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Abstract—In order to increase energy efficiency (EE), analog-
to-digital converters (ADC) with a low resolution are used to
reduce the internal power consumption in massive multiple-input
multiple-output (MIMO) systems. In this work, we derive the
uplink spectral efficiency (SE) of massive MIMO systems with
low-resolution ADCs over Rician fading channels, and using zero-
forcing (ZF) detectors. To obtain a closed-form expression of
the sum-rate, we adopt the additive quantization noise model
(AQNM), where the quantization noise is treated as an additive
and independent noise. Our analysis is supported by various
numerical results. For instance, compared to Rayleigh fading,
specific conditions under Rician fading are needed to keep a
good tradeoff between EE and system performance while using
low-resolution ADCs.

Index Terms—Achievable Rate, ADC, AQNM, Massive MIMO,
Rician Fading, Spectral Efficiency, ZF.

I. INTRODUCTION

MASSIVE multiple input multiple output (MIMO) is one
of the promising technologies for future wireless net-

works, using M antennas at the base station (BS), and serving
simultaneously N users, can achieve clear improvements in
terms of capacity and link reliability [1] [2]. In particular, it
has been shown that the transmit power is reduced by 1/M
when perfect channel state information (CSI) is available.

On the other hand, energy efficiency (EE) has become a
key metric in emerging technologies. Many research works are
exploring ways to keep increasing the energy gains in massive
MIMO. One main internal block that consumes considerable
energy is the analog-to-digital converter (ADC), where the
power consumption scales exponentially with the number of
resolution bits [3]. As a result, the use of a large number
of antennas, and thus of ADCs, leads to higher energy con-
sumption. In response, low-resolution ADCs are proposed to
increase EE [4]–[8].

The effect of low-resolution ADCs on the uplink achievable
rate under Rayleigh fading was investigated in [5] [6], using
respectively maximum ratio combining (MRC) and zero-
forcing (ZF) detection techniques. However, measurements
have shown that a dominant propagation direction is mostly
experienced [9]. Therefore, it is of much interest to con-
sider the Rician fading model which is more realistic and
fits a larger range of scenarios such as millimeter wave
communications, vehicular-to-vehicular systems, and indoor
communications [10], [11]. In the literature, only a few papers
discussing low resolution ADCs have considered Rician fading
[7], [8], where both papers have explored the uplink sum-rate
using MRC detection receivers.

In this paper, we analyze the uplink achievable rate over
Rician fading with low-resolution ADCs and using ZF de-
tectors which has been proven to outperform MRC schemes.
For more convenience, we are using the additive quantization
noise model (AQNM) which is the most used model in the
literature. Assuming perfect CSI at the BS side, we derive a
closed-form expression for the achievable rate in uplink. In
addition, we explore the parameters that affect the spectral
efficiency (SE) and EE, including the Rician factor and the
number of resolution bits. Our results are a generalization of
previous works which assume ideal Rayleigh fading channels,
or the basic MRC scheme [5]–[8].

Notations: X∗, XH, tr(X), ‖X‖, and |X| denote, respec-
tively, the conjugate, the conjugate transpose, the trace, the
Euclidean norm, and the module of X . For an integer n,
we denote by n!! the semi-factorial operation, i.e., n!! =
n·(n−2) · · · 2 if n is even, and n!! = n·(n−2) · · · 1 otherwise.

II. SYSTEM MODEL

We consider the uplink of a single-cell multi user massive
MIMO system where N single-antenna users transmit their
signals to an M -antenna BS, sharing the same time-frequency
resource. We assume that no interference is caused by users
from adjacent cells [10] and that full knowledge of CSI
is available. For a more complete analysis, the impact of
imperfect CSI will be considered in a future extension of this
work. We denote by pt and x the transmitted power per user
and the N × 1 vector of symbols transmitted by the users.
The M × 1 signal vector y received at the BS side can be
expressed as

y =
√
puGx + n, (1)

where G is denoting the M×N channel matrix between users
and BS, and n is the M×1 vector of zero-mean additive white
Gaussian noise (AWGN) with unit variance.

A. Rician Channel with Low-Resolution ADCs

We consider that the channel matrix G models both inde-
pendent small scale Rician fading and large scale fading [10],

G = HD1/2, (2)

where D is a N×N diagonal matrix modeling large scale
variations (path loss and shadowing) and assumed to be
constant during the transmission. The small scale fading matrix



H models the arbitrary rank Rician fading with a different
factor Kn for each user [11]

H = HL[Ω(Ω + IN )−1]1/2 + H[(Ω + IN )−1]1/2, (3)

with Ω a N×N diagonal matrix with [Ω]nn = Kn, and
[HL]mn , σmn = e−j(m−1)π sin(Θn), where Θn is the arrival
angle of the n-th user signal. Matrix H is the random compo-
nent whose entries are independent and identically distributed
Gaussian random variables with zero-mean. The real and
imaginary parts of each entry

[
H
]
mn

, qmn = smn + jtmn
are independent and each with variance 1/2. Since the quanti-
zation error can be approximated as a linear gain with AQNM,
the output vector of low-resolution ADCs can be expressed as
[6]

yq = Q{y} = αy + nq = α
√
puGx + αn + nq, (4)

