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Abstract

Transient responses impose additional restrictions concerning model order reduction of acoustic finite element sys-
tems. Time-stable model order reduction methods achieve model compaction while guaranteeing frequency domain
models transform in a physically meaningful way. Efficiency and stability are of course of little consequence if the
model is rendered inaccurate. Krylov subspaces inherently include system input and/or output behavior in the re-
duction basis making them ideal reduction bases for investigating system behavior outside of steady state. Realistic
boundary conditions are demanded and must be preserved in the reduction basis. Frequency dependent impedance
boundary conditions help in this regard but complicate both model reduction and time-integration strategies. Mul-
tiplications to enforce system damping in the frequency domain become time-domain convolutions. Recursively
calculated minimal memory convolution formulations have long proven useful in lowering the associated computa-
tional burden. Complex frequency-dependent damping matrices create a challenge for Krylov subspace based model
reduction due to the way the reduction basis is constructed. Arnoldi iterations implicitly match the moments of the
system transfer function to span a Krylov subspace. This paper demonstrates how to maintain compatibility with such
algorithms while including frequency dependent damping. This work proposes combining projection based model
order reduction with an efficient time domain-impedance boundary condition formulation. An important benefit of
working in the time domain is the ability to directly output binaural audio signals. To this end, discrepancies are
discussed in the perceptual context of audibility. A reduction of system degrees of freedom from NDOF = 13125 to
RDOF = 63 and the inclusion of time-domain impedance boundary conditions are shown to enable computational
speedups by a factor of 11–36 without introducing audible differences.
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1. Introduction

Impedance boundary conditions allow finite element simulations to forgo explicit three-dimensional modeling of
intricate surface geometry in favor of capturing net reflection/absorption characteristics. With a complex propagation
coefficient the thickness of a porous material can also be encoded in the boundary condition [1] applied to a two-
dimensional surface. Real materials respond differently depending on the frequency content of the incident sound
requiring convolution of some form or another in time-domain simulations. In frequency-domain acoustic finite
element simulations this means damping matrices are functions of frequency.

The transform pair time-domain convolution and frequency-domain multiplication can lead to unbalanced mem-
ory requirements and computational demand in engineering simulations. Convolutions require storing the complete
time histories of the functions under consideration to account for particular constitutive relationships. These can be
understood as input-output relationships which depend on the input history. The time varying input determines how
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an associated variable responds to subsequent stimuli. In the frequency domain this manifests as frequency-dependent
constitutive relationships which can be stored as (complex) functions of frequency. These transfer functions unam-
biguously relate one particular variable to another. Such tidy functions cannot exist in the time domain. One time
sample of a variable provides insufficient information to determine the appropriate dynamic constitutive relation for
the same reason a one sample discrete Fourier transform carries little meaning. Time histories supply the necessary
information to simulate the transient response.

With some insight into the physical system this computational burden can be greatly reduced. Relaxation pro-
cesses, or the system response to a step excitation [2], can often be characterized by constitutive relations which are
well approximated by a sum of weighted exponentially decaying terms. Particular step excitations include sudden
pressure, voltage, stress, or electric field changes. The respective responding state variables are then particle ve-
locity, current, strain, or polarization, respectively entailing the constitutive relations acoustic/electrical/mechanical
impedance, elastic moduli, or electric susceptibility. An effective way to simulate the transient response of such sys-
tems is to take advantage of recursive convolution which falls naturally out of the exponential approximation. This
approach collapses nearly the entirety of an infinite convolution into a form which requires storage of only a minimum
number of time steps per variable [3]. This technique has proven useful in simulating electromagnetic [4], geophysics
[5], structural dynamics [6], and acoustics problems [7, 8, 9, 10, 11] . For acoustics applications, the primary use is
the enforcement of impedance boundary conditions. See [11] for a review and analysis of various works concerning
time-domain impedance boundary conditions (TDIBC) in the context of acoustic simulations.

Working in the time domain means the audio response of the system can be output directly. Efficient incorporation
of head related impulse responses (HRIR’s) that filter the simulation output according to the geometric features of the
head and pinnae is an open challenge [12]. This additional consideration enables a listener in a virtual environment to
identify the location of a sound source and otherwise affords a more realistic auditory environment. In this regard more
work is required for element based methods. Both the attainment of the necessary direction of arrival information at
the output degrees of freedom (DOFs) [13, 14] as well as the modeling and inclusion of near field HRIRs [15]
challenge simulation efficiency. The present work is limited to frequencies where interaural time differences (ITD’s)
play the most significant role in source localization [16]. In this case, taking two output DOFs spaced a head’s width
apart inherently encodes this information. With the output signal(s) ultimately being targeted to a listening subject,
simulation errors in Sect. 5 will be related to the perceptual measure of audibility.

Time-domain simulations are further useful for analyzing the transient response of a system outside of steady state.
Accurate simulations of transient behavior require spatial fidelity concerning the application of loading or monitoring
of the response at a particular DOF. In this regard, Krylov subspace projection proves an effective means to reduce the
degrees of freedom of the acoustic system. Whereas modal truncation methods may fail to represent loading behavior
accurately [17], Krylov subspace projection based model order reduction (MOR) considers input (output) behavior
from the outset. This work builds on time-stable model order reduction schemes for interior [18] and exterior [19]
vibro-acoustic systems. Frequency dependency in the damping matrix creates an additional challenge in constructing
the reduced-order basis. The target formulation preferably matches arbitrary order moments of the system transfer
function in an iterative manner while accounting for the frequency dependency over the desired bandwidth.

The combination of MOR and time-domain constitutive relation imposition is relatively unstudied in the literature.
Lima et al. [20] combined a static displacement enriched modal basis with a fractional derivative derived, recursive,
anelastic strain formulation to simulate a constrained damping layer. Kuether et al. [6] represented the bulk and shear
relaxation moduli using Prony’s method to arrive at a recursive convolution formulation for finite element time-domain
simulation of similar problems involving viscoelastic behavior. The authors investigated reduction bases constructed
from both the undamped natural frequencies of the system as well using complex eigenvectors similarly enriched with
static or quasi-static displacements. The acoustic problem at present shares both time-history dependent constitutive
relations and the aforementioned concern of spatial resolution in the reduced basis.

