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Abstract 

The set-up of comprehensive studies in life sciences involving a longitudinal dimension 

-as appears in time-scale metabolomics- calls for the use of dimension reduction 

techniques for three-way data structures (e.g., samples by variables by time points). For 

this purpose, a Clustering around Latent Variables for 3-Way data approach, CLV3W, 

has been proposed. CLV3W aims at both partitioning the variables into non-overlapping 

clusters and estimating within each cluster a rank-one Parafac model consisting of a 

latent component (resp. a weighting system) associated with the first mode (resp. third 

mode) and a vector of loadings reflecting the degree of closeness of each variable of the 

second mode to its cluster. In this paper, two constrained CLV3W models are discussed. 

First, a non-negativity constraint is defined implying that clusters are composed of 

positively correlated variables. Second, it is proposed to constrain the weighting system 

to be the same for all clusters. These two constraints aim at providing more 

parsimonious models with configurations that are easier to interpret. The 

appropriateness of both constraints is evaluated in a simulation study and illustrated on 

two case studies pertaining to sensory evaluation and metabolomics data. Regarding the 

first case study, CLV3W yields the identification of two consumer segments together 

with one common emotional pleasantness dimension associated with coffee aromas. 

CLV3W analysis of human preterm breast milk metabolomics data provided three 

clusters of lipid species that are responsible for specific functions (i.e., milk fat globules 

membrane-constituents, fatty acid oxidation-products, lipid mediators as eicosanoids 

and endocannabinoids). 

Keywords: Clustering; Parafac; Non-negativity; Metabolomics; Consumer 

Segmentation.  



1 Introduction 

From the last decade onwards, improvements in high-throughput omics technologies 

offered an amazing opportunity to capture the whole picture of global biological 

systems in a hypothesis-free and unbiased way.1 Moreover, these holistic research 

methods can be applied at multiple levels of biological information for a comprehensive 

understanding of biological processes. In metabolomics, which is actually one of the 

most rapidly evolving “omics” tools measuring the small molecule composition of 

biofluids and tissues, representing these multiple levels of information leads to several 

data blocks. These latter ones, containing for the same set of samples information 

measured on different analytical platforms, are commonly analyzed by multiblock 

techniques.2-6 Notwithstanding, a biological system can only be fully and dynamically 

understood when both considering its spatial and temporal dimension. Indeed, another 

key issue is to account for the longitudinal nature of the measurements often 

encountered in experimental designs.1,7 When collecting data over time, it naturally 

leads to a three-way data structure with samples, metabolites and time points as the 

three data modes. The handling of such data tables, with generally a few time points and 

a large set -easily more than 1000- of highly correlated metabolites, prevents from 

relying on multivariate time series analysis techniques. Therefore, to properly analyze 

such data, either dimension reduction or variables selection approaches are preferred 

with the ultimate goal of the identification of small groups of biomarkers.7 

In parallel to ordination techniques, cluster analysis is often used to detect 

potential subsets of variables and the latent dimension underlying each (variable) 

cluster. In the context of two-way data, the Clustering around Latent Variables (CLV) 

approach8 has gained ground in sensometrics and chemometrics (for applications on 



spectral data, see 9,10). For clustering variables within the scope of three-way data, 

Wilderjans and Cariou11 proposed a clustering around latent variables approach 

(CLV3W) which extends CLV to a three-way data array, with the variables referring to 

the second mode. The CLV3W analysis consists of grouping the variables into 𝑄 non-

overlapping clusters and determining for each cluster a latent configuration 

corresponding to a rank-one Parafac model applied to the data of each cluster (i.e., the 

set of lateral data slices associated with the variables belonging to the cluster in 

question). More precisely, CLV3W simultaneously partitions the variables and 

determines for each cluster of variables: (1) a latent component associated with the first 

mode (e.g., samples, subjects), (2) a vector of loadings reflecting the degree of closeness 

of each variable to this latent component and (3) a system of weights corresponding to 

the third mode. CLV3W has been introduced in sensometrics in order to either optimally 

weight underlying sensory dimensions in the context of conventional sensory profiling 

data11 or to identify consumer segments on the basis of their multivariate ratings of a set 

of samples.12 With regard to longitudinal metabolomics data, CLV3W fully takes the 

higher-order structure of the data into account as opposed to multiblock and multilevel 

approaches, which rely on unfolding the data leading to a substantial loss of 

information. 

Nevertheless, in some situations, it does not make sense to group together 

variables that are negatively correlated. In a consumer evaluation context, where the aim 

is to provide a consumer segmentation given three-way data (e.g. samples by consumers 

by attributes), clusters need to group consumers that have similar product evaluation 

patterns, that is to say that are positively correlated together. To account for such user-

knowledge, a non-negativity constraint is imposed on the loadings, which implies that 



these loadings can only take positive values. As a consequence, it is ensured that the 

variables belonging to the same cluster are all positively correlated with their latent 

component. This is also relevant for clustering genes with the clusters grouping co-

expressed genes (i.e., genes which are positively correlated).13 Within the scope of 

longitudinal metabolomics studies, such a constraint aims at identifying subsets of 

metabolites that are positively correlated along the biological trajectory. In other 

situations, it can be expected that the weights do not differ across clusters. This can be 

incorporated in CLV3W by imposing a common weighting system across clusters, thus 

assuming that the clusters share the same weighting values for the third mode (i.e., 

occasions/time points) elements. As such, this constraint aims at simplifying the initial 

model to a more parsimonious one, which facilitate the interpretation of the obtained 

results. Moreover, adopting a more parsimonious model is also beneficial in terms of 

model parameter estimates. Indeed, using simpler models prevents overfitting the data, 

which can seriously deteriorate estimates of model parameters as noise is erroneously 

considered as signal. 

The rest of the paper is organized as follows. In section 2, we recall the original 

CLV3W model, criterion and algorithm. Further in this section, we introduce the two 

different constraints proposed in this paper, with one constraint being imposed on the 

loadings and the other one on the weights. In section 3, the initial CLV3W approach 

together with the proposed constraints are evaluated in a simulation study. In section 4, 

the constraints are illustrated on two case studies pertaining to sensometrics and 

chemometrics.  

