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Abstract12

A new extension of the shear deformation theory to fifth order in order to

calculate the spectrum of Lamb waves in orthotropic media over a wide fre-

quency range is developed and analyzed. The aspiration of the proposed

method is to create an alternative framework to exhaustive 3D elasticity

based solutions by increasing computational efficiency without losing accu-

racy, nor robustness. A new computational framework is introduced which

allows to estimate the dispersion curves for the first nine symmetric and nine

anti-symmetric Lamb modes. Analytically calculated dispersion curves us-

ing 5-SDT for different propagation directions and polar plots for selected

frequency of different materials are compared with the results from both the

semi analytical finite element method, and lower order shear deformation

theories. Careful analysis for individual laminae and for symmetric com-

posite laminates exhibits a good agreement between the new higher order

plate theory and the semi analytical finite element method over an exten-
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sive frequency range. In addition, attenuation plots show that the proposed

method can also be used for visco-elastic materials (or highly damped mate-

rials). The advantage of the new higher order plate theory and its numerical

implementation is that it is much more computationally efficient compared

to comprehensive methods as Lamb wave polar plots of composite plates

as function of incidence angle, polar angle and frequency can be calculated

in less than a second on a standard laptop. Consequently, the use of this

framework in inversion routines opens up the possibility of quasi real-time

Structural Health Monitoring for visco-elastic composites covering a suffi-

ciently wide frequency range.

Keywords: Lamb waves, higher order plate theory, composites, Structural13

Health Monitoring (SHM), viscoelastic materials14

1. Introduction15

The use of composite materials is increasing rapidly in many engineering16

fields, such as automotive, aerospace and marine transport, due to their high17

specific strength and stiffness, excellent fatigue strength and good corrosion18

resistance [1]. On the other hand, with respect to their performance assur-19

ance, (ultra)sound based characterization and damage detection in multi-20

layered composite structures tends to become much more convoluted com-21

pared to isotropic materials because of the inherent anisotropy and hetero-22

geneity of multi-layered laminates which lead to a complex wave propaga-23

tion behavior. As this dynamic behavior principally depends on mechanical24

stiffness parameters, laminate layup, propagation direction, frequency, and25

interface conditions like surface loads, a correct interpretation of the wave26
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propagation data and a reliable identification of the underlying material pa-27

rameters is essential for detection, localization and assessment of damage28

features in structural health monitoring (SHM) [2, 3, 4]. In the literature,29

guided waves are generally used for SHM and ultrasonic inspection appli-30

cations because these types of waves travel over long distances. Therefore,31

large areas can be inspected with a limited number of sensors [5, 6].32

Lamb waves are constructive interferences inside plate-like structures oc-33

curring at certain frequencies, and therefore propagate along the plate with34

frequency dependent velocities. They are usually classified into three cate-35

gories depending on the direction of the corresponding displacement vector36

(polarization). Symmetric (or extensional, S) and anti-symmetric (or flexu-37

ral, A) waves (see Fig. 1(c) and Fig. 1(d)) are identified based on symmetric38

or anti-symmetric behavior with respect to the midplane. Waves that are39

polarised in-plane with respect to the plate surfaces called shear horizontal40

(SH) waves. Conventionally, these wave modes are represented as Sn, An41

and SHn with the subscript n = 0, 1, 2, .... For SH modes, even and odd42

numbers represent the potential symmetric and anti-symmetric SH modes,43

respectively.44

For the forward modeling of Lamb waves in anisotropic media, there are45

basically two commonly exploited theoretical approaches in the literature.46

One approach is obtained by starting from 3D elasticity theory and finding47

its exact solution under infinite plate assumption. Using the 3D elastic-48

ity based model, Nayfeh and Chimenti [7] effectively calculated dispersion49

relations of Lamb waves in a composite laminate. Later, Nayfeh [8] devel-50

oped a propagation matrix to compute the dispersion curves in multi-layered51
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composites. However, this method has numerical instabilities when the “fre-52

quency × thickness”, or fd -product, becomes large.53

To overcome these numerical instabilities several methods have been de-54

veloped. Hosten and Castaings successfully developed the delta matrix method55

[9, 10] which introduces several third order delta matrix operators in each56

layer to improve the stability, however, at the expense of the computational57

efficiency. To simultaneously improve stability and computational efficiency,58

Wang and Rokhlin introduced the stiffness matrix method [11, 12, 13]. This59

method is fast and numerically stable for high fd values, but the approach60

becomes unstable when the layer thickness is close to zero [14]. To prevent61

the latter instability, Tan introduced the hybrid compliance-stiffness matrix62

method [15], for which the computational efficiency and accuracy has been63

extensively validated in the literature [16, 17]. Alternatively, the response64

of each layer can be assembled in a single global matrix and the resultant65

matrix can subsequently be used to find the root loci of its determinant.66

The method remains stable even for high fd values, but the computational67

efficiency of the method highly depends on the number of layers [18].68

Apart from continuous 3D elasticity based methods, finite element meth-69

ods, such as the semi analytical finite element (SAFE) approach, can also be70

applied because of their versatility and robustness to calculate Lamb wave71

modes [19, 20]. The SAFE method has been successfully adapted for sev-72

eral applications such as anisotropic composite cylinders [21], leaky lamb73

waves [22] and material characterization [23, 24]. Moreover, other methods74

and techniques such as the Legendre polynomial method (LPM) [25], the75

Local Interaction Simulation Approach (LISA) [26] and the Floquet period-76
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icity framework [27] have been introduced to identify Lamb waves for a given77

geometry, lay-up and 3D elasticity (i.e. the forward problem).78

For inverse problem applications like visco-elastic parameter characteri-79

zation of composite laminates, at least 18 unknown parameters are needed80

to be identified for homogenized orthotropic materials (9 elastic, 9 visco-81

elastic) apart from the geometrical variables expressed by lamina thickness82

and orientations. To achieve this, the computational efficiency of the forward83

model becomes crucial as an optimization algorithm requires thousands of84

iterations of the forward model, and this procedure has to be repeated for85

heuristic optimization algorithms to make sure the objective function is con-86

verging to a global minimum. As a result, an inverse model which is based87

on the exact solution of the 3D elasticity model becomes highly inefficient.88

For such applications, the use of a fast, albeit approximate, forward model89

becomes utterly crucial.90

In view of this, the development and implementation of plate theories91

can be recommended to approximate the exact conditions of Lamb waves92

in multi-layered composites [28]. By using these approximate methods, the93

computational efficiency can be increased significantly. As Kirchhoff’s hy-94

pothesis for the classical plate theory (CPT) is only accurate if the wave-95

length is at least ten times higher than the laminate thickness [29] and the96

error rate of CPT is relatively high over a wide frequency range because of97

ignoring the transverse shear deformation effects [30], more advanced plate98

theories (APT) have been developed. The original APT starts with Mindlin’s99

plate theory where transverse shear deformation and rotary inertia effects are100

explicitly included [31]. This theory, also known as the first order shear de-101
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formation theory or shortly 1-SDT, gives very accurate results for the lowest102

antisymmetric modes, but fails to describe any higher mode of propagation103

[32]. In addition, Mindlin’s plate theory can also be used to express or extract104

the damping properties of plates for low frequency applications (fd values of105

22 kHz·mm) [33]. However, to better represent the kinematics and to increase106

the accuracy of inter-laminar stress distributions, it is necessary to convey107

to higher order plate theories, at a minimal increase of the computational108

cost. The reliability assessment of plate theories in functionally graded plates109

has also been studied and showed that the difference in results are increased110

when plate thickness or excitation frequency is high [34]. Considering these111

issues, Whitney and Sun proposed an upgraded plate theory by using second112

order polynomial terms in the displacement field [28]. As such, it became113

possible to calculate 5 symmetric and 3 anti-symmetric modes, but the er-114

rors for the prediction of higher order anti-symmetric modes were relatively115

high. Next, Wang and Yuan [35] introduced third order terms (3-SDT)116

into the displacement field, which allowed them to calculate 5 symmetric117

and 6 anti-symmetric modes, and obtained good correspondence with the118

exact solutions. The same theoretical background was later used by Torres-119

Arredondo and Fritzen [36, 37] for modelling visco-elastic composite plates.120

Apart from the viscous effects, new shear correction factors were introduced121

in this study. However, as noted by the authors themselves, the symmetric122

mode predictions have a markedly lower accuracy because the displacement123

expansion of these modes is one order less than for anti-symmetric modes.124

To overcome this issue, Zhao et. al. [38] developed an enhanced third or-125

der shear deformation theory to calculate Lamb wave modes by explicitly126
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considering stress boundary conditions in the displacement field. The ad-127

vantage of this model is that it is no longer necessary to calculate the shear128

correction factors. Though, the disadvantage is that it drastically decreases129

the computational efficiency by almost two orders of magnitude. Alterna-130

tively, layer-wise models, zig-zag or hyperbolic functions can also be used131

and gives good results for the stress distribution through the thickness for132

multi-layered anisotropic materials but they also significantly increase the133

required computational power [39, 40, 41].134

In this study, a new analytical solution for the dispersive behavior of Lamb135

waves in single laminae and multi-layered composite plates is presented by us-136

