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A Hybrid Active/Passive Wrist Approach for
Increasing Virtual Fixture Stiffness in

Comanipulated Robotic Minimally Invasive Surgery
Caspar Gruijthuijsen1,2, Gianni Borghesan1,2, Dominiek Reynaerts1,2, and Emmanuel Vander Poorten1

Abstract—In Minimally Invasive Surgery (MIS), the incision
point acts as a fulcrum about which the surgical instrument
pivots. Most robotic MIS systems foresee procedures to care-
fully align the robot with the incision in the patient. Such
procedures disrupt the normal workflow. This hampers the
clinical translation of such assistive technology. In contrast,
Backdrivable, Wristed (BW) robots, especially when operated as
comanipulation devices, have a minimal impact on the traditional
surgical workflow in MIS, as they are readily equipped with
algorithms that automate fulcrum point estimation.

To improve safety, accuracy and/or task completion time,
virtual fixtures can be implemented at the distal instrument tip,
using an assistive BW system. This letter formalizes the problems
related to such distal virtual fixtures. It then develops a hybrid
active/passive wrist control strategy to improve the performance
of virtual fixtures with BW systems while minimizing stability
issues. Aside from an analytical example, experimental validation
is added to show that the new algorithm increases the achievable
stiffness of distal virtual fixtures.

Index Terms—Medical robots and systems, surgical robotics:
laparoscopy, haptics and haptic interfaces

I. INTRODUCTION

THANKS to its small keyhole incisions, Minimally Inva-
sive Surgery (MIS) has a number of distinct advantages

for the patient, such as smaller scars, less pain, reduced risk of
infection and faster recovery. At the same time, these incisions
alter the surgeon’s experience substantially. Long and slender
instruments are needed to reach the targeted anatomy through
access ports that are introduced at the different incisions. Each
keyhole acts as a fulcrum about which a surgical instrument
describes a pivoting motion. As such, it impacts, amongst
others, the surgeon’s motion Degrees of Freedom (DoFs),
ergonomics, haptic sensation and psychomotor skills. Robotic
systems developed to assist the surgeon have to take into ac-
count the kinematic constraints arising from this fulcrum point.
These systems can be classified according to the approach they
adopt for dealing with the fulcrum.
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The best known approach is the Mechanical Remote Center
of Motion (MRCM), where a dedicated mechanical construc-
tion constrains the instrument to pass through the fulcrum.
Such mechanisms require a calibration step to align the
MRCM with the incision. Misalignment, due to improper
calibration or patient motion, leads to excessive stresses on
the body wall, potentially causing Trocar Site Herniation [1].
Many examples of MRCM systems exist, both for teleopera-
tion, such as the da Vinci Surgical System (Intuitive Surgical,
Sunnyvale, CA, USA) and the RAVEN-III (Applied Dexterity,
Seattle, WA, USA), and for comanipulation, such as the
Stryker Acrobot [2] or the Steady Hand and KU Leuven robots
for retinal micro-surgery [3], [4].

To overcome misalignment problems arising from patient
motion, mechanical systems featuring a Local Center of Mo-
tion (LCM) may be mounted on the body of the patient,
directly at the incision site. Examples include the ViKY [5]
and the MC2E [6] system. Although proper alignment is
facilitated, the performance of these systems suffers from
design constraints (in terms of size, weight, space occupancy)
that follow from their body-mountable nature.

Another approach concerns Virtual RCM (VRCM) systems,
which have excess DoFs that are employed to replace the
mechanical constraint by a soft, programmed constraint. The
position of the fulcrum point w.r.t. the robotic system has to
be determined using an alignment procedure, such as in [7],
after which the constraint is maintained through coordinated
control of the joints. The most notable VRCM example is
DLR’s teleoperated MIRO robot [8].

Passive RCM (PRCM) systems, typically used for robotic
endoscope holders, contain active DoFs that realize a pivoting
motion about an MRCM, in such a way that the DoFs most
naturally map to the endoscope’s tilt, pan and zoom motions.
This yields a very simple controller. A calibration phase is
needed to align the RCM to the incision point. To ensure
that no excessive stresses occur in case of misalignment, the
instrument is connected to the system through two orthogonal
passive revolute joints. Thus, the severity of misalignments
is reduced to small disturbances in the instrument position
control. The EVOLAP [9] and LapMan [10] are examples of
such approach.