 



2 CLV3W for the clustering of variables within the scope of three-way data 

2.1 Structure of the data 

The standardized notation introduced by Kiers14 is adopted herein. Let us denote by 𝐗 a 

𝐼 × 𝐽 × 𝐾 data array where the 𝑗𝑡ℎ variable (𝑗 = 1, … , 𝐽) is associated with the lateral 

slice 𝐗𝑗 (with size 𝐼 × 𝐾) of 𝐗. The clustering of variables within the scope of a three-

way array 𝐗 consists of segmenting the set of lateral slices {𝐗𝑗|𝑗 = 1, … , 𝐽} into a small 

number of non-overlapping clusters. Without loss of generality, we assume that all 𝐗𝑗 

(𝑗 = 1, … , 𝐽) are column-wise centered (i.e., across the elements of the first mode). 

Other pre-processing steps, such as standardization or block scaling, can be applied 

depending on the dataset under study.11 

2.2 CLV3W model and criterion 

Given a 𝐼 × 𝐽 × 𝐾 three-way array 𝐗, CLV3W aims at simultaneously clustering the 𝐽 

variables into 𝑄 non-overlapping clusters 𝐺𝑞 (𝑞 = 1, … , 𝑄) and determining 𝑄 cluster-

specific latent variables 𝐭1, … , 𝐭𝑞, … , 𝐭𝑄 along with cluster-specific weights 𝐰𝑞 such that 

the following function is maximized: 

 𝑔 = ∑ ∑ 𝑝𝑗𝑞𝑐𝑜𝑣2(𝐗𝑗𝐰𝑞 , 𝐭𝑞)𝑄
𝑞=1

𝐽
𝑗=1 , (1) 

with ‖𝐰𝑞‖ = ‖𝐭𝑞‖ = 1 for all q (𝑞 = 1, … , 𝑄), and 𝑝𝑗𝑞 denoting whether variable  j is 

allocated (𝑝𝑗𝑞 = 1) or not (𝑝𝑗𝑞 = 0) to cluster 𝐺𝑞. In this initial model, 𝐰𝑞 is the 

cluster-specific vector of weights that is constant for all variables belonging to 𝐺𝑞. 

Maximizing the CLV3W criterion is equivalent to minimizing the least squares loss 

function: 



𝑓 = ∑ ∑ 𝑝𝑗𝑞‖𝐗𝑗 − 𝛼𝑗(𝑞)(𝐭𝑞𝐰𝑞
⊺ )‖

𝐹

2𝑄
𝑞=1

𝐽
𝑗=1   (2) 

with all symbols as defined above, 𝛼𝑗(𝑞) denoting the loading of variable j for cluster 𝐺𝑞 

(with 𝛼𝑗(𝑞) being zero when variable 𝑗 does not belong to 𝐺𝑞) and ‖⋯ ‖𝐹
2  denoting the 

squared Frobenius norm (i.e. sum of squared elements). It is worth noting that 𝛼𝑗(𝑞) 

equals 𝑐𝑜𝑣(𝐗𝑗𝐰𝑞, 𝐭𝑞) and thus reflects the degree of proximity between the latent 

variable 𝐗𝑗𝐰𝑞 related to variable 𝑗 and the latent component 𝐭𝑞 of its associated cluster. 

Note that 𝛼𝑗(𝑞) is undefined when variable j does not belong to cluster 𝐺𝑞; in that case, 

𝛼𝑗(𝑞) is taken equal to 0. The CLV3W criterion is equivalent to the Clusterwise Parafac 

criterion when clustering the elements of the second mode with 𝑄 clusters and one 

component in each cluster.15 Moreover, this latter criterion clearly shows the 

equivalence of the CLV3W model with the ParaFac with Optimally Clustered Variables 

(PFOCV) model designed for clustering the elements of the first mode.16 

To partition the variables, starting from an initial variable clustering (into 𝑄 

clusters), CLV3W runs an ALS algorithm, which alternates between two updating steps 

as follows: (1) To update the cluster membership of a variable 𝑗, the criterion 𝑓𝑗𝑞 =

‖𝐗𝑗 − 𝛼𝑗(𝑞)(𝐭𝑞𝐰𝑞
⊺ )‖

𝐹

2
  is computed for each cluster 𝐺𝑞 and variable 𝑗 is assigned to the 

cluster 𝐺𝑞 for which 𝑓𝑗𝑞 is minimal11,15; (2) After updating the cluster membership of all 

the variables, a Parafac model17-19 with one component is carried out on each cluster 𝐺𝑞, 

that is to say on the three-way array 𝐗(𝑞) associated with cluster 𝐺𝑞 (𝑞 = 1, … , 𝑄). The 

three-way array 𝐗(𝑞) is the array obtained by only taking the data slices 𝐗𝑗 of 𝐗 

associated to variables 𝑗 belonging to 𝐺𝑞. Both steps together decrease -at least not 

increase- the loss function value and lead to updates for each cluster 𝐺𝑞 and for all 



cluster-specific parameters 𝐭𝑞, 𝐰𝑞 and 𝛼𝑗(𝑞). This procedure is repeated until 

convergence. For more detail, see Wilderjans and Cariou.11 

To start the ALS algorithm, an initial variable partition into 𝑄 clusters should be 

specified. Such a partition can be either a user-defined partition reflecting some domain 

knowledge or a partition generated by the algorithm in a random, rational or pseudo-

rational way.20 As the ALS algorithm is sensitive to the initial partition used and does 

not guarantee, even after convergence, to reach the global optimum solution, it is 

strongly recommended to implement a multi-start procedure (i.e., a similar advise is 

given for K-means, see 21,22). 

To determine the optimal number of clusters 𝑄 (i.e., model selection), it is 

advised to run the CLV3W algorithm with several increasing values of 𝑄  and selecting 

an optimal 𝑄 by means of some model selection procedure, like, for example, 

CHull.23,24 In CHull, first, the models are determined that are lying at the boundary of 

the convex hull of a plot in which 𝑄 is plotted against a measure of model (mis)fit, 

which, for example, can be the sum of squared errors or the Variance Accounted For 

(VAF). The models not on the boundary are discarded as they have a worse balance 

between model (mis)fit and 𝑄 than the models at the boundary. In a second step, 𝑄 is 

identified by looking for the solution after which the boundary of the convex hull levels 

off. To this end, the st-scree-value is computed and the 𝑄 with the largest st-value is 

selected (for an illustration of CHull, see Section 4.2). 