ing a 5th order shear deformation theory (5-SDT). In general, such advanced137

high-order plate theory is computationally more expensive compared to lower138

order theories, but the efficiency can be increased by rearranging matrices139

in the form of a polynomial eigenvalue solution. As a result, the proposed140

5th order approach allows to compute the dispersion curves of multi-layered141

composites in less than a second (on a standard laptop). Further, by us-142

ing the 5th order theory, the accuracy as well as the number of quantifiable143

Lamb wave modes increases appreciably. Combining the plate theory ap-144

proximation with an equivalent single layer modelling, 9 symmetric and 9145

anti-symmetric Lamb modes can be calculated over a wide frequency range.146

The performance of the developed 5th order procedure in terms of accuracy147

and efficiency will be compared for different cases to SAFE, and to the third148

order (3-SDT) and first order (1-SDT) shear deformation theory. This study149

will show that the newly suggested 5th order plate theory method provides150

a good agreement with SAFE, and that it is more robust than 3D elasticity151
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based methods. The primary advantage over the traditional approaches is152

that the computational time of the novel method is severely reduced (by a153

factor of at least 20), i.e. calculations are quasi real-time, which implies that154

the upgraded APT can constructively be considered as the basis for a fast155

inversion procedure.156

2. Models and Methodology157

In this section, the expressions for the fifth order shear deformation theory158

(5-SDT) are derived for an multi-layer anisotropic elastic plate with constant159

total thickness h, assuming that the various layers are perfectly bonded and160

that the solid material of each layer has a plane of symmetry parallel to161

the xy plane (see Fig. 1(a)). Note that the origin located in the center of162

the plate, and that the reflection of waves coming from the boundaries are163

neglected (infinite plate assumption in x and y directions).164
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Figure 1: (a) Schematic representation of the resultant forces N and moments M of

an anisotropic elastic multi-layer solid, (b) Undeformed and deformed geometries

of an edge of a plate, (c) Symmetric wave modes, and (d) Anti-symmetric wave

modes. 9



As for any elastic medium, the body of the plate will undergo a small

deformation when a small stress is applied to the surface of the medium

(see Fig. 1(b)). The relation between the applied stress and the amount

of deformation can be expressed by means of the constitutive relationships

for each layer. Under these conditions, the resultant forces and moments

per unit length (up to 5th order) can be compactly defined in the following

manner [28]:

(Nx, Ny, Nz, Qy, Qx, Nxy) =

∫ h/2

−h/2
(σx, σy, σz, τyz, τxz, τxy)dz

(Mx,My,Mz, Ry, Rx,Mxy) =

∫ h/2

−h/2
(σx, σy, σz, τyz, τxz, τxy)zdz

(Sx, Sy, Sz, Py, Px, Sxy) =

∫ h/2

−h/2
(σx, σy, σz, τyz, τxz, τxy)z

2dz

(Tx, Ty, Tz, Uy, Ux, Txy) =

∫ h/2

−h/2
(σx, σy, σz, τyz, τxz, τxy)z

3dz

(Vx, Vy, Vz, Ly, Lx, Vxy) =

∫ h/2

−h/2
(σx, σy, σz, τyz, τxz, τxy)z

4dz

(Kx, Ky, Kz, Hy, Hx, Kxy) =

∫ h/2

−h/2
(σx, σy, σz, τyz, τxz, τxy)z

5dz

(1)

Using the compact Voigt notation, the relation between stresses and165

strains for an orthotropic layer, can be formulated in the following manner:166
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σx

σy

σz

τyz

τxz

τxy


n

=



C11 C12 C13 0 0 0

C12 C22 C23 0 0 0

C13 C23 C33 0 0 0

0 0 0 C44 0 0

0 0 0 0 C55 0

0 0 0 0 0 C66


n



εx

εy

εz

γyz

γxz

γxy


n

(2)

where Cij,n are the components of the orthotropic stiffness matrix of the167

nth layer. The ε and γ symbols represent the normal and shear strains (or168

deformations), whereas σ and τ represent the normal and shear stresses.169

To obtain the approximate strain values of the plate, it is common to170

represent the three displacement fields u, v and w by polynomial functions171

of a finite degree with respect to the depth variable z, or equivalently, as172

truncated Taylor series in z [39]. The degree of the approximation can be173

raised to minimize the error of the model, but obviously, this simultaneously174

increases the complexity of the model and its computational cost. Besides,175

for a given level of approximation, the maximum number of computable176

Lamb wave velocities per frequency equals the number of variables that are177

taken into account in the 3D displacement field representation. The field178

expansions considered in the 1-SDT and 3-SDT approaches are expressed in179

Eq. 3 and Eq. 4, respectively. In this paper, in accordance to the 5-SDT, the180

displacement fields are represented by fifth order polynomials (as in Eq. 5)181

with 18 variables, allowing us to calculate the dispersion curves of 18 Lamb182

wave modes, which is considered to be sufficient for this study. An overview183

of the degrees of freedom (DOF) and mode identification potential in each184
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method can be found in Table 1.185

In 1-SDT (Eq. 3), the theory assumes that the plate thickness does not186

change during the deformation (i.e. the out-of-plane deformation is uniform187

over the thickness) and that the in-plane strains and stresses vary linearly188

through the thickness. However, as an extension to Kirchoff’s classical plate189

theory, the normal direction to an undeformed reference surface does not nec-190

essarily remain perpendicular to the mid-surface after deformation. These191

assumptions for 1-SDT are valid as long as the plate thickness is of the order192

of one tenth of the planar dimensions and for low frequency values. Then193

again, exact solutions derived from 3D elasticity imply that the transverse194

shear strains and stresses are quadratic functions of z in a single layered plate195

and that the plate thickness changes due to the deformation [39]. Therefore,196

additional terms in the Taylor series expansions of the displacements are re-197

quired to incorporate thickness change and quadratic functions of transverse198

shear strains and stresses and to increase the accuracy of the models. By199

using 3-SDT (Eq.4), the quadratic transverse shear deformations can be esti-200

mated accurately assuming that the stress distribution through the thickness201

is a continuous cubic function, in contrast to 1-SDT (Eq.3) which considers202

them as being constant. As the quadratic distribution of the transverse shear203

stresses and strains is not a valid assumption anymore for laminated plates204

or functionally graded plates, this study proposes a 5th order polynomial205

resulting in 5-SDT (Eq.5).206
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u(x, y, z, t) = u0(x, y, t) + zψx(x, y, t)

v(x, y, z, t) = v0(x, y, t) + zψy(x, y, t)

w(x, y, z, t) = w0(x, y, t)

(3)

u(x, y, z, t) = u0(x, y, t) + zψx(x, y, t) + z2φx(x, y, t) + z3Xx(x, y, t)

v(x, y, z, t) = v0(x, y, t) + zψy(x, y, t) + z2φy(x, y, t) + z3Xy(x, y, t)

w(x, y, z, t) = w0(x, y, t) + zψz(x, y, t) + z2φz(x, y, t)

(4)

u(x, y, z, t) = u0(x, y, t) + zψx(x, y, t) + z2φx(x, y, t) + z3Xx(x, y, t)+

z4Yx(x, y, t) + z5Zx(x, y, t)

v(x, y, z, t) = v0(x, y, t) + zψy(x, y, t) + z2φy(x, y, t) + z3Xy(x, y, t)+

z4Yy(x, y, t) + z5Zy(x, y, t)

w(x, y, z, t) = w0(x, y, t) + zψz(x, y, t) + z2φz(x, y, t) + z3Xz(x, y, t)+

z4Yz(x, y, t) + z5Zz(x, y, t)

(5)

Table 1: Comparison of the degrees of freedom and mode identification potential

in 1-SDT, 3-SDT and 5-SDT.

Method x axis y axis z axis Total DOF # of Symmetric # of Antisymmetric

1-SDT 2 2 1 5 2 3

3-SDT 4 4 3 11 5 6

5-SDT 6 6 6 18 9 9
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The corresponding linear strain-displacement relations can be calculated207

by using Eq. 6.208

εx = u,x εy = v,y εz = w,z γyz = v,z + w,y γxz = u,z + w,x γxy = u,y + v,x

(6)

where a comma followed by the differentiation variable represents a partial209

differentiation. By combining Eq. 5 and 6, the following expressions for the210

strain values can be found:211

εx = u0,x + zψx,x + z2φx,x + z3Xx,x + z4Yx,x + z5Zx,x

εy = v0,y + zψy,y + z2φy,y + z3Xy,y + z4Yy,y + z5Zy,y

εz = ψz + 2zφz + 3z2Xz + 4z3Yz + 5z4Zz

γyz = (w0,y + ψy) + z(ψz,y + 2φy) + z2(φz,y + 3Xy) + z3(Xz,y + 4Yy)+

z4(Yz,y + 5Zy) + z5Zz,y

γxz = (w0,x + ψx) + z(ψz,x + 2φx) + z2(φz,x + 3Xx) + z3(Xz,x + 4Yx)+

z4(Yz,x + 5Zx) + z5Zz,x

γxy = (u0,y + v0,x) + z(ψx,y + ψy,x) + z2(φx,y + φy,x) + z3(Xx,y +Xy,x)+

z4(Yx,y + Yy,x) + z5(Zx,y + Zy,x)

(7)

In this framework, the transverse shear strains are assumed to be 5th212

order polynomial functions through the laminate thickness, which evidently213

also lead to polynomial transverse shear stress function. Due to the DOF’s in-214

troduced by the polynomial expressions, stress free boundary conditions (for215
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σz, τyz and τxz) are initially neglected in the calculation of the Lamb waves216