In the following sections the components of a combined ROM-TDIBC approach are discussed and brought to-
gether. Section 2 covers the problem description and TDIBC formulation while Sect. 3 details a modified second-
order Arnoldi algorithm for handling systems with frequency dependent damping matrices. Section 4 combines
the reduced order system matrices and surface admittance based TDIBC imposition together in a Newmark-beta
based time-stepping algorithm. A closely related surface impedance approach is included in Appendix A. Full-order
frequency-domain calculations of the test problem serve as references for comparison in Sect. 5. The proposed ap-
proaches are shown to be capable of efficiently calculating impulse responses for systems with frequency dependent
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damping. Errors introduced from the model order reduction scheme and the TDIBC are shown to be likely inaudible.
Discrepancies introduced by a frequency-independent boundary simplification do, however, result in large magnitude
differences which will likely be audible in auralizations. This work is novel in its combination and adaptation of
established methods to increase the fidelity and efficiency of transient acoustic finite element simulations with a nod
to ease of implementation.

2. Problem description

The surface normal acoustic impedance, Zs(s) s czs(t), where s cindicates a Laplace transform pair relation-
ship, provides a practical means to implement boundary conditions in acoustic finite element simulations. The inverse
of Zs(s) is the specific normal acoustic admittance, Ys(s) s cys(t). The specific normal acoustic impedance and ad-
mittance account for the relationship between pressure, p(s) s cp(t), and the boundary normal component of particle
velocity, v(s) s cv(t),

Z−1
s (s) = Ys(s) =

v(s)
p(s)

= L{ys(t)} , (1)

here L{·} is the Laplace transform operator. Working with the surface normal impedance amounts to a locally reacting
assumption. That is, the transmitted and reflected portions of an incident sound wave propagate along the boundary
normal. For high flow resistivity rigidly backed porous and fibrous materials this has been shown to be a good
approximation [21].

The general aim of the finite element method is to transform the problem of finding an exact continuous distribution
of field variables over a given domain into a system of equations which are solved at discrete (nodal) positions in
the domain. The approximation to the continuous distribution is enabled by particular weighting and interpolation
functions [22]. The spatial discretization of an acoustic finite element problem classically begins with the second-
order Helmholtz equation [23]

∇2p̂(x) +
ω2

c0
2 p̂(x) = −Q̂(x), (2)

where p̂(x) is the pressure at a particular position x, the Laplacian is ∇2, the angular frequency is ω, the speed of sound
for the domain fluid is c0, and the time-harmonic source is represented by Q̂(x). The resulting system of equations is(

−ω2M + jωC + K
)

p̂ = f̂ ext, (3)

where an e+jωt convention is established and used throughout the paper. The system has NDOF degrees of freedom
corresponding with the vector of the unknown nodal pressure values p̂ ∈ RNDOF× 1. The mass and stiffness matrices
are M,K ∈ RNDOF×NDOF, respectively, the potentially complex damping matrix is C ∈ CNDOF×NDOF, and j is the unit
imaginary number. The acoustic force vector, f̂ ext, allows for assigning known nodal input values.

Neglecting some preliminaries, which can be found in [22] and [23], the damping matrix is constructed from

Ci j =

∫
Γz

(
ρ0YsNiN j

)
dΓ , (4)

where Ni and N j are the shape and weighting functions, and ρ0 is the density of air. The integral is carried out
over the portion of a boundary ΓZ , shown in Fig. 1, which sets the impedance boundary condition. In this case the
complete boundary, Γ = ΓZ ∪ ΓD ∪ ΓN with non-overlapping ΓZ ,ΓD,ΓN , encloses a three-dimensional fluid volume,
Ω, making this an interior acoustic problem. Neumann boundary conditions are enforced over ΓN and Dirichlet
boundary conditions are enforced over ΓD. The boundary unit normal vector is represented by n. Although an interior
acoustic problem is considered at present, the proceeding approaches could be extended to exterior problems with
some adjustments, see [19].

Assuming frequency-independent system matrices, the inverse Fourier transform of Eq. (3) results in

Mp̈(t) + Cṗ(t) + Kp(t) = f ext(t). (5)
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Figure 1: The interior acoustic domain Ω with impedance, Dirichlet, and Neumann boundaries ΓZ ,ΓD,ΓN respectively.

Considering frequency-dependent damping, the term, Cṗ(t), can no longer be expressed as a matrix-vector product
and instead becomes a damping force vector, f d, with components requiring convolution

f d
i = ρ0S iys(t)i ∗ ṗi(t) = ρ0S iai(t) = −S i(∇pi · n), (6)

where S i is the impedance boundary area associated with ith degree of freedom, ai is the boundary normal particle
acceleration, and ∗ is the convolution operation symbol. This term can be viewed as mass injection, partially negatively
interfering to absorb energy and partially reflecting. Notice that for each boundary node the admittance kernel takes
on a particular value as a function time. The convolutions are beset with the baggage discussed in the introduction.
Equation (6) suggests working with the pressure derivative and particle acceleration in contrast to typical admittance
(impedance) formulations. This is admissible since

s
(

v(s)
p(s)

)
= sYs(s)→

sv(s)
sp(s)

= Ys(s)→ a(t) = (ys ∗ ṗ)(t). (7)

Recursive convolution provides a numerically efficient means to proceed. The Laplace domain admittance is fit
with the rational function

Ys(s) ≈
Nξ∑

k=1

µk

s − ξk
, (8)

using a suitable number of poles, ξk, and gains, µk. Discussion on obtaining the fitting parameters can be found in
[10, 24, 25]. In the present work, the vector fitting algorithm vect f it3 is employed [26, 27, 28, 29]. The algorithm
enforces left-half plane poles, ensuring system stability will not be affected by the boundary condition. Passivity
stems from the material model [30] which is formulated with a positive-real impedance requirement. To ensure a
real admittance kernel, the poles and gains are either real or come in complex conjugated pairs. This is evident upon
inspection of the inverse Laplace transform of Eq. (8),

ys(t) ≈
Nξ∑

k=1

µkeξk tH (t) , (9)

where H(t) is the unit step function. The admittance kernel convolves with the time derivative of pressure to yield the
boundary normal particle acceleration

a(t) = ys(t) ∗ ṗ(t) ≈
Nξ∑

k=1

µkφk(t) (10)

where
φk(t) = eξk t ∗ ṗ(t) + φk(0)eξk t. (11)

Equation (11) can be discretized by assuming ṗ is constant over the nth time step (zero-order hold) then

φkn+1 = φkn eξk∆t −
1
ξk

(
1 − eξk∆t

)
ṗn+1. (12)

To see this, notice that Eq. (11) solves the differential equation

φ̇k(t) = ξkφk(t) + ṗ(t). (13)
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Viewing Eq. (13) as a forced-state response, where φk is the state variable and ṗ is the input, this is a standard result
from linear system theory, see Ch. 6 in [31] for example. Multiplying both sides of Eq. (13) by the integrating factor
e−ξk t yields two terms which form a perfect differential and the ṗ(t) term

d
dt

(
e−ξk tφ(t)

)
= e−ξk tṗ(t). (14)

Integrate both sides from n∆t to (n + 1)∆t and rearrange to arrive at Eq. (12). The piecewise constant assumption and
simulation efficiency motivate fitting the admittance with the maximum | ξk | being as small as possible. Error analysis
associated with the size of ξk∆t has been carried out in [10].