The last category consists of Backdrivable, Wristed (BW)
systems. Here, the instrument is connected to a wrist at
the end of a backdrivable multi-DoF robotic arm. The wrist
is able to act as a passive, spherical joint, such that the
fulcrum constraint cannot be violated. The arm may have a
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SCARA topology, such as in the AESOP system [11], or an
anthropomorphic topology, as for Apollo [12].

In a comanipulation context, where the instrument is syn-
ergetically manipulated by both the surgeon and robot, BW
systems deal with the fulcrum constraint in a way that closely
resembles surgical practice without robotic assistance. The
surgeon stands next to the patient and relies on the same hand-
eye coordination as in traditional MIS. He/she can freely ma-
nipulate the instrument (with some small added impedance),
even in case of power breakdown. A time-consuming align-
ment procedure is avoided. Instead, the location of the incision
point can be estimated by automated routines as soon as the
instrument is inserted [13], [14]. These routines can run contin-
uously to accommodate for patient motion and incision point
compliance. Latter approach minimizes changes to the current
surgical workflow, which is favourable for translation to the
clinic. Yet, in literature, few works focus on comanipulated
BW systems.

This work shows how to improve the quality of assistive
techniques that can be offered with a BW robot, such as
virtual fixtures. First, related work will be discussed in Sec. II.
The adverse effects of the fulcrum point on distal virtual
fixtures are analysed in Sec. III. Sec. IV then proposes a
method to optimally compensate for these effects, followed
by experimental results and a discussion in Sec. V. Sec. VI
summarizes the conclusions.

II. RELATED WORK

Virtual Fixtures (VFs), otherwise known as Active Con-
straints, were first defined by Rosenberg [15] as virtual sensory
overlays upon a user’s perception, typically haptic perception.
Haptic VFs provide an interesting alternative to visual feed-
back when physical constraints are present, because they do
not rely on unnatural sensory substitution [16]. As such, they
can improve safety, accuracy and task completion time. An
extensive classification and discussion on VFs can be found
in [17], [18].

Although VFs are a well-documented topic, only few works
investigated the application of VFs at the distal tip of a surgical
instrument in a comanipulation scenario: distal stiffness VFs
were studied in [19], [20] and distal damping VFs in [21].
The particularity here is that the fulcrum point introduces a
variable transformation of the kinematics and dynamics of the
distal VF towards the proximal side, where the instrument is
controlled by a robot (and the surgeon).

Vitrani et al. pointed out that two different approaches can
be adopted to realize a certain desired VF behaviour: an Active
Wrist (AW) and a Passive Wrist (PW) approach [19]. With the
AW approach, the proximally located robot exerts a wrench
that is equivalent to the force generated by the VF at the
distal end. Thanks to the backdrivability of the robot, the
fulcrum constraint will be satisfied. This approach does not
depend on knowledge of the fulcrum position, but requires an
active arm to produce forces, as well as rotational actuators in
the wrist to produce moments. Conversely, the PW approach
does not need rotational actuators in the wrist. Instead, it
treats the pivoting instrument as an idealized mechanical lever

and solves the force equilibrium over the fulcrum to find the
proximal force that is equivalent to the targeted distal force.
Note that the PW approach has the interesting property that
it renders VFs without adding reaction forces to the fulcrum.
This approach relies on knowledge of the fulcrum position.
Despite the fundamental differences between AW and PW
control strategies, no significant difference in user experience
nor in user performance has been reported. This raises the
question whether it can be advantageous to combine both
strategies for robots with wrist actuators, in order to optimize
performance in challenging control conditions. This will be
addressed in Section IV.

Most research efforts on VFs focus on VF localization and
VF stability. Localization boils down to a simple registration
problem in static scenarios where preoperative data is avail-
able [2], [22]. If the environment is deformable or dynamic,
more advanced VF localization methods are required, based
on intraoperative sensing, such as [23], [24], [20].