[38] and the resultant difference between actual stress state and polynomial217

stress state tends to increase with frequency. In order to deal with this issue,218

the difference between the stress states needs to be corrected for by intro-219

ducing shear correction factors [31]. A common practice is to multiply the220

shear related terms in Eq. 8 and Eq. 9 by correction factors κi(i =1,2,..,17),221

and to calculate these values κi by matching the cut-off frequencies of the222

A1, S1, SH1 and SH2 modes from 3D elasticity theory in dynamic problems223

[28]. The correction factors listed in Eq. 10 have been calculated by minimiz-224

ing the difference between the exact and approximate solution for aluminum225

and are similar to the previously found values in literature [28, 35, 36]. They226

can also be used for any anisotropic material or stacking orientation after227

homogenization, with the acceptance of a certain level of error. To achieve228

a higher accuracy, the shear correction factors could in fact be recalculated229

for each material, but it will increase the complexity of the proposed model230

and reduce computational efficiency, in particular for the inversion [28, 38].231

Therefore, the shear factors as listed in Eq. 10 are used for all considered232

cases in the rest of the study. Alternatively, following the work of Zhao et233

al., the displacement field may be defined in a different way to eliminate the234

need for shear correction factors [31, 38, 42], however, again at the expense235

of significantly increasing the computational power (by a factor of 70) and236

the complexity of the problem.237

For the remaining derivation of the 5th order SDT, it is beneficial to238

reorganize the strain and stress values into 6-dimensional vectors, and create239

a matrix based solution form.240
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ε(0) = {u0,x, v0,y, κ3ψz, κ2(w0,y + ψy), κ1(w0,x + ψx), (u0,y + v0,x)}T

ε(1) = z{ψx,x, ψy,y, 2κ6φz, κ5(ψz,y + 2φy), κ4(ψz,x + 2φx), (ψx,y + ψy,x)}T

ε(2) = z2{φx,x, φy,y, 3κ9Xz, κ8(φz,y + 3Xy), κ7(φz,x + 3Xx), (φx,y + φy,x)}T

ε(3) = z3{Xx,x, Xy,y, 4κ12Yz, κ11(Xz,y + 4Yy), κ10(Xz,x + 4Yx), (Xx,y +Xy,x)}T

ε(4) = z4{Yx,x, Yy,y, 5κ15Zz, κ14(Yz,y + 5Zy), κ13(Yz,x + 5Zx), (Yx,y + Yy,x)}T

ε(5) = z5{Zx,x, Zy,y, 0, κ17Zz,y, κ16Zz,x, (Zx,y + Zy,x)}T

(8)

N = {Nx, Ny, Nz/κ3, Qy/κ2, Qx/κ1, Nxy}T

M = {Mx,My,Mz/(2κ6), Ry/κ5, Rx/κ4,Mxy}T

S = {Sx, Sy, Sz/(3κ9), Py/κ8, Px/κ7, Sxy}T

T = {Tx, Ty, Tz/(4κ12), Uy/κ11, Ux/κ10, Txy}T

V = {Vx, Vy, Vz/(5κ15), Ly/κ14, Lx/κ13, Vxy}T

W = {Wx,Wy, 0, Hy/κ17, Hx/κ16,Wxy}T

(9)

κ1 = κ2 = π/
√

8.4, κ4 = κ5 = π/
√

12.9, κ7 = κ8 = π/
√

4.3, κ10 = κ11 = π/
√

18.3,

κ13 = κ14 = π/
√

1.7, κ16 = κ17 = π/
√

29.3, κ3 = π/
√

10, κ6 = π/
√

14,

κ9 = π/
√

10.5, κ12 = π/
√

23, κ15 = π/
√

10.7

(10)

With the above definitions, the constitutive equations of a composite lam-241

inate with an arbitrary lay-up can be represented by a homogenized matrix242

relation involving a step-wise integration over the depth of the orthotropic243

stiffness matrix (Cij) of the individual layers following Eq. 8 and Eq. 9.244
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N

M

S

T

V

W


=



[A] [B] [D] [F ] [H] [J ]

[B] [D] [F ] [H] [J ] [K]

[D] [F ] [H] [J ] [K] [L]

[F ] [H] [J ] [K] [L] [O]

[H] [J ] [K] [L] [O] [P ]

[J ] [K] [L] [O] [P ] [R]





ε(0)

ε(1)

ε(2)

ε(3)

ε(4)

ε(5)


(11)

where the values of the ABDFHJKLOPR matrix correspond to245

(Aij, Bij, Dij, Fij, Hij, Jij, Kij, Lij, Oij, Pij, Rij) =
∫ h/2
−h/2Cij(z)(1, z, z2, z3, z4, z5, z6, z7, z8, z9, z10)dz

(12)

which explicitly takes into account the discontinuous depth or lay-up246

variation of the Cij,n constants for the constituting layers. To increase the247

computational efficiency, the layers can be homogenized and the right hand248

of the Eq.12 can be rewritten as249

∫ h/2

−h/2
Cij(z)(...)dz = Q̄ij

∫ h/2

−h/2
(...)dz (13)

where Q̄ij are the components of the transformed homogenized elastic250

stiffness matrix. By using Q̄ij in the rest of formulation, the layer-wise con-251

stitutive model formally takes on the form of a homogenized single layer252

modeling. Note that Bij = Fij = Jij = Lij = Pij = 0 for symmetric stacking253

orientations.254

By imposing the principle of virtual displacement (Hamilton’s principle),255

the equations of motion can be calculated [43]:256
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0 =

∫ t2

t1

(δU + δV − δK)dt (14)

where δU is strain (elastic) energy, δV is the potential energy by the257

externally applied force and δK is the kinetic energy. Details of each term258

can be found in Appendix, Eq. 25-30. This results in the following set of259

equations:260
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Nx,x +Nxy,y + qx = I0ü0 + I1ψ̈x + I2φ̈x + I3Ẍx + I4Ÿx + I5Z̈x

Nxy,x +Ny,y + qy = I0v̈0 + I1ψ̈y + I2φ̈y + I3Ẍy + I4Ÿy + I5Z̈y

Rx,x +Ry,y −Nz +m = I1ẅ0 + I2ψ̈z + I3φ̈z + I4Ẍz + I5Ÿz + I6Z̈z

Sx,x + Sxy,y − 2Rx + nx = I2ü0 + I3ψ̈x + I4φ̈x + I5Ẍx + I6Ÿx + I7Z̈x

Sxy,x + Sy,y − 2Ry + ny = I2v̈0 + I3ψ̈y + I4φ̈y + I5Ẍy + I6Ÿy + I7Z̈y

Ux,x + Uy,y − 3Sz + r = I3ẅ0 + I4ψ̈z + I5φ̈z + I6Ẍz + I7Ÿz + I8Z̈z

Vx,x + Vxy,y − 4Ux + lx = I4ü0 + I5ψ̈x + I6φ̈x + I7Ẍx + I8Ÿx + I9Z̈x

Vxy,x + Vy,y − 4Uy + ly = I4v̈0 + I5ψ̈y + I6φ̈y + I7Ẍy + I8Ÿy + I9Z̈y

Hx,x +Hy,y − 5Vz + p = I5ẅ0 + I6ψ̈z + I7φ̈z + I8Ẍz + I9Ÿz + I10Z̈z

Qx,x +Qy,y + q = I0ẅ0 + I1ψ̈z + I2φ̈z + I3Ẍz + I4Ÿz + I5Z̈z

Mx,x +Mxy,y −Qx +mx = I1ü0 + I2ψ̈x + I3φ̈x + I4Ẍx + I5Ÿx + I6Z̈x

Mxy,x +My,y −Qy +my = I1v̈0 + I2ψ̈y + I3φ̈y + I4Ẍy + I5Ÿy + I6Z̈y

Px,x + Py,y − 2Mz + n = I2ẅ0 + I3ψ̈z + I4φ̈z + I5Ẍz + I6Ÿz + I7Z̈z

Tx,x + Txy,y − 3Px + rx = I3ü0 + I4ψ̈x + I5φ̈x + I6Ẍx + I7Ÿx + I8Z̈x

Txy,x + Ty,y − 3Py + ry = I3v̈0 + I4ψ̈y + I5φ̈y + I6Ẍy + I7Ÿy + I8Z̈y

Lx,x + Ly,y − 4Tz + l = I4ẅ0 + I5ψ̈z + I6φ̈z + I7Ẍz + I8Ÿz + I9Z̈z

Wx,x +Wxy,y − 5Lx + px = I5ü0 + I6ψ̈x + I7φ̈x + I8Ẍx + I9Ÿx + I10Z̈x

Wxy,x +Wy,y − 5Ly + py = I5v̈0 + I6ψ̈y + I7φ̈y + I8Ẍy + I9Ÿy + I10Z̈y

(15)

where Ij =
∫ h/2
−h/2 ρz

jdz, (j = 0, 1, 2, ..., 10) and with the surface load261

values qα, mα, nα, rα, lα, pα (α denoting either x or y) and q, m, n, r, l, p262

expressed as263
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qα

nα

lα

 = [ταz(h/2)− ταz(−h/2)]


1

h2/4

h4/16

 (16a)

264 
mα

rα

pα

 = [ταz(h/2) + ταz(−h/2)]


h/2

h3/8

h5/32

 (16b)

265 
q

n

l

 = [σαz(h/2)− σαz(−h/2)]


1

h2/4

h4/16

 (16c)

266 
m

r

p

 = [σαz(h/2) + σαz(−h/2)]


h/2

h3/8

h5/32

 (16d)

267

As we expect the guided waves to be traveling in the x and y direction,268

we can safely assume the solutions to be of the following form:269

{u0, v0, w0} = {U0, V0,W0}exp[(kxx+ kyy)i− iωt]

{ψx, ψy, ψz} = {Ψx,Ψy,Ψz}exp[(kxx+ kyy)i− iωt]