 

2.3 Non-negativity constraint on the cluster-specific loading vectors: CLV3W-

NN 



To ensure that variables belonging to the same cluster are homogeneous in the sense 

that these variables are as much related -in terms of a positive covariance- as possible 

with their cluster-specific latent variable, a non-negativity constraint is imposed on the 

loadings 𝛼𝑗(𝑞).
12 This model, denoted by CLV3W-NN, implies that for a variable 𝑗 

belonging to a particular cluster 𝐺𝑞, the weighted average over the third mode elements 

𝐗𝑗𝐰𝑞 is positively related to the latent variable 𝐭𝑞, which is associated to the cluster in 

question. As it has been shown from the CLV3W optimization criterion that 𝛼𝑗(𝑞) is 

equal to 𝑐𝑜𝑣(𝐗𝑗𝐰𝑞 , 𝐭𝑞), this constraint can be obtained by adding the following non-

negativity constraint to the CLV3W optimization criterion: 

𝑔𝑁𝑁 = ∑ ∑ 𝑝𝑗𝑞𝑐𝑜𝑣2(𝐗𝑗𝐰𝑞 , 𝐭𝑞)
𝑄
𝑞=1

𝐽
𝑗=1 , s.t. 𝑐𝑜𝑣(𝐗𝑗𝐰𝑞 , 𝐭𝑞) ≥ 0.  (3) 

To estimate the CLV3W-NN parameters, a similar ALS algorithm as for CLV3W can be 

used after implementing two changes: (1) in step one of the algorithm, the optimal non-

negative 𝛼𝑗(𝑞) given 𝐭𝑞 and 𝐰𝑞 for each cluster 𝐺𝑞 (𝑞 = 1, … , 𝑄) should be computed by 

means of a non-negativity constrained linear regression25,26; (2) in step 2, the cluster-

specific parameters should be updated by fitting a one-component Parafac model17-19 

with non-negativity constraint on the loadings to each three-way array 𝐗(𝑞) (𝑞 =

1, … , 𝑄). 

2.4 Equality constraint on the cluster-specific weighting system 

In some situations it may occur or be expected that the distribution of the weights is 

basically the same across the different clusters. This similarity in weight distributions 

may indicate that the variables share the same overall behavior among the third mode 

units. In the metabolomics case, for example, this may imply that the metabolites (i.e., 



variables) have a very similar longitudinal trajectory irrespective of the cluster they 

belong to. As a consequence, imposing an equality (across clusters) constraint on the 

weights suggests that the clusters of variables differ only in the way the first mode units 

are scored by each variable (cluster) across all third mode units. Such a property leads to 

a simpler (more parsimonious) configuration (i.e., less parameters), which may be easier 

to interpret. This corresponds to the following constrained optimization criterion: 

𝑔𝑊 = ∑ ∑ 𝑝𝑗𝑞𝑐𝑜𝑣2(𝐗𝑗𝐰, 𝐭𝑞)
𝑄
𝑞=1

𝐽
𝑗=1 ,  (4) 

in which 𝐰 is kept constant across clusters, with the length of 𝐰 set to one. Maximizing 

the previous criterion is equivalent to minimizing the least squares loss function: 

𝑓𝑊 = ∑ ∑ 𝑝𝑗𝑞‖𝐗𝑗 − 𝛼𝑗(𝑞)(𝐭𝑞𝐰⊺)‖
𝐹

2𝑄
𝑞=1

𝐽
𝑗=1 .   (5) 

To impose the equality constraint, a modification of step (2) of the original ALS 

algorithm for optimizing the CLV3W criterion is required. In particular, in step 2 of the 

ALS algorithm, after initializing 𝐰 (and having an initial variable partition as obtained 

in step 1 of the ALS algorithm), the two following steps have to be alternated until 

convergence1: 

(1) Each 𝐭q is updated as the left singular vector corresponding to the largest 

singular value of the 𝐼 × #𝐺𝑞 matrix (with #𝐺𝑞 denoting the number of elements 

in cluster 𝐺𝑞) that is obtained by horizontally concatenating the vectors 𝐗𝑗𝐰 for 

all variables j that belong to cluster 𝐺𝑞; 𝐗𝑗𝐰 is the weighted average of the third 

mode units associated with variable j. 

                                                           
1 Note that when obtaining an initial 𝐰, which can be generated in various ways (i.e., random, rational, 

pseudo-rational), it is important to respect the length one constraint: ‖𝒘‖ = 1. As the final estimate for 𝐰 

obtained at convergence may depend on the initial 𝐰 used, it is recommended to employ a multi-start 

procedure in order to minimize the risk of retaining a local minimum. 



(2) The common weight 𝐰 is updated as the left singular vector associated with the 

largest singular value from the 𝐾 × 𝐽 matrix that is obtained by horizontally 

concatenating the vectors 𝐗𝑗
⊺𝐭𝑞 for all 𝑗 (𝑗 = 1, … , 𝐽). 

This parsimonious model involves determining a single vector of weights that is 

common to all clusters. 

2.5 Software 

Functions to perform CLV3W and CLV3W-NN analyses have been implemented in 

Matlab (version 2014b) and in the R (version 3.4.4) package ClustVarLV27. The 

constraint on the common weighting system will soon be integrated in the ClustVarLV 

package. 

3 Simulation study 

3.1 Problem 

The goal of this section is to evaluate the performance of the unconstrained and 

constrained (i.e., non-negativity and/or equality) CLV3W algorithms in a simulation 

study. In particular, the interest is in the recovery of the true clusters (i.e., true object 

partition), the true cluster-specific components (i.e., scores for the first mode) and 

associated true weighting system (i.e., scores for the third mode). 