Recent work by Colonnese et al. provides a rigorous dis-
cussion on stable haptic rendering [25]. VF stability is often
guaranteed through the effective but conservative passivity
criterion. It states that, at no point in time, the energy that
is extracted from a system can be larger than the system’s
initial energy. The range of impedances that can be passively
rendered is typically referred to as the Z-width. A number
of approaches exist to extend the Z-width: control methods
such as virtual couplings or passivity observers and passivity
controllers (PO/PC), or hardware solutions such as controllable
physical dampers. All strive to balance energy leaks up to
a level that the leak is dissipated by physical damping ele-
ments [26]. Passivity can also be ensured by restricting the
controller to dissipative elements [27].

This work proposes a hybrid AW/PW control approach
that optimizes the use of actuator redundancy to increase
the Z-width. The proposed method proceeds by ensuring that
the physical damping of the individual actuators is optimally
exploited and the passivity of all actuators is respected while
doing so. Before describing the proposed control approach in
Section IV, the next section will first analyse the implications
and specific challenges of the presence of a fulcrum point on
rendering distal VFs. It also describes the opportunities that
reside in the presence of actuator redundancy.

III. FULCRUM EFFECT ON STIFFNESS RENDERING

The incision point, acting as a fulcrum, causes a
configuration-dependent transformation of forces and motions
from proximal to distal instrument end. Gallagher et al.
described the cognitive and perceptual difficulties the surgeon
experiences because of this fulcrum effect [28]. Later work
by Sülzenbrück et al. studied the kinematic and dynamic
transformations more formally, investigating the underlying
motor and cognitive processes and how they dominate errors
in goal-directed movements [29]. Nisky et al. show that the
fulcrum effect biases the perception of haptic information,
such as the stiffness of a VF [30]. Robotic systems are also
affected by the fulcrum effect when, for example, a VF is to
be rendered distally. The following provides a mathematical
analysis of this phenomenon.
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Figure 1: Definition of the distal and proximal instrument
frames and parameters. The distal instrument tip at Od is in
contact with a virtual wall of stiffness k, which is rotated
with respect to the distal frame by angles β and γ . A robotic
manipulator is expected to hold the instrument at the proximal
end Op.

A. Fulcrum Model

The fulcrum, visualized in Fig. 1, can be modelled as:

δ pp,x

lo
=−

δ pd,x

li
=−δθp,y =−δθd,y, (1)

δ pp,y

lo
=−

δ pd,y

li
= δθp,x = δθd,x, (2)

δ pp,z = δ pd,z, (3)
δθp,z = δθd,z. (4)

In these equations, lo is the instrument length outside the
patient and li the instrument length inside. The infinitesimal
translation δp and infinitesimal rotation δθθθ are expressed
w.r.t. the respective proximal and distal instrument coordinate
frames {p} and {d}. Equations (1) and (2) show how motion
is scaled in x- and y-direction, whereas it remains unaltered
in the z-direction, according to (3) and (4). The lever ratio a
relates lo to li as:

a =
li
lo
. (5)

From these relations, the fulcrum mapping between proxi-
mal and distal displacements (and reciprocally forces) can be
summarized as:

δpd = J f δpp, (6)

with

J f =

−a 0 0
0 −a 0
0 0 1

 . (7)

B. Actuator Redundancy

The fulcrum introduces a coupling between the linear and
rotational DoFs in the plane perpendicular to the instrument,
reducing the total number of instrument DoFs from six to
four. Consequently, a BW device manipulating a surgical
instrument with six active DoFs has two redundant actuators.

For simplicity, but without loss of generality, it is assumed that
the wrist position is controlled by linear actuators, while in
the wrist itself moments are generated by rotational actuators.
These linear and rotational actuators act in parallel in the plane
perpendicular to the instrument axis. Therefore, a proximal
force δ fp can be transformed into an equivalent proximal
wrench δwp, using wrist weighting factors wx,wy to distribute
the effort over the redundant actuators:

δwp = JT
p δ fp, (8)

with

Jp =

wx 0 0 0 −lo(1−wx) 0
0 wy 0 lo(1−wy) 0 0
0 0 1 0 0 0

 . (9)

C. Stiffness Distortion

A VF, whether it is a forbidden region VF or a guidance
VF [18], can be represented by a virtual wall with a normal
that instantaneously coincides with the desired force direction.
This wall of stiffness k can be expressed in the distal coordi-
nate frame as:

Kd = Rddiag(0,0,k)RT
d , (10)

with the distal wall rotation Rd = Rz(γ)Rx(β ) defined by the
wall inclination angle β and the axial rotation angle γ , as in
Fig. 1. Ri is a 3D rotation matrix about the axis i. Using the
fulcrum mapping J f , this stiffness matrix can be mapped to
the proximal side:

Kp = JT
f KdJ f . (11)

The eigendecompositions of the symmetric, rank-1 stiffness
matrices Kd and Kp reveal the effect of the fulcrum mapping
on the stiffness:

Kd = Rddiag(0,0,kd)RT
d = Rddiag(0,0,k)RT

d , (12)

Kp = Rpdiag(0,0,kp)RT
p = s f Rpdiag(0,0,k)RT

p , (13)

⇓
Kp = s f RpRT

d KdRdRT
p = s f R f KdRT

f , (14)

where s f represents the fulcrum scaling factor:

s f = a2 sin2
β + cos2

β (15)

and R f the fulcrum rotation matrix:

R f = RpRT
d . (16)

From (14), it can be seen that the fulcrum causes a distortion
of the stiffness from distal to proximal side, in both magnitude
(s f ) and direction (R f ). This is illustrated in Fig. 2.

In scenarios where the instrument is deeply inserted (a� 1)
and approximately parallel to the virtual wall (β → π

2 ), it can
be seen from (15) that the magnitude of the proximal stiffness
kp = s f k is substantially larger than the distal stiffness k. Such
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Figure 2: Magnitude and direction distortion of a distal stiff-
ness k towards the proximal side of the instrument for a > 1.

scenario is common for real VF applications and challenging
from a control perspective.

With the PW control approach, only pure forces are avail-
able at the proximal instrument end. In case this control
strategy is used to render the distal stiffness k, stability
issues could easily occur for large a, as the (linear) proximal
stiffness is proportional to a2, making it reach infinity upon full
instrument insertion (lo→ 0). However, with the AW control
approach, moments from rotational actuators are available at
the proximal instrument end. This makes the impact of the
insertion depth less pronounced: a distal stiffness k projected
to the proximal rotational DoFs is proportional to a2l2

o = l2
i .

Thus, a full instrument insertion will yield a finite proximal
stiffness with the AW approach.

In summary, the AW control strategy outperforms the PW
strategy for a� 1. These observations, together with the fact
that PW control is possible without hardware alterations when-
ever AW control is available, motivate the hybrid AW/PW
control strategy.

IV. HYBRID AW/PW CONTROL

This section develops an algorithm to determine the optimal
combination of the AW control strategy (which generates
moments) and PW control strategy (where this is not the case).
The resulting combination is governed by the choice of wrist
weighting factors wx and wy from (9) and will depend on the
pose of the haptic device, the individual actuator properties and
the instrument insertion depth. In the following, it is shown
how the optimal factors ŵx and ŵy can be selected such that the
Z-width, or maximum passive stiffness, of the entire system
is maximized.

A. Optimization of Wrist Weighting Factors

A number of preliminaries are necessary, before the opti-
mization problem can be formulated. The passivity criterion
from Colgate and Schenkel [31], states that, without virtual
damping, the maximum passive stiffness for a virtual wall is
limited by the physical damping b in the system and by the
time step T :

2b
T
≥ k. (17)

Later work by Miller et al. shows how to adapt this expression
in case the physical damping is present in joint space, instead
of in task space [32]. Taking bq as the joint space damping,
(17) becomes:

2bq

T
≥ JT 2b

T
J≥ JT kJ, (18)

where J is the differential mapping from task to joint space.
This expression can be extended to the multi-DoF case:

2Bq

T
� JT KJ, (19)

with Bq the joint space damping matrix and K the task space
stiffness matrix. This corresponds to the requirement that the
matrix difference 2Bq

T −JT KJ is positive semi-definite.
Intuitively, 2Bq

T can be interpreted as the available joint
space stiffness, i.e., the upper limit on the stiffness that can be
rendered without encountering stability issues. Thus, for ease
of interpretation, the available stiffness Ka is introduced:

Ka =
2Bq

T
. (20)

The task space stiffness matrix for a virtual wall of stiffness
k is defined as:

K = Kd (21)

and the mapping J from the distal joint space, via the fulcrum,
to the robot joint space is:

J = J f JpJr, (22)

with Jr the Jacobian of the BW haptic manipulator. Now, the
joint space stiffness matrix for the virtual wall can be written
as:

Kw = JT
r JT

p JT
f KdJ f JpJr. (23)

The optimization problem to be solved becomes:

(ŵx, ŵy) = arg max
(wx,wy)

k, (24)

s.t. Ka �Kw. (25)

This problem can be simplified by resorting to a geometric
interpretation. The symmetric, positive semi-definite matrices
Ka and Kw can be associated with ellipsoids:

εKa = {x | xT K−1
a x≤ 1}, (26)

εKw = {x | xT K−1
w x≤ 1}. (27)

For these ellipsoids, the semi-axes and their lengths corre-
spond, respectively, to the eigenvectors and square roots of the
eigenvalues of the associated matrices. The following property
holds [33]:

Ka �Kw ⇔ εKw ⊆ εKa . (28)
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Since Ka is generally diagonal, the semi-axes of εKa are
aligned with the axes eqi of the joint space reference frame. Kw
is a rank-1 matrix and thus has a single non-zero eigenvalue:

kw = sk, (29)

with s a positive scaling factor, corresponding to the eigen-
vector v. Therefore, εKw represents a line along v, of which
the length is proportional to

√
k. This is illustrated in Fig. 3.

Figure 3: The ellipsoids εKa and εKw , respectively defined by
the eigenvalues (ka1,ka2) of Ka and (sk,0) of Kw. The dashed
red line shows the effect on εKw if the maximum passive wall
stiffness k̂ were used. This 2D representation can be readily
extended to higher dimensions.

The Z-width, or maximum passive wall stiffness k̂, can now
be determined by plugging the position of the extremity of εKw

into the equation of εKa :(√
sk̂

v
‖v‖

)T

K−1
a

(√
sk̂

v
‖v‖

)
= 1. (30)

An expression for v can be found by re-evaluating (10)
and (23):

Kw = JT
r JT

p JT
f Rddiag(0,0,k)RT

d J f JpJr, (31)

= kJT
r JT

p JT
f RdezeT

z RT
d J f JpJr, (32)

= kvvT , (33)

with
v = JT

r JT
p JT

f Rdez. (34)

It is straightforward to show that v is the eigenvector of Kw,
corresponding to the eigenvalue

kw = k(v ·v). (35)

Proof.
Kwv = kvvT v = kv(v ·v) = k(v ·v)v. (36)

Comparing (29) and (35) yields:

s = v ·v. (37)

After substituting (37) in (30), an expression for k̂ can be
obtained:

k

wall
kl

kr

fulcrum

xd

Figure 4: Simple 1D example with a virtual wall of stiffness
k and two actuators that are able to render a linear stiffness kl
and a rotational stiffness kr.

k̂ = (vT K−1
a v)−1. (38)

The optimization problem from (24)-(25) can now be for-
mulated as:

(ŵx, ŵy) = arg max
(wx,wy)

k̂ = arg min
(wx,wy)

vT K−1
a v. (39)

In the appendix, an analytical solution to this problem is
derived.

B. Analytical Example

Consider a 1D task space, with a virtual wall of stiffness
k perpendicular to the xd-direction, as in Fig. 4. In joint
space, this corresponds to one linear actuator with an available
stiffness of kl and one rotational actuator with an available
stiffness of kr. The involved Jacobians and stiffness matrices
are:

J f = [−a], Jp = [wx lo(wx−1)], Jr = I,
Kd = [k], Ka = diag(kl ,kr). (40)

Plugging (40) in (23) and solving the result for its eigenvalues
and eigenvectors yields kw and v:

kw = ka2w2
x + kl2

i (wx−1)2, (41)

v = [awx li(wx−1)]T . (42)

Using (40)-(42), the solution to the optimization problem
from (39) can be found, yielding the maximum passive wall
stiffness k̂ and the optimal wrist weighting factor ŵx:

k̂ =
kl

a2 +
kr

l2
i
, (43)

ŵx =

(
1+

kr

l2
okl

)−1

. (44)

