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Abstract 

Previous inquiry into the issue of centering in multilevel models has associated 

different centering options with non-equivalent models.  The theory or even 

paradigm behind the current data analysis has been indicated as the source for 

arguments supporting a choice between conflicting non-equivalent models. 

The present text demonstrates that this link between centering options and models is 

artificial.  It is caused by unfounded constraints on the structure of the multilevel 

model.  It is shown that tools which are commonly employed to support the 

specification searches in multilevel analysis, can be applied to involve the data in the 

choice between the non-equivalent models in question.  It is also shown that the 

specification search can be conducted equivalently in each of the parameter spaces 

associated with the different centering options. 

The discussion brings with it an examination of the consequences of the different 

ways to involve latent variables in multilevel models. 

 

Keywords: multilevel models, centering, equivalence, latent variables, specification 

searches. 
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Introduction 

After an initial discussion by Raudenbush (1989a), Plewis (1989), Longford 

(1989), and Raudenbush (1989b), Kreft, de Leeuw and Aiken (1995) studied The 

Effect of Different Forms of Centering in Hierarchical Linear Models and thus were 

first in attempting a more thorough treatment of the issue of centering, and group 

mean centering in particular, in multilevel models (or hierarchical linear models, see, 

for example, Kreft & de Leeuw, 1998, and Snijders and Bosker, 1999, and the 

references therein).  Their conclusions were adopted and documented by Schumacker 

and Bembry (1996), Opdenakker and Van Damme (1997), and Hofmann and Gavin 

(1998).  In the present text, we build on their effort and take the analysis a step 

further.  In doing so, we arrive at substantially different conclusions. 

The text is organized in two sections and a summary.  In the first section, we 

carefully rephrase the RAS2 model (raw scores, contextual model) and CWC2 model 

(scores centered within context, contextual model) introduced by Kreft et al. (1995), 

which are representative of their treatment of the centering issue.  This enables us to 

give a precise definition of the equivalence of models, the range of potential 

parameter values and the equivalence of model specifications.  The consequences of 

the different ways of incorporating latent variables are emphasized.  This is essential 

for the subsequent correct description of heteroscedasticity in multilevel models.  It is 

also vital for a sound understanding of the relationship between the output of software 

for multilevel analysis and the formal models on which they are based. 

Building on those foundations we formulate, in the second half of the first section, 

models in which RAS2 and CWC2 are embedded.  We demonstrate the possibility of 

framing the choice between RAS2 and CWC2 as a step in the familiar specification 
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search.  We also show that this specification search can be conducted equivalently in 

the parameter space associated with the raw scores option or in the space associated 

with the group mean centering option. 

The second section is devoted to a practical application and illustration of our 

approach in a subset of the NELS-88 data (see Kreft & de Leeuw, 1998). 

Theoretical considerations 

The models RAS2 and CWC2 revisited 

The RAS2 model.  First, we rephrase the RAS2 model (contextual model, no 

centering) of Kreft et al. (1995), starting from the assumption that data gathering 

instruments are available which, when applied to any basic unit of a given population, 

produce three scores and identify the basic units group.  One of the scores is 

considered to be a response, the second is a predictor score at the basic level, the 

third is a predictor score at the group level.  Our formulation of RAS2 consists of the 

following set of statements: 

1. For any set of (n) basic units, the response vector is a realization of a normally 

distributed (n-dimensional) stochastic variable. 

2. The relationship between the response, the predictors and the categorical variable 

expressing group membership involves seven numbers, which we will denote by 

means of the symbols used by Kreft et al. (1995).  The three numbers 00, 01, 10 

characterize the fixed part of the relationship;  four numbers, denoted as 
2
, 00, 

10, 11, determine the random part. 

3. Let us assume that for a given basic unit the response y and the explanatory 

variable scores x (basic level) and g (group level) have been obtained.  The model 

RAS2 then states that y, x and g are connected by the expression 
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(1)  y = (00 + 01g + 0) + (10 + 1) x + e. 

The unobserved numbers e, 0, 1 constitute a realization of a three-dimensional 

normally distributed stochastic variable with expected value zero.  The first 

component is independent from the two other components and has variance 
2
.  

The components yielding 0 and 1 are characterized by the variances 00 and 11 

and by the covariance 10. 

4. In addition, the RAS2 model states that for any pair of basic units belonging to 

different groups and with respective observations y, x, g and y', x', g', the 

following relationships hold: 

(2)  y = (00 + 01g + 0) + (10 + 1) x + e 

 y' = (00 + 01g' + 0') + (10 + 1') x' + e'. 

The unobserved numbers e, e', 0, 1, 0', 1' constitute a realization of a six-

dimensional normally distributed stochastic variable with expected value zero.  

The respective variances are 
2
, 

2
, 00, 11, 00, and 11.  The (only) non-zero 

covariances are: 10 between the components which yield 0 and 1, and again 10 

for 0' and 1'. 

5. Finally, the model states that for any pair of basic units belonging to the same 

group, and with scores y, x, g and y', x', g, respectively, the following relationships 

hold: 

(3)  y = (00 + 01g + 0) + (10 + 1) x + e 

 y' = (00 + 01g + 0) + (10 + 1) x' + e'. 

The unobserved numbers e, e', 0, 1 constitute a realization of a four-dimensional 

normally distributed stochastic variable with expected value zero.  The respective 
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variances are 
2
, 

2
, 00, and 11.  The (only) non-zero covariance is 10, between 

the components which yield 0 and 1. 

Strictly speaking the model formulated here is more general than RAS2, because 

we have used a general group level score g.  The RAS2 model formulated by Kreft et 

al. (1995) corresponds to the special case of g being the group mean of the basic level 

explanatory variable. 

Generic model, model and model specification.  The term model has many shades 

of meaning.  In order to facilitate the subsequent argument, we will make a distinction 

between a generic model, a model and a model specification. 

According to this terminology, the above set of statements constitutes a generic model 

(called RAS2).  It implies that in reality there is one particular series of (seven) 

numbers, for example 00 = 1.56, 00 = 11.03 and so on, which characterizes the 

relationship between the response and the explanatory variables.  It does not, 

however, provide those numbers.  It merely guarantees their existence.  Note that 

while the generic model (such as RAS2) does not provide the (seven) actual numbers, 

it does exclude certain values.  Variances, for example, such as 
2
 or 00 in RAS2, can 

only have non-negative values.  Covariance matrices must be non-negative definite.  

Any vector (consisting of, in the case of RAS2, seven numbers) which is not excluded 

by the generic model will be denoted as a potential parameter value. 

The result of inserting a potential parameter value in the generic model is called a 

model.  In the case of RAS2 such a model says, for example, that y, x and g are 

connected by the expression y = (3.01 + 2.20g + 0) + (-1.61 + 1) x + e, that e is a 

realization of a variable with variance 2.73, and so on. 

When a generic model is given and a particular (sub)set of potential parameter values 

is selected explicitly, the combination of the two is denoted as a model specification.  
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A model specification is what we know or assume before the estimation of the 

parameter value.  The generic model defines the structure of the relationship between 

the response and the explanatory variables.  The chosen subset of potential parameter 

values indicates the boundary within which an estimate of the true parameter value 

must be found.  For the purposes of this text, a model specification can also be 

thought of as the set of models generated by inserting each element of a set of 

potential parameter values into a generic model. 

A generic model can be regarded as a special type of model specification (without 

explicit constraints).  It is often not necessary to mark this particular type of model 

specification, in which case the terms model specification and model are sufficient.  

On the other hand, the constraints dictated by the model specifications involved in a 

particular application are often (but not always) such that each model specification 

can be reformulated as a generic model (that is: the variables involved in the explicit 

constraints can be eliminated from the formulae).  In such a context, it is often not 

necessary to distinguish between generic models and model specifications. 

Generic model RAS2b.  Consider now a second generic model, which has the 

starting assumptions and the statements 1 and 2 in common with generic model RAS2.  

Its definition is completed by adding the following statements: 

3. For a given basic unit the scores y, x and g are connected by the expression 

(4)  y = 00 + 10x + 01g + r. 

The unobserved number r is a realization of normally distributed stochastic 

variable with expected value zero and variance 

(5)  
2
 + 00 + 2x10 + x

2
11. 

4. For any pair of basic units belonging to different groups and with respective 

observations y, x, g and y', x', g', the following relationships hold: 
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(6)  y = 00 + 10x + 01g + r 

 y' = 00 + 10x' + 01g' + r'. 

The unobserved numbers r, r' constitute a realization of a two-dimensional 

normally distributed stochastic variable with expected value zero.  The two 

components are independent, with variances 
2
 + 00 + 2x10 + x

2
11 and 

2
 + 

00 + 2x'10 + x'
2
11. 

5. For any pair of basic units belonging to the same group, and with scores y, x, g 

and y', x', g, respectively, the following relationships hold: 

(7)  y = 00 + 10x + 01g + r 

 y' = 00 + 10x' + 01g + r'. 

Here the components of the two-dimensional stochastic variable that yields (r,r') 

are characterized by a covariance 

(8)  00 + (x+x')10 + xx'11. 

We will indicate this generic model by means of the code RAS2b. 

Equivalent models and model specifications.  When a particular vector of values 

for 00, 01, 10, 
2
, 00, 10, 11 can be plugged into both the generic models RAS2 

and RAS2b, the two resulting models are equivalent in the following sense: both 

models imply that for any set of n basic units, the response vector is a realization of a 

normally distributed n-dimensional stochastic variable; for any set of n basic units, the 

expected value and covariance matrix of this normal distribution are identical in both 

models. 

