapter is an editted
version of an article that appeared earlier [76].

4.1. Thermoelectric effect

The thermoelectric effect actually consists of three effects known as the See-
beck, Peltier and Thomson effect that are intimately related.
The first of these effects was dicovered, accidentally, in 1821 by the Estonian
physicist Thomas Seebeck. He discovered that a temperature gradient ∇T
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could cause a voltage difference ∆V between the two ends of a metal bar.
In fact since measuring the voltage difference is done with another metal
(wire) he was measuring the voltage difference that the temperature gradi-
ent causes in a loop of two distinct metals. The explanation for this effect
is that the conducting electrons of two different metals respond differently
to the temperature difference which in turn leads to an electrical potential
difference

∆V =
∫ T2

T1

(SA(T )− SB(T ))dT (4.1.1)

where the integration is over the entire temperature profile and SA , SB are
the (temperature dependent) Seebeck coefficients of the two metals.
The Peltier effect, discovered somewhat later in 1834 by the French Jean
Peltier, is the inverse of the Seebeck effect. A current through a loop made
of two different metals will lead to a temperature increase at the one junction
and a temperature decrease at the other. The Peltier heat current JQ that
flows through such a loop obeys the following relation

JQ = (ΠA −ΠB)JE (4.1.2)

where JE is the electrical current, and ΠA, ΠB are the Peltier coefficients of
the materials used.
Thomson found in 1854 that the Seebeck and Peltier coefficients are related
as follows

ΠA = SAT (4.1.3)
This is probably the first example ever of an Onsager reciprocity relation.
Thomson found that heat was not only transfered by such a loop of two met-
als, but also produced along the wire. It was already known that an electrical
current through a wire would generate Joule heat but in addition Thomson
derived that there would be an effect due to the temperature dependence of
the Seebeck coefficient. To keep the model manageable however it will not
accommodate for the description of Thomson heat.

One might feel that thermoelectric effects are ‘dusty old stuff’ and that it
couldn’t be too interesting to model such well-known and understood pro-
cesses, but the subject isn’t ‘dusty’: it is alive and kicking! Recent experi-
ments provide us with good future prospects: specially designed nano-wires
may in the future utilize the thermoelectric effect to transform heat-losses
into useful energy and in this way possibly increase the efficiency of a wide
variety of processes tremendously [45]. Another good reason to study the
thermoelectric effect is in order to get a better understanding of the inter-
play between temperature gradients and density gradients from a theoretical
point of view.

The physical origin of the model is discussed in Section 4.3.1. From the
point of view of the standard theory of interacting particle systems, it is
an adaptation of exclusion processes, see [52] and [63] for a mathematical
background. In that way, it is easy to simulate processes and it thus offers an
environment for studying analytically less accessible aspects of thermoelec-
tric phenomena (such as the influence of disorder). From the point of view
of solid state physics, it can be seen as the result of time-dependent pertur-
bation theory to transport problems in metals. The details of the model are
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Figure 4.2.1. Scheme of the setup of the toy-model.
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explained in Section 4.3 while, as a warm-up, Section 4.2 contains its most
simplified form.

4.2. Toy model for heat conduction

Consider a lattice rectangle of height 2 and width M , see Figure 4.2.1. Each
of the 2M sites can be occupied by at most one particle. Think of the rec-
tangle as a ‘metal wire’ of size M in which each couple of sites (i, 2M +1− i)
forms one cell with two energy levels that can each be occupied by one
electron. The energy difference between the two levels is taken equal to a
constant e > 0.
We consider a Markov process on the state space X = {0, 1}2M in which
particles can hop on nearest neighbor sites. The hopping is symmetric (sub-
ject only to the simple exclusion rule of one particle per site) except for the
bonds (2M, 1) and (M, M + 1). More specifically, an elementary transition
consists of randomly picking a site i and changing the configuration x into
the new configuration Tix which remains equal to x on all sites j except for
j = i, Tix(i) = x(i + 1) and for j = i + 1, Tix(i + 1) = x(i). The transition
rate for x → Tix is equal to

exp[βA e (x(i + 1)− x(i))/2] if i = 2M

exp[βB e (x(i)− x(i + 1))/2] if i = M

1 otherwise (4.2.1)

The number of particles is conserved in the evolution and the βA and βB

are the only (other) parameters in the model. In words, the particles jump
to nearest neighbor cells but remain on the same energy level (no effective
scattering in the bulk). In the left and right end cells, particles undergo
thermal transitions; they can change energy level at inverse temperatures
βA and βB respectively. The system is thus at its both ends in contact with
a heat reservoir and one expects a heat current flowing whenever they have
unequal temperatures.

The model satisfies the condition of detailed balance when left and right
temperatures are equal βA = βB = β. In that case, for each function F 6= 0
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of the total particle number, the probability distribution

pβ(x) =
1
Z

F (
2M∑

i=1

x(i)) exp[−βe
M∑

i=1

x(i)], x ∈ X (4.2.2)

is stationary and reversible for the dynamics. These equilibrium weights are
completely determined by the number of particles

∑M
i=1 x(i) in the upper

energy level. In order to make our calculations possible we make use of
the equivalence of ensembles to express the single site marginal in terms of
chemical potentials. In equilibrium the grand canonical setup is made by
attaching particle reservoirs with chemical potential µA = µB = µ to the
left and right side of the system. For this setup, we now make the choice
F (n) = exp[βµn]; pβ is a homogeneous product measure with single site
marginal

nβ(i) ≡ Probpβ
[x(i) = 1] =

1
eβ[e(i)−µ] + 1

(4.2.3)

where e(i) = 0 or e depending on whether the i is ‘down’ M + 1 ≤ i ≤ 2M
or ‘up’ 1 ≤ i ≤ M in the energy cell.
If the reservoir temperatures are unequal, when βA 6= βB, there is no explicit
expression for the stationary measures but we do know the density profile
n(i) ≡ Probp[x(i) = 1] in a stationary measure p. Because of the symmetric
exclusion rule, there is a linear density profile in the bulk for both the upper
and the lower energy layer:

n(i) = nA
u +

i− 1
M − 1

[nB
u − nA

u ] 1 ≤ i ≤ M

n(i) = nA
d +

2M − i

M − 1
[nB

d − nA
d ] M + 1 ≤ i ≤ 2M (4.2.4)

but the density in each cell (containing the couple (i, 2M +1−i), 1 ≤ i ≤ M)
is constant for a canonical system due to particle conservation: n(i)+n(2M+
1− i) = nB

u +nB
d = nA

u +nA
d . In the steady state, there is no particle current

between cells but there may be a heat current.

On the upper energy layer, particles transport an energy equal to e; giving
rise to a steady energy current, taken negative in the i−direction since we
will heat the system up at side B, equal to

〈JQ〉 = e
nB

u − nA
u

M − 1
(4.2.5)

Remember that nA
u and nB

u are stationary densities (left and right on the
upper energy layer depending on M, βA and βB. On the other hand, as
M ↑ +∞ (very long wire) these densities tend to their respective equilibrium
values as for example from (4.2.3),

nA
u →

1
exp(βA[e− µA]) + 1

nB
u → 1

exp(βB[e− µB]) + 1
(4.2.6)

That is an application of convergence results for a sequence of Markov pro-
cesses, see e.g. Section 4.9 in [24]. It should be emphasized that µA and
µB are a function of βA and βB respectively, and of course as well of the
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particle density. An expression for µA and µB may be derived by solving the
following identity for the particle density

ρ =
1
2
(nB

u + nB
d ) =

1
2

exp(βB[e− µB]) + 1
+

1
2

exp(βB[−µB]) + 1
(4.2.7)

Naturally, the identity for side A is similar.
As a result of (4.2.6), the heat current (4.2.5) satisfies the stationary Fourier
law with

0 < κ ≡ lim
M

M〈JQ〉 < +∞ (4.2.8)

Writing out the right-hand side of (4.2.5) with the substitution (4.2.6) for
βA = 1/T and βB = 1/(T + ε) (we work in units where k=1), we get a heat
conductivity equal to

λ ≡ lim
ε→0

κT

ε
= µ2H(0) + (µ− e)2H(e) +

(µH(0) + (µ− e)H(e))2

H(0) + H(e)
(4.2.9)

with H(e) = 1
4 cosh−2(β(µ − e)). The last term is the contribution due to

the canonical ensemble whereas the first two terms would also occur in a
derivation for a grand canonical setup.
We conclude that this toy-model already shows electric heat conductivity in
a clear and simple way.
The next section extends the model by allowing multiple upper and lower
energy levels and by interpreting the upper and lower levels as characterizing
two different but connected metal wires, see Figure 4.3.1. Again, at the two
junctions, there may be different temperatures and we will also consider the
case where electric power is applied.

4.3. The general model

4.3.1. Physical input. Metals are excellent conductors of both heat
and electricity. Already the empirical law of Wiedemann and Franz (1835)
relating thermal and electrical conductivities, points to the electrons as heat
carriers. While say for the specific heat of a metal at room temperature
there is no observable contribution from the electrons, for nonequilibrium
purposes mostly electrons are responsible for heat and charge transport. As
the electron mass is small, even at room temperatures and for typical metallic
electron densities, the Maxwell-Boltzmann and Fermi-Dirac distributions are
very different. Therefore, the Pauli exclusion principle must play a role and
the quantization into energy levels, even if only near the Fermi energy, must
be part of any physical model of transport in metals.
On the other hand, a fully quantum mechanical and microscopic treatment
of transport problems is typically out of reach. We have here a system
with extremely many degrees of freedom and one usually finds refuge in
perturbation theory. The electrons are moving almost independently but
subject to (weak) interactions with phonons, impurities and imperfections.
When the average time between collisions multiplied with the Fermi energy is
larger than Planck’s constant (as is the case in metals), then Fermi’s Golden
Rule can be applied to the transition probabilities between electronic states
and in ways similar to that for the Boltzmann equation, one obtains a Master
Equation.
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Figure 4.3.1. Generalized setup.
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The resulting model that we take up in the present paper is mesoscopic (only
electrons moving on a lattice) and while it is thus physically motivated from
time-dependent perturbation theory for quantum mechanical processes, it
fits perfectly well in the classical theory of interacting particle systems.
One imagines two wires connected at their ends. The wires (long thin bars)
consist of a large array of cells, discrete lattice points, at which are located
a finite number of energy levels. Free electrons are hopping between nearest
neighbor cells, subject to an exclusion rule and with transition rates that are
specified via a local detailed balance condition.
We start by introducing the general set-up. The simplest version was already
in the previous section and other simplifications follow later, see Section
4.3.6.

4.3.2. State space. Consider a ring of N points or cells. The situation
one should keep in mind is that of connecting two different wires, the first
of length M , the second of length N − M . To each cell in the first wire,
1 ≤ k ≤ M , is assigned a set E1 of n1 ≥ 1 energy levels , and to each cell
in the second wire, M + 1 ≤ k ≤ N , is assigned a set E2 of n2 ≥ 1 energy
levels. The set of energy levels at cell k is in general denoted by Ek but it
should be understood that it equals E1 if k ∈ {1, . . . ,M} and that Ek = E2

for k ∈ {M +1, . . . , N}. A general element of Ek is written as e, e′, . . .. These
are the electronic states (we ignore spin). There can be at most one particle
per energy level and we write i = (k, e), x(i) = x(k, e) ∈ {0, 1} for e ∈ Ek.
The total configuration space is thus X = ×M

k=1{0, 1}n1 ×N
k=M+1 {0, 1}n2 and

its elements are denoted by x, y, . . ..
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4.3.3. Transitions. In each of the two wires particles can hop within
the same energy level to nearest neighbor cells. That is subject to the ex-
clusion rule and possibly biased in one direction via some external field. We
write Ek ≥ 0 for the electric field over the bond (k, k + 1). One can think
of a gradient in chemical potential which is locally installed but the details
of the “battery” will be of no concern here. One imagines that the two wires
are in a heat bath at inverse temperature β except possibly for the junction
(M, M + 1) which is kept at a different temperature.
Fixing k = 1, 2, . . . , M − 1,M + 1, . . . , N − 1 for the “bulk” bonds (k, k + 1),
the exchange operator associated with energy level e ∈ Ek is

(V e
k x)(k, e) = x(k + 1, e),

(V e
k x)(k + 1, e) = x(k, e),

(V e
k x)(i) = x(i) otherwise

and such an exchange of occupations

x → V e
k x takes place at rate exp[β Ek(x(k, e)− x(k + 1, e))/2] (4.3.1)

At the junctions, k = M or k = N , particles can also hop but now to an
arbitrary energy level of the other wire. These transitions are described via
the exchange operator T e,e′

k for e ∈ Ek, e′ ∈ Ek+1:

(T e,e′
k x)(k, e) = x(k + 1, e′),

(T e,e′
k x)(k + 1, e′) = x(k, e),

(T e,e′
k x)(i) = x(i) otherwise

and

x → T e,e′
k x at rate exp[βk(Ek + e− e′)(x(k, e)− x(k + 1, e′))/2]

describes a local detailed balance condition. We set βN = β and at the other
junction βM = β + ∆. ∆ 6= 0 means that one junction is maintained at a
different temperature.
Obviously the Vk are just a special case of the Tk. An immediate generaliza-
tion would be to allow transitions with T e,e′

k everywhere, also in the bulk, or
to allow on-site thermal exchanges. That would break bulk energy conserva-
tion but it would allow to describe thermal exchanges with the environment
at all cells, e.g. from scattering. In the same sense, it is no problem to add
more junctions (connecting more than two wires). As we have it now, the
bath’s role in the bulk is purely as a “work reservoir”. One could also imagine
adding particle reservoirs. By that we mean selecting one or more cells k on
which at energy level e ∈ Ek, we have the transitions

(Ae
kx)(k, e) = 1− x(k, e),

(Ae
kx)(i) = x(i) otherwise

These break particle conservation: particles flow in or out with rates

x → Ae
kx at rate ak exp[β(e− µk)(x(k, e)− 1

2
)] (4.3.2)

where µk is the chemical potential. We will not deal with these generaliza-
tions more explicitly. It is possible to include them but soon the notation
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starts to get heavy. Let it be clear however, that in no way do we need to
introduce a temperature or chemical potential associated with the internal
local conditions of the cells in the wire. Such close to equilibrium conditions
are mostly present in phenomenological treatments of thermo-electric effect.

4.3.4. Dynamics. We consider a continuous time Markov process on X

consisting of the two types of elementary transitions T e,e′
k and V e

k introduced
above. For fixed sets of energy levels Ek and spatial extensions M and N ,
the remaining parameters are Ek (electric field at bond (k, k + 1)), β and ∆
(inverse temperatures).
For Ek > 0 work is being done on the system and the particles jump prefer-
entially forward, i.e. , in the direction k → k +1. Energy is not (necessarily)
preserved in the transition T e,e′

k but the total number of particles is con-
served (at least when the ak = 0 in (4.3.2), which we will assume hereafter).
The generator L of the Markov process is a sum

L =
∑

k 6=M,N

Lk + LM + LN (4.3.3)

with

Lkf(x) =
∑

e∈Ek

exp[βEk(x(k, e) − x(k + 1, e))/2][f(V e
k x) − f(x)] (4.3.4)

LNf(x) =
∑

e∈Ek, e′∈Ek+1

exp[β(EN + e− e′)(x(N, e)− x(1, e′))/2][f(T e,e′
N x)− f(x)]

(4.3.5)

and

LMf(x) =
∑

e∈Ek, e′∈Ek+1

exp[(β + ∆)(EM + e− e′)(x(M, e)− x(M + 1, e′))/2]×

[f(T e,e′
M x)− f(x)] (4.3.6)

Denoting the general rate as r(x, x′) (of course depending on all possible
parameters), formally we have the equivalent of (2.1.22)

Lf(x) =
∑

x′
r(x, x′) [f(x′)− f(x)] (4.3.7)

summarizing (4.3.3); they reproduce the Master Equation for the probabili-
ties at time t (2.1.21)

d

dt
pt(x) =

∑

x′

[
r(x′, x) pt(x′)− r(x, x′) pt(x)

]
(4.3.8)

For every initial configuration x0 the above defines the process xt, t ≥ 0.
We are interested in a stationary regime for fixed (but supposedly very large)
spatial extensions M and N . Let p denote a stationary measure for the above
Markov process. It could depend for example on the particle density.
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We write P τ for the stationary process over the time-interval [0, τ ]; ω =
{xt}τ

t=0 is a path as sampled from P τ . We will assume that there is a finite
positive constant C with

1
C
≤ p(x′)

p(x)
≤ C (4.3.9)

for each pair x, x′ that can be connected via the transitions outlines above.
In general we know very little about this stationary process; under equili-
brium conditions we can make it more explicit.

4.3.5. Equilibrium. The system is in equilibrium when ∆ = 0 and all
Ek = 0. Consider the probability measure pβ,µ defined as

pβ,µ(x) =
1
Z

eβµ
P

i x(i) exp[−β

N∑

k=1

∑

e∈Ek

e x(k, e)] (4.3.10)

That is a product measure but it is not (in general) homogeneous. It is a
stationary reversible measure for the equilibrium dynamics. Its single cell
marginal is given by the Fermi-Dirac distribution, for e ∈ Ek,

pβ,µ(x(k, e) = 1) =
1

eβ(e−µ) + 1
(4.3.11)

That corresponds to the grand-canonical set-up. Except when we add sources
and sinks for the particles (ak 6= 0), the total number of particles is conserved
in the dynamics as defined above.
Being in steady equilibrium implies ignoring the difference between ther-
modynamic past and future and on average there is no net transport nor
dissipation.

4.3.6. Connection to the toy model. The simplest version is ob-
tained by taking E1 = {e1} and E2 = {e2} singletons. There is then one
energy level per cell, n1 = n2 = 1, and we may just as well put e2 − e1 = e.
We also put ak = 0 = Ek for all k (canonical set-up without external field).
In the bulk of each of the wires we now only have symmetric hopping and at
the two ends of the wires (we are now talking about the bonds (M, M + 1)
and (N, 1)), there are thermal transitions:

x → TMx at rate exp[(β + ∆) e (x(M)− x(M + 1))/2] (4.3.12)

through which the occupations are exchanged over the bond (M,M +1) and

x → TNx at rate exp[−βe (x(N)− x(1))/2] (4.3.13)

through which occupations are exchanged over the bond (N, 1). We see that
it formally corresponds to the toy model for heat transport of Section 4.2
with 2M = N and βA = β, βB = β + ∆ at the junctions. In that way,
the model system of Section 4.2 has two possible physical interpretations,
one as consisting of M cells each with two energy levels, the other as a
couple of two wires each of length M and each with one energy level per
cell. In that last interpretation, the heat current in Fourier’s law (defined
in (4.2.5)) is in fact a particle current through the upper wire, caused by
the different temperatures βA 6= βB at the junctions and so provides the
simplest illustration of a Seebeck effect. To see the Peltier effect, we take
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∆ = 0 (equal bath temperatures) but some Ek > 0. A particle current arises
through the ring and energy of magnitude e gets dissipated at the junctions.

4.4. Currents and dissipation

4.4.1. Local particle and heat currents. The basic physical quan-
tities in the phenomenon are energy and particle number. The electric or
particle current consists of particles hopping to nearest neighbor sites. We
fix a path ω = (x0, . . . , xτ ) in which each change (at a random time) corre-
sponds to one of the transitions described under Section 4.3.3.
The net particle current (integrated over a time-interval [0, τ ]) from energy
level e at cell k to energy level e′ at cell k + 1 equals

Jk(e, e′)(ω) ≡
∑

t

[xt(k, e)− xt(k + 1, e′)] (4.4.1)

for e ∈ Ek, e′ ∈ Ek+1. The sum in the right-hand side of (4.4.1) is over all
jump times t; the moments at which the trajectory ω changes states. Here
and in what follows, all times in the sums are t = t−, right before the jump.
So (4.4.1) is a sum of +1’s and −1’s according to whether the particle jumps
from (k, e) to (k+1, e′) or oppositely; the jump is counted at the time of the
transition. When the bond (k, k + 1) is in the bulk of the wires (k 6= M, N),
then only transitions between levels of the same energy are possible and the
net number of particles jumping forward equals

Jk(e, e)(ω) = Je,k(ω) ≡
∑

t

[xt(k, e)− xt(k + 1, e)] (4.4.2)

We call
Jk

E ≡
∑

e∈Ek, e′∈Ek+1

Jk(e, e′) (4.4.3)

the variable electric current over the bond (k, k + 1).
Secondly, energy is transported. Over the bond (k, k + 1) in the bulk the
time-integrated energy current equals

Jk
H ≡

∑

e∈Ek

e Jk,e (4.4.4)

At each junction k = M,N , there is a local heat exchange with the environ-
ment, commonly called the Peltier heat (counted positive for a heat transfer
into the environment), here variable and equal to

Jk
P ≡

∑

e∈Ek, e′∈Ek+1

(e− e′)Jk(e, e′) (4.4.5)

4.4.2. Conservation laws. In a configuration x,

Uk(x) ≡
∑

e∈Ek

e x(k, e), Nk(x) ≡
∑

e∈Ek

x(k, e) (4.4.6)

are the energy, respectively the particle number at cell k. These change. We
fix again a trajectory ω = (x0, . . . , xτ ). For k − 1, k 6= M, N

Uk(xτ )− Uk(x0) = Jk−1
H (ω)− Jk

H(ω) (4.4.7)
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At the junctions k = M,N ,

Uk(xτ )+Uk+1(xτ )−Uk(x0)−Uk+1(x0) = Jk−1
H (ω)−Jk+1

H (ω)−Jk
P (ω) (4.4.8)

Similar relations hold for particle conservation. In particular,

Nk(xτ )−Nk(x0) = Jk−1
E − Jk

E (4.4.9)

As a consequence, the steady state average defines the particle current

JE ≡ 〈Jk
E〉 (4.4.10)

independent of k.
In the steady state, (4.4.8) can be rewritten as

〈Jk−1
H 〉 = 〈Jk

P 〉+ 〈Jk+1
H 〉 (4.4.11)

with, from (4.4.7), 〈Jk
H〉 = J1 constant for k = 1, . . . , M − 1 and 〈Jk

H〉 = J2

constant for k = M + 1, . . . , N − 1. Therefore, denoting the Peltier heat at
junction (M,M +1) with JB ≡ 〈JM

P 〉 and at junction (N, 1) with JA ≡ 〈JN
P 〉,

we have

J1 = JB + J2, JA + JB = 0 (4.4.12)

4.4.3. Heat dissipation. The first law of thermodynamics

dU = −dQ + dW (4.4.13)

with dQ the dissipated heat and dW the work done on the system can be
applied to our model by identifying the proper currents. The total energy of
the system

U =
N∑

k=1

Uk (4.4.14)

is not globally conserved, see (4.4.8). The Joule heat is the (electrical) work
done

Wk ≡ EkJ
k
E (4.4.15)

over the bond (k, k+1). As a result, for a path ω = (x0, . . . , xτ ) the variable
dissipated heat over a time-interval [0, τ ] is

Q(ω) ≡
N∑

k=1

Ek Jk
E(ω) +

∑

k=M,N

Jk
P (ω) (4.4.16)

Since each bond (k, k + 1) is assumed attached to a large heat bath, we get
that as a function of the system’s history the total change of entropy in the
environment equals

S(ω) ≡
N∑

k=1

βEkJ
k
E(ω) + βJN

P (ω) + (β + ∆) JM
P (ω) (4.4.17)
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4.5. Entropy production

4.5.1. Driving forces and mean entropy production rate. There
are in fact two driving sources of nonequilibrium: one is the temperature
gradient, the others the electric field. The temperature gradient is installed
by putting different temperatures at the junctions. The electric field models
the presence of an external electric field or more simply, of a battery and the
installation of an electric potential.
In steady state average, the steady entropy current equals the mean entropy
production

〈S〉 = β
∑

k

Ek〈Jk
E〉+ (β + ∆)JB + βJA (4.5.1)

as obtained from (4.4.17). Writing

Ē ≡ 1
N

∑

k

Ek, ∇T ≡ 1
N

(
1

β + ∆
− 1

β
) (4.5.2)

and using the conservation law (4.4.12), we have
1
N
〈S〉 = β

[
Ē JE −∇T JS

]
(4.5.3)

for the entropy source strength per unit length of the wire. The driving
forces are clearly visible: Ē is the gradient of electric potential and ∇T is
the temperature gradient. JS ≡ (β + ∆)JB is the entropy flux into the
reservoir controlling the junction at inverse temperature β + ∆.

The mean entropy production rate σ over a time-interval [0, τ ] is defined as

στ ≡ σ ≡ 1
τ

∫
S(ω) dP τ (ω) =

1
τ
〈S〉 (4.5.4)

and can of course be rewritten from (4.5.3). We have the fundamental result
that it is positive: when not in equilibrium σ > 0, which can be seen as
follows: we compute

R ≡ log
dP τ

dP τθ
(4.5.5)

where θ is the dynamical time-reversal: θω = (xτ−t)τ
t=0. Then, by construc-

tion, ∫
dP τ (ω)e−R(ω) = 1 (4.5.6)

and hence, ∫
dP τ (ω)R(ω) ≥ 0 (4.5.7)

and is non-zero whenever R(ω) is not constant (with P τ -probability one).
The hypothesis “not in equilibrium” refers exactly to that breaking of time-
reversal invariance. The computation of R is an application of the Girsanov
formula (2.1.29) for Markov jump processes

R(ω) = S(ω)− log p(xτ ) + log p(x0) (4.5.8)

and hence the steady state expectations of R and of S coincide. As a result,
(4.5.7) implies the positivity of (4.5.4).
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4.5.2. Fluctuations. Consider again (4.4.17) :

S = S(E, ∆) ≡ S0 +
∑

k

EkJ
k
E + ∆JM

P , S0 ≡ β(JN
P + JM

P ) (4.5.9)

In equilibrium Ek = ∆ = 0 and always 〈S0〉 = 0. The dissipation (4.5.9) is
a fluctuating quantity and we can consider its generating function

Gτ (z) ≡ 〈e−zS〉 (4.5.10)

Clearly Sθ = −S so that by combining with (4.5.5) and (4.5.8), we get

Gτ (z) =
∫

e−(1−z)S(ω) p(xτ )
p(x0)

dP τ (ω) (4.5.11)

From assumption (4.3.9) and for real z that implies the fluctuation symmetry

g(z) = g(1− z), g(z) ≡ − lim
τ→+∞

1
τ

log Gτ (z) (4.5.12)

We can however look in somewhat greater detail to the fluctuations as they
arise from the local currents.

Given numbers γk(e, e′), we write

~γ · ~J ≡
N∑

k=1

∑

e∈Ek, e′∈Ek+1

γk(e, e′)Jk(e, e′) (4.5.13)

For example, with γk(e, e′) = ϕk(e, e′) ≡ Ek + (e − e′)βk, ~ϕ · ~J = S the
entropy current. If we take γk(e, e′) = ϕk

0(e, e
′) ≡ (e− e′)β, then ~ϕ0 · ~J = S0

the equilibrium value defined in (4.5.9).
Consider now the following generating function for the fluctuations of the
currents

g(~γ, ~ϕ) ≡ − lim
τ↑+∞

1
τ

log
[∫

dP τ (ω)e−~γ· ~J(ω)
]

(4.5.14)

The second argument of g (the dependence on ~ϕ) comes of course from the
dependence of the steady state law = dP τ

ρ on the driving parameters. The
limit exists for the relevant choices of (γk(e − e′)) via an application of the
Perron-Frobenius theorem, see e.g. [60]. Moreover,

g(~γ, ~ϕ) = g(~ϕ− ~ϕ0 − ~γ, ~ϕ) (4.5.15)

To see it, we start again from the definition (4.5.5) for R and observe that
for all functions f ,∫

dP τ (ω)f(Θω) =
∫

dP τ (ω)e−R(ω) f(ω) (4.5.16)

We substitute f = exp[~γ · ~J ] and use first that Jk(e, e′)(Θω) = −Jk(e, e′)(ω),
the antisymmetry under time-reversal of the variable currents. On the other
hand, R = S − log p(xτ ) + log p(x0) with

S = (~ϕ− ~ϕ0) · ~J + S0 (4.5.17)

given in (4.4.17) or in (4.5.9) where, as follows from (4.4.7)–(4.4.8), the
equilibrium value

S0(ω) = ~ϕ0 · ~J(ω) = β [U(xτ ))− U(x0)] (4.5.18)
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equals the total change of energy.
For that choice of f

C

∫
dP τe−(~ϕ−~ϕ0)· ~J f ] ≤

∫
dP τe−R f ≤ 1

C

∫
dP τe−(~ϕ−~ϕ0)· ~J f ] (4.5.19)

where we used again (4.3.9). We conclude that after taking the logarithm
and dividing by τ ↑ +∞, R can be substituted with (~ϕ− ~ϕ0) · ~J in (4.5.16)
and the identity (4.5.15) follows immediately.

4.6. Linear response regime

4.6.1. Green-Kubo relations. The steady state average will from
now on be decorated by the field ~ϕ to indicate its dependence on the driving:
〈·〉 = 〈·〉~ϕ. For the equilibrium values ~ϕ0 we write 〈·〉~ϕ0

= 〈·〉0. A general
couple of energy values e ∈ Ek, e′ ∈ Ek+1 is denoted by α = (e, e′), Jk(e, e′) =
Jk

α, ϕk(e, e′) = ϕk(α). In particular, for all α and k,

〈Jk
α〉0 = 0 (4.6.1)

is the zeroth order contribution to the steady currents. The Green-Kubo
relations want to give details about the linear order in ~ϕ around ~ϕ0:

〈Jk
α〉~ϕ =

∑

δ,`

Lα,k;δ,` (ϕ`(δ)− ϕ`
0(δ)) (4.6.2)

up to higher order terms, with

Lα,k;δ,` ≡ ∂

∂ϕ`(δ)
〈Jk

α〉~ϕ=~ϕ0
(4.6.3)

linear transport coefficients.

The following Green-Kubo relation follows directly from (4.5.15):

Lα,k;δ,` =
1
2

lim
τ↑+∞

1
τ
〈Jk

αJ `
δ〉0 (4.6.4)

where one should remember that the currents Jk
α are extensive in τ . Deriving

(4.6.4) proceeds by differentiating the left- and right-hand sides of (4.5.15).
With the notation

Ck
αg(~γ, ~ϕ) ≡ ∂

∂γk
α

g(~γ, ~ϕ) (4.6.5)

Dk
αg(~γ, ~ϕ) ≡ ∂

∂ϕk(α)
g(~γ, ~ϕ) (4.6.6)

and under the condition that the function p in (4.5.14) is smooth, we have
in fact

D`
δC

k
αg(0, 0) = −1

2
C`

δC
k
αg(0, 0) (4.6.7)

which implies (4.6.4). The reasoning above is a detailed reproduction of what
was observed before, e.g. in [29, 60, 70], to derive fluctuation-dissipation
relations from the fluctuation symmetry (4.5.15). One observes that the
Green-Kubo relations (4.6.4) immediately imply the Onsager reciprocity

Lα,k;δ,` = Lδ,`;α,k (4.6.8)
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4.6.2. Reproducing the phenomenological behavior. The above
Green-Kubo relations (4.6.4) are the most detailed forms of linear response
relations. We connect them now with the standard experimental set-up for
the situation of the different thermo-electric effects.