{φx, φy, φz} = {Φx,Φy,Φz}exp[(kxx+ kyy)i− iωt]

{Xx, Xy, Xz} = {xx, xy, xz}exp[(kxx+ kyy)i− iωt]

{Yx, Yy, Yz} = {yx, yy, yz}exp[(kxx+ kyy)i− iωt]

{Zx, Zy, Zz} = {zx, zy, zz}exp[(kxx+ kyy)i− iωt]

(17)

20



where ω is the angular frequency, kx = k cosφ, ky = k sinφ, with k270

the wavenumber and φ the in-plane propagation direction. In the absence271

of surface loads, the equations of motion can be written as a generalized272

eigenvalue problem by substituting Eq. 11 and Eq. 17 into Eq. 15.273

(L− ω2I)ξexp[k(x cosφ+ y sinφ)i− iωt] = 0 (18)

where ξ = {U0 V0 Ψz Φx Φy xz yx yy zz |W0 Ψx Ψy Φz xx xy yz zx zy}T . The274

variables on the left and the right side of the separator symbol (|) are related275

to representations for the symmetric and anti-symmetric modes, respectively.276

L and I are 18x18 matrices. For symmetric layer orientations, one can fully277

decouple Eq. 18 into two separate equations for either the symmetric or the278

anti-symmetric modes [28, 35, 36].279

(Ls − ω2Is)ξsexp[k(x cosφ+ y sinφ)i− iωt] = 0 (19a)
280

(La − ω2Ia)ξaexp[k(x cosφ+ y sinφ)i− iωt] = 0 (19b)

281

where the subscript s and a stands for the symmetric and anti-symmetric282

modes, respectively. Eq. 18 and Eq. 19 are generalized eigenvalue problems.283

I, Is and Ia are real symmetric Hermitian matrices and L, Ls and La are284

complex symmetric matrices. The generalized eigenvalue problem in Eq. 18285

or Eq. 19 can be implemented via Matlab� which has powerful solvers for286

symbolic and numeric computations. By fixing the angular frequency (ω)287

and in-plane propagation direction (φ), and by considering the wavenumber288

(k) as a symbolic variable, dispersion curves can be obtained in a satisfying289

manner.290
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3. Computational Framework for Plate Theory291

In the traditional framework, the practice of symbolic variables in the292

5-SDT eigenvalue problem increases the solution time and will ultimately293

prevent the inversion algorithm to be used as a quasi real time characteriza-294

tion or damage detection technique. Therefore, it is beneficial to rethink the295

solution procedure in order to increase its computational efficiency. One way296

would be to require the determinant of Eq. 18 or Eq. 19 to be zero and to297

solve the resulting (18 degree) polynomials using efficient (iterative) numer-298

ical solution techniques to obtain the dispersion curves. However, obviously,299

numerical solution techniques increase the complexity of the procedure, and300

more importantly, numerical errors might escalate with increasing iteration301

numbers. For this reason, a far more simple approach is adapted in the302

present study.303

In Eq. 18, the L matrix contains up to second order polynomial terms in304

the wavenumber k. By fixing ω and creating a new coordinate frame where305

x′ = x cosφ+ y sinφ and y′ = y cosφ− x sinφ (see Fig. 1(a)), Eq. 19 can be306

straightforwardly rewritten as307

(−a2k2 + a1ki+ a0)exp[ikx′ − iωt] = 0 (20a)
308

(−b2k2 + b1ki+ b0)exp[ikx′ − iωt] = 0 (20b)

The variables a0, a1 and a2 in Eq. 20a are linked to the symmetric mode309

solutions, whereas b0, b1 and b2 in Eq. 20b are related to the anti-symmetric310

mode solutions. By imposing this representation, the generalized eigenvalue311

problem can be expressed as a polynomial eigenvalue problem. In general,312
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this does not offer a direct benefit as polynomial (or in this case quadratic)313

eigenvalue problem solvers are notoriously slower compared to the general-314

ized ones. Besides, polynomial eigenvalue problems may suffer from serious315

round-off and stability problems. In the present approach, the eigenvalues316

and eigenvectors will be solved by means of the standard reduction method.317

The validity of this method has been studied for different problems in the318

literature [44, 45]. To simplify the notation, the problem can first be rewrit-319

ten by introducing a new factor p = exp[ikx′− iωt]. Based on this new term,320

Eq. 19 can be equivalently expressed using terms that contain the first and321

second partial derivatives of p with respect to x′, which are denoted here as322

p′ and p′′:323

a2p
′′ + a1p

′ + a0p = 0 (21a)
324

b2p
′′ + b1p

′ + b0p = 0 (21b)

Next, these equations can be transformed into a first-order vector dif-325

ferential equation by introducing two new vector components, q1(x
′, y′) and326

q2(x
′, y′), where327

q1 = p q2 = q′1 = p′ = ikp (22)

Exploiting the differential of these two vector components and substitut-328

ing these in Eq. 22 yields329

a2q
′
2 + a1q2 + a0q1 = 0 (23a)

330

b2q
′
2 + b1q2 + b0q1 = 0 (23b)
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q′1q′2
 =

 0 I

−a−12 a0 −a−12 a1

q1q2
 (24a)

331 q′1q′2
 =

 0 I

−b−12 b0 −b−12 b1

q1q2
 (24b)

where I is the 9x9 identity matrix. The elements of the 9x9 matrices a0,332

a1, a2, b0, b1 and b2 can be found in Appendix, Eqs. 31-36. If an element is333

not explicitly specified, it means that its value is zero. Finally, by solving for334

the eigenvalues of Eq. 24a and Eq. 24b, the symmetric and anti-symmetric335

wavenumbers can be calculated. The flowchart of this solution procedure is336

visualized in Fig. 2.337
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Inputs
Stiffness tensor (𝐶𝑖𝑗)

Stacking lay-up
Layer Thickness

Angular Frequency (𝜔)
Propagation Direction (𝜃)

Calculate 𝐴𝑖𝑗, 𝐵𝑖𝑗, 𝐷𝑖𝑗, 𝐹𝑖𝑗, 𝐻𝑖𝑗, 

𝐽𝑖𝑗, 𝐾𝑖𝑗, 𝐿𝑖𝑗, 𝑂𝑖𝑗, 𝑃𝑖𝑗, 𝑅𝑖𝑗

Calculate 𝐼0, 𝐼1, …, 𝐼10

Calculate 𝑎0, 𝑎1, …, 𝑏2

Calculate Eigenvalues
(Wavenumbers)

Change 𝜔

Plot Dispersion Curves

Figure 2: Flowchart of the proposed numerical procedure to calculate the disper-

sion curves.

By using the newly proposed higher order plate theory and the proposed338

numerical solution procedure, the phase velocities, group velocities and at-339

tenuation characteristics of guided waves can be calculated in a more efficient340

manner and compared to the 3D elasticity based exact solutions in terms of341

accuracy and computational performance. Additionally, the robustness of the342

proposed method is the same as for the SAFE method because both tech-343

niques are using eigenvalue decomposition instead of complex root searching344

algorithms. An advantage of the analytical 5-SDT method over SAFE is345
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that the results are not depending on the discretisation within the individual346

layers which is inherent to an finite element method. As an asset, for the347

materials which have a symmetric stacking orientation, the equations can348

be fully decoupled and symmetric and anti-symmetric modes can be solved349

for separately. On account of the proposed computational procedure, dis-350

persion curve calculations take less than a second for both single layer or351

multi-layered materials. However, as the higher order plate theory still is an352

approximate solution and employs homogenized stiffness values, the inbuilt353

assumptions are therefore only valid up to a certain frequency. Beyond that354

frequency, the error rates between the exact solution and the currently pro-355

posed method will obviously increase. The upper frequency limit strictly de-356

pends on stacking orientation, material properties and layer thicknesses. For357

typical materials used in structural engineering, i.e. metals and glass/carbon358

fiber reinforced polymers, the 5-SDT is valid within the frequency range [0359

-7.5] MHz.mm. For other materials, the exact valid frequency range of the360

method can be calculated by using Floquet periodicity [46].361

4. Numerical Results362

To validate the elaborated 5-SDT, a series of numerical studies is con-363

ducted and results are compared to the semi-analytical finite element (SAFE)364

method which is used a benchmark [19, 20]. The propagation characteristics365

of Lamb waves are examined for different material types such as an isotropic366

medium (Aluminum [47]), a multi-layered unidirectional graphite/epoxy com-367

posite ([±45]6s AS4/3502 [35], a homogenized visco-elastic orthotropic car-368

bon/epoxy (C/E) composite [48] and a multilayered visco-elastic orthotropic369
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C/E composite ([0/15/0] [49]). The material stiffness (and viscosity) tensor370

components are listed in Table 2.371

Table 2: Stiffness and viscosity properties of the aluminum and C/E materials

considered in the various case studies(in GPa).

