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Abstract

In this paper we provide a detailed study of a general family of asymmetric
densities. In the general framework we establish expressions for important charac-
teristics of the distributions, and discuss estimation of the parameters via method-
of-moments as well as maximum likelihood estimation. Asymptotic normality re-
sults for the estimators are provided. The results under the general framework are
then applied to some specific examples of asymmetric densities. The use of the
asymmetric densities is illustrated in real data analysis.

Keywords and phrases: asymmetric density, asymptotics, location parameter, maximum
likelihood estimation, method-of-moments, quantiles.

1 Introduction

Although the normal or bell-shape density is the most standard reference density, to-
gether with the Student’s-t density when heavier tails seem to be more appropriate, the
symmetry of both densities makes them unsuitable for many applications. Investment
return data and household income data are just a few examples of data that can only
be described appropriately with asymmetric distributions. Simon| (1955) realized the
importance of asymmetric distributions in sociology, economics, and in many biological
phenomena. Apart from the classical asymmetric distributions such as the log-normal, the
chi-squared, and the Fisher distributions, there are many classes of non-classical asym-
metric distributions that have been proposed in the literature.
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ven. The third author acknowledges support from the Flemish Science Foundation (FWO research grant
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One can distinguish some major different approaches for constructing asymmetric
distributions. We briefly review these. |Azzalini (1985, [1986, 2005|) proposed a general
class of skew distributions with probability density function

faly) = 211(A\y) f(v), (1.1)

where f(y) is a given density, symmetric around 0, and II(y) is an absolutely continuous
distribution function with probability density function IT'(y) that is symmetric around 0.
The real-valued parameter A\ determines together with f and II the specific element in
this class of asymmetric densities.

Another approach towards transforming a symmetric distribution into a skew distri-
bution was proposed by Fernandez and Steel (1998)). For a given unimodal and symmetric
around 0 density f and a scalar index v € (0,400), a density in this class of skew distri-
butions is defined by

2 fw) if y<0
Rl W6 if y>0.

fHly) = (1.2)

Arellano-Valle et al| (2005) proposed a general family of skew distributions that
includes as a special case. For a given symmetric around 0 density f, a real-valued
parameter «, and positive asymmetric functions a(-) and b(-), a density in this family is
defined as

B 2 fGE) if y<0
fol¥) = Sy o) ) if y>0. (13)

When taking a(a) = b(«a), the density f,(y) reduces to a symmetric density.
For constructing an asymmetric density, |[Nassiri and Loris (2013) start from a given
symmetric around 0 density f, and positive real parameters A\; and Ay, and define

B 2M1 Ao f(My) it y<o0
A+ Ao F(ay) it y>0.

f>\17/\2 (y) (14)

For any Ay = Ay the density fy, , is symmetric, with a special case fy, », = f when
A1 = Ay = 1. When )\, is larger (respectively smaller) than Ay one gets a right-skew
(respectively left-skew) density. Note that the family of densities in is a special case
of the more general family of Nassiri and Loris (2013)) by taking A; = v and Ay = % The
Arellano-Valle et al.| (2005) family given in is also a special case of the Nassiri and
Loris (2013) family with A = 555 and A = 5.

The family of asymmetric densities is thus quite broad, and a detailed study
of it has not been done yet. A first aim of this paper is to establish general properties
for this interesting family of asymmetric densities. A first merit of studying the general
family , is that several known asymmetric densities can be seen as special cases of it,
with our study allowing to get probabilistic and statistical results on these. Secondly, and
more importantly, this study (i) reveals new insights for existing asymmetric densities
and fills in gaps in the literature; and (ii) provides a detailed study of properties of and
inference for many new asymmetric densities. When it comes to estimation, we focus on



a special setting by taking A\ = 1 — « and Ay = o € (0,1), which allows for sufficient
modelling flexibility and avoids an additional parameter (to be estimated). In addition
this parametrization has important specific merits. Firstly, the parameters ; and ¢ are
orthogonal (see Remark . Secondly, symmetry of f), », is then equivalent to o = 0.5,
which facilitates for example the development of a test of symmetry. Thirdly, the location
parameter of the family corresponds to the ath-quantile of the distribution, which makes
the family very-well suited in studies where quantiles are a main focus, as opposed to a
single mean parameter.

Apart from studying the probabilistic properties of the general family of asymmetric
densities in , in Section , we also discuss estimation of the parameters in the
reduced family (A} = 1 — o and Ay = «), and establish the asymptotic distributional
properties of the estimators, in Section 3} In Sections 4] and [5] we apply the general results
to the interesting special cases of asymmetric Laplace and normal densities. In Section
[0] we illustrate the use of the discussed large class of families in a real data application.
Some further discussions are provided in Section [7. The Supplemental Material contains
additional results, including a small simulation study, proofs of some of the theoretical
results of Sections and [3] a further extension of the statistical estimation part, a study
of asymmetric Student’s-t and asymmetric logistic densities, and an additional real data
example.

2 Quantile-based asymmetric family of densities

2.1 Location-scale asymmetric family

In (1.4) the reference symmetric density f is considered to be a standard version of
the density in a location-scale family of densities, such as a standard normal density, a
standard Laplace density, a standard Cauchy density. By introducing a location parameter
1 € R and a scale parameter ¢ > 0, we obtain

21\ fF(5) it ys<p
; R = 2‘1
PTG NI | f0u) i g -

where A1, A2 € RT. With = 0 and ¢ = 1 this reduces to (L.4)).

In a recent review of existing asymmetric densities Jones| (2015) classified these into
four families. The family given in (2.1]) is a member of what he termed as Family 3A asym-
metric densities (“Transformation of Scale including Two-piece”) which takes the form
fs(y) = 2f(W~Y(y)), with f a density in a location-scale family of symmetric densities.
Indeed, by taking

d(A + A2)
A1 Ao

with I(A) denoting the indicator function (i.e. I(A) =1 if A holds, and 0 otherwise), we
get the density in ([2.1)).

The following proposition formally states that the above family of densities consti-
tutes a location-scale family, as soon as f is an element of a location-scale family.

W(y) =

z ; M({Alﬂ(y < )+ Aoll(y > u)},

Proposition 2.1. Suppose that f belongs to a location-scale family of symmetric densi-
ties. Y ~ f)\l,/\z(‘; , ¢)7 then? fOI' any 60761 € Ra 50 + Bly ~ f)q,)\g('; BO + /Blluu ‘Bll ¢)
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2.2 Properties of the asymmetric family of densities

Consider a random variable Y with density fi, ,(-; 1, ¢) in . In this section we
provide explicit expressions for (i) the cumulative distribution function of Y and the Sth-
quantile of Y (in Theorem [2.1)); (ii) the central moments of Y (in Theorem [2.2); and (iii)
the characteristic function of Y (in Theorem [2.3). Denote by F' and F~! respectively the
cumulative distribution and quantile function of the standard Symmetric around 0 density
f. The symmetry property of f implies that F(0) = 0.5 and F~1(0.5) = 0. The proofs of
Theorems [2.1] and [2.2] are provided in the Supplemental Material.

Theorem 2.1. If Y is a random variable with asymmetric density fi, x, (+; &, ¢) as in (2.1,
then the cumulative distribution function of Y equals

222 [\ (L) if  y<up
F)\17>\2(y;,ua ¢) = At ( ¢ )

A2—A 2\ :
A?-‘y—)\; + )\1+1)\2F<)\ (Tu)) lf y Z #’7

(2.2)

and for any § € (0,1), the Sth-quantile of Y is given by

¢ —1(BA1+A2)
p+ (#) it < /\1+>\2

+ %F—1<B(/\1+>\22);(/\1—>\2)) if ﬁ >

F,\_lf,\z(ﬁ) = (2.3)

A1 +>\2

with in particular

A
-1 2
F)\l)\g <)\1 4 )\2> = M. (24)

Furthermore, Fy ', (0) is the minimum and Fy', (1) is the maximum value of Y.

For the special standard setting that ;1 = 0 and ¢ = 1, expressions (2.2)) and ({2.3))
can be found in Nassiri and Loris (2013).

We next investigate central moments of Y about p. Generally, Y has finite rth order
moment (r € R) if and only if a corresponding moment of the symmetric density f exists.
This is formally stated in Theorem [2.2] Of special interest are the expressions for the
mean E(Y'), the variance Var(Y'), the skewness and the kurtosis of Y, with the latter two
defined as respectively

E[(Y - E(Y))’]
(E[(Y - E(Y))2]}?

E[(Y - E(Y))"]
{E[(Y - EY))*]}

Vsk = and /yku — 2 (2.5)

Theorem 2.2. If Y is a random variable with asymmetric density fi, x,(+; &, ¢) as in (2.1]),
then the rth central moment of Y about u , with » € R, is given by

¢r )\;+1 + (_1>r/\72"+1
B(Y — p) =
(Y= n) O+ M) [ A ]

T

where

oy = /000 s"f(s)ds. (2.6)



Furthermore, the mean, variance, skewsness and kurtosis are given by, respectively

A — A
By = ot 22, (2.7)
2
Var(¥) "2 V(¥) = 555100~ 222 — 1) + Mo
1712

e = (A1 = X)[(A1 = X2)? (s — Bpapie + 23) + MAa(2ps — 3pape)] (2.8)
(A1 — X2)2(pg — 1i3) + )\1)\2M2]%

and

(A + AD)pa — (A1 + A2) (A1 — A2)?[A(AT + AD)paps — 6(AT — Mido + A3)ufpz + 3(M — Ao)

2]

T O+ A2) [\ = X212 — 12) + A hagia)]?

(2.9)

Remark 2.1. Note from ({2.8]) and (2.9)) that the skewness and the kurtosis do not depend
on the parameters p and ¢, but only on A; and Ay, and on the moment-type quantities
(1, p2, pig and py) of the reference symmetric density f.

Theorem provides the expression for the characteristic function of the asymmetric
density ([2.1).

Theorem 2.3. If Y is a random variable with asymmetric density f, x, (-, ¢) as in (2.1)),
then the characteristic function of Y is given by

s 1 (-5 + 20t (D)]

= —
#(t) O+ o A X

where

ot (1) = / " et f(y)dy. (2.10)

Proof. The calculation is straightforward using changes of variables:

E[eity] /_ yf)q A2 y ¢)dy

2/\2 / i( ;l 2\ it /OO ()2
xr)dr + ————e"* e 2 z2)dz
>\1+A2 (A + Ag) 0 1)
el

ot ot
- o [w (- A_1) + Mg (ﬂ'

It is of interest to look at the basic idea underlying the construction of the asymmetric
density . With f a symmetric density, the basic idea is to introduce scale factors
A1 and Ay in the positive and the negative orthants (with respect to p) such that the
resulting density retains the mode p. From the expression of the cumulative distribution
function in Theorem it is easy to see that

PY >p) M/ (M+A) N
PY <p) A/Oi+r) A

(2.11)



or equivalently

from which it is clear that A and A9 control the allocation of mass to each side of the
mode 1.

In this paper we focus in particular on the setting when \; = 1—a and Ay = a € (0, 1).
In this case the asymmetric density is given by

2a(1—a) | f(L-a)(®Y) if y<u

falyip, ) =
¢ (=) if y>p

(2.12)

and ([2.11)) reduces to

§§23:1;“¢:apw>up4yﬂmmygm,

with now only a controling the mass allocation in the density to the left and the right of
the mode p. From expression in Theoremwe also know that, with \; = 1—« and
A2 = «, the quantile of order « is equal to u, the location parameter. As such, the family
of asymmetric densities in is tailored towards quantiles, with the ath-quantile its
location parameter.

Remark 2.2. For the well known family of densities studied by |Fernandez and Steel
(1998), which corresponds to taking A\; = v and \y = %, the ratio becomes 2. One
may be tempted to think of with 1 =0 and ¢ = 1 as a reparametrization of ,
by simply matching the expression for P(Y > u)/P(Y < ), which yields a = ﬁ, a
one-to-one transformation between R* to (0,1). This is of course not true. Using the
above transformation, the density yields the density

2 fE%) i y <0
f+(y) (1+~2)2 f(lfrsz) ity >0

which is clearly different from the density in (|1.2)).

From the previous theorems, we easily deduce the following properties for the family
of asymmetric densities in ([2.12]).