Having thus defined the equivalence of models, we will call two model specifications 

equivalent when the two sets of potential parameter values are connected by a one-to-

one relationship which defines pairs of equivalent models.  This notion of the 

equivalence of model specifications derives its importance from the fact that the 
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maximum likelihood estimate based on a given model specification and its 

counterpart based on a second, equivalent model specification, form a pair of 

equivalent models.  (Note that the additional notion of equivalent fixed parts 

introduced by Kreft et al., 1995, lacks this property and seems of little practical use.) 

Difference between RAS2 and RAS2b.  In spite of the occurence of pairs of 

equivalent models derived from RAS2 and RAS2b, those two generic models are 

different in at least one practically relevant aspect: the set of potential parameter 

values allowed by RAS2 is different from the set allowed by RAS2b.  A parameter 

value is allowed by a generic model if and only if for every possible sample of n basic 

units the matrix which is proposed by the generic model as the covariance matrix of 

the latent variables is non-negative definite.   (Note that the non-negative definiteness 

of the covariance matrix of the latent variables implies that the covariance matrix of 

the n response variables is non-negative definite.  Consequently, the latter 

requirement does not need to be included explicitly.) 

For the generic model RAS2 this means that the set of potential parameter values 

consists of all the values that satisfy the combined condition that 
2
  0 (which was 

already suggested by the notation used for the parameter) and that the matrix 

(9)    00 10   

   10 11   

is non-negative definite.  (The latter condition is equivalent to: 00  0 and 0011  

10
2
.) 

The set of potential parameter values defined by generic model RAS2b consists of all 

the values for which the following condition holds: for every possible size m of a set 

of basic units belonging to the same group and for every set x1, x2, ..., xm of potential 

values of the basic level explanatory variable, the matrix 
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(10)    f(x1,x1) f(x1,x2)  f(x1,xm)   

   f(x2,x1) f(x2,x2)  f(x2,xm)   

         

   f(xm,x1) f(xm,x2)  f(xm,xm)   

with f(xi,xj) = 00 + (xi+xj)10 + xixj11 is non-negative definite.  The definitions of 

those two sets of parameter values are markedly different in that the definition of the 

second set involves the range of potential group sizes and the range of the basic level 

explanatory variable, whereas the definition of the first does not.  Note, however, that 

every parameter value that is allowed by RAS2 is also consistent with RAS2b.  This 

can be seen by rewriting matrix (10) as the product 

(11)    1 1  1  
T 

 00 10    1 1  1  

   x1 x2  xm    10 11    x1 x2  xm  

Consequently, the set of potential parameter values of RAS2 is a subset of the set of 

potential parameter values of generic model RAS2b.  There may be circumstances 

(particular ranges of the group size and the basic explanatory variable) in which the 

RAS2b set coincides with the RAS2 set, but in general that is not the case.  As a small 

example, consider a problem where the groups are couples (m = 2) and where the 

range of the basic explanatory variable is the interval [1,5].  In those circumstances, 


2
 = 1, 00 = 1, 10 = 0.5, 11 = 0 (and any value for 00, 01, 10) can, with the aid of 

some algebra, be shown to be acceptable for RAS2b, but it clearly is not a potential 

parameter value for RAS2.  (In the case of RAS2 11 = 0 requires 10 to be zero as 

well.) 
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Generic models CWC2 and CWC2b.  Next, we formulate a generic model which 

represents Kreft et al.'s (1995) CWC2 model, by adding to the starting assumptions 

and statement 1 formulated above: 

2. We reuse the notation of Kreft et al. (1995) for the numbers involved in the 

relationship between response, predictors and group membership information:  

00
**

, 01
**

, 10
**

 and 
2**

, 00
**

, 10
**

, 11
**

. 

3. For a given basic unit the scores y, x and g are connected by the expression 

(12)  y = (00
**

 + 01
**

g + 0
**

) + (10
**

 + 1
**

) (x-g) + e
**

. 

The latent variable which yields (e
**

,0
**

,1
**

) has a normal distribution with 

expectation zero and variances 
2**

, 00
**

, 11
**

;  there is one non-zero 

covariance, 10
**

, between the second and third component. 

4. For any pair of basic units belonging to different groups the following 

relationships hold: 

(13)  y = (00
**

 + 01
**

g + 0
**

) + (10
**

 + 1
**

) (x-g) + e
**

 

 y' = (00
**

 + 01
**

g' + 0
** 

') + (10
**

 + 1
** 

') (x'-g') + e
** 

'. 

The variances of the normally distributed variables with zero expectation which 

yield the unobserved numbers e, e', 0
**

, 1
**

, 0
** 

', 1
** 

' are:  
2**

, 
2**

, 00
**

, 

11
**

, 00
**

, 11
**

.  The only non-zero covariances are: 10
**

 between the 

components which yield 0
**

 and 1
**

, and again 10
**

 for 0
** 

' and 1
** 

'. 

5. For any pair of basic units belonging to the same group, the following 

relationships hold: 

(14)  y = (00
**

 + 01
**

g + 0
**

) + (10
**

 + 1
**

) (x-g) + e
**

 

 y' = (00
**

 + 01
**

g + 0
**

) + (10
**

 + 1
**

) (x'-g) + e
** 

'. 
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The unobserved numbers e
**

, e
** 

', 0
**

, 1
**

 constitute a realization of a four-

dimensional normally distributed stochastic variable with expected value zero.  

The respective variances are 
2**

, 
2**

, 00
**

, and 11
**

.  The (only) non-zero 

covariance is 10
**

, between the components which yield 0
**

 and 1
**

. 

We also define a closely related generic model CWC2b, which has the starting 

assumptions and the statements 1 and 2 in common with generic model CWC2.  The 

following statements are added: 

3. For a given basic unit the scores y, x and g are connected by the expression 

(15)  y = 00
**

 + 10
**

(x-g) + 01
**

g + r
**

. 

The unobserved number r is a realization of normally distributed stochastic 

variable with expected value zero and variance 

(16)  
2**

 + 00
**

 + 2(x-g)10
**

 + (x-g)
2
11

**
. 

4. For any pair of basic units belonging to different groups and with respective 

observations y, x, g and y', x', g', the following relationships hold: 

(17)  y = 00
**

 + 10
**

(x-g) + 01
**

g + r
**

 

 y' = 00
**

 + 10
**

(x'-g') + 01
**

g' + r
** 

'. 

The unobserved numbers r, r' constitute a realization of a two-dimensional 

normally distributed stochastic variable with expected value zero.  The two 

components are independent, with variances 
2**

 + 00
**

 + 2(x-g)10
**

 + 

(x-g)
2
11

**
 and 

2**
 + 00

**
 + 2(x'-g')10

**
 + (x'-g')

2
11

**
. 

5. For any pair of basic units belonging to the same group, and with scores y, x, g 

and y', x', g, respectively, the following relationships hold: 

(18)  y = 00
**

 + 10
**

(x-g) + 01
**

g + r
**

 

 y' = 00
**

 + 10
**

(x'-g) + 01
**

g + r
** 

'. 
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Here the components of the two-dimensional stochastic variable that yields 

(r
**

,r
**

') are characterized by a covariance 

(19)  00
**

 + (x+x'-2g)10
**

 + (x-g)(x'-g)11
**

. 

Difference between CWC2 and CWC2b.  As was observed in the case of RAS2 and 

RAS2b, when 00
**

, 01
**

, 10
**

, 
2**

, 00
**

, 10
**

, 11
**

 are given values that are 

allowed by both generic models CWC2 and CWC2b, the resulting two models are 

equivalent.  Again, however, the two generic models are not identical:  CWC2 is 

embedded in but not equal to CWC2b. 

RAS2 and RAS2b versus CWC2 and CWC2b in the random intercept case.  When we 

limit our attention to potential parameter values which satisfy the requirement 11 = 

10 = 0 (RAS2b) and 11
**

 = 10
**

 = 0 (CWC2b), the sets of remaining potential 

parameter values for RAS2b and CWC2b are connected by a one-to-one relationship 

which defines pairs of equivalent models.  The one-to-one relationship is described by 

(20)  00
**

 = 00 
2**

 = 
2
 

 10
**

 = 10 00
**

 = 00 

 01
**

 = 01 + 10  

As a consequence, any model specification based on generic model RAS2b and on a 

set of potential parameter values which satisfies the condition 11 = 10 = 0, has an 

equivalent counterpart derived from generic model CWC2b and satisfying the 

condition 11
**

 = 10
**

 = 0.  Note also that the one-to-one relationship between the 

potential parameter values of RAS2b and CWC2b maps the potential parameter values 

of RAS2 onto those of CWC2.  Thus, a model specification based on CWC2 (and 

satisfying 11
**

 = 10
**

 = 0) has its equivalent counterpart based on RAS2.  Note that 
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the condition 11 = 10 = 0 (or 11
**

 = 10
**

 = 0) means that only random intercept 

models are considered. 

On the condition 11 = 10 = 0, the constraints on (
2
,00) due to generic model 

RAS2b amount to 
2
  0 (which, of course, was already suggested by the notation) and 

00  -
2
/nmax, with nmax denoting the largest group in the population under 

consideration.  We distinguish two different situations, dependent on the value of 

nmax. 