Moreover, we will investigate whether and how these recovery aspects depend 

on three data characteristics. The first data characteristic is the degree of congruence 

(i.e., similarity) between the cluster-specific weighting systems 𝐰𝑞
𝑡𝑟𝑢𝑒. This 

characteristic will be varied at three levels, with one level implying an equal weighting 

system across clusters. Regarding this characteristic, we expect that algorithmic 



performance will deteriorate when there is a large amount of congruence between the 

cluster-specific weighting systems as this implies that clusters are more similar (i.e., 

overlap) and thus are more difficult to disentangle from each other.28-29 Moreover, 

enforcing the equality constraint when in reality the 𝐰𝑞
𝑡𝑟𝑢𝑒’s are not equal across 

clusters is also expected to decrease recovery performance. Further, as a second factor, 

it will be manipulated whether the variable loadings (i.e., scores for the second mode) 

are all non-negative or can contain negative values. We expect that when the true 

loadings are non-negative, all algorithms -also those not imposing non-negativity- will 

perform more or less the same. When, however, the true loadings are not constrained to 

be non-negative, we expect that algorithms enforcing non-negativity will perform worse 

than algorithms without this constrained enforced. Finally, the third factor pertains to 

the amount of noise in the data, for which we hypothesize that algorithmic performance 

will deteriorate when the data become more noisy.30-32 

3.2 Design and procedure 

As the goal was to keep the simulation study limited and focus on the effect of the non-

negativity and/or equality constraint, the size of the data set was kept constant by fixing 

the number of samples at 100 (𝐼 = 100), the number of variables at 250 (𝐽 = 250), and 

the number of occasions/time points at 7 (𝐾 = 7). Further, the number of variable 

clusters was kept constant at 2 (𝑄 = 2) with equally sized clusters. Next, the degree of 

congruence between the true cluster-specific components 𝐭𝑞
𝑡𝑟𝑢𝑒 (𝑞 = 1,2) was fixed at 

an intermediate level corresponding to a moderate amount of overlap between the 

components of .70 in terms of the Tucker congruence coefficient.33 The chosen values 

for the fixed data aspects are realistic values for many empirical datasets. 



The three factors that were introduced in Section 3.1 were systematically 

manipulated in a completely randomized three-factorial design: 

1) three degrees of congruence between the cluster-specific weighting systems 

𝐰𝑞
𝑡𝑟𝑢𝑒 (𝑞 = 1,2): low congruence (.15 in terms of Tucker congruence), 

moderate congruence (.70) and perfect congruence (1). Note that perfect 

congruence implies an equality constraint on 𝐰𝑞
𝑡𝑟𝑢𝑒 (i.e., 𝐰1

𝑡𝑟𝑢𝑒 = 𝐰2
𝑡𝑟𝑢𝑒 =

𝐰𝑡𝑟𝑢𝑒); 

2) two levels for the non-negativity of the loadings 𝛼𝑗(𝑞): unconstrained versus 

constrained to be non-negative (for both clusters); 

3) two levels for the amount of noise in the data 𝜀: .30 and .60. Data consisting of 

30% of noise is realistic for empirical metabolomics data, while the 60% level 

was included to heavily challenge the method. 

For a given combination of the levels of the three manipulated factors, a data set 

𝐗 was constructed as follows: First, a true partition matrix 𝐏𝑡𝑟𝑢𝑒 (𝐽 × 𝑄) was 

constructed with 𝑄 = 2 equally sized clusters by assigning at random the correct 

number of variables to each cluster. Next, true loadings 𝛼𝑗(𝑞)
𝑡𝑟𝑢𝑒 and true cluster-specific 

components 𝐭𝑞
𝑡𝑟𝑢𝑒 and weights 𝐰𝑞

𝑡𝑟𝑢𝑒 (𝑞 = 1,2) were generated. When non-negativity 

was enforced, 𝛼𝑗(𝑞)
𝑡𝑟𝑢𝑒, 𝐭𝑞

𝑡𝑟𝑢𝑒 and 𝐰𝑞
𝑡𝑟𝑢𝑒 were created by independently drawing entries 

from a uniform distribution from the interval [0 1]. When no non-negativity constraint 

was imposed, entries were independently drawn from 𝑈(−1,1) and thereafter, for each 

cluster separately, 𝐭𝑞
𝑡𝑟𝑢𝑒,𝐰𝑞

𝑡𝑟𝑢𝑒 and the 𝛼𝑗(𝑞)
𝑡𝑟𝑢𝑒‘s were centered to a mean of zero. Note 

that non-negative vectors were not centered as centering such a vector makes some of 

its values negative, which is unwanted here. 



The amount of congruence between the different 𝐭𝑞
𝑡𝑟𝑢𝑒 and 𝐰𝑞

𝑡𝑟𝑢𝑒 (𝑞 = 1,2) was 

manipulated through the following two-step procedure. First, common base vectors 

𝐭𝑏𝑎𝑠𝑒 and 𝐰𝑏𝑎𝑠𝑒 were generated in the same manner as explained above with an 

optional centering of the generated vector. Next, for each cluster separately, vectors 

𝐭𝑞
𝑡𝑒𝑚𝑝

 and 𝐰𝑞
𝑡𝑒𝑚𝑝

 (𝑞 = 1,2) were simulated by drawing entries from 𝑈( −2.5 , 2.5 ) or 

𝑈(−.60 , .60 ) (and centering the vector) for a low (i.e., .15) and a moderate (.70) 

amount of overlap, respectively. Finally, 𝐭𝑞
𝑡𝑟𝑢𝑒 and 𝐰𝑞

𝑡𝑟𝑢𝑒 (𝑞 = 1,2) were obtained by 

adding 𝐭𝑞
𝑡𝑒𝑚𝑝

 and 𝐰𝑞
𝑡𝑒𝑚𝑝

 to 𝐭𝑏𝑎𝑠𝑒 and 𝐰𝑏𝑎𝑠𝑒, respectively (e.g., 𝐭𝑞
𝑡𝑟𝑢𝑒  =  𝐭𝑏𝑎𝑠𝑒 +

𝐭𝑞
𝑡𝑒𝑚𝑝

).  