The basic equation is (4.5.3). Though we did not start from a balance equa-
tion for the “close to equilibrium entropy of the system”, (4.5.3) reproduces
exactly equation (61) in Chapter XIII of [38]. The next thing is to linearize
the currents JS and JE around ∇T = Ē = 0. For that we have the Green-
Kubo relations. We can indeed either work from the previous section or,
more directly, use (4.5.16) which says that

〈J〉 =
1
2
〈J(1− e−R)〉 (4.6.9)

for functions J that are antisymmetric under time-reversal, Jθ = −J , like
currents.
We specify to the case where just one of the bonds, pick (k, k + 1), carries
an electric field Ek = EN (proportional to the length of the wire), all others
being exactly zero. That corresponds to the situation where locally in the
wire some external electric power is applied to particles that do not interact
besides exclusion. This may seem unrealistic, but it keeps things manageable
and we expect the results to be equivalent to a more realistic description.
We then have, up to linear order in E and ∆,

lim
τ

1
τ
JS = lim

τ

1
τ

[β(β + ∆)EN

2
〈JM

P Jk
E〉0 +

∆(β + ∆)
2

〈(JM
P )2〉0

]
(4.6.10)

Rewriting that for jS ≡ limτ JS/Nτ (per unit length and per unit time)

js = −L11∇T + L12 E (4.6.11)

with

L11 ≡ β

2
lim
τ

1
τ
〈(JM

P )2〉0

L12 ≡ β(β + ∆)
2

lim
τ

1
τ
〈JM

P Jk
E〉0 (4.6.12)

In the same way,

lim
τ

1
τ
JE = lim

τ

1
τ

[βEN

2
〈(Jk

E)2〉0 +
∆
2
〈Jk

EJM
P 〉0

]
(4.6.13)

so that for jE ≡ limτ JE/Nτ ,

jE = −L21∇T + L22 E (4.6.14)

with

L22 ≡ β

2
lim
τ

1
τ
〈(Jk

E)2〉0

L21 ≡ β(β + ∆)
2

lim
τ

1
τ
〈JM

P Jk
E〉0 (4.6.15)

The Onsager relation L12 = L21 is apparent and hence, if we write the
standard form

jS = −λβ ∇T + π β jE

jE = −v ∇T + R jE (4.6.16)
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we get λβ ≡ L11 − L21L12/L22 for heat conductivity λ, R ≡ 1/L22 is a
resistivity, and the coefficients πβ ≡ L12/L22 and v = −L21/L22 verify the
Thomson relation

v = −π β (4.6.17)

This is equivalent with (4.1.3) where the minus sign originates in the dif-
ferent definition of the currents. The coefficient v is called the differential
thermoelectric power and πβ is the entropy current per electric current when
temperatures are equal, see [38].

4.6.2.1. Seebeck effect. That is the effect of so called thermoelectric power
that can be measured via a thermocouple. We have two different metals with
junctions at temperatures T and T + ε in two heat reservoirs. The point is
that the temperature difference ε 6= 0 generates by itself an electro-motive
force. In other words, we can counterbalance by a non-zero electric field E
and still have zero electric current. It can be measured in various ways, ei-
ther by inserting condensor plates in one of the metals and seeing a potential
difference or by inserting a battery in one of the metals and measuring the
voltage necessary to cancel the electric current.

The simplest realization in our model is again the toy model of Section 4.2.
Instead of thinking of one wire (with M cells each consisting of two energy
levels) we can think of two different wires (each with M cells containing one
energy level). What we have called the energy current in (4.2.5) now becomes
the electric or particle current. We have βA = β, βB = β + ∆. We insert an
electric field of strength NE at the bond (N, 1) (the A−junction). The dif-
ferential thermo-electric power or Seebeck-coefficient can now be computed
by first solving for E the equation

NE βA + βA e = β e (4.6.18)

which cancels the particle current and then putting v = −JE/∇T , cf. (4.6.16).
One easily finds that now

v = −e β (4.6.19)

4.6.2.2. Peltier effect. The Peltier effect is the production/absorption of
heat at the junctions by the presence of an electric current across. Even
without establishing a temperature difference, one generates a heat flow.
The electric current is generated by an electric field or by an established
electro-chemical gradient. To say it differently, to maintain a uniform and
constant temperature throughout the system, absorption of heat from the
reservoir is necessary. That is the Peltier effect used for example to cool an
external device.

Let us again look at the toy model of Section 4.2. By definition, πβ is the
isothermal entropy flux per unit electric current. Since the energy dissipation
into the reservoir at inverse temperature β equals e , we get πβ = eβ.
Comparing with (4.6.19), we see again π β = −v, the Thomson relation.

In the general model particle current and heat current are not proportional
and there is no simple analogue to (4.6.18). Fortunately, the Onsager relation
gives v = −π β automatically.
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4.7. Beyond linear order, final remarks

Despite their general appearance, fluctuation relations like (4.5.12), (4.5.15)
or (4.6.9) are not sufficient to build a systematic perturbation theory for
the physical currents beyond linear order. The reason is that, for say the
second order term in a current, we need to know the linear order for a
time-symmetric observable (the square of the current) and that information
is absent from the fluctuation relations. There are however alternatives.
Instead of going through general procedures, we outline here how for the
model at hand one can compute higher order corrections to (4.6.11) and
(4.6.14). The more systematic expansion can be found in Chapter 5.

As is clear form Section 4.4, all steady state averages of the form 〈J〉 (where
J is some current), can be computed from the steady state average of the
particle current Je,k over a bond (k, k +1) in the bulk. That is directly clear
from (4.4.9) for the electric current J = Jk

E but it also includes J = JM
P the

Peltier current as we can see from (4.4.8). We thus only need to consider
one bond (k, k + 1) and one energy level e ∈ Ek and estimate 〈Je,k〉.
We consider the case where we take a symmetric exclusion hopping process
in the bulk of each line, i.e. , Ek = 0 for k 6= M, N . Due to the symmetric
exclusion the occupation profile on energy level e is linear and the steady
state particle current on that level is exactly given by the difference between
the corresponding occupations at the two junctions in the same sense as
(4.2.5). More precisely, for k = 1, . . . , M − 1

〈Je,k〉 =
Prob[x(e, 1) = 1]− Prob[x(e,M) = 1]

M − 1
(4.7.1)

and similarly for the other bulk bonds. Hence all boils down to getting an
expression for the occupations

Prob[x(e, k) = 1], e ∈ Ek, k = 1,M, M + 1, N (4.7.2)

To proceed, we can take the same strategy as in (4.2.5)–(4.2.8) and suppose
that M,N are sufficiently large so that the occupation numbers are given
by the Fermi-Dirac equilibrium distributions. The driving parameters are
present in these occupations through the different temperatures at the junc-
tions and/or through the shifting of the energy levels by the presence of a
local electric field.
We do not continue giving the details of the computation but it should be
clear that such a computation is more pleasant in the grand-canonical ensem-
ble where the occupations, and hence all currents can be straightforwardly
computed to any given order.





CHAPTER 5

Expanding

5.1. Introduction

The Gibbs formalism of equilibrium statistical mechanics yields general iden-
tities and inequalities involving thermodynamic quantities and correlation
functions. Typical examples include relations between the response of a
system to an external action and the fluctuations in the system of the cor-
responding variable. Away from equilibrium no such general relations exist;
irreversible thermodynamics works close to equilibrium and is mostly limited
to the so called linear response regime.
There has been a general sentiment, that the situation can be improved
by a broader range of thermodynamic and fluctuation relations that would
also be available further away from equilibrium. In what follows we limit
ourselves to the steady state. A fluctuation symmetry for the entropy pro-
duction has been proposed and studied in various contexts. Schematically,
that fluctuation relation goes somewhat like

Prob[S = σ] = Prob[S = −σ] expσ (5.1.1)

where the probability distribution is in the steady state and S denotes the
variable, total change (in dimensionless units) of entropy over a long time
interval [0, τ ]. Symmetries such as (5.1.1) first appeared in [25,30] in the
context of thermostated and smooth dynamical systems where the phase
space contraction is identified with entropy production. A slightly stronger
statement is that

〈fθ〉 = 〈f e−S〉 (5.1.2)

where f is a function of the history ω = (ωt)τ
0 of the system over the time

interval [0, τ ] and θ is the time-reversal, θω = (ωτ−t)τ
0 .

While that symmetry is very generally valid and while the symmetry-identity
is non-perturbative, i.e., not restricted to close to equilibrium situations, so
far its consequences have only been made visible in the derivation of linear
response relations such as those of Green and Kubo, see e.g. [29,35]. We start
by explaining the reason for this in the next section. The bad news is that
while relations such as (5.1.1) or (5.1.2) look very general, their non-trivial
consequences for expansions around equilibrium are necessarily limited to
first order, the linear regime, see also [71]. In Section 5.3 we indicate what is
missing and attempt a thermodynamic meaning for the time-symmetric part
in the space-time action (or Lagrangian over the space-time histories). We
then investigate the consequences on a formal level, introducing the notion
of field-reversal as a crucial counterpart to time-reversal.

99
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The rest of this chapter is devoted to an exploration of these ideas beginning
with the case of Markov jump processes. We give the formal expansion theory
and propose generalizations of Green-Kubo relations, Onsager reciprocity
and minimal entropy production, making use of field-reversal rather then
time-reversal. Then we give some examples that should lead to a better
understanding of the relevance of the time-symmetric part of the action. We
end by discussing the meaning of our results.

5.2. Fluctuation symmetry of the entropy production

No systematic expansion around equilibrium is at all possible from the rela-
tions (5.1.1) or (5.1.2). The reason is simply the following.
If f+ is time-symmetric, f+θ = f+, then (5.1.2) gives

〈f+〉 = 〈f+ e−S〉 (5.2.1)

For small deviations from equilibrium exp−S ' 1−ϕ− ·J− where ϕ denotes
the driving field and J− is the current (we write J− because later we will
introduce the symmetric equivalent J+). As a consequence, in linear order,

〈f+〉 = 〈f+〉 − 〈ϕ− · J− f+〉eq (5.2.2)

and indeed, the product J−f+ is antisymmetric under time-reversal, hence
vanishes under equilibrium expectation (see also Proposition 5.6.7 for a the
precise statement and proof in the context of Markov processes). Conclusion,
(5.2.1) results in the identity 0 = 0 to first order in ϕ− and (5.1.2) gives no
first order term around equilibrium for time-symmetric observables.
The situation is different for time-antisymmetric observables. If f− is anti-
symmetric, f−θ = −f−, then, from (5.1.2),

〈f−〉 =
1
2
〈f− (1− e−S)〉 (5.2.3)

Again, in linear order where we substitute exp−S ' 1− ϕ− · J−

〈f−〉 =
1
2
〈f− ϕ · J−〉eq (5.2.4)

which is the formal equivalent of the Green-Kubo-relation when f− is it-
self a current; then, the right-hand side is a current-current correlation in
equilibrium. Clearly, the second order term requires information about the
first order term of 〈f−J−〉 but that information is lacking because of the
arguments above applied to the time-symmetric observable f+ = f−J−.
We conclude that, even forgetting about all possible technical details related
to an expansion, there is fundamentally no possibility to extract any useful
information from (5.1.2) and hence from (5.1.1) about currents beyond linear
order around equilibrium.

The situation here resembles somewhat that of variational principles that are
sometimes mentioned in the context of nonequilibrium statistical mechanics.
We think of the minimum (or is it maximum?) entropy production prin-
ciple, or of specific forms that have been suggested for steady states: they
are mostly limited to the linear regime because they only inform us about
observables that are antisymmetric under time-reversal.
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5.3. Stochastic Action set-up

From the above remarks, it is clear what is missing. We need information
about the generation of time-symmetric observables. That is made most
visible in a Lagrangian set-up.
Remaining on the level of generalities we can try to construct the probability
distribution PΦ on space-time configurations ω for a nonequilibrium steady
state parametrized by some vector Φ. It is natural to write PΦ in terms of
the corresponding equilibrium distribution P0:

PΦ(ω) = exp[−∆ℵΦ,0(ω)]P0(ω) (5.3.1)

where the density of the nonequilibrium distribution with respect to the
equilibrium distribution is given in terms of a difference in “actions”

∆ℵΦ,0 = ℵΦ − ℵ0 (5.3.2)

unconventionally denoting the action with the Hebrew “Aleph” ℵ to avoid
confusion with the entropy production. The definition (5.3.1) is of course
purely formal and only wants to outline the more specific constructions that
will come later. Also physically, one cannot go too lightly over the choice of
the equilibrium distribution P0 but we momentarily choose to ignore these
issues.
Apart from all other aspects, the main physics question is about ℵ. What
(5.1.2) teaches us is that, the time-antisymmetric part is given (essentially)
by the variable entropy production:

ℵ−Φ(ω) ≡ 1
2
[ℵΦ(θω)− ℵΦ(ω)] =

1
2
SΦ(ω) (5.3.3)

with θ time-reversal. Indeed, (5.3.1) is equivalent with

PΦ(ω) = eSΦ(ω)PΦ(θω) (5.3.4)

where we used that in equilibrium, P0θ = P0 and ℵ0θ = ℵ0 (renormalizing
exp(ℵ0)P0 should yield another equilibrium measure). The form (5.3.4) is
of course equivalent to (5.1.2) and hence implies (5.1.1). In other words,
the source of time-reversal breaking is (essentially) given by the variable
entropy production. That has been confirmed by many physically motivated
examples and models and was also derived in much greater generality [72].
It appears therefore that we must obtain extra information about the time-
symmetric part of the action ℵ+

Φ(ω) = ℵΦ(θω)+ℵΦ(ω) in order to have only
a chance to go beyond linear order in the nonequilibrium response-functions.
It is extremely important to understand here that there is no reason to think
that the nonequilibrium driving would not generate an extra term in ℵ which
is symmetric under time-reversal. Adding a nonequilibrium driving changes
the time-symmetric part in the space-time action which is the reason why
the response functions cannot be generated by the expression for the entropy
production alone.
In Section 5.4.2.1 we will study the symmetric part of the action for an
antisymmetric washboard potential and in Section 5.7 we will work out some
examples in the context of Markovian systems. An alternative approach
could be to directly define an action as proposed in [71]: “The thought arises
therefore whether one could not as well start the business from specifying
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the [action], leaving aside its detailed dynamical origin. After all, also in
equilibrium statistical mechanics one constructs models and theories based
on approximate Hamiltonians, not worrying all the time about the deeply
hidden origins.” We will however not deal with such an approach here.

5.4. The time-symmetric part

In this section, we investigate the time-symmetric part of the action. First
we propose the symmetric equivalent of the fluctuation relation 5.1.2 around
equilibrium with help of the notion of field-reversal. Then we consider the
influence of the time-symmetric part of the action on observables (and vice
versa). With help of an example we clarify this influence. We argue that the
symmetric part will always be non-trivial for non-equilibrium systems. And
finally we introduce a formal generalization of the fluctuation theorem.

5.4.1. The symmetric equivalent of the fluctuation theorem.

Definition 5.4.1: Let P0(ω) be an equilibrium probability distribution and
let PΦ(ω) be any other stationary distribution on the same pathspace parametrized
by Φ such that

PΦ(ω) = exp[−∆ℵΦ,0(ω)]P0(ω) (5.4.1)
then Φ is the bulk or macroscopic field.

Examples of such macroscopic fields could be electromagnetic fields as well
as imposed temperature gradients and particle gradients.
If SΦ and S0 denote the entropy production (or equivalently twice the time-
antisymmetric part of the action S = 2ℵ− = ℵθ − ℵ), then the difference is
denoted

∆SΦ,0 = SΦ − S0 (5.4.2)

Definition 5.4.2: Let π be an involution π2 = 1l acting on Φ such that
leaves the equilibrium field invariant π0 = 0 and such that it changes the sign
of the difference (with equilibrium) in entropy production of each trajectory

∆SπΦ,0(ω) = −∆SΦ,0(ω) (5.4.3)
then π is called field-reversal.

In the case of e.g. an electromagnetical field it will not be hard to reverse
the field so that the entropy production of each trajectory changes its sign,
but for particle gradients and specifically for temperature gradients we need
to be more careful. Intuitively it will be clear that we should consider chem-
ical potential differences ∆µ and inverse temperatures differences ∆β rather
than ‘negative’ chemical potentials or temperatures.
Consider for example the toy-model for the thermoelectric effect of Sec-
tion 4.2 on page 83. The difference in entropy production associated with
a specific trajectory ∆SΦ,0(ω) will consist of two contributions: the parti-
cle current times the thermodynamic field on both sides. Suppose that the
inverse temperature on the left side is β` = β − ∆β and the temperature
on the right side is βr = β + ∆β (set the chemical potentials on the left
and right sides the same), then the entropy production for each trajectory
may be written as ∆S(ω) = e∆β[J−l (ω) − J−r (ω)], where J−` and J−r are
the particle currents at the left and right ends (downward). It is clear that
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letting ∆β → −∆β will cause the entropy for each trajectory to change sign
∆S → −∆S.

Proposition 5.4.3: Symmetric equivalent of the fluctuation theorem.
Let ℵ+

Φ ≡ ℵΦθ+ℵΦ be the time-symmetric part of the action and let π denote
field-reversal then

〈fθ〉πΦ = 〈fe−ℵ
+
πΦ+ℵ+

Φ 〉Φ (5.4.4)

Proof. We use (5.3.1) to obtain

〈fθ〉πΦ = 〈feℵ0−ℵπΦθ〉0 = 〈fe−ℵπΦθ+ℵΦ〉Φ = 〈fe−ℵ
+
πΦ+ℵ+

Φ 〉Φ (5.4.5)

where in the last step we have used ℵ−πΦθ = ℵ−Φ(= 2SΦ) which follows from
Definition 5.4.2 (and (5.3.3)). ¤

The time-symmetric part of the action is relevant because –unlike the time-
antisymmetric– part it allows us to calculate the response coefficients of
symmetric observables as we can see from the following corollary.

Corollary 5.4.4: Let Φ = (Φ1, . . . ,Φi, . . .) denote the vector of bulk fields,
then the symmetric equivalent of the fluctuation theorem may formally be
used to obtain response coefficients of time-symmetric (field independent)
observables f+ = f+θ

∂

∂Φi
〈f+〉Φ |0= 1

2
〈f+ ∂

∂Φi
[ℵ+

Φ − ℵ+
πΦ]0〉0 (5.4.6)

Proof. Differentiating (5.4.4) and its field-inverse around equilibrium,
while using f+ = f+θ, we obtain

∂

∂Φi
〈f+〉πΦ |0= − ∂

∂Φi
〈f+〉Φ |0 (5.4.7)

so that alternatively we may write
∂

∂Φi
〈f+〉Φ |0= 1

2
∂

∂Φi
〈f+[1−e−ℵ

+
πΦ+ℵ+

Φ ]〉Φ |0= 1
2
〈f ∂

∂Φi
[ℵ+

Φ−ℵ+
πΦ]0〉0 (5.4.8)

¤

In the context of Markov chains, we will obtain a more explicit expression for
the derivative of the symmetric part of the action, see Section 5.6.3, Remark
5.6.11.

5.4.2. The symmetric part and observables. We should ask our-
selves whether the occurrence of a time symmetric part in the action is
typically zero or not, or equivalently whether the time-symmetric part of the
action is symmetric under field-reversal. Here we will make some effort to
answer such questions.

Proposition 5.4.5: Let Φ be the field, then the symmetric part of the action
ℵ+(ω) is invariant under reversal of this driving field if and only if for every
observable time-reversal is equivalent with field reversal

ℵ+
Φ(ω) = ℵ+

πΦ(ω) ∀ω ⇔ 〈fθ〉πΦ = 〈f〉Φ ∀f (5.4.9)
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Proof. It follows from Definition 5.4.2 with the properties on time re-
versal of the entropy production that ∆SΦθ = ∆SπΦ. From ℵ+

Φ = ℵ+
Φθ = ℵ+

πΦ
it follows with the symmetric fluctuation theorem (5.4.4) that

〈f〉πΦ = 〈f〉Φ (5.4.10)

The other way around is slightly less direct

〈fθ〉πΦ = 〈f〉Φ ∀f ⇒

〈f e−ℵ
+
πΦ+ℵ+

Φ 〉Φ = 〈f〉Φ ∀f (5.4.11)
since this has to be true for all observables f we may choose the indicator
function of all particular paths as our observables and thus we have

ℵ+
Φ(ω) = ℵ+

πΦ(ω) ∀ω (5.4.12)

¤
Corollary 5.4.6: The converse of Proposition 5.4.5 implies that if one
finds an observable such that there is no symmetry between time-reversal and
field reversal, then the symmetric part of the action must be antisymmetric
under inversion of the macroscopic driving field and therefore at least one of
them is nonzero.

〈f(θω)〉πΦ 6= 〈f(ω)〉Φ ⇒ ℵ+
Φ(ω) 6= 0 ∨ ℵ+

πΦ(ω) 6= 0 (5.4.13)

Corollary 5.4.6 provides us with a first clue to the relevance of the time-
symmetric part. A trite example where breaking of this symmetry occurs
and hence ℵ must have a nonzero symmetric part, is the flow of gas or fluid
through a cylindrical tube under influence of a pressure difference Φ = ∆p.
There one observes for small pressure differences (the linear regime) a laminar
flow and hence one cannot distinguish between reversal of time and reversal
of the field or pressure difference.
At higher pressure differences however, the laminar pattern breaks up into
a turbulent pattern through frictious interaction with the cylinder wall and
therefore the symmetry between time reversal and reversal of the field is
broken, leading us to conclude that ℵ must have a time-symmetric part due
to the friction between the gas or fluid and the wall.
Internal friction also leads to breaking of this symmetry since if one considers
a frictionless wall but places an object in the flow (also frictionless) then
also at high pressure differences a laminar flow pattern will still break up
into a turbulent flow pattern due to internal friction or viscosity. See also
Section 5.7.4 for examples of a Markov process that are caricatures of these
situations.

5.4.2.1. An example: A single particle in a stochastic tilted washboard
potential. Consider a single particle with mass m = 1 in a one dimensional
washboard potential ‘tilted’ with gradient Φ, with local minima Vmin(x) =
Φx at x = n and local maxima Vmax(x) = Φx + Vr at x = r + n with n ∈ N
and 0 < r < 1, see Figure 5.4.1.
In between the minima the particle will move according to a regular Hamil-
tonian dynamics, but all the minima are connected to a heat bath with
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Figure 5.4.1. Asymmetric ‘tilted’ washboard potential.
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inverse temperature β such that whenever the particle reaches a local mini-
mum (exactly) it will thermally equilibrate and thus obtain a new momen-
tum p (and associated kinetic energy Tk = 1

2mp2) according to a thermal
distribution

P (Tk > T ) = exp−βT (5.4.14)

The probabilities that the particle will have enough momentum to overcome
the barrier to either the left or the right of the local minimum the particle
originates from are given by

Pesc,Φ(R → L) =
1
2

exp[−β(Vr − Φ(1− r))] (5.4.15)

Pesc,Φ(L → R) =
1
2

exp[−β(Vr + Φr)] (5.4.16)

Due to the fact that the probabilities are translationally invariant we only
need consider a single transition. Since time-reversal for a single transition
simply reverses the direction of the jump: θ(L → R) = (R → L), it follows
that the entropy produced from right to left (along the gradient) is the ratio
of these probabilities

∆SΦ(R → L) = ln
Pesc,Φ(R → L)
Pesc,Φ(L → R)

= βΦ (5.4.17)

We see from (5.4.17) that field-reversal would here simply be π : Φ → −Φ.
If we now take the probabilities to make the transition from right to left as
our observable, then it follows with (5.4.15) and (5.4.16) that

Pesc,Φ(θ(R → L)) = Pesc,−Φ(R → L) ⇔ r =
1
2
∨ Φ = 0 (5.4.18)

and hence if r 6= 1
2 the time reversal is not equivalent with reversal of the

gradient and thus it follows with Corollary 5.4.6 that the stochastic action
ℵ contains a non-trivial symmetric part.

5.4.3. Nonequilibrium systems have an non-trivial symmetric
part in the action.

Corollary 5.4.7: Let pf−(θω) = −pf−(ω) be an observable that is anti-
symmetric under time-reversal and whose expectation value is non-negative
〈pf−〉Φ ≥ 0. Then a direct consequence of Proposition 5.4.5 is that the ex-
pectation value of such an observable is zero when the time-symmetric part
of the action is symmetric under field-reversal
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ℵ+
Φ(ω) = ℵ+

πΦ(ω) ⇒ 〈pf−〉Φ = 0 (5.4.19)

Proof. From Proposition 5.4.5 we have
〈pf−(θω)〉Φ = 〈pf−(ω)〉πΦ (5.4.20)

By positivity of the observable we have
0 ≥ −〈pf−(ω)〉Φ = 〈pf−(ω)〉πΦ ≥ 0 (5.4.21)

from this the Corollary follows. ¤

5.4.4. A formal generalization of the fluctuation theorem. As
we have seen above, field-reversal plays a prominent role when we consider
the time-symmetric part. Here we take that role to the extreme by defining a
generalization of the field-reversal: field-reversal with respect to an arbitrary
reference field Φ0 and then giving a formal equivalent of the fluctuation
theorem for such an arbitrary reference field.

We define the difference between an action and a reference action as

∆ℵΦ,Φ0(ω) ≡ ℵΦ(ω)− ℵΦ0(ω) (5.4.22)

Let Φ0 be some reference field then we may write

PΦ(ω) = exp[−∆ℵΦ,Φ0(ω)]PΦ0(ω) (5.4.23)

Definition 5.4.8: Let Φ0 be a reference field and let π̃ be an involution
π̃2 = 1l acting on Φ such that it leaves the reference field invariant π̃Φ0 = Φ0
and moreover

∆Sπ̃Φ,Φ0(ω) = −∆SΦ,Φ0(ω) (5.4.24)
then π̃ is field-reversal with respect to the reference field Φ0.

Proposition 5.4.9: Generalized fluctuation theorem.
Let π̃denote the field-reversal operator with respect to Φ0 then

〈f〉π̃Φ = 〈f eℵΦ−ℵπ̃Φ〉Φ (5.4.25)

Proof. We use (5.3.1) and (5.4.23) to obtain

〈f〉π̃Φ = 〈fe−∆ℵπ̃Φ,π̃Φ0 〉Φ0 = 〈fe−ℵπ̃Φ+ℵΦ〉Φ (5.4.26)
where in the last step we have used ∆ℵπ̃Φ,π̃Φ0 = ℵπ̃Φ − ℵΦ0 which follows
from (5.4.22) and Definition 5.4.8. ¤

The above proposition states that the antisymmetric part of the action with
respect to field-reversal, rather than the entropy production, is the observable
that may tell us what systems behave like when perturbed. Of course, the
generalized fluctuation theorem displayed above is only extremely formal
now, but in the context of Markov processes we may obtain a more concrete
perspective on it, including reasons to consider it a generalization of the
fluctuation theorem.

5.5. Markov processes

In this section we make a setup for Markov processes which we will use in
the following sections to make considerations following the statements of the
previous section.
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5.5.1. Local detailed balance Markov process. For some Markov
process with finite state space X let ν be some (equilibrium) Gibbs measure
on this state space. We define a generalized relative Gibbs measure between
states x and x′ ∈ X

ν(x, x′) = ν(x′)[ν(x′)ν(x)]−`x,x′ 0 ≤ ` ≤ 1 (5.5.1)

where we call `x,x′ = `x′,x the ‘locality’ of the potential between states x and
x′.

For a transition α = (x, x′), let θα = (x′, x) be the inverted transition. Define
rates

rϕα(α) = ν(α) exp[ϕ−α + ϕ+
α ] (5.5.2)

where ϕ−α = −ϕ−θα is the antisymmetric microscopic forcing field, and ϕ+
α =

ϕ+
θα is the symmetric microscopic barrier field. The forcing field for a tran-

sition could for instance be the result of an electrical field (ϕ−α = E) or
by a particle or inverse temperature difference with respect to some equi-
librium chemical potential or inverse temperature respectively (ϕ−α = ∆µ
or ϕ−α = ∆β respectively). The barrier field could be the consequence of
for instance a magnetic field , or (ϕ+

α = M) or it may depend on the the
nature of the “macroscopic driving field” as is argued for specific examples
in Sections 5.7.1 and 5.7.2.
Note that it is always possible to make the transformation ν(x, x′) → ν(x′)
if we simultaneously transform ϕ+ → ϕ+ − `x,x′ ln[ν(x′)ν(x)], or vice versa
(for any 0 ≤ `x,x′ ≤ 1), but from here on we will no longer bother with this
“locality of the potential” `x,x′ .
If ϕ−α = 0, ∀α then we get the detailed balance condition (we now use lower
case for the fields because they refer to microscopic fields, in general they will
be function of the macroscopic field ~ϕ = ~ϕ(Φ)). From the forcing field ϕ−α ,
we may define the microscopic entropy production in some external reservoirs
attached to the associated transition

s(α) = 2ϕ−α (5.5.3)

On the other hand, we will define the microscopic width for a transition as
the field that aids the transition indiscriminately of the direction

w(α) = 2ϕ+
α (5.5.4)

For the process constructed by the rates (5.5.2), we consider on pathspace
Ω = XR+ the path-space measure P~ϕ : Ω → [0, 1] on paths ω = {xt}τ

0 and
define the associated average of some observable on paths F (ω)

〈F 〉~ϕ =
∫

Ω
dP~ϕ(ω)F (ω) (5.5.5)

In particular, we define the flow for a transition α as

kα(β) = δα,β (5.5.6)

where δα,β is the Kronecker delta. From it with kθα(β) = kα(θβ) the reverse
transition counter we define the antisymmetric current over a transition

j−α (β) = kα(β)− kα(θβ) (5.5.7)
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and the symmetric traffic over a transition

j+
α (β) = kα(β) + kα(θβ) (5.5.8)

We now use as a notational convention capitals for observables that are
extensive in time and lower case for observables that are not, see also Section
2.1.4.5 regarding this notation

J±α (ω) =
∑

t

j±α (ωt) (5.5.9)

where the sum is over all jump times. We find that

S~ϕ(ω) =
∑

t

s(αt) =
∑
α

2ϕ−α J−α (ω) = 2~ϕ− · ~J−(ω) (5.5.10)

W~ϕ(ω) =
∑

t

w(αt) = 2~ϕ+ · ~J+(ω) (5.5.11)

by which we have defined a scalar product over transitions.