Corollary 2.1. If Y is a random variable with asymmetric density f,(-; u, @) in (2.12]),
then

(i). the cumulative distribution function of Y is given by

20 ((1 — a)(%)) if y<up

Fo(y; p, -
(i) 204—1—1—2(1—@)F(04(%)) it y>p.

and for any f € (0,1), the fth-quantile of Y is

Fo1(8) p+ =P (L) if BA<a
a prE(E) it pza

with in particular F;'(a) = p.



(ii). Furthermore, the rth central moment of Y~ about u, with r € R, is

1 — r4+1 —1)r r+1
B gy = o[ O‘LT(lt(a)r) | = o,
where we denoted
1— r+1 -1 r+1
b= QLT<1+_(a>r) —|u- (2.13)

In particular, the mean, variance, skewsness and kurtosis of Y are, respectively

_ o =20
VIY) = Zrm el = 20020 =) + (1 = )l (215)
e = (1 —2a)[(1 = 20)*(p3 — Bpapz 4 243) + (1 — 0‘2(2#3 - 3#1#2)]’ (2.16)
[(1—20)*(u2 — 7)) + (1 — a)ps)2
and

[(1—a)®+a® s — (1 = 20)?[4(1 — 20 + 20%) py 3 — 6(1 — 3o + 3a2) pdpun + 3(1 — 2)% i)
[(1 = 20)%(p2 — pi7) + (1 — @) o]

Yku =

(iii). The characteristic function of Y is given by

o(t) = 2 [agp+< - ﬂ) +(1— oz)gp*’(%)]

1l—«

In the sequel we focus on the family of quantile-based asymmetric densities in (2.12)).

3 Parameter estimation in the quantile-based asym-
metric family of densities

Let Yi,...,Y, be an i.i.d. sample from Y with density . For a given reference
symmetric around 0 density f and a given index-parameter « € (0,1), the asymmetric
density depends on two parameters p and ¢. A first aim in this section is to provide
estimators for the parameters y and ¢. A secondary aim is also to consider estimation of
the index-parameter a. We discuss maximum likelihood estimation as well as estimation
via a method-of-moments.

3.1 Method-of-moments estimation

When « is known, we consider the first two moments of Y to obtain method-of-moments

estimators for 1 and ¢. Expressions ([2.14]) and (2.15)) lead to

E(Y)=p+ko

3.1
E(Y?) = p? + 2uky ¢ + kog? 31)



where k, is defined in (2.13]), and specifically k1 = aliz)/“ and ky = %Mg.

We need to invert the system of equations in (3.1]). Squaring the first equation and
subtracting it from the second equation we get

1

E(YQ) - (E(Y))2 = (ky — k%)¢2 = ¢’ = m

{EY") - (EY)". (3.2)

Substituting this expression for ¢ into the first equation in (3.1)) leads to the inverted
system:

p=EY)- \/k"j_—k%\/E(YQ)— (E(Y))? 33

¢ = == /E(Y?) - (E(Y))*

ko—k?
Note from (3.2)) that ko — k? = o2V (Y) > 0.
Based on an i.i.d. sample Y7,...,Y, from Y, method-of-moments estimators for pu

and ¢ are obtained by replacing the population moment F(Y7);j = 1,2,...in the inverted
system of equations (3.3 by their empirical counterparts

1 ,
i=1

which then leads to the method-of-moments estimators

ﬁn:Ml—\/kk;_—k%\/MQ_Mf

(3.4)

When « is unknown, we have to consider a third population moment. Recall from its
definition (see (2.5))) that the skewness depends on the three first population moments.
From we can also see that for a density , the skewness is a known function of
a, say h(a). A possible approach would thus be to estimate the skewness by replacing the
three first population moments by their empirical counterparts M;, j = 1,2, 3, leading
to an empirical estimate 7y, for the skewness. Assuming that the function A is invertible
(i.e., h™!(vys) exists) then the index-parameter a can be estimated by solving

ay = h™t () (3.5)

Alternatively, we can exploit the fact that for the density (2.12)), it holds that P{Y <
pu} = Fo(u; p, ¢) = a. This leads to the estimator

1 n
a? ==-N"I(V; <@ 3.6
« (— mnj)s .
P = oI < ) (36)
with 71, as in (3.4)). Since this estimator depends on [i,,, method-of-moments estimators
for (u, ¢, ) are obtained via an iterative procedure. The estimate of « from equation

(3.5) could be a good initial value of @, for the iteration procedure.



3.2 Maximum likelihood estimation

The likelihood function for the full vector of parameters (u, ¢, ) for density (2.12) is

Ln(p, ¢, ) = [W}"lﬁ[ [f((l _a)(u;lfi))]ﬂmsm y [f(a(yiqzu)ﬂn(mu)’

=1

leading to the log-likelihood function

n

In[L, (1, ¢, )] = nIn[2a(1l — )] — nin(¢) + Z][Ofi <p)ln [f((l . a)(” ;Yz)ﬂ

+gﬂm>u)m [f(a(yi;u)ﬂ. (3.7)

The maximum likelihood estimator (MLE) of 8 = (i, ¢,a)” is obtained as a solution to
the problem maxgee In[L, (i, ¢, )] where ® = R x RT x (0, 1) is the parameter space of
6. We assume throughout that the function f is a differentiable function.

If o is known and equals 0.5, then u = F,!'(«), i.e. the median of Y. In that case
the log-likelihood function is differentiable, with respect to p and ¢, and maximization is
straightforward.

If « is known but a # 0.5, or « is not known, then maximizing the log-likelihood
is not straightforward since the log-likelihood function is not differentiable with respect
to the parameter p at the points u = Y;. At points p € {Y1,...,Y,} the log-likelihood
function is differentiable with respect to p. In contrast, the log-likelihood function is
differentiable with respect to the parameter ¢ and the index-parameter «, at all points
of the domain. There is a package fmincon in MATLAB software for solving linear and
nonlinear constraints minimization problems with excellent (close to true value) initial
values. Ardalan et al. (2012)) showed with a numerical example that this package may
fail to find the global maximum value, and proposed an algorithm to find the MLE for a
two-piece normal-Laplace distribution. We can generalize this algorithm to find the MLE
for the considered asymmetric family of densities. Assume throughout this section that
the reference symmetric density f is unimodal.

Let Y{;) < Yo < --- <Y, denote the order statistics associated to the i.i.d. sample
Y1,Ys, .. Y, from Y. Denotmg with 77 the MLE of 41, and assuming that Y1) < i < Y{,),
we can proceed as follows

(i) given ¢ € (0,00) and a € (0,1), the function ¢;(x) = In[L, (i, ¢, )] is a concave
function of p € (—o0, 0);

1

(i) given p € (Y(1), Y(n)) and o € (0,1), let n = =, the function go(n) = In[L, (1, ¢, )]

¢
is a concave function of n € (0, 00);
(iii) given p € (Y(1), Y(n)) and ¢ € (0, 00), the function gs(or) = In[L, (i, ¢, )] is a concave
function of « E (0,1).

Denote the left-hand derivative and right-hand derivative of the concave function g; ()
by ¢ (p) and ¢} (u), respectively. Let m be the first index in the set {1,...,n} for
which ¢} (Yim)) <0, i.e g1+ (Yim-1)) > 0. Then the following two cases can happen. (i)
If 91+(Yimy)) = 0 and g7—(Yim))) = 0, then the function gy (i) reaches its maximum at



the point Y, i.e. i = Y. (ii) If g4+ (Yim)) < 0 and g7 (Y(m))) < 0, it follows that
Yim—1) < I < Y(m), since g} 4(Y(m-1)) > 0. But in this case g;(u) is differentiable at jz,
with

p=p

91(1) = g1 (1) = g1+ (i Zln[ ( (1-a)(" —QSY@))]

2 S (o)

Setting ¢4 (1) = 0 based on equation ([3.8)), then leads to the MLE of u in that second
case. Overall, denote the MLE by i = 1i(¢, ).
Clearly, maximizing In[L, (i, ¢, )] over ¢ € (0,00) is equivalent to maximizing the

function g»(n) over n € (0,00), where n = % For given (u,«), the MLE of ¢ is gg(,u,oz)

which is obtained by solving the equation 9 ln[ n(i, ¢, )] = 0. Similarly, for given
(i, @), the MLE of « is a(u, ¢) obtained by solvmg the equation & In[L,(y, ¢, )] = 0.
From the above it is clear that the maximum likelihood (ML) method results into an
iterative procedure, which needs of course some starting values. Since for given index-
parameter «, the parameter y is nothing but the ath-quantile of Y, we consider as plau-

sible starting values for («, p) the values (a(()j),u(()j)) = (£ Y(j ), for j=1,...,n. Fora

given starting value (a(()j ), u(()] )), we then first calculate gb(,uo , 0 ), leadlng to starting

values for the whole parameter vector (i, ¢, «). We then iterate until convergence of the
procedure, to get to a first MLE for (u, ¢, «), which we denote by (i), ¢0), @), Run-

ning this computation for all n starting values, and calculating In [Ln (ﬁ(j), oD, &U)>]
for j = 1,...,n, we select as the MLE of (i, ¢, ), the value (i, (g(’“),&('“)), for which
In [Ln (ﬁ(k), o), an))] is maximal among the n values.

(3.8)

p=p

Obtaining the maximum likelihood estimators is computationally more involved than
calculating the method-of-moments estimators. See also Section for a further dis-
cussion on and comparison of both estimation methods.

3.3 Asymptotic behaviour of the parameter estimators

We next investigate the asymptotic properties of both, the method-of-moments estimators
and the maximum likelihood estimators. We distinguish between the cases that the index-
parameter « is given, and the case that it is not given and needs to be estimated. Allowing
some mild notational ambiguity, we denote in the former case the unknown parameter
vector by 8 = (i, )T and its true value by 8y = (o, ¢o)?; whereas in the latter case this
is @ = (u, ¢, )T and Oy = (o, o, ap)” respectively.

The proofs of Theorems and are deferred to the Appendix, whereas the proofs
of all other results are provided in the Supplemental Material.

3.3.1 Asymptotic behaviour of the method-of-moments estimator

Denote the true moments of Y by

:u /’1’] Y(GO) = (Yj>7 | = 17 27 3747
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and use the notation

pay = tzy(60) = P{Y < po} = E[I{Y < po}] = ao.

The method-of-moments estimator for (u,¢), when the index-parameter « is known, is
given in (3.4). In case a is unknown, the additional estimator in (3.6)) is used, and
the estimation procedure becomes an iterative one. In both cases, and for_notational

ease, denote the method-of-moments (MOM) estimator by oM™ | Theorems and

state the asymptotic normality result for oM° ), in case the index-parameter is known,
respectively not known. Herein N, stands for a k-variate normal distribution.

Theorem 3.1. (Known index-parameter «)
If uyy = E(Y?) < 0o, then

V(@M — 6g) % Ny(0,T(6))  as n — oo,

T A (k2 — ky)?

K2ky — k2k2 — 4 kykoks + 453 2 K3k + 2 k2 — 5 kyk2 — knky + 2 koks

2k3ky + 2Kk — 5 hik2 — knky + 2koks  ky— Ak} + 8kPky — dkerky — K2

where k,., for r =1,2,3,4, is as in ([2.13)).

Theorem 3.2. (Unknown index-parameter «)
Denote by uy (6) = (,uLy(O),ug,y(O),ugyy(e))T the vector of population moments and
by M, = (Ml,MQ,M*) with M; = n~ ' 3"  {Y; < p}. Further, let m,(0) = M, —

py(0) = = Zm(YZ,O) is a vector of moment restrictions which is non-differentiable

with respect to the unknown parameter, and denote the method-of-moments estimator
n(MoM)
by 6} . Assume that

(A1) OMM s a consistent estimator of the true parameter 6, = (o, o, o) T that satisfies
m, (03 = 0.

(A2) E[m,(0)] is differentiable at 8y with matrix of first order derivatives M such that
M is nonsingular.
(A3) Denote v,(6p) = é m(Y;, 00) — E(m(Y;, 0,))]. Assume that {o,(-) : n > 1} is
stochastically equicontinuous.
(A4) The matrix S = E[m(Y,0y)m(Y, 0y)7] exists.
Then we have
V(@M — gy & No (0, MTIS(MTYT)  as n— oo, (3.10)
where S = E[m/(Y, 0y)m(Y,0,)7].
Note that we have an explicit expression for the asymptotic variance-covariance ma-

trix I'(6y) in the known index-parameter case.