This result demonstrates that kr and kl can be interpreted
as parallel springs, scaled by the configuration-dependent
parameters a and li. Such springs reinforce each other, creating
an opportunity to realize a higher passive wall stiffness k̂. At
the same time, (44) confirms the intuition that AW control
(wx→ 0) takes the upper hand upon deep insertion (lo→ 0),
and vice versa. Also, when kr is large, owing to high physical
damping in the rotational DoF, wx→ 0 and the AW approach
is favoured. Conversely, PW control is advantageous when kl
is large.
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V. EXPERIMENTAL RESULTS & DISCUSSION

A. Experimental Setup

The hybrid AW/PW method was implemented for the Vir-
tuose6D (Haption SA, Laval, France), a 6-DoF haptic device.
A dummy instrument was connected to the wrist of the device
and inserted through a mechanical fulcrum, as can be seen in
see Fig. 5. The system generated a horizontal virtual wall at
the distal tip of the instrument.

B. Optimization of Wrist Weighting Factor

Fig. 6 shows a typical graph for k̂ as a function of the
insertion depth and the wrist weighting factor. To facilitate
the visual interpretation of the results, the orientation of the
reference frames with respect to the virtual wall was chosen
such that k̂ is only dependent on a single wrist weighting factor
w = wx. This does not affect the generality of the results, as
such reference frames can always be chosen.

The magenta line in Fig. 6 marks the optimal wrist weight-
ing factor ŵ at each insertion depth. The green line shows the
profile of k̂ as function of w for an insertion of 50%. It can
be seen that around this insertion depth, there is a clear added
value in combining AW and PW control. For this particular
robot pose, the hybrid control raises the stiffness by 25%
compared to PW and by 50% compared to AW. The figure
shows how k̂ drops with deeper insertion, especially for PW
control. AW is affected to a lesser extent by the insertion depth.
At full insertion, AW can still deliver a non-zero k̂, while for
PW k̂ drops to zero. Consequently, the hybrid controller is
pushed towards pure AW control at this insertion depth. At
shallow depths, it becomes interesting to raise the share of PW
control. The added value of the hybrid control as compared
to either of the individual methods is here less pronounced
though.

Similar graphs can be used to define a fixed w that is locally
optimal in a predefined workspace, along with the maximum
passive stiffness in that workspace. Such graphs can also be
used as a design tool for studying the achievable stiffness of
haptic devices. Alternatively, it is possible to optimize w in
real-time, and concurrently k̂, as function of the insertion depth
and the comanipulator pose. This way, the virtual wall stiffness

robot

wrist

Virtuose6D

instrument

handle

instrument

tip

mechanical

fulcrum

Figure 5: Virtuose6D configuration for virtual wall experiment.

Figure 6: The maximum passive stiffness k̂ as function of
instrument insertion depth and wrist weighting factor w. The
magenta line indicates the optimal wrist weighting factor ŵ
at each insertion depth. The green line gives the profile for k̂
as a function of w for an instrument that is halfway inserted.
The deviation from the trend towards PW at shallow depths
results from the specific 6-DoF robot kinematics Jr 6= I.

can be maximized for every configuration. However, care has
to be taken not to inject energy in the system due to variations
in the stiffness that the individual actuators have to render.
Adverse effects from such energy injection may be avoided by
introducing a certain safety factor on k̂ or by relying on the
additional physical dissipation that is provided by the human
operator and the body wall contact at the incision point (both
considered to be passive). Alternatively, passivity observers
and passivity controllers [34], or tank-based approaches [35]
may be pursued to monitor and dissipate the excess of energy.

C. Virtual Wall Stability

The increased stability for rendering a virtual wall at the
distal tip with the proposed hybrid method has been ex-
perimentally validated. In these experiments, the wall was
rendered according to the AW, PW and hybrid strategy. In
the latter, the optimal wrist weighting factor was computed
in real-time. An operator was asked to interact with the wall
by manipulating the instrument at its handle. Given a specific
configuration of the Virtuose6D and a virtual wall of a stiffness
k, it was observed that the optimal wrist weighting factor of
the hybrid method lead to stable interaction at a higher (or
equal) k, when compared to AW or PW control. As discussed
before, the stability increase is most prominent for instruments
that are halfway inserted. Therefore, Fig. 7 presents results for
an insertion depth of 60% and a wall stiffness of k = 1N/mm.
The optimal wrist weighting factor ŵ was selected according to
Fig. 7.a. Fig. 7.b demonstrates that, upon wall contact, limit
cycles arise when w = 0, whereas large and unstable jerky
motions occur when w = 1. Both effects are avoided with the
hybrid method, where w = ŵ.
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VI. CONCLUSION