α = 1− ρ being the distortion factor where ρ =
√

3π2−2b−1

when b > 5; and for b ≤ 5 the exact values are given
by [5]. The additive Gaussian quantization noise vector nq

is uncorrelated with y. For a fixed channel realization G, the
covariance matrix of nq can be expressed as [6]

Rnqnq
= α(1− α)diag(puGGH + IN ). (5)

B. Uplink Achievable Rate

We denote by A the linear detection matrix, and by an and
gn the n-th columns of A and G, respectively. By multiplying
yq with AH, the uplink achievable rate can be expressed as

Rn = E

{
log2

(
1 +

α2pu

∣∣aH
ngn

∣∣2
ΨG

)}
, (6)

where ΨG = αpu

∑N
i 6=n

∣∣aH
ngi
∣∣2 + α ‖an‖2 +

α(1−α)aH
ndiag(GGH + IN )an. In the remainder, we

define the uplink sum rate of the cell as the total sum of the
N users’ achievable rates.

III. SUM-RATE ANALYSIS

Adopting ZF, the detection matrix can be expressed as A =
G(GHG)−1. The uplink rate is hence given by [6]

Rn=E

{
log2

(
1+

αpu

α‖an‖2+(1− α)aH
ndiag(GGH + IN )an

)}
.

(7)
To compute (7), we need to derive the expectations of the
three first absolute moments of the channel coefficients gmn.
The first and second moments are found with the help of [11,
Lemma 3] as

E
{
|gmn|2

}
, βn = [D]nn, (8)

and

E
{
|gmn|4

}
, γn = β2

n

(
M +

2Kn + 1

(Kn + 1)
2

)
, (9)

while the following lemma gives the third moment.

Lemma 1. The expectation of the third absolute moments of
the channel coefficients gmn is given by

E
{
|gmn|6

}
, λn

= β3
n

(
M2 +

M
(
6K2

n + 9Kn + 3/2
)

+ 5/4

(Kn + 1)
3

)
.

(10)

Proof. Noting that the entries of H can be expressed as

[H]mn =

√
Kn

Kn + 1
σmn +

√
1

Kn + 1
qmn, (11)

the product hH
nhn is expressed, as in [11], under the form

hH
nhn =

M∑
m=1

{
Kn

Kn + 1
+

√
Kn

Kn + 1
σ∗mnqmn

+

√
Kn

Kn + 1
σmnq

∗
mn +

1

Kn + 1
|qmn|2

}
. (12)

Note that hH
nhn includes only a real part. Thus, we can

derive the norm-cube of the vector gn as in (13) (depicted
on the top of the next page) with ρmn , smnRe([HL]mn)−
tmnIm([HL]mn), µmn , |qmn|2, %n ,

∑M
m=1 ρmn, and

νn ,
∑M
m=1 µmn.

Furthermore, it is easy to show the following approximation
for independent variables Xi

E


(

M∑
i=1

Xi

)3
 = ME

(
X3
i

)
+ 3M(M − 1)E

(
X2
i

)
+ E(Xi) +M(M − 1)(M − 2)E (Xi)

3
. (14)

This approximation yields closed-form expressions for the
terms E

{
%3
n

}
and E

{
ν3
n

}
. Since both smn and tmn follow

normal distributions with the same variance σ2 = 1/2, for
any non-negative integer k , their plain central moments can
be expressed as E

{
skmn

}
= E

{
tkmn

}
= σk(k − 1)!! when

k is even, and E
{
skmn

}
= E

{
tkmn

}
= 0 otherwise. In

addition, considering that E
{
s4
mn

}
= E

{
t4mn

}
= 3/4, and

E
{
s6
mn

}
= E

{
t6mn

}
= 15/8, the final result is obtained after

a few strainghtforward simplifications.

Theorem 1. For an uplink multi-user massive MIMO system
with low-resolution ADCs ZF detectors, the achievable sum-
rate of the n-th user can be approximated by

Rn=E

log2

1+
αpu

α

βn(M −N)

[∑̂−1]
nn

+(1− α)ML2IG


,

(15)
where IG is depicted in (20) (on top of next page), with L ,
δ/(M+N) and δ < 1 is the attenuation parameter [6]. Matrix
Σ̂ is defined as

Σ̂ = (Ω + IK)
−1

+
1

M

[
Ω (Ω + IK)

−1
]1/2
·HH

L HL ·
[
Ω (Ω + IK)

−1
]1/2

.