Next, 𝐏𝑡𝑟𝑢𝑒, 𝛼𝑗(𝑞)
𝑡𝑟𝑢𝑒, 𝐭𝑞

𝑡𝑟𝑢𝑒 and 𝐰𝑞
𝑡𝑟𝑢𝑒 (𝑞 = 1,2) were combined to determine the 

true array 𝐓. Finally, a data array 𝐗 was constructed by adding a noise array 𝐄 (of size 

100 × 250 × 7) to 𝐓. This noise array 𝐄 was constructed in such a way that the data 

contained the requested amount of noise 𝜀. To this end, the following three-step 

procedure was performed: (1) generating a noise matrix 𝐄𝑠𝑡𝑎𝑟𝑡 (of size 100 × 250 × 7) 

by independently drawing numbers from 𝑁(0,1) and centering 𝐄𝑠𝑡𝑎𝑟𝑡 along the first 

mode , (2) scaling 𝐄𝑠𝑡𝑎𝑟𝑡 such that ‖𝐄𝑠𝑡𝑎𝑟𝑡‖
𝐹

2
=  ‖𝐓‖

𝐹

2
 and (3) adding the scaled 𝐄𝑠𝑡𝑎𝑟𝑡 

to 𝐓 as 𝐗 = 𝐓 + 𝑐 𝐄𝑠𝑡𝑎𝑟𝑡. Regarding the last step, in order to ensure 
‖𝐄‖

𝐹

2

‖𝐗‖
𝐹

2  being equal to 

𝜀, 𝑐 was set equal to 3
7⁄  and 1.5 for the 30% (𝜀 = .30) and 60% (𝜀 = .60) noise 

condition, respectively. It should be noted that by centering 𝛼𝑗(𝑞)
𝑡𝑟𝑢𝑒, 𝐭𝑞

𝑡𝑟𝑢𝑒 and 𝐰𝑞
𝑡𝑟𝑢𝑒 and 

the error 𝐄, each column for each slice of 𝐗 has a mean of zero. 



The procedure described above was repeated 10 times for each combination of 

the levels of the three manipulated factors. As such, 10 (replication) × 3 (congruence) × 

2 (non-negativity) × 2 (amount of noise) = 120 different data arrays 𝐗 were obtained. 

Subsequently, four CLV3W analyses with the true number of clusters 𝑄 = 2 -not 

allowing clusters to be empty- were performed on each data array 𝐗 with 50 starts. For a 

single data set, on average, the four CLV3W analyses (with 50 starts) took 25 minutes in 

total (20-30 minutes for almost all data sets), with no consistent differences in 

computation time between the four analyses. As no information was a-priori given with 

regard to the distribution of the two clusters, the starts were obtained by randomly 

assigning variables to one of the two clusters and by imposing only that none of the 

clusters was empty. The four CLV3W analyses, which are listed in the rows of Tables 1-

2, result from the combination of (1) whether or not enforcing non-negativity on the 

loadings and (2) whether or not restricting the weighting systems to be equal across 

clusters. For each analysis, the default centering step included in the ClustVarLV 

package was applied. This step, which is tightly associated with the maximization of the 

sum of the squared covariances in criterion (1), consists of setting that mean across the 

samples to zero for each combination of a variable and an occasion/time point.  The 

simulation study was run in R (version 3.5.1). 

3.3 Results 

3.3.1 Recovery of the true partition of the attributes 

To determine the degree to which the underlying variable partition has been recovered 

by the CLV3W algorithm, we calculated the Adjusted Rand Index (ARI34) between the 

true variable partition 𝐏𝑡𝑟𝑢𝑒 and the variable partition retained by the algorithm 𝐏. An 



ARI value of one is encountered when both partitions are identical, whereas ARI equals 

zero when recovery is at chance level. 

In Table 1, the mean ARI across all 120 data sets is displayed for each of the 

four true data types (columns) when analyzed by each of the four CLV3W analyses 

(rows). From this table it appears that when the true weighting systems are equal to each 

other and the true components can take positive and negative values (i.e., column 

‘Common’), a CLV3W analysis with equality constraint (mean ARI of .8964) only 

slightly outperforms an analysis without the equality constraint (.8897), as long as no 

non-negativity constraint is imposed. When, however, enforcing non-negativity, the 

obtained partitions become random (i.e., at chance level) as the mean ARI’s are close to 

zero. 

Insert Table 1 about here 

For the second data type in which the true data both have equal weighting 

systems and non-negative components (i.e., column ‘Common_NN’), it appears that all 

CLV3W analyses recover the true variable partition to a large extent (i.e. mean ARI 

around .90). Restricting the components to be non-negative performs a little bit better 

than not enforcing this constraint, whereas imposing the equality constraint does not 

really seem to improve cluster recovery. 

Regarding the third data type (i.e., column ‘Specific’: true weighting systems 

varying across clusters and no non-negativity of components), a good cluster recovery 

(i.e., mean ARI of .9095) is obtained when no constraint is imposed. Erroneously 

constraining weighting systems to be equal across clusters seriously deteriorates cluster 

recovery (.6731), whereas incorrectly restricting components to be non-negative has an 



enormous negative impact on cluster recovery (i.e., mean ARI around zero, which 

indicates chance level). 

Finally, when data have specific weighting systems and non-negative 

components (i.e., column ‘Specific_NN’), imposing the equality constraint seriously 

hampers cluster recovery (i.e., mean ARI around .58). When allowing for cluster-

specific weighting systems, adding a non-negativity constraint, however, does not seem 

to increase cluster recovery (i.e., mean ARI of .86 for with versus .92 for without non-

negativity constraint). 

In general, CLV3W with and without constraints recovers the underlying variable 

partition to a very large extent (i.e., mean ARI around .90) as long as the imposed 

constraints are in correspondence with the structure underlying the data. Erroneously 

enforcing non-negativity of components has a larger negative impact on cluster 

recovery than incorrectly assuming equality of weighting systems. Further, cluster 

recovery also deteriorates, as could be expected, when the data contain more noise and 

when clusters show more overlap (not shown).  

3.3.2 Recovery of the true cluster-specific components and weighting systems 

The extent to which CLV3W with and without constraints recovers the true cluster-

specific components 𝐭𝑞
𝑡𝑟𝑢𝑒 and weighting systems 𝐰𝑞

𝑡𝑟𝑢𝑒 was evaluated by computing 

the Tucker congruence coefficient33 between the true parameters (𝐭𝑞
𝑡𝑟𝑢𝑒 and 𝐰𝑞

𝑡𝑟𝑢𝑒 ) and 

the estimated parameters (𝐭𝑞 and 𝐰𝑞) (𝑞 = 1,2). A Tucker congruence value of one 

indicates that the recovery of the true cluster-specific parameters is perfect, whereas a 

value of zero implies that there is no recovery at all. 