For convenience, we also define the density of a state for a path

ρx(ω) ≡
∫ τ

0
δxt,xdt (5.5.12)

and the expected-total-amount-of-transitions-given-the-path or the activity

A~ϕ(ω) =
∑

x λ~ϕ(x)ρx(ω) = ~λ~ϕ · ~ρ(ω) (5.5.13)

where λ~ϕ(x) =
∑

y r~ϕ(x, y) is the escape rate. Another observable will prove
useful, we will dub it the expected current/traffic given the path

〈J±α |ω〉~ϕ ≡ [r(α)ρx(α)(ω)± r(θα)ρx(θα)(ω)] (5.5.14)

so that by combining (5.5.13)-(5.5.14) we may write

A~ϕ(ω) =
∑
α

〈J+
α |ω〉~ϕ (5.5.15)

5.5.2. Time-reversal and field-reversal. The time reversal of a path
θ is defined as

θω = {xτ−t}τ
0 (5.5.16)

the associated operator θ works on observables on paths and is given by

Fθ(ω) = F (θω) (5.5.17)

It follows with (2.1.24) that for observables (on paths) that originate from
observables on states that

Fxθ = Fx (5.5.18)
so that the expected activity is time-reversal invariant

A~ϕ(θω) = A~ϕ(ω) (5.5.19)

also the expected current and traffic are both time reversal invariant

〈J±α |θω〉~ϕ = 〈J±α |ω〉~ϕ (5.5.20)
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For observables that originate from observables on transitions, on the other
hand, it depends on the relevant observable

F~αθ(ω) =
∑

t

f~α(θαt) =
∑

t

fθ~α(αt) (5.5.21)

Since jα(θβ) = −jα(β) it follows that the entropy production is antisymme-
tric under time reversal

S~ϕθ = −S~ϕ (5.5.22)

whereas iα(θβ) = iα(β) so it follows that the width (W ) of a path is sym-
metric under time-reversal

W~ϕθ = W~ϕ (5.5.23)

We would also like to introduce the notion of field-reversal that does not work
on paths but rather on the level of observables and more importantly on the
level of the pathspace density. As we have already seen the microscopic
fields consists of an antisymmetric and a symmetric field ~ϕ = (~ϕ−, ~ϕ+). Let
~ϕ0 denote the initial field around which we wish to perturb with a field
~ϕ = ~ϕ0 + ∆~ϕ and let f(~ϕ) be some field dependent observable, then we
denote the field-reversal operator around ~ϕ0 as

π~ϕ0
〈f(~ϕ0 + ∆~ϕ) 〉~ϕ0+∆~ϕ = 〈f(~ϕ0 −∆~ϕ) 〉~ϕ0−∆~ϕ (5.5.24)

Let us also define the symmetric and antisymmetric parts of the expected
activity and the expected current/traffic with respect to field-inversion anal-
ogously to what we did before with time-reversal

Aa
π~ϕ0

≡ 1
2
(1− π~ϕ0

)A~ϕ (5.5.25)

〈J±α |·〉sπ~ϕ0
≡ 1

2
(1 + π~ϕ0

)〈J±α |·〉 (5.5.26)

Using definitions (5.5.10)-(5.5.13) we obtain

(1− π~ϕ0
)S = 4∆~ϕ− · ~J− (5.5.27)

(1− π~ϕ0
)W = 4∆~ϕ+ · ~J+ (5.5.28)

5.5.3. Radon-Nikodým derivative. We define the logarithm of the
Radon-Nikodým derivative with respect to some reference field ~ϕ0:

∆ℵ̃~ϕ,~ϕ0
(ω) ≡ log

dP~ϕ

dP~ϕ0

(ω) (5.5.29)

Note that ∆ℵ̃~ϕ,~ϕ0
(ω) = 0 when ~ϕ = ~ϕ0. With (2.1.29) it follows that

∆ℵ̃~ϕ,~ϕ0
(ω) = ∆ℵ~ϕ,~ϕ0

(ω) + log p~ϕ(x0)− log p~ϕ0
(x0) (5.5.30)

with p~ϕ(x0) the probability of the initial state of the path x0, and with

∆ℵ~ϕ,~ϕ0
(ω) =

∑
t

log
r~ϕ(αt)
r~ϕ0

(αt)
−

∫ τ(ω)

0
[λ~ϕ(xt)− λ~ϕ0

(xt)]dt (5.5.31)



110 5. EXPANDING

where ∆ℵ~ϕ,~ϕ0
(ω) is to some extent the equivalent of the action ℵΦ(ω) in

(5.3.1), or more precisely it is the equivalent of ∆ℵΦ,Φ0(ω) in (5.4.23).
With ∆ℵ~ϕ,~ϕ0

= ℵ~ϕ − ℵ~ϕ0
and (5.5.32)-(5.5.13) it follows that

ℵ(ω) =
1
2
S(ω) +

1
2
W (ω)−A(ω) (5.5.32)

Note that ℵ− = ℵ − ℵθ = S and ℵ+ = ℵ+ ℵθ = W − 2A.

In the limit for long paths τ → ∞ the contributions of the initial and end
states of the paths log p~ϕ(x0) − log p~ϕ0

(x0) will vanish because they do not
grow with τ contrary to the other parts in ∆ℵ̃~ϕ,~ϕ0

, so we suppose that

lim
τ→∞∆ℵ̃~ϕ,~ϕ0

→ ∆ℵ~ϕ,~ϕ0
(5.5.33)

From here on, as a matter of convenience, we will –without further mentioning–
always take the limit τ →∞.

For any observable F we then have

〈F 〉~ϕ = 〈Fe∆ℵ~ϕ,~ϕ0 〉~ϕ0
(5.5.34)

5.5.4. Generating function. We define here some differential opera-
tors that are convenient for use with the generating function (5.5.38) to be
introduced in a moment.

C ·
α =

∂

∂γ·α
(5.5.35)

D·
α =

∂

∂ϕ·α
(5.5.36)

E =
∂

∂ε
(5.5.37)

where the dots (·) may indicate whether the derivative is with respect to the
symmetric or antisymmetric field.

Lastly, we define the generating function gF for some observable F :

gF (ε,~γ, ~ϕ) = lim
τ

1
τ

ln
[∫

dP τ
~ϕeεF+~γ·[ ~D+ ~Dℵ]1l

]
(5.5.38)

5.6. Expansion

5.6.1. Formal expansion and useful properties. We begin with the
following useful lemma:

Lemma 5.6.1: Let F be an observable on paths and ~α = (α1, . . . , αn) be
a vector of transitions with ~sg = (±, . . . ,±) the signs associated with the
transitions and let D~sg

~α =
∏n

i=1 D±
αi

then with definitions (5.5.35)-(5.5.38) we
have

[D~sg
~α E log〈eεF 〉]ε=0, ~ϕ0

= C ~sg
~α E(gF )(0,~0, ~ϕ0) (5.6.1)



5.6. EXPANSION 111

Proof. Using (5.5.34) we find

[D~sg
~α 〈f〉]~ϕ0

= 〈f [D~sg
~α e∆ℵ~ϕ,~ϕ0 ]~ϕ0

〉 (5.6.2)

Let D~sg
~α = D±

α D~sg′
~α′ and let X~α ≡ e−∆ℵ~ϕ,~ϕ0D±

~α e∆ℵ~ϕ,~ϕ0 then

X~α = [D±
α + D±

αℵ~ϕ]X~α′ (5.6.3)

It follows by recursion and X0 = 1l that:

X~α =
[ n∏

i=1

[D±
αi

+ D±
αi
ℵ~ϕ]

]
1l (5.6.4)

Combining this with the definition of g (5.5.38) and the fact that ∆ℵ~ϕ0,~ϕ0
= 0

we get (5.6.1). ¤

This Lemma has the following direct use with respect to expansions

Corollary 5.6.2: From Lemma 5.6.1 it follows that for any field indepen-
dent observable f we have

[D~sg
~α 〈f〉]~ϕ0

= 〈f
[∏

α

[D±
α + D±

αℵ~ϕ]1l
]

~ϕ0

〉 (5.6.5)

Remark 5.6.3: The following identities (that follow from (5.5.14)-(5.5.15)
and (5.5.36)) are helpful

D±
αA~ϕ(ω) = 〈J±α |ω〉~ϕ (5.6.6)

D−
β 〈J−α |·〉~ϕ = δα,β〈J+

α |·〉~ϕ D−
β 〈J+

α |·〉~ϕ = δα,β〈J−α |·〉~ϕ (5.6.7)

D+
β 〈J−α |·〉~ϕ = δα,β〈J−α |·〉~ϕ D+

β 〈J+
α |·〉~ϕ = δα,β〈J+

α |·〉~ϕ (5.6.8)

We see that differentiating the state-observable 〈J+|·〉is like multiplying the
plus and minus signs and higher order derivatives are only non-zero when
they involve the same state. With the above identities some more may be
derived with use of Corollary 5.6.2 using the unit as an observable

0 = D±
α 〈1〉 = 〈J±α − 〈J±α |·〉〉 = 〈∆J±α 〉 (5.6.9)

0 = D±,±
α,β 〈1〉 = 〈∆J±α ∆J±β − δα,βJ+

α 〉 (5.6.10)

0 = D±,∓
α,β 〈1〉 = 〈∆J±α ∆J∓β − δα,βJ−α 〉 (5.6.11)

where we have for convenience introduced the notation
∆J±α ≡ J±α − 〈J±α |·〉 (5.6.12)

Claim 5.6.4: We have the following equalities

〈J+
α 〉~ϕ = 〈〈J+

α |ω〉~ϕ〉~ϕ = 〈(∆J±α )2〉~ϕ (5.6.13)
〈J−α 〉~ϕ = 〈〈J−α |ω〉~ϕ〉~ϕ = 〈∆J−α ∆J+

α 〉~ϕ (5.6.14)

Proof. Claim 5.6.4 follows immediately from Identities (5.6.9)-(5.6.11).
¤

Proposition 5.6.5: Let D±
α = ∂

∂ϕ±α
= ∂

∂ϕ±α,0+∆ϕα
denote the derivative with

respect to the microscopic driving or barrier field of transition α, then

D±
αAa = 〈J±α |·〉s D±

α 〈J±β |·〉s = δα,β〈J±α |·〉a (5.6.15)
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Proof. The definition of the field-antisymmetric activity is given by
(5.5.25)

Aa =
1
2
(1− π~ϕ0

)A (5.6.16)

Using Remark 5.6.3 we have the following

D±
αA = 〈J±α |·〉 (5.6.17)

to enable us to differentiate an observable on which field reversal is acting
we define

D±
α π~ϕ0

≡ ∂

∂[ϕ±α,0 −∆ϕ±α ]
(5.6.18)

so that we get
D±

α π~ϕ0
A = −π~ϕ0

D±
αA (5.6.19)

where we have made no use of the properties of A so that the same logic
works for 〈J |·〉. With definitions (5.5.25)-(5.5.26) the proposition follows. ¤

Proposition 5.6.6: Let f be an observable (not a operator), then the expec-
tation value in ~ϕ0 of the field-symmetric part around ~ϕ0 is the expectation of
the observable itself, whereas the expectation value in ~ϕ0 of the antisymmetric
part is zero

〈fAs
π~ϕ0

〉~ϕ0
= 〈fA〉~ϕ0

〈fAa
π~ϕ0

〉~ϕ0
= 0 (5.6.20)

〈f〈J±|·〉sπ~ϕ0
〉~ϕ0

= 〈f〈J±|·〉〉~ϕ0
〈f〈J±|·〉aπ~ϕ0

〉~ϕ0
= 0 (5.6.21)

Proof. The expectation in ~ϕ0 reduces the field-inversion operator to
unity π~ϕ0

→ 1, with this and definitions (5.5.25)-(5.5.26) the statement
follows immediately. ¤

5.6.2. The fluctuation theorem. Let us denote equilibrium by ~ϕ = ~0
although strictly speaking this means only that ~ϕa = ~0. Expanding around
equilibrium allows for some simplification since in equilibrium the pathspace
measure of a path is the same as for its time reverse

dP~0(ω) = dP~0(θω) (5.6.22)

Because of this, the expectation value (under the stationary pathspace mea-
sure) only of observables (or part thereof) that are symmetric under time-
reversal may yield nonzero results.

Proposition 5.6.7: Let F a be an observable that is antisymmetric under
time-reversal: F a(ω) = −F a(θω); then it follows that 〈F a〉~0 = 0.

Proof. With the properties on time-reversal around equilibrium we
have∫

Ω
F (ω)dP0(ω) =

∫

Ω
F (θω)dP0(θω) = −

∫

Ω
F (ω)dP0(θω) = −

∫

Ω
F (ω)dP0(ω)

(5.6.23)
so that the expectation value must be zero. ¤

Proposition 5.6.8: For α 6= β we have 〈〈J−α |·〉~0〈J−β |·〉~0〉~0 = −〈J−α J−β 〉~0.

Proof. This follows immediately by applying Proposition 5.6.7 to Iden-
tity 5.6.10. ¤
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5.6.3. Generalized Fluctuation relations.

Theorem 5.6.9: Fluctuation dissipation.
Let f be an observable and let θ be time reversal then

〈fθ〉 = 〈f e−S〉 (5.6.24)

Proof. Because in equilibrium the pathspace measure is invariant under
time reversal dP~0(ω) = dP~0(θω) we have

dP~ϕ(ω) =
dP~ϕ

dP~0

(ω)
dP~0

dP~ϕ
(θω)dP~ϕ(θω) (5.6.25)

Using (5.5.33) and (5.5.32) and properties (5.5.19)-(5.5.23) we derive

dP~ϕ

dP~0

(ω)
dP~0

dP~ϕ
(θω) = exp[∆ℵ~ϕ,~ϕ0

(ω)−∆ℵ~ϕ,~ϕ0
(θω)] = expS(ω) (5.6.26)

With this and (5.5.22) the statement of the theorem follows ¤

With the generating function

g−~0 (η) = lim
τ

1
τ

log
[∫

dP τ
~ϕe−ηS

]
(5.6.27)

Theorem 5.6.9 may also be expressed as

g−~0 (η) = g−~0 (1− η) (5.6.28)

Proposition 5.6.10: Symmetric analogue of the Fluctuation dissipation the-
orem.
Let f be an observable and let π invert both time and the antisymmetric
driving field, then

π~0〈fθ〉~ϕ = 〈f eW−Aa
π~0〉~ϕ (5.6.29)

where we have used the notation of (5.5.24).

Proof. Because in equilibrium the pathspace measure is invariant under
time reversal: dP~0(ω) = dP~0(θω), we have

dP−~ϕ(ω) =
dP−~ϕ

dP~0

(ω)
dP~0

dP~ϕ
(θω)dP~ϕ(θω) (5.6.30)

Using (5.5.33) with (5.5.32) and properties (5.5.19)-(5.5.23) we derive

dP~ϕ

dP~0

(ω)
dP~0

dP−~ϕ
(θω) = exp[∆ℵ~ϕ,~ϕ0

−∆ℵ−~ϕ,~ϕ0
(θω)] = exp[W −Aa

π~0
] (5.6.31)

With this and (5.5.19) and (5.5.23) the statement of the theorem follows. ¤

With the generating function

g+
~0

(η) = lim
τ

1
τ

log
[∫

dP τ
~ϕeη[W−Aa

π~0
]] (5.6.32)

Proposition 5.6.10 may also be expressed as

g+
~0

(η) = g+
~0

(1− η) (5.6.33)
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Remark 5.6.11: The perturbation of a symmetric observable around equi-
librium.
Let f+θ = f+ be an observable that is symmetric under time-reversal, the
linear response coefficient is then given by

D±
α 〈f+〉~ϕ |~0= 〈f+∆J± 〉~0 (5.6.34)

Proof. With use of Proposition 5.6.10 we may derive

D±
α 〈f+〉~ϕ |~0=

1
2
D±

α

〈
f+

[
exp[−W +Aa

π~0
]− 1

]〉
~ϕ
|~0 (5.6.35)

From Proposition 5.6.5 it follows that D±
αAa

π~0
|~0= 2〈J±α |·〉~0. Using Propo-

sition 5.6.7 and by applying the relevant identity of Remark 5.6.3 we get
(5.6.34). Of course this is really only a affirmation of Corollary 5.6.2. ¤

Theorem 5.6.12: Generalized Fluctuation Dissipation theorem.
Let f be a field independent observable and π~ϕ0

〈f〉~ϕ0+∆~ϕ = 〈f〉~ϕ0−∆~ϕ be the
involution that reverses the field around ~ϕ0, and let ℵa ≡ 1

2(1−π~ϕ0
)ℵ denote

the antisymmetric part of the action under field reversal then

π~ϕ0
〈f〉 = 〈f eℵ

a〉 (5.6.36)

Proof. Using the Girsanov formula (2.1.29) and (5.5.29)-(5.5.32) with
(5.5.33) we have

π~ϕ0
〈f〉~ϕ0+∆~ϕ = 〈f〉~ϕ0−∆~ϕ = 〈f e(1−π~ϕ0

)∆ℵ~ϕ,~ϕ0 〉~ϕ0+∆~ϕ (5.6.37)

Using 1
2(1− π~ϕ0

)ℵ~ϕ0
= 0 and 1

2(1− π~ϕ0
)ℵ~ϕ = ℵa the theorem follows. ¤

Note that by using (5.5.25)-(5.5.28) we may write

ℵa = 2∆~ϕ− · ~J− + 2∆~ϕ+ · ~J+ − 2Aa (5.6.38)

With the generating function

g~ϕ0
(η) = lim

τ

1
τ

log
[∫

dP τ
~ϕe−ηSa]

(5.6.39)

Theorem 5.6.12 may also be expressed as

g~ϕ0
(η) = g~ϕ0

(1− η) (5.6.40)

5.6.4. Generalized Green-Kubo relations and Onsager reciproc-
ities. The Green-Kubo relations and associated Onsager reciprocity rela-
tions (around equilibrium) are associated with the fluctuation theorem as
was demonstrated in Section 4.6.1 on page 94. In this section we con-
sider (a rewriting of) the generalization of the generating function (5.6.39)
and see how we may naturally obtain the known results by using the field-
antisymmetrical activity Aa rather than the entropy production as the piv-
otal observable.

First of all, we rewrite the generating function (5.6.39) along the line of
(4.5.14) on page 93

g~ϕ0
(ψ; ~ξ;∆~ϕ) ≡ − lim

τ

1
τ

log
[∫

dP τ
~ϕe−2~ξ· ~J+2ψAa]

(5.6.41)
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where we have introduced the notation

ξα = (ξ−α , ξ+
α ) = (η∆ϕ−α , η∆ϕ+

α ) (5.6.42)
~J = ( ~J−, ~J+) (5.6.43)

so that the generalized fluctuation theorem (5.6.12) or equivalently (5.6.40)
is now expressed as

g~ϕ0
(ψ; ~ξ;∆~ϕ) = g~ϕ0

(1− ψ; ∆~ϕ− ~ξ;∆~ϕ) (5.6.44)

Now we define the differential operators associated with ~ξ and ψ

Ξ±α ≡
∂

∂ξ±α
Ψ ≡ ∂

∂ψ
(5.6.45)

The generating function (5.6.41) is rightfully a generating function because
for instance

Ξ±α (g~ϕ0
)(0;~0;∆~ϕ) = 2〈J±α 〉~ϕ (5.6.46)

With (5.6.46) and using that 〈∆J±α 〉 = 0 we find after some calculation

D±
β Ξ±α (g~ϕ0

)(0;~0;~0) = 4〈J±α ∆J±β 〉~ϕ0

in correspondence with Corollary 5.6.2 (the additional factor 2 stems from
the fact that we here have a range of 2∆~ϕ around ~ϕ0) but as we can see the
observable is only Onsager reciprocal when we observe 〈J−〉 around equili-
brium.

With the generating function (5.6.41) we may derive an observable that is
always zero in the initial field ~ϕ0but nontrivial for general ~ϕ (just like 〈J−α 〉
is zero in the initial field ~0 and nontrivial for other fields ~ϕ)

Ψ(g~ϕ0
)(0;~0; ∆~ϕ) = 2〈Aa

π~ϕ0
〉~ϕ (5.6.47)

where Aa
π~ϕ0

is the antisymmetric part of A with respect to field-reversal
around ~ϕ0. Differentiating with respect to the field and using 〈∆J±〉 = 0 we
get

D±
α Ψ(g~ϕ0

)(0;~0;∆~ϕ) = 〈4∆J±α Aa
π~ϕ0

+ 2〈J±α |·〉sπ~ϕ0
〉~ϕ (5.6.48)

so we have an observable whose expectation value in the initial field is the
current/traffic

D±
α Ψ(g~ϕ0

)(0;~0;~0) = 2〈J±α 〉~ϕ0
(5.6.49)

The second derivative –which for obvious reasons obeys Onsager reciprocity
of α with respect to β– becomes

D±,±
α,β Ψ(g~ϕ0

)(0;~0;∆~ϕ) =

8〈(∆J±α ∆J±β + δα,β)Aa
π~ϕ0

〉~ϕ+

+ 4〈∆J±α 〈J±β |·〉sπ~ϕ0
+ ∆J±β 〈J±α |·〉sπ~ϕ0

〉~ϕ+

+ 2δα,β〈〈J±∗α |·〉aπ~ϕ0
〉~ϕ (5.6.50)

where the ∗ indicates that that ±-sign is not in ‘phase’ with the other ±-signs
but rather as determined by the product rules discussed in Remark 5.6.3.
If we now set ∆~ϕ = 0 then we get

D±,±
α,β Ψ(g~ϕ0

)(0;~0;~0) = 4〈∆J±α 〈J±β |·〉+ ∆J±β 〈J±α |·〉〉~ϕ0
(5.6.51)
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which may be interpreted as a generalized Green-Kubo formula that obeys
Onsager reciprocity. Moreover if we set the initial field to equilibrium ~ϕ0 = ~0,
differential with respect two antisymmetrical fields and use Propositions 5.6.7
and 5.6.8 then we get the regular Green-Kubo formula

D−,−
α,β Ψ(g~0)(0;~0;~0) = 8〈J−α J−β 〉~0 (5.6.52)

(the factor two comes from the additional differentiation). For this reason
we would like to argue that the field-derivatives of the antisymmetric part
of the activity (with respect to some initial field ~ϕ0) may be interpreted as
generalized Green-Kubo formulas with associated generalized Onsager reci-
procity. The shift in thinking needed to make this possible is to consider the
field-antisymmetric part of the activity Aa as the relevant observable rather
than the entropy production S or the associated currents J−α . Of course the
question rises to what extent A may be thought of as a current, but as is
apparent from (5.5.13)-(5.5.15) its expectation value is the sum of all flows
or equivalently of all traffic 〈A〉 =

∑
α〈J+

α 〉.
It should be noted that Andrieux and Gaspard have recently propose general-
izations of the Onsager reciprocities from a slightly different perspective [2].
There it was considered how the lack of Onsager reciprocity for the higher or-
der response coefficients of the currents J−α could be ‘repaired’ by subtracting
the part that breaks the symmetry. This is different from the generalization
we have sought here: instead asking how to ‘repair’ the lack of reciprocity
for the response coefficients of the currents we have asked what observable
would have general Onsager reciprocity rather than the currents.

5.6.5. Minimal entropy production?

5.6.5.1. The minimal entropy production principle. The principle of min-
imum entropy production was first formulated by Prigogine [87] and was
generalized for continuous systems by Mazur [78], but also criticized for its
usefulness and validity [47]. The idea is that when a system is out of equi-
librium because a certain gradient is imposed, other gradients may settle in
the system. The minimum entropy production principle states that in the
linear regime there exist gradients that may settle such that they produce
no entropy themselves and moreover that they minimize the total entropy
production. This is a consequence of the Onsager reciprocity relations. Be-
cause we have derived generalized Onsager reciprocity relations, it will be
interesting to see whether we are now able to derive a generalization of the
minimal entropy production principle. First we give the minimal entropy
production principle in the above introduced context of Markov processes.

In linear order around equilibrium, the entropy production may be expressed
as

〈S〉 =
∑

i

sαi〈J−αi
〉 =

1
2

∑

i,j

ϕ−αi
ϕ−αj

Lαi,αj + h.o.t. (5.6.53)

where Lγ,δ = 1
2〈J−γ J−δ 〉~0 are the linear response coefficients and we have

used definition (5.5.3). Suppose that we have some transitions ~αk for which
there are imposed fixed microscopic driving fields ϕ−α and suppose that on
the other hand we have transitions β for which the driving fields ϕa

β may
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vary. Of course, setting all the ϕa
β = 0 would yield 〈Sα〉 = 0 ∀α but we may

set the ϕa
β nontrivial such that they cancel the currents over the respective

transitions so that in another way 〈Sα〉 = 0, as a bonus the total entropy
production is then minimized because the effective resistance as seen from
the β-transitions will have increased. To see this, differentiate the entropy
production (5.6.53) with respect to one of the ϕa

α and set it zero so the
minimum of the entropy production is obtained

0 = D−
α 〈S〉 ∼=

∑
γ

ϕ−γ Lγ,α = 〈J−α 〉 (5.6.54)

where we have used the regular Onsager reciprocity (Lα1,α2 = Lα2,α1 see
(5.6.52)). So the entropy production will be minimal if and only if the
currents over the unconstrained transitions are zero (and hence the entropy
production over those transitions is also zero).
It should be noted that in the appendix of [72] it was demonstrated that for
given perturbations the stationary measure of a Markov process is also the
measure that minimizes the entropy production, i.e. changing the measure
for given transition rates may only increase the entropy production.1 This
implies that near equilibrium the stationary probability-density gradients
be such that they minimize the entropy production and can be seen as a
variational principle to obtain the stationary measure close to equilibrium.

The above scheme of minimal entropy production is limited to the linear
regime because only the linear response coefficients obey Onsager reciprocity.
Would the higher order response coefficients also obey Onsager reciprocity,
then the result would be valid up to any given order. For this reason it
seems interesting if we may generalize the principle of minimal entropy pro-
duction; not with respect to the entropy production but with respect to an
new observable that we have to construct.

5.6.5.2. The extremal field-antisymmetric action principle. Because the
entropy production is related to the action by

S = ℵθ − ℵ = ℵ− (5.6.55)

we may think of it as the time-antisymmetric action and hence of the mini-
mum entropy production principle as the principle of least time-antisymmetric
action. In this section we argue that we may obtain an equivalent principle
that is not restricted to linear order (and consequently not to equilibrium)
by considering the field -antisymmetric action ℵa. This is feasible because its
response coefficients obey reciprocity relations up to any order as we will see
below.

The observable that gives rise to the reciprocity relations is the antisymmet-
rical part of the activity Aa . Expanding the expectation value around the

1That is when assuming that the stationary measure is unique, for finite size Markov
processes as we are dealing with here this is always the case.
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initial field ~ϕ0 we get with help of (5.6.49) and (5.6.51)

〈Aa
π~ϕ0

〉~ϕ =
∑

sg1,α1

∆ϕsg1
α1

[
〈J sg1

α1 〉~ϕ0
+

+
∑

sg2,α2

1
2
∆ϕα2

[
2〈∆J sg1

α1 〈J sg2
α2 |·〉+ ∆J sg2

α2 〈J sg1
α1 |·〉〉~ϕ0

+

+
∑

sg3,α3

1
3
∆ϕα3[ · · · ]

]]
(5.6.56)

where we have used that 〈Aa
π~ϕ0

〉~ϕ0
= 0 (Proposition 5.6.6) and the sgi ∈

{−, +} sum over all combinations of signs. Observe that the first term in
the expansion is exactly the terms that remained in the exponent of the
generating function ∆~ϕ · ~J , consequently we may write

〈ℵa
π~ϕ0

〉~ϕ =
∑

sg1,α1

∆ϕsg1
α1

[ ∑

sg2,α2

1
2
∆ϕα2

[
2〈∆J sg1

α1 〈J sg2
α2 |·〉+ ∆J sg2

α2 〈J sg1
α1 |·〉〉~ϕ0

+

+
∑

sg3,α3

1
3
∆ϕα3[ · · · ]

]]
(5.6.57)

so that it becomes apparent that the structure of the field-antisymmetric
part of the action is remarkably similar to the entropy production (the time-
antisymmetric part of the action), but instead that Onsager reciprocity is
broken beyond the linear regime it is maintained up to any given order (see
(5.6.60) below).

Analogously to the currents associated with the entropy production we need
to invent the ‘currents’ associated with ℵa.
With (5.5.15) and (5.5.24)-(5.5.26) we may alternatively write

〈Aa
π~ϕ0

〉~ϕ =
∑
α

〈〈J+
α |·〉aπ~ϕ0

〉~ϕ (5.6.58)

so that we may write

〈〈J+
α1|·〉aπ~ϕ0

〉~ϕ =
∑

sg1

∆ϕsg1
α1

[
Lsg1

α1

+
∑

sg2,α2

1
2
∆ϕsg2

α2

[
Lsg1sg2

α1α2 +
∑

sg3,α3

1
3
∆ϕsg3

α3 [Lsg1sg2sg3
α1α2α3 · · · ]]

]
(5.6.59)

where Lsg1
α1 , Lsg1sg2

α1α2 , Lsg1sg2sg3
α1α2α3 , . . . are the first, second, third and higher order

response coefficients that all obey the reciprocity relations

Lsg1···sgj···sgn
α1···αj···αn = Lsgj···sg1···sgn

αj···α1···αn (5.6.60)

because they are derivatives of (5.6.47) in the initial field and we may per-
mute the derivatives.

Now we are ready to construct the observable, such that we may generalize
the minimal entropy production principle. First of all, we would like to get
rid of the first terms in the expansion of (5.6.59) by simply subtracting them,
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then dividing by
∑

sg ∆ϕsg
α , naming the resulting observables the ‘mother-

currents’

〈J a
α;π~ϕ0

〉~ϕ ≡
1∑

sg ∆ϕsg
α

[
〈〈J+

α |·〉aπ~ϕ0
〉~ϕ −

∑
sg

∆ϕsg
α 〈J sg

α 〉~ϕ
]

(5.6.61)

Note that because of (5.6.60), the response coefficients of the mother currents
are reciprocal up to any order.
With (5.6.61) we may write

〈ℵa
π~ϕ0

〉~ϕ =
∑
α,sg

∆ϕsg
α 〈J a

α;π~ϕ0
〉~ϕ (5.6.62)

and correspondingly because of the reciprocity relations (5.6.60) we have
∑
sg

Dsg
α 〈ℵa

π~ϕ0
〉~ϕ = 〈J a

α;π~ϕ0
〉~ϕ (5.6.63)

so that similarly to the principle of minimal entropy production (up to linear
order around equilibrium), we now obtain the principle of extremal field-
antisymmetrical action.