Firstly, when nmax is quite large, the change caused by replacing the constraint 00  

-
2
/nmax with the more stringent constraint 00  0 is negligible.  (In most 

applications, nmax = 50 may already be considered quite large:  it would seem overly 

optimistic to expect an error, in estimating variance parameters, smaller than two 

percent of any practically relevant 
2
 value.  Note that nmax refers to the size of 

complete groups in the population.)  Practically speaking, the set of potential (
2
,00) 

values allowed by generic model RAS2b then coincides with the set allowed by RAS2.  

Then any model specification based on RAS2b is a model specification based on 

RAS2. 

Secondly, when nmax is small, RAS2b allows negative values of 00 (with a lower 

bound -
2
/nmax which is dependent on 

2
), whereas RAS2 requires 00 to be non-

negative.  Consequently, it is possible to formulate model specifications based on 

RAS2b which are not valid from the point of view of RAS2.  When nmax is small, the 

analyst is faced with the question whether or not to include models with negative 00 

in the model specification.  If negative 00 values are allowed, it is possible that 

she/he ends up with a best fitting model with negative 00, that is: membership of the 

same group is marked by a negative correlation between the responses.  If such an 
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outcome seems uninterpretable in terms of the problem at hand, the analyst must limit 

the model specification to 00  0 (that is: to RAS2). 

The previous discussion exemplifies how problem-dependent and substantive 

considerations (in this case: the largest potential group size and the interpretability of 

negative within-group correlation) become involved when one attempts to make 

explicit the constraints implied by a generic model. 

RAS2 and RAS2b versus CWC2 and CWC2b in general.  When the conditions 11 = 

10 = 0 are not imposed, the covariance matrix of the responses of a set of n basic 

units depends on the scores of the basic explanatory variable in the case of RAS2 or 

RAS2b.  In contrast, in the case of CWC2 or CWC2b with 11
**

 = 10
**

 = 0 not 

fulfilled, the scores of the group level explanatory variable are also involved in such a 

covariance matrix.  This difference stands in the way of the extension of the one-to-

one correspondence (which defines pairs of equivalent models) to the complete sets of 

potential parameter values of RAS2 (or RAS2b) and CWC2 or (CWC2b). 

Summary of the relationships between RAS2, RAS2b, CWC2 and CWC2b in general.  

Figure 1 provides a summary of the relationships between the generic models RAS2, 

RAS2b, CWC2 and CWC2b.  The left hand side of the figure depicts subsets in (seven-

dimensional) (00, 01, ..., 11)-space.  The largest rectangle denotes the set of the 

potential parameter values of generic model RAS2b.  This is partitioned in two 

subsets: the lower rectangle denotes the set of the potential parameter values of RAS2; 

the upper part (denoted as RAS2b minus RAS2) consists of the parameter values which 

are allowed by RAS2b but not by RAS2.  The shaded part corresponds to the random 

intercept models.  It consists of the parameter values satisfying the conditions 11 = 

10 = 0, 
2
  0 and 00  -

2
/nmax.  For parameters in the lower part of this area 00  
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0, while in the upper area 0  00.  On the right hand side of Figure 1, the analogous 

parameter sets in (00
**

, 01
**

, ..., 11
**

)-space are shown.  Each of the two arrows 

represents, between the two shaded subsets at its endpoints, a one-to-one relationship 

defining equivalent pairs of models. 

Figure 1.  Overview of the relationships between the RAS and CWC models 

00, 01, ..., 11 00
**

, 01
**

, ..., 11
**

RAS2b

- RAS2

RAS2

CWC2b

- CWC2

CWC2

 

The theoretical discussion of contextual models by Kreft et al. (1995) is limited to the 

lower part (the RAS2 / CWC2 part and the lower arrow) of Figure 1.  In the next 

section, we carry on the analysis and arrive at a substantially different point of view. 

One step further: encompassing generic model 

Six generic models 

Definition of the generic models.  The difference between the random part 0 + 1x 

+ e of RAS2 and the random part 0
**

 + 1
**

(x-g) + e
**

 of CWC2, which can be 

rewritten as 0
**

 + 1
**

x -1
**

g + e
**

, lies in the presence of the term -1
**

g:  the group 

level explanatory variable has a random coefficient at the group level; this coefficient 

is tied to the random coefficient of the basic level explanatory variable.  In his reply to 

Raudenbush' notes on centering (1989a), Longford (1989) suggested an extension of 

the random part by discarding the tie between the random coefficients of the basic 

level and the group level explanatory variables, resulting in 0
**

 + 1
**

x +2
**

g + e
**

. 
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Pursuing this suggestion, we formulate six generic models, all of which have, 

again, the starting assumptions and the statement 1 in common with generic model 

RAS2.  In the first three models, denoted as Ra, R and Rb, the relationship between the 

response, the predictors and the group membership variable involves ten numbers, 

which - reusing and extending the notation  of Kreft et al. (1995) - are denoted as 00, 

01, 10, 
2
, 00, 11, 22, 10, 21, 20.  Similarly, the next three models Ca, C and Cb 

involve ten numbers, denoted as  00
**

, 01
**

, 10
**

, 
2**

, 00
**

, 11
**

, 22
**

, 10
**

, 21
**

, 

20
**

.  Each generic model can be formulated in the precise but elaborate way of the 

previous section, by adding three statements which specify the relationship between 

the response, the explanatory variables and the latent variables and which state the 

joint distribution of the latent variables.  We will formulate the six new generic 

models in a more compact manner by listing only their most essential aspects and by 

noting that, apart from the structure of the relationship, the statements 3, 4 and 5 

mainly imply the allocation of the latent variables to the basic or the group level.  In 

the RAS2 generic model, for example, the latent variable score e belongs to the basic 

level, because this score can be different for any pair of basic units;  the score 0 (and, 

similarly, 1), on the other hand, is associated with the group level, as basic units 

belonging to the same group have the same score. 

Thus, generic model Ra is essentially defined by the relationship 

(21)  y = (00 + 0 + e) + (10 + 1)x + (01 + 2)g 

with e allocated to (or: random at) the basic level and 0, 1, 2 random at the group 

level - and with 21 denoting the covariance of the normally distributed 

twodimensional variable which generates (2,1), and so on. 

In generic model R we have: 
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(22)  y = (00 + 01g + v) + (10 + 1)x + e 

with e random at the basic level and v, 1 random at the group level.  The variance of 

the latent variable which yields v is 00 + 2g20 + g
2
22 and its covariance with the 

variable behind 1 is 10 + g21. 

According to generic model Rb we have: 

(23)  y = 00 + 10x + 01g + r 

with r random at the basic level.  The variance of the latent variable which yields r is 


2
 + 00 + 2x10 +2g20 +2xg21 + x

2
11 + g

2
22 and its covariance with the variable 

generating r' for another basic unit in the same group is 00 + (x+x')10 +2g20 

+(x+x')g21 + xx'11 + g
2
22. 

The essential expression in generic model Ca is: 

(24)  y = (00
**

 + 0
**

 + e
**

) + (10
**

 + 1
**

)(x-g) + (01
**

 + 2
**

)g 

with e
**

 random at the basic level and 0
**

, 1
**

, 2
**

 random at the group level. 

In generic model C the relationship 

(25)  y = (00
**

 + 01
**

g + v
**

) + (10
**

 + 1
**

)(x-g) + e
**

 

holds, with e
**

 random at the basic level and v
**

, 1
**

 random at the group level.  The 

variance of the latent variable which yields v
**

 is 00
**

 + 2g20
**

 + g
2
22

**
 and its 

covariance with the variable generating 1
**

 is 10
**

 + g21
**

. 

For generic model Cb we have: 

(26)  y = 00
**

 + 10
**

(x-g) + 01
**

g + r
**

 

with r
**

 random at the basic level.  The variance of the latent variable which yields r
**

 

is 
2**

 + 00
**

 + 2(x-g)10
**

 +2g20
**

 +2(x-g)g21
**

 + (x-g)
2
11

**
 + g

2
22

**
 and its 

covariance with the variable generating r
** 

' for another basic unit in the same group is 

00
**

 + (x+x'-2g)10
**

 +2g20
**

 +(x+x'-2g)g21
**

 + (x-g)(x'-g)11
**

 + g
2
22

**
. 
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Relationships between Ra, R, Rb, Ca, C, Cb.  One can easily check that the value of 

f
**

(x,x',g), which is defined as 00
**

 + (x+x'-2g)10
**

 +2g20
**

 +(x+x'-2g)g21
**

 + (x-

g)(x'-g)11
**

 + g
2
22

**
 is equal to the value of f(x,x',g) defined as 00 + (x+x')10 

+2g20 +(x+x')g21 + xx'11 + g
2
22 when 00

**
, ..., 22

**
  in the first expression and 

00, ..., 22 in the second are linked by the one-to-one relationship 

(27)  00
**

 = 00 
2**

 = 
2
 10

**
 = 10 

 10
**

 = 10 00
**

 = 00 20
**

 = 20 + 10 

 01
**

 = 01 + 10 11
**

 = 11 21
**

 = 21 + 11 

  22
**

 = 22 + 221 + 11  

between the two parameter spaces.  As a consequence, for any pair of parameter sets 

mapped on each other by this one-to-one relationship, the mxm matrix 
2
I + 

{f(xi,xj,g)} (I indicating the mxm unit matrix, with 1's on the diagonal and 0's 

elsewhere) is equal to the matrix 
2**

I + {f
**

(xi,xj,g)}, for every possible value of m, 

x1, x2, ..., xm, g.  This implies both that the one-to-one relationship maps the set of 

potential parameter values of generic model Rb (which consists of all parameter 

values that satisfy the condition that the mxm matrix 
2
I + {f(xi,xj,g)} is non-negative 

definite for every possible combination of m, x1, x2, ..., xm, g)  onto the set of 

parameter values of generic model Cb and that it defines pairs of equivalent models. 