Material C11 C12 C13 C22 C23 C33 C44 C55 C66

Aluminum 110.5 58.5 58.5 110.5 58.5 110.5 26 26 26

AS4/3502 130.8 5.3 5.3 13.0 4.6 13.0 3.75 6.0 6.0

C/E Case 1 [48] 86.6 9 6.4 13.5 6.8 14 2.72 4.06 4.7

C/E Case 2 [49] 13.7 7.1 6.7 126 6.7 126 5.8 5.8 5.8

Material η11 η12 η13 η22 η23 η33 η44 η55 η66

C/E Case 1 [48] 7.5 0.3 0.6 0.6 0.25 0.28 0.1 0.12 0.28

C/E Case 2 [49] 0.13 0.04 0.04 0.73 0.04 0.73 0.1 0.1 0.1

4.1. Elastic isotropic Aluminum372

In the first case study, an aluminum plate with a thickness of 5 mm373

and a density of 2700 kg/m3 is considered. The material properties are374

taken from literature [47] and the components of its stiffness matrix can be375

found in Table 2. The computation of the Lamb wave characteristics using376

3D elasticity based methods is surprisingly enough a problematic task for377

isotropic materials because the symmetry in the stiffness matrix of these378

isotropic materials in combination with certain propagation directions (for 0379

and 90 degrees) leads to numerical instabilities [8]. Higher order plate theory380

theory therefore offers a better method for isotropic materials.381

As illustrated in Fig. 3(a), the phase velocity results for the symmetric382

27



modes calculated by SAFE on the one hand and the advanced 5-SDT on the383

other hand are almost the same for isotropic materials (here only presented384

for a polar angle φ = 0). The agreement is excellent for both the symmetric385

Lamb (S) modes and the symmetric shear horizontal (SH) modes. Similarly386

good correspondence is found for the anti-symmetric Lamb and SH modes,387

illustrated in Fig. 3(b). In any case, the results of the proposed 5-SDT, up388

to fd values of 7.5 MHz·mm, are much more accurate than those for 3-SDT389

and 1-SDT. In particular, the results for 1-SDT clearly show that this low390

order APT overestimates the S0 and A1 modes and that the phase velocities391

for S0 remain constant through the frequency (which is obviously incorrect).392

Nevertheless, the results for the SH0, A0 and SH1 modes are similar to393

SAFE. A comparison of the polar plots at a fixed frequency f = 700 kHz394

(i.e. fd= 3500 kHz·mm) for SAFE, 5SDT and 3SDT (see Fig. 3(c) and Fig.395

3(d)) shows that the results (and the deviations) are indeed identical in every396

direction, as expected .397
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(c)

(d)

Figure 3: Comparison between SAFE, 5-SDT, 3-SDT and 1-SDT for aluminum

where φ = 0 (a) Symmetric phase velocities, (b) Antisymmetric phase velocities,

(c) Polar plot comparisons of SAFE and 3-SDT at f=700 kHz (i.e. fd= 3500

kHz·mm), and (d) Polar plot comparisons of SAFE and 5-SDT at f=700 kHz (i.e.

fd= 3500 kHz·mm).
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4.2. Elastic orthotropic [±45]6S AS4/3502 Graphite/Epoxy laminate398

The second case study deals with a unidirectional graphite/epoxy com-399

posite made of 24 layers of AS4/3502, according to a stacking orientation400

[±45]6s, with a total thickness of 3 mm. The density of the material is 1578401

kg/m3, and the laminae stiffness matrix for AS4/3502 can be found in Table402

2. The calculation of Lamb wave characteristics for unidirectional multilay-403

ered composites by means of 3D elasticity theory models requires a solution404

time and computational power which excessively increases with the number405

of layers. Nonetheless, phase velocity changes with respect to the propaga-406

tion direction are extremely sensitive for unidirectional plates [35]. Access to407

a fast calculation routine is therefore a crucial element in solving the inverse408

problem.409

As can be seen in Fig. 4(a), for a polar angle of 0◦, the proposed 5-SDT410

gives quite similar results to SAFE in all S and symmetric SH modes except411

for S2, where the phase velocities are overestimated in the advanced plate412

theory. The underlying reason for this mismatch is that the shear correction413

factors are calculated under the assumption of an isotropic material as men-414

tioned in Sec. 2. As the difference between the actual and the approximated415

displacement fields might be considerable for composite materials due to the416

high difference in shear modulus values (G13 and G23), the correction factors417

should ideally be recalculated for each polar angle or the behavior of each di-418

rection could be averaged by comparing the exact and approximate solution419

for any desired material. However, such a calculation is impractical and re-420

duces the generalizability of the model [28, 38]. For this reason, and since the421

deviation in the lower modes is far smaller than for the higher modes, it was422
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opted to use the exact same shear correction factors (listed in Eq. 10) for all423

numerical analyses. A quite satisfactory agreement for the anti-symmetric A424

and SH modes can also be observed in Fig. 4(b). In general, the errors of the425

5-SDT approximation are again much lower than for 3-SDT and 1-SDT. In426

analogy with the isotropic case, for the lowest order APT, 1-SDT, only the427

results for SH0, A0 and SH1 modes are similar to the results of SAFE. . The428

polar plot overlays at a fixed frequency f=700 kHz (i.e. fd= 2100 kHz·mm),429

shown in Fig. 4(c) and Fig. 4(d), indicate that results obtained in every430

incidence direction are quite similar between SAFE, 5-SDT with small but431

acceptable mismatches that are direction dependent, and that the deviations432

are clearly more pronounced between SAFE and 3SDT. .433
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(c)

(d)

Figure 4: Comparison between SAFE, 5-SDT, 3-SDT and 1-SDT for AS4/3502

where φ = 0 (a) Symmetric phase velocities, (b) Antisymmetric phase velocities,

(c) Polar plot comparisons of SAFE and 3-SDT at f=700 kHz (i.e. fd= 2100

kHz·mm), and (d) Polar plot comparisons of SAFE and 5-SDT at f=700 kHz (i.e.

fd= 2100 kHz·mm).
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4.3. Homogenized Visco-elastic Orthotropic Carbon Epoxy Materials434

In reality, on top of the elasticity which basically determines the phase ve-435

locities, viscous effects are responsible for attenuation of vibrational waves,436

particularly in composite materials. Proper knowledge of the wave atten-437

uation characteristics has become increasingly important for noise and vi-438

bration control purposes with applications in diverse industry sectors. In439

the third case study, a numerical investigation is conducted on visco-elastic440

composites with orthotropic symmetry to assess the performance of the 5-441

SDT with respect to the prediction of the phase velocities and the degree442

of attenuation. To model the viscoelastic effects, the stiffness matrix are443

represented as complex quantities. The real part of the stiffness matrix re-444

lated with elastic behavior of the material whereas the imaginary part of the445

matrix defines the attenuation. In literature, two main models are gener-446

ally used to describe viscoelastic behavior which are hysteretic (frequency447

independent) and Kelvin-Voigt (frequency dependent) [36]. The energy dis-448

sipation is a quadratic function of the frequency for the Kelvin–Voigt model449

(C̃ = C + iωη/ω̃), and a linear function of the frequency for the hysteretic450

model (C̃ = C + iη). The models predict the same attenuation at the char-451

acterization frequency ω̃. In this study, hysteric model is used because it is452

easy to implement and the error rates between numerical models does not453

affected by viscoelastic models. The homogenized stiffness matrix and the454

visco-elastic components of the materials used were taken from literature455

[48] and can be found in Table 2. The material density of the C/E material456

(Case 1) is ρ = 1560 kg/m3 and its thickness is 3.6 mm [48]. The results are457

depicted in Fig. 5.458
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The differences for the symmetric and antisymmetric mode predictions459

between SAFE and 5-SDT are quite small, and clearly, 5-SDT consistently460

gives much better results compared to 3-SDT and 1-SDT (see Fig. 5(a)461

and Fig. 5(b)). The polar plot results are also quite similar (see Fig. 5(c)462

and Fig. 5(d)), with for 3SDT error rates that tend to significantly vary463

depending on the propagation direction. When comparing the attenuation464

characteristics (Fig. 5(e)), 5-SDT again gives much better estimates com-465

pared to 3-SDT, whereas the mismatch of 1-SDT is quite high with respect466

to the other methods. The 5SDT results are in good agreement with SAFE467

up to 5000 kHz·mm . The loss factor calculations (Fig. 5(f)) confirm that468

5-SDT gives better estimations for the damping properties than any of the469

other approximate methods.470
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(e)

(f)

Figure 5: Comparison between SAFE, 5-SDT, 3-SDT and 1-SDT for carbon epoxy

material 1 where φ = 0 (a) Symmetric mode phase velocities, (b) Anti-symmetric

mode phase velocities, (c) Polar plot comparisons of SAFE and 3-SDT at f=400

kHz (i.e. fd= 1440 kHz·mm), and (d) Polar plot comparisons of SAFE and 5-

SDT at f=400 kHz (i.e. fd= 1440 kHz·mm), (e) Attenuation characteristics with

respect to frequency (Hysteretic Viscoelastic Model), and (f) Loss factor dispersion

(Hysteretic Viscoelastic Model).
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4.4. Multilayered Visco-elastic Orthotropic Carbon Epoxy471

To examine the viscous effects in more detail, a last case study is con-472

ducted on multilayered visco-elastic composites with orthotropic symmetry.473

The laminae stiffness matrix and the visco-elastic components of the material474

used in this numerical simulation were taken from literature [49] and can be475

found in Table 2. The material density of the C/E layers is ρ = 1577 kg/m3
476

and the thickness per laminae is 0.3 mm, yielding a total thickness of the477

[0/15/0] stacking of 0.9 mm [50].478

The differences for the symmetric and antisymmetric mode predictions479

between SAFE and 5-SDT are quite small, and clearly, 5-SDT again gives480

much better results compared to 3-SDT and 1-SDT (see Fig. 6(a) and Fig.481

6(b)). The polar plot results for the three methods are also quite similar (Fig.482