11
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3.3.2 Asymptotic behaviour of the maximum likelhood estimators

The true value 8y of @ = (1, ¢, )T is estimated by the MLE ML) — (ﬁ%MLE), E%LMLE) , aMLE) )z
obtained as a maximizer of .

One of the requirements for applying asymptotic normality results from standard
maximum likelihood theory is that the objective function (the log-likelihood) is twice
continuous differentiable. However, the asymmetric density has a non-differentiable peak
at the mode p, and hence the log-likelihood function In[L,(0)] is non-differentiable at
the points Y; = p. Therefore, the standard maximum likelihood asymptotic theory is
not directly applicable when one of the unknown parameters is p, and one has to use
special asymptotic results which account for such an irregularity in the statistical model.
By relying however on fundamental results, such as Theorems 2.1 and 7.1 of Newey and
McFadden| (1994) and Theorem 3 as well as its corollary in Huber| (1967) we can still
establish the usual asymptotic properties for our maximum likelihood estimators. The
following assumptions are needed.

Assumptions:

(Bl) Let G)R - [_,U/ualvbu} X [levgbu] X [Oél,Oéu], where |'U/u| < 00, 0< ¢l S ¢ S ¢u < 00,
and 0 < oy < a < a, < 1, be a compact subset of ®, and assume that 8y € O,
with ®p the interior of Op.

(B2) [37 |In f(s)|f(s)ds < oo; where f(s) is the reference symmetric density.

(B3) v = [y st %ds < oo forr=1,2,3.

(B4) llm sf(s)=0or [~ sf'(s)ds = —3.

Theorem [3.3|guarantees the consistency of the maximum likelihood estimator, whereas
Theorem establishes the asymptotic normality result.

Theorem 3.3. Under Assumptions (B1) and (B2), the MLE O3 = (M) gMEE) g MEE)T

MLE

of 8 is (weakly) consistent. That is, oM Ly gy as n — 0.

Before deriving the asymptotic distribution of the maximum_likelihood estimator
@LMLE), we establish some result on the score vector (in Proposition ) and subsequently

derive the Fisher information matrix in Proposition [3.2]

Proposition 3.1. If Assumption (B4) holds, then the expectation with respect to the
true underlying distribution of the score vector for Y, denoted by 9Infa(¥6)

00
e[ 5 7

, 1s zero, i.e.

= 0.

Proposition 3.2. Suppose Assumptions (B3) and (B4) hold. Then the Fisher infor-

mation matrix Z(0) = [E{%log fa(Y;0) - 2-log fu(Y; H)H for @ = (u, ¢, )7
¢ J 7”.]: 14y
1s
204(1;201)71 0 _%
7(0) = 0 (29— 1) — 2t l) : (3.11)
27 _ (1=20)(2v3—-1) [a34+(1—a)3]2y3—(1—20a)?
) a(l—a)¢ a?(l—a)?
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Remark 3.1.

1. Note from the Fisher information matrix in (3.11)) that the parameters p and ¢
are always orthogonal (see (Cox and Reid| [1987). As consequences we mention: (i)
the ML estimates of p and ¢ are asymptotically independent, (ii) the asymptotic
variance for estimating p is the same whether ¢ is known or unknown. In addition
this orthogonality property may lead to simpler numerical determination of the ML
estimates for (u, ¢).

2. Note that the quantity ~,, defined in Assumption (B3), is always a positive real
number.

Theorem 3.4. Suppose Assumptions (B1)—(B4) hold. Then the MLE oM g asymp-
totically normally distributed with mean 0 and variance-covariance matrix [Z(6,)] ™"

V(M) — 99) % N3(0,Z(60)")  as n— oo,

where Z(0) is the Fisher information matrix given in (3.11), with inverse

Y34 (1-20)72¢° Y2¢
2a(1—a)(m173—73)  2a(l—a)(m1y3—73)  2(3173—3)
-1 _ (1—2a)y2¢? —1 (1—2a)y1¢
1(6)" = 2a(1-a)(1173—73) [Z(8)™ 22 2(m173—73)
Y26 (1-20)m¢ a(l-a)yn
2(y1v3—73) 2(y1v3—73) 2(y173—73)
where
T(8) 1]y — (6 %7173 4+ 272%0% — 4oy —6ayiys — 2% a +4ay + 2173 — 1) ¢°
22 = -
20(1 — @) (293 — D(n7s —13)
If o is known, then the asymptotic variance-covariance matrix of the MLE 8,, = (ﬁ%MLE), /TnMLE))T
of (1, ¢)" is
¢? 0
()" = | ¥ . (3.12)
0 ¢
2v3—1
If ¢ and « are both known, then the asymptotic variance (abbreviated AVar) of ZL%MLE) is
~(MLE)y __ 2
AV&I‘(,UTL ) = M

Note that for the ML estimation method we also have a closed-form expression for the
asymptotic variance-covariance matrix when the index-parameter « is unknown. Since
in case o known we have closed-form expressions for the asymptotic variance-covariance
for both estimation methods, we can compare the performances of the estimators. See
Section

3.3.3 Comparison between asymptotic properties of MoM and MLE estima-
tors

Suppose that the index-parameter « is given (fixed). From the expressions for the asymp-
totic variances of the method-of-moments and the maximum likelihood estimators for pu
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and ¢, provided in (3.9)) and (3.12), respectively, we obtain that
AVar(is'™) (1 — a) (kky — K2k — 4 kkoks + 4 k3) 71

RAVar(ii,
(in) AVar(aMUE)) 2 (ky — k2)?

and

AVar(¢n' ™) (ky — 4kt + 8k2ky — dkiky — k3)(275 — 1)

AVar( MLE)) 4 (ky — k?)* ‘

Recall the definition of k, in (2.13), denote k,(a) = (1 — )™ + (=1)"a""!, and write
k. = {k.(a)/[a(1 — a)]"} p,. Further noting that k,.(a) = (1 —a)"" — (—a)""! and using
the polynomial identity a” —b" = (a—b)(a" ' +a"2b+...+ab" 2 +b""1), for a,b € R and
n € N, reveals that k,.(«), for r an integer, is a polynomial of degree r in «a. Specifically,
we find

RAVar(,)

ki(a) =1-2«a ks(a) =1 —4a + 6a% — 40

(3.13)
ko(a) =1 — 3a + 3a? ki(a) =1 —ba + 10a? — 1003 + 5al.

With the above notations we get

RAVar(s,) — F(ka(@)idis — KR (0) K3 (0)radid — aha(@)ha(o)hs(o)paponss + k()3

2 (ka(0) 2 — K3 (@) 3)* (1 — @)

(3.14)

~ « — 4k ()t 2( a2y — « —
RAVar(d,) = ka(a)pa — 4Ky ( )Ml+8§1(l(§2()2§22)f1:;(a)i§)1£ Vks () papis — k3 (o) 2 (25— 1),
(3.15)

The quantity AVar(f MOM)) /AVar(ii MLE)) in (3.14) is thus the ratio of a polynomial of
degree six in o and, in the denominator, a polynomial of degree 4 in a multiplied with
the factor o(1 —«). The quantity AVar(¢pr, HMoM) ) / AVar(agMLE)) in is the ratio of two
polynomials of degree four in «.

Note that k,.(0) = 1, for all r; k.(1) = —1, for r odd, and k,(1) = 1, for r even;
k.(0.5) = 0 for r odd, and k,(0.5) = 0.5" for r even. With this knowledge it is easy to
find some details of the behaviour of the ratio’s in and . The denominator in
(3.14) contains the factor a(1 — «) and as such equals zero when « either tends to 0 or
1. The numerator in (3.14]) however stays finite for both limiting « values. As a conse-
quence the limit of is infinite when « either tends to zero or one. Furthermore, the
limiting cases for @« = 0 and o = 1 coincide because of the appearance of k;(«) and k3(«)
either in a squared version or the product of both quantities, such that the differences
in signs in the two limiting cases do not enter. Table [3.1] details the behaviour of the
quantities AVar(7i5"™) /AVar (75™) and AVar(5 ™) /AVar (¢ ™), when o tends to
zero or one, and when o« = 0.5, in which case we are back to the setting of the reference
symmetric density.

Table 3.1: General behaviour of RAVar(p,) and RAVar(an) for a = (limg~ 0, 0.5, limg ).

«a a=0.5 limg o and lim, ~
RAVar(fi,,) | 2pem1 +00
= 2 —4 4 8 2 —4 — 2
RAVar(¢,) = QMQ g ai—— AL 2 2#1#3 = (295 — 1)
4ps A(pe — p1f)
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A possible loss in efficiency should be considered together with the computational
advantage of the method-of-methods estimators.

3.4 Examples

Special and appealing choices for the reference symmetric (around 0) density f in
are: the standard normal density, the Student’s-t density with v degrees of freedom, the
standard logistic density and the standard Laplace density. We refer to the resulting
asymmetric densities as the asymmetric normal, Student-¢, logistic and Laplace densities,
abbreviated as AND, ATD, ALD, ALaD. See Sections 5], [S.5] and [ respectively.

Application of Theorems [2.1] 2.2 and 2.3 and Corollary 2.1] to the setting of specific
examples, requires evaluation of the following characteristic quantities of the reference
symmetric density f:

e for applying Theorem we need to evaluate expressions for the cumulative distri-
bution function and the quantile function;

e for Theorem we need the values for p,, defined in (2.6, for r = 1,2, 3, 4;
e for Theorem 2.3l we need to calculate the function ¢ (-) defined in (2.10)).

Tablein the Supplemental Material lists the quantities f, F', F~1, u,, forr = 1,2, 3,4,
and ot for the above examples of reference symmetric densities.

For the application of Theorems and [3.4) we need to verify the assumptions,
which also involves calculation of the quantities 71, 7, and 73 (see Assumption (B3)). In
Table [S.1] in the Supplemental Material we also include the values of these quantities for
the spemal examples of reference symmetric densities.

The information in Tables [3.1] and allows to study the behaviour of the ratio’s
RAVar(i,) = AVar(a5" ™) /AVa ( (MLENY nd RAvar(gTsn) AVar (3™ / AVar (¢h ™)
for these special cases of densities. See Tables and (in the Supplemental Material).
From Table it is clearly seen that the ratio’s between the asymptotic variance of oMM
and O™ are always equal for o and (1 — «). In Figure a plot of RAVar(j,,) and
RAVar(an) for the asymmetric Laplace density iS given See further Section

For given «, the asymptotic variance of [ un ) for asymmetric normal and La%)Iace
densities equals ﬁ since ; = 0.5 for both densities. The asymptotic variance of i, MoM

is just double that of /. ,un M) for an asymmetric Laplace distribution in case o = 0.5. On
the other hand, for an asymmetric normal distribution in case of @ = 0.5 (i.e. for a
M) ~(MLE)

equals that of fiy,
For an asymmetric Student’s-t distribution with a large value of v, the value of RAVar(Bn)
is very close to that for an asymmetric normal distribution, as can be seen from Tables
and [S.3

It should be mentioned that Table not only provides insights in a comparison
between the asymptotic variances of maximum-likelihood and method-of-moments esti-
mators for the family of asymmetric densities in general, but also reveals new insights
about the comparison of the two estimation methods for classical symmetric densities:

symmetric normal distribution) the asymptotic variance of ﬁ%

o for a normal density, both estimators have the same asymptotic efficiency;

o for a logistic density, the MLE are slightly more efficient (ratio’s close to one);
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e for a Laplace density, the loss in efficiency when using the method-of-moments
estimator is less for the scale estimator than for the location estimator.

In the next sections we look in detail into two special cases of families of asymmetric
densities, and apply the general results to these. Two other cases are studied in Sections
and in the Supplemental Material. In each case we start by discussing the re-
lationship with densities in the literature, highlight differences, and emphasize the new
insights gained. We provide the properties of the related densities in (2.1]), and discuss
the results on MoM and ML estimators for parameters of densities (2.12)).

4 Quantile-based asymmetric Laplace densities

In the last several decades, a lot of research has been done on various forms of asymmetric
Laplace distributions. For a general discussion on these see for example the book by Kotz
et al. (2001). Hinkley and Revankar| (1977)) proposed an asymmetric double exponential
(Laplace) density and discussed ML parameter estimation establishing asymptotic nor-
mality results in the context of Pareto law underreported data. Kozubowski and Podgorski
(1999) showed that an asymmetric Laplace density is a mixture of two exponential densi-
ties with two different rates. In this section, we briefly review contributions to asymmetric
Laplace distributions, showing that all can be viewed as special cases of the asymmetric
family of densities in (2.1). Important is that the application of our general results in
Sections and [3] allow us to find existing results for asymmetric Laplace densities as
special cases, and moreover to complete important existing gaps in the literature.