Theorem 5.6.13: Principle of extremal field-antisymmetrical action.
Let 〈J a

α;π~ϕ0
〉~ϕ be the mother currents defined by (5.6.61) then the field-antisymmetrical

action 〈ℵa
π~ϕ0

〉~ϕ is extremal when these mother currents are zero

〈J a
α;π~ϕ0

〉~ϕ = 0 ⇒ 〈ℵa
π~ϕ0

〉~ϕ is extremal (5.6.64)

Proof. The theorem follows by setting equation (5.6.63) zero. ¤

We speak of an extremal principle because the second derivative may have
any sign (as far as we can see for now)

∑
sg

Dsg
β 〈J a

α;π~ϕ0
〉~ϕ |~ϕ0

=
∑
sg

Lsg
αβ = 2

∑

sg,sg1

〈∆J sg1
α 〈J sg

β |·〉+ ∆J sg
β 〈J sg1

α |·〉〉~ϕ0

(5.6.65)
Notice that in equilibrium (~ϕ0 = ~0), by making use of Proposition 5.6.8, the
derivatives of the antisymmetric mother currents are positive D−

β 〈J −;a
α;π~ϕ0

〉~ϕ =
4× 〈JαJβ〉~0 ≥ 0, so that from Theorem 5.6.13 we indeed re-obtain the mi-
nimal entropy production principle. So minimal or maximal entropy pro-
duction? This remains an open question, although from the above it may
be expected that it will depend on the time-symmetric part of the action
whether the entropy production becomes extremal or not. Perhaps it is more
apt to think of minimal or maximal field -antisymmetric action instead.

5.6.5.3. Towards a local variational principle. Just like minimal entropy
production around equilibrium provides a variational principle to obtain the
stationary measure [72], we may expect here that extremal field-antisymmetric
action principle provides us with a variational principle that determines the
stationary measure –at least in a local neighborhood of the relevant field ~ϕ0.
To see this, consider that we are dealing with a finite state space so that
the stationary distribution is always a smooth function of the fields ~ϕ. The
extremal field-antisymmetric action principle tells us that 〈ℵa

π~ϕ0
〉 is extremal

at ~ϕ0, suggesting that if we vary the measure slightly, or equivalently as we
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would take the stationary measure of another field ~ϕ close to ~ϕ0, that the
stationary measure is such that it –at least locally– extremizes 〈ℵa

π~ϕ0
〉.

Only locally, because there may occur singularities for fields too far away
from ~ϕ0, as we will see in what follows.

5.6.6. Experimental accessibility. Of course, none of the above would
be of any use if the relevant observables are experimentally inaccessible. For
this reason, we will elucidate one of the above introduced observables (the
others follow from it). After some calculation, using the definitions, it is
possible to show that

〈〈J±α |·〉sπ~ϕ0
〉~ϕ =

1
1− (∆ϕ±α )2

[r~ϕ0
(α)p~ϕ(x(α))± r~ϕ0

(θα)p~ϕ(x(θα))] (5.6.66)

where we have first formally expanded 〈J±α |·〉sπ~ϕ0
in ∆~ϕ with help of the

identities of Remark 5.6.3, and then used the geometrical series. So we
see that either by measuring the perturbed density of states and explicitly
multiplying with the rates and the prefactor, or alternatively by measuring
the relevant current/traffic when the system is in the stationary perturbed
state but the perturbation is suddenly cancelled. Of course, it is only well
defined for ∆ϕ±α 6= 1 but it shouldn’t be a problem to avoid that singularity,
other singularities may be less easy to avoid as we can see from Figure 5.7.4
belonging to the example of Section 5.7.3.
Because the field-antisymmetric action is such a pivotal observable, we have
worked out the mother-currents, 〈ℵa

π~ϕ0
〉~ϕ itself may be calculated with help

of (5.6.62)

〈J a
α;π~ϕ0

〉~ϕ = −(1− ρ)〈J−α 〉~ϕ
+ ρ

[
[r̃~ϕ(α)− r~ϕ(α)]p~ϕ(x(α)) + [r̃~ϕ(θα)− r~ϕ(θα)]p~ϕ(x(θα))

]
(5.6.67)

where r̃~ϕ = r~ϕ0
1

1−(∆ϕ+
α )2

and ρ = ∆ϕ+
α

∆ϕ+
α +∆ϕ−α

. We see that the mother-
currents are a weighed sum of the regular currents and something that mea-
sures the change in traffic, or activity over the relevant transition, “under
perturbation”. Also, we see that when the symmetric fields aren’t influenced
∆~ϕ+ = 0, that ρ = 0 and so that the mother currents are the regular currents
(up to a minus sign). In this case, the extremal field-antisymmetric action
principle effectively turns into an extremal ‘differential’ entropy production
principle (‘differential’ because it is ∆~ϕ− · 〈 ~J−〉~ϕ that needs to be observed
rather than the actual entropy production ~ϕ− · 〈 ~J−〉~ϕ).
In fact, if we would know how to split up the mother currents in a symmetric
and an antisymmetric part then we would be provided with two extremal
principles next to that of Theorem 5.6.13.

The considerations we have made are relevant for microscopic currents/traffic,
and macroscopic consequences (on the level of sums of currents/traffic) should
follow if we for instance follow approach of [2] where the graph was decom-
posed into cycles in the spirit of [96] (essentially makes use of the tree struc-
ture that we have discussed in Sections 2.1.4.7 on page 29 and 2.1.4.8 on
page 30).
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5.7. Examples

As follows from (5.5.32) the action may contain a time symmetric part in
two ways: directly through the microscopic barrier fields and indirectly –
even when all the microscopic barrier fields are zero ~ϕs = ~0– due to the
dependence of the 〈J+

α |ω〉~ϕ on the microscopic driving fields. Through the
following simple yet instructive examples, we demonstrate the relevance of
the time-symmetric part in the action by using the framework constructed
above.

5.7.1. Chemical reactions. By far the simplest case where one nat-
urally encounters the occurrence and relevance of a time symmetric part in
the action, is that of chemical reactions. Whenever a chemical reaction in-
volves a binding/unbinding transition this implies a time symmetric part the
action, because there will in general be an asymmetry in the dependence of
the binding/unbinding rates on the rate at which the particles will encounter
each other.

Let a system contain two types of particles P and S that may bind to each
other, denoted as a transition αP ·S , and let those particles encounter each
other at a rate proportional to exp[ϕ(αP ·S)] depending on some nonequilib-
rium boundary conditions imposed onto the system. It follows that the rate
for the binding transition will be

r(αP ·S) = ν(αP ·S) exp[ϕ(αP ·S)] (5.7.1)

while the unbinding rate on the other hand will not depend on the encounter
rate

r(α?
P ·S) = ν(α?

P ·S) (5.7.2)

where ν(αP ·S)
ν(α?

P ·S) determines the free energy difference between the bound and
the unbound state when ϕ(αP ·S) = 0. With respect to the general setup,
we have ϕ−(αP ·S) = ϕ+(αP ·S) = 1

2ϕ(αP ·S) and thus the action naturally
contains a time symmetric part for systems that contain chemical reactions.

5.7.2. Arrhenius. The Arrhenius equation [3] predicts that the depen-
dence of chemical reaction constants on the temperature will behave accord-
ing to a Boltzmann factor

kA→B ∝ expβGA (5.7.3)

where GA is the activation energy, or barrier energy that the process needs
to overcome in for the reaction to take place. Enzymatic reactions that are
so crucial in a biochemical context have the property that they –for certain
reactions– provide a reaction pathway with a lower barrier and in this way
facilitate reactions that otherwise would hardly take place. One has in mind
a free energy landscape with barriers between certain states that get lowered
in the presence of enzymes.
In the context of nonequilibrium Markov processes, we may deduce the Ar-
rhenius equation by approximation in the linear regime.

Imagine an approximative description of the free energy landscape of a sys-
tem connected to a heat bath, as a collection of flat surface segments (much
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Figure 5.7.1. Left: example of approximation of smooth
landscape with a grid. Right: a graph and its dual (in grey).

as three dimensional computer images of objects are built up, see Figure
5.7.1). The complement of such an approximative free energy landscape is a
graph, where we may associate a state space X to the vertices and associate
transition rates R to the edges between them, a Markov approximation will
be justified when we suppose there are persistent independent interactions of
the system with (heat) baths. Of course the probability to find the system
at such a specific locus as the vertex represents is zero, but rather we think
of the surface segments of the dual graph (see Figure 5.7.1) as the surface
associated with such a state. When such a description is suitably accurate2,
we may expect that it closely resembles the behavior of the original system.

The transition rates must –in equilibrium– obey detailed balance so that the
stationary distribution over the states in X is the Gibbs distribution

p(y)
p(x)

=
r(x, y)
r(y, x)

= expβ(Gx −Gy) (5.7.4)

where β is the inverse temperature of the reservoir that interacts with the
system and Gx, GY are the Gibbs free energies of the states indicated by
the height of the free energy landscape. By argument of symmetry, in such
a setup, we propose that the rates are proportional to the exponent of the
free energy difference between the states and inversely proportional to the
surface area A(x, y) = A(x, y) that may be associated with the transition
between the states through the dual lattice

r(x, y) = A(x, y)−1 exp
1
2
β(Gx −Gy) (5.7.5)

For argument’s sake, we will assume that the description is such that all
A(x, y) = 1.
In such a description, there exist three types of states: local maxima, local
minima, and (many) local saddle points. Of course we expect the system to
reside primarily in the local minima and for this reason it seems reasonable to
make a approximative description of such a Markov process by yet another
Markov process that describes the effective transitions between the local
minima. With help of the reduction principle 2.1.1, we may eliminate the
states that are in between two local minima without changing the stationary
densities and currents. Suppose we are dealing with a simplified case where

2What is suitably accurate depends on the temperature and on the desired precision
of the final outcome.
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there is only one one state z in between two local minima x and y, with free
energy Gz > Gx, Gy, then the simplified rate becomes up to a constant

r(x, y) ∝ exp 1
2β(Gx −Gz) exp 1

2β(Gz −Gy)
exp 1

2β(Gz −Gx) + exp 1
2β(Gz −Gy)

= exp
1
2
β(Gx −Gy) exp−βGA (5.7.6)

where we have defined the activation energy

GA =
1
2
Gz − 1

4
(Gx + Gy) +

1
β

ln[2 cosh
1
4
β(Gx −Gy)]

that may be interpreted as a symmetrical barrier field or activation energy.
Thus we see that around equilibrium the Arrhenius equation will hold.
When we consider that the transition may be driven out of equilibrium by
other reservoirs however, there will be asymmetrical forcing fields that change
the rates according to

r(x, y) ∝ exp[
1
2
β(Gx −Gy) + ϕ−x,y] (5.7.7)

Should we now rederive the above result we would obtain

r(x, y) ∝ exp[
1
2
β(Gx −Gy) + ϕ−x,y] exp[−βGA(~ϕ))] (5.7.8)

where we have introduced the effective forcing field ϕ−x,y = ϕ−x,z + ϕ−z,y and
the forcing field dependent activation energy

GA(~ϕ) =
1
2
Gz − 1

4
(Gx + Gy)− 1

2β
(ϕ−x,z − ϕ−z,y)+

1
β

ln[2 cosh[
1
4
β(Gx −Gy) +

1
2
ϕ−x,y]] (5.7.9)

so even when ϕ−x,z = ϕ−z,y we see that there is a non trivial dependence of
the activation energy and the associated barrier field on the driving fields.
Moreover when ϕ−x,z 6= ϕ−z,y the activation energy is even antisymmetric
under reversal of the driving fields GA(~ϕ) 6= −GA(−~ϕ). This demonstrates
that Arrhenius’s law may no longer be valid for systems far from equilibrium.
This is in agreement with other work [34,49,116,118].

5.7.3. Asymmetric environment. Consider a random walker on a
lattice Z ⊂ L ⊂ Z2 that is extended in one direction and does not contain
mirror symmetry in this direction. Typically one should have in mind a
sequence of tubes whose diameter expands up to and beyond the middle and
contracts back to the initial diameter for the remaining part. In equilibrium
the particle will be at any given lattice site with equal probability, this
homogeneity is destroyed however if the particle is subject to a finite drift in
the extended direction of the lattice. By the destruction of this homogeneity
of the particle density the resistance of the system to the drift will increase
as a second order effect. Since this second order effect will be asymmetric
in the extended direction through the (mirror) asymmetry in the lattice, the
resistance will beyond linear order not behave the same in either direction,
implying that the symmetry between time-reversal and reversal of the drift is
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Figure 5.7.2. The simplest possible lattice that is periodic
and asymmetric (in the same direction as the periodicity).
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broken so that with Proposition 5.4.5 it follows that the action must contain
a time-symmetric term.

We will demonstrate this with help of the simplest possible lattice that is
periodic and asymmetric in one direction, three states at level one, two at
level two and one off center at the third level, see Figure 5.7.2 for a graphical
representation. The rates for the particle to transfer up or down are 1; the
rates to move along or against the drift to the right or to the left are exp[Φ]
and exp[Φ] respectively. Note that the single lattice site at the third level is
crucial since otherwise the lattice would not be asymmetric.

r((i, l), (i + 1, l)) = exp[Φ] if l = 1 or l = 2 ∧ i mod 3 = 1
r((i, l), (i− 1, l)) = exp[−Φ] if l = 1 or l = 2 ∧ i mod 3 = 0
r((i, l), (i, l + 1)) = 1 if l = 1 ∧ i mod 3 = 0, 1 ∈ N or l = 2 ∧ i mod 3 = 0
r((i, l), (i, l − 1)) = 1 if l = 2 or l = 3

r(~x, ~y) = 0 otherwise

The entropy production for a trajectory is simply the net current to the
right times the drift: SΦ(ω) = J−tot(ω)Φ so that it is clear that the drift Φ
is such that field-reversal (around equilibrium) may be defined as π : Φ →
−Φ, according to Definition 5.4.2. It is not too hard to calculate the flow
〈J−tot〉Φ explicitly and from it we conclude that 〈J−〉Φ 6= −〈J−〉−Φ so that by
Proposition 5.4.5 there is an influence by the symmetric part of the action
(the resistance is antisymmetric with respect to inversion of the field). We
may calculate the conductance c(Φ) ≡ 〈J−tot〉Φ/ sinhΦ, see Figure 5.7.3, the
relative conductance [c(Φ) − c(−Φ)][c(Φ) + c(−Φ)]−1 becomes maximally
1
6 when Φ → ∞. We may also calculate the field-antisymmetric action
〈ℵa

πΦ0
〉Φ and check (analytically with help of for instance Maple) that it

always minimal at Φ0. If we take Φ0 = 0 as our initial field then the field-
antisymmetric action reduces to 〈ℵa

π0〉Φ = 2
3(1 + 2 cosh Φ). See Figure 5.7.4,

for an idea what it behaves like for other initial fields.

To gain some insight into the reason for this influence, we consider the fol-
lowing: since in stationarity there is no current to that single third level site
it is possible to reduce this asymmetric lattice to a symmetric lattice –using
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Figure 5.7.3. The conductivity as a function of the field.
The upper, solid line corresponds to the process with the
unnormalized rates, the dashed and dotted lines correspond
to the model with normalized rates per transition and per
state respectively. The asymmetry apparently becomes less
by re-normalizing the rates.

c (J/Ф)

Ф

0.1

0.2

0.3

0.4

–4 –2 2 40

the Reduction Principle 2.1.1– if and only if the escape rate of right lattice
site of the second level is reduced by a factor 2, effectively reducing the free
energy of that state by ln 2.

r′((i, 2), (i− 1, 2)) =
1
2

exp[−Φ] if i mod 3 = 0

r′((i, 2), (i, 1)) =
1
2

if i mod 3 = 0

Heuristically it makes sense that if the particle moves along the flow from
left to right that it is more likely to end up in this lattice site with a lower
escape rate than in the other level two site since the diffusion rate is finite
with respect to the flow. If one now inverts the drift (or equivalently the
lattice), it becomes clear that the particle will meet less resistance since the
particle passes the low-escape-rate-state with a higher probability.

It could be suggested that the influence of the time symmetric part stems
from the fact that the field “influences the timescale” of the process, and that
it could be undone by choosing a particular Φ-dependent barrier field.
A first suggestion is to “normalize the timescale” per transition. Suppose
that we renormalize the rates to go left and right with the sum of the rates
above, this means that we substitute

exp[±Φ] → exp[±Φ] cosh−1[Φ] (5.7.10)



126 5. EXPANDING

Figure 5.7.4. Four three dimensional plots of the field-
antisymmetric action where Φ0 is the reference field and Φis
the perturbing field. Top left is that of a symmetrical system
where the rate to the third level have been made zero, right
next to that is the asymmetrical system without normalized
rates and below from left to right the plots for the systems
with rates normalized over the transitions and the states re-
spectively. Note that the for the top two plots the logarithm
is set out on the z-axes.
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in the rates above. Now the current at high fields becomes ‘rate limited’
pretty much as in the Michaelis-Menten case. The current still breaks how-
ever the symmetry of Proposition 5.4.5, on the other hand, the conductance
and the relative conductance [c(Φ)−c(−Φ)][c(Φ)+c(−Φ)]−1 have become less
and the relative conductance saturates when Φ → ∞ to a value of 3

31 . The
field-antisymmetric action is still minimal for all Φ0 when the perturbation
is small |Φ − Φ0| < 1 (as should be the case according to our calculations),
but for some values of Φ0 the field-antisymmetric action 〈ℵa

πΦ0
〉Φ diverges to

infinity for large enough |∆Φ| ≥ 1. As a consequence, it may become smaller
when perturbing beyond the singularity, possibly increasing again for even
larger |∆Φ|. See Figure 5.7.4 for concrete data.
The other way that we propose to “renormalize the timescale” is to keep the
escape rates constant λ(i, l) = cst., this is like putting the Poisson clocks of
all the states –that ring to announce a transition to another state– at the
same time. Note that this implies that the entropy production for a given
transition will no longer be the same as above, but we still have detailed
balance when Φ = 0. With respect to (5.5.32) keeping the escape rates con-
stant means that there will be no contribution of 〈J+|ω〉Φ = 〈J+|ω〉0 ∀ω.
However this is at the cost of introducing symmetric barrier fields that will
give a positive contribution of W in Q because the barrier fields are positive
and have a minimum near Φ = 0 for all transitions of this example. To
obtain results with rescaled escape rates, we have to multiply the partition
functions of the rooted spanning trees with the appropriate factor, according
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Figure 5.7.5. The simplest possible periodic lattice with
broken translational symmetry, but mirror symmetry with
respect to the period, that still allows to distinguish between
flow in front of and behind the obstruction.
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to the Markov Tree Theorem 2.1.2

g(Tx) → Πyλ(y)
λ(x)

g(Tx) (5.7.11)

The result we find is that for higher fields the conductance is even smaller
than in the previous case and the relative conductance also decreases for
stronger fields, it becomes maximally about 13% at Φ ≈ 1.27 and then decays
to zero. The field-antisymmetric action now behaves even more awkwardly,
see Figure 5.7.4.
We believe that a similar mechanism as displayed by the above example is
the underlying mechanism for the rectifiers that were recently discussed in
the literature [80,110].

5.7.4. Exclusion interaction. One may believe that an asymmetry
like that of the previous example would not play a role when the surroundings
are symmetrical (perpendicular to the driving field). In this section we give
a simple example of a system of two exclusion particles on a symmetrical
lattice, but where such an asymmetry of the surroundings is induced (away
from equilibrium) through exclusion interaction between two particles.

Consider a system of excluding particles on a finite lattice L ⊂ Z2 that with
a periodic boundary condition and drift Φ in one direction that has mirror
symmetry but does not have translational symmetry. Typically one should
have in mind a tube with an obstruction somewhere in the middle. Through
this (translational) asymmetry the particle density will become inhomoge-
neous just as in the case of Section 5.7.3 creating an effective breaking of the
mirror symmetry for a “test particle” and thus causing the flow to behave dif-
ferently in front of the object than behind it (if of course the system contains
at least two particles). This model has some resemblance with the inhomo-
geneous totally asymmetric exclusion process, see for instance [7,64,100].

The simplest possible lattice of this type, in which this distinction between
flow in front and behind the obstruction may be made, is a 3x2 lattice where
along the long direction only one of the two layers has a periodic boundary
condition. That the other layer does not have a periodic boundary condi-
tion represents an obstruction, see Figure 5.7.5. We will consider only two
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exclusion particles on this lattice so that the rates become

r(η, ηi) = 1

r(η, ηi,l) = exp[Φ(η(i, l)− η(i + 1, l))](1− I(l = 1 ∧ i = 3))

where ηi(i, l) = η(i, 1−l) and ηi(j, l) = η(j, l) otherwise indicates vertical ex-
change and ηi,l(i, l) = η(i+1, l); ηi,l(i+1, l) = η(i, l) and ηi,l(j, k) = ηi,l(j, k)
otherwise indicates horizontal exchange. A study of the structure of the state
space of this system reveals that at this level there is no mirror symmetry
(which would be there if both layers had periodic boundary conditions). Ac-
cordingly, reversal of the field will not be equivalent with time reversal for
all currents if there is a time symmetric part in the action. For instance, a
totally symmetric space like a cylinder with some friction at the boundaries
would lead to similar asymmetries. This is comparable to when the rates
for a bigger equivalent of this example would be slower along one of the
boundaries instead of one being zero for one transition.

This little system with 15 states is still manageable with a computer program
like Maple and from such an analysis follows that the downward current
in front of the obstruction is not equal to the upward current behind the
obstruction.
Let us define the current upward between levels at the three positions

〈J−i,l〉 ≡
∑

η

p(η)
[
I(η(i, 1) = 1)− I(η(i, 2) = 1)

]
(5.7.12)

from conservation of particles it follows that under the stationary measure
∑

i

〈J−i,l〉Φ = 0 (5.7.13)

and thus
〈J−1,l〉Φ 6= 〈θJ−1,l〉−Φ = 〈J−3,l〉Φ ⇔ 〈J−2,l〉Φ 6= 0 (5.7.14)

where 〈θJ−1l 〉−Φ = 〈J−3l 〉Φ follows from the mirror symmetry of the system.
So we only need to prove that 〈J−2l 〉Φ 6= 0 in order to conclude that the time
symmetric part in the action breaks the symmetry between time reversal and
reversal of the field.
In the limit of strong fields |Φ| → ∞, the probability distribution will con-
verge to a product measure. Because the diffusion is slow with respect to the
drift, a given configuration will converge to a stationary measure per layer:
in the bottom layer the density will converge to the uniform measure and
in the upper layer the density will converge to an equilibrium measure with
potential difference Φ between the sites. At the lower level, the density pro-
file will be uniform and therefore the diffusion will maintain an equilibrium
measure with respect to the amount of particles in each level, so that we
may expect that

p(η) ∼= 1
15

[I(n2 > 0)
1
Z

eE(η) + I(n2 = 0)] (5.7.15)

where E(η) = Φ
∑

i(i− 2) · η(i, 2) and Z = 1
3 [1 + 2 cosh(Φ)].

We may use this estimate (5.7.15) with definition (5.7.12) to define an
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Figure 5.7.6. The calculated current 〈J−2,l〉Φ (solid line), its
estimate EJ−2,l = 2

15(1− 3
1+2 cosh(Φ)) (dotted line) and the dif-

ference between the actual current and the estimate (dashed
line).
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For finite fields Φ < ∞, there are two contributions that may distort the
limit distribution (5.7.15). First of all the 〈J−i,l〉Φ currents will cause mix-
ing between the distributions of the layers, leading to smaller currents then
expected. Second of all there will be positive contributions from time corre-
lations in the following sense: whenever there are two particles in the upper
level and the middle one diffuses to the lower level, then the probability
distribution for that particle to be in the middle position will decay to its
stationary value (1

3) slower than when there were two particles in the lower
level and the middle one jumped up. This is because in the lower level a
single particle may come back to the middle position by two jumps along
the field, whereas in upper level a particle may only return by going against
the field.
For fields much larger than the diffusion Φ À 1, there will be little mixing,
but there may still be positive correlations, so that we expect a lower bound

〈J−2,l〉Φ ≥ EJ−2,l > 0 |Φ| À 1 (5.7.16)

This means that the symmetry between time reversal and reversal of the
drift is broken. The above characterization of the upward current actually
matches the exactly calculated result really well and –as can be seen from
Figure 5.7.6– the estimating current is a lower bound for all Φ, so that we
may conclude that mixing contributes less than the correlations.
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5.7.5. The tilted washboard potential revisited. Now that we have
seen the consequences of the time-symmetric part in some examples, it is
time to get some idea of how the symmetric barrier field could depend on a
macroscopic driving field. For this reason we return to the model introduced
in Section 5.4.2.1, there we considered the dynamics of a particle in a tilted
washboard potential with thermal equilibration in the local minima.
With respect to the presence of the particle in one of the minima, the model
may to good approximation be described by a Markov process with one state
(representing all minima) and three transitions (representing transitions to
the left, to the right or returning to the origin (inert)). The transition times
for the transitions to the left and to the right are exponentially distributed
because the kinetic energies are. Therefore the rates may be given by the
inverse of the expected travelling times

rL =
1

〈tL〉Φ (5.7.17)

rR =
1

〈tR〉Φ (5.7.18)

rI =
1

〈tI〉Φ (5.7.19)

where 〈tL〉Φ, 〈tR〉Φ and 〈tI〉Φ are the expected travelling times given the
particle moves to the left, to the right and the inert transition respectively.
The traveling times, given some (in)sufficient amount of kinetic energy, follow
from the classical dynamics with a mass m = 2

tL =
∫ −1+r

−1
[Tk − xΦ− 1 + x

r
Vr]−

1
2 dx

+
∫ 0

−1+r
[Tk − xΦ +

x

1− r
Vr]−

1
2 dx (5.7.20)

tR =
∫ r

0
[Tk − xΦ− x

r
Vr]−

1
2 dx +

∫ 1

r
[Tk − xΦ− 1− x

1− r
Vr]−

1
2 dx (5.7.21)

tIL =2
∫ 0

− T (1−r)
Vr−Φ(1−r)

[Tk − xΦ +
x

1− r
Vr]−

1
2 dx (5.7.22)

tIR =2
∫ Tr

Φr+Vr

0
[Tk − xΦ− x

r
Vr]−

1
2 dx (5.7.23)

It is fairly easy to see that antisymmetric driving field, or entropy production
for the left-right transition, is conform (5.4.17) given by

sL,R = ln rL − ln rR = βΦ (5.7.24)

because the timescales are symmetric.

We now have the opportunity to calculate the symmetric barrier field that
the dynamics conjure up

wL,R = ln rL + ln rR (5.7.25)

It is possible to calculate this analytically using a mathematical program
like Maple, however it is very extensive and not useful to represent it here.
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It turns out that it may be approximated fairly well when one consideres
that the most important contribution to the timescale will originate from
the average kinetic energy and so we propose

wL,R ≈ ln
4
π

+ lnβ +
∑

X=L,R

ln〈Tk,X〉Φ (5.7.26)

with 〈Tk,X〉Φ the expectation of the kinetic energy given by

〈Tk,R〉Φ = [β−1 + (Vr + Φr)] exp β(Vr + Φr) (5.7.27)

〈Tk,L〉Φ = [β−1 + β(Vr − Φ(1− r))] expβ(Vr − Φ(1− r)) (5.7.28)
so that in equilibrium (Φ = 0) and without barrier (Vr = 0) we get the regular
temperature dependence of the diffusion constant of Brownian motion

lim
Vr→0

lim
Φ→0

wL,R = ln
4
π
− lnβ (5.7.29)

Observe that in the symmetric case, when r = 1
2 , that wL,R still depends

on the macroscopic driving field Φ although be it only in a logarithmical
fashion.
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What lives beneath

Crayfish and
White-hairs are playing a ko;

in Horai
youthful spring defers

to old age.

– Matsukaze Nokicho

Jonathan and the gnome worked and worked, for days and days on end, and
slowly an impressive structure had started to emerge from the shore. Jonathan
had such vivid imaginations about how to build the bridge that he simply ignored
the ridicule of their effort. It was as if once he had started he got so much involved
in the building of the bridge itself, that he had almost forgotten for what reason
they were building it in the first place. And the gnome, who seemed to have
nothing better to do, assisted him in every way he could. Many nights, while
they recovered by the fire from their working day, they would discuss and chat
about how to proceed with the bridge but also about life’s little issues, the
creatures in the forest, and sometimes the gnome would tell Jonathan a story
about one of his adventures, like about that time when he was caught in the
web of grandmother spider: he had argued with her for days before her silk had
finally run out and he was free.

One day –that had started just like any other– was about to become one of
the worst days in Jonathan’s short life. Just as he was nailing another piece of
wood to the far end of the bridge the ground started to shake underneath and
Jonathan had to hold on with both his hands not to fall into the water, loosing
his hammer and nails to the water. An incredibly deep and loud roar emerged
from deep within the earth and the bridge was making awful squeaking noises in
protest. The bridge started shaking and swinging; Jonathan had never foreseen
such an unfortunate event and now before his eyes he could see how the part of
the bridge he was holding onto in all his might, was slowly breaking off from the
shore’s end. Jonathan closed his eyes and for a moment he seemed weightless,
then a loud splash, and Jonathan submerged below the surface for a moment,
quickly recovered and firmly held on for dear life.
As the magnitude of the catastrophe slowly got hold of poor soaked Jonathan,
he felt he could cry. All his effort had become fruitless by some unforeseen
event, everything he had lived for in the last couple of days had slipped like
water through his fingers in a moment shorter than the time needed to nail a
plank to the bridge.
While Jonathan floated up and down on the small waves, shocked with defeat,
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the gnome had started wading towards him.
“Are you alright?” he shouted worriedly.
“I’m fine!” Jonathan yelled back through the wet of his blazing eyes.
A moment later the gnome put his hand fatherly on Jonathan’s shoulder and
asked again: “Are you alright?”
“Leave me alone!” Jonathan cried as he angrily swept the gnome’s coarse grained
hand from his shoulder.
The gnome ignored Jonathan’s taking on and rummaged through the inside of
his vest for a while to get out a fairly big round silvery tin with a black rim
and placed it on the big floating left over of the bridge. He rummaged through
his vest once more and got out a big brush, placed it next to the tin and then
reached for a screwdriver and used it to open the tin.
“What are you doing?!” Jonathan sobbed.
“Oh nothing . . . ”
“Õhhh nõthing . . . ” parroted Jonathan.
“Well, you probably don’t like the idea, but I thought it might be a good idea to
turn this into a boat.” And he knocked on the wreckage with his screwdriver.
“You’re damn right I don’t like that idea! That is the stupidest idea I’ve heard
in ages!” and Jonathan demonstratively crossed his arms.
“All it needs is a little tar and sail and she will she will skim the waters like a
. . . ”
“Like a stone... chop, chop, bloop!” Jonathan finished in his stead.
“It is funny you should mention it” the gnome reacted, unmoved by Jonathan’s
display of theatre, “there once was a peacemaker who actually built a stone
canoe to demonstrate that anything is possible, if you only try.” He looked at
Jonathan for a moment and decided: “But perhaps now isn’t the right time to
tell you the story.”