From Table 2, it appears that, for the first data type (i.e., column ‘Common’), 

recovery is excellent (i.e., mean Tucker around .99) as long as no non-negativity 

constraint is enforced (.96). As such, enforcing equality of weighting systems is not 

needed for CLV3W in this situation to yield good recovery performance. Incorrectly 

imposing the non-negativity constraint has negative consequences in terms of recovery 

performance for the weighting systems (i.e., mean Tucker of .93) but not for the 

components (i.e., mean Tucker of 1). 

Insert Table 2 about here 

Further, for the second data type (i.e., column ‘Common_NN’), all CLV3W 

analyses recover the cluster-specific parameters to the same very large extent (i.e., mean 

Tucker of .999). 

Next, regarding the third data type (i.e., column ‘Specific’), recovery is excellent 

when analyzing the data with (the original) CLV3W without constraints (i.e., mean 

Tucker of .999). Adding the equality (.90) or the non-negativity (.86) constraint seems 

to deteriorate recovery performance, with this effect being stronger for the components 

than for the weighting systems. 

Regarding the fourth data type (i.e., column ‘Specific_NN’), recovery is 

excellent (i.e., mean Tucker around .985) as long as no equality constraint is imposed 

on the weighting systems (.88). Restricting components to be non-negative does not 

seem to have an impact on recovery performance. Again, these (negative) effects are 

larger for the components than for the weighting systems. 

It can be concluded that, overall, constrained and unconstrained CLV3W 

recovers the cluster-specific components and weighting systems to a large extent when 



constraints are correctly enforced. Also, when cluster have more overlap and the data 

contain more noise, the deterioration in recovery is more pronounced (not shown). In 

sum, the decrease in cluster recovery is paralleled by a similar decrease in recovery of 

the components and weighting systems. 

4 Case studies 

4.1 Sensory case study: emotions associated with coffee aromas 

To illustrate the use of CLV3W with both constraints, we consider a case study 

pertaining to consumer emotions in which subjects rated a variety of twelve coffee 

aromas on fifteen affective terms. Aromas were presented in pillboxes labelled with a 

random three-digit code. Eighty-four participants were asked to complete each rating on 

a 5-point rating scale. More details regarding the dataset with both the lists of aromas 

and affective terms can be found in 12. 

The three-way Aromas × Consumers × Emotions data set was analyzed to 

identify potential segments of consumers, herewith varying the number of clusters 𝑄 

from 1 to 9. Before analyzing, each products by emotions matrix 𝐗𝑗 was column-wise 

centered and scaled to the same inertia, resulting in each data block having the same 

amount of influence on the analysis. As it is important to lump together consumers who 

rate similarly the different products along the set of emotion terms, a non-negativity 

constraint was imposed on the consumer scores. The evolution of the loss criterion 

against the number of clusters (see left-hand panel of Figure 1) led to retain a partition 

with two clusters as an elbow is observed in the plot at 𝑄 = 2. 

Insert Figure 1 about here 



The weighting system for the emotion terms for each cluster is presented in 

Figure 2 in ascending order. Remarkably, the distribution of the weights is basically the 

same for both clusters. This suggests to use the additional constraint of a common 

weighting scheme across the clusters (as proposed in Section 2.4).  

Insert Figure 2 about here 

Therefore, the CLV3W-NN model with the common weights constraint was fitted 

to the coffee aromas dataset. Again, the loss criterion against the number of clusters (see 

right-hand panel of Figure 1) led to retain a partition with two clusters (i.e., elbow at 

𝑄 = 2). The first cluster was composed of forty-two consumers while the second one 

grouped thirty-eight consumers. Two subjects were set aside as they had loading values 

equal to zero for both clusters. It is worth noting that this latter aspect is not due to the 

common weighting system constraint but rather to the non-negativity constraint. The 

VAF obtained with this constrained model is equal to 22.5%, which is only a little 

smaller than the value of 22.7% for the unconstrained model. As such, the more 

parsimonious constrained model is preferred above the unconstrained one as it leads to a 

reduction in the number of parameters at the price of only a very small reduction in 

VAF. Finally, this negligible difference in VAF’s demonstrates the relevance of the 

additional common weights constraint and indicates that the two clusters of consumers 

mainly differ in the way the consumers rated the set of products. On the whole, all 

consumers weighted the different emotion terms similarly when rating the products. 

When inspecting the common weights system presented in Figure 3, it appears 

that the distribution clearly reflects a bipolar pleasantness / unpleasantness dimension. 

As such, a single emotion dimension going from pleasant to unpleasant is underlying 



the ratings of all subjects irrespective of the cluster to which they belong. With regard to 

such a distribution, one can highlight three groups of emotional terms: (1) 

unpleasantness with the largest negative values (e.g., angry, unpleasant, disappointed, 

irritated, disgusted), (2) neutral emotion terms with a weight close to zero  (e.g., 

surprised) and (3) those emotion terms corresponding to pleasantness emotions (i.e., 

nostalgic, calm, excited, unique, energetic, free, well and happy). 

Insert Figure 3 about here 

Compared to the initial CLV3W algorithm, it should be stressed that using a single 

vector of weights common to all clusters yields a configuration that is easier to interpret. 

Indeed, the vertical slices of the three-way array can be thereafter aggregated on the 

basis of this overall weighting scheme and concatenated into a two-way matrix. When 

performing principal component analysis (PCA) on this matrix, the variable clusters can 

be easily represented in scores and loadings plots as shown in Figure 4. 

Insert Figure 4 about here 

Figure 4 depicts the first factorial plane for both clusters from a PCA on the 

matrix resulting from the aggregation of the data array along the third mode, according 

to the common weighting system. In Figure 4, both the products and the subjects -

represented as arrows- are displayed. When inspecting the product scores, three sets of 

coffee aroma products can be identified. A first set of products, consisting of Basmati 

rice, cedar, earth, and medicinal, has a negative score for both clusters. These products 

are associated with negative emotions such as disgusted and unpleasant. Secondly, 

apricot, flower, coffee and lemon aromas are encountered with positive scores for both 

clusters, and these aromas are related to pleasantness emotions. It appears that 



consumers (clusters) more or less agree on the rating of both sets of products. The 

remaining products demonstrate the main differences between the two consumer 

clusters in the evaluation of the aromas. While hay, hazelnut, honey and vanilla yield 

positive emotions with regard to the first consumer cluster, they yield negative emotions 

for the second consumer cluster. On the contrary, coriander seed yields positive 

emotions with regard to the second consumer cluster, whereas it yields negative 

emotions for the first cluster. 