4.1 Definition of the asymmetric Laplace densities

With the symmetric density f a standard Laplace density as indicate in Table the
four-parameter asymmetric Laplace density resulting from (2.1)) is given by

At Ao M) i <y

Pasaly s 0) = 23— N BT

(4.1)

and the three-parameter asymmetric Laplace density obtained from ([2.12)) is

ai—a) [0 oy<p

R () (4.2)
¢ e *\Us ity > p.

If Y has density (4.1)) (respectively (4.2))), we denote Y ~ ALaD(u, ¢, A1, A2) (respectively

Y ~ ALaD(u, ¢, ). The meaning of the location parameter is given by (2.4), revealing

the quantile link for the location parameter. Yu and Zhang (2005) also considered the
asymmetric Laplace densities in (4.1)) and (4.2), and discussed MLE.

falys pu, 0) =

There are several reparametrizations of the asymmetric Laplace density in (4.2)) in the
literature; see Kotz et al.| (2001)). For example, by reparameterizing the scale parameter

¢ = §, the density (4.2) becomes

67 5(1()4_&) (/’Lfy) lf y S lu/
falys . B) = B(1 — @) '
e_ﬂ(y_:u) lf y > /‘L
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which was proposed by Hinkley and Revankar (1977, eq. (5)). Another popular asym-
metric Laplace density was proposed by Kotz et al.| (2002), and is defined as

\/5 K 6—7\/3(#—24) 1f y S /1/
fn(y;,u70-) = _1 2 \fm . (43>
g + K 6 (y lu‘) lf y > /’L7

which is also a reparameterization of the density (4.2) with o = < Tz and ¢ = W(Tifz?)
An important advantage of the density in (4.2) is that the location parameter p equals
the ath-quantile of the distribution. Furthermore, the parametrization in (4.2 leads to

orthogonality of the parameters u and ¢. See Remarks [3.1] and 4.1}

4.2 Properties of the asymmetric Laplace densities

Applying Theorems and 2.3 and Corollary [2.1]to the setting of Section[d.1] we find
the properties of the densities in and . For convenience we collected the findings
in Table[d.T} Since most properties are available in the literature we do not provide details
on the derivations here. For ¢ = 1, results for the three and four parameter density are
provided in [Yu and Zhang| (2005)); and for the three parameter density they are also in

Poiraud-Casanova and Thomas-Agnan (2000)).

Table 4.1: Properties of asymmetric Laplace densities.

Property

Four parameter density

in ()

Three parameter density

in (13

cumulative
distrib. function

function

quantile

function

Fx,ox (Y5 1, 0)

- hspe ™5 ity >
Fyn(8)
pt g m(205) g <

]

u—%ln

((1*5)(>\1+>\2))
A1

(A14+A2)
. A
if B> 70\1_‘32)

Fo(y;n, @)
e1-0)(452) it oy<p
1—(1—a)e 3D i y>p
)

) out+tEmE) if B<a
,uffln(l z) if B>«

central moment

N o [Emteya e
mean E(Y) e+ Mx;j” + ¢;((11 25))
variance V(Y) % %12(?7?5%2)
mode I 7
skewness Ygi % %
kurtosis 4 9/\‘1*?;\6;:5 ;gg;ggxg 24a4—(4128;23j-260(3$21)—236a+9

characteristic

function ¢(t)

By (A + git) !

+ (A2 — oit) 1)

a(l —a)e™((1—a+ ¢it)~*

+ (o — ¢it)™

)
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4.3 Parameter estimation in asymmetric Laplace densities

Let Y3, ..., Y, be an ii.d. sample from Y with density as in (4.2)), i.e. Y ~ ALaD(u, ¢, ).
We apply results from the general setting in Section |3| to this case.

4.3.1 Method-of-moments estimation

As far as we know there are no results available on method-of-moments estimation for
an asymmetric Laplace distribution, and hence we fill in some gap here. In case the
index-parameter is known, the method-of-moments estimators for @ = (u, ¢)? is given in
, with k; and k9 as in , and p; and o as listed in Table . Since the fourth
moment of a Laplace distribution is finite, a straightforward application of Theorem [3.1]
using the quantities tabulated in Table leads to the asymptotic normality result for
the method-of-moments estimator.

MoM ~(MoM) ~(MoM
GO _ (oM SO0y

n ,On

Theorem 4.1. The methods-of-moment estimator
totically normal distributed:

is asymp-

~,

\/ﬁ(O;MOM) —6y) N N5 (0,T(6y)) as n — 00,

where
(12 ab—36 a5 +57 at—54a3+29 a2 —8 a+1)¢2 (6 a®—1504422 a3718a2+7a71)¢>2
I‘(O) a?2(1—a)?(2a2—2a+1)> a(l—a) (2a2—2a+1)?
(6a°—150"+22a°~18a%+7a—1)¢? (5a%—100%+13a2—8a+2)¢?
a(l—a) (2a2—-2a+1)2 (202—2a+1)?

4.3.2 Maximum likelihood estimation

From the general expression for the log-likelihood function in (3.7)), the log-likelihood
function of @ = (u, ¢, )T for the setting of Section equals

(L (a, p, ¢)] = ninfe(1 — )] = nln(p) - %Z Vi — pl [(1 = a)I(Y; < p) + oL(Y > )]

— nlnfa(1 - a)] - nln(g) - %Zpam ),

where p,(u) is the so-called check (or tick) loss function defined by p,(u) = u(a—I(u < 0))
following |[Koenker and Bassett| (1978). The MLE of 6 is a solution to the problem
maxgee In[L,(«, 1, @)]. Asymptotic results for the maximum likelihood estimation under

various forms of asymmetric Laplace densities are discussed by several authors included
by Hinkley and Revankar| (1977), Kotz et al. (2002), and [Yu and Zhang (2005).

The expression for the Fisher information matrix of @ stated in (3.11)) in Proposition ,
using the values for the quantities ~,, for » = 1,2, 3 tabulated in Table [S.1] leads to the
Fisher information matrix Z(80) for an ALaD(u, ¢, a) density:

a(l—a) 1
¢? 0 ¢
Z(0) = 0 pe —ais | (4.4)
1 12« 20%2—2a+1
¢ a(l-a)p  a2(l-a)?



Remark 4.1. For the density with parametrization as in Kotz et al.| (2002), on page
818 in their paper, provide an expression for the Fisher information matrix. Exploiting
the connections with the reparametrization in , we can show that the expression of
the Fisher information matrix in (4.4) coincides with this in Kotz et al.| (2002).

Direct application of Theorem leads to the asymptotic normality results for
the MLE for the parameters in density . One only needs to check the conditions
of the theorem. Assumptions (B2) is satisfied since for a symmetric Laplace density
I [In f(s)| f(s)ds < 1/2 + In(2) which is finite. For checking Assumption (B3), we first
mention that f/(s) = —1sign(s)e*l, for s # 0. From this it is easily seen that

@R, 1 R, 1 ()
“‘/o fs) ®=y 7""/0 Tz BT ”3‘/0 i) Bt

These values are included in Table [S.1] Further, Assumption (B4) is satisfied since for a
standard Laplace density it is easy to check that lim sf(s) =
S5—00

Theorem 4.2. If Assumption (B1) holds, then the MLE M) = (M) gIMEE) 3 (MLE)yT
of @y is consistent and asymptotically normally distributed:

\/ﬁ(é\;MLE) —6y) N N3(0,Z(6y)7") as n — 0o,

where
202 (1—2a)¢?
a(l—a) a(l—a) ¢
-1 _ 1—2a)¢? 302 —3a+1)¢?
(6)" = (a(1—2j)) ( a(1—;r))¢ (1-2a)¢

6 (1-20)¢ all—a)

If a is known, then the asymptotic variance-covariance matrix is

@2 0
1(9)71 _ a(l—a)
0 ¢?

Remark 4.2. This asymptotic normality result (case a known) is also available in [Hinkley
and Revankar| (1977) and Kotz et al.| (2002)). In addition, when focusing only on 1, we also
mention the following. For any continuous probability density function gy (y);y € R and

an ath-sample quantile 1 = min Z pa(y; — 1) of Y, Koenker and Bassett| (1978)) found
HE

Vi, — p) = N (0, o]« ) for n large. For an asymmetric Laplace density, we have

%(u)
gy (1) = falps py¢) = 202
Vi, — p) =& N (O ¢—2> which coincides with the result indicated in Theorem .

. Applying this result leads to the asymptotic distribution

P a(l-a)
However, [Yu and Zhang| (2005) state that \/_(ﬁn 1) ~ N(0,02), /ildn — ) ~ N(0, ¢?)

and v/n(a, —a) ~ N(0, (1(1Ta2) for a # 3, which appears to be not correct.
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4.3.3 Comparison of asymptotic variances of MoM and MLE estimators

Using the general considerations in Section we can get an idea about the possi-
ble loss in efficiency when using the computationally very easy method-of-moments es-
timator, instead of the MLE. The graphical presentation of the quantities RAVar(ji,,) =
AVar (M) /AVar (™) and RAVar(¢,) = AVar(oe™™)/AVar (6™, with (limit-
ing) behaviour as can be read from Tables and [S.3] are plotted in Figure The
value of RAVar(fi,,) decreases rather rapidly for increasing values of «, for av < 0.30; and,
due to the symmetry, there is a similar rapid increase for o« > 0.70.

60
|
2.0

50

P < 00
e &
z e
) <
= ™7 =
E g <
= o | g -
g “ g
7 7N
< g < -
O7Z::Z:::Z::....................:Z::Z:::',': 2 ________________________________________
T T T T T T T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
a a

Figure 4.1: Asymmetric Laplace density. The ratio of asymptotic variances of [, (left)
and ¢, (right) obtained by MoM and MLE as a function of the indez-parameter c.

5 Quantile-based asymmetric normal densities

We first briefly review asymmetric normal densities that can be found in the literature.
O’Hagan and Leonard| (1976)) proposed the following skew normal density

fr(y) = 20(y)2(Ay) —00<y< oo (5.1)

where A € R. This density is a special case of the family in (L.1]), by taking f(y) = é(y)
and II(y) = ®(y), respectively the standard normal density and cumulative distribution
function. This is the most popular skew normal density and variations of it have been
discussed by |Azzalini and Dalla Valle (1996), |Azzalini and Capitanio (1999), |Arnold
et al.| (2002), Branco and Dey| (2001)), Chiogna| (2004)), |Arellano-Valle and Genton| (2005)),
among others.

Arellano-Valle et al.| (2004) proposed a new class of skew normal densities, so called
skew-generalized normal densities, defined as

Fraly) = 20)0 (2L ) o<y <o

VI+ 0y

where A € R and § > 0. Note that (5.1]) is a special case of this family, obtained by taking
§ = 0. For § = A2, the resulting density is called a skew-curved normal density.
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Recently, another class of skew normal densities was proposed by [Elal-Olivero| (2010)),
called alpha-skew normal densities, defined by

(1—ay)*+1

fa(y> = 2+ a2

¢y)  —oo<y<oo,
where a € R. Taking a = 0 gives the standard normal symmetric density.

Another popular approach is to consider so-called split-normal densities, which are
obtained by joining at the mode the halves of two normal densities with the same mode but
different variances. For example (Gibbons and Mylroie| (1973) presented the continuous
two-piece normal distribution and applied a split-normal model to fit impurity profiles
data. [Fechner| (1897) also studied the continuous two-piece normal distribution. The

split-normal density with parameters p, o7 > 0 and g9 > 0 is as follows (see, Johnson
et al., 2002):

1(y—p 2
2 6_5(7) if y<up
fy7 aUQaOQ = T == < o 52
( My 07 2) /_27'((014-0'2) 7%(%)2 ( )

it y>pu,

where p € R is the location parameter and o1 > 0 and o, > 0 are the scale parameters.
Several authors (see for example, Runnenburg, [1978)) applied and studied the split-normal
density. For example, split-normal models were used in the estimation of production
frontiers in |Aigner et al. (1976), and |Leffrancois (1989) relied on split-normal models
in forecasting processes in econometric phenomena, argueing that a split-normal model
provides better forecasting value.