(16)



‖gn‖6 =

(
MKn
Kn + 1

)3

+
8Kn
√
Kn

(Kn + 1)
3 %

3
n +

3MKn

(Kn + 1)
3 ν

2
n +

1

(Kn + 1)
3 ν

3
n +

3M2K2
n

(Kn + 1)
3 νn +

6M2K2
n

√
Kn

(Kn + 1)
3 %n +

6
√
Kn

(Kn + 1)
3 %n.ν

2
n

+
12MKn

√
Kn

(Kn + 1)
3

(
M∑

m1=1

M∑
m2

ρm1n.µm2n

)
+

12MK2
n

(Kn + 1)
3 %

2
n +

12Kn

(Kn + 1)
3 %

2
nνn (13)

E1 = 4βn − 4Lγn +ML2βnγn − 4Lβn

N∑
j=1,
j 6=n

βj +ML2βn

N∑
j=1,
j 6=n

β2
j (17)

E2 = 4βnβh − 4L(βhγn + βnγh) + L2βnβh(γn + γh) + 4Lβnβh

N∑
j=1
j 6=n,h

βj + L2βnβh

N∑
j=1
j 6=n,h

β2
j (18)

E3 = 4γn − 4Lλn + βnλnL
2 + γ2

nL
2(M − 1)− 4Lγn

N∑
j=1
j 6=n

βj + γnL
2
N∑
j=1
j 6=n

β2
j + β2

nL
2(M − 1)

N∑
j=1
j 6=n

β2
j (19)

IG = 4βn − 4L

βn N∑
j=1
j 6=n

βj + γn

+ML2

βn N∑
j=1
j 6=n

β2
j + βnγn



+pu

N∑
h=1
h6=n

4βnβh − 4L

βhγn + βnγh + βnβh

N∑
j=1
j 6=n,h

βj

+ L2βnβh

γn + γh +

N∑
j=1
j 6=n,h

β2
j




+ pu

4γn − 4L

λn + γn

N∑
j=1
j 6=n

βj

+ L2

βnλn + γn

N∑
j=1
j 6=n

β2
j

+ L2(M − 1)

γ2
n + β2

n

N∑
j=1
j 6=n

β2
j


 (20)

Proof. Based on the fact that the Gramm matrix GHG follows
a non-central Wishart distribution, the first term in the denom-
inator of (7) can be expressed as in [10] as E

{
‖an‖2

}
=

(βn(M−N))−1
[∑̂−1]

nn
. We denote by IG the second term

in the denominator of (7) which is more complicated to derive,
and we leverage the polynomial expansion which provides an
accurate approximation [6]

ML2IG = E
{

aH
ndiag(GGH + IN )an

}
=

M∑
m=1

E

{
|amn|2

L2

}

+ pu

M∑
m=1

E

 |amn|2L2
.

N∑
h=1,h6=n

|gmh|2


+ pu

M∑
m=1

E

{
|amn|2

L2
. |gmn|2

}
. (21)

The first, second and third terms of the right hand side of (21),
denoted respectively by E1, puE2, puE3, are calculated sepa-
rately as shown in (17), (18), and (19) (above). Substituting
these three expressions in (21), we obtain the expression of IG
as in (20).

IV. NUMERICAL RESULTS AND DISCUSSION

We consider a massive MIMO multi-user single-cell of
radius rmax = 1000 meters. The N users are distributed
in a random but uniform way throughout the cell, with the
exclusion of a central disk of radius rmin = 50 meters. The
large-scale variations D is modeled by βn = zn/(r(n)/rmin)v ,
where r is a N × 1 vector whose n-th element is the distance
from user n to the BS, zn is a log-normal random variable
with a standard deviation of 8 dB, and v = 3.8 is the
decay exponent. We assume that the angles Θn are uniformly
distributed in [−π/2, π/2]. Throughout the simulations, we
consider a common Rician factor K = K1 = . . . = KN for all
users.

In Fig. 1(a), we first validate the accuracy of our proposed
approximation in Theorem 1, considering different ADC res-
olutions b = 2, 6,∞ bits.

In Fig. 1(b) we illustrate the role of the Rician K-factor on
the SE performance for a fixed ADC resolution b = 2; 3; 4; 6.
We can notice that performance loss due to low-resolution
ADCs becomes more important with the increase of Rician K-
factor. This means that the low-resolution has a more negative
impact over Rician fading than over Rayleigh channels (i.e.,
K = 1). This might be justified by the channel fading nature
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Fig. 1. (a) Simulated and analytical achievable SE versus the number of BS antennas, for N = 10, pu = 10 dB, and K = 10 dB, (b) normalized sum-rate
versus K for N = 10, pu = 10 dB, and ADC resolution b = 2; 3; 4; 6 bits, (c) spectral efficiency; and (d) energy efficiency versus the number of ADC
resolution bits, for K = 10 dB, N = 10, and pu = 10 dB.

that becomes more deterministic than random. We note that
our results remain accurate even for Rician K-factors as high
as 20 dB.

Finally, in Fig. 1(c) and Fig. 1(d), in addition to the SE, EE
is also illustrated as the other key performance metric defined
as η = BR/P with P = c02bM+c1, where c0 = 10−4 W and
c1 = 0.02 W, and B is the bandwidth set here to 1 MHz. As a
result, and for different antenna numbers M = 100, 500, and
1000, we note that the intermediate values of ADC resolution
between b = 5 and b = 7 bits provide a good SE–EE tradeoff.

Low-resolution ADCs are a potential approach to increase
the EE of practical massive MIMO systems. As a future
extension, it is worth to explore the impact of imperfect CSI
on the obtained results to have a better understanding of the
behavior of the analyzed scheme in more realistic conditions.
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