The set of potential values for generic model R consists of all parameter values that 

satisfy the combined condition that 
2
  0 and that the matrix 

(28)    00 + 2g20 + g
2
22 10 + g21   

   10 + g21 11   

is non-negative definite for every potential value of g.  Note that multiplying the latter 

matrix on the left hand side with the 1x2 row [1 xi] and on the right hand side with the 
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2x1 column [1 xj]
T
 yields 00 + (xi+xj)10 +2g20 +(xi+xj)g21 + xixj11 + g

2
22.  This 

equality demonstrates that any potential parameter value for generic model R also 

belongs to the set of potential parameter values of model Rb.  Note also that the 

definition of the set of Rb involves both the basic level and the group level 

explanatory variable scores, whereas the definition for R involves only the group level 

explanatory variable. 

The set of potential values for generic model Ra contains all parameter values that 

satisfy the combined condition that 
2
  0 and that 

(29)    00 10 20   

   10 11 21   

   20 21 22   

is non-negative definite.  Multiplying the latter matrix on the left with the 2x3 matrix 

(30)    1 0 g   

   0 1 0   

and on the right hand side with its 3x2 transpose results in the matrix (28).  

Consequently, any potential parameter value for generic model Ra also belongs to the 

set of potential parameter values of model R.  Note that the definition of the set of R 

involves the group level explanatory variable scores, whereas the definition of the 

parameter set for Ra involves no explanatory variable scores. 

Those relationships between the sets of potential parameter values for the generic 

models Ra, R, and Rb are summarized in the left part of Figure 2.  The largest 

rectangle represents the set for generic model Rb.  It is partitioned in the set for Ra, the 

remainder of the set for R, consisting of the parameter values allowed by R but not by 

Ra (and denoted as R - Ra), and the rest of the set for Rb (all the parameter values 
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allowed by Rb but not by R).  Similar relationships apply to the generic models Ca, C, 

and Cb and are summarized in the right hand part of Figure 2. 

Figure 2.  Overview of the relationships between the R and C models 
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**

, 01
**

, ..., 20
**

Ra Ca
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2
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C
2
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Let 00, 01, ..., 20 be a potential parameter value for generic model R, and let 00
**

, 

01
**

, ..., 20
**

 be its counterpart according to the above-mentioned one-to-one 

relationship.  Then 
2**

 = 
2
 and the matrix 

(31)    00
**

 + 2g20
**

 + g
2
22

**
 10

**
 + g21

**
   

   10
**

 + g21
**

 11
**

   

is equal to the product 

(32)    1 g    00 + 2g20 + g
2
22 10 + g21    1 0   

   0 1    10 + g21 11    g 1   

As a consequence the one-to-one relationship maps the set of potential parameter 

values for R onto C.  A similar relationship can be shown to hold between Ra and Ca. 

On the condition 22 = 21 = 20 = 0, the generic model Rb is reduced to RAS2b.  

On the same condition, the generic model R coincides with generic model Ra.  The 

one-to-one relationship maps the set of potential parameter values of RAS2b onto the 

set defined by the joint conditions 10
**

 = 20
**

 and 21
**

 = 11
**

 = 22
**

, which is 

different from the set allowed by CWC2b.  The latter is defined by the condition 22
**

 



 

 

22 

= 21
**

 = 20
**

 = 0 and is mapped, in its turn, onto the set defined by 10 = -20 and 

-21 = 11 = 22.  The intersection of the RAS2b set and the mapping of the CWC2b set 

is defined by the conditions 22 = 20 = 21 = 11 = 10 = 0, and constitutes the set of 

the parameter values of the random intercept models.  The intersection of the CWC2b 

set and the mapping of the RAS2b set is defined by the conditions 22
**

 = 20
**

 = 21
**

 

= 11
**

 = 10
**

 = 0 (constituting the set of the parameter values of the random 

intercept models according to geneneric model Cb).  The RAS2b set is represented in 

Figure 2 as the broad-based rectangle in dotted lines, in the left part.  Its mapping on 

00
**

, 01
**

, ..., 20
**

 space is represented by a similar rectangle within the right part.  

The CWC2b set is depicted as the elongated rectangle (dotted lines) within the Cb set.  

Its mapping onto 00, 01, ..., 20 space is represented by a similar rectangle within the 

Rb set. 

The arrow between the two parts of the figure symbolizes that each set depicted in 

the left hand part of the figure (the Rb set, the R set, the Rb - R set, the RAS2b set, and 

so on, and any intersection of those sets) is mapped onto the corresponding set in the 

right hand part by the one-to-one relationship which defines pairs of equivalent 

models. 

Note that Figure 1 emerges from Figure 2 by deleting everything outside the RAS2b 

set in the left hand part and everything outside the CWC2b set in the right hand side. 

Equivalence in the fixed part?  Figure 2 also makes clear that - contrary to the 

statement of Kreft et al. (1995, pp. 14, 15) - exact rules to transform fixed part 

parameter estimates based on a RAS2 model specification to estimates based on a 

CWC2 model specification are not to be hoped for (unless the model specifications are 

limited to random intercept models).  When one wants to calculate a parameter 
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estimate based on a given model specification, the availability of an estimate based on 

a non-equivalent model specification does not help (in other words: the desired 

estimate must be calculated the hard way, usually iteratively, using all the data, and 

can not be derived from the available estimate).  In general, this statement also applies 

to subsets of components of the parameter, unless the estimation problem for certain 

components is separate from the overall estimation problem for both model 

specifications, and the subproblems are equivalent.  Only under stringent and often 

artificial conditions, however, can subproblems be separated from the overall 

estimation problem (see Van Landeghem, Onghena & Van Damme, 2001, for a 

partial discussion of this issue).  In concrete examples, of course, estimates based on 

non-equivalent model specifications may well be nearly identical (or nearly satisfy a 

reparameterization rule), just as (fixed coefficient) estimates based on ordinary 

regression in some cases may be close to multilevel estimates. 

Homoscedastic and heteroscedastic generic models 

Definitions.  In the generic models R and C the variances and covariances of the 

latent variables associated with the group level are dependent on the scores of the 

group level explanatory variable.  In the terminology used by Snijders and Bosker 

(1999) this means that those generic models are characterized by modeled hetero-

scedasticity at the group level (the latent variables in question being associated with 

the group level).  Likewise, the generic models Rb and Cb are heteroscedastic at the 

basic level (because of the dependence of the covariance matrix of the basic level 

latent variables on the scores of the explanatory variables).  As the variances and the 

covariances of the latent variables in the generic models Ra and Ca do not involve the 

explanatory variable scores, those models can be denoted as homoscedastic at both 

levels. 
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Homoscedasticity, heteroscedasticity and constraints.  Eliminating the hetero-

scedasticity at the group level in a model specification based on generic model R 

requires that the specification's parameter set is restricted by the condition 22 = 21 = 

20 = 0, which makes it a model specification based on generic model RAS2 (see 

Figure 2).  The mapping by the above-mentioned one-to-one relationship of such a 

model specification onto its equivalent counterpart in 00
**

, 01
**

, ..., 20
**

 space then 

satisfies the joint conditions 10
**

 = 20
**

 and 21
**

 = 11
**

 = 22
**

, which are, 

however not sufficient to guarantee heteroscedasticity at the group level.  Indeed, 

eliminating the heteroscedasticity at the group level in a model specification based on 

generic model C requires that the specification's parameter set is restricted by 22
**

 = 

21
**

 = 20
**

 = 0, making it a model specification based on CWC2 (Figure 2). 

Eliminating the heteroscedasticity in a model specification based on generic model Rb 

requires 22 = 20 = 21 = 11 = 10 = 0, which makes it a model specification 

consisting of random intercept models.  In this case the homoscedasticity property is 

preserved by the mapping onto 00
**

, 01
**

, ..., 20
**

 space. 

From the perspective of generic model Ra, the condition 22 = 21 = 20 = 0 means 

that the term (01 + 2)g is reduced to 01g, that is: the coefficient of the group level 

explanatory variable is fixed.  (Similarly, the condition 22
**

 = 21
**

 = 20
**

 = 0 

makes the coefficient of the group level explanatory variable fixed in generic model 

Ca.)  As already stated, 22 = 21 = 20 = 0 (22
**

 = 21
**

 = 20
**

 = 0) makes generic 

model R (C) homoscedastic.  Finally, in generic model Rb the condition 22 = 21 = 

20 = 0 makes the random part independent from the group level explanatory variable, 

whereas in generic model Cb the condition 22
**

 = 21
**

 = 20
**

 = 0 causes the 

random part to be dependent on g only via the difference x-g. 
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Random coefficients for group level explanatory variables?  As far as the 

coefficient of the group level explanatory variable in their RAS2 and CWC2 models is 

concerned, Kreft et al. (1995) unambiguously exclude the random part: 

The assumptions regarding the coefficients of the model depend upon the level of 

the predictors.  The coefficients of all but the highest level predictors may be 

treated as random,  while those of the highest level are always treated as fixed.  