Mudholkar and Hutson| (2000) proposed the epsilon-skew normal density that is a
special case of the split-normal density, in which oy = (1 + €)o and 09 = (1 — €)o, with
—1 < e < 1, and henceforth the difference between the two standard deviations of the
normal densities (i.e. 01 — 0y ) equals 2e0. The epsilon-skew normal density is

2
ot 1 ) iy <y
e\Y M - - ?
Vora? | -4 (d5%5) if y>u,

(5.3)

where —1 < ¢ < 1. The limiting cases of (5.3)) as e — +1 are well known half-normal
densities.
Kim, (2005) presented a two-piece skew normal density with index-parameter A € R:

21

Hy) = p— Qtan,l(A)aﬁ(y@(MyD — 00 <y < oo. (5.4)

If A = 0, this reduces to the standard normal density. The density in is uni/bimodal
and a mixture of two truncated skew normal distributions.

A generalized two-piece skew normal distribution was introduced by |Jamalizadeh
et al| (2011)), through a standard bivariate normal distribution with correlation p. The
density in this case is given by

Fonn(y) = c*(é’A’p>¢(y;“>q>2(5(y_m,My_“’,p), SAyER,  (55)

o o o
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-1

. “1( —(p+ox “1 [ —(p—6A _
where ¢*(5, A\, p) = (4m) {cos ! (#ﬁ) + cos™! <\/%§’;—\/1J)r7) + 2tan 1()\)} and

®y(.,.; p) denotes the cumulative distribution function of Ny(0,0, 1,1, p). In the special
case when p = 0, a two-piece skew normal density is obtained:

47

fsaly) = — 2tan_lw¢(y)<1>(5y)‘1>(A|yl), oAy €R. (5.6)

Note that the density in (5.4]) is a special case of this extended class, and is obtained by
taking 6 = 0 in ((5.6)).

The main drawback of all these existing skew normal densities, with exception for
the split-normal one in , is that there is no explicit form for their quantile functions.
For the asymmetric family of densities considered in Section [2.1] we have the important
advantage that explicit expressions are available, as well as estimators with well-studied
properties. See the next sections.

5.1 Definition of the asymmetric normal densities

Using for the reference symmetric density, a standard normal density, we obtain from
(2.1) the four parameter asymmetric normal density

_ﬁ(u)Q
f ( ) )\1)\2 2 e 2 4 if y> U (5 7)
A \Ysu,0) = 2, N2 .
b2 (M +A2) V mo? 67%1(”79) ity <,
and from (2.12)) the three parameter asymmetric normal density
2
2 6_%(%) it y>u
falyip,0) = a(l — ) 2 (a)? (H_y)2 (5.8)
e 2 \ it y<pu.
For a random variable Y having density (5.7)), respectively density (5.8, we denote Y ~
AND(u, 0, A1, A2), respectively Y ~ AND(u, 0, a). Note that we denote ¢ = o in this
example.

Remark 5.1. The continuous two-piece normal (split-normal) normal density in is
a special case of the asymmetric normal density in , obtained by taking Ay = = and
Ay = . Also the epsilon-skew normal density provided in is a special case of the
above family, for which \; = 1+r€ and Ay = 7.

Our focus will be on the family of asymmetric normal densities given in (5.8). Some
densities from this family are depicted in Figure in the Supplemental Material. From
these plots the impact and meaning of the different parameters are clearly visible.

The asymmetric normal densities given in are quite different in construction
from the most popular existing skew normal density given in . To illustrate this we
consider the latter density with some extra location parameter 1 and scale parameter o>
in the reference normal density and cumulative distribution function, leading to the skew
normal density

M)

1 _(yﬂL)2
Hhlyp,0) = —e %2/

(owis

ez dt —00 <y < 00, (5.9)



which is symmetric in case A = 0, and with p the location parameter. This is in contrast to
the asymmetric normal density in for which p is the ath-quantile of the distribution.
Figure depicts several densities from respectively the asymmetric normal density in
(5.8) (left panel), and the skew normal density in (5.9)) (right panel) for various values of
the index-parameters (o and \). From these plots it is clear that density retains the
same mode p, which equals the ath-quantile of f,(-). In contrast, the modes of the skew
normal densities are different for different values of the index-parameter \.
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Figure 5.1: Left: Asymmetric normal densities from (5.8)) for different index values a.
Right: Skew normal densities as in (5.9) for different index values A. Location and scale
parameters are it =0 and ¢ = 1.

Further differences between the skew normal density and the asymmetric normal
density are transparant from Table (taking Ay = 1 — @ and Ay = «) in which we
provide properties for the asymmetric normal density , as established by the results
in Section[2.2] There is no explicit form of a quantile function for the existing skew normal
distribution. On the other hand, there is an explicit form of the quantile function for the
asymmetric normal density, and the quantile function is a linear function of p.

5.2 Properties of the asymmetric normal densities
When appyling Theorems 2.1} 2.2 and [2.3] and Corollary 2.1] to the setting of Section [5

we essentially need to evaluate the characteristic quantities of the reference symmetrlc
density f, as explained in Section [3.4]

We first look into the cumulative distribution function and the quantile function. If
Y ~ N(0,1), then F(y) = 3[1 + erf(\%)]; y > 0, where erf(z) is the so-called Gauss error
function, defined as erf(z) = \/LE [ e dt = \% Iy e~ dt for non-negative values of z,
and for which erf(—z) = —erf(z). Using Theorem [2.1 we obtain

[—

>\1+)\ [l—erf(f}(”oy)) it y<up

Fyo (s i, 0) =

ifﬁ; + A1+)\2 [1+ erf(’\—f(T“))]) if y=>p
We next use that erf(z) = \%’y(%, r?)=1— TF( x?) for non-negative values of =, where

[(s,z) = fxoo t*~le~tdt denotes the upper incomplete gamma function and (s, z) is the
lower incomplete gamma function, v(s,z) = fom ts~te=tdt, for > 0. This all together
then leads to the expression for the cumulative distribution function in Table [5.1]

In the derivation of the quantile function we need F_l(%, y) the inverse of the incom-
plete gamma function, i.e. x = I'"!(s,y), which is equivalent to y = ['(s, z).
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Table 5.1: Properties of the four parameter asymmetric normal densities in (5.7)).

Property
cumulative . X - )

22 T 2, A (RTY if <
distrib. function Fy, (s 1, 0?) = ()‘1+>‘2)\f (2 2 ( o >1> , ) Yy=>p

u-y) )
)\1+)\2) + ()\1+)\2 ffy(i 72 o ) if y>p
or-1 17 VTB(A1+A2) >\1+>\2) if B<

quantile function Fy %>\2 (B) = M \/ ) /\1+>\2)

—1(1 fﬁ(AH) NZ2N
/L+A2\/271 R E

central moment

B | e r()
mean E(Y) o+ %
variance V(Y) MU;A% (O — Xo)2(7 — 2) + 7T)\1)\2-
skewness Yk Vel = \/i()‘l—)‘2)[(Al—/\2)2(4—7r)+7r3))\1)\2]

[()\17}\2)2(71'72)4»71')\1)\2] 2

371"2(Ai)-‘r)\g)—167'('()\1—)\2)()\il—)\%)"l‘lzﬂ'()\l—>\2)2(A?+)\%)—12(A1+A2)(A1—)\2)4
2
()\1+>\2) [()\17)\2)2(7r72)+7r)\1)\2:|

kurtosis Yiu

characteristic function

2 2 252
A itp—" ito ith— ito
() sresw [1 — erf(\/ﬁAl)] + (A1+/\2)e 3 [1 + erf( )]

Calculation of the quantity g, is also simple. We find

urzz/ooosﬂ ds—\/%/ 52d52<\/\/§7_T)TF<T;1>,

leading to the expression for pu,, and subsequently for E(Y — p)" in Table , and the
specific values for p,., for r = 1,2, 3,4, for the standard normal density in Table [S.1]
For the function ¢*(-) we find, putting « = y — it and next u = v/2s,

1 t2 &

+ zty zty —lyQ —l(y—it)Q
T (t) = / f / e 2Ydy = e 2 dy
( ) 0 ( \/ 2T \/ 0

1 2 > 1,2
= e 2 e 2" du
—it

V2T
1 2 \/ 2 / _
= 2 s* dS
vV 271'
1
= = 1+ erf
ST 1+ erf( ﬁn
where we used that erf(—z) = —erf(z).
From this we find the characteristic function of the asymmetric normal density (/5.7))
2eith ot
)= [ (- T) + A |
90() (/\1+>\2) 2( ( A\ ) 1¥ (/\2)
)\2 ituf% ito )\1 itp— g 22 ito
=——-—e M |l—erf 4+ ——F e 22 11 + erf .
(A1 + A2) [ <\/§,\1)] (A1 + A2) [ (\/5,\2”
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5.3 Parameter estimation in asymmetric normal densities

Let Yi,...,Y, be an ii.d. sample from Y with density , ie. Y ~ AND(u,o0,a).
We now apply the theoretical results from Section [3| to this setting, and discuss method-
of-moments and maximum likelihood estimation and the asymptotic properties for the
associated estimators.

5.3.1 Method-of-moments estimation

Since the fourth moment of a standard normal distribution is finite, the following result
is a straightforward application of Theorem using ki and ks as in (3.13)), with pq and
po as listed in Table [S.1]

Theorem 5.1. The methods-of-moment estimator O™ — (ﬁ%MOM), 37(ZMOM))T

totically normal distributed:

is asymp-

V(@M — 95) % Ny(0,T(8)  as n— oo,

where
(e e
r(o) - (0)11 T'(0)12 ’
[(0)2: T(0)22
F(Q) (2.5855 ab — 7.7566 a® + 13.4837 a* — 14.0398 o® + 8.1598 o? — 2.4326 o« + 0.4448) o2
1,1 =

a? (1 —a)®(1.4248 a? — 1.4248 o 4 1.1416)*
0.62668 (1 — 2a)® (0.274a® — 0.274 a + 0.566) o
 a(l—a) (1424802 — 1.4248a + 1.1416)°
(1.0699 ot — 2.1398 03 + 3.8429 a2 — 2.7730 o + 0.9349) 02
(1.4248 02 — 1.4248 v + 1.1416)* '

F(9)272 =

5.3.2 Maximum likelihood estimation

The general expression for the log-likelihood function of @ = (u, ¢, )T in ([3.7)), deduces to
the following expression for the setting of Section [5.1} when f is the standard symmetric
normal density, and we denote ¢ = o:

In[L, (11, 0, 0)] = nIn[v2a(1 — a)] — gln(w) — gh’l((IQ)

n

s S [ IV, < )+ 0’T(Y > )] (5.10)
i=1

The log-likelihood function is differentiable with respect to ¢ and «, but non-
differentiable with respect to p at the points u = Y;, and we need to use the algorithm
presented in Section for finding the maximum likelihood estimators. We therefore
verify here that all working conditions of the algorithm are fulfilled in this setting. Note
first of all that the function ¢(u) = —(Y; — u)? is concave and hence — > 7" (YV; — u)? is
also concave. Therefore, given o and «, the function g, (¢) = In[L, (; 0, )] is a concave

function of u € (—o0,00). The left-hand and right-hand derivatives of g(u) are:

i) = LS v <+ S0 oy = )

2
o
i=1
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)22 & 2
914 (1) 1-a) Y (Y- (Y Su)+%Z(Yi—u)H(Yi > ).

i=1 i=1
It is easily verified that gi (Y{1)) > 0 and ¢{_(Y(,)) < 0. Hence, there is a point, i,
between Y(;) and Y(,) which maximizes ¢;(p) and, therefore, satisfies ¢;_(11) = 0 and
g1+ (1) = 0. It is also easily shown that, given o and «, the log-likelihood function
In[L,(w; 0, )] is maximized at i = Y(y) if p < Yq) and at @ = Y, if u > Y,). Therefore,
Yoy <1t < Y. Given p € (Y, Yr)) and o E (0,1), let gz(n) In[L,(n; p, )] with
n = . The second derivative of go(n) is non-positive and hence g»(n) is a concave function
of n € (0,00). We also see that, given 1 € (Y(1), Y(y)) and o € (0, 00), the second derivative
of the function g3(«) = In[L,(a; i, 0)] is non-positive and hence g3(«) is also a concave
function of a € (0,1). Hence all working conditions described in Section are satisfied.
In Section We present further details of the ML estimation for 8 = (i, ¢, o) in (3.7).