A linear varying assumption on ṗn over a given time step results in second-order approximation of φkn , whereas the
piecewise constant approach used here is a first order approximation [11]. In the present work, the piecewise constant
approach is selected on the basis of computational cost. The update equation for the piecewise linear, PL, variation is
included for completeness [3],

φPL
kn+1

= φPL
kn

eξk∆t +

(
1 −

1 − eξk∆t

ξk

)
ṗn+1

ξk
+

(
1 − eξk∆t

ξk
− eξk∆t

)
ṗn

ξk
. (15)

The vector ṗn+1 used to calculate Eq. (12) corresponds to discrete nodal values at the impedance boundary. At
present quadratic Lagrangian elements are used for the spatial discretization with approximately six elements per
wavelength [23]. The “memory variables” φk are so called because they accumulate information about the incident
sound field over an extended period of time. As noted in the introduction, they condense nearly the entirety of infinite
convolutions into a recursively calculated, minimal memory, and algebraic form. See [3] for a derivation which
highlights this. In nature the physical processes which tabulate effects over time are those which give rise to hysteretic
curves.

3. Model order reduction

Reducing the number of equations to solve at every time step by orders of magnitude is clearly advantageous for
computational efficiency. Doing so in an optimal way which preserves the fidelity of the system response becomes
the task. In this work projection based reduction with implicit moment matching and rational interpolation is used to
ensure the system transfer function is preserved over a broad range of frequencies. Specifically, one-sided (Galerkin)
projection into either the Krylov input or output subspace is chosen to ensure stability of time-domain simulations
[18, 19]. The one-sided projection entails using the same reduction basis, V ∈ CNDOF×RDOF where NDOF and RDOF
represent the number of full-order and reduced order system DOFs respectively, for the right and left projection
matrices. For example, the reduced mass matrix will eventually be calculated as Mr = VTMV. Under this restriction,
preservation of time-domain stability can be ensured upon reduction of the full-order system. In short, the required
definiteness properties of the reduced matrices can be shown using the resulting quadratic forms. From a practical
standpoint, the basis will be rich enough to either monitor any output DOF for a given input DOF (input subspace),
or any input DOF for a given output DOF (output subspace). As mentioned in the introduction, transient simulations
particularly benefit from this type of MOR. Either input loading effects or output mappings are encoded in the basis.
A two-sided (Petrov-Galerkin) projection, e.g. Mr = WTMV with W , V, can simultaneously cover both the input
and output subspaces at the expense of a larger reduced-order model and loss of the stability guarantee.

To preserve the second order structure of the problem a second-order Arnoldi method (SOAR) is employed
[33, 34]. Instead of explicitly calculating the moments of the system transfer function which has been shown to
be numerically unstable [35], the algorithm uses a two-term recurrence relation with a pair of coefficient matrices and
orthogonalization steps to span the Krylov subspace in an iterative and implicit manner. The process is repeated over
a sufficient number of expansion points, and/or to a sufficient order at a given expansion point, to cover the desired
frequency range.

3.1. Conventional second-order Arnoldi algorithm
A system transfer function, G(s),

G(s) = cT (sE − A)−1 b, (16)
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is determined by putting the system of Eq. (5) into a first-order descriptor system representation where

E︷   ︸︸   ︷[
I 0
0 M

] ẋ︷︸︸︷[
ṗ(t)
p̈(t)

]
=

A︷       ︸︸       ︷[
0 I
−K −C

] x︷︸︸︷[
p(t)
ṗ(t)

]
+

b︷︸︸︷[
0
b̄

]
u(t), y(t) =

cT︷  ︸︸  ︷[
c̄T 0

] [p(t)
ṗ(t)

]
. (17)

Here u(t) and y(t) are the input and output time series, respectively, I ∈ RNDOF×NDOF is an identity matrix, and b̄ and
c̄ are the input and output vectors, respectively. Equivalently, G(s) can be expressed in a second order format

G(s) = c̄T
(
s2M + sC + K

)−1
b̄, (18)

by considering the input-output system representation of Eq. (5),

Mp̈ + Cṗ + Kp = b̄u(t), y(t) = c̄Tp(t), (19)

where again the matrix-vector product Cṗ is only valid for a frequency-independent boundary condition.
A convenient means to calculate the moments of G(s) is sought where in this context “moment(s)” refers to the

coefficient(s) of the Taylor series expansion of G(s) around s. An expansion around s = 0 is enabled by recasting
Eq. (16) as

G(s) = cT
(
I − sA−1E

)−1 (
−A−1

)
b. (20)

Expanding and using the definitions of A and E, the ith moment, mi, is then

mi =
[
c̄T 0

] [ 0 I
−K −C

]−1 [
I 0
0 M

]i [
0 I
−K −C

]−1 [
0
b̄

]
. (21)

Explicitly calculating higher order moments from such an expression has been shown to be numerically unstable [35].
The algorithms of [33, 34] proceed in an iterative fashion. Performing block inverses and simplifying Eq. (21) yields
the final equality of Eq.(8) in [34]

mi =
[
c̄T 0

] [ A1︷     ︸︸     ︷
−K−1C

A2︷      ︸︸      ︷
−K−1M

I 0

]i [ b︷   ︸︸   ︷
−K−1b̄

0

]
. (22)

Expressing the moments in this way provides a means to build the second-order Krylov subspace

Kn(A1,A2, b) = span{q0, q1, ...qn−1} = span{V}, (23)

of rank n, in the following way

q0 = b, q1 = A1b,

qn = A1qn−1 + A2qn−2,
(24)

with the additional consideration of orthonormalizing the basis at each iteration which results in the NDOF×RDOF
matrix V. The constant matrices A1 and A2 and starting vector b depend on how Eq. (22) is viewed. Either the
input Krylov subspace Kn(−K−1C,−K−1M,−K−1b̄) or the output Krylov subpace Kn(−K−TCT,−K−TMT,−K−Tc̄)
is spanned. These expressions are for s = 0 and frequency independent system matrices. In the following section,
deviations from the standard transfer function of Eq. (18) are shown to be compatible with the SOAR algorithm if
replacement matrices M̃, C̃, K̃ are determined for Eq. (22).