6(c) and Fig. 6(d)) and confirm that the difference between SAFE and 5-483

SDT is much lower than for 3-SDT. Similarly, the attenuation characteristics484

(Fig. 6(d)) and the loss factor dispersion (Fig. 6(e)) agree well up to 6000485

kHz·mm, with again, 5-SDT providing much better estimations compared to486

3-SDT.487
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Figure 6: Comparison between SAFE, 5-SDT, 3-SDT and 1-SDT for carbon epoxy

material 2 where φ = 90 (a) Symmetric mode phase velocities, (b) Anti-symmetric

mode phase velocities, (c) Polar plot comparisons of SAFE and 3-SDT at f=6111

kHz (i.e. fd= 5500 kHz·mm), and (d) Polar plot comparisons of SAFE and 5-

SDT at f=6111 kHz (i.e. fd= 5500 kHz·mm), (d) Attenuation characteristics

with respect to frequency (Hysteretic Viscoelastic Model), and (e) Loss factor

dispersion (Hysteretic Viscoelastic Model).
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4.5. Strain Field Continuity488

The above case studies illustrated that the proposed approach allows to489

calculate the dispersion curves and polar plots of different materials in a wide490

frequency range with high accuracy. However, as mentioned in Sec. 2, the use491

of polynomial expansions in the strain fields within the advanced plate the-492

ories inherently violates the stress free boundary conditions (σz = 0, τyz = 0493

and τxz = 0). Moreover, because of the homogenization assumption, the494

continuity of the interlaminar stresses may be different from SAFE. There-495

fore, an additional study has been conducted to evaluate the strain field496

difference between the SAFE approach and the higher order shear deforma-497

tion theories. As formally introduced in Eq. 18, the eigenvalues denote the498

guided wave wavenumbers and the corresponding eigenvectors embody the499

displacement field constants required in Eq. 5. As such, the through thick-500

ness strain fields can be calculated for each mode and compared between501

the various approaches. As an example, the differences for a unidirectional502

graphite/epoxy composite made of 24 layers of AS4/3502 are visualized in503

Fig. 7. The graphs depicted in Fig. 7 correspond to the same mode (A0) for504

different frequencies.505

44



(a)

(b)
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(c)

(d)

Figure 7: Comparison of the depth dependence of the normalized in-plane strain

εx and εxz for the A0 mode between SAFE, 5-SDT and 3-SDT for a 3 mm thick

AS4/3502 composite where φ = 0 (a) εx at f=500 kHz (fd=1500 kHz·mm), (b)

εxz at f=500 kHz (fd=1500 kHz·mm), (c) εx at f=2000 kHz (fd=6000 kHz·mm),

and (d) εxz at f=2000 kHz (fd=6000 kHz·mm).
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Due to the homogenization and depth dependent polynomial functions506

used to estimate the deformation fields, higher order SDT intrinsically yield507

continuous stress distributions through the thickness. As can be seen from508

Fig. 7, for fd -values smaller than 2000 kHz·mm, the 5-SDT strain fields are509

quite similar to SAFE simulations. However, for higher frequencies, increas-510

ingly complex wave propagation effects become dominant and modes with511

closely valued wavenumbers starts to become coupled. In these cases, even a512

5th order polynomial approximation will give rise to significant errors. These513

errors can be reduced either by introducing higher order polynomials or using514

layerwise methods such as the zig-zag theory [40, 41], but these methods will515

self-evidently increase the computational cost.516

4.6. Computational efficiency517

Finally, dispersion curve calculation times of the proposed 5-SDT in com-518

bination with the adapted computational framework are compared to lower519

order APT methods and to SAFE in Table 3. The calculations have been520

repeated 100 times and average solution times are listed. For the calcu-521

lations, a workstation with Intel®Core�i7-8700 CPU @ 3.20 GHz and 16522

GB ram is used. Of course, calculation times might change based on the523

computer infrastructure and the number of solution points. Moreover, when524

using the SAFE method, the solution times strictly depends on the number525

of elements in the discretisation of the thickness. For the comparison of the526

average solution times between SAFE and the higher order analytical APT527

method in the present study, 5 elements per layer were assumed in the SAFE528

simulations. Evidently, solution times using SAFE can be shortened by low-529

ering the number of elements, but on the expense of accuracy. As observed530
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from Table 3, the computation times of the APT methods for a single lay-531

ered aluminum and a 24 layered unidirectional composite plate are greatly532

comparable, which is expected as the number of layers should not have any533

effect on the solution time thanks to the homogenization. The acceptably534

low solution times of the proposed 5-SDT imply that a quasi-real time SHM535

should be possible when using this approximate technique in a C-tensor in-536

version routine. On the contrary, the much larger solution times for SAFE537

clearly establish that this method is not suitable for real time SHM. Even538

for single layer materials, the computational time is at least 20 times higher539

than for the 5-SDT.540

Table 3: Comparison of the averaged solution times (100 runs) for the 5-SDT,

3-SDT and 1-SDT in combination with the proposed computational framework

(in seconds), as well as for SAFE

1500 frequency point solution 5-SDT 3-SDT 1-SDT SAFE

Aluminum 0.456 0.164 0.035 14.7

AS4/3502 0.463 0.164 0.040 892.6

300 frequency point solution 5-SDT 3-SDT 1-SDT SAFE

Aluminum 0.093 0.033 0.008 1.7

AS4/3502 0.092 0.034 0.009 123.1

100 frequency point solution 5-SDT 3-SDT 1-SDT SAFE

Aluminum 0.033 0.012 0.004 1.2

AS4/3502 0.034 0.013 0.005 43.2
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5. Conclusions541

An extension of the shear deformation plate theory to higher (5th) order542

has been developed to evaluate Lamb wave modes with considerably less com-543

putational effort and with a higher accuracy. The increased computational544

efficiency was achieved by introducing a new computational framework to ob-545

tain Lamb wave phase velocities and attenuation characteristics as function546

of frequency and polar angle, taking less than a second on an Intel®Core�i7547

processor. Dispersion curves, polar plots of phase velocities and attenuation548

graphs are compared with the comprehensive SAFE method, and with the549

third and first order shear deformation theory. The results clearly reveal that550

the proposed plate theory offers accurate and robust solutions over a wide551

frequency range in both individual laminae and composite laminates. The552

current implementation and analysis, using non-optimized shear correction553

factors given in Eq. 10, allowed to obtain the A0, S0, SH0, SH1 and SH2554

modes with quite low errors for various materials. Even though the error555

rates of the method might increase for certain modes and propagation direc-556

tions, this problem can be solved by recalculating shear correction factors.557

The high efficiency of the new forward calculation model will definitely be558

beneficial in inversion routines to achieve a faster material characterization559

and a quasi real-time SHM for composites based on data from Lamb-wave-560

based damage detection or imaging techniques, thereby also covering a wider561

frequency range (MHz range) thanks to its higher order accuracy. The ac-562

tual development of such an inversion tool based on 5-SDT is the objective563

of future work. Of course, the benefits of the presented method can as well564

be valuable in a forward and inversion tool for lower frequency range appli-565
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cations like noise and vibration transmission/control.566

Appendix567

δU =

∫
V

[C11ε
2
x + 2C12εxεy + 2C13εxεz + 2C16εxγxy + C22ε

2
y + 2C23εyεz+

2C26εyγxy + C33ε
2
z + 2C36εzγxy + C44γ

2
yz + 2C45γyzγxz + C55γ

2
xz + C66γ

2
xy]dV

(25)

δU =

∫
V

[Nxδu0,x +Nyδv0,y +Nzδψz +Qy(δw0,y + δψy) +Qx(δw0,x + δψx)+

Nxy(δu0,y + δv0,x) +Mxδψx,x +Myδψy,y +Mz2δφz +Ry(δψz,y + 2δφy)+

Rx(δψz,x + 2δφx) +Mxy(δψx,y + δψy,x) + Sxδφx,x + Syδφy,y + Sz3δXz+

Py(δφz,y + 3δXy) + Px(δφz,x + 3δXx) + Sxy(δφx,y + δφy,x) + TxδXx,x + TyδXy,y+

Tz4δYz + Uy(δXz,y + 4δYy) + Ux(δXz,x + 4δYx) + Txy(δXx,y + δXy,x) + VxδYx,x+

VyδYy,y + Vz5δZz + Ly(δYz,y + 5δZy) + Lx(δYz,x + 5δZx) + Vxy(δYx,y + δYy,x)+

WxδZx,x +WyδZy,y +HyδZz,y +HxδZz,x +Wxy(δZx,y + δZy,x)]dV

(26)

σx =
∂U

∂εx
σy =

∂U

∂εy
σz =

∂U

∂εz
τyz =

∂U

∂γyz
τxz =

∂U

∂γxz
τxy =

∂U

∂γxy

(27)

δK =

∫ t

0

∫
V

δ[ρ(u̇2 + v̇2 + ẇ2)dt (28)
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δK =