4.2 Metabolomics case study: mother milk lipidome dataset 

This case study is part from a larger study whose aim was to fully characterize human 

breast milk composition in the context of prematurity and to investigate its beneficial 

effect on preterm infant postnatal growth.35 As energy intake has been identified as a 

main independent factor associated with infant growth until the age of 2 years36, with 

lipids being the main contributor of energy requirements of healthy infants, the present 

preterm breast milk phenotyping was focused on lipidomics data. In this context, the 

application of CLV3W aimed at: (1) identifying subsets of metabolites (all lipid species) 

that are highly positively correlated and, simultaneously, (2) exhibiting the longitudinal 

trajectory associated with each group of metabolites.  

The dataset corresponded to eight preterm infants, selected from the 118 infants 

enrolled in the mono-centric prospective LACTACOL cohort (registered at 

www.clinicaltrails.gov as #NCT01493063) in the University Hospital of Nantes, 

France. During their hospital stay, these preterm infants received, for a minimum of 28 

days, their own mother’s breast milk only. Weekly breast milk samples were collected 

for each mother during the infant hospitalization. To characterize milk composition, 



their comprehensive lipidomic signatures were obtained using Liquid Chromatography-

Electrospray Ionisation (positive/negative)-High-Resolution-Mass Spectrometry (LC-

ESI HR-MS)-based cross-platform phenotyping. Before performing any multivariate 

analyses, these raw data were preprocessed with the open-source XCMS®37 software 

combined with CAMERA®38 and finally a filtering step made it possible to retain 3451 

and 903 [m/z; RT] features (metabolites) in positive and negative mode, respectively. In 

the present pilot study, we focused on the 903 features acquired in negative mode. For 

further details on this study, see 35. As hospitalization stays varied among infants, five 

time points were kept: from week 2 to week 6. Eight infants were considered, resulting 

in the analysis of a three-way array of 8 Infants × 903 Metabolites × 5 Time points. 

Lipidomic LC-ESI--HRMS variables were analyzed with CLV3W, considering 

also the two constraints. In Figure 5, for CLV3W and each combination of the two 

additional constraints, the evolution of the loss function is depicted against the number 

of clusters varying from one to fifteen. Obviously, when only selecting a single cluster, 

the loss values are equal for both the solution with and without common weights 

constraint. More interestingly, the difference in loss values induced by the non-

negativity constraint is quite negligible (especially when comparing the models without 

common weight constraint) whatever the number of clusters considered. This clearly 

indicates that metabolites within each cluster are mainly positively correlated to their 

latent component -and to each other- across the five time points. Comparing the values 

of the loss function between the unconstrained CLV3W solution and the common 

weights CLV3W solution, it appears that imposing such a constraint implies a 

substantial decrease in the quality of the model irrespective of the number of clusters 

(for 𝑄 > 1) inspected. This demonstrates undeniably that the set of metabolites under 



study does not have the same kinetics of lactation over time, which is in agreement with 

the large breast milk variability, and in particular its lipid component, reported during 

the first three months of lactation.39,40 In the remainder, the CLV3W-NN solution 

without equal weights constraint is therefore retained and discussed. 

Insert Figure 5 about here 

Applying CHull, as can be seen in Figure 6, a solution with three clusters is 

retained both when taking the CLV3W-NN loss function as model misfit measure (see 

also the line with red triangles in Figure 5) as when taking the VAF as model fit 

measure. The st-scree values for the CLV3W-NN loss function (i.e., st-values of 0, 1.97, 

2.73, 1.29, 1.68, 1.41, 1.03, 1.24, 1.49 and 0 for Q = 1, 2, 3, 4, 6, 8, 9, 12, 13, and 15, 

respectively) and the VAF (i.e., st-values of 0, 1.67, 4, 1.5, 1, 2, 1, 1 and 0 for Q = 1, 2, 

3, 5, 6, 9, 11, 13 and 15, respectively) indicate that the optimal number of clusters 𝑄 

equals three. As an indication, with 903 metabolites to partition into 3 clusters and 

given a multi-start procedure with 50 initializations, the computational cost of the 

CLV3W algorithm varied from 2.4 minutes for the model with non-negativity and 

common weights constraints to 13.6 minutes for the model with no constraints on a 

standard computer (16 Go RAM). 

Insert Figure 6 about here  

The partition of the metabolites led to three clusters composed of 327, 412 and 

160 metabolites respectively. It is worth noting that four metabolites revealed loading 

values equal to zero whatever the cluster considered. The VAF corresponding to the 

three cluster solution is equal to 64%. Figure 7 depicts the first factorial plane from a 

greedy-Parafac procedure41 (i.e., sequential rank-one decomposition with orthogonality 



constraint on the first mode) carried out on the three-way array. One can clearly see that 

the first cluster is oriented along the first bisector, the second one is mainly oriented 

along the first Parafac dimension, while the third one is mainly oriented along the 

second dimension. The VAF for the first two dimensions equals 68%. 

Insert Figure 7 about here 

An inspection of the distributions of time point weights across the three clusters, 

which are displayed in Figure 8, shows positive weights for all clusters whatever the 

lactation time point. The first cluster shows a down-weighting of the second lactation 

point. With regard to the second cluster, one can see an increasing trajectory from the 

first point of lactation to the fourth one and a relative down-weighting of the fifth time 

point. On the contrary, the third cluster shows a decrease in the weighting of the 

successive lactation points from the first to the fifth one and finally an up-weighting of 

the fifth lactation time point. 

Insert Figure 8 about here 

On the whole, the fact that two opposite lactaction time trajectories are exhibited 

by the CLV3W with non-negativity constraint procedure explains to a large extent the 

poor performance of CLV3W with a common weights constraint. To conclude, such an 

analysis makes it possible to identify subgroups of metabolites that have specific 

lactation time trajectories and that are highly positively correlated within each subgroup. 