3.2. Modified second-order Arnoldi algorithm

The goals of this section are to accommodate frequency-dependent damping and consider additional expansion
points while maintaining the recurrence relation formulation of the original SOAR algorithms. This approach follows
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that of Xie et al. [36] who apply a similar methodology to handle the complex elastic modulus in a viscoelasticity
problem.

Revisiting Eq. (4), notice the frequency varying admittance can be pulled out front leaving behind the density-area
matrix, D,

C(s)i j = Ys(s)Di j = Ys(s)
∫

ΓZ

(
ρ0NiN j

)
dΓ . (25)

The elements of D are the same as those of a unit admittance matrix (1 acoustic siemens) over the same boundary,
differing only in units. As such, spatial discretization software can generate this matrix alongside the full-order mass
and stiffness matrices of the problem. The Taylor expansion around s0 to the first-order derivative of Ys(s) is

Ys(s) ≈ Ys(s0) + Y ′s(s0)(s − s0). (26)

As will be shown, truncating the series here is necessary to preserve compatibility with the SOAR algorithm. The
approximation is nevertheless inline with the admittance enforcement in the time domain and has proven sufficiently
accurate in full and reduced-order system response comparisons, see Sect. 5. Combining Eq.’s (25) and (26) and
inserting into Eq. (3), with s = jω, lends[

s2M + sYsD + sY ′sD(s − s0) + K
]

p̂ = f ext, (27)

where evaluations of Ys and Y ′s are at s0. Next, expand out the square bracketed terms of Eq. (27) and group the
resulting terms by powers of s. Representing this system in the same way as Eq. (19) leads to the transfer function

G(s) = c̄T
(
s2(M + Y ′sD) + s(YsD − s0Y ′sD) + K

)−1
b̄. (28)

Proceeding as in Sect. 3.3 of [34], the moments of G(s) around an arbitrary expansion point s0 are the same as the
following system around s = 0,

G(s + s0) = c̄T[(s + s0)2(M + Y ′sD) + (s + s0)(YsD − s0Y ′sD) + K
]−1b̄. (29)

The portion in square brackets is once again expanded and regrouped in powers of s. Comparing coefficients with
Eq. (19), the collective terms multiplying s2 form M̃, the s terms sum to form C̃, and the s0 terms form K̃,

M̃ = M + Y ′s(s0)D,

C̃ = 2s0M + s0Y ′s(s0)D + Ys(s0)D,

K̃ = s2
0M + s0Ys(s0)D + K.

(30)

Following the same iterative process sketched out around Eq. (24), the input and output, second-order, Krylov sub-
spaces to be spanned now look like Kn(−K̃−1C̃,−K̃−1M̃,−K̃−1b̄) and Kn(−K̃−TC̃T,−K̃−TM̃T,−K̃−Tc̄), respectively.
The resulting orthonormal basis is V ∈ CNDOF×RDOF = [v1 v2 ... vn]. Finally, the reduced system matrix and vector
relationships are expressed as

Mr = VTMV, Dr = VTDV, Kr = VTKV,

b̄r = VTb̄, p = Vp,
(31)

where b̄r,p ∈ CRDOF× 1 represent the reduced input vector and reduced pressure vector of moment coordinates,
respectively, and Mr,Dr,Kr ∈ CRDOF×RDOF. For a successful reduction process the lower dimensional system should
be accurate with significantly less degrees of freedom (RDOF << NDOF).

The Taylor expansion in Eq. (26) is truncated at the first order derivative to limit Eq. (27) to second-order. Never-
theless, the reduced system transfer function closely matches that of the full order system, see Fig 6. A higher-order
modified Arnoldi algorithm can be considered when increased accuracy is required for the admittance. In [37] the
authors present an algorithm to consider an ith order expansion of a frequency-dependent electromagnetic surface
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impedance. Ultimately the necessary precision depends on the function being fit and the frequency range under
consideration. Take a look at the coefficients, αi, of the ith order Taylor expansion, around s0, of Eq. (8)

αi = (−1)i
Nξ∑

k=1

µk

(s0 − ξk)i+1 , i = 1, 2, 3... (32)

as these are what would make it into the matrices defining the higher order Krylov subspaces. To see this write out
the transfer function as

G(s) = c̄T

s2M + s
Nξ∑

k=1

µk

s − ξk
D + K


−1

b̄, (33)

and consider the Taylor series approximation around s0. At an expansion point far from a given fitting pole, ξk, terms
involving αi become increasingly less significant with higher order i, as evidenced by examining Eq. (32). The terms
become increasingly significant if a system expansion point nears an admittance fitting pole. A strong modal response
in the impedance boundary is indicated when the pole is accompanied by a relatively large corresponding gain, e.g.
metasurfaces, backing cavity models, or a quarter-wavelength resonance. In these cases the suitability of the low order
expansion should be assessed by comparing full-order and reduced system frequency response functions (FRF’s) in
the vicinity of the potentially problematic frequencies. The validity of the locally reacting assumption invoked herein
should also be considered.

The model order reduction process is carried out in the frequency domain. The same reduced system is then
considered in either a surface admittance based time-integration approach (Sect. 4) or a surface impedance based
approach (Appendix A).

4. Combined approach

The following section details an implicit time-integration scheme for the reduced-order system while enforcing the
frequency-dependent admittance boundary condition. The Newmark-beta (γ = 1/2, β = 1/4) method, tailored to the
current problem from [38], is employed. The time integration scheme enforces the boundary condition by including
the admittance model derived damping forces each time a residual calculation is required. A similar time-integration
strategy for viscoelastically damped structures is detailed in [39]. The approach is chosen for efficiency, to preserve
the second-order structure of the problem, and stability over different time step sizes. A surface impedance approach
is introduced to conclude the section.