—_

Applying Theorem leads to the asymptotic normality result for the MLE of the
parameters in the asymmetric normal density , stated in Theorem below. In
order to apply Theorem [3.4] we need to check Assumptions (B2)—(B4). Assumption (B2)
is satisfied because

/ 10 £(s)| £(5) ds:/ooo‘—%ln(%)—sg‘f(s)ds
< ‘%ln(?w)‘/ooof(s)d8+/ooo

= }l(ln(27r) +1) < o0

Regarding Assumption (B3), for f the standard normal density, for which f’(s) =

—(\/%)716782/2, we get
g e
/0 5 j)) \/%/

:/oo f’s :—/ 346_5Sd82
0 f(s) V2m Jo

Finally, the first part of Assumption (B4) is obviously satisfied for the standard normal
density.

N | —

E\&

[\CR GV

Theorem 5.2. If Assumption (B1) holds, then the ML estimator 6y, o) — (ZZSIMLE), M) &%MLE))T
of 6 is consistent and asymptotically normally distributed:

V0, — 65) % N3(0,Z(6))™)  as n— oo,

where
3m o 227 (1—2 a)o?
a(l—a) T a(iza) 2V 2mo
1 . ]
-1 _ 20/Ir(1—2a)0?  (5o?m+8a’—5ma—8a+2n)o
(6) 3m—8 a(1-a) 2a(1—a) (1-2a)om
2V2mo (1-2a)om a(l—a)r
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If « is known, then the variance-covariance matrix is

?? 0
9t = | *“ 2
0 %

As before we can access the possible loss in asymptotic efficiency when using the
computationally very easy method-of-moments estimator. A plot similar to Figure is
provided in Figure in the Supplemental Material. All this is of course based on the
study of the asymptotic behaviour of the MoM and ML estimators in case « is known.
In order to evaluate the finite-sample performance of both type of estimators in case « is
known, as well as in case « is unknown (and hence needs to be estimated), we present a
small simulation study in Section in the Supplemental Material. That small simu-
lation study revealed that for small sample sizes the MoM estimator is sometimes better,
and for estimation of the index-parameter a both methods perform very comparable.

6 Real data example

In this section we illustrate the use of the asymmetric densities discussed in previous
sections. We consider a dataset concerning the heights (in centimeters) of 100 Australian
female athletes. These data were collected by the AIS (Australian Institute of Sport).
These data have been used extensively in the literature, e.g. in Cook and Weisberg
(2009). The data are available in the R-software package sn and can be downloaded
from http://azzalini.stat.unipd.it/SN/index.html. |Jamalizadeh et al.(2011]) used
a generalized two-piece skew normal density to model the distribution of these data.

The main question here is which density of a set of (a)symmetric densities provides
the best distributional model for these data. We consider four normal densities, three
Student’s-t densities and three logistic densities. All the densities have location and
scale parameters y and o. For the normal densities, we have: (1) a symmetric N(u,o?)
density; (2) an asymmetric normal density with location and scale parameters and
additional index-parameter \; (3) an asymmetric normal density with location and
scale parameters and additional parameters 0, A and p; (4) an asymmetric normal density
(5.8]) with u, o, and index-parameter «. All Student’s-t densities have degrees of freedom
v and scale and location parameters p and ¢, and further; (5) is a symmetric Student’s-
t density with parameters u, o and v; (6) is an asymmetric Student’s-t density
with parameters p, o and v and index-parameter \; and (7) is an asymmetric Student’s-t
density with parameters p, o, ¥ and index-parameter o. The three logistic densities
are: (8) a symmetric logistic density with location and scale parameters p and o; (9) an
asymmetric logistic density with parameters ;4 and o, and index-parameter \; and
(10) an asymmetric logistic density with parameters u, o, and index-parameter «.

The parameters in all models are estimated by using the maximum likelihood estima-
tion method. In order to judge about the appropriateness of a density model, we calculate
the Akaike’s information number

AIC = —21n (Ln (@;MLE>)) 42k,

where k is the number of estimated parameters in the model, and L, (é\,(LMLE)) is the
realized maximal likelihood value. The AIC-value should be as small as possible.
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We also conduct for each model a Kolmogorov-Smirnov (KS) goodness-of-fit test, for
testing

Hy : Sample data come from the stated distribution
H, : Sample data do not come from the stated distribution.

The Kolmogorov-Smirnov test statistic is defined as :

D = sup [Fo(y) = Fuly)], (6.1)

where Fy(y) is the cumulative function of the stated distribution (with ML estimated
parameters) and F),(y) is the empirical distribution function.

The sample mean, variance, skewness and kurtosis are 174.5940, 67.9339, —0.5598
and 4.1967 respectively. Table presents the ML estimates (MLE) of the parameters
in all normal models, whereas the results for the Student’s-t and logistic densities are
in Table |6.2. For parameters that are not involved in a model we indicate: NAP = Not
Applicable. For each model we also list the maximum log-likelihood value ln(Ln (%MLE)) ),
the AIC-value, the value of the KS test statistic in (6.1]), as well as the associated P-value.

Table 6.1: Normal densities. MLE (with NAP = Not Applicable), mazimal log-likelihood
and corresponding AIC-value, value of the Kolmogorov-Smirnov test statistic and corre-
sponding P-value.

Density | symmetric normal asymmetric normal densities

(1) (2): in | (3): in | (4) in
) 174.594 174.392 165.921 177.02
o 8.201 8.199 9.131 3.879
5 NAP NAP 0.498 NAP
A NAP 0.0314 0.539 NAP
a NAP NAP NAP 0.60
) NAP NAP —0.965 NAP
Log-Lik. —352.318 —352.318 —347.088  —350.845
AIC 708.636 710.636 704.176 707.689
KS 0.0894 0.0714 0.0389 0.0739
P-value 0.4011 0.6878 0.9981 0.6457

The maximal log-likelihood is almost the same for all skew Student’s-t and logistic
densities. Among all candidate models, the asymmetric logistic density has min-
imum AIC-value. For all considered models, the P-values are larger than 0.05 which
indicates that there is no strong evidence against Hy, for none of the models. The largest
log-likelihood value is obtained with the asymmetric normal density . For this model
the KS-statistic has also the smallest value with the largest associated P-value. Conse-
quently, this asymmetric normal density constitutes the best model, but it is an overfitted
model (the AIC-value is not the smallest). The smallest AIC-value is achieved for the
asymmetric logistic density , which is a more parsimonious, and hence more appro-
priate model for these data.

Figure depicts a histogram of the data, together with the three fitted symmetric
densities (with ML estimated parameters), in dashed lines, as well as the three fitted
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Table 6.2: Student-t and logistic densities. MLE (with NAP = Not Applicable), maximal
log-likelihood and corresponding AIC-value, value of the Kolmogorov-Smirnov test statistic
and corresponding P-value.

Student-t densities logistic densities
Densities | symmetric asymmetric densities ‘ symmetric ‘ asymmetric densities
(5) Student-t | (6): in (S.5) | (7): in (S.10) | (8) logistic | (9): in (S.22) | (10): in (S.25)
m 175.142 177.267 177.02 174.998 179.419 177.021
10} 6.217 6.446 3.07 4.409 5.15 2.098
A NAP —0.364 NAP NAP —0.862 NAP
Qa NAP NAP 0.60 NAP NAP 0.6
v 4.240 4.20 5.00 NAP NAP NAP
LogLik —349.364 —348.744 —348.465 —349.594 —348.731 —348.488
AIC 704.728 705.488 704.929 703.188 703.462 702.976
KS 0.0841 0.0462 0.0485 0.0440 0.0433 0.0429
P-value 0.4787 0.9727 0.9903 0.9920 0.9920 0.9928
8 _
o
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Figure 6.1: Flitted symmetric densities (1), (5) and (8), and asymmetric densities AND,
ATD and ALD, and the histogram of the data set.

asymmetric densities that are elements of the family (with Ay =1 — «a and Ay = «)
studied in this paper, in solid lines. The three asymmetric densities are clearly a better
fit than the symmetric densities, which already appeared from Tables and Based
on the MLE of the parameters, and exploiting the established expressions, we plot the
quantile functions of the three asymmetric densities, densities (4), (7) and (10), in the
left panel of Figure |6.2]

Using the estimated quantiles for the selected asymmetric logistic density, as well as
empirical quantiles, we provide a QQ-plot for this density. For convenience a 45-degree
reference line is also plotted. Note that most Q-Q values are reasonably close to the
reference line.
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Figure 6.2: Left: Estimated quantile functions of AND(p,o,a), ATD(h,¢,a) and
ALD(fi, ¢, @); Right: Q-Q plot for the asymmetric logistic distribution ALD.

A second real data application is provided in Section [S.7in the Supplemental Mate-
rial.

7 Discussion and Conclusion

In this paper we studied a general family of asymmetric densities, established its proba-
bilistic properties, discussed estimation of the parameters, and obtained asymptotic nor-
mality results for the estimators. The specific merit of studying the general family is that
the results can readily be applied to the many examples of asymmetric densities that
follow from it. As such our general results contribute on the one hand to lacking results
for existing asymmetric densities in the literature, but on the other hand provide a full
study of several new interesting classes of asymmetric densities.

For readability we restricted ourselves in Section (3| to the setting that the reference
standard symmetric density f involves no extra parameters. In case this density comes
with an extra parameter vector, say k, then it is rather straightforward to extend Theo-
rems |3.2| and |3.4] for estimation of the extended parameter vector @ = (i, ¢, a, k¥)T. See
Theorems [S.3.7 and [S.3.2 in the Supplemental Material, as well as Section [S.5]

Although the general family of asymmetric densities involves index-parameters A\; and
A2, the reduced family with only one index-parameter o appears to be flexible enough for
statistical modeling. Often a first question to answer is whether the underlying density
is symmetric or not. Since symmetry under this general family of asymmetric densities
is equivalent to having o = 0.5 or not, developing testing procedures for testing for
symmetry would be quite feasible in this framework.

A specific feature of the general family of asymmetric densities is that its location
parameter u equals the ath-quantile of the density, where « is the index-parameter of the
family. This family of densities thus has an implicit focus on estimation of quantiles. Of
particular interest in future research would be to look into a regression setting in which
one would extend the studied family to a setting of conditional densities, where among
others estimation of the regression quantiles would be of particular interest.
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Appendix: Proofs of Theorems and

A.1 Proof of Theorem 3.1

To prove this theorem, we use results from standard large sample theory (e.g., see, Serfling,
1980). Let M, = (M;, M5)" be the vector of the first two sample moments, and denote
by py = (pu1y(6o), 2y (6o))” the corresponding vector of population moments. From

(3.1) we know that the latter vector is given by (uo + k1o, pd + 2k1 oo + k:ng(Q))T.
Applying Theorem 2.2.1B in Serfling| (1980, pp. 68) we obtain

V(M —py) % Ny(0,5(6y)), where X(6,) = <(/sz‘—l—j,Y(00)_Ni,Y(00>Nj,Y(00>>i,j)1<. Ly
_17]_
Since the method-of-moments estimator 65"°™ = (ZZ&LMOM), A,(qMOM))T, with compo-

nents as in (3.4)), takes the form oMM — (g1(My, My), go( My, M5))T we can use Theorem
3.3A and its corollary in (pp. 122-126 |Serfling, [1980). This then leads to

V(@M — 6) % Ny(0,T(6))  as n — oo,

where ['(0) = D(0)X(0)D(6)T, with the matrix $(0) as above and D(0) is a 2 x 2 matrix
with as (4, j)th-element %&;MQ)‘M (i, €{1,2}) . Using and Theorem ,
we find that Y
¢? (ko — k1°) —* (2pki® + phika — 2kop — G k3)
x(0) = ;
—¢? (2/~L/<712 + @ kiks — 2kop — P k3) 299
(A1)

with Y9 = —4 ,u2<;52k12 — 41 Pk ky — Hrho® + 4 12P%ky + 4 11 @3k + Kyt
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For finding the elements of D(0) we get that

891(M1,M2) — 14 ky M,
aJw’l \/kQ_k%\/MQ_M127
and hence
Og1(My, M) 1 k1(p0 + k1¢o) _ Goka + ok (A.2)
oM, Mp=py (kz - k%)% ¢0(/f2 - k%)
Likewise, we obtain
9g2(M1,Mz) _ _potkigo 0g1 (M1,Mz) _ k1
M, My—py  90(k2—k7) M Mo—py  200(k2—F) (A.3)
892 (Mi,M>) . 1 ’
Mz | pp —py  200(ka—kD)"

Combining (A.1]), (A.2) and (A.3)) leads to the expression for I'(8) = D(0)X(0)D(0)" as
in (39).