As the gnome carried on with great joy, Jonathan could not remain disgruntled
too long and after some time he realized that they could perhaps get to Horai a
lot quicker this way than with any bridge, and for a moment Jonathan felt really
stupid, ridiculously small, and he decided to help the gnome. They carried on
until nightfall and already the next day the ‘boat’ was tarred, fitted with a mast
and sail and a wooden board served as a rudder.
“I’d say she’s ready to sail!” Jonathan joyfully exclaimed.
“Not quite yet . . . ” and the gnome got the brush and tar and prepared to tar
once more.
“Didn’t I tar the cracks well enough?” Jonathan asked.
“Well I have sailed a little boat once before and I believe it brings good fortune
to give her a name.”
Jonathan read the name as the gnome painted it: ‘B G U L L’ "Now what kind
of a name is that?”
“According to Dringosj, a good friend of mine, that little boat I sailed before
soared over the water like a gull, and so I decided to name it ‘a gull’. And since
this is the second boat that I will sail, I thought it would be only appropriate to
name it ‘be gull ’.”
“Oh”
“That means that the next one would be have to be a sea-worthy boat!” he
chuckled.



WHAT LIVES BENEATH 137

“Why? I don’t see the point.”
“Well she would have to be named the ‘seagull ’ !”
“That reminds me of another story; a story of a gull that had your name, not an
ordinary bird, he was a bit like you I must say.”
“A seagull with a name?”
“Why certainly! And he was proud of it too. He was the free type and liked to
fly as high and as fast as he could, doing acrobatics in the meantime. Like I
said, he was a bit like you.” And the gnome poked at his chest and told him the
story to its finest detail3 as they prepared to set sail.

When they were well underway and the shore had become but a streak on the
horizon, Jonathan asked: “What happened to your previous boat, the a-gull?”
“Well it sank to the bottom of this very lake to tell you the truth.”
“What!? And you expect me to believe that this boat will be any better then?”
“As a matter of fact you should logically believe this boat will be better, I’ve
learned from the mistakes I’ve made and evolved from a poor to a reasonable
boat builder.”
“You know what it is with you, you always take me for a fool! Well I’m not!”
“Come, come, it makes perfect sense. This boat is better then the last one, and
the next one I build will be even better.”
As if with these words the gnome had taunted fate it turned against them with
the sky turning ink-black.
“Looks like some rough weather’s up ahead.” The gnome pointed to the horizon
with his chin.
And indeed, soon wind started flapping the sail vigorously and rain streamed
down from the skies. The ‘B GULL’ certainly wasn’t up to this kind of weather
and soon the waves that were ever increasing in size were sweeping over deck,
making sure that what hadn’t become wet with rain, would be soaked with the
waves. In all earnest the gnome taxed the situation and it wasn’t looking that
good.
“Here, wear my cloak!” The gnome handed the boy his cloak.
“What? Why?” Jonathan shouted against the wind.
“It will let you breathe under water, quickly!”
Jonathan thought anyplace would be nicer than right here, right now, so he took
the robe. Immediately after Jonathan had put it on he felt an incredible urge to
jump into the water and indulged.

The cloak made Jonathan move like a Manta, not like that type of car, that is
so desired by tuned car lovers, but like the huge gracious cartilage fish that flies
through the oceans. Inspired by the story the gnome had told him earlier that
day he turned and dove and played acrobatically with the flowing water.
The gnome pointed to some orange crayfish crawling over the bottom with their
long whiskers.
“Dwo you cee twose cwayfwish?” The gnome sounded a bit bubbly underwater.
Jonathan nodded.
“Twey went two Howaai. Twey awe immowtal!”
Jonathan looked inquisitively at the gnome. And the gnome made the ∞ sign
in the water with his finger, pointing to the crayfish and then pointing back and

3That is the book ‘Jonathan Livingston Seagull’ by Richard Bach should you be interested.
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forth in the direction of the island Horai where they were still headed. Jonathan
nodded in confirmation and they swam on through the luring depths.

Jonathan and the gnome swam for quite some time in the direction of the
island. It was as if the world around them was becoming more and more fluid
as they went farther and farther. Jonathan began to feel as if he was floating
instead of swimming and had a hard time thinking altogether. As the silence
of the dampened underwater sounds was playing his mind, he finally lost his
consciousness to the surrounding water.



CHAPTER 6

Below the surface of DEB

6.1. Introduction

One of the key aspects of life is no doubt faithful but inexact reproduction.
Reproduction requires some non-trivial form of inherent complexity and it
is precisely the information of this complexity that needs to be reproduced:
faithfully enough to accommodate persistence, but not without error for the
reproduction must facilitate the possibility of adaption to a changing environ-
ment. Fluctuations in the environment will accommodate this imprecision,
but paradoxically enough fluctuations (on a larger scale) are the reason that
adaption must take place. This gives the impression that there exists a very
delicate balance between the various timescales and that fluctuations may
play a pivotal role.

Darwin’s theory of evolution can be seen as the most important element
of contemporary biology, that has stood the test of time, as it has evolved
itself under scientific scrutiny. It consists of two essential ingredients: vari-
ation and selection. The basic idea is that the offspring of a species inherit
the properties (such as genetic memory) with a certain amount of variation,
and that due to this variation not all offspring has the same probability dis-
tribution to produce some amount of offspring – given the environmental
conditions. Thus, naturally those properties that are associated with high
probability to generate a lot of offspring will be represented more and more
in the population of that species. There are, however, many complications
that arise because of feedback mechanisms; and for this reason, that the
space and time scales are finite is most relevant.
The interplay between variation and selection may act on different time and
space scales. The most fundamental form of selection is exclusive selection:
if an organism can’t reproduce it will immediately go extinct; then there is
resilience selection: how well can an organism adapt to unavoidable changes
(fluctuations) in the environment. Of course, there is the well-known compe-
tition selection: those organisms that reproduce fastest will tend to dominate
and as a consequence will suffer less from resilience selection. A selection
that counters this is exhaustion selection: organisms that tend to deplete
their resources at too high rates will eventually diminish because of scarcity,
and resilience selection will again prevail. With respect to natural selection,
it would therefore perhaps be more apt to speak of ‘survival of the most
flexible’.

There seems to be a paradox between the laws of (equilibrium) statistical
mechanics and the Darwinian laws of selection in the sense that statistical
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mechanics predicts that the macroscopic states with largest amount of mi-
croscopic realizations have the greatest probability to manifest themselves.
On the other hand, selection provides us with a reason why reproducing sys-
tems (systems with long term memory) will evolve to states that clearly are
‘organized’ so that it is unreasonable to think of such states as the statisti-
cally favorable ones.
The perspective of nonequilibrium statistical mechanics may help to resolve
this paradox, since it provides us with a perspective that includes time, but
unfortunately it does not grant an immediate solution. It seems hopelessly
complex to make a description of any form of life from first principles, al-
ready because fluctuations that happen on cosmic scales may be catastrophic,
leading to mass extinctions (e.g. by climate change or galactic events as was
recently discussed [44,51,111,119]). But describing simple and elementary
parts of life may still be within our grasp as the model for kinesin suggests
(Chapter 3) and perhaps we may in this way obtain new insight on how to
tackle more complex systems. There is good hope that this is possible, be-
cause the numerous theories and laws that exist in various fields of biology
indicate that there exist certain principles.

The key elements of physics in general are mass and energy together with
their conservation laws. Although it seems unreasonable to expect that mass
and energy are the only relevant ingredients to describe life, they will surely
play a very important role.1 Especially in the context of early life, since the
starting point must have been entirely chemical of nature.2
Bas Kooijman and coworkers have worked out a theory that describes the
mass and energy flows for various organisms, and remarkably the underlying
structure is the same for very many species, suggesting that such dynamics
are life’s answer to ‘questions’ that were indeed raised already when life was
at a primitive stage. Recently Dynamic Energy Budget theory (DEB theory
for short) has also been explored thermodynamically [104].

6.2. DEB theory

Dynamic Energy Budget (DEB) theory [55] has proven to describe success-
fully mass and energy flows for a wide range of organisms that may –in spite
of supposed common ancestry– have very different underlying (chemical re-
action) systems [90]. But in spite of the different underlying microscopic
(chemical) realities, very many different forms of life share a common dy-
namics on a more macroscopic level with respect to mass and energy flows.
How is this possible? What is the reason for this universality? Whereas
nature is incredibly diverse in many aspects, there seem to be some com-
mon properties for all underlying life processes. Here we investigate those
properties by combining two approaches for a possible underlying dynamics
of DEB theory: a more microscopic particle reaction approach that disre-
gards structural organization and an approach that is more mesoscopic and

1Gödel’s incompleteness theorem suggests that evolution may have found ‘answers’
to ‘questions’ that it may have been confronted with in the framework of mass and energy
flows that cannot be answered within that framework itself.

2That is supposing that there is no ‘deus ex machina’ which would render the scientific
pursuit useless anyway.
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heuristically inspired.
Because both DEB theory as well as the model contain a wide variety of vari-
ables, constants and indicators, we have included two tables as a reference,
see Table 1 for some symbols used in DEB theory.

Table 1. Symbols used in DEB theory, their dimensions and
interpretation. Dimension symbols: l length, m mass (C-
moles), t time, e energy. Dots indicate rates, [ ] means ‘per
volume’,{ } means ‘per surface area’.

symbol dimension interpretation
S, K ml−3 food (substrate) density, half-saturation constant

f - scaled functional response
ṙ t−1 specific growth rate
v̇ lt−1 energy conductance
V l3 volume of structure
A l2 area of surface
α - surface to volume scaling constant: d ln A/d ln V

ṗA, ṗAm et−1 assimilation power, max -
yV E − constant molar yield coefficient

E, Em e energy of reserve, max -
J̇SA, J̇EC , J̇EM mt−1 assimilation/catabolic/maintenance flux

jEC , jEM mm−1t−1 specific catabolic, maintenance flux
[ṗM ] et−1l−3 constant volume specific maintenance cost
[EG] el−3 constant cost for growth

Φ̇A, Φ̇C m1−αt−1 flux constants for assimilation/catabolic flux
ηE me−1 moles of reserve”particles” per reserve (const. )

S, E, V, P - type of compounds: food/reserve/structure/product
A, C, G, M - type of process: assim./catabol./ growth/ maint.

The simplest standard model in the DEB theory uses two state variables
(per individual): amount of reserve E and amount of structure V . Substrate
S from the environment is converted into reserve in a process called assim-
ilation; reserves then may get mobilized for metabolic purposes, including
(somatic) maintenance and growth (increase of structure). To give a very
bold idea: structure is what determines the size of the organism and reserve
determines its energy contents.
DEB theory delineates the following processes (production of waste/heat
omitted)

S → yESE + ṗA assimilation (6.2.1)
E → yV EV + ṗG growth (6.2.2)
E → ṗM maintenance (6.2.3)

Apart from this DEB theory also specifies the processes of development and
reproduction, but these details are of less relevance for the present purpose
and are therefore omitted.
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Both reserve and structure are generalized compounds: mixtures of a large
number of chemical compounds, typically polymers such as proteins, lipids
and carbohydrates, but it is assumed that their composition does not change
in time. This is the strong homeostasis assumption, and implies that [MV ]
is constant in the relationship between mass and volume MV = [MV ]V .

6.2.1. DEB dynamics. This subsection refers very much to present
DEB theory as it is introduced in the book [55] and perhaps those that do
not immediately feel need for such reference may proceed to the next sub-
section.
DEB theory makes two other crucial assumptions that determine the dy-
namics: weak homeostasis and partitionability of reserve dynamics. Weak
homeostasis states that the reserve density, i.e. the ratio of the amounts of re-
serve and structure converges to a constant value in constant environments,
despite possible growth of the organism: [E] → f [Em], independently of
d
dtV and for constant scaled functional response f ≡ S(S + K)−1 (S is the
substrate density outside the organism, and K the half-saturation constant);
[Em] is the maximal reserve density at maximal volume. The second princi-
ple, the partitionability of reserve dynamics, which can also be rephrased as
the mergeability of reserve dynamics, is in fact a consistency requirement,
since one-reserve systems evolved from more-reserve systems via incremental
changes of parameter values [56].

From these two assumptions follows the reserve dynamics
d

dt
[E] = [ṗA]− v̇V α−1[E] or equivalently

d

dt
E = ṗA − (v̇V α−1 − ṙ)E (6.2.4)

with v̇ = {ṗAm}/[Em] the energy conductance, a ratio of two constants;
{ṗAm} the maximal assimilation power per surface area V α; ṙ = d

dt ln V =
d
dt lnMV the specific growth rate; and ṗA = f{ṗAm}V α the assimilation
power; α ≡ d lnA/d ln V is the scaling constant of surface with respect to
volume, here we will deal with two instances: α = 2

3 for isomorphs like
mammals and plants and α = 1 for V1-morphs like (most) bacteria and
fungi.

The reserve in the organism that becomes mobilized is used for maintenance
at a rate proportional to structure only and what is left of the mobilized
reserve is used for growth. Hence the dynamics for the structure is given by

d

dt
V = [EG]−1

(
(v̇V α−1 − ṙ)E − [ṗM ]V

)
(6.2.5)

with [EG] the constant cost for growth and [ṗM ] is the constant volume
specific maintenance cost. For a more thorough introduction we refer to the
book on DEB theory [55].

6.2.2. DEB dynamics in C-moles. Because we would like to recon-
struct this dynamics in terms of a particle reaction process, it is convenient to
rewrite the above dynamics in terms of molar mass of reserve and structure:

(E, V ) → (ME ,MV ) (6.2.6)
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through

MV = V [MV ] (6.2.7)
ME = EηE (6.2.8)

with [MV ] the constant amount of C-moles per unit of volume and ηE the
constant amount C-moles per unit of reserve.3 We denote the flux of sub-
stance A into a process B as JAB and hence may rewrite the above dynamics

d

dt
ME = J̇SA − J̇EC (6.2.9)

d

dt
MV = yV E(J̇EC − J̇EM ) (6.2.10)

where J̇SA is the assimilation flux; J̇EC is the catabolic flux; J̇EM is the
maintenance flux; and finally yV E is the constant molar conversion or yield
coefficient. Equations (6.2.9)-(6.2.10) express conservation of mass. We see
that when the maintenance becomes greater than the catabolic flux, that
the organism will shrink. This is according to reality at least to some extent;
just after being born for instance mammals may consume their own cells
for instance [40]. Of course there are parts of structure that are not likely
to shrink, but for some species like the Shrew or Mollusks may reduce even
the size of their skeleton and shell respectively, see Section 7.1.6 in [55]. For
organisms that do not shrink uniformly it is possible to introduce more types
of structure.

Writing J̇EC = jECMV , we have ṙ = yV E(jEC − jEM ) which we can use to
rewrite the dynamics in terms of the state the system is in. It follows with
mE ≡ ME/MV that

J̇SA = Φ̇AMα
V (6.2.11)

J̇EC =
mEyV E

mEyV E + 1
(Φ̇CMα

V + J̇EM ) (6.2.12)

J̇EM = jEMMV (6.2.13)

with four independent constants defined as

Φ̇A ≡ {ṗA}ηE [MV ]−α yV E ≡ [MV ][EG]−1η−1
E (6.2.14)

Φ̇C ≡ v̇[EG]ηE [MV ]−α jEM ≡ [ṗM ]ηE [MV ]−1 (6.2.15)

Relations (6.2.9)-(6.2.13) are the relations we will want to reproduce on the
basis of a local model.

6.3. Preliminary considerations

We suppose that the basic mechanics underlying the DEB dynamics is chem-
ical in its nature, where particles (or perhaps rather molecules) interact and
react locally. It should therefore be possible to reconstruct the DEB dynam-
ics with use of a local model (so without the use of ‘intelligent parts’ that
somehow inexplicably just ‘know’ what state the system is in). To recon-
struct such dynamics we will first construct a ‘particle reaction model’ that
models chemical type of reactions. This particle model is a ‘local’ model

3That [MV ] and ηE are constants is a direct consequence of the strong homeostasis
assumption for both structure and reserve independently.
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in the sense that it does not explicitly represent the individual reactions of
all particles, but merely the expected interactions by making a stochasticity
assumption which is so characteristic for statistical mechanics.
Such an approach is of course unrealistic with respect to the complexity that
is commonplace in all organisms. An important goal of such a model is, how-
ever, to find an elementary description that contains important components
with respect to mass and energy flows. A geometrical structure is not im-
mediately needed, for instance, to obtain the right overall behavior, since it
is not present on the level of the DEB dynamics. Even when chemical reac-
tions take place within a specific geometrical structure, such processes may
still be described by a stochastic process that does not take this structure
into account explicitly. Rather, the reaction rate constants may be different
for the same process within different structures, but because structure is (on
average) the same for each organism, this seems hardly relevant. Should
one however be interested in predicting constants for a given organism, then
this becomes a completely different matter and such endeavours clearly lie
outside the context of the present approach.

6.3.1. Generalized particles. DEB theory uses the notion of general-
ized compounds, rich mixtures of compounds that do not change in chemical
composition. Here we will deal with structure V and reserve E. The use
of generalized compounds follows from the strong homeostasis assumption,
and we refer to the DEB book [55] for a more detailed explanation of the
generalized compounds.

In order to keep the state space of the model manageable and of the same
order as the state space of the DEB dynamics, we introduce the notion
of generalized particles associated with the generalized compounds of DEB
theory. These generalized particles were in some sense introduced already in
Section 6.2.2 by making the transformation (E, V ) → (ME ,MV ).

Rather than associating a particle to each individual molecule, we will asso-
ciate generalized particles to rich mixtures of molecules whose composition
is assumed not to change. That these mixtures of molecules would act as a
single particle with respect to the microscopic dynamics is not obvious, but
it we think of it as being the result of rate-limiting steps in the microscopic
reactions taking place in the organism, caused by the ”relative shortage” of
specific molecules within the mixture. A thorough justification lies outside
the aim of this work, and for the time being we will just assume the idea as
the microscopic equivalent of strong homeostasis.

6.3.2. Particle reaction models. A particle reaction model is a local
model describing elementary chemical reactions of first and second order
for a given set of ‘elementary’ particles that make up the (reaction-)system.
Additionally, particles may be added to, and removed from the system, thus
facilitating nonequilibrium behavior such as a far from equilibrium state,
particle flows and growth of the system.
A particle reaction model is a priori without any kind of geometrical structure
and the reactions are assumed to take place at independent random events
and at constant rates proportional to the amount of particles in the entire
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system. This means that one should not have a bulk chemical reactor in
mind either; rather the concentrations refer abstractly to the amounts that
are involved in the process.

A first order reaction transforms a particle PA into at most two other types
of particles PB and nACPC

PA → PB + nACPC at rate k̇A→B+CMA (6.3.1)

where k̇A→B+C is a first order reaction constant per mole of particles MA

and nAC ∈ R+ is the amount of PC particles present in a PA particle given
that it contains one unit of PB (possibly nAC = 0).4
The use of generalized particles –as explained above in Section 6.3.1– justifies
the use nAC ∈ R+ since the units of reaction are no longer necessarily the
units in which the particles are expressed, the exact stoichiometry of the
bound complex is a priori simply unknown.

A second order reaction describes the binding of two particles

PB + nACPC → PA at rate k̇B+C→AMBMCΣ−1 (6.3.2)

here Σ ≡ ΣiνiMi is the total size of the system for some weight-constants
νi. So a PB particle may meet and bind to nACPC particles at a rate that is
proportional to the amount of PC particles per size of the system.5 In this
case nAC > 0 since if (and only if) nAC = 0 the reaction becomes a first
order reaction described above.

Such reactions conserve mass, but generally not energy, which means that
the forward reaction may have a much higher probability than the reverse
reaction; in fact we have k̇→/ ˙k← = exp(β∆GÀ), where ∆GÀ is the Gibbs
free energy difference between the states at either side of the transition.
In the limit relevant to some biological reactions, ∆GÀ may become very
large, and hence we may disregard the contribution of the reverse process to
average particle flows.

6.4. A primitive organism – a particle reaction model

The most primitive form of life imaginable is already quite complex [81],
especially replication will require a non-trivial interplay between various
enzymes.6 Of course such complex molecules as enzymes will need to be
shielded from environmental fluctuations. Water may dampen the thermal
fluctuations because of its high heat capacity, but also the spatial fluctua-
tions –that could drive the cooperating molecules apart– need to be shielded,
for instance by a membrane that may serve as a scaffold for the enzymatic
molecules. Such membranes would spontaneously form vesicles that would

4In realistic chemical reactions (particularly in biological reactions), this reaction
constant will depend on the exact conditions of the local environment, here we suppose that
the probability distribution per particle over all environments is constant and independent
of the reactions taking place, allowing for the rather coarse approximation that the reaction
constants are really constants. This assumption is directly related to the assumptions of
strong and weak homeostasis made in Section 6.2.

5This is subtly but importantly different from regular textbook 2nd order reactions
where the product of concentrations determines the binding rate, if however the size of
the system is not constant this is fundamentally wrong!

6For such a primitive organism replication, growth and reproduction are (almost) the
same.



146 6. BELOW THE SURFACE OF DEB

be ideal for storage of assimilated building blocks and energetically charged
molecules. See for instance [9,39,86] for more background.
Such an assembly is already fairly complex, but life must have originated in
such a manner (if we rule out a god-like intervention that would render scien-
tific reasoning useless anyway) and it is not improbable that such structures
could have come about in an entropy rich fluctuating environment [88,89].
Provided such a complex is fed enough energy rich chemical building blocks
it will reproduce at high enough rates to overcome catastrophic events. Evo-
lution and due time would do the rest to allow complex organisms to arise.
See for instance [23] for more ideas on primitive life.

Now let us consider such a primitive organism, will it already display DEB
dynamics, or are more complex elements needed? In order to answer this
question, we need to construct a model for such a primitive organism and
see. For certain, one should consider the organism a V1-morph (α = 1)
since its structure grows as a surface, due to its membrane boundedness. On
the other hand, it seems reasonable to describe the organism with a particle
model as portrayed above.
In the following section we will present such a particle reaction model for an
imaginary primitive organism, from which DEB dynamics for a V1-morph
may be derived. Although this may be seen as an indication that the pro-
posed mechanism contains elements that could determine the dynamics in
a realistic V1-morph, this model is really a caricature that seeks simplicity,
rather than sophistication.
The mechanism is summarized as follows: reserve enters the organism at a
constant rate (when the substrate outside the organism is kept constant);
then, at a random (independently distributed) time, reserve will encounter
the right part of structure so that they may bind; this bound complex may
react (possibly after some cycles of unbind and rebinding) into another part
of structure (and waste); finally structure may spontaneously “disappear”
(i.e. decay into waste due to random, independent energy fluctuations in the
environment). The inhibition of the structure particles by reserve particles
(because it takes time for a reserve particle, bound to a structure particle to
react into structure), leads to a Michaelis-Menten type of dependency of the
conversion rate on the reserve density, just like for an enzymatic reaction.
This scheme is arbitrary to some extent, since such a dynamics could also
arise from a different but comparable reaction scheme. A different possibility
altogether is that the particular “Michaelis-Menten” form of (6.2.12) arises
from a processes that is not related to inhibition. We are, however, not con-
cerned with such other possibilities here. See Table 2 for symbols used in
this particle reaction model.

6.4.1. More considerations. As is common when constructing a model
one has to set a course between simplicity and realism; here we try to keep
the model as simple as possible under the constraints that it may describe
the DEB dynamics and be constructed as a particle reaction model. The
reason to keep the model as simple as possible is practical: for every rudi-
mentary state variable and process that we introduce we must later make
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Table 2. Some of the symbols used for the particle reac-
tion model, their dimensions and interpretation. Dimension
symbols: l length, m mass (C-moles), t time, e energy. Dots
indicate rates, superscripts Q and S denote the Quasi station-
ary and Steady state values, a ? indicates one of the possible
choices (being U/E), omission thereof means summing over
relevant possibilities.

symbol dimension interpretation
PV , PE , PW - gen. structure/reserve/waste particle
PV E , PV U - gen. structure particle with/without reserve

nV E - # reserve needed to form a bound complex
k̇V B , k̇V U t−1 binding/unbinding rate of reserve

k̇V R t−1 reaction rate of reserve to structure
k̇V D t−1 decay rate of structure to waste
k̇V G t−1 generalized growth rate

ME , MV m C-moles of reserve/structure
MV E , MV U m Structure with/without reserve particle

MEU m C-moles of unbound reserve
m? - relative molar mass: M?/MV

J̃SA, J̃EC , J̃EM mt−1 fluxes
j̃SA, j̃EC , j̃EM , j̃V G t−1 specific fluxes j̃ = J̃/MV

j̃V G t−1 specific growth flux
ρV ? - fractn. of surf./blk. part. in state: MV ?/MV

ρ Q
V ? - solution under the quasi stationary assum.

KV E - half-saturation constant in relative mol
Km - generalized half-saturation constant

gV , gE - dim.less free energy per particle
gB , gL, gM - free energy density of barier/lost/moving

∆µ - chemical potential diff. causing growth
σ, σst t−1 specific entropy production/stationary -

ηstatic, ηpower - static and power efficiencies
V, E, U - compounds: structure/reserve/unbound

B, U, R, D - rate-types: bind/unbind/reaction/decay

additional (and undesired) assumptions to obtain coincidence between the
model and DEB dynamics.
The simplest form of DEB theory describes the dynamics of an organism
with a state space of (R+)2, where (V,E) or equivalently (MV ,ME) denotes
the state of the system and the dynamics are determined by merely five
constants. Obviously, if we want to reconstruct the DEB dynamics from a
particle model, it should at least contain two types of particles: generalized
structure particles PV and generalized reserve particles PE .

The interpretation of reserve particles in the context of a primitive organism
is that it is the collection of particles that are bound to the organism but
are not yet transformed into structure, where structure is on the other hand
the smallest unit capable of self-replication.
It is clear that the most crucial reaction is growth. In terms of general-
ized particles growth means that a structural particle reproduces itself by
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consuming reserve

PV +nV EPE À PV ·(PE)nV E → (1+yV EnV E)PV +(1−yV E)nV EPW (6.4.1)

where PW is a generalized waste particle; nV E is the amount of general-
ized reserve particles bound to a single structure particle; and yV E is the
yield coefficient. The reaction is regarded as practically irreversible since
the structural particles should typically have high energy and low entropy.
For the same reason, we assume that over time structural particles will by
fluctuations decay irreversibly into waste

PV → PW (6.4.2)

There is no reason a priori to consider maintenance as a process that ‘re-
pairs damaged parts’ because that would involve a relatively high level of
complexity, rather the replacement of decayed structure by the remaining
structure may be seen as a primitive form of maintenance.

6.4.2. The model. Let’s suppose that a C-mole of the reserve of the
primitive organism consists of a fixed set of molecules and let this set be
represented by some amount of generalized reserve particles ME = PE/NA,
with NA Avogadro’s number. For structure, we suppose that it can be repre-
sented by structure particles PV , so MV = PV /NA. The structure particles
may replicate themselves when they have formed a specific complex with
generalized reserve particles. With respect to notation an E in the index
indicates if a structure particle has formed such a complex, and an U indi-
cates that the complex is unformed. As a matter of notational convenience
we will frequently use a star (?) to indicate that either of these states may
apply, whereas omittance implies summing over all relevant properties.

It should be noted that the model has some resemblance with the synthesiz-
ing units approach of DEB theory, see for instance [54].

6.4.2.1. The reactions. Let nV E be the amount of reserve particles needed
in the creation of a particle-reserve complex, binding (a second order reac-
tion) will form such a complex and unbinding (a first order reaction) will
unbind the complex into the previous components. The binding rates de-
pend on the relative density of unbound reserve particles mEU ≡ MEUΣ−1,
where we choose Σ ≡ MV the size of the system, which is in line with DEB
theory where the amount of structure V expresses directly the size of the
system (mEU is the natural equivalent in dimensionless units of the vol-
umetric density of (unbound) reserve [E] because [MV ] is constant). We
propose independent binding and unbinding to each of the binding sites of
the structure particles

PV U + nV EPE → PV E at rate k̇V BM?
V UmEU (6.4.3)

PV E → PV U + nV EPE at rate k̇V UM?
V E (6.4.4)

by PV E we denote the generalized complex of reserve bound to the structure
particle. The binding rate constant k̇V B is of second order and has dimension
per relative molar mass per time, the other rate constant is first order and has
dimension per time. Note that the bound complex will also be expressed in
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Figure 6.4.1. Schematic representation of growth cycle, the
horizontal arrows indicate binding/unbinding and growth.
The cyclic element lies in the fact that the PV U particles
appear on both sides of the reaction scheme. The arrows
pointing down indicate the decay of structure into waste.
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C-moles rather than in (1 + nV E)C-moles, since we still refer to the central
enzymatic particle and merely consider the binding as a change of state.
Note also that since we speak of generalized particles that are expressed in
units of C-mole that therefore nV E ∈ R+.7
The bound complex may irreversibly convert the bound reserve into more
structure (replication)

PV E → PV U + yV EnV EPV U + (1− yV E)nV EPW at rate k̇V RMV E(6.4.5)

with 0 ≤ yV E ≤ 1 the molar conversion efficiency or yield coefficient and
k̇V R the reproduction rate constant. By PW we denote generalized waste-
particles that are assumed to be removed from the system immediately and
without additional cost.8
Structure particles accumulate damage over time, and the particle may even-
tually accumulate so much damage that it turns to waste. In this process
the bound reserve particles are released and available for future use

P ?
V ? → PW + RE(P ?

V ?)PE at rate k̇V DM?
V ? (6.4.6)

where k̇V D is the decay rate constant and

RE(PV ?) = nV E if PV ? = PV E ,

RE(PV ?) = 0 otherwise. (6.4.7)

The growth cycle that a structure particle goes through, along with other
possible reactions, is schematically depicted in Figure 6.4.1.

7Consider simple particles for both reserve and structure and let one structure particle
have one binding site with respect to reproduction, then nV E = CV /CE , with CV and CE

the amount of C-moles for one structure and reserve particle respectively.
8The cost may by approximation be taken into account in the assimilation efficiency

as long as growth is slow with respect to metabolism.
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6.4.2.2. The differential equations. From the set of reaction equations,
we derive differential equations for the substances in the organism in the
following way: the amount of unbound reserve MUE increases by assimilation
of substrate into reserve and decreases by binding of the unbound reserve
particles (6.4.3); unbinding and decay of the bound complexes again increases
the amount of unbound reserve particles (6.4.4)

d

dt
MEU = J̃SA − nV E k̇V BMV UmEU + (k̇V U + k̇V D)nV EMV E (6.4.8)

where we have defined J̃SA the assimilation flow that will be proportional to
the surface area of the organism and hence for a V1-morph proportional to
the total structure.
On the other hand, the dynamics of binding and unbinding (6.4.3)-(6.4.4) to
the structure particles; the self-replication (6.4.5); and finally the decay of
particles (6.4.6) altogether lead to

d

dt
MV U = j̃V GMV + (k̇V U + k̇V R)MV E

− (k̇V BmEU + k̇V D)MV U (6.4.9)

d

dt
MV E = k̇V BmEUMV U − (k̇V U + k̇V R + k̇V D)MV E (6.4.10)

where

j̃V G ≡ yV EnV E k̇V RρV E (6.4.11)

is the specific growth flux, responsible for the growth of the organism, and
with ρV ? relative densities

ρV ? ≡ MV ?/MV (6.4.12)

6.4.3. Derivation of the DEB dynamics.

6.4.3.1. Reserve dynamics. First we consider the reserve dynamics: the
total amount of reserve present in the organism ME is the sum of free and
bound reserve thus we may write

ME = MEU + nV EMV E (6.4.13)

The dynamics for the total amount of reserve follows by substitution of
(6.4.10) into the time derivative of (6.4.13)

d

dt
ME = J̃SA −MV nV EρV E k̇V R (6.4.14)

where we have used the definition (6.4.12). By choice we may set

J̃SA = J̇SA (6.4.15)

Then we define analogous to (6.2.9)

J̃EC = MV nV EρV E k̇V R (6.4.16)

for which we will demonstrate that it has the same structure as (6.2.12)
under some assumptions.
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6.4.3.2. Dynamics of structure. Now we consider the dynamics of the
structure

MV = MV U + MV E (6.4.17)

Adding (6.4.9)-(6.4.10) we obtain
d

dt
MV = j̃V GMV − k̇V DMV (6.4.18)

If we look at this result with respect to the equation that follows from DEB
theory (6.2.10), we notice that there is already a similarity in the sense that
the negative term is proportional to surface and bulk particles therefore we
define

J̃EM ≡ MV k̇V Dy−1
V E (6.4.19)

which is more like a decay current than maintenance current. This current
coincides with the maintenance current in DEB theory if we choose the decay
rate constant appropriately

J̃EM = J̇EM ⇔ k̇V D = yV EjEM (6.4.20)

What we now have to consider is the relation between j̃V G and J̃EC , that
according to DEB theory should turn out to be

MV j̃V G = yV E J̃EC (6.4.21)

This relation implies a nontrivial relation between the maintenance and
growth in the model. We will investigate this relation in detail later, but
first let us focus on the dynamics of the relative densities ρV ?.