Using Equations (13) and (17) an explicit Runge-Kutta scheme [40] can easily be implemented for both the full-
order and reduced-order systems. The benefits of doing so include ease of implementation, the absence of additional
approximations concerning the variation of ṗ over a time step [11], and increased overall accuracy for higher order
schemes. A full comparison of time-discretization strategies is outside the scope of this work but the authors do note
that the stability of the method is more sensitive to time-step size and simulation times were significantly lengthened.

4.1. Surface admittance approach

Initialize variables:
p1 = ṗ1 = 0 RDOF× 1, a1 = φk1 = 0 NDOF× 1, p̈1 = Mr

−1f r
1 , (34)

where f r is the reduced input into the system with

f r
n = b̄run, (35)

where un represents the nth sample of the input time series.

Initial predictions (distinguished by ′):

p′n+1 = pn + ∆tṗn +
∆t2

4
p̈n, (36)
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ṗ′n+1 = ṗn +
∆t
2
p̈n, (37)

φ′kn+1
= φkn eξk∆t −

1
ξk

(
1 − eξk∆t

)
BVṗ′n+1, (38)

an+1 =

Nξ∑
k=1

µkφ
′
kn+1
. (39)

Multiplication by V, the Krylov subspace projection matrix, in Eq. (38) returns the reduced pressure time derivative
vector to full order to calculate the requisite memory variables and subsequently the boundary normal particle accel-
erations. To see why this is necessary, consider if the memory variables were calculated using the reduced ṗ vector.
The components of this reduced vector represent moment coordinates akin to modal coordinates in a modal projection
technique. Taking the comparison further, the end result would be “moment damping,” instead of enforcing particular
impedance boundaries.

The impedance boundary nodes are targeted by multiplication with an appropriate matrix B. The density-area
matrix, D,

Di j =

∫
ΓZ

(
ρ0NiN j

)
dΓ , (40)

is needed to multiply the particle acceleration vector to arrive at nodal damping forces. Refer to Sect. 3 for generat-
ing this matrix. The matrix B can be calculated by multiplying D by a vector of ones (size NDOF × 1), setting the
nonzero elements to one, and lastly, creating a diagonal matrix out of this vector.

Calculate residual (unbalanced force):

rn+1 = f r
n+1 − VTDan+1 −Krp

′
n+1. (41)

Multiplication by VT returns the full-order vector Dan+1 to the reduced representation. This term amounts to a damp-
ing force, f d,

f d
n+1 = VTDan+1. (42)

The residual allows calculation of p̈n+1 using

p̈n+1 =

(
Mr +

∆t
2

Ct +
∆t2

4
Kr

)−1

rn+1, (43)

where Ct is the tangent damping matrix

Ct =
δf d

n+1

δṗn+1
=

Nξ∑
k=1

µk

ξk

(
eξk∆t − 1

)
VTDV, (44)

calculated from Eq.’s 38, 39 and 42. Although this is a linear problem, the tangent damping matrix is necessary in
the absence of a matrix which directly multiplies the pressure derivative vector. The “effective mass” matrix being
inverted in Eq. (43) is LU decomposed when implemented to speed up the time stepping algorithm.

Correct p, ṗ, and φk:

pn+1 = p′n+1 +
∆t2

4
p̈n+1, (45)

ṗn+1 = ṗ′n+1 +
∆t
2
p̈n+1, (46)

and
φkn+1 = φkn eξk∆t −

1
ξk

(
1 − eξk∆t

)
BVṗn+1. (47)
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The time sample at the output DOF is given by

yn+1 = c̄TVpn+1. (48)

Restart the time stepping procedure, n→ n + 1.

Notice that the pressure derivative vector is full order when the memory variables, φkn+1 , are calculated which
means Nξ memory variables are required for each boundary node, however, due to the recursive formulation only one
additional time step of each variable is required to be saved.

To use this procedure with full-order system matrices in lieu of their reduced counterparts, V is set to an identity
matrix of the same size as the full-order system matrices. In this case p, ṗ, and p̈ replace p, ṗ, and p̈.

4.2. Surface impedance approach

Typically acoustic finite element problems take pressure as the primary field variable making the admittance
formulation the most straightforward. Working with the impedance is, however, also possible. A rational fit of the
impedance leads to

ṗn+1 =

Nγ∑
k=1

ηkψkn+1 , (49)

with
ψkn+1 = ψkn eγk∆t −

1
γk

(
1 − eγk∆t

)
an+1, (50)

determined following the template of Eq.’s 8 to 12. Here the Laplace domain surface normal impedance has been fit
with Nγ poles, γ, and Nγ gains, η. The memory variables are represented by ψ in this case. The full corresponding
time-stepping algorithm is presented in Appendix A. The two approaches are compared in the following section.

5. Numerical Verification

With experimental verification in mind, the computational problem mirrors the KU Leuven Sound Box, a multi-
purpose vibro-acoustic testing rig [41]. The interior geometry is defined in Fig. 2. For transfer function, impulse
response, and reduction basis calculation, a monopole point source (amplitude = 1 N/m) is set at the input DOF while
the response is monitored at the output DOF. The floor of the chamber is the surface to which impedance boundary
conditions are applied. The remaining surfaces are assumed acoustically rigid, including the sealed window portion
(dashed lines).

output

input

(0, 0, 0)x

y

z

Rockwool 225
0.060 m thick

pt. x [m] y [m]

1 0 0 0

2 0 0.982 0

3 0.778 0.981 0

4 0.815 0 0

5 0 0 1.150

6 0 0.849 1.082

7 0.783 0.848 1.082

8 0.815 0 1.150

in 0.395 0.495 0.561

out 0.290 0.099 0.561

3

2

4
5

6

7

8

z [m]

Figure 2: The interior acoustic problem under consideration. The geometry matches that of the KU Leuven Sound Box [41]. A monopole point
source of amplitude 1 N/m is set at the input position. For transfer function, impulse response, and reduction basis calculations the indicated
input/output positions are used. The coordinates of all vertices and input/output DOFs are listed in the inset table.
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Each time-domain simulation uses a band-pass filtered impulsive excitation signal. The unfiltered signal is a
unit sample sequence, that is a vector of zeros with a one in the first position. The filter was arrived at using the
MATLAB® [42] functions kaiserord and f irl with band edges set at f cuts = [0 20 550 600] Hz, band amplitudes
at mags = [0 1 0], and band deviations set to devs = [0.0001 0.01 0.0001]. The result of filtering the unit sample
sequence is shown in Fig. 3.
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Figure 3: a) The input signal used to measure the impulse response of the chamber within the valid frequency range of the finite element mesh. b)
The normalized level corresponding with the discrete Fourier transform of the input signal.