A.2 Proof of Theorem 3.4

Huber (1967) studied asymptotic normality of MLE under nonstandard conditions like
a non-differentiable likelihood function. Since the likelihood function L, (@) is non-
differentiable at the points Y; = u, we will use Theorem 3 and its corollary of [Huber
(1967), and start by checking the conditions.

Denote by

0u(:0)| [5G0 fulis . 0)] + 92 lin fulVis 1, 6))
(Y;,0) = |4a(Y;, 0)| = gl fa (Vi 1. )]
1/}3(}/;70) %[lnfa(y;uljl7¢)]

where g—;[ln fo(Yi, i1, ¢)] and %[ln fa(Yi, i, )] are respectively the left-hand and right-
hand derivatives of In f,(Y;; 1, ¢) with respect to u. Since

A0) = E[¥(Y,0)]

exists for all 8 € Opg, where expectations are always taken with respect to the true
underlying distribution f,, (Y;; tto, ¢o) with parameter vector 8y = (ig, ¢o, )T, 0y € S R-
The first condition (IN-1) of Theorem 3 of Huber| (1967) states that for each fixed
0 € Op, ¥(Y;,0) is Q-measurable, and ¥(Y;, 0) is separable (see (A-1) of Huber] (pp.
222,(1967)). This assumption ensures measurability of the supremum and limits which is
irrelevant to us. However, since ¥(Y;, 8) is continuous and under assumption (B1), it can
be easily shown that for each fixed 6 € Op, the function ¥(Y;, 0) is Q-measurable and
separable (Billingsley|, 1995)). The second condition (N-2) is A(6p) = 0. The function
W (Y, 0) and its expectation with respect to the underlying true distribution, X(6y), are
presented in Proposition . Using this proposition, we see A(6g) = 0 which satisfies the
condition (N-2). The condition (IN-4) holds, since from Proposition [3.2] we have

E[ (Y, 0% = E{[\II(Y;, 0,)][T (Y, 00)]T} = TraceZ() < co.
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Since the MLE 3™ = arg maxgeop Ln(0) of Oy is consistent, we have > (Y;, 0 MLE))

0, evidently and equation (27) of [Huber| (1967)) holds. That is, for every sequence oM

é\(MLE)

satisfying — 6By, in probability, we have

(2 n

1 n
NG § W(Y; OMLE)) 5 0 in probability.
n
=1

The remaining condition (N-3) of Theorem 3 of |[Huber] (1967) reads as: there are strictly
positive number a, b, ¢, dy such that

(i) INO)] = all@ — 60|, for |6 — 6o < do,
(i) Eu(Y;,0,d)] <bd, for |6 — 8|l +d<do,d>0,

(iii) Eu(Y;,0,d)?] <cd, for |0 — 6| +d < dy,d>0,
where u(Y;,0,d) = sup |[®(Y;,0%) — ®(Y;,0)]; 0* = (u*,¢*,a")T € Op satisfies

l6*—6]<d
|6* — 0|| < d and ||@]] denotes any norm equivalent to the Euclidean norm.
Regarding part above: since A(0) is a continuous in the neighborhood of 8y, we

have the Taylor expansion of A(0) at the point 8j:
A(0) = A(6o) — Z(60)(6 — o) + (][0 — 6o])),
since (9%)\(0)‘0 . —Z(6y), and hence

A(0) +Z(60)(0 — 6o) = o([|0 — 6o])), (A.4)

since A(By) = 0. Now, using spectral decomposition of Z(6,), we have

3
_ E 2 T
i=1

where 71, 79, 73 are the eigenvalues of Z(6y) and e;, ey, e3 are the corresponding (orthonor-
mal) eigenvectors. Note that 7, > 0, since Z(6y) is positive-definite. Then, putting
a = 0.5 x min{r, 7, 73},

3
1Z(60)(0 — 8,)]]> = ZT (60— 60))> > 40> "[e] (6 — 6,)]” = 4a’||6 — 6.
=1

Hence,
2a/[0 — 6| < [[Z(60)(0 — 60)[| < [[A(O)]| + [|A(0) +Z(60)(6 — o).

But from (A.4)), it follows that there exists dy such that, for any 8 with ||@ — 6| < dp,
we have

A(6) +Z(6o)(0 — o) < al[6 — 6|

Therefore,
IA(@)]| = al|@ — 6o]|  for [|6 — Bol| < do,
and part (i) of condition (IN-3) holds.

We now check and of condition (N-3). The function u(Y;, 0, d) is continuous
on the compact set Opg. Therefore u(Y;, 0,d) is compact and bounded on ©g. Hence,
parts (ii}) and (iii) of condition (IN-3) must hold for strictly positive numbers b and c.

Applymg Theorem 3 and its corollary of Huber (1967) which state that /7(6, 00)

asymptotically normal with mean 0 and covariance matrix [—Z(6)]*[Z (00)][ ~Z(6y)] ! =
[Z(6y)]~!. The elements of [Z(0)]! can be calculated using [Z(0)]™! = Ty 24 (2 (9)).
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Supplemental Material to the paper

On quantile-based asymmetric family of distributions: properties

and inference
by

Irene Gijbels, Rezaul Karim and Anneleen Verhasselt

This supplement of the above paper contains the following additional parts:
Proofs of Theorems 2.1] and 2.2 stated in Section 2.2l See Section [S.l

Proofs of Theorems [3.2] and [3.3] and of Propositions [3.1] and [3.2] stated in Section [3
See Section [S.2

Some tables with details about relevant quantities for some specific reference densi-

ties. See Section
Extensions of Theorems 3.2l and 3.4l See Section [S.3.2

A small simulation study to investigate further the efficiency of the method-of-
moments estimators and the ML estimators. See Sections [S.3.2.2] and [S.4.2

Study of the quantile-based asymmetric Student’s-t densities and logistic densities,
in respectively Sections [S.5] and [S.6]

An additional real data example in Section

S.1 Proofs of Theorems 2.1 and 2.2

S.1.1 Proof of Theorem 2.1

For y < p, we get

20N - 20\ /Mw
F , do = d
wnlrnd) = [ s (e = 22 [ g
2) Yy—H
= F(\ :
o )

since f is symmetric around 0, and where we used the change of variable z = A ( 7)

For y > pu, we again exploit the symmetry of f, and find

m

Pun(win o) = |

— 00

"

Amxnm¢Mm+/

I (@5 1, @)d

A2 2\ Y — l}
= + F(X —_—
AL+ A AﬁAJ (Aaf o ) 2
/\Q—Al 2)\1 y—lu
= F(A ,
M+A A+ A <2( 0 ))



where the change of variable z = A(*2F) was used.
Let y* be the fth-quantile of the asymmetric distribution F), x,(+; i, ¢). So, we have

2 F(M(554) =8 if y*<p and <22
F)\1,>\2 <y*; 1, gb) _ A1+A2 ( ol ) A1+A2

T an Fe(h) =6 i vy >poand B> A

Solving these equations, we obtain the expression in (2.3)).

S.1.2 Proof of Theorem 2.2

For the rth central moment of Y about p we find, using the changes of variables z =
A (55%) and @ = Ao (¥5F),

EY —p)" = /OO (Y = 10)" Faie (U3 1, @)dy

—0o0

= oLt [ 0]
= o e Gy [ e G [ e

B ¢r |:)\11”+1 + (_l)r)\g-i-l]
(A1 + A2) ATAL "

For r = 1, this leads immediately to the expression for the mean in (2.7). Further, for
r = 2,3,4, we obtain

2 __ ¢2 )\3+)\3 3 ¢3 )4
EY - 1)’ = x5 [ i%xf]/‘% EY =)' =55 [ Alﬁxﬂﬂ?’
4 AP +A3
and B(Y — p)* = —(/\1‘{1/\2) [—Al%/\gz’]m.

Using these expressions and (2.7)), and denoting for convenience 6§ = E(Y"), we have

2
VY)=EY -0 =E(Y —pu)?*— (0 —p)?* = _)\2)\2[()& — Ao+ M) — (A — o) 22
112
¢2
~ 22 (A1 = X2)?(p2 — 13) + M dapal,
112

EY =0°=E[Y —p) =0 - =B —p)° =30 - ) BEY — p)* +2(0 — p)°

3(A — A
12
S(A\ — A
B %[(Al — Xo)? (3 — 3o + 2017) + M Ao (243 — 3ppiz)],
12



and

E(Y =0 =E(Y —p)' —=4(0 — ) BE(Y — )’ +6(0 — p)*E(Y — p)* = 3(0 — p)*
¢! [)\? + A3 4(M — M) (AT = X)

VIVl AL+ Ao Hikts
6(M1 — Ao)2(A3 £ \3)
- )\12+ /\21 2 pipe — 3(A1 — A2) py
¢4

- - 5 5 —4 . 4 4
M A2) [OF 08 =400 = ) = M)y

+6(A = Xa)?(A] + M) pipe — 3(A + A2) (A1 — )\2)4/41]
¢4 5 5 2 2 2
=—————|(A\7+ A — (A1 A2) (A1 — X)) {4(A] + A
S0 o L8+ 4D = O+ 22 = X408 + Xy
—6(A7 = Mdo + A3)puips + 3(A — )\2)2%}]-

Substituting these results into (2.5)) leads to the expressions for skewness and kurtosis.

S.2 Proofs of Theorems and and Propositions
3.1l and 3.2

S.2.1 Proof of Theorem 3.2l

Note first of all that Mj =n~' > I(Y; < 1,,) is a step function (in p) and is not differen-

=1
tiable and not even continuous in p. We follow |Andrews| (1994)), pages 2255-2258, and pro-
ceed as follows. Recall that M, = (My, My, M3)" and py (8) = (p1,y (), p2,y (0), 115, (0))",
and denote the moment restrictions

1 n
M (60) = M, — py (6) = — > m(Y;,0)  and ZE (Y;,0))
=1

*

*(0) is differentiable in €, and considering a mean value ex-

M)

Under the assumptions, m

pression of m’ (6y) around the method of moments estimates MM e get:
om;(6,)

Ao V(O — 6y)

0 = v/nin, (80) = v, (6MM) —

where 6, is such that ||0,, — 8| < |65 oMM — 6| and takes different values for each column
of om* (Gn

as—. With i.i.d. observations and continuity of 8m"(9 at O

Y p T 1 S 0 :
8_0m”<0")_>M_nh—>Igoﬁ 80E[ m(Y;, 6o)].

Thus, provided M is nonsingular (see Assumption (A2))

V(@M — g) = M+ op(1)]V/nm, (BN (S.1)



where op(1) denotes a term that converges in probability to zero as n — oc.
Considering the empirical process at m(Y;, 8) given by v,(0) = /n[m,(0) — m:(0)], we
can write

Vi (B10) = [y, (6010) — m (62)] = Vi, (61
= (Un(B0™) = 0,(60)) + vn(6) — VM, (BX).  (82)

The third term on the right-hand side of is op(1) by Assumption (Al). Indeed,
Andrews (1994) proved this in the context of M-estimation. Here we consider (Y —
) = I(Y < u) — a which belongs to a type I class of stochastic equicontinuous func-
tions described in Andrews| (1994)). Note that stochastic equicontinuity requires that

VM (80) — i (00)] and /nfm, (03°M) — m (00"°™)] are asymptotically equivalent.
The second term on the right-hand side of (S.2)) is asymptotically normal by an
ordinary central limit theorem, since v,(6y) is a normalized sum of mean zero random

variables. That is
n(00) = \/‘Z m(Y;,00) — E(m(Y;,00))] % N(0,S) asn — oo,

where S = llmn—>oo Var[(l/\/ﬁ) Z?:l m(Y;a 00)] = E[m(}/“ OO)m(}/lv HO)T]7 USiIlg Assump—
tion (A4).
Next, the first term on the right-hand side of ({S.2)) is

Ua (M) — 0,(89) = V[, (OMM) — e (MM) — 1, (6p)] = 0p(1),  (S.3)

under Assumptions (A1) and (A3) of the stochastic equicontinuity of {v,(:) : n > 1}, and

oMM 2, g0 Combining (S.1)— - yields the asymptotic normality result in (3.10]).
If o is known then D() = M~' and X(6) = S described in Theorem

S.2.2 Proof of Theorem 3.3

The consistency of the MLE OME) can be proved by checking the conditions of Theorem
2.1 in Newey and McFadden| (1994)), page 2121.
First we prove the uniqueness condition (i) of that Theorem 2.1 by using Lemma 2.2
of Newey and McFadden| (1994), page 2124. The identification condition of Lemma 2.2,
is that if @ # 6y then f,(-;0) # fu,(-;60). For this condition, it suffices to prove that for
any 6 # 6o,
fa(Yi;0) # fa,(Yi; 60)

on a set of positive probability.