Treating a coefficient as random means that the coefficient is permitted to vary 

across the units of the next higher level. (p. 2) 

Note that this exclusion of a random part in the coefficient of the group level 

explanatory variable (which, in terms of the generic models R and C, means the 

assumption of homoscedasticity at the group level) is made a priori, without reference 

to the data.  Note also that theories which are powerful enough to prescibe a model in 

such detail (that is: excluding heteroscedasticity) are hard to find in the usual fields of 

application of multilevel models.  Therefore, in the next section we will look at the 

possibility of letting the data decide about the appropriateness of making the 

coefficient of the group level explanatory variable random at the group level. 

Specification searches 

Data analyses based on multilevel modelling tend to rely heavily on data driven 

specification searches in order to find a suitable model specification.  Such a 

specification search can be described as a process in which the data interact with the 

knowledge and intuition of the analyst concerning the problem at hand, his/her 

previous work, and analyses performed by others.  It is directed by rules of thumb 

rather than by rigorous and generally accepted guidelines and it can not be fully 

described in terms of statistical theory (see Leamer, 1978 and Snijders & Bosker, 

1999, Section 6.4). 
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Figure 3 brings out the opportunity of a data driven choice between RAS2 and 

CWC2, which is created by taking the broader perspective summarized in Figure 2 (in 

stead of the view symbolized by figure 1).  As both RAS2 and (reparameterized) 

CWC2 are embedded in generic model R, the data can be consulted with regard to the 

appropriateness of those simplifications.  There are four possible outcomes.  In two of 

those, when one simplification is judged suitable and the other is not, the choice 

between the two is clear.  When both RAS2 and CWC2 are rejected, interpretations or 

further searches must be based on the encompassing generic model R.  In the fourth 

case, when both simplifications seem acceptable, we would venture to conclude that 

RAS2 and CWC2 shed light on two facets of a system which is too complex for the 

available data to map it out completely. 

Figure 3 also emphasizes that this step in the specification search can be equivalently 

performed in the other parameter space (comparing reparameterized RAS2, CWC2 and 

C). 

Similar considerations apply, of course, to RAS2 and (reparameterized) CWC2 

embedded in Ra or in Rb, or to RAS2b and (reparameterized) CWC2b encompassed by 

generic model Rb.  The reason why we do not persist in a theoretical discussion of the 

(dis)advantages of those alternatives will become clear in the account of the numerical 

example. 
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Figure 3.  Outline of a step in a specification search 
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An additional example 

The above account involving only three terms in the fixed part (an intercept, a 

single basic level variable and a group level variable) was intended to explain a line of 

reasoning which is generally applicable.  An additional example (see also Kreft et al., 

1995, p. 16) is sketched here.  Consider a generic model built around the expression 

(33)  y = (00 + 01g + 0) + (10 + 11g + 1) x + e, 

which differs from RAS2 through the presence of the cross-level interaction term 

11gx, and set it against a generic model with at its heart the expression 

(34)  y = (00
**

 + 01
**

g + 0
**

) + (10
**

 + 11
**

g + 1
**

) (x-g) + e
**

 

(which is an extension of CWC2).  When compared to the first expression, a 

rearranged version of the latter formula 

(35)   y = (00
**

 + (01
**

 - 10
**

)g - 11
**

g
2
  

   + (0
**

-1
**

g)) + (10
**

 + 11
**

g + 1
**

) x + e
**

  

suggests an encompassing generic model based on 

(36)  y = (00 + 01g + 02g
2
 + (0+2g)) + (10 + 11g + 1) x + e. 
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Note the g
2
 term.  Note also the latent variable expression 0+2g which, as in the 

transition from Ra to R or Ca to C, may be replaced by a single latent variable v 

(relaxing the bounds on the parameters 22, 20, 00, ...) and can be interpreted as 

modeling heteroscedasticity at the group level. 

Numerical example 

Kreft and de Leeuw (1998, Section 5.2) rephrased and summarized the discussion 

of centering by Kreft et al. (1995) and illustrated it by means of an example based on 

the NELS-88 data.  In the present section, we reproduce and add to this example, in 

order to illustrate our point of view and to contrast it clearly with the conclusions of 

Kreft et al. (1995).  The subset of the NELS-88 data on which the example is based 

consists of 21580 pupils in 1003 schools.  The data will be further described in the 

course of the development of the example (more detailed information is provided by 

Kreft & de Leeuw, 1998, pp. 23-24). 

Twelve models 

Generic models.  We reproduced the RS, CWC(N) and CWC(M) estimates 

reported by Kreft and de Leeuw (1998, Table 5.2) as a part of a larger set of twelve 

estimates based on twelve different generic models which will be described presently.  

Figure 4 provides an overview. 

The (generic) model CWC(N) expresses a pupil level MathAchievement (A) 

outcome as a linear combination of an intercept (I), the pupil scores SES (S) and 

HomeWork (H), the school scores Public (P) and Ratio (R), the cross-level 

interaction terms Public x SES (P x S) and Public x HomeWork (P x H) and a 

residual (characterized by a single variance parameter).  (For reasons of compactness 

we shorten the variable names introduced by Kreft & de Leeuw, 1995, as indicated 
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above.  The underlining still indicates group mean centering.)  The coefficients of I, S 

and H have a school level random part.  In order to stress its position among the other 

generic models in our example - see Figure 4 -, we will denote this model here as 

NE_C
**

 (with NE for NELS-88, C as a reminder of CWC(N) and 
**

 indicating the 

group mean centering of S and H).  The generic model CWC(M) (denoted here as 

NE_C(c)
**

) can be understood as an extension of CWC(N): the 'context' variables 

MeanSES (MS) and MeanHomeWork (MH) are added to the linear combination.  

We derived an additional generic model, NE_R(c), by substituting the variables S, H, 

P x S and P x H in NE_C(c)
**

 with their uncentered counterparts S, H, P x S and P x 

H.  A fourth generic model, NE_R, arises by deleting the context variables MS and 

MH from NE_R(c).  A fifth generic model, indicated here as NE_R(s) and by Kreft 

and de Leeuw as RS, is derived by deleting the cross-level interaction term P x S from 

NE_R.  (Note that NE_R(s) still has three coefficients with a random part at the 

school level, one of which is the coefficient of S.  This also holds for the RS estimates 

reported by Kreft & de Leeuw, 1998, Table 5.2, contrary to the assertion in their text.) 

Note that, by definition of S and H, S is equal to S + MS and H is equal to H + MH.  

Thus, when S + MS and H + MH substitute for S and H in NE_R(c), an equivalent 

generic model NE_R(c)
**

 is obtained, which equates the outcome with a linear 

combination of I, S, H, P, R, P x S, P x H, MS, MH (the ingredients of NE_C(c)
**

) 

and, furthermore, the school level interaction terms P x MS and P x MH.  The 

coefficients of those extra terms are, however, tied to the coefficients of P x S and P x 

H.  Also, NE_R(c)
**

 has five coefficients with a school level random part in stead of 

three: in contrast to NE_C(c)
**

, MS and MH have a random slope.  Again, however, 

each realization of the random part of the MS (MH) slope is tied to the value of the 
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random part of the S (H) slope in the same school.  By releasing those four ties, the 

generic model NE
**

 is created, which encompasses both NE_R(c)
**

 and NE_C(c)
**

. 

Similarly, when S - MS and H - MH substitute for S and H in NE_C(c)
**

, the 

equivalent generic model NE_C(c) is obtained.  Again, by releasing four constraints 

in NE_C(c), generic model NE arises, which expresses the A outcome as a linear 

function of I, S, H, P, R, P x S, P x H, MS, MH, P x MS, P x MH and a pupil level 

residual.  There are five coefficients with a school level random part, namely the 

intercept and the coefficients of S, H, MS and MH. 

The sets of potential parameter values of the generic models NE and NE
**

 are 

connected by a one-to-one relationship defining pairs of equivalent models.  (The 

one-to-one relationship is spelled out in Appendix A.)  Clearly, the same relationship 

connects NE_R(c) with NE_R(c)
**

 and NE_C(c) with NE_C(c)
**

.  It also maps NE_R, 

NE_C and NE_R(s) onto NE_R
**

, NE_C
**

 and NE_R(s)
**

, respectively. 

Figure 4.  Overview of the numerical example 
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[1] [1]** [2]**[2]

[3] [4]
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[3]**
[4]**

[5]** CWC(N)

CWC(M)
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Each of the twelve generic models is represented by its name and by the deviance number of an IGLS 

estimate calculated by means of the MLwiN software (see Rasbash et al., 2000).  The numbers [1], ..., 

[5] and [1]
**

, ..., [5]
**

 refer to Appendix B, where the details of the hierarchical relationships between 

the generic models are spelled out.  The large central arrow, again, symbolizes the one-to-one 

equivalence relationship detailed in the appendix. 
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Calculations.  The twelve generic models have been fitted to the NELS-88 dataset 

by means of the IGLS algorithm implemented in the MLwiN 1.10.0006 software (see 

Rasbash et al., 2000).  The deviance values listed in Figure 4 already indicate the 

equivalence between the results of the calculations in I, S, ..., I,I, I,S, ... space and 

the results in I
**

, S
**

, ..., I,I
**

, I,S
**

, ... space.  This is born out by the detailed 

results in the Tables 1, 2 and Appendix C. 