6.4.3.3. Dynamics of relative densities and weak homeostasis. Let us con-
sider the dynamics of ρV E present in j̃V G and J̃EC . With (6.4.9)-(6.4.12) we
derive

d

dt
ρV E = (1− ρV E)k̇V BmEU − ρV E(k̇V U +(1+ yV EnV EρV E)k̇V R) (6.4.22)

We see that these differential equations do not depend on the external con-
ditions (J̃SA) other than indirectly through mEU . We can neglect the terms
associated with the influence of growth on the relative density that goes
as ρ 2

V E < ρV E by assuming that the binding/unbinding reactions and con-
sumption of reserve take place on a (much) quicker timescale than growth.9
This assumption is related to the weak homeostasis assumption, which also
requires that growth is relatively slow to allow d

dtmE → 0 independently
of growth; formally we introduce the assumption as a quasi steady state
assumption (QSSA) and derive the quasi stationary solution from (6.4.22)

ρQ
V E =

mEU

mEU + KV E
(6.4.23)

with
KV E ≡ (k̇V U + k̇V R)/k̇V B (6.4.24)

and where Q stands for ‘quasi-stationary’. This is in fact a consequence of the
enzymatic properties of the maintenance and growth processes and (under
the QSSA) they follow the Michaelis-Menten dependence on the substrate

9It is possible to solve (6.4.22) without this approximation and the solution will be
very close to (6.4.23) and have the same important characteristic (a sigmoidal shape).
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for these processes (mEU ). A more detailed and thus more complicated
reaction scheme for the organism would very likely display the same type of
dependence, because of the considerations made in Section 3.5.2.
In DEB theory the dynamics however don’t depend on the density of unbound
reserve mEU , but on the density of total reserve mE . In order to translate
between mEU and mE we observe that the weak homeostasis assumption
d
dtmE → 0 leads to

d

dt
mE =

d

dt
mEU + nV E

d

dt
ρV E → 0 (6.4.25)

where the d
dtρV E → 0 under the QSSA made above so that it follows that

d

dt
mEU → 0 (6.4.26)

It follows that ρEU = MEU/ME → ρS
EU where ρS

EU is the stationary solu-
tion10 so that we may write

ρQ
V E → mEρS

EU

mEρS
EU + KV E

(6.4.27)

This makes sense, because the stationary solutions mS
EU and mS

E are in fact
independent of constant external conditions given by J̃SA, which is in line
with weak homeostasis.
To summarize up to here:

J̃EC = MV nV E k̇V R
mE

mE + KV EρS −1
EU

(6.4.28)

This means that the model naturally coincides with DEB dynamics for a
V1-morph if the rate constants involved in binding/unbinding and reaction
of reserve are set appropriately

J̃EC = J̇EC ⇔ KV EρS −1
EU = y −1

V E and nV E k̇V R = Φ̇C + jEM (6.4.29)

If we suppose that that the above displayed particle reaction model is a
characteristic representation of an underlying dynamics, then an alternative
interpretation for the elements in DEB theory is implied. What is consid-
ered maintenance in DEB theory here is caused by a decay rate, and the
mechanism that lies behind the Michaelis-Menten characteristic of (6.4.28)
is inhibition and QSSA for the model, whereas it is a combination of weak
homeostasis and partitionability of reserve in DEB theory. Note that, unlike
for regular derivations of such a Michaelis-Menten characteristic, we haven’t
had any explicit need for concentrations of particles as such, but rather, the
particles interact through random, independent events.
All the constants in the model have pretty much a straightforward interpre-
tation (that is when alternative interpretation above is taken for granted),
save one: it is a priori unclear why KV EρS −1

EU = y −1
V E would be “natural”.

We treat this question in a slightly more general context in the following
subsection.

10Note that the stationary solution (S) follows from setting all equations d/dt · · · = 0,
whereas the quasi stationary assumption (Q) implies that only a subset of the differential
equations is set to zero, and the solution thereof is used.
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6.4.4. What is reserve? Because, on a microscopic level, reserve will
be transformed into structure through some intermediary states, it is some-
what arbitrary where to indicate the definite transition from reserve to tran-
sition. This underlines that it is not straightforward to give a definition of
reserve on a microscopic level that will coincide with that of DEB theory.
Using immediately the considerations made in Section 3.5.2 however, we may
conclude that more in general we could also arrive at an expression of the
form (6.4.28) (with different constants) if we would suppose a slightly dif-
ferent definition of reserve. For this reason, we will now introduce a more
general equivalent of (6.4.28)

J̃EC =
mE k̇V G

mE + Km
MV (6.4.30)

with k̇V G a generalized growth rate and Km a generalized half-saturation
constant. A justified question is why and if this generalized half-saturation
constant Km will generally be equal to the inverse of the yield coefficient
(KmyV E = 1?), as DEB relation (6.2.12) suggests.
Since relations (6.2.9) and (6.2.10) merely express conservation of mass we
may use them here with the J̃ ’s to derive

d

dt
mE = j̃SA − (yV E k̇V G − k̇V D)mE + j̃EC∆ (6.4.31)

d

dt
ln MV = yV E j̃EC − k̇V D (6.4.32)

with j̃ = J̃/MV the specific currents per structure particle, and where we
have introduced ∆ = yV EKm−1 the parameter that should be zero according
to DEB theory. We see from (6.4.31) that the dynamics of the reserve would
not depend on the growth rate if and only if ∆ = 0. So we can rephrase the
question posed before: Why would the reserve dynamics not depend on the
growth rate? What would the advantage be for the organism?
In DEB theory ∆ = 0 is a consequence of weak homeostasis and the par-
titionability of reserve kinetics, that states that the partitioning of reserve
should not affect its dynamics. The meaning of weak homeostasis for the
organism seems to indicate more that the reserve dynamics are fast with
respect to growth (see also Section 6.4.3.3), and in that sense ∆ will tend
to be small, but there is no straightforward interpretation that ∆ should be
zero. In general, homeostasis can be thought of as a consequence of the sta-
bilizing effects of negative feedback loop mechanisms, but a stability analysis
of equations (6.4.32)-(6.4.31) only revealed that decreasing ∆ increases the
stability until ∆ = −1 (smaller ∆ implies that yV EKm ≤ 0).
Another important influence of ∆, that follows from (6.4.32)-(6.4.31), is that
the stationary reserve density always increases as a function of ∆

∂

∂∆
mS

E ≥ 0 (6.4.33)

so that increasing ∆ increases the resilience to fluctuations in the assimila-
tion. This is also expressed through how fast the stationary reserve density
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will react to changing assimilation
∂

∂j̃SA

mS
E = τ [1 + ∆ f(j̃SA) +O(∆2)] (6.4.34)

where f(j̃SA) is some function and τ is the time the system is observed. The
higher order contributions are always small with respect to linear order. This
implies that for increasing ∆ the system reacts more quickly to changes in
the assimilation. Perhaps there is a trade-of between stability and response
to changes in the assimilation, that reaches an optimum when ∆ = 0, so
again we see that ∆ will tend to stay small, but it is not easy to draw strong
conclusions.

In the context of isomorphs ∆ = 0 is associated with “no dilution by growth”,
since then, in quasi-stationarity ( d

dtmE = 0), the amount of reserve assimi-
lated is exactly equal to the amount of reserve catabolized plus the amount
of reserve needed to compensate for dilution by growth

J̃SA = J̃EC + mQ
E

d

dt
MV ⇔ ∆ = 0 (6.4.35)

for isomorphs this is nontrivial, and hence d
dtmE = 0 is for some reason

desirable for the functioning of the organism. In the context of V1-morphs
there is never dilution by growth because J̃SA scales with MV . Compare
with (6.2.9), using ME = mEMV and d

dtmE = 0.

6.4.5. The Energetics. Let gE , gV be the dimensionless, constant Gibbs
free energy per reserve and structure particle respectively (using units of en-
ergy such that kT = 1). Then, analogously to (3.4.5) on page 62, we may
define the chemical potential difference for a cycle in which one unit of reserve
is converted into yV E units of structure.

∆µ = gE − yV EgV + ln
mE

yV E
(6.4.36)

where the reserve density mE = [ME ]
[MV ] is given by the ratio of the concentra-

tions of reserve and structure with respect to some arbitrary volume.
The energetic changes for the organism may with help of (6.4.31)-(6.4.36) be
expressed as

d

dt
∆µ =

j̃SE + j̃EC∆
mE

− (yV E k̇V G − k̇V D) (6.4.37)

d

dt
ln[gV MV ] = yV E j̃EC − k̇V D (6.4.38)

where gV MV is the total amount of free energy of the organism associated
to structure.
The yield coefficient and the half-saturation constant, together with the de-
cay rate, are related through the energy landscape in a nontrivial way. To
see this consider this Gibbs free energy landscape of a growth cycle, for a
sketch see Figure 6.4.2. The idea is that the free energy of a reserve particle
gE will have two contributions, formation of (part of) a structure particle
worth yV EgV and some energy gL will be lost

gE = gL + yV EgV (6.4.39)
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Figure 6.4.2. Sketch of the free energy landscape of a
growth cycle, once a reserve particle has bounded to the struc-
ture the landscape must go down because the process has to
be spontaneous. A sufficiently high reserve density mE will
cause a chemical potential difference high enough to make
the first transition probable enough. The numbers refer to
the states in the three state model of Section 6.4.8.
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The lost energy consist in itself of two parts: one part is the formation of the
energetic barrier that structure must have with respect to the environment
gB (that has to protect it from fast decay due to thermal fluctuations),
and another part, the “moving” free energy gM , which determines how fast
the process will be completed once initialized (it determines the energetic
gradient)

gL = yV E(gB − gV ) + gM (6.4.40)

One has in mind that typically gV À 1 and in order that structure wouldn’t
decay too fast we expect –according to Arrhenius’s law– that there is an
energetic barrier gB À gV + 1 that the thermal fluctuations will have to
overcome before structure would decay

k̇V D ∝ exp[gV − gB] (6.4.41)

In order to investigate the relation between Km and yV E through their de-
pendence on the properties of the free energy landscape we will introduce a
simple three state model in Section 6.4.8.

6.4.6. Efficiency. The efficiency is generally defined as desired (en-
ergy) output versus required (energy) input. In terms of static conversion
of reserve into structure this is expressed as the amount of free energy of
reserve needed for one amount of free energy of structure. Because the yield
coefficient expresses the conversion in terms of mass we get

ηstatic =
yV EgV

∆µ
(6.4.42)

where gV is the specific Gibbs free energy of structure and ∆µ is the chemical
potential difference introduced above. With use of (6.4.36) and (6.4.33) we
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may derive
∂

∂∆
ηstatic ≤ 0 (6.4.43)

Analogously to the considerations made in Section 3.5.5 we would like to
consider the ‘power efficiency’ that expresses how fast the organism gains
free energy of structure per input of free energy of reserve

ηpower =
gV

d
dtMV

∆µj̃EC

= ηstatic

[
1− j̃EM

j̃EC

]
(6.4.44)

This is well-defined when j̃EC > j̃EM so when the organism is growing. Note
that when j̃EM → 0 then ηpow → ηstat. Using (6.4.33), (6.4.43) and that
∂

∂∆ j̃EC > 0 we may derive that

∂

∂∆
ηpower ≤ 0 (6.4.45)

We see that for the efficiency will increase with decreasing ∆, this suggest
an evolutionary drive towards systems with Km > y−1

V E that process reserve
slowly.

6.4.7. Entropy production. The entropy flow into the system (per
structure particle) for the model may be be expressed as

σ = ∆µj̃SA − (∆µ− yV EgV )j̃EC − yV EgV j̃EM

= ∆µ
d

dt
mE + (mE∆µ + gV )

d

dt
ln MV (6.4.46)

In stationarity the reserve density is constant d
dtmE = 0 so that

σst = (gV + mE∆µ)
d

dt
ln MV (6.4.47)

6.4.8. A simple three state model. As was mentioned before we
would like to introduce a simple three state model with the above portrayed
potential energy landscape, along the lines of the model for kinesin (Chapter
3). The need for such a model stems from the fact that j̃EM ,Km and ∆
are related through the free energy landscape and one should therefore in
principle not consider them independently as was done above. The model
will represent the growth cycle of a single structure particle when processing
one reserve particle into (part of) another structure particle. We associate
state ‘1’ to the minimum of the landscape (left and right minima are the
same states, see Figure 6.4.2), state ‘2’ to when a reserve particle is bound
to the structure particle and state ‘3’ to when the structure is formed. The
transitions are associated with binding of reserve (1 → 2), formation of new
structure (2 → 3) and dissociation of the newly formed structure from the
system (3 → 1).
Taking the timescale, or characteristic frequency (ref. Subsection 3.3.1 on
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page 55) equal to 1, we define the following rates

r(1, 2) = exp(∆µ− 1
2
(yV EgB + gM )) (6.4.48)

r(1, 2) = exp
1
2
(yV EgB + gM ) (6.4.49)

r(2, 3) = exp
1
2
(yV E(gB − gV ) + gM ) (6.4.50)

r(1, 2) = exp−1
2
(yV E(gB − gV ) + gM )) (6.4.51)

r(3, 1) = exp
1
2
(yV EgV ) (6.4.52)

r(1, 2) = exp−1
2
(yV EgV ) (6.4.53)

Using the tree algorithm we derive the stationary current J = j̃EC through
the cycle.
Because otherwise the calculation will get cumbersome we use slight modifi-
cation of the (static) efficiency

ηstatic =
yV EgV

gE
(6.4.54)

With help of (6.4.39)-(6.4.40) we may derive

yV E =
gE − gM

gB
(6.4.55)

To see that the efficiency will always be positive and smaller than 1, one
should realize that gB > gV and gE > gM , because otherwise the cycle
would not be progressive.
The maintenance would in this setup be determined by (6.4.41) to give

j̃EM = y−1
V E exp(gV − gB) (6.4.56)

Using (6.2.9)-(6.2.10) we may derive the stationary reserve density and use it
to calculate ∆µ, in this way we are able to calculate (given the assimilation
j̃SA and the energy of the reserve gE) the power efficiency as a function of
the distribution of the energy in the reserve over gB, gM and gV .

The results show that for a given gV there exists a maximal ηpower for some
optimal pair gM = 0, gB = gV + f(gV ) where f(gV ) is a positive increasing
function of gV . On the other hand the ηpower is increasing function as a
function of gV suggesting an evolutionary drive towards complexity. There
was no connection leading to believe that ∆ → 0 as the efficiency increased
or that there was a direct relation otherwise.

6.5. A spherically structured model

In order to describe the mass and energy flows of an isomorphic organism
in a comprehensive way, we need to take the geometry of the organism into
account, because the surface area doesn’t scale with the volume of the or-
ganism. In what follows we approximate our organism (without much loss
of generality) by a growing sphere. Moreover we (somewhat unrealistically)
suppose that the volume of reserve is negligible, and hence that there is a
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one-to-one relation between volume and structure. For some background on
the differential equations that are relevant here we refer to [18]. See Table
3 for the symbols used in the context of this model.

Table 3. Some of the symbols used for the wire-model, their
dimensions and interpretation. Dimension symbols: l length,
t time, e energy; dots indicate rates; S indicates stationarity.

symbol dimension interpretation
R(t), A(t), V (t) l radius/surface/volume of the (spherical) organism

qA, qM , qG var. proportionality constants used for the reserve balance
{ṗE}(r) et−1l−2 radius-dependent reserve flux per surface area
k̇C(r) t−1 radius-dependent catabolization rate
k̇Eff t−1 effective reaction rate ‘constant’
e(r) - density profile function
N(r) - amount of wires crossing a shell of radius r

{N} V − 2
3 amount of wires at the surface per unit of surface (cst)

ṗEw, ṗCw et−1 entrance/exit rate of reserve per wire
ṗS

Ew, ṗS
Cw et−1 stationary entrance/exit rate of reserve per wire

v̇w lt−1 velocity of reserve along wires
rT l terminal point of a wire (differs per wire)

ζEw(r, t) el−1 (local) reserve density per wire length
lw(t) l length of a wire (lw(t) = R(t)− rT (t))

dES(r) e stationary amount of reserve in spherical shell
ES e total stationary reserve

6.5.1. Conservation of reserve. We suppose a simple spherically sym-
metric organism with a certain variable radius R(t) and hence a volume
V (t) = 4

3πR(t)3 that may uptake substrate at its surface of size A(t) =
4πR(t)2 = (4π

9 )
1
3 V (t)

2
3 and transform this into reserve E(t) at a rate pro-

portional to this area qAV (t)
2
3 , independent of the concentration of reserve

[E](t) = E(t)/V (t) inside the sphere. The reserve particles will react once
inside the sphere providing the organism with both maintenance (at a rate
proportional to the volume qMV (t)) as well as growth (at a rate propor-
tional to the increase of the volume qG

d
dtV (t)). We suppose conservation of

particles between entry into the organism and reaction and hence we derive
d

dt
E(t) = qAV (t)

2
3 − qMV (t)− qG

d

dt
V (t) (6.5.1)

Note that this equation is the (V (t), E(t)) equivalent to (6.2.9) if we set

qA = {ṗA} , (6.5.2)
qM = [ṗM ] and (6.5.3)
qG = [EG]. (6.5.4)

Now let us consider mass conservation for a shell of the sphere with radius
r and thickness dr → 0, if we suppose for the moment that reserve is trans-
ported into such a sphere of the organism at a rate r2{ṗE}(r) with {ṗE}(r)
the flux of reserve per surface area, and suppose there is some catabolization



6.5. A SPHERICALLY STRUCTURED MODEL 159

or mobilisation rate k̇C(r)[E](r), then we obtain the following differential
equation for the local reserve density

d

dt
[E](r) =

1
r2

∂

∂r
r2{ṗE}(r)− k̇C(r)[E](r) (6.5.5)

The goal is here to find conditions on k̇C(r) and thereby gain insight into
the structure that accommodates mobilisation of reserve. The boundary
conditions of this equation are that the flux of reserve at the boundary is
determined by {ṗA}, on the other hand the concentration should be differ-
entiable at the origin so it follows that

{ṗE}(R) = {ṗA}V
2
3 R−2 (6.5.6)

{ṗE}(0) = 0 (6.5.7)

where V
2
3 R−2 = (4

3π)
2
3 is a geometrical constant that arises from the trans-

formation V → R.

6.5.2. Deriving the dynamics. A natural definition relating the total
amount of reserve E to the local concentration of reserve [E](r) follows by
integrating over the volume of the organism

E ≡
∫

V
[E](r)dV (6.5.8)

We may substitute this definition into (6.5.1) to obtain
∫

V

d

dt
[E](r)dV + [E](R)

d

dt
V = qAV

2
3 − qMV − qG

d

dt
V (6.5.9)

then we substitute (6.5.5) to find

R2{ṗE}(R)−
∫

V
k̇C(r)[E](r)dV + [E](R)

d

dt
V

= qAV
2
3 − qMV − qG

d

dt
V (6.5.10)

we identify the left terms of left- and right-hand side as the flux of particles
into the system and hence we may eliminate them and then solve for d

dtV to
obtain

d

dt
V =

Ek̇Eff(V )− qMV

qG + [E](R)
(6.5.11)

where we have defined k̇Eff(V ) ≡ 1
V

∫
V k̇C(r) [E](r)

[E] dV , the effective reaction
rate ‘constant’.

Using (6.5.1) we get

d

dt
E = qAV

2
3 − qGEk̇Eff(V ) + [E](R)qMV

qG + [E](R)
(6.5.12)

Through d
dt [E] = V −1( d

dtE − [E] d
dtV ) we obtain

d

dt
[E] = qAV − 1

3 − [E]k̇Eff(V )(qG + [E]) + qM ([E](R)− [E])
qG + [E](R)

(6.5.13)
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Figure 6.5.1. Artistic impression of the wire transport system.

This should coincide with (6.2.4) in order that the dynamics are equivalent
and hence we obtain a relation for the effective rate ‘constant’

k̇Eff(V ) = v̇V − 1
3 + (e(R)− 1)

v̇[E]V
1
3 − qM

qG + [E]
(6.5.14)

which may be expressed in terms of an effective radius-dependent reaction
rate k̇C(r)so that

k̇Eff(V ) = 1
V

∫

V
k̇C(r)e(r)dV (6.5.15)

where we have defined e(r) ≡ [E](r)/[E] the density profile function.

6.5.3. A modest and simple proposal for reserve transport. An
easy case for (6.5.15) is to let e(R) = 1 and hence the concentration at the
boundary would be the same as the average concentration. This suggests a
more or less constant density profile e(r) = 1 of the reserve density which
would be favorable for the organism in the sense that it would maintain local
homeostasis of reserve with respect to structure.

If we take e(R) = 1 diffusion is ruled out as transport mechanism since con-
centration gradients are essential for the mechanism and hence e(r) would
always have to be an increasing function, unless of course the diffusion con-
stant is infinitely big with respect to the effective reaction rate constant, but
this will not be the case in reality.
Instead we propose a transport mechanism that transports reserve over a
system of concentrically oriented ‘wires’ at a constant rate; at the ends of
the wires reserve is transformed into growth and maintenance by a certain
unspecified process. This type of transport system along wires is inspired
by the transport systems in both cells (along transport fibres like actin or
microtubules) as well as in multicellulars (along venal systems). See Figure
6.5.1 for an artistic impression.

6.5.3.1. Transport along the wires. Let N(R) = {N}V 2
3 be the amount

of wires connected to the surface, proportional to the amount of surface V
2
3 ,

with proportionality constant {N}. Reserve enters each wire at a rate ṗEw

determined by the assimilation rate ṗA as follows
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ṗEw =
ṗA

N(R)
=
{ṗA}
{N} (6.5.16)

We suppose that along each wire reserve ‘particles’ move at a constant veloc-
ity v̇w, until they reach their terminal point rT where the reserve is converted,
thus the exit rate of reserve for a wire with given terminal point is

ṗEw(rT , t) = v̇wζEw(rT , t) (6.5.17)

where ζEw(r, t) is the reserve density along a wire per unit of length.

6.5.3.2. Stationarity. At stationarity we have ṗS
Ec(rT ) = ṗS

Ew and thus
follows that the stationary reserve density along the wire is a constant

ζS
Ew =

{ṗA}
{N}v̇w

(6.5.18)

In stationarity the amount of reserve in a spherical shell dES(r) of thickness
dr is given by dES(r) = ζS

EwN(r)dr and thus

ES = ζS
Ew

∫ R

0
N(r)dr (6.5.19)

From (6.2.4) it follows that [E]S = {ṗA}/v̇ and thus we should have
∫ R

0
N(r)dr =

v̇w

v̇
{N}V (6.5.20)

which is satisfied if we set N(r) ≡ {N}V (r)
2
3 and v̇w ≡ (36π)−

1
3 v̇.

6.5.3.3. Growth dynamics of the wires. We now need to define the dy-
namics of the growth of the wires. We suppose that the wires are fixed to
the outer surface and that they grow at their terminal or inner end. As the
whole organism grows the amount of wires will grow proportionally with the
amount of surface area. If the terminal ends of the wires on average remain
at a fixed position with respect to the centre of the organism then that would
facilitate N(r) ∝ r2. This means that the length of each wire has to grow
as R(t) so for each wire

d

dt
ln lw(t) =

1
3

d

dt
ln V (6.5.21)

In order to have no dilution by growth when the organism is growing the
throughput of the wires has to be greater than their growing velocity

v̇w ≥ d

dt
lw(t) (6.5.22)

which follows by using (6.5.21) and (6.2.5) with ṙ = d
dt lnV and the inequality

v̇[EG] + [ṗM ]V 1−α

[E] + [EG]
≥ 0 (6.5.23)

which is always true because all constants are positive.
On the other hand, when an organism that has reached a stationary reserve
density [E](t0) = {ṗA}/v̇ is starved from t0 ({ṗA} → 0) we will have a
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sphere of reserve whose radius will shrink with the reserve transport velocity
v̇w along the wire

E(t) =
∫ R−v̇wt

0
ζS
EwN(r)dr =

{ṗA}
v̇

VE(t) (6.5.24)

with VE(t) = 4
3π(R(t0) − v̇wt)3. This gives rise to a reserve dynamics that

is almost the same as the one prescribed by DEB theory (6.2.9). It follows
from the wire model, that when the organism is starved, the reserve density
will decay approximately exponentially

d

dt
ln[E] = −v̇ (6.5.25)

This discrepancy between the wire model and DEB theory may be repaired
by assuming that the reserve gets mixed along the wires, so that e(r) = 1
all the time. This could be more or less the case when the wire system rep-
resents, for instance, a blood circulatory system.
On the other hand, this is maybe not what an organism would prefer. Be-
cause it is favorable for an organism that it holds out “as long as possible”
it would seem favorable for an organism to benefit from the much slower
polynomial decay (slower because v̇w = (36π)−

1
3 v̇), and only later (once it

becomes favorable) follow the exponential decay. It would therefore be inter-
esting to see if organisms exist (with a wire type of transport system) that
show a polynomial decay upon starvation (and consequently increase upon
increased assimilation) instead of an exponential decay (or increase); plants
for instance might be a good subject to study in that respect.



Epilogue





Awakenings

als een kolibrievlinder de lucht streelt
de bleke zon de hemelboog strijkt

stuift goudstof af op de draden
die mijn bewust zijn vergaren
schenk mij een moment rust

een moment van zicht op
dit oneindig landschap
van zand, cacti, rosa

. . .

Jonathan was feeling stiff and heavy when he came to. The air that came into
his lungs was moist and thick, the floor hard and cold. He opened his eyes and
grey light reflected from the ceiling. He was numbed and got to his feet with
great difficulty, and only after a while he could feel his tingly feet and the draft
that was streaking them.He was still wearing the gnome’s cloak and it was still
damp and clammy, where he had laid the stone floor was still wet.
Jonathan looked around for the gnome but all he could see was a solid stone wall
all around him, save a small barred window. Jonathan looked for an exit but all
he could find was a wooden hatch. Nervously he walked over to the hatch, there
was no ring or anything else to open the hatch. He tried to get his fingers in
between the hatch and where it would open, but the opening was way too small.
There were no hinges on the hatch and he realized that they had to be on the
other side therefore.
Jonathan vigorously jumped up and down on top of the hatch causing a loud
banging noise, but the hatch didn’t yield.
“Hey! Will you stop it! I’m trying to dream over here!”
Jonathan stopped, curious and frightened at the same time he looked in the
direction where the voice had come from.
“Thank you.” The voice came from underneath a heap of blankets lying in one
of the corners.
“Who are you?” Jonathan asked.
“Hey! Wasn’t I clear: I’m trying to dream over here.” The heap of blankets
moved and a old worn face appeared.
“It’s no use you can’t get out that way. Besides if you could get out you would
be eaten alive by the enormous all-consuming monster waiting outside.”
“What is this place? Why am I here? Why does this have to happen to me?”
Jonathan was close to tears.
“Do you think you’re so special then? You’re not the only one, you know.”
Jonathan stepped over to the window, clinging to the bars with his bare hands.
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He looked over the vast and deserted landscape, desperately looking for some-
thing to cling his hope to. Then in a frenzy of madness he vigorously shook the
bars, or rather himself for the bars didn’t flex.
“Stop it! You’re going to hurt yourself if you don’t stop that madness!”
“But we have to get out!” Jonathan retorted.
“In your dreams!”
“I’m not giving up so easily if that’s what you think!”
“I’m not talking about giving up, I’m only saying that if you want to get out,
the only way is through your dreams.”
“You’re crazy, old fellow! The captivity has made you insane.”
“Sure, I’m insane. But if you now let me dream, I would greatly appreciate it.”

An endless time seemed to pass and Jonathan went crazy with the idea that he
would have to die in this place and kept thinking of a way to get out, sparking
his hope with insane ideas that were all doomed to fail. His fellow inmate shook
his head wearily and only hoped that the boy would leave him alone long enough
to enjoy his dreams. One night Jonathan felt that he had lost all hope and fell
asleep crying. But of all nights, he had the most amazing dream that night . . .



Discussion and prospects

Building bridges

We have seen that there is a use for statistical mechanics within biology.
From a microscopic perspective we have demonstrated its use for the mole-
cular motor kinesin gaining useful insight in the process. Added to that are
the many other applications of similar techniques to other microscopic bio-
logical systems and this leads to believe that there is good use for statistical
mechanics in molecular biology. But in spite of its name, molecular biology
is really closer to chemistry than to traditional biology.
What has become apparent from the study of kinesin, is that the motor cru-
cially operates far away from equilibrium, meaning that the thermal noise
is orders of magnitude smaller than the thermodynamic field(s) driving the
system. More in general one expects that biological systems are always far
from equilibrium in the sense that the structures it consists of must not
be disturbed too easily by thermal fluctuations. As the very simple model
of Section 6.4.8 on page 156 suggests, the energetic barriers that prevent
thermal fluctuations from degenerating life to lifeless matter, also increase a
biological system’s efficiency (with respect to reproduction). We believe that
reserve in DEB theory also expresses this in-buit resilliance to thermal fluc-
tuations that biological systems need to have in order to be able to replicate
sufficiently before decay into lifeless matter.