This letter describes a method for rendering improved
virtual fixtures at the distal tip of a surgical instrument using
backdrivable, wristed comanipulation robots. The wrist of
these robots may be either active or passive. Although passive
wrist approaches are attractive due to their reduced mechanical
complexity, they show shortcomings when it comes to ren-
dering distal virtual fixtures. Especially when the instrument
is inserted more than halfway, the fulcrum effect becomes
problematic. It is shown that in such case the incapability to
produce wrist moments negatively affects the stability of the
virtual fixture or, equivalently, the maximum passive virtual
fixture stiffness. Active wrist approaches are found to be less
susceptible to this problem.

A hybrid active/passive wrist control strategy was proposed
to compensate for the shortcomings of the separate control
strategies. The developed optimization algorithm provides an
appropriate weighting factor that distributes the actuator effort
over a number of redundant actuators. The distribution is
optimized such that the Z-width of the individual actuators is
optimally leveraged. In an analytical example, it is shown that
the result of the optimization algorithm is in agreement with
the underlying intuition. Finally, it is experimentally confirmed
that the hybrid method increases virtual fixture stability.

Suggestions for future work include investigating the impact
of continuous stiffness adaptation on user perception and
performance, as well as the possibility to modulate the fulcrum
scaling factor s f in order to facilitate stable VF rendering.

APPENDIX
SOLVING THE OPTIMIZATION PROBLEM

In this appendix, an analytical solution to the optimization
problem (39) is derived. This implies finding the minimum of
the function:

f (wx,wy) = vT K−1
a v. (45)

As a first step, let w and W be:

w = [wx wy 1]T , (46)

W = I�1wT , (47)

with � the operator of the Schur product, I the identity matrix
and 1 = [1 1 1]T . Next, the dependence of Jp on W is made
explicit. Starting from (9), this yields:

Jp =

wx 0 0 0 wxlo− lo 0
0 wy 0 −wylo + lo 0 0
0 0 1 0 0 0

 , (48)

=

wx 0 0
0 wy 0
0 0 1

1 0 0 0 lo 0
0 1 0 −lo 0 0
0 0 1 0 0 0


+

0 0 0 0 −lo 0
0 0 0 lo 0 0
0 0 0 0 0 0

 , (49)

= WT Jp,w +Jp,c. (50)

Inserting (50) into (34) gives:

v = JT
r (J

T
p,wW+JT

p,c)J
T
f Rdez, (51)

= JT
r JT

p,wWJT
f Rdez +JT

r JT
p,cJT

f Rdez, (52)

= JT
r JT

p,wI�1wT JT
f Rdez +JT

r JT
p,cJT

f RdezeT
z w, (53)

= JT
r JT

p,wI�1(JT
f Rdez)

T w+JT
r JT

p,cJT
f RdezeT

z w, (54)

= (JT
r JT

p,wI�1(JT
f Rdez)

T +JT
r JT

p,cJT
f RdezeT

z )w, (55)

= Cw. (56)

This result can be substituted in (45):

f (wx,wy) = (Cw)T K−1
a Cw, (57)

= wT CT K−1
a Cw, (58)

= wT Qw. (59)
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It can be seen that (59) describes a bivariate quadratic
function of the form:

f (wx,wy) = Aw2
x +Bwxwy +Cw2

y +Dwx +Ewy +F, (60)

where

Q =

 A B/2 D/2
B/2 C E/2
D/2 E/2 F

 . (61)

If B2 − 4AC < 0, the function f (wx,wy) forms an elliptic
paraboloid which has a minimum if A > 0. In practice, both
conditions are satisfied and the minimum of f is located at:

ŵx =
BE−2CD
4AC−B2 , (62)

ŵy =
DB−2AE
4AC−B2 . (63)

These expressions for the wrist weighting factors express the
solution to the optimization problem (39). The maximum
passive wall stiffness k̂ becomes:

k̂ = f (ŵx, ŵy)
−1. (64)
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