Table 1.  Fixed part estimates 

  NE  NE_C(c)  NE_C  NE_R(c)  NE_R  NE_R(s) 
                     EST SE  EST SE  EST SE  EST SE  EST SE  EST SE 
                   I  49.18 0.93  48.74 0.65  60.30 0.68  49.99 0.70  54.31 0.58  54.00 0.57 
S  2.99 0.26  2.97 0.26  2.96 0.26  3.07 0.23  3.74 0.22  4.30 0.09 
H  0.81 0.10  0.80 0.10  0.76 0.10  0.82 0.10  0.88 0.10  0.86 0.10 
P  0.15 0.91  0.44 0.29  -5.57 0.38  -0.89 0.38  -3.44 0.37  -3.35 0.37 
R  -0.06 0.02  -0.06 0.02  -0.29 0.03  -0.08 0.02  -0.17 0.02  -0.16 0.02 
P x S  1.01 0.28  1.03 0.28  1.03 0.28  0.93 0.24  0.67 0.24  0.00 0.00 
P x H  0.50 0.11  0.51 0.11  0.53 0.11  0.49 0.11  0.46 0.11  0.48 0.11 
MS  4.28 0.59  5.01 0.36  -2.96 0.26  4.22 0.27  0.00 0.00  0.00 0.00 
MH  0.76 0.36  0.82 0.22  -0.76 0.10  0.53 0.21  0.00 0.00  0.00 0.00 
P x MS  -0.28 0.66  -1.03 0.28  -1.03 0.28  0.00 0.00  0.00 0.00  0.00 0.00 
P x MH  -0.41 0.44  -0.51 0.11  -0.53 0.11  0.00 0.00  0.00 0.00  0.00 0.00 
                   Dev.  152928  152963  153853  152991  153265  153272 
                   Those six generic models have 11, 9, 7, 9, 7 and 6 independent fixed part parameters, respectively.  

Note that the column NE_R(s) is identical to the column RS of Kreft and de Leeuw (1998, p. 113). 

 

Table 2.  Fixed part estimates (continued) 

  NE
**
  NE_C(c)

**
  NE_C

**
  NE_R(c)

**
  NE_R

**
  NE_R(s)

**
 

                     EST SE  EST SE  EST SE  EST SE  EST SE  EST SE 
                   I  49.18 0.93  48.74 0.65  60.30 0.68  49.98 0.70  54.31 0.58  54.00 0.57 
S  2.99 0.26  2.97 0.26  2.96 0.26  3.07 0.23  3.74 0.22  4.30 0.09 
H  0.81 0.10  0.80 0.10  0.76 0.10  0.82 0.10  0.88 0.10  0.86 0.10 
P  0.15 0.91  0.44 0.29  -5.57 0.38  -0.89 0.38  -3.44 0.37  -3.35 0.37 
R  -0.06 0.02  -0.06 0.02  -0.29 0.03  -0.08 0.02  -0.17 0.02  -0.16 0.02 
P x S  1.01 0.28  1.03 0.28  1.03 0.28  0.93 0.24  0.67 0.24  0.00 0.00 
P x H  0.50 0.11  0.51 0.11  0.53 0.11  0.49 0.11  0.46 0.11  0.48 0.11 
MS  7.27 0.51  7.98 0.26  0.00 0.00  7.29 0.32  3.74 0.22  4.30 0.09 
MH  1.57 0.35  1.62 0.20  0.00 0.00  1.35 0.22  0.88 0.10  0.86 0.10 
P x MS  0.73 0.58  0.00 0.00  0.00 0.00  0.93 0.24  0.67 0.24  0.00 0.00 
P x MH  0.08 0.42  0.00 0.00  0.00 0.00  0.49 0.11  0.46 0.11  0.48 0.11 
                   Dev.  152928  152963  153853  152991  153265  153272 
                   Those six generic models have 11, 9, 7, 9, 7 and 6 independent fixed part parameters, respectively.  

The columns NE_C(c)
**

 and NE_C are identical to the columns CWC(M) and CWC(N) of Kreft and de 

Leeuw (1998, p. 113). 

 

The estimate for, say, the parameter MH,MS
**

 according to generic model NE
**

 can be 

obtained in two ways.  Firstly, there is the IGLS calculation for NE
**

, which yields the 
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value 0.08 (Appendix C).  Secondly, the IGLS estimates for MH,MS, MH,S, H,MS, 

and H,S in generic model NE are 2.21, -1.02, -1.31 and 0.20.  Via the one-to-one 

relationship, those four estimates yield a second value 2.21 + (-1.02) + (-1.31) + 0.20 

= 0.08 for MH,MS
**

, which coincides with the first one.  This demonstration can be 

repeated for every parameter in every pair of equivalent generic models (NE_C(c) and 

NE_C(c)
**

, NE_R(c) and NE_R(c)
**

, and so on) in both directions (the one-to-one 

relationship reported in Appendix A can be reversed easily).  It illustrates the practical 

meaning of equivalence:  as soon as a generic model has been fitted to a dataset in the 

hard way (through the IGLS calculations), the estimate for an equivalent generic 

model can be derived easily (no iterations) via the equivalence relationship. 

A step in the specification search.  Restricting the parameter space of generic 

model NE by means of the set of 11 constraints [1] (see Figure 4 and Appendix B) 

results in a model specification which coincides with generic model NE_R(c).  The 11 

constraints cause an increase of 63 in the deviance value.  Starting from the chi-square 

approximation of the distribution of the difference between the deviances (Johnson & 

Wichern, 1992, pp. 187-188) an extremely small (<1.E-08) p-value is found (referring 

to the null hypothesis that the optimal parameter value according to the unconstrained 

model specification satisfies the 11 constraints).  A similar comparison of generic 

model NE_C(c), which is also embedded in NE, yields, with a deviance difference of 

35 for 11 independent constraints (set [2], see appendix), a p-value of nearly 0.0002.  

Those p-values are, admittedly, not employed here in their proper context (of 

hypothesis testing, where the model specification is a given), but as a tool in a 

specification search (see Leamer, 1978).  However, if deviance tests have any value at 

all as an aid to find a suitable multilevel model specification, it seems, firstly, that 

NE_R(c) must be marked as a case of underspecification and, secondly, that it is 
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worth while to look at less stringent simplifications of NE than NE_C(c).  This whole 

argument can be repeated for NE
**

, NE_R(c)
**

 and NE_C(c)
**

, with exactly the same 

deviances and p-values. 

The coefficient of variable P.  Kreft and de Leeuw (1998) point to the difference 

between the estimated coefficient of the school variable P (Public) according to 

NE_R(s), namely -3.35 (0.37), and according to NE_C(c)
**

, namely 0.44 (0.29), as a 

striking illustration of the consequences of different centering options (raw scores 

versus group mean centered scores).  From the point of view expounded in the present 

text, we offer three observations regarding this illustration. 

Firstly, the link between NE_R(s) and the raw score option and between NE_C(c)
**

 

and the group mean centering option is problematic:  generic model NE_R(s) has an 

equivalent counterpart NE_R(s)
**

 in I
**

, S
**

, ..., I,I
**

, I,S
**

, ... space (the parameter 

space of the group mean centering option), while NE_C(c)
**

 is equivalent to NE_C(c) 

in the raw score parameter space I, S, ..., I,I, I,S, ... . 

Secondly, estimates should be compared within a single parameter space.  It clearly 

makes no sense to compare the estimated coefficient of P x MS according to 

NE_C(c)
**

, which is constrained at 0, to the estimate of the coefficient of P x MS 

according to NE_C(c), which is not tied to a particular number.  Thus the coefficient 

estimate for P in NE_R(s) should be compared with the corresponding estimate in 

NE_C(c).  In this particular example, of course, the one-to-one relationship which 

maps NE_C(c) onto NE_C(c)
**

 leaves the value of the coefficient of P unchanged 

(see Appendix A and Tables 1 and 2). 

Thirdly, while the deviance test of the difference between the NE_R(s) and the NE_R 

result (exclusion of the P x S term) yields a p-value of 0.007, which casts doubt on the 

appropriateness of this simplification, the comparison of NE_R with NE_R(c) 
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constitutes overwhelming evidence against the exclusion of the MS and MH terms.  

The argument of Kreft and de Leeuw (1998, p. 111) in support of the latter 

simplification, namely that in the RS (our NE_R(s)) model the means are not fitted 

since they are not subtracted from the raw scores, and are still present in the model, is 

erroneous.  It holds only when, in the group mean centered parameter space, S
**

 = 

S
**

 and MH
**

 = H
**

. 

Formal models versus software outputs 

Implementation of model specifications.  That the one-to-one equivalence 

relationship which was built in the set of twelve generic models of our example is 

reflected in the deviances and parameter estimates calculated by means of MLwiN is 

no surprise.  On the other hand, it should not be taken for granted either.  The 

computer program does indeed take into account the structure of the relationship 

between the response and the explanatory variables as dictated by the generic model: 

it knows which of the variables in the worksheet are to be involved and for which 

coefficients a random part must be provided.  But it does not acknowledge the 

complete statistical meaning of the latent variables and, therefore, it does not 

implement faithfully the set of potential parameter values implied by the generic 

model.  (It obviously disregards the population ranges of group sizes and of the 

explanatory variables, which may determine the set of potential parameter values.)  