The Miki model [30] was used to calculate the characteristic impedance for Rockwool® 225 with a flow resistivity
of 32102 Pa·s/m2 [43]. The surface impedance is calculated from the characteristic impedance by treating the 60 mm
thick rigidly backed boundary layer as a two-port network [1] where the complex propagation coefficient is also
calculated using the Miki model. The surface admittance is obtained by inverting the surface impedance. The surface
admittance and surface impedance functions normalized by the characteristic impedance of air, Zair = ρ0c0, are plotted
in Fig. 4.

100 200 300 400 500 600
Frequency [Hz]

0

0.2

0.4

Y s
⋅

0
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-27
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Z
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Im(Zs )

a) b)

0
c 0

Figure 4: a) The normalized surface impedance for a 60 mm layer of mineral wool with a flow resistivity of 32102 Pa·s/m2. b) The normalized
surface admittance for the same material and thickness.

To provide a fair basis for evaluating the performance of both the admittance and impedance approaches, the fit-
ting process balances minimizing the number and magnitude of the poles with fitting errors. The resulting parameters
for each case are listed in Table B.2. The vector fitting algorithm vect f it3 [26, 27, 28, 29] is used for parameter deter-
mination. The accuracy of the fits can be seen in Fig. 5, with relative errors of less than 0.2% across all frequencies.
Where full-order or reference frequency domain functions, g(ω), are compared to the reduced-order or approximated
counterparts, ĝ(ω), the following relative error, ε(ω), equation is used throughout,

ε(ω) =
|g(ω) − ĝ(ω)|
|g(ω)|

. (51)

Where normalized level values are plotted, compared cases are normalized relative to the maximum level of all curves
in the corresponding frequency range. A reference pressure of 20 µPa is used to calculate pressure levels in dB.

Working in tandem with the formulation in subsection 3.2 an automated Krylov subspace algorithm (AKSA) was
employed for expansion point and moment order selection [44, 45]. Higher order moments at a given expansion
point eventually reach a point of diminishing returns concerning broadening the frequency range over which the
reduced order model (ROM) is accurate. The algorithm begins with no assumptions on the system behavior, taking
an expansion point in the middle of the simulation frequency bandwidth. Once relative discrepancies, as defined by
Eq. (51), between higher and lower order ROM derived FRF’s diminish beyond a preset tolerance, two new sub-
bandwidth centered expansion points are selected and the process repeats until the desired frequency range is covered.
By comparing reduction bases of incremental richness, the algorithm avoids costly full-order system solves as a means
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Figure 5: Errors resulting from using a vector fitting algorithm to fit surface impedance and admittance functions. The surface admittance, Ys, was
fit with a combination of real and complex-conjugated poles, while the surface impedance, Zs, was fit using only real poles, see App. B for the
fitting parameters.

to establish the reduction efficacy. Alternatives for expansion point and moment order selection exist in the literature,
see [46] for example. The resulting reduced-order system has RDOF = 63 degrees of freedom as compared to the
full-order system at NDOF = 13125 degrees of freedom. The FRF of the reduced-order system is within 1e-3% of
the full-order system over the entire frequency range, see Fig. 6. For both cases all 457 nodes on the impedance
boundary are considered for enforcing the boundary condition. The number of boundary nodes is a bi-product of
meshing the acoustic volume for fmax = 500 Hz, following a thumb rule of six elements per wavelength [23]. This
should be conservative as the author states down to four elements per wavelength are typically used in conjunction
with quadratic elements over a fluid domain.
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Figure 6: Relative error between the full-order FRF and the reduced-order FRF.

For comparison between the frequency-independent and frequency-dependent impedance boundary cases, an
impedance boundary of 4.5·Zair is first prescribed in place of the mineral wool. This multiple of the characteristic
impedance of air, Zair, leads to an absorption coefficient, α,

α = 1 −
(
|Zs − Zair|

|Zs + Zair|

)2

, (52)

which approximates the frequency-dependent case over the same frequency range, see Fig. 7a. While unphysical,
this frequency independent case represents what a CAE end user might select in the absence of a TDIBC option.
The 1.8·Zair and 6.9·Zair cases in Fig. 7a correspond with the real part of the frequency-dependent case, see Fig. 4a,
and the constant impedance which leads to a least-squares best approximate of the frequency-dependent absorption
coefficient, respectively. Examining the associated system responses in Fig. 7b, it is clear that there is not a real
constant impedance value which can adequately stand in for the complex-valued impedance function. Adding a
reactance term unfortunately does not help matters as this leads to a frequency dependent stiffness matrix.

The filtered impulse response for the 4.5·Zair frequency-independent case is shown in Fig. 8a for both the full-order
and reduced-order systems. The associated time-domain error, εTD(t),

εTD(t) = yFULL(t) − yROM(t), (53)

is plotted in Fig. 8b. A standard Newmark-beta integrator was sufficient for these responses as recursive convolution
is not required for frequency-independent cases. In Fig. 9 the time-domain (TD) cases are determined from the
discrete Fourier transform of the responses from Fig. 8. The ‘FULL’ cases were calculated with full-order system
matrices, while the ‘ROM’ cases used the reduced-order system matrices. The ‘FULL-FD’ and ‘ROM-FD’ cases
were calculated directly in the frequency domain at a 1 Hz resolution.
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Figure 7: a) Absorption coefficients corresponding with different surface impedance boundary conditions. The ‘Rockwool’ case is calculated from
a complex impedance function while the remaining cases stem from constant real impedance values. b) System frequency response functions with
different boundary conditions set on the floor of the chamber.
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Figure 8: a) Time series calculated for the frequency-independent impedance boundary condition case. The time step is set at 1/ fs, with
fs = 44.1 kHz. b) The relative error between the two cases.