Unfortunately statistical mechanics is not yet fully developed with respect
to such far from equilibrium (biological) systems and their accompanying
non-linearities.
As we have learned by studying the thermoelectric effect –which brought us
back closer to equilibrium as well as closer to physics– the main ideas for
representing macroscopic realities through some underlying microscopic and
local model (behaving according to common physics laws) is not only useful
but may also increase understanding of the system. Moreover the study of
this model has led to some insight concerning perturbation beyond linear
response which we have further examined in a more abstract context.
What we have learned in the more abstract approach to perturbation anal-
ysis, is that field-reversal rather than time-reversal is the operation that en-
ables us to perturb beyond equilibrium, or alternatively around non-equilibrium
states. Particularly this last property should prove most useful in a biolog-
ical context, because equilibrium is not a suitable reference state for living
systems.

As has been argued, there exists a tremendous gap between microscopic (mo-
lecular) biology and macroscopic (traditional) biology. Not only in terms of
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space- and time-scales, but also very much in terms of complexity. Although
its value is magnificent, it is madness to expect that molecular biology in
itself will provide a coherent bridging of this gap within the timescale of a
human life. Therefore we have sought the bridging of this gap in a more
abstract way, making use of an available and coherent biological theory on
the macroscopic scale, DEB theory. Inspired by the work of Boltzmann we
have sought to determine possible underlying microscopic mechanisms that
are sensible from a physics point of view. Although the proposed mecha-
nisms are caricatures of the supposed reality, we may still expect that they
hold some value of truth.

Realism isn’t perhaps always most desired from any model, it very much
depends on the application one bears in mind as well as the information
that is available. In that sense we believe that a good model seeks the thin
line between realism and simplicity, somewhat like using Ockham’s razor to
the extreme while keeping the “deus ex machina” at bay. In this respect all
models presented are mere caricatures of reality, and we may expect that
they at some point will fail when comparing the model to reality in certain
aspects. On the other hand there is at least some amount of truth in them,
they are in some sense metaphors forming a bridge to reality.
Of course it is always possible to further refine and develop more and broader
“bridges” as here between physics and biology, and let it be said that what
has been presented here is merely a very narrow bridge, but certainly a
good start that provides hope. Something which is perhaps not immediately
clear from this work, is that building such a bridge between physics and
biology in the first place comes down to translating the concepts that either
field is acquainted to. Not only need we find microscopic underpinnings for
the biological reality, but also we need a ‘dictionary’ to learn one another’s
language.

Towards a statistical mechanics of biology

As is common in science, the quest for answers leads to new questions. What
is for instance the physics meaning of the field-asymmetric action? Apart
from a relation with the familiar entropy production, arises a part that is
more related to the fluctuations (i.e. traffic) in the exchange with the envi-
ronment, as if these fluctuations themselves contain a form of entropy. This
also seems apparent from the study of [19] where it was demonstrated that
two identical but non-thermal reservoirs may lead to energy flows when in-
termediated with some asymmetric chain of colliding hard spheres. On a
more human scale it is common knowledge that we may use a windmill to
obtain energy –even in places where the average wind speed is zero– due to
the correlations on longer timescales. It would be most interesting to inves-
tigate the possibilities in this direction.
With respect to a statistical mechanics of biology a lot needs to be done.
For starters we need to find out how to obtain experimental access to the
time-symmetric part of (the stochastic equivalent of) the action. But also we
would like to understand what principles typically determine the symmetric
(microscopic) driving fields. Also a lot more can be investigated concerning



WHERE DOES IT END? 169

the relation between DEB theory and the underlying mechanistic reality: for
instance we would like to find a satisfying answer to the question why even
V1-morphs seem to compensate for dilution by growth; but also how the
idea of generalized particles may be better accounted for.
It would also be most interesting to investigate the possibility of obtain-
ing typical behavior from generalizations of the kinesin type model to more
complicated chemical reaction networks. Perhaps it will be possible even to
relate such models to DEB theory. The general idea in any case is that we
may construct models on the basis of available knowledge of the underlying
microscopic reality and then see if we may derive from these models typical
biological behavior. Vice versa typical biological behavior may inspire to
look for such models so that through an interplay of modelling and checking
we may learn to understand the nature of life more deeply.

Where does it end?

Since it is impossible to predict what will be the outcome of the statistical
mechanics approach for biological systems, we can only guess. We expect
that such an approach is at least feasible in quite some generality, because
of the tremendous amount of information and insight available for biological
systems. On the other hand the interplay between theory and experiment
has traditionally led to important progress and increased understanding and
we believe that is to be expected of “statistical bio-mechanics” just as much.
May we expect such progress with respect to the question “how does life
work?”, or with respect to other fields of biology? How about evolution
for instance, will it be possible to derive evolutionary behavior from “first
principles”? Going by the many studies on the subject the answer to this
question seems positive.11 Much the same would go for the strongly related
fields of the origin of life and artificial life. How about neurology? How
about psychology?12

Of course we may ask ourselves the question whether such an approach as
displayed above would need to be limited to the relation between physics
and biology. It is our opinion that the approach in its abstract idea is only
as limited as our knowledge and imagination. Why would such approaches
not also be valuable in other academic fields such as psychology, sociology
and economy. Already some cross-frontier work emerged that seeks to relate
observations from widely different academic fields, [8,11,13,26,58,84,103,
109, 111] to cite but a few examples. So where does it end? The realm
of infinite possibilities has never seemed more immense and open. It is like
the proverbial dangling carrot that keeps us going in spite of our natural
tendency to follow the “principle of least action” to let us be entertained.

11Together with some graduate students we have for instance investigated the Moran
model [22] and it followed that already such a simple model for evolution may give rise
to speciation through the “bottle neck effect” [90].

12With yet another couple of graduate students we have investigated a model for the
interaction between husband and wife during conversation [83], and from the study of
a stochastic simplification of the model it appeared that high “entropy production” was
related to the instability of the couple.





Summary

Overview

Superficially seen, physics and biology, as independent sciences, deal with
totally different aspects of our reality. Physics investigates the behavior
of lifeless matter, whereas biology investigates life. On the other hand it
is also clear that the building blocks life consists of are ultimately lifeless,
only the particular fashion in which these lifeless parts cooperate brings the
whole to life. The laws of physics should therefore strictly speaking render a
description of life. Nevertheless this seems a hopeless affair in first respect.
The complexity of even a very simple living organism is already so immense
that even the greatest computer is not yet capable to describe the course of
life of such an organism from first physics principles.

Physics has attained some experience in describing complex systems how-
ever. More in particular, statistical mechanics (developed by pioneers like
Boltzmann and Gibbs) has the goal to understand thermodynamics behavior
in terms of supposed underlying mechanistic laws, such as Newton’s laws.13
One of the most important conceptual steps made in the development of sta-
tistical mechanics is the following: a thermodynamic system consists of so
many particles (typically ∼ 1023) that it is impossible (and seems pointless)
to follow each of them individually, but we may expect a typical behavior
for the whole if we suppose that the particles repeatedly collide in a random
fashion.
This supposition of inherent randomness may be underpinned from the idea
the the mechanistic equations of motion will display chaotic behavior (which
means that a small perturbation of the initial conditions will lead to a totally
different outcome). On the other hand the supposition may be underpinned
with the fact that the exact initial conditions are inaccessible for all practical
purposes and that in this light it makes more sense to take the probability
that a certain initial condition is the right one as a starting point.14 It is not
only quickly impossible to exactly calculate the evolution of a system con-
sisting of very many particles, but much rather would we know the typical

13Thermodynamics describes the behavior of heat flows through matter on a human
scale, but because this matter ultimately consists of very many small parts that should
obey Newton’s laws, the question arises how these separate laws may be unified. Statistical
mechanics seeks to answer this question.

14From an experimental point of view another argument may be added to that: be-
cause it is impossible to actually thermally insulate any system, we may safely suppose
that there will always be some amount of energy exchange with the environment (the rest
of the universe). Experimentally it is clear that this exchange is sooner than not indepen-
dent from the system under study en that it may be best describes as noise of independent
energy packages.
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behavior instead of the the behavior for every independent initial condition,
and this is exactly what statistical mechanics has to offer. At least to a
certain extent.
Although there has been put a great amount of effort to further develop and
generalize statistical mechanics for systems that are not in (thermodynamic)
equilibrium, there is until now no complete and satisfactory theory available.
Because biological systems clearly are systems that pre-eminently (even fun-
damentally) operate away from equilibrium, it seems that a generalization
to non-equilibrium or open systems seems more necessary then ever. For-
tunately there have been some important developments of late, in part due
to the efforts made by the group of Maes, that form the onset of a theory
of non-equilibrium statistical mechanics. As we have been able to see from
chapters 4 and 5 these developments have not come to a standstill.

Because the underlying reality of biology is of a physics (and chemistry) na-
ture, hope rises that statistical mechanics may offer us insight into how the
typical behavior of living systems may be described and elucidated. But one
should have in mind that the complexity of a living system is of a completely
different order than that of a typical thermodynamical system. A simple cell
may already contain thousands of different types of particles (molecules),
while a typical thermodynamical system would contain only several. More-
over many more processes are in play with living systems, that are sometimes
very specifically tuned to each other.
Still it appears that certain microscopic parts of life may be described with
help of principles developed in non-equilibrium statistical mechanics, as has
appeared from the successful application of such principles to the molecular
motor kinesin in chapter 3. On the other hand there really are biological
laws that arise on a more human or macroscopic scale that lead to believe
that –as with thermodynamical systems– a typical behavior may arise, in-
dependently of the precise microscopic structure or evolution of the system.
In this respect DEB theory is a good example that describes such typical
behavior. In DEB theory, developed by the group of Kooijman, the flow of
mass and energy in a organism (living individual) is described, and related
to that, how this leads to growth and stockage of reserve (given some food
supply). In chapter 6 we have seen how these natural laws may arise from
physics principles.

Kinesin

Kinesin is a complex molecule that is prevalent in most if not all living cells.
It is responsible for transport of substances through the cell, as well as keep-
ing the cell structure in shape, just as the separation of chromosomes during
cell division. Kinesin consists of two “heads” –connected through their he-
lically intertwined “”tails”– that interact (almost) independently with long
polymer chains (microtubules) that amongst others form the structure of
the cell.
By decomposing the “fuel” ATP (an energy rich molecule, universally present
in cells) both of these heads are capable of flinging their tail forward, con-
sequently swinging the other head in front. Thereupon the front head may
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bind to the microtubule (at a fixed distance of about 8 nm from the rear
head) and then this head may in turn swing the other head forward with use
of ATP. In this way kinesin is capable of transferring chemical energy into
transport and therefore work, which makes the motor attractive as subject
to physics description.

Experimentally quite some amount of measurements have been conducted on
kinesin, with as a highlight measurements on individual molecules through
the aid of so-called optical tweezers [117]. By attaching the far end of the
tail to a silica bead en subsequently keeping the bead trapped in an inho-
mogeneous field of light, it wasn’t only possible to follow how an individual
molecule moves along, but also a measurable force could be installed upon
the motor (working against the direction of movement) while it was moving.
The velocity at which kinesin moves along has been measured in this way,
both as a function of ATP concentration and as a function of force (load).

All in all an image emerges of a complex yet to a certain degree understand-
able part of life, in whose functioning some concepts of physics like force,
mass- and energy currents play a prominent role. Kinesin thus presents it-
self as an ideal study object in order to investigate to what extent it will
be feasible and reasonable to in one way or another make use of statistical
mechanics techniques to describe biological systems.
For this reason we have defined a (simple) model –with help of on the one
hand (biological) knowledge of the working of kinesin and founded statistical
mechanics considerations on the other hand– that is capable of describing
and predicting kinesin’s behavior.
The model takes the most relevant chemical states (including respective ori-
entation of the heads) as a state space for a Markov process, where the
transition rates are considered primarily as chemical reaction rates between
the respective chemical states. This model consists of six states that are
connected with seven transitions, as is depicted in Figure 3.4.2 on page 60.
One transition in particular represents the exchange in position between the
heads (transition (2,3)) and it stands for one step of the motor as a whole.
Obviously this transition (that is referred to as “the power stroke”) depends
on the forces that act on the motor. However the possibility that also other
transitions are also involved in part in the displacement of the motor is not
ruled out in the model, and consequently also these transitions may be in-
fluenced by the external force.
The structure of the rates as they have been proposed for the model are
generically represented by the following formula

r(x, y) =
ωxyeβµxy

1 + eβ[Fλxy−Uxy]

where µxy is the chemical potential (proportional to the logarithm of the
concentration) of the substance that is binds to the system in a transition
from state x to state y. The force and the free energy differences between the
states influence the rates through the denominator by the term Fλxy − Uxy

in the exponential, with Uxy = Gx−Gy is the free energy difference between
states x and y when there is no load, and Fλxy quantifies the influence of
the load. Finally ωxy = ωyx is the transition frequency that indicates how



174 SUMMARY

easily the system makes the transition (in either direction), and β = kT−1

denotes the inverse temperature.
In order to limit the degrees of freedom in the model we have supposed that
the transition frequencies are constant. In this way we start out with a
model with twenty variables, but with use of experimental results of some
reaction rates and by using some amount of symmetry we can reduce this
to an amount of six. Subsequently we make use of the measurements of the
above mentioned optical tweezer experiment to fit these remaining parame-
ters.
Given the fact that it is possible to make such a physically underpinned
model agree with the experimental results, one may carefully conclude the
there is no reason to take more complicated considerations into account, and
it is apparently possible to let the laws of physics be in agreement with a
biological system through a relatively simple framework. Be it a system that
is in itself still very simple with respect to the actual complexity of life.
That the model is to a reasonable degree in par with reality also becomes
apparent from some other indications. One such indication is the fact that
with only a minor addition the model can be made to agree with (the exper-
imentally measured) average distance crossed, before the motor is expected
to come off the microtubule. Also the inhibition of the reaction products of
ATP, ADP and inorganic phosphate Pi is qualitatively in agreement with
the model.

This model for kinesin allows us to investigate a number of other things.
Thus for instance the load at which the motor could no longer move was
measured in the optical tweezer experiment. Because the motor tends to de-
tach from the microtubule at high loads, these measurements were hindered
and it was supposed that the motor had come to a complete stop when it
hadn’t moved for over two seconds. Thanks to the model it has become clear
that in this way probably not the maximal load was measured, but rather
to some approximation the amount of force at which the motor is expected
to make a step only once every two seconds, see Figure 3.5.5 on page 68.
On the basis of such measurements of the maximal load (the so-called “stall-
force”) it was supposed that the maximal efficiency of kinesin would be
tremendously high (of the order of ∼ 80%). Thanks to the model it ap-
pears that it is rather even higher and that it approaches 100% as the motor
comes close to equilibrium conditions, which is the time it will really have
stopped moving. The reason that its maximal efficiency may approach 100%
is a consequence of the fact that kinesin may only consume one ATP mole-
cule per step. Added to that the efficiency will simply be a linear function
of the load and inversely proportional to the chemical potential.
The usual definition of efficiency does not seem to provide a particular large
amount of information in this way, because it does not take into account the
amount of time spent on the process, during which other processes might
proceed, neglecting the “time is money” principle. For this reason we have
introduced the so-called power efficiency that compares the amount of de-
livered power to the amount of provided power when no power is delivered.
This efficiency reaches a maximum of about 30% at forces and ATP concen-
trations that are in the typical range of cells.
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What also has come up, is that the Michaelis-Menten characteristic of the
velocity as a function of the ATP concentration may be directly derived from
the structure of the model and that this characteristic seems therefore to be
very common. Moreover it appears that the Michaelis-Menten formula in
principle needs a slight correction that arises from the fact that the motor
may in principle complete a cycle in reverse order. This correction is however
in the case of kinesin tremendously small, which is directly related to the
fact the it is never experimentally observed that the motor goes through a
complete cycle in reverse order.
The smallness of this correction is already indicative of the fact that kinesin
operates far from equilibrium. Also the Michaelis-Menten characteristic dis-
plays an non-linear dependence on the ATP concentration, so it seems clear
that kinesin operates (very) far from equilibrium. There is no reason to as-
sume that kinesin forms an exception in that respect to other constituents of
life, and it therefore poses a good motive to study such systems that operate
far from equilibrium in more detail.

The thermo-electric effect

The thermo-electric effect consists of three parts, the Seebeck effect, the
Peltier effect and the Thomson effect. The Seebeck effect plays a role when
a temperature gradient is imposed on the ends of a loop consisting of two
different electrical conductors. A voltage difference arises between both ends,
with an electrical current as a consequence. The Peltier effect is the inverse of
the Seebeck effect, and describes how a temperature difference arises between
between the ends of such a loop as a consequence of an electrical current.
These effects can be explained if one assumes that the electrons in both
metals can occur on different energy levels. Thomson had such an insight and
in this way he could relate the Peltier and Seebeck effects. This was really
the first example of an Onsager reciprocity relation, stating that close to
equilibrium (in the linear regime) the influence of one type of thermodynamic
force on another type of current has to be the same as the other way around.
Thomson also realized that another, third effect could emerge: that the
(Peltier) heat is not only transported by the wire, but also invoked by it.

Because the thermoelectric effect describes a coupling between thermal and
electrical energy, it is worthwhile to construct a model of such a process
and subsequently study it. Moreover, in this way it may be attempted
to systematically expand beyond the linear regime. And although these
effects have long been known, only since the rise of the nano-technology
applications are conceivable that these effects may be utilized to for instance
attain thermal insulation or to transfer heat differences into an electrical
current.

We have constructed a model that already in its most simple form (the toy-
model) displays the Seebeck and Peltier effects in an insightful manner. To
keep the model manageable, it is not capable of displaying the Thomson
effect.
The model is a so-called “interacting particle system” where the particles
(the electrons) can move about freely on a certain lattice, except to lattice
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sites that are occupied by other particles. To get an idea of the lattice we
have used we refer to Figure 4.3.1 on page 86.
The lattice consists of several “layers” that represent the various energy levels
on which the electrons may move about; a number of these energy levels com-
bined being regarded as a wire. At both ends the energy levels are mutually
connected and in this fashion the electrons may change levels under influence
of either an electric field E or thermal fluctuations (of a temperature-bath
at inverse temperature β). At these ends the electrons may also hop off the
lattice or (others) onto the lattice, depending on the chemical potential of
the particle-bath coupled to the relevant energy level.
Qualitatively this model may be utilized to describe the Seebeck and Peltier
effects: suppose that both sides of the system are coupled to a thermal bath
with different temperatures. On the end with the highest temperature the
particles will tend to occupy the higher energy levels with respect to the
colder end. This implies that a particle-gradient (a potential difference)
emerges for the different energy levels, with a particle current as a conse-
quence. Unless both wires consist of the same energy levels, this will induce
a circular current through the wires. The other way around an electrical field
will induce such a circular current so that subsequently heat is withdrawn
from the one side that will be delivered at the other end.

From the equation that describe the evolution of the model we have been
able to derive for the stationary state that the entropy production consists
of two contributions: on the one hand there is the Joule heat caused by the
electrical field and on the other hand there is the Peltier heat caused by
the temperature difference. The expression of the entropy production for a
certain trajectory ω through the state space is given by

S(ω) ≡
N∑

k=1

βEkJ
k
E(ω) + βJN

P (ω) + (β + ∆)JM
P (ω)

where β is the temperature difference on the right side; β + ∆the inverse
temperature left; Ek the electrical field at (lattice) transition k; and J ·E and
J ·P are particle and heat currents respectively.
With help of this entropy production it is possible to derive the fluctuation
relation by making use of the fact that the equilibrium distribution is in-
variant under time-reversal while the entropy production changes sign under
time-reversal

g(z) = g(1− z), g(z) ≡ − lim
τ→+∞

1
τ

log〈e−zS〉
Subsequently familiar results from linear response theory may be derived
with help of this fluctuation relation: the Green-Kubo relations and the On-
sager reciprocity relations.
For a simplified version of the general model, the toy-model, we have more-
over been able to calculate the heat conductivity explicitly when incited by
a chemical potential difference. It was possible to derive a closed expression
for the heat conductivity by making use of the equivalence of ensembles and
by making use of the linear density profiles that arise in the energy levels.
In principle a likewise calculation would be possible for the general model.
Finally it is remarked that the fluctuation relation –as used to derive the
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results from linear response theory– can not be utilized to calculate higher
order response coefficients. The reason for this lies in the fact that the
first order response coefficients of observables that change sign under time-
reversal (a time-asymmetric observable) provide an observable that does not
change sign (a time-symmetric observable) and that the derivative of such
an observable cannot be calculated by using the fluctuation relation. Log-
ically one would expect that in order to do so a symmetric equivalent of
the fluctuation relation is needed, and the search for it leads us to the next
subject.

Expansions

The (usual) fluctuation relation does not allow for calculation of higher order
expansions because it is impossible to calculate response-coefficients of time-
symmetric observables with it. To arrive at a more general formalism that
will allow us to also calculate the response coefficients of time-symmetric
observables, it is most helpful to introduce the stochastic equivalent of the
notion action. This “action” is given by comparing an equilibrium distribu-
tion to another (non-)equilibrium distribution

PΦ(ω) = exp[−ℵΦ(ω) + ℵ0(ω)]P0(ω)

where P0 denotes the equilibrium distribution; PΦ is a distribution parametrized
by field(s) Φ; ℵΦ and ℵ0 respectively denote the action of the Φ-process and
the equilibrium process; and ωindicates a certain trajectory through the state
space of the system.
The entropy production is the time-asymmetric part of this action

SΦ(ω) = ℵΦ(θω)− ℵΦ(ω)

with it the fluctuation relation may be derived.
In order to gain control over the time-symmetric part of the action we need
introduce the concept field-reversal π, which is defined to influence the field
in such a way that it changes the sign of the entropy production

SπΦ(ω) = −SΦ(ω)

by simultaneously using field-reversal and time-reversal we can derive the
symmetric equivalent of the fluctuation relation

〈fθ〉πΦ = 〈fe−ℵ
+
πΦ+ℵ+

Φ 〉Φ
where ℵ+(ω) ≡ ℵ(θω)+ℵ(ω) is the time-symmetric part of the action. With
help of this symmetric equivalent is is then indeed possible to calculate the
response-coefficient of a time-symmetric observable (be it only formally).
So there seems to be reserved a crucial role for the concept of field-reversal,
so crucial in fact that it replaces the notion of field-reversal and enables us
to propose an even more general form for the fluctuation theorem, where the
reference process is no longer necessarily an equilibrium process

〈f〉π̃Φ = 〈f eℵΦ−ℵπ̃Φ〉Φ
here π̃ denotes field-reversal with respect to some field Φ0. As in the original
fluctuation relation the term in the exponential was the time-asymmetrical
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part of the action, so it is here the field -asymmetrical part of the action;
referring to an equilibrium process is no longer required.

What precisely is the meaning and contents of the action becomes more
clear when we consider it in the context of Markov processes. From this
perspective it appears that the time-symmetric part of the action consists
of two parts: a part that is the analogue of the entropy production only for
fields that influence transitions symmetrically, the so-called width (W ), and
a part that indicates the amount of activity A (the passage of transitions) is
to be expected given a certain trajectory. The action may consequently be
written as

ℵ = S + W −A
Though the expectation value of the activity A (under the stationary mea-
sure) can be interpreted as a time-symmetric current, or rather the total
amount of traffic on the transitions, its derivatives with respect to the fields
aren’t zero.
With help of the generalization of the fluctuation relation a generating func-
tion may be construed that not only leads to the familiar results of linear
response theory via the entropy production, but also via the activity, or
rather field-asymmetric part of it. Moreover appears that in this way a
generalization of the Green-Kubo relations and the associated Onsager re-
ciprocities follow.
Thanks to this generalization there also appears a generalization of the mi-
nimal entropy production principle, where the field-asymmetric part of the
action takes on the role of the entropy production (the time-asymmetric part
of the action). Form this generalization the usual principle of minimal en-
tropy production may be re-derived, so that the term generalization seems
justified. As the principle of minimal entropy production is related to a
variational principle for the stationary distribution close to equilibrium, so
would one also expect that the generalization of the principle of minimal
entropy production could be connected to a generalization of the variational
principle for the stationary distribution for arbitrary fields, unfortunately it
appears from first considerations that possible complications arise.
Finally some aspects of the above scheme are elucidated through some ex-
amples.

DEB theory

In spite possibly very different underlying mechanisms, some phenomena oc-
cur with different organism in the same, or a similar way, and in biology
many of such natural laws are known. One theory that is capable of de-
scribing mass and energy flows for a particularly broad range of organisms,
is DEB theory. Given the food-supply and the necessary species-specific pa-
rameters, DEB theory predicts how an organism will grow (or shrink), and
store energy in reserve (and utilize it).
In its most simple form DEB theory distinguishes two state variables: struc-
ture and reserve. Structure is capable of generating more structure with the
(energy-rich) reserve, in this way allowing the organism to grow. By feed-
ing an organism may on the other hand replenish its reserve. DEB theory
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describes with help of (in the most simple case) only two differential equa-
tions how the amount of reserve and structure of an organism vary given the
amount of food available.

That it is possible to formulate a theory like DEB theory indicates that
a typical behavior is paramount. That DEB theory moreover utilizes cur-
rents of mass and energy – two fundamental quantities in physics– renders
the theory a willing subject to a statistical mechanics approach. Statistical
mechanics is the field of physics that occupies itself ultimately with the ex-
planation of such typical behavior on the grounds of (supposed) underlying
(physics) mechanisms.
Evidently it is necessary to at least have a clue to such underlying mecha-
nisms, but fortunately there is quite a large amount of information available
that present an image of how organisms function on a microscopic (bio-
chemical) level. More specifically we have already attained some experience
in modelling kinesin. Thanks to these insights and basic knowledge of DEB
theory we may make some academically responsible suppositions for simple
underlying mechanisms that could lead to DEB theory.

First of all an image of an extremely simple and primitive “V1-morph” is laid
out, an individual whose surface area grows as its volume (typically think
of bacteria and yeasts). This image is subsequently further reduced to a
so-called particle model, wherein the particles not so much –as is common–
refer to individual molecules, but rather to complex collections of molecules
of a fixed composition. Two types of particles are supposed: on the one hand
structure particles, capable of self-replication by using reserve particles on
the other hand. On the basis of a simple reaction scheme (Figure 6.4.1 on
page 149) the equations of DEB theory for the most simple V1-morph can
be derived (under some assumptions) up to one degree of freedom.
In order to investigate whether there may be either a mechanistic or evo-
lutionary grounds as to why this degree of freedom does not occur in DEB
theory, we then investigate a caricature of the particle model by a Markov
model with only three states and their associated potential energies. Under
the assumption that an organism is capable through evolution to “find” an op-
timal potential landscape, it is for instance possible to see how the efficiency
is optimized. Though we are concerned with a very simple model, it indicates
that increasing the potential barriers generally given rise to increased effi-
ciency. This suggests that efficiency may be a driving force towards increased
complexity.

There are however also very many organisms whose surface area typically
does not grow as fast as their volume, but more like for example the surface
area of a growing sphere or cube. Such organisms (typically most higher
organisms) are called isomorph, and DEB theory also prescribes for these
organisms how they grow and store reserve. To describe such an organism
to content it is however –in contrast to V1-morphs– necessary to take the
geometry of the organism into account.
The most simple geometry that is isomorphic under growth is a sphere be-
cause of its spherical symmetry; therefore it seems obvious to take this ge-
ometry as our starting point. We can suppose that food enters the organism
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on the (outer) surface and that it will be transported inward to in this way
feed the internal parts. By making use of this and by making use of mass-
conservation per shell of the sphere, it is possible to derive how the density
profile of reserve relates to the local consumption rate (as a function of the
distance to the centre) from the prescribed differential equations.
Though this does not rule out specific possibilities, one solution is strikingly
special that supposes that the reserve density profile is a constant function
of the radius. This idea is incompatible with diffusion, but is may be united
in a nice way with an active transport mechanism inspired by blood circu-
latory systems and other transport mechanisms. This transport mechanism
proposes a sort of “wires” that are connected to the organism’s surface and
whose other ends end somewhere inside the organism, where the reserve gets
distributed. It seems obvious to suppose that the reserve particles move
along these wires at a constant velocity, but then the coincidence with DEB
dynamics is not complete. Only by supposing that the reserve density is
always homogeneously distributed along each wire (for instance due to per-
petual mixing), a complete coincidence is attained.
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Overzicht

Natuurkunde en biologie zijn twee wetenschappen die in eerste opzicht over
totaal andere facetten van onze werkelijkheid handelen. Natuurkunde on-
derzoekt het gedrag van de levenloze materie terwijl biologie juist het leven
onderzoekt. Het is echter ook duidelijk dat de bouwstenen van waaruit alle
leven is opgebouwd uiteindelijk weer levenloze materie is; de speciale manier
waarop de levenloze onderdelen samenwerken brengt het geheel tot leven.
De wetten van de natuurkunde zouden dus strikt genomen een beschrijv-
ing moeten kunnen geven van het leven. Dit is echter in eerste opzicht een
hopeloze aangelegenheid. De complexiteit van zelfs maar een heel eenvoudig
levend organisme is al dermate groot dat zelfs de grootste computer nog niet
in staat is om de levensloop van een dergelijk organisme op het niveau van
natuurkundige wetten te voorspellen.

De natuurkunde heeft in het verleden al enige ervaring opgedaan in het
beschrijven van complexe systemen. Met name de statistische mechanica
(ontwikkeld door pioniers als Boltzmann en Gibbs) heeft tot doel om te be-
grijpen hoe het gedrag van de thermodynamica (warmteleer) voortkomt uit
onderliggende mechanische wetten zoals die van Newton.15 Een van de meest
belangrijke conceptuele stappen die is gemaakt bij de ontwikkeling van de
statistische mechanica is de volgende: een thermodynamisch systeem bestaat
uit zo veel deeltjes (typisch ∼ 1023) dat het onmogelijk is (en zinloos lijkt)
om ze ieder individueel te volgen, maar we kunnen wel een typisch gedrag
verwachten voor het geheel als we veronderstellen dat de deeltjes telkens
willekeurig botsen.
Deze veronderstelling van inherente willekeur kan enerzijds worden onder-
bouwd vanuit het idee dat de mechanistische vergelijkingen chaotisch gedrag
vertonen (dat wil zeggen dat een kleine verandering in de begintoestand tot
een totaal andere uitkomst zal leiden). Anderzijds kan deze veronderstelling
worden onderbouwd vanuit het gegeven dat de precieze begintoestand in de
praktijk onbekend is en dat het daarom zinniger is om uit te gaan van een
zekere waarschijnlijkheid dat een zekere begintoestand de juiste is.16 Het is

15De thermodynamica beschrijft het gedrag van warmtestromen in materie op een
menselijke schaal, maar omdat deze materie uiteindelijk ook weer uit zeer veel kleine delen
bestaat die aan de wetten van Newton of aan de wetten van de kwantum mechanica moeten
gehoorzamen is het de vraag hoe deze wetten te verenigen zijn. Statistische mechanica
biedt antwoorden op deze vraag.