The program does allow the definition of different model specifications starting from 

the same generic model by introducing multiple linear constraints on the parameters.  

But this facility is limited to equality constraints (except for the possibility to limit 

variance parameters to non-negative values). 
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In other words, before the calculation is finished and the estimates are available, it 

is not certain whether the program has implemented (a model specification based on) 

the generic model NEa with five school level latent variables: 

(37)   A = (I + I + e) + S (S + S) + H (H + H) + P P + R R  

   + P x S P x S + P x H P x H + MS (MS + MS) + MH (MH + MH)  

   + P x MS P x MS + P x MH P x MH  

and with the covariance matrix a: 

(38)    I,I       

   S,I S,S      

   H,I H,S H,H     

   MS,I MS,S MS,H MS,MS    

   MH,I MH,S MH,H MH,MS MH,MH   

for the distribution which produces I, S, H, MS, MH; or generic model NEt with 

three school level latent variables: 

(39)   A = (I + P P + R R + MS MS + MH MH  

   + P x MS P x MS + P x MH P x MH + v)  

   + S (S + P P x S + S) + H (H + P P x H + H) + e  

and with the covariance matrix t(MS,MH): 

(40)    v,v(MS,MH)     

   S,v(MS,MH) S,S    

   H,v(MS,MH) H,S H,H   

with 

(41)  v,v(MS,MH) = I,I + 2 MS MS,I + 2 MH MH,I + 2 MS MH MH,MS 
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  + (MS)
2
 MS,MS + (MH)

2
 MH,MH 

 S,v(MS,MH) = S,I + MS MS,S + MH MH,S 

 H,v(MS,MH) = H,I + MS MS,H + MH MH,H 

for the distribution which produces v, S, H; or generic model NEb with a single 

(pupil level) latent variable 

(42)  A = I + S S + H H + P P + R R + P x S P x S + P x H P x H 

  + MS MS + MH MH + P x MS P x MS + P x MH P x MH + r 

and with the mxm covariance matrix b(S1, ..., Sm, H1, ..., Hm, MS, MH) = 
2
I + {f(Si, 

Hi, Sj, Hj, MS, MH)} with f(Si, Hi, Sj, Hj, MS, MH) = [1 Si Hi MS MH] a [1 Sj Hj MS 

MH]
T
 characterizing the distribution which yields r1, r2, ... rm for every possible set of 

m pupils from the same school. 

Thus, the discrepancy between the model specification on paper and its actual 

implementation may hinder the interpretation of the model: one may, for example, 

aim at a model specification based on NEt and end up with an estimate which satisfies 

NEb but is incompatible with NEt.  It also raises the question whether the 

implementations of two equivalent model specifications are necessarily equivalent. 

Conservation of equivalence.  The present example provides an illustration of the 

latter problem.  The estimates reported in Figure 4, Tables 1 and 2 and Appendix C 

are obtained when MLwiN is run with the allow negative variances options 

(Estimation control window) set YES.  A repeat with the NO setting makes no 

difference in eleven of the twelve estimated models.  The exception is NE
**

, where 

the algorithm converges (deviance 152928, 10 iterations) to the equivalent counterpart 

of the NE solution when negative variances are allowed, whereas it converges to a 

different solution (deviance 152950, 23 iterations) when negative variances are not 
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allowed.  The difference is caused by a negative variance result in the very first 

iteration.  (From the second iteration on, no more negative variance values were 

produced, despite the allow negative variances regime.)  Note that this problem does 

not occur in the case of NE (both calculations converge to the same result).  Note also 

that there is at least one case (NE_R) where a negative variance occurred in the first 

iterations, causing the algorithm to follow two different paths which, nevertheless, 

converged to the same solution.  The practical lesson to be drawn from this is, 

probably, that it is advisable to calculate the estimates for complex models more than 

once, using different starting values, different (but theoretically equivalent) 

parameterizations, different settings of the parameters of the algorithm, and so on, in 

order to eliminate chance results. 

A posteriori check of model specification.  One can easily verify that the estimated 

school level covariance matrices reported in the appendix for NE_C(c), NE_C, 

NE_R(c), NE_R and NE_R(s) are non-negative definite.  (This can be done, for 

example, by checking that the 1x1, 2x2, 3x3 and 4x4 top left blocks and the 5x5 

matrix itself have a non-negative determinant.)  As the estimated pupil level variance 

parameter is also non-negative in each case, those five models are instances of the 

generic model NEa (and, of course, of the embedded generic models NE_C(c)a, 

NE_Ca, NE_R(c)a, NE_Ra and NE_R(s)a, respectively).  As a consequence, we are 

free to interpret them in terms of NEa, or NEt, or NEb.  Also it follows that the 

corresponding estimates for NE_C(c)
**

, NE_C
**

, NE_R(c)
**

, NE_R
**

 and NE_R(s)
**

 

are compatible with the five-latent-variables type generic model. 

The estimate for the school level parameter matrix based on generic model NE 

(Appendix C) is not non-negative definite.  (Consequently, through the one-to-one 

equivalence relationship, neither is the estimate for NE
**

.)  As a consequence, it is not 
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a suitable estimate for the matrix a of generic model NEa, and the corresponding 

model can not be interpreted in terms of the five latent variables. 

The next step, then, is to look whether the estimate satisfies generic model NEt.  It 

does so when, given the parameter estimates, the area of (MS, MH) values where the 

3x3 matrix t(MS, MH) is non-negative definite encompasses the (population) range 

of potential values of (MS, MH).  A first, easy step to explore this issue, is to check 

the non-negative definiteness of t in the 1003 (MS, MH) values actually occurring in 

the sample.  As not all the 1003 matrices are non-negative definite, we must conclude 

that the requirements of NEt are not satisfied.  It proves, however, useful to qualify 

this conclusion.  Firstly, only 69 of the 1003 schools do not fulfill the requirement, 

that is: 93% do.  Secondly, as is demonstrated by Figure 5, which shows a (MS, MH) 

scatterplot of the 1003 schools, the problem cases are concentrated at the fringes of 

the dataset.  On the basis of Figure 5 we venture that the NE estimate of Appendix C, 

interpreted as an instance of generic model NEt, constitutes a useful summary of the 

data, with the proviso that it holds in most but not all of the range of potential schools. 

Finally, the MLwiN program does constrain its estimates to the intrinsic 

requirements of generic model NEb (that is: non-negative definiteness of b) insofar 

as the combinations of m, Si, Hi, MS and MH occurring in the dataset are concerned 

(but, of course, not for every possible combination in the population). 
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Figure 5. Non-negative definiteness of t in the 1003 schools, for the NE estimate 
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A final example 

We would have considered a broader range of models if the aim of this article had 

been to model the NELS-88 data - which it is not.  Why, for example, not consider the 

possibility of heteroscedasticity in the random parts of the coefficients of S and H of 

generic model NEt (in stead of limiting this possibility to the intercept)?  And why not 

consider interaction terms involving the school level variable R?  Also, it is not 

because NE_R(c) and probably NE_C(c) seem overly drastic simplifications of 

generic model NE, that there are no other possibilities of simplifying.  It is, for 

instance, not necessary to treat S and H symmetrically, as we have done in the present 

example (and as Kreft & de Leeuw, 1998, did in theirs).  We constructed one final 

illustration of those possibilities, simplifying generic model NE by:  (1)  constraining 

H,I, MH,I, H,S, MH,S, MS,I, MH,MS, and S,I to 0, which resulted in a deviance 

value of 152943, with 67 schools not satisfying the non-negative definiteness 

condition for t, 66 of which are now situated at high MS values;  (2)  constraining 

MS,S to the value -3.300 (in stead of the value -4.282 obtained under the seven 
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previous constraints), yielding the model reported in Table 3, with deviance 152947 - 

corresponding with a p-value just above 0.01 when compared to the deviance of the 

NE estimate - and with only 22 non-negative definite matrices left, all situated on the 

high MS / high MH edge of the set of schools.  The new generic model seems an 

acceptable simplification of NE which is neither an instance of NE_R(c), nor of 

NE_C(c).  The estimate of its equivalent counterpart in I
**

, S
**

, ..., I,I
**

, I,S
**

, ... 

space is easily found by applying the formulae of the one-to-one relationship to the 

results of Table 3. 

Table 3.  Estimates for constrained model specification based on generic model NE 

  FIXED    FIXED  RANDOM, SCHOOL LEVEL   
                   EST SE    EST SE  I S H MS MH   
                 I  49.32 0.90  P x S  1.03 0.28  4.90      I 
S  2.98 0.26  P x H  0.51 0.11  0.00 1.56     S 
H  0.80 0.10  MS  4.44 0.60  0.00 -3.30 0.35    H 
P  0.17 0.87  MH  0.70 0.35  0.00 0.00 -0.70 8.35   MS 
R  -0.07 0.02  P x MS  -0.28 0.67  0.00 0.00 -0.47 0.00 0.76  MH 
     P x MH  -0.41 0.43         
                      Dev.  152947  RANDOM, PUPIL LEVEL 65.58   

                  

Discussion and summary 

It seems possible to summarize the conclusions drawn by Kreft et al. (1995) from 

their exploration of the issue of centering in hierarchical linear models (multilevel 

models) in two essential points:  (1)  Different centering options may lead to non-

equivalent models;  (2)  Choices between centering options must be based on 

theoretical considerations.  A typical example discussed by Kreft et al. (1995) is the 

case of RAS2 versus CWC2.  