The ‘admittance approach’ of the proposed method is employed for the time-series in Fig. 10a, with the associated
error in Fig. 10b, and for the ‘TD’ curves of Fig. 11. The frequency domain ‘FD’ curves were again calculated in the
frequency domain at a 1 Hz resolution. At printed scale, the curves of Fig. 11 are overlaid for all variations of interest.
To investigate changes in the time step and potential reduced-order versus full-order discrepancies, calculating differ-
ences relative to the ‘FD-FULL’ full-order FRF is helpful. In Fig.12a and 12b the differences for the admittance and
impedance approaches, respectively, are plotted. The discrepancies are averaged over one-third octave band intervals
to evaluate potential perceptual differences. The nominal sample frequencies, fs, listed in the legends correspond with
the actual values: fs = 2m · 44.1 kHz, with m = −2,−1, 0, 1.

The alignment of the reduced-order and full-order differences in Figures 12a and 12b, at a particular time step,
is a testament to the manner in which the reduction basis was calculated. As mentioned in the previous section,
an automated algorithm helped construct the reduction basis. Clearly the time step influences the accuracy of the
simulations in both the impedance and admittance cases. Just noticeable differences (JNDs) concerning audibility
are subjective and depend both on the frequency and sound level. Analyzing the curves in [47] reveals audibility
thresholds of around 0.5 dB over the relevant frequencies. A balance should be sought between the desired accuracy
and simulation times.

To reiterate the importance of including accurate boundary conditions, frequency-independent 1.8·Zair and 4.5·Zair
cases are compared with the frequency-dependent Rockwool® case in Fig. 13. The authors note that these frequency
independent substitute boundary conditions are unphysical and yet sometimes the only software selectable option [48].
The discrepancies between the simplified frequency-independent and frequency-dependent cases are more significant
than errors introduced by the ROM or by altering the time-domain approach or time step. While auralizations and
listening tests are the best means to establish perceptual measures, the mismatches of more than 2 dB in several third
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Figure 9: Normalized pressure level frequency responses of the chamber for the frequency-independent, 4.5 · Zair, impedance boundary condition
case. The ‘TD’ curves were initially calculated in the time-domain then Fourier transformed, while the ‘FD’ curves were calculated directly in the
frequency domain. The descriptor ‘FULL’ indicates full-order system matrices were used, while ‘ROM’ indicates the matrices were reduced-order.
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Figure 10: a) Time series calculated for the frequency-dependent impedance boundary condition case. The time step is set at 1/ fs, with
fs = 44.1 kHz. b) The relative error between the two cases.

octave bands will almost certainly result in audible differences [47].
The simulation times scale approximately linearly with the time step, see Table 1. All simulations were ran on

a personal workstation with a six-core 2.60 GHz processor and 16 GB of installed RAM. With the offline ROM
calculation time included, computational speedups by a factor of 11–36 are enabled by reducing the full order system.
The surface admittance and surface impedance approaches vary only in the time-integration schemes and as to which
constitutive relation is rationally fit. Both approaches act on the same reduced order system and result in comparable
simulation times.

Relative phase errors are insignificant for both full versus reduced order cases and admittance versus impedance
approach cases. This is evident in the closely matched time series in Figure 10 and was confirmed for all cases by
examining the phase responses.

Table 1: Averaged simulation times for the surface admittance, Ys, and surface impedance, Zs, approaches with time steps set at 1/ fs. All ROM
cases used the same reduced order model, while all FULL cases used the same full order model.

fs [kHz] ROM (Ys) [s] FULL (Ys) [s] ROM (Zs) [s] FULL (Zs) [s]
11.025 32 1488 26 1407
22.050 61 2854 49 2805
44.100 115 5470 92 5347
88.200 240 10566 184 10155

Calculate ROM: 100 s
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Figure 11: Normalized pressure level frequency responses of the chamber for the frequency-dependent impedance boundary condition case. The
‘TD’ curves were initially calculated in the time-domain then Fourier transformed, while the ‘FD’ curves were calculated directly in the frequency
domain.
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Figure 12: One-third octave band averaged differences calculated relative to the full-order, frequency domain calculated, FRF. The comparison
cases were calculated in the time domain with time steps set at 1/ fs, where the nominal sample frequencies are listed. a) Admittance approach b)
Impedance approach

6. Conclusion

This work has demonstrated the ability to enforce frequency-dependent impedance boundary conditions in time-
domain acoustic simulations with significantly fewer degrees of freedom. Krylov subspace projection was selected as
the model order reduction strategy to ensure preservation of the input-output behavior of the finite element discretized
system. Frequency dependency in the damping matrix required modification to a second-order Arnoldi derived reduc-
tion basis construction process. A Taylor expansion of the admittance function allowed for more accurate calculation
of higher order moments at a given expansion point while retaining the desirable recurrence relations characteristic of
the second-order Arnoldi algorithm. The enforcement of impedance boundary conditions in the time domain was han-
dled using recursive convolution. The technique is enabled by rationally fitting the Laplace-domain surface admittance
or surface impedance in a way that simplifies the time-dependence on the associated convolution kernels. Compu-
tational speedups by a factor of 11–36 were shown when working with the reduced-order system. While efficiency
favored low-order variants of the time-integration, recursive convolution, and reduction basis construction schemes,
higher order alternatives were either included or discussed. The errors associated with the model order reduction
process and the time-domain discretization are insignificant compared to discrepancies introduced by boundary con-
dition simplifications. Indeed, boundary conditions are often the crux of reaching agreement between physics-based
simulations and measured responses [49].

The locally reacting assumption is a limiting aspect of the present approach. Future efforts may include extending
the present approach to treat the three-dimensional porous/fibrous boundary domain using an equivalent fluid model
as in [50]. Such an approach can account for potential angle of incidence dependence of the impedance boundary.
Time-domain impedance boundary conditions in the context of higher-order finite element methods is another topic
worthy of further investigation.