∫ t

0

∫
V

δu̇0(2I3Ẋx + 2I4Ẏx + 2I5Żx + 2ψ̇xI1 + 2I2φ̇x + I0u̇0)+

δv̇0(2I3Ẋy + 2I4Ẏy + 2I5Ży + 2I1ψ̇y + 2I2φ̇y + I0v̇0) + δẇ0(2I3Ẋz+

2I4Ẏz + 2I5Żz + 2I1ψ̇z + I0ẇ0) + δψ̇x(I2ψ̇x + 2I4Ẋx + 2I5Ẏx + 2I6Żx+

2I3φ̇x + 2I1u̇0) + δψ̇y(I2ψ̇y + 2I2φ̇z + 2I4Ẋy + 2I5Ẏy + 2I6Ży + 2I3φ̇y

+ 2I1v̇0) + δψ̇z(I2ψ̇z + 2I4Ẋz + 2I5Ẏz + 2I6Żz + 2I3φ̇z + 2I1ẇ0) + δφ̇x(I4φ̇x+

2I5Ẋx + 2I6Ẏx + 2I7Żx + 2I3ψ̇x + 2I2u̇0) + δφ̇y(I4φ̇y + 2I5Ẋy + 2I6Ẏy+

2I7Ży + 2I3ψ̇y + 2I2v̇0) + δφ̇z(I4φ̇z + 2I5Ẋz + 2I6Ẏz + 2I7Żz + 2I3ψ̇z+

2I2ẇ0) + δẊx(I6Ẋx + 2I7Ẏx + 2I8Żx + 2I4ψ̇x + 2I5φ̇x + 2I3u̇0)+

δẊy(I6Ẋy + 2I7Ẏy + 2I8Ży + 2I4ψ̇y + 2I5φ̇y + 2I3v̇0) + δẊz(I6Ẋz + 2I7Ẏz+

2I8Żz + 2I4ψ̇z + 2I5φ̇z + 2I3ẇ0) + δẎx(I8Ẏx + 2I7Ẋx + 2I9Żx + 2I5ψ̇x+

2I6φ̇x + 2I4ẇ0) + δẎy(I8Ẏy + 2I7Ẋy + 2I9Ży + 2I5ψ̇y + 2I6φ̇y + 2I4v̇0)+

δẎz(I8Ẏz + 2I7Ẋz + 2I9Żz + 2I5ψ̇z + 2I6φ̇z + 2I4ẇ0) + δŻx(I10Żx+

2I8Ẋx + 2I9Ẏx + 2I6ψ̇x + 2I7φ̇x + 2I5u̇0) + δŻy(I10Ży + 2I8Ẋy + 2I9Ẏy+

2I6ψ̇y + 2I7φ̇y + 2I5v̇0) + δŻz(I10Żz + 2I8Ẋz + 2I9Ẏz + 2I6ψ̇z + 2I7φ̇z+

2I5ẇ0)dV dt

(29)
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δV =

∫ t

0

∫
V

(qxδu0 + qyδv0 + qδw0 +mxδψx +myδψy +mδψz + nxδφx + nyδφy

+ nδφz + rxδXx + ryδXy + rδXz + lxδYx + lyδYy + lδYz + pxδZx + pyδZy+

pδZz)dV dt+

∫ t

0

∫
s

(Nnδun +Nnsδus +Mnδψn +Mnsδψs + Snδφn + Snsδφs+

TnδXn + TnsδXs + VnδYn + VnsδYs +KnδZn +KnsδZs +Qδw0+

Rδψz + Pδφz + UδXz + LδYz +HδZz)dsdt

(30)
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a0(1, 1) = −I0ω2

a0(1, 4) = −I2ω2

a0(1, 7) = −I4ω2

a0(2, 2) = −I0ω2

a0(2, 5) = −I2ω2

a0(2, 8) = −I4ω2

a0(3, 3) = (A33κ
2
3)− I2ω2

a0(3, 6) = (3D33κ3κ9)− I4ω2

a0(3, 9) = (5H33κ3κ15)− I6ω2

a0(4, 4) = (4D55κ
2
4)− I4ω2

a0(4, 5) = (4D45κ4κ5)

a0(4, 7) = (8H55κ4κ10)− I6ω2

a0(4, 8) = (8H45κ4κ11)

a0(5, 5) = (4D44κ
2
5)− I4ω2

a0(5, 7) = (8H45κ5κ10)

a0(5, 8) = (8H44κ5κ11)− I6ω2

a0(6, 6) = (9H33κ
2
9)− I6ω2

a0(6, 9) = (15K33κ9κ15)− I8ω2

a0(7, 7) = (16K55κ
2
10)− I8ω2

a0(7, 8) = (16K45κ10κ11)

a0(8, 8) = (16K44κ
2
11)− I8ω2

a0(9, 9) = (25O33κ
2
15)− I10ω2

(31)
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a1(1, 3) = (−κ3(A13(cosφ)i+ A36(sinφ)i))

a1(1, 6) = (−3κ9(D13(cosφ)i+D36(sinφ)i))

a1(1, 9) = (−5κ15(H13(cosφ)i+H36(sinφ)i))

a1(2, 3) = (−κ3(A36(cosφ)i+ A23(sinφ)i))

a1(2, 6) = (−3κ9(D36(cosφ)i+D23(sinφ)i))

a1(2, 9) = (−5κ15(H36(cosφ)i+H23(sinφ)i))

a1(3, 4) = (−2(D55(cosφ)κ24i+D45(sinφ)κ5κ4i) + κ3(D13(cosφ)i+D36(sinφ)i))

a1(3, 5) = (−2(D44(sinφ)κ25i+D45(cosφ)κ4κ5i) + κ3(D36(cosφ)i+D23(sinφ)i))

a1(3, 7) = (−4(H55(cosφ)κ4κ10i+H45(sinφ)κ5κ10i) + κ3(H13(cosφ)i+H36(sinφ)i))

a1(3, 8) = (−4(H45(cosφ)κ4κ11i+H44(sinφ)κ5κ11i) + κ3(H36(cosφ)i+H23(sinφ)i))

a1(4, 6) = (2κ4(H55(cosφ)κ10i+H45(sinφ)κ11i)− 3(H13(cosφ)κ9i+H36(sinφ)κ9i))

a1(4, 9) = (2κ4(K55(cosφ)κ16i+K45(sinφ)κ17i)− 5(K13(cosφ)κ15i+K36(sinφ)κ15i))

a1(5, 6) = (2κ5(H45(cosφ)κ10i+H44(sinφ)κ11i)− 3(H36(cosφ)κ9i+H23(sinφ)κ9i))

a1(5, 9) = (2κ5(K45(cosφ)κ16i+K44(sinφ)κ17i)− 5(K36(cosφ)κ15i+K23(sinφ)κ15i))

a1(6, 7) = (−4(K55(cosφ)κ210i+K45(sinφ)κ11κ10i) + 3κ9(K13(cosφ)i+K36(sinφ)i))

a1(6, 8) = (−4(K44(sinφ)κ211i+K45(cosφ)κ10κ11i) + 3κ9(K36(cosφ)i+K23(sinφ)i))

a1(7, 9) = (4κ10(O55(cosφ)κ16i+O45(sinφ)κ17i)− 5(O13(cosφ)κ15i+O36(sinφ)κ15i))

a1(8, 9) = (4κ11(O45(cosφ)κ16i+O44(sinφ)κ17i)− 5(O36(cosφ)κ15i+O23(sinφ)κ15i))

(32)
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a2(1, 1) = (A11(cosφ)2 + 2A16(cosφ)(sinφ) + A66(sinφ)2)

a2(1, 2) = (A16(cosφ)2 + A26(sinφ)2 + A12(cosφ)(sinφ) + A66(cosφ)(sinφ))

a2(1, 4) = (D11(cosφ)2 + 2D16(cosφ)(sinφ) +D66(sinφ)2)

a2(1, 5) = (D16(cosφ)2 +D26(sinφ)2 +D12(cosφ)(sinφ) +D66(cosφ)(sinφ))

a2(1, 7) = (H11(cosφ)2 + 2H16(cosφ)(sinφ) +H66(sinφ)2)

a2(1, 8) = (H16(cosφ)2 +H26(sinφ)2 +H12(cosφ)(sinφ) +H66(cosφ)(sinφ))

a2(2, 2) = (A66(cosφ)2 + 2A26(cosφ)(sinφ) + A22(sinφ)2)

a2(2, 4) = (D16(cosφ)2 +D26(sinφ)2 +D12(cosφ)(sinφ) +D66(cosφ)(sinφ))

a2(2, 5) = (D66(cosφ)2 + 2D26(cosφ)(sinφ) +D22(sinφ)2)

a2(2, 7) = (H16(cosφ)2 +H26(sinφ)2 +H12(cosφ)(sinφ) +H66(cosφ)(sinφ))

a2(2, 8) = (H66(cosφ)2 + 2H26(cosφ)(sinφ) +H22(sinφ)2)

a2(3, 3) = (D55(cosφ)2κ24 + 2D45(cosφ)(sinφ)κ4κ5 +D44(sinφ)2κ25)

a2(3, 6) = (H55(cosφ)2κ4κ10 +H44(sinφ)2κ5κ11 +H45(cosφ)(sinφ)κ4κ11+

H45(cosφ)(sinφ)κ5κ10)

a2(3, 9) = (K55(cosφ)2κ4κ16 +K44(sinφ)2κ5κ17 +K45(cosφ)(sinφ)κ4κ17+

K45(cosφ)(sinφ)κ5κ16)
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a2(4, 4) = (H11(cosφ)2 + 2H16(cosφ)(sinφ) +H66(sinφ)2)

a2(4, 5) = (H16(cosφ)2 +H26(sinφ)2 +H12(cosφ)(sinφ) +H66(cosφ)(sinφ))

a2(4, 7) = (K11(cosφ)2 + 2K16(cosφ)(sinφ) +K66(sinφ)2)(K11(cosφ)2+

2K16(cosφ)(sinφ) +K66(sinφ)2)

a2(4, 8) = (K16(cosφ)2 +K26(sinφ)2 +K12(cosφ)(sinφ) +K66(cosφ)(sinφ))

a2(5, 5) = (H66(cosφ)2 + 2H26(cosφ)(sinφ) +H22(sinφ)2)

a2(5, 7) = (K16(cosφ)2 +K26(sinφ)2 +K12(cosφ)(sinφ) +K66(cosφ)(sinφ))

a2(5, 8) = (K66(cosφ)2 + 2K26(cosφ)(sinφ) +K22(sinφ)2)

a2(6, 6) = (K55(cosφ)2κ210 + 2K45(cosφ)(sinφ)κ10κ11 +K44(sinφ)2κ211)

a2(6, 9) = (O55(cosφ)2κ10κ16 +O44(sinφ)2κ11κ17+

O45(cosφ)(sinφ)κ10κ17 +O45(cosφ)(sinφ)κ11κ16)

a2(7, 7) = (O11(cosφ)2 + 2O16(cosφ)(sinφ) +O66(sinφ)2)

a2(7, 8) = (O16(cosφ)2 +O26(sinφ)2 +O12(cosφ)(sinφ) +O66(cosφ)(sinφ))

a2(8, 7) = (O16(cosφ)2 +O26(sinφ)2 +O12(cosφ)(sinφ) +O66(cosφ)(sinφ))

a2(8, 8) = (O66(cosφ)2 + 2O26(cosφ)(sinφ) +O22(sinφ)2)

a2(9, 9) = (R55(cosφ)2κ216 + 2R45(cosφ)(sinφ)κ16κ17 +R44(sinφ)2κ217)