With regard to the first point, they demonstrated that a RAS2 model can not always be 

reparameterized to yield a CWC2 model, and vice versa.  In addition, they linked 

RAS2 to the choice not to center and CWC2 to the option of centering within groups.  

The discussion of the generic models RAS2 and CWC2 in the present text 

demonstrates that this link between centering options and models is tenuous.  A one-
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to-one relationship defining pairs of equivalent models connects the CWC2 generic 

model with its counterpart in 00, 01, ..., 20 space, which is based on an expression in 

terms of x and g and can be directly compared to RAS2.  Similarly, RAS2 has its 

counterpart in 00
**

, 01
**

, ..., 20
**

 space, based on an expression in terms of x-g and 

g, together with CWC2.  The artifical link between those centering options and those 

(generic) models is caused by the a priori exclusion of a group level random part in 

the coefficients of group level explanatory variables.  This constraint makes it 

impossible to consider the counterpart of RAS2 in 00
**

, 01
**

, ..., 20
**

 space or the 

counterpart of CWC2 in 00, 01, ..., 20 space. 

Once this constraint is removed, it becomes possible to formulate an encompassing 

generic model and to use the familiar specification search tools to let the data have 

their say about the relative merits of the non-equivalent models.  The specification 

search can be conducted equivalently in each of the parameter spaces associated with 

the different centering options. 

The introduction of group level random parts in the coefficients of group level 

explanatory variables is perfectly interpretable: it amounts to the introduction of 

modeled heteroscedasticity. 

Regardless of any connection between parameterizations and theories, formulating 

and interpreting one or more equivalent reparameterized versions of an estimated 

model may well provide additional understanding and enhance the quality of the 

discussion.  When different parameterizations refer to different theories, that proves, 

in our opinion, that those theories, or at least their parts that are relevant to the data 

analysis at hand, are mere reformulations of each other.  From the point of view of the 

data analysis there seems to be no need to choose between such theories.  They rather 

provide an opportunity for a multifaceted interpretation. 
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We have demonstrated that our line or reasoning can be generalized to more complex 

cases by providing an additional theoretical example and an extensive numerical 

example. 

A fair amount of attention has been devoted in this text to the issue of different 

ways of incorporating latent variables in multilevel models.  This was necessary in 

order to provide unambiguous definitions of heteroscedasticity.  In addition, the issue 

is important in its own right, apart from the centering discussion.  Analysts need to 

keep it in mind in order to interpret and bridge the gap between their formal model 

prescriptions and the outcomes of multilevel modelling software.  In doing so, they 

must be aware of problem dependent aspects such as the ranges of the explanatory 

variables and of the group size and the acceptability of negative correlations between 

responses within the same group.  Although the need to take into account the 

differences between the various ways of involving latent variables seems more acute 

in more complex models, different treatments of latent variables are possible from the 

humble random intercept model upwards. 

Recapitulating the main point of this article, we have demonstrated that, when 

artificial restrictions on the model formulation are removed, the question of centering 

dissolves in an issue of searching for an appropriate model specification and an issue 

of reparameterization.  The first issue requires the mixture of art and science which is 

common to all specification searches.  Through the second, the estimated model offers 

several points of view to discuss the data. 
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Appendix A.  One-to-one relationship connecting generic models NE and NE
**

 

  MS
**

 = MS + S P x MS
**

 = P x MS + P x S 

MH
**

 = MH + H P x MH
**

 = P x MH + P x H 

      MS,I
**

 = MS,I + S,I MS,S
**

 = MS,S + S,S H,MS
**

 = H,MS + H,S 

MS,MS
**

 = MS,MS + 2MS,S + S,S H,I
**

 = H,I + H,I 

MH,MS
**

 = MH,MS + MH,S + H,MS + H,S MH,S
**

 = MH,S + H,S 

MH,MH
**

 = MH,MH + 2MH,H + H,H MH,H
**

 = MH,H + H,H 

  Seven of the eleven fixed part parameters are invariant under the one-to-one relationship (that is: I
**

 = 

I, S
**

 = S and so on).  Seven of the sixteen random part parameters are invariant. 

Appendix B. Sets of constraints defining generic models embedded in NE or NE
**

 

  [1] Constraining NE to NE_R(c) requires: 

 P x MS = 0 P x MH = 0 MH,MS = 0  

 MS,I = 0 MS,S = 0 MS,MS = 0 H,MS = 0 

 MH,I = 0 MH,S = 0 MH,MH = 0 MH,H = 0 

  [2] Constraining NE to NE_C(c) requires: 

 P x MS = -P x S P x MH = -P x H MH,MS = H,S  

 MS,I = -S,I MS,S = -S,S MS,MS = S,S H,MS = -H,S 

 MH,I = -H,I MH,S = -H,S MH,MH = H,H MH,H = -H,H 

  [3] Constraining NE_R(c) to NE_R requires MS = 0 and MH = 0. 

  [4] Constraining NE_C(c) to NE_C requires MS = -S and MH = -H. 

  [5] Constraining NE_R to NE_R(s) requires: P x S = 0. 

  [1]
**

 Constraining NE
**

 to NE_R(c)
**

 requires: 

 P x MS
**

 = P x S
**

 P x MH
**

 = P x H
**

 MH,MS
**

 = H,S
**

  

 MS,I
**

 = S,I
**

 MS,S
**

 = S,S
**

 MS,MS
**

 = S,S
**

 H,MS
**

 = H,S
**

 

 MH,I
**

 = H,I
**

 MH,S
**

 = H,S
**

 MH,MH
**

 = H,H
**

 MH,H
**

 = H,H
**

 

  [2]
**

 Constraining NE
**

 to NE_C(c)
**

 requires (see, mutatis mutandis, [1]) P x 

MS
**

 = 0, ..., MH,H
**

 = 0. 

  [3]
**

 Constraining NE_R(c)
**

 to NE_R
**

 requires MS
**

 = S
**

 and MH
**

 = H
**

. 

  [4]
**

 Constraining NE_C(c)
**

 to NE_C
**

 requires MS
**

 = 0 and MH
**

 = 0. 

  [5]
**

 Constraining NE_R
**

 to NE_R(s)
**

 requires P x S
**

 = 0. 
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Appendix C. Estimates of random part parameters 

  I S H MS MH  I S H MS MH   
                              I  10.02    NE  10.03    NE

**
  I 

S  2.27 1.52   65.60  2.27 1.52   65.60  S 
H  -0.06 0.20 0.35    -0.06 0.20 0.35    H 
MS  -2.51 -3.62 -1.31 5.83   -0.24 -2.10 -1.11 0.12   MS 
MH  -1.67 -1.02 -0.44 2.21 1.25  -1.74 -0.83 -0.09 0.08 0.73  MH 
                              I  6.24   NE_C(c)  6.24   NE_C(c)

**
  I 

S  0.97 1.54   65.61  0.97 1.54   65.61  S 
H  -0.16 0.18 0.35    -0.16 0.18 0.35    H 
MS  -0.97 -1.54 -0.18 1.54   0.00 0.00 0.00 0.00   MS 
MH  0.16 -0.18 -0.35 0.18 0.35  0.00 0.00 0.00 0.00 0.00  MH 

                              I  20.68   NE_C  20.68   NE_C
**
  I 

S  2.16 1.50   65.57  2.16 1.50   65.57  S 
H  0.67 0.21 0.36    0.67 0.21 0.36    H 
MS  -2.16 -1.50 -0.21 1.50   0.00 0.00 0.00 0.00   MS 
MH  -0.67 -0.21 -0.36 0.21 0.36  0.00 0.00 0.00 0.00 0.00  MH 
                              I  8.39   NE_R(c)  8.39   NE_R(c)

**
  I 

S  0.74 0.45   66.08  0.74 0.45   66.08  S 
H  -0.86 -0.09 0.32    -0.86 -0.09 0.32    H 
MS  0.00 0.00 0.00 0.00   0.74 0.45 -0.09 0.45   MS 
MH  0.00 0.00 0.00 0.00 0.00  -0.86 -0.09 0.32 -0.09 0.32  MH 
                              I  9.88   NE_R  9.88   NE_R

**
  I 

S  1.21 0.40   66.16  1.21 0.40   66.16  S 
H  -0.47 -0.06 0.31    -0.47 -0.06 0.31    H 
MS  0.00 0.00 0.00 0.00   1.21 0.40 -0.06 0.40   MS 
MH  0.00 0.00 0.00 0.00 0.00  -0.47 -0.06 0.31 -0.06 0.31  MH 
                              I  9.79   NE_R(s)  9.79   NE_R(s)

**
  I 

S  1.24 0.47   66.17  1.24 0.47   66.17  S 
H  -0.46 -0.07 0.31    -0.46 -0.07 0.31    H 
MS  0.00 0.00 0.00 0.00   1.24 0.47 -0.07 0.47   MS 
MH  0.00 0.00 0.00 0.00 0.00  -0.46 -0.07 0.31 -0.07 0.31  MH 
                                I S H MS MH  I S H MS MH   

The estimates of the school level random part parameters ('s) are arranged in (the lower triangular 

part of) a (symmetric) matrix.  The pupil level variance estimate (
2
) has been indicated below the 

name of the generic model.  Generic models NE and NE
**

 have 16 and the other generic models have 7 

independent random part parameters. 
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