As discussed in the introduction, time-domain simulations often present additional hurdles over their frequency-
domain counterparts. Working in the time domain, however, can be beneficial when the response over the entire field
is needed either for visualization or direct auralization output. Note that while presently only an impulsive excitation
was considered, dry (recorded in an anechoic environment) input signals will yield, system shaped, audio output
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Figure 13: The full-order normalized pressure level FRF’s for frequency-independent and frequency-dependent cases are compared. a) The
frequency-independent impedance boundary condition is set at 1.8·Zair. b) The corresponding differences in magnitude between the two cases are
averaged over one-third octave band intervals. c) The frequency-independent impedance boundary condition is set at 4.5·Zair. d) The corresponding
differences in magnitude between the two cases are averaged over one-third octave band intervals.

directly. The procedures detailed within benefit from the use of commercial software for the spatial discretization of
the problem, the use of a readily available vector fitting algorithm for rational fitting of the impedance/admittance,
and fairly simple time-integration schemes to bring everything together. The approaches increase simulation accuracy
and efficiency for systems with frequency-dependent damping, particularly those which are in accord with the locally
reacting assumption.
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[40] M. Schäfer, Time discretization, in: Computational Engineering — Introduction to Numerical Methods, Springer, Berlin, Heidelberg, 2006,

Ch. 6, pp. 154–156.
[41] M. Vivolo, Vibro-acoustic characterization of lightweight panels by using a small cabin, Ph.D. dissertation, KU Leuven, Leuven, BE (2013).
[42] MATLAB®, version 9.8.0.1323502 (R2020a), The MathWorks Inc., Natick, Massachusetts, 2020.
[43] Typical Rockwool flow resistivities listed in

https://rti.rockwool.com/siteassets/tools--documentation/documentation/marine-offshore-global/brochures/

rti-brochure-searoxacoustic-manual int en.pdf

17



(Last viewed December 2, 2020).
[44] A. van de Walle, The power of model order reduction in vibroacoustics and its applications in model-based sensing, Ph.D. dissertation, KU

Leuven, Leuven, BE (2018).
[45] S. van Ophem, Novel reduction techniques for exterior vibro-acoustic models and their use in model-based sensing and identification, Ph.D.

dissertation, KU Leuven, Leuven, BE (2019).
[46] R. Eid, H. Panzer, B. Lohmann, How to choose a single expansion point in Krylov-based model reduction?, Tech. Reports Auto. Control

TRAC-4 (Nov.) (2009) 1–6.
[47] J. Backus, Loudness level: Phons, in: The Acoustical Foundations of Music, W. W. Norton, New York, 1969, p. 86.
[48] COMSOL Multiphysics® v. 5.5, Acoustics Module - User’s Guide, p. 169, COMSOL Multiphysics®, Stockholm, Sweden, 2019.
[49] R. B. Lindsay, The significance of boundary conditions in physics, The Scientific Monthly 29 (5) (1929) 465–471.
[50] F. Pind, C. H. Jeong, A. P. Engsig-Karup, J. S. Hesthaven, J. Strømann-Andersen, Time-domain room acoustic simulations with extended-

reacting porous absorbers using the discontinuous Galerkin method, J. Acous. Soc. Amer. 148 (5) (2020) 2851–2863.

Appendix A. Surface impedance approach

Initialize variables:
p1 = ṗ1 = 0 RDOF× 1, a1 = ψk1 = 0 NDOF× 1, p̈1 = Mr

−1f r
1 (A.1)

where f r is the reduced input into the system with

f r
n = b̄run, (A.2)

with un representing the nth sample of the input time series.

Initial predictions (distinguished by ′):

p′n+1 = pn + ∆tṗn +
∆t2

4
p̈n, (A.3)

ṗ′n+1 = ṗn +
∆t
2
p̈n, (A.4)

The boundary normal particle accelerations, a, are calculated using the predicted incident pressure time derivative and
the impedance model:

a′n+1 =

∑Nγ

k=1 ηkψkn eγk∆t − BVṗ′n+1(∑Nγ

k=1

[
ηk
γk

(
1 − eγk∆t)]) . (A.5)

Equation A.5 is arrived at by rearranging the combination of Eq’s 49 and 50.

Calculate residual
rn+1 = f r

n+1 − VTDa′n+1 −Krp
′
n+1. (A.6)

Similar to the admittance formulation, the term with a represents a damping force, f d,

f d
n+1 = VTDa′n+1. (A.7)

The residual allows for the calculation of p̈n+1 using:

p̈n+1 =

(
Mr +

∆t
2

Ct +
∆t2

4
Kr

)−1

rn+1. (A.8)

Here Ct, the tangent damping matrix, is

Ct =
∂f d

n+1

∂ṗn+1
=

1∑Nγ

k=1

[
ηk
γk

(
eγk∆t − 1

)]VTDV, (A.9)
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which is determined using Eq.’s A.5 and A.7, noting that DB = D.

Correct p, ṗ, and a:

pn+1 = p′n+1 +
∆t2

4
p̈n+1, (A.10)

ṗn+1 = ṗ′n+1 +
∆t
2
p̈n+1, (A.11)

and

an+1 =

∑Nγ

k=1

[
ηkψ

k
neγk∆t

]
− BVṗn+1∑Nγ

k=1

[
ηk
γk

(
1 − eγk∆t)] . (A.12)

The time sample at the output dof is given by

yn+1 = c̄TVpn+1. (A.13)

Update the memory variables

The vector an+1 is used to update the memory variables at the end of the time step,

ψkn+1 = ψkn eγk∆t −
1
γk

(
1 − eγk∆t

)
an+1. (A.14)

Restart the time stepping procedure, n→ n + 1.

To use this procedure with full-order system matrices in lieu of their reduced counterparts, V is set to an identity
matrix of the same size as the full-order system matrices. In this case p, ṗ, and p̈ replace p, ṗ, and p̈.

Appendix B. Rational Fit Parameters

Table B.2: Fitting parameters for the Miki model calculated surface impedance and admittance functions.

Parameter Value (Surface Admittance) Parameter Value (Surface Impedance)
µ1 8.53125974945869e-05 η1 35869813.0219631
µ2 -0.00560526404123828 η2 -1496840.28656803
µ3 0.00384266822150253 η3 86631.7012638191
µ4 -0.0608502740099898 η4 9692.71945452151
µ5 0.832884701980758 + 14.9589740019652j η5 1771085.46639602
µ6 0.832884701980758 - 14.9589740019652j η6 –
µ7 27.6199265857391 - 11.4297636695327j η7 –
µ8 27.6199265857391 + 11.4297636695327j η8 –

ξ1 -116.420835256635 γ1 -44088.6890062120
ξ2 -398.344546314533 γ2 -7280.82185668348
ξ3 -487.705110041451 γ3 -708.481817533257
ξ4 -1123.63958730711 γ4 -157.058864274832
ξ5 -4402.70439072627 + 796.266141990929j γ5 -0.0264663289304831
ξ6 -4402.70439072627 - 796.266141990929j γ6 –
ξ7 -2438.11388882078 + 30648.1994882081j γ7 –
ξ8 -2438.11388882078 - 30648.1994882081j γ8 –
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