(33)
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b0(1, 1) = −I0ω2

b0(1, 4) = −I2ω2

b0(1, 7) = −I4ω2

b0(2, 2) = (A55κ
2
1)− I2ω2

b0(2, 3) = (A45κ1κ2)

b0(2, 5) = (3D55κ1κ7)− I4ω2

b0(2, 6) = (3D45κ1κ8)

b0(2, 8) = (5H55κ1κ13)− I6ω2

b0(2, 9) = (5H45κ1κ14)

b0(3, 3) = (A44κ
2
2)− I2ω2

b0(3, 5) = (3D45κ2κ7)

b0(3, 6) = (3D44κ2κ8)− I4ω2

b0(3, 8) = (5H45κ2κ13)

b0(3, 9) = (5H44κ2κ14)− I6ω2

b0(4, 4) = (4D33κ
2
6)− I4ω2

b0(4, 7) = (8H33κ6κ12)− I6ω2

b0(5, 5) = (9H55κ
2
7)− I6ω2

b0(5, 6) = (9H45κ7κ8)

b0(5, 8) = (15K55κ7κ13)− I8ω2

b0(5, 9) = (15K45κ7κ14)
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b0(6, 6) = (9H44κ
2
8)− I6ω2

b0(6, 8) = (15K45κ8κ13)

b0(6, 9) = (15K44κ8κ14)− I8ω2

b0(7, 7) = (16K33κ
2
12)− I8ω2

b0(8, 8) = (25O55κ
2
13)− I10ω2

b0(8, 9) = (25O45κ13κ14)

b0(9, 9) = (25O44κ
2
14)− I10ω2

(34)
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b1(1, 2) = (−A55(cosφ)κ21i− A45(sinφ)κ2κ1i)

b1(1, 3) = (−A44(sinφ)κ22i− A45(cosφ)κ1κ2i)

b1(1, 5) = (−3κ7(D55(cosφ)κ1i−D45(sinφ)κ2i))

b1(1, 6) = (−3κ8(D45(cosφ)κ1i−D44(sinφ)κ2i))

b1(1, 8) = (−5κ13(H55(cosφ)κ1i−H45(sinφ)κ2i))

b1(1, 9) = (−5κ14(H45(cosφ)κ1i−H44(sinφ)κ2i))

b1(2, 4) = (κ1(D55(cosφ)κ7i+D45(sinφ)κ8i)− 2(D13(cosφ)κ6i+D36(sinφ)κ6i))

b1(2, 7) = (κ1(H55(cosφ)κ13i+H45(sinφ)κ14i)− 4(H13(cosφ)κ12i+H36(sinφ)κ12i))

b1(3, 4) = (κ2(D45(cosφ)κ7i+D44(sinφ)κ8i)− 2(D36(cosφ)κ6i+D23(sinφ)κ6i))

b1(3, 7) = (κ2(H45(cosφ)κ13i+H44(sinφ)κ14i)− 4(H36(cosφ)κ12i+H23(sinφ)κ12i))

b1(4, 5) = (−3(H55(cosφ)κ27i+H45(sinφ)κ8κ7i) + 2κ6(H13(cosφ)i+H36(sinφ)i))

b1(4, 6) = (−3(H44(sinφ)κ28i+H45(cosφ)κ7κ8i) + 2κ6(H36(cosφ)i+H23(sinφ)i))

b1(4, 8) = (−5(K55(cosφ)κ7κ13i+K45(sinφ)κ8κ13i) + 2κ6(K13(cosφ)i+K36(sinφ)i))

b1(4, 9) = (−5(K45(cosφ)κ7κ14i+K44(sinφ)κ8κ14i) + 2κ6(K36(cosφ)i+K23(sinφ)i))

b1(5, 7) = (3κ7(K55(cosφ)κ13i+K45(sinφ)κ14i)− 4(K13(cosφ)κ12i+K36(sinφ)κ12i))

b1(6, 7) = (3κ8(K45(cosφ)κ13i+K44(sinφ)κ14i)− 4(K36(cosφ)κ12i+K23(sinφ)κ12i))

b1(7, 8) = (−5(O55(cosφ)κ213i+O45(sinφ)κ14κ13i) + 4κ12(O13(cosφ)i+O36(sinφ)i))

b1(7, 9) = (−5(O44(sinφ)κ214i+O45(cosφ)κ13κ14i) + 4κ12(O36(cosφ)i+O23(sinφ)i))

(35)
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b2(1, 1) = (A55(cosφ)2κ21 + 2A45(cosφ)(sinφ)κ1κ2 + A44(sinφ)2κ22)

b2(1, 4) = (D55(cosφ)2κ1κ7 +D44(sinφ)2κ2κ8 +D45(cosφ)(sinφ)κ1κ8+

D45(cosφ)(sinφ)κ2κ7)

b2(1, 7) = (H55(cosφ)2κ1κ13 +H44(sinφ)2κ2κ14 +H45(cosφ)(sinφ)κ1κ14+

H45(cosφ)(sinφ)κ2κ13)

b2(2, 2) = (D11(cosφ)2 + 2D16(cosφ)(sinφ) +D66(sinφ)2)

b2(2, 3) = (D16(cosφ)2 +D26(sinφ)2 +D12(cosφ)(sinφ) +D66(cosφ)(sinφ))

b2(2, 5) = (H11(cosφ)2 + 2H16(cosφ)(sinφ) +H66(sinφ)2)

b2(2, 6) = (H16(cosφ)2 +H26(sinφ)2 +H12(cosφ)(sinφ) +H66(cosφ)(sinφ))

b2(2, 8) = (K11(cosφ)2 + 2K16(cosφ)(sinφ) +K66(sinφ)2)

b2(2, 9) = (K16(cosφ)2 +K26(sinφ)2 +K12(cosφ)(sinφ) +K66(cosφ)(sinφ))

b2(3, 3) = (D66(cosφ)2 + 2D26(cosφ)(sinφ) +D22(sinφ)2)

b2(3, 5) = (H16(cosφ)2 +H26(sinφ)2 +H12(cosφ)(sinφ) +H66(cosφ)(sinφ))

b2(3, 6) = (H66(cosφ)2 + 2H26(cosφ)(sinφ) +H22(sinφ)2)

b2(3, 8) = (K16(cosφ)2 +K26(sinφ)2 +K12(cosφ)(sinφ) +K66(cosφ)(sinφ))

b2(3, 9) = (K66(cosφ)2 + 2K26(cosφ)(sinφ) +K22(sinφ)2)

b2(4, 4) = (H55(cosφ)2κ27 + 2H45(cosφ)(sinφ)κ7κ8 +H44(sinφ)2κ28)

b2(4, 7) = (K55(cosφ)2κ7κ13 +K44(sinφ)2κ8κ14 +K45(cosφ)(sinφ)κ7κ14+

K45(cosφ)(sinφ)κ8κ13)
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b2(5, 5) = (K11(cosφ)2 + 2K16(cosφ)(sinφ) +K66(sinφ)2)

b2(5, 6) = (K16(cosφ)2 +K26(sinφ)2 +K12(cosφ)(sinφ) +K66(cosφ)(sinφ))

b2(5, 8) = (O11(cosφ)2 + 2O16(cosφ)(sinφ) +O66(sinφ)2)

b2(5, 9) = (O16(cosφ)2 +O26(sinφ)2 +O12(cosφ)(sinφ) +O66(cosφ)(sinφ))

b2(6, 6) = (K66(cosφ)2 + 2K26(cosφ)(sinφ) +K22(sinφ)2)

b2(6, 8) = (O16(cosφ)2 +O26(sinφ)2 +O12(cosφ)(sinφ) +O66(cosφ)(sinφ))

b2(6, 9) = (O66(cosφ)2 + 2O26(cosφ)(sinφ) +O22(sinφ)2)

b2(7, 7) = (O55(cosφ)2κ213 + 2O45(cosφ)(sinφ)κ13κ14 +O44(sinφ)2κ214)

b2(8, 8) = (R11(cosφ)2 + 2R16(cosφ)(sinφ) +R66(sinφ)2)

b2(8, 9) = (R16(cosφ)2 +R26(sinφ)2 +R12(cosφ)(sinφ) +R66(cosφ)(sinφ))

b2(9, 9) = (R66(cosφ)2 + 2R26(cosφ)(sinφ) +R22(sinφ)2)

(36)
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