Interestingly, on the basis of the few annotated lipid species35, the first cluster was 

mainly composed of milk fat globules membrane-structural constituents, whereas the 

second cluster included many mediators or signaling lipids (such as eicosanoids and 

endocannabinoids) involved in energy homeostasis, insulin sensitivity, defense against 



oxidative stress or gastrointestinal tract infection, or inflammation. Their up-weighting 

during the first month of lactation is in agreement with their putative beneficial effects 

in health outcomes for preterm infant. Finally, the third cluster brought together several 

fatty acid oxidation-products, whose down-weighting may illustrate decreased 

mammary gland energy requirements for the establishment of lactation and production 

of mature milk. Ongoing work should focus on the further characterization and 

validation of these subgroups.  

5 Conclusion 

In the clustering of variables framework, given a three-way data structure, Wilderjans 

and Cariou11 proposed a clustering strategy, CLV3W, that aims at identifying clusters of 

variables and simultaneously a latent component and a weighting system associated to 

each cluster. Based on reasons of interpretation and substantive grounds, two constraints 

have been proposed and integrated into CLV3W resulting in (1) a model which make it 

possible to take some user-knowledge regarding the correlation between variables 

within a cluster (i.e., non-negativity constraint) into account and (2) a more 

parsimonious model (i.e., common weights system). The usefulness of the constraints 

has been illustrated both in simulated data and in two case studies pertaining to sensory 

analysis and metabolomics. In the latter case study, the application of constrained 

CLV3W facilitated the discovery of metabolite groups that show differential time 

trajectories in lactation profile. 

Ongoing research concerns the determination of the number of clusters. As in 

the classical case, this can be done with a generalized version of the scree test of 

Cattell42, in which, for the solutions under consideration, the loss function value -which 



functions as a (mis)fit measure- is plotted against the number of clusters (i.e., model 

complexity). Other strategies that generalize cluster validation criteria, like the 

Silhouette43 and Calinski-Harabasz index44, to the case of three-way structures would 

help the user in determining the optimal number of clusters for a data set at hand. In the 

same vein, further research is needed regarding criteria to help the user to decide 

whether or not imposing the common weights system and/or the non-negativity 

constraint is appropriate for the data at hand. 

Finally, further comparisons are needed with other clustering strategies for three-

way data, such as simultaneous decomposition and clustering models45,46 and model-

based clustering47,48. 
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Table 1. Mean Adjusted Rand Index (ARI) for the obtained attribute partition by each 

CLV3W analysis (rows) for the four types of true data sets (columns) 

 True data types 

 Common Common_NN Specific Specific_NN 

Equal_NoNN .8964 .9021 .6731 .5861 

Equal_NN -.0029 .9081 -.0025 .5763 

NoEqual_NoNN .8897 .9022 .9095 .9221 

NoEqual_NN -.0029 .9073 -.0025 .8643 

The four true data types (columns) are (1) Common = only equality (but no non-negativity) constraint, (2) 

Common_NN = equality and non-negativity constraint, (3) Specific = no equality and no non-negativity 

constraint and (4) Specific_NN = only non-negativity (but no equality) constraint. The four CLV3W 

analyses (rows) are (1) Equal_NoNN = with equality (but no non-negativity) constraint, (2) Equal_NNt = 

with equality and non-negativity constraint, (3) NoEqual_NoNN = no equality and no non-negativity 

constraint and (4) NoEqual_NN = with non-negativity (but no equality) constraint. 

  



Table 2. Mean Tucker congruence coefficient for the obtained cluster-specific 

components (first value) and weighting systems (second value) by each CLV3W 

analysis (rows) for the four types of true data sets (columns) 

 True data types 

 Common Common_NN Specific Specific_NN 

Equal_NoNN 1 / .9994 1 / .9995 .8298 / .9710 .8074 / .9596 

Equal_NN 1 / .9293 1 / .9995 .8199 / .9021 .8078 / .9600 

NoEqual_NoNN 1 / .9994 1 / .9995 .9875 / .9963 1 / .9995 

NoEqual_NN 1 / .9293 1 / .9995 .8154 / .9006 .9757 / .9899 

The four true data types (columns) are (1) Common = only equality (but no non-negativity) constraint, (2) 

Common_NN = equality and non-negativity constraint, (3) Specific = no equality and no non-negativity 

constraint and (4) Specific_NN = only non-negativity (but no equality) constraint. The four CLV3W 

analyses (rows) are (1) Equal_NoNN = with equality (but no non-negativity) constraint, (2) Equal_NN  = 

with equality and non-negativity constraint, (3) NoEqual_NoNN = no equality and no non-negativity 

constraint and (4) NoEqual_NN = with non-negativity (but no equality) constraint. 

  



 

 

Figure 1. Evolution of the CLV3W-NN loss value (a) versus the CLV3W-NN loss value 

with a common weights constraint (b) across increasing numbers of clusters varying 

from 1 up to 10 for the consumer data; boxplots indicate the variability in loss functions 

values encountered across 50 random starts. 



 

Figure 2. Attribute weights for the two-cluster CLV3W-NN solution for the consumer 

data. D1 (resp. D2) corresponds to the weighting system of the first (resp. second) 

cluster. 



 

Figure 3. Attribute weights for the two-cluster solution with equality and non-negativity 

constraints, for the consumer data. 



 

Figure 4. Configuration of the products from the PCA of the aggregated array, for the 

two-cluster solution with equality and non-negativity constraints, for the consumer data. 



 

Figure 5. Evolution of the CLV3W (SC) loss value together with those obtained with 

CLV3W-NN (SC_NN) versus CLV3W with the common weights constraint (CC, 

CC_NN), for increasing numbers of clusters varying from 1 up to 15, for the 

metabolomics data. 



 

 

Figure 6. CHull analysis for the metabolomics data set based on plotting the number of 

clusters Q against the CLV3W-NN loss value (left panel) and the VAF (right panel). 

Each model with a different Q is presented by a black (when at the boundary of the 

convex hull, marked by a black line) or red (not at the boundary) circle. The optimal 

model is indicated by a green circle. 



 

Figure 7. Configuration of the observations, with the three groups of metabolites 

(represented as arrows) regressed onto the greedy-Parafac first two components 

associated with the first mode. Grey arrows represent metabolites set aside from the 

three-cluster solution for the metabolomics data. 



 

 

 

 

 

Figure 8. Weighting systems associated with the third mode of the three-cluster 

CLV3W-NN solution, for the metabolomics data. 