16Vanuit experimenteel standpunt kan daar nog een argument aan worden toegevoegd:
omdat het onmogelijk is om een systeem daadwerkelijk thermisch te isoleren mogen we
gerust veronderstellen dat er altijd een zekere uitwisseling van energie is met de omgeving
(de rest van het universum). Experimenteel is het duidelijk dat deze uitwisseling op een
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niet alleen al snel onmogelijk om de evolutie van een systeem met een groot
aantal deeltjes precies te berekenen, maar we zouden ook liever het typisch
gedrag kennen in plaats van het gedrag voor iedere specifieke begintoestand,
en dat is precies wat statistische mechanica bieden kan. Tot op zekere hoogte
althans.
Alhoewel er veel moeite is gedaan om de statistische mechanica verder te ont-
wikkelen en te veralgemenen voor systemen die niet in (thermodynamisch)
evenwicht zijn is er tot nu toe nog geen volledige en bevredigende theorie
beschikbaar. Omdat biologische systemen duidelijk systemen zijn die zich
bij uitstek (zelfs fundamenteel) buiten evenwicht bevinden lijkt de noodzaak
voor een veralgemening naar niet-evenwichts- of open systemen meer noodza-
kelijk dan ooit. Gelukkig zijn er al enkele belangrijke ontwikkelingen geweest,
mede dankzij de inzet van de groep van Maes, die de aanzet vormen tot een
theorie van niet-evenwichts statistische mechanica. Zoals we hebben kunnen
zien in hoofdstukken 4 en 5 staan de ontwikkelingen niet stil.

Omdat de onderliggende realiteit van de biologie van natuurkundige (en
scheikundige) aard is, rijst de hoop dat de statistische mechanica ons inzicht
kan bieden hoe het typisch gedrag van levende systemen te beschrijven en
te verklaren. Maar men moet voor ogen hebben dat de complexiteit van
een levend systeem van een geheel andere orde is dan van een typisch ther-
modynamisch systeem. Een eenvoudige cel kan al met gemak duizenden
verschillende soorten deeltjes (moleculen) bevatten, terwijl een typisch ther-
modynamisch systeem slechts enkele soorten deeltjes bevat. Bovendien spe-
len er ook veel meer processen een rol, die soms heel specifiek op elkaar zijn
afgestemd.
Toch blijkt dat zekere microscopische onderdelen van het leven kunnen wor-
den beschreven met behulp van principes van niet-evenwichts statistische
mechanica, zoals ook is gebleken uit de succesvolle toepassing van dergelijke
principes op de moleculaire motor kinesine in hoofdstuk 3. Aan de andere
kant zijn er op meer menselijke of macroscopische schaal wel degelijk biologi-
sche wetmatigheden te vinden die doen vermoeden dat –zoals bij thermody-
namische systemen– er een typisch gedrag kan optreden dat niet afhankelijk is
van de precieze microscopische structuur of evolutie van het systeem. In dat
opzicht is DEB theorie een goed voorbeeld van een beschrijving van dergelijk
typisch gedrag. In DEB theorie, ontwikkeld door de groep van Kooijman,
wordt beschreven hoe de massa en energiestromen in een organisme (lev-
end individu) zich gedragen en daarmee samenhangend hoe deze leiden tot
groei en opslag van reserve (gegeven de voedselvoorziening). In hoofdstuk
6 hebben we kunnen zien hoe we deze wetmatigheden kunnen reconstrueren
aan de hand van natuurkundige wetten.

Kinesine

Kinesine is een complex molecuul dat aanwezig is in vrijwel alle levende
cellen. Het is verantwoordelijk voor zowel het transport van stoffen door de
cel heen, als voor het in stand houden van de cel-structuur, als ook voor het

fundamenteel niveau al snel onafhankelijk is van het bestudeerde systeem en best kan
beschreven worden als een ruis van onafhankelijke energiepakketjes.
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scheiden van de chromosomen tijdens de celdeling. Kinesine bestaat uit twee
“hoofden” –verbonden via hun als een helix verdraaide “staarten”– die (vri-
jwel) onafhankelijk van elkaar interactie hebben met lange polymeerketens
(microtubules) die onder andere deel uitmaken van de celstructuur.
Onder ontleding van de “brandstof” ATP (een universeel in cellen voorkomend,
energierijk molecuul) zijn ieder van deze hoofden in staat om hun staart naar
voren te zwiepen, waardoor het hoofd aan het andere uiteinde van de staart
naar voren wordt geslingerd. Vervolgens kan dit hoofd binden aan de micro-
tubule (op een vaste afstand van ongeveer 8 nm) en op zijn beurt het eerste
hoofd naar voren slingeren met behulp van ATP. Op deze manier is kine-
sine in staat om chemische energie om te zetten in transport en dus arbeid,
hetgeen de motor aantrekkelijk maakt voor een natuurkundige beschrijving.

Er zijn experimenteel heel wat metingen verricht aan kinesine, met als hoogtepunt
metingen aan individuele moleculen met behulp van een zogenaamd optisch
pincet [117]. Door het staartuiteinde vast te hechten aan een bolletje glas en
dan dit bolletje glas gevangen te houden in een inhomogeen lichtveld kan niet
alleen worden gevolgd hoe een individueel molecuul zich voortbeweegt, maar
kan er bovendien een kracht worden uitgeoefend (tegen de bewegingsrichting
in) terwijl de motor beweegt. De snelheid waarmee kinesine zich gemiddeld
voortbeweegt is op deze manier gemeten als functie van de ATP concentratie
en kracht (belasting).

Al met al tekent zich een beeld af van een complex doch enigszins begrijpelijk
onderdeel van het leven, waarin natuurkundige begrippen zoals kracht, massa
en energiestromen een prominente rol spelen. Kinesine vormt dus bij uitstek
een studie-object om te onderzoeken in hoeverre het haalbaar en redelijk is
om technieken uit de statistische mechanica op de een of andere manier aan
te wenden om biologische systemen te beschrijven.
We hebben om die reden aan de hand van enerzijds (biologische) kennis
omtrent de werking van kinesine en anderzijds aan de hand van gefundeerde
overwegingen van statistisch mechanische oorsprong een (eenvoudig) model
opgesteld dat in staat is het gedrag van kinesine te beschrijven en te voor-
spellen.
Het model neemt de meest relevante chemische toestanden (inclusief on-
derlinge oriëntatie van de hoofden) als toestandsruimte voor een Markov
proces, waarin de overgangsrates voornamelijk worden beschouwd als che-
mische reactie snelheden tussen de onderlinge chemische toestanden. Dit
model bestaat uit zes toestanden die met elkaar zijn verbonden met zeven
transities zoals weergegeven in Figuur 3.4.2 op pagina 60.
Één transitie in het bijzonder representeert de verwisseling van de positie van
de hoofden onderling (de transitie (2,3)) en beschrijft één stap van de motor
in zijn geheel. Vanzelfsprekend is deze transitie (die wordt aangeduid als de
“power stroke”) afhankelijk van de krachten die van buitenaf op de motor in-
werken. Echter wordt in het model niet uitgesloten dat in betere benadering
op de werkelijkheid ook andere transities gekoppeld zijn aan een zekere mate
van verplaatsing, waardoor deze ook afhankelijk zijn van de krachten.
De structuur van de rates zoals die zijn gebruikt in het model wordt in het



184 SAMENVATTING

algemeen weergegeven door de volgende formule

r(x, y) =
ωxyeβµxy

1 + eβ[Fλxy−Uxy]

waarin µxy de chemische potentiaal is (evenredig met de logaritme van de
concentratie) van een substantie die gebonden wordt in een transitie van een
toestand x naar een toestand y. De kracht en het vrije energie verschil tussen
de toestanden vindt zijn invloed in noemer, waar in de exponentieel de term
Fλxy − Uxy staat, met Uxy = Gx − Gy het vrije energie verschil tussen de
toestanden x en y zonder belasting, en Fλxy de invloed van de belasting
kwantificeert. Tot slot is ωxy = ωyx de overgangsfrequentie die aangeeft hoe
gemakkelijk het systeem de transitie kan maken, en is β = (kT)−1 de inverse
temperatuur.
Om het aantal vrijheidsgraden te beperken, hebben we verondersteld dat
de overgangsfrequenties constant zijn. Op deze manier hebben we in eerste
instantie een model met twintig variabelen, maar met behulp van experi-
mentele gegevens van een aantal reactiesnelheden en via een zekere symme-
trie kunnen we dit aantal terugbrengen tot een zestal. Vervolgens maken
we gebruik van de resultaten van het bovengenoemd experiment met optisch
pincet om deze parameters te fitten.
Uit het gegeven dat het mogelijk is om een dergelijk natuurkundig onder-
bouwd model in overeenstemming te brengen met de experimentele resul-
taten mag al voorzichtig worden geconcludeerd dat er geen aanleiding is
om een grotere mate van complexiteit in rekening te brengen, en dat het
kennelijk mogelijk is om natuurkundige wetten via een relatief eenvoudig
kader in overeenstemming te brengen met een biologisch systeem. Zij het
een systeem dat op zichzelf nog uiterst eenvoudig is in verhouding tot de
complexiteit van het leven zelf.
Dat het model in redelijke mate in overeenstemming met de werkelijkheid is
blijkt overigens ook nog uit een aantal andere zaken. Zo is het model met
een kleine toevoeging in overeenstemming te brengen met de (experimenteel
gemeten) gemiddeld afgelegde afstand vóórdat de motor naar verwachting
loskomt van de microtubule. Ook de inhibitie van de reactieproducten van
ATP (ADP en anorganisch fosfaat Pi) is kwalitatief in overeenstemming met
het model.

Dit model voor kinesine stelt ons in staat om een aantal zaken te onder-
zoeken. Zo werd bijvoorbeeld in het optisch pincet experiment gemeten bij
welke kracht de motor niet langer kan bewegen. Omdat de motor echter de
neiging heeft om bij grote krachten van de microtubule los te komen, waren
deze metingen lastig en werd er verondersteld dat de motor was stil komen
te staan als deze 2 seconden of langer niet bewogen had. Dankzij het model
is echter gebleken dat op deze manier waarschijnlijk niet zo zeer de maximale
belasting werd gemeten, maar eerder ongeveer de kracht waarbij de motor
naar verwachting slechts eens in de twee seconden een stap maakt, zie Figuur
3.5.5 op pagina 68.
Op basis van deze metingen van de maximale belasting (de zogenaamde
“stall-force”) werd verondersteld dat de maximale efficiëntie van kinesine wel
zeer hoog moest zijn (orde ∼ 80%). Dankzij het model is echter gebleken
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dat het wellicht nog hoger is (orde ∼ 100%) omdat kinesine nu eenmaal pas
daadwerkelijk tot stilstand zal zijn gebracht wanneer het systeem in even-
wicht is, en bovendien het (vrijwel) onmogelijk is voor kinesine om meer dan
één ATP molecuul te verbruiken per stap. Bovendien zal de gebruikelijke
efficiëntie eenvoudigweg een lineaire functie van de belasting zijn en omge-
keerd evenredig zijn met de chemische potentiaal.
De gebruikelijke definitie van efficiëntie lijkt hier dus niet bijzonder veel
informatie te verschaffen omdat ze geen rekening houdt met processen die
mogelijkerwijs gelijktijdig elders verlopen waardoor het principe “tijd is geld”
een rol begint te spelen. Om deze reden hebben wij de vermogens-efficiëntie
voorgesteld die het geleverd vermogen vergelijkt met het verbruikt vermogen
wanneer er geen vermogen wordt geleverd. Deze efficiëntie is maximaal rond
de 30% en bij krachten van een orde grootte die relevant is voor cellen.
Wat ook is gebleken, is dat de Michaelis-Menten karakteristiek van de snel-
heid van kinesine als functie van de ATP concentratie direct kan worden
afgeleid uit de structuur van het model en dat deze zeer algemeen blijkt te
zijn. Bovendien bleek hieruit dat de Michaelis-Menten formule in principe
een correctie behoeft, die voortkomt uit het feit dat de kans dat de motor de
bewegings-cyclus in omgekeerde richting doorloopt niet nul is. Deze correctie
is echter voor het geval van kinesine uiterst klein, hetgeen direct samenhangt
met het feit dat experimenteel nooit wordt waargenomen dat de motor een
volledige cyclus achterwaarts doorloopt.
Dat deze waarschijnlijkheid zo klein is geeft al aan dat de motor ver van even-
wicht opereert. Ook de Michaelis-Menten karakteristiek vertoont een niet-
lineaire afhankelijkheid van de ATP concentratie en het lijkt dus duidelijk
dat kinesine (zeer) ver van evenwicht opereert. Er is geen reden om aan te
nemen dat kinesine hierin een uitzondering vormt op andere onderdelen van
het leven, en het lijkt daarom dan ook een goede aanleiding om het gedrag
van systemen die ver van evenwicht zijn meer in het algemeen te bestuderen.

Het thermo-elektrisch effect

Het thermo-elektrisch effect bestaat uit drie onderdelen, het Seebeck effect,
het Peltier effect en het Thomson effect. Het Seebeck effect treedt op wan-
neer er een temperatuurverschil wordt opgelegd aan de uiteinden van een
lus bestaande uit twee verschillende elektrische geleiders. Er ontstaat dan
een spanningsverschil tussen beide uiteinden, met een elektrische stroom tot
gevolg. Het Peltier effect is het inverse van het Seebeck effect, en beschrijft
hoe er een temperatuurverschil ontstaat tussen de uiteinden van een lus ten
gevolge van een stroom.
Deze effecten zijn te verklaren als men veronderstelt dat de elektronen in
beide metalen op andere energie-niveaus kunnen voorkomen. Thomson had
een dergelijk inzicht en naar aanleiding hiervan kon hij de Seebeck en Peltier
effecten aan elkaar relateren. Dit was eigenlijk het eerste voorbeeld van een
Onsager reciprociteits relatie, die veronderstelt dat vlak bij evenwicht (in
het lineaire regime) de invloed van de ene soort thermodynamische kracht
op een ander soort stroom dezelfde moet zijn als andersom. Thomson zag
ook in dat er nog een derde effect op kon treden: de (Peltier) warmte wordt
niet alleen getransporteerd door de draad heen, maar er ook in opgewekt.
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Omdat er in het thermo-elektrische effect sprake is van een koppeling tussen
thermische en elektrische energie, is het de moeite waard om een model van
een dergelijk proces te construeren en dit vervolgens te bestuderen. Boven-
dien kan op deze manier ook worden getracht om systematisch voorbij het
lineaire regime te expanderen. En alhoewel de effecten al lang bekend zijn,
zijn er pas sinds de opkomst van de nano-technologie toepassingen denkbaar
die deze effecten kunnen gebruiken om bijvoorbeeld thermisch te isoleren of
warmte-verschillen om te zetten in elektrische stroom.

Wij hebben een model geconstrueerd dat al in zijn meest eenvoudige vorm
(het “toy-model”) op een inzichtelijke en eenvoudige manier het Seebeck en
Peltier effect beschrijven kan. Om het model beheersbaar te houden, is het
model niet bedoeld om het Thomson effect te beschrijven.
Het model is een zogenaamd “interacting particle system” waarin deeltjes (de
elektronen) zich vrijelijk op een zeker rooster kunnen verplaatsen, behalve
naar roosterpunten die bezet worden door andere deeltjes. Om een beeld te
krijgen van het rooster dat we hebben gebruikt verwijzen we naar Figuur
4.3.1 op pagina 86.
Het rooster bestaat uit verschillende “lagen” die de verschillende energieni-
veaus representeren waarop de elektronen zich kunnen voortbewegen; een
aantal van deze energieniveaus bijeen kan worden gezien als een draad. Aan
de beide uiteinden zijn deze energieniveaus aan elkaar gekoppeld en zodoende
kunnen de elektronen hier onder invloed van ofwel een elektrisch veld E, ofwel
thermische fluctuaties (van een temperatuur-bad met inverse temperatuur β)
van energieniveau veranderen. Aan deze uiteinden kunnen de elektronen ook
van het rooster af springen en (anderen) er weer terug op springen, afhanke-
lijk van de chemische potentiaal van het deeltjes-bad dat gekoppeld is aan
het betreffende energieniveau.
Kwalitatief kan aan de hand van dit model het Seebeck en Peltier effect wor-
den beschreven als volgt: stel dat de beide zijden van het systeem gekoppeld
zijn aan een thermisch bad met een andere temperatuur. Aan de zijde met de
hoogste temperatuur zullen de deeltjes zich overwegend op de hogere ener-
gieniveaus bevinden in verhouding tot de koude zijde. Dit impliceert dat
er een deeltjes-gradiënt (een potentiaalverschil) ontstaat voor de verschil-
lende energieniveaus met een deeltjesstroom ten gevolg. Tenzij beide draden
precies dezelfde energieniveaus hebben zal dit een circulaire stroom door de
draden heen veroorzaken. Andersom zal een elektrisch veld een dergelijke
circulaire stroom kunnen veroorzaken en dan aan de ene zijde overwegend
energie worden onttrokken die aan de andere zijde terug wordt afgegeven.

Uit de vergelijkingen die de evolutie van het model beschrijven hebben
we voor de stationaire toestand kunnen afleiden dat de entropie-productie
bestaat uit twee bijdragen: enerzijds is er de Joule warmte veroorzaakt door
het elektrisch veld en anderzijds is er de Peltier warmte veroorzaakt door
het temperatuurverschil. De uitdrukking van de entropie-productie voor een
zeker traject ω door de toestandsruimte wordt gegeven door

S(ω) ≡
N∑

k=1

βEkJ
k
E(ω) + βJN

P (ω) + (β + ∆)JM
P (ω)
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waarin β de inverse temperatuur is rechts; β + ∆ de inverse temperatuur
links; Ek het elektrisch veld voor (rooster)transitie k; en J ·E en J ·P respec-
tievelijk deeltjesstromen en warmtestromen zijn.
Met behulp van deze entropie-productie kan de fluctuatie relatie worden
afgeleid, door gebruik te maken van het feit dat de evenwichts-verdeling in-
variant is onder tijd-omkering terwijl de entropie-productie van teken wisselt
bij omkering van de tijd

g(z) = g(1− z), g(z) ≡ − lim
τ→+∞

1
τ

log〈e−zS〉

Met behulp van deze fluctuatie relatie kunnen vervolgens bekende resultaten
uit de lineaire respons theorie worden afgeleid: de Green-Kubo relaties en
de Onsager reciprociteits relaties.
Voor een eenvoudige versie van het algemene model, het “toy-model” hebben
we bovendien in de thermodynamische limiet de warmtegeleidingscoëfficiënt
expliciet kunnen berekenen voor het geval dat de stroom wordt veroorza-
akt door een chemisch potentiaal verschil. Het was mogelijk een gesloten
uitdrukking af te leiden voor de warmtegeleidingscoëfficiënt, door gebruik
te maken van de equivalentie van de canoniek en groot-canoniek ensembles
en door gebruik te maken van het optreden van een lineair dichtheidsprofiel
in de energieniveaus. In principe zou een dergelijke berekening ook kunnen
worden gemaakt voor het algemenere model.
Tot slot wordt opgemerkt dat de fluctuatie-relatie –zoals die is gebruikt om
de resultaten uit de lineaire respons theorie af te leiden– niet kan worden be-
nut om hogere orde respons coëfficiënten te berekenen. De oorzaak hiervan
is gelegen in het feit dat de eerste orde respons-coëfficiënt van een obser-
vabele die van teken wisselt onder tijd-omkering (een tijd-asymmetrische
observabele) een observabele oplevert die niet van teken wisselt (een tijd-
symmetrische observabele) en de afgeleide van een dergelijke observabele is
niet te berekenen aan de hand van de fluctuatie relatie. Logischerwijs zou
men kunnen verwachten dat hiertoe een symmetrisch equivalent van de fluc-
tuatie relatie nodig is, en de zoektocht hiernaar leidt ons tot het volgende
onderwerp.

Expansies

De (gebruikelijke) fluctuatie relatie stelt ons niet in staat om hogere orde ex-
pansies te berekenen omdat er geen respons-coëfficiënten van tijd-symmetrische
observabelen mee kunnen worden berekend. Om te komen tot een meer al-
gemeen formalisme dat ons in staat zal stellen om ook van tijd-symmetrische
observabelen de respons-coëfficiënten te berekenen is het nuttig om het stochastisch
equivalent van het begrip actie in te voeren. Deze “actie” wordt gegeven
door een evenwichts-verdeling te vergelijken met een andere (niet-)evenwichts
verdeling

PΦ(ω) = exp[−ℵΦ(ω) + ℵ0(ω)]P0(ω)

waarin P0 een evenwichts-verdeling is; PΦ een verdeling geparametriseerd
door veld(en) Φ; ℵΦ en ℵ0 respectievelijk de acties van het Φ-proces en het
evenwichts-proces zijn; en ω een zeker traject door de toestandsruimte van
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het systeem aangeeft.
De entropie-productie is het tijd-asymmetrische deel van deze actie

SΦ(ω) = ℵΦ(θω)− ℵΦ(ω)

en de fluctuatie relatie kan hiermee eenvoudig worden afgeleid.
Om controle te krijgen over het tijd-symmetrische deel van de actie moeten
we het begrip veld-omkering π invoeren, welke we zo definiëren dat zij tot
gevolg heeft dat de entropie-productie erdoor van teken verandert

SπΦ(ω) = −SΦ(ω)

door vervolgens tegelijkertijd gebruik te maken van veld-omkering en tijd-
omkering kunnen we het symmetrisch equivalent van de fluctuatie relatie
afleiden

〈fθ〉πΦ = 〈fe−ℵ
+
πΦ+ℵ+

Φ 〉Φ
waarin ℵ+(ω) ≡ ℵ(θω) + ℵ(ω) het tijd-symmetrisch deel van de actie is.
Met behulp van dit symmetrisch equivalent kan dan inderdaad de respons-
coëfficiënt van een tijd-symmetrische observabele worden berekend (zij het
nog slechts formeel).
Er is dus kennelijk een cruciale rol weggelegd voor het begrip veld-omkering,
zo cruciaal zelfs dat het het begrip tijd-omkering kan vervangen en ons in
staat stelt om een nog algemenere vorm op te stellen van het fluctuatie the-
orema, waarin het referentie proces niet langer een evenwichts-proces hoeft
te zijn

〈f〉π̃Φ = 〈f eℵΦ−ℵπ̃Φ〉Φ
hierin is π̃ de veld-omkering ten opzichte van een veld Φ0. Zoals in de oor-
spronkelijke fluctuatie relatie het deel in de exponent het tijd -asymmetrische
deel van de actie was, zo is het nu het veld -asymmetrisch deel van de actie;
een referentie naar een evenwichts-proces is nu echter niet langer nodig.

Wat het begrip veld-omkering precies inhoudt en wat de betekenis van de
actie is wordt duidelijker als we het beschouwen in de context van Markov
processen. Uit deze beschouwing blijkt dat het tijd-symmetrisch deel van
de actie bestaat uit twee delen: een deel analoog aan de entropie-productie
voor velden die transities symmetrisch beïnvloeden, de wijdte genaamd (W ),
en een deel dat aangeeft welke mate van activiteit A (dus het passeren van
transities) men mag verwachten gegeven een zeker traject. De actie kunnen
we dan schrijven als

ℵ = S + W −A
Alhoewel de verwachtingswaarde (onder de stationaire maat) van de ac-
tiviteit A te interpreteren is als een tijd-symmetrische stroom, of liever, het
totale verkeer over de transities, zijn de afgeleides ervan naar de velden die
de transities beïnvloeden niet nul.
Met behulp van de veralgemening van de fluctuatie relatie kan een gener-
erende functie worden geconstrueerd waaruit de gebruikelijke resultaten van
de lineaire respons theorie niet alleen via de entropie-productie kunnen wor-
den berekend, maar ook via de activiteit, of liever het veld-asymmetrisch
deel ervan. Bovendien blijkt dat op deze manier een veralgemening van de
Green-Kubo relaties en de daaraan gekoppelde Onsager reciprociteits relaties
volgt.
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Dankzij deze veralgemening blijkt er ook een veralgemening van het principe
van minimale entropie-productie mogelijk, waarin het veld-asymmetrisch
deel van de actie de rol overneemt van de entropie-productie (het tijd -
asymmetrisch deel van de actie). Uit deze veralgemening kan het gebruike-
lijke principe van minimale entropie-productie terug worden afgeleid, het-
geen het bestempelen van de veralgemening als zodanig rechtvaardigt. Zoals
het principe van minimale entropie-productie gekoppeld is aan een variatie
principe voor de stationaire verdeling dicht bij evenwicht, zo zou men ook
kunnen verwachten dat de veralgemening van het principe van minimale
entropie-productie aanleiding kan geven tot een veralgemening van een vari-
atie principe voor de stationaire verdeling voor arbitraire velden, echter blijkt
uit een eerste beschouwing dat er mogelijk complicaties optreden.
Ten slotte is via een aantal voorbeelden een aantal facetten van het boven-
staande schema verder uitgelicht.

DEB theorie

Ondanks mogelijk zeer ver uiteenlopende onderliggende mechanismen, komen
bepaalde verschijnselen bij verschillende organismen op dezelfde, of een vergeli-
jkbare manier voor, en in de biologie zijn vele wetmatigheden bekend. Een
theorie die in het bijzonder een zeer breed scala van organismen kan be-
schrijven in het opzicht van de massa- en energiestromen, is DEB theorie.
Gegeven de aanvoer van voedsel en de nodige soort-specifieke parameters,
voorspelt DEB theorie hoe een organisme zal groeien (of krimpen), en en-
ergie zal opslaan in reserve (en weer zal verbruiken).
In zijn meest eenvoudige vorm onderscheidt DEB theorie twee verschillende
toestandsvariabelen: structuur en reserve. Structuur is in staat om met de
(energierijke) reserve nieuwe structuur te maken en zodoende het organisme
te laten groeien. Door zich te voeden kan een organisme zijn hoeveelheid
reserve vervolgens weer aanvullen. DEB theorie beschrijft met behulp van
een (in het meest eenvoudige geval) tweetal differentiaal vergelijkingen hoe
de hoeveelheid reserve en structuur van een organisme veranderen gegeven
de hoeveelheid voedsel die beschikbaar is.

Dat het mogelijk is om een theorie als DEB theorie te formuleren geeft aan
dat er sprake is van typisch gedrag. Dat DEB theorie bovendien werkt
met stromen van massa en energie –twee fundamentele grootheden van de
natuurkunde– maakt dat de theorie koren op de molen van de statistische
mechanica is. Statistische mechanica is de tak van natuurkunde die zich bij
uitstek bezig houdt met het verklaren van dergelijk typisch gedrag op grond
van (veronderstelde) onderliggende (natuurkundige) mechanismen.
Vanzelfsprekend is het wel nodig dat er op zijn minst een vermoeden bestaat
omtrent de onderliggende mechanismen, maar gelukkig is er globaal gezien
al een redelijk omvangrijke hoeveelheid kennis beschikbaar die een beeld
geeft van hoe organismen op een microscopisch (biochemisch) niveau werken.
Meer specifiek hebben we al enige ervaring opgedaan met het modelleren
van kinesine. Dankzij deze inzichten en basiskennis van DEB theorie kun-
nen we academisch verantwoorde veronderstellingen maken voor eenvoudige
onderliggende mechanismen die aanleiding geven tot DEB theorie.
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In de eerste plaats wordt een voorstelling gemaakt van een uiterst een-
voudig en primitieve “V1-morf”, een individu waarvan de oppervlakte even
snel groeit als zijn volume (denk typisch aan bacteriën en schimmels). Deze
voorstelling wordt dan verder herleid tot een zogenaamd deeltjesmodel, waarin
de deeltjes niet zozeer –zoals gebruikelijk– individuele moleculen voorstellen,
maar eerder complexe collecties van moleculen met een vaste samenstelling.
Er worden twee soorten deeltjes verondersteld; enerzijds structuur-deeltjes,
die in staat zijn zichzelf te repliceren door anderzijds reserve-deeltjes te ver-
bruiken. Op basis van een eenvoudig reactie-schema (Figuur 6.4.1 op pagina
149) kunnen dan (onder enkele aannames) de vergelijkingen van DEB theorie
voor de meest eenvoudige V1-morf worden afgeleid tot op één vrijheidsgraad.
Om te onderzoeken of er een mechanistische of evolutionaire reden kan zijn
waarom deze vrijheidsgraad geen rol speelt in DEB theorie wordt vervol-
gens een karikatuur van het deeltjesmodel voorgesteld als een Markov model
met slechts drie toestanden met bijbehorende potentiële energie. Onder de
veronderstelling dat een organisme door middel van evolutie in staat is om
een optimaal potentiaal landschap “uit te zoeken”, kan bijvoorbeeld worden
onderzocht hoe de efficiëntie wordt geoptimaliseerd. Alhoewel het hier een
zeer eenvoudig model betreft, geeft het model aan dat het vergroten van de
potentiaalbarrieres in het algemeen aanleiding geeft tot het verhogen van de
efficiëntie. Dit suggereert dat efficiëntie een drijfveer kan zijn naar toene-
mende complexiteit.

Er zijn echter ook zeer vele organismen waarvan de oppervlakte typisch niet
even snel groeit als het volume, maar meer als bijvoorbeeld het oppervlak van
een groeiende bol of kubus. Dergelijke organismen (typisch de meeste hogere
organismen) worden isomorf genoemd, en DEB theorie schrijft ook voor deze
organismen voor hoe ze groeien en reserve opslaan. Om een dergelijk organ-
isme bevredigend te beschrijven is het echter –in tegenstelling tot voor V1-
morfen– nodig om rekening te houden met de geometrie van het organisme.
De meest eenvoudige geometrie die isomorf is onder groei is de bol vanwege de
sferische symmetrie; daarom is het voor de hand liggend om deze geometrie
als uitgangspunt te nemen. We kunnen veronderstellen dat het voedsel aan
het buitenoppervlak wordt opgenomen en als reserve naar binnen moet wor-
den getransporteerd om zodoende de interne onderdelen te voeden. Door
gebruik te maken van dit gegeven en door gebruik te maken van massa-
behoud per bolschil, kan van de voorgeschreven differentiaalvergelijkingen
worden afgeleid hoe het profiel van reserve samenhangt met de verbruikss-
nelheid als functie van de afstand tot het middelpunt.
Alhoewel hiermee niet direct bepaalde mogelijkheden worden uitgesloten,
dient zich wel een speciale oplossing aan die veronderstelt dat de reserve-
dichtheid constant is als functie van de straal. Dit idee is onverenigbaar
met diffusie, maar kan wel op een mooie manier worden verenigd met een
actief transport mechanisme geïnspireerd op bloedvatenstelselels en andere
transportmechanismen. Dit transport-mechanisme stelt een soort “draden”
voor die bevestigd zijn aan het buiten-oppervlak van het organisme, en waar-
van het andere uiteinde ergens in het organisme uitkomt alwaar de reserve
wordt afgegeven. Het lijkt voor de hand liggend om te veronderstellen dat de
reserve-deeltjes met een constante snelheid langs deze draden voortbewegen,
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maar dan is de overeenstemming met de door DEB theorie voorgeschreven
dynamica niet volledig. Pas als wordt verondersteld dat de reserve-dichtheid
op iedere draad altijd homogeen is (bijvoorbeeld door voortdurende meng-
ing), dan wordt een volledige overeenstemming bereikt.
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