Let us consider the case where f,(;0) = fo,(;0). This implies that f,(-;80) and
foo(+;89) have the same mode. Since the asymmetric density is unimodal we necessar-
ily have that u = po. Moreover, note that f,(-;0) = fa,(+;00) implies that F,(-;0) =
Foo(+;00) and a = F, () = F,,(po) = . Therefore, we have a@ = ag. Comparing the
values that the asymmetric densities achieve at their modes we get fo(1; @) = fa, (100; 60)
with u = g, implies ¢ = ¢¢. Hence, 8 = 0, which indicates identification.



The second condition of Lemma 2.2 is that E[|In f,(Y; 1, ¢)|] < oo. For a density in

we have that
In fu(y; 1, 6) = 20 (1 = a)] = (@) + I | F((1 = o) (F=2) ) |1y < )
+1n [f(a(y;u)>}]l(y>u), (S.4)

and hence, for every 8 € ©, we find

ILL_

B[ oY . 0)]] < [f2a(1 —a)]| + [n(e)] + E[| £ (1 - ) (225 ) [y < )]

EHlnf(a(Y_’“‘

= [In[2a(1 — @)]| + | In(o |+2/ |In f(s)| f(s)

i >

Applying Assumption (B2) then guarantees that EH In f(Y; p, gb)” < 00. Note that
fo(y; 1, @) is a continuous function and In f, (y; i, ¢) is continuous at each @ € Ox. Hence,
all assumptions of Lemma 2.2 and Lemma 2.4 of [Newey and McFadden (1994)), pages 2124-
2129, are satisfied. Application of Lemma 2.2 then gives that for any E[ln f,(Y; u, ¢)]
has a unique maximum at 6y and hence assumption (i) of Theorem 2.1 in Newey and
McFadden| (1994)), page 2121, is proved.

Condition (ii) of Theorem 2.1 in Newey and McFadden (1994) is satisfied by con-
sidering assumption (B1). Further, Conditions (i7i) and (iv) of the same theorem are
ensured by using Lemma 2.4 of Newey and McFadden (1994)), page 2129. Finally, since
all assumptions of Theorem 2.1 in Newey and McFadden (1994)) hold, we can apply the

result which leads to @MLE — 0.

S.2.3 Proof of Proposition
From the expression of the log-density in (S.4)), it is easily deduced that

,
(lfa)f’((lfa)(“_y)> £ y<a

a2 In fo(y; 1, ¢) = M((l N ) _
' "y (<a >) if y>upu,

L (1—a)f/<(1—a)(%))(# )
1 it y<p
o2 f (- (50)
% 9, falysp, 6) =
Lo (a(%)) (y—n)
_1_ it y>u,
e




- f’((l—a)(%o(#—y) )
a(z_z) - if Yy S 2
: ey
g [ falyin @) =
(0% ( Yy—p # )(y 1)
al(iz) if y>pu.
| or{at50)
Taking expectations of the corresponding random quantities we obtain
r 2a(1 —a) 1 —
A / 7(s / F(s)ds] =0
B[O fu(vipme) = =~ 2 [ sls)ds =
(9 ¢ ¢ 0
0 11 2—4a 2 — 4o e
E —1 o Y = - / d —
Lo 1 fol ,,u,<b)_ 2 [a(l —oz)} [a(l —oz)} /0 sf(s)ds =0,

where we used Assumption (B4).

S.2.4 Proof of Proposition

From the first order derivatives of the log-density, provided in Section |S.2.3] we obtain
the second order derivatives, which then lead to all elements in the Fisher Information
matrix:

(B st izl [
E:(%nfaYuqﬁ)(%nfaYuqﬁ))] -
B[(5omfot¥io)) (grmfalvin))] = =5 [T L] = -2
E:<a%5 In fu(Y': 1, ) )2} [ / .—(f}i‘z)))us— 1} - %(273— 1).

Further, we find

E[( ° In fo (Y5 p, ¢))( 0 In fo (Y5 1, ¢)>} _

120 [y (™0 UOF,,

W f(s)
1 -2«
—m(273_1)7
E[(%mfamu,@) | =2[H]/0 2.4 (())) ds ‘6521@302)2
a® +(1—a)? (1—2a)?
=2 [

S.3 Parameter estimation

S.3.1 Examples

Table gives the quantities f, F, F~1, p,, for r = 1,2,3,4, and ¢* for four reference
symmetric densities: a standard normal density, a Student’s-t density, a logistic and a

6



Laplace density. For details of notations we refer the reader to Sections 4] [5] [S.5] and [S.6]

Table S.1: The functions f, F, F~' and ¢, and the values of p, and ~, for standard
normal, Student’s-t with v degrees of freedom, logistic and Laplace densities.

Normal density Student’s-t density Logistic density Laplace density
with v degrees of freedom
Vo)1 —1s2 F(U;rl) 1 s? -5 e ® 1o—|sl
f(s) (V2m)~ em2 v (3) ( + 7) te=5)2 2¢€
F(s) 1+ erf(iz)] I{s >0} — %sign(s)IV:52 (%,3) (1+e*)1 1+ Lsign(s) (1 — e ll)
~Jio oy L i B3
1 /1 Tap (55) 8 P 1 1
F=(B) \/2F (3:V7(2 - 25) N . . ln(m) fs1gn(ﬂf§)ln(172|ﬂf§|)
T [, 1 if 5 > 3
T (5:3)
.2 . 2
ot (s) ze7 7 [14erf(22] B(”fz)I(is,ﬁ,’%l) Bi(l—is,1+is) (2(1 —is))~!
202
T v—1
i z S 21n(2) ]
H2 1 1/22 %2 2
v/l (52
p ri Piaes 12 7(3) °
302

Ha 3 =2 (-4 57 24

1 v+1 1 1
N 2 2((1/+13)) 6 2

V2 AT (v /2+3/2) 1 In(2) 1
72 Vr S (v 13)T(v/2) st 3 2

3 3(r+1 2 w2
i 2 ) 3118 1

Table gives the values of the quantities RAVar(fi,) and RAVar(an) for some

examples of reference symmetric densities.

S.3.2 Extended parameter estimation

In Section [2.1| we implicitly assume that the reference standard symmetric density involves
no extra parameters. This is not always the case. For example, for a Student’s-t distribu-
tion this reference density involves the degrees of freedom v, and for the Champernowne
distribution there are 3 additional parameters (see Champernowne, [1952)). The theoretical
results of Section |3 remain valid when the reference density f itself involves a parameter
vector K, of dimension k, and the extended vector of parameters is then 8 = (u, ¢, o, k7)7.
In this extended version the true parameter is denoted by 8y = (uo, ¢o, o, k3 )T . Based on
an i.i.d. sample Y3, ...,Y, from Y with density f,(+; i, ¢, k) in (2.12]), where the reference
density f involves a parameter vector K, we consider estimation of 6. In the sequel we

denote by 0,, = (1i, ¢n, O, k1)1 an estimator of 6.

S.3.2.1 Asymptotic behaviour of the estimators

The results from Section |3| can be easily extended to this more general setting. Theorem
5.3.1] provides the extension of Theorem whereas Theorem generalizes Theorem




Table S.2: The value of RAVar(ii,) and RAVa'r(ggn) for a = (limarp, 0.5, limg ).

o a=0.5 limy\ o and limg 7
AND | RAVar(p,) | 1 +o0
8
RAVar(¢,) | 1 <7;2 ~ 1.435
1- 2
ar( v +1) 00
ATD | RAVar(in) | (= ov s + ]
~ v(v—1) V(@(V)—Q(V—Q)Q(V—‘l)f(V)+47T(V—2)(V—4)f(l/)
RAVar(¢,) 5 5
(=4 +3) v +3) - {r-w-2 1)}
ALD | RAVar(i,) %2 ~ 1.097 +o0
oA Y I 16((2) + S (m@)? — 2Am@)yB) (1 2
RAVar(d,) | - (3 +5 ) 1.144 & @) (3 +5
~ 1.996
ALaD | RAVar(fi,) | 2 +o0
RAVar(¢,) | 1.25 2
s _ F(%) ~ _ 2 2 F<UT73) 3
Notation: f(rv) = —+=and g(v) =n" (v —1) =27 (v —2)" (v — 4) ——=f(v).
I'(%) I'(%)

8.4 The proofs of these extended theorems are omitted since they are very similar to
these for Theorems 3.2 and 3.4

Theorem S.3.1. (Extension of Theorem 3.2)
Let pr43y (k) be the vector of extra population moments of order 4,...,3 + k, denote

by M, the column vector of corresponding sample moments. Consider (u1y(0), 2y (8),
13y (0), (kirsy (6))7)" and M, = (M, My, My, M7)" with Mg = n=' 3750 I(Y < p).

Further let m,,(0) = M, — py(0) = 1 > m(Y;,0) be a vector of moment restrictions
=1

which is non-differentiable with respect to the unknown arameters, and denote the
MoM estimator by O3 = (MM | pMM) GMeM) [ MAMNTYT gyppose Assumptions

(A1)—(A4) hold. Then
V(@MW —0)) L Nig (0, MTIS(M)T)  as n — oo,
where S = E[m/(Y,0y)m(Y,0,)7].
Denote by O™ = (aM-E)| g(MEE) GMEE) (G MEENTYT the MLE of 6.

To establish the asymptotic properties of the MLE estimator of 8, we need to extend
Theorem [B.4l We first introduce a notation for the score vector:

B(Y.0) = (aln%éy,e))_



The more general form of the theorem is stated under a set of more general conditions,
including the following ones.
Assumptions:

((ﬂ%MLE), HMLE) of @ is a consistent estima-

(C1) The MLE 8™ —
tor for 6.

(C2) E[\II(Y, 9)]

Theorem S.3.2. (Extension of Theorem 3.4)

Suppose Assumptions (B1), (C1) and (C2) hold. Then the MLE 6" is asymptotically
normally distributed with mean 0 and covariance matrix [Z(6,)]~*

V@

~(MLE) ;~(MLE
Ozgl )7 (,%(1 ))T)T

)

= 0.
6=6o

—6p) t N+3)(0,Z(60)7") as n — 0o,
where Z(0) = E[¢(Y7 0)y(Y,0)T| is the Fisher information matrix, of dimension (k +
3) x (k+3).

S.3.2.2 Comparison of MoM and ML estimators

In Section we compared the asymptotic behaviour of the MoM and ML estimators,
which was then further studied for some special cases of densities in Section [3.4] Table

complements Table and further details the asumptotic behaviour of RAVar(i,,) =
AVa (AM)) /AVa (A(MLE ) and RAVar(¢,) = AVar(ot™™)/AVar(¢h"™"™) for various

values of a.

Table S.3:  The value of RAVar(ji,) and RAVar(ggn) for different values of c.
« 0.01 0.10 0.25 0.50 0.75 090 0.99

RAVar(p,) 33.476 2.926 1.207 1.000 1.207 2.926 33.476

AND  RAVar(s,) 1.428 1.351 1181 1.000 1.183 1.351  1.428
ATD RAVar(En) 38.499 3.171 1.206 1.014 1.206 3.171 38.499
(v=20) RAVar(¢,) 1.640 1.537 1301 1.033 1.301 1537 1.640
ATD RAVar(/zn) 34.112 2,951 1.203 1.001 1.203 2.951 34.112
(v =100) RAVar(¢,) 1458 1.377 1.198 1.001 1.198 1.377 1.458
ALD RAVar(En) 50.229 3.857 1.278 1.097 1.278 3.857 50.229
RAVar(¢,) 1986 1.868 1.553 1.144 1.553 1.868 1.986

ALaD RAVar(En) 97.021 7.293 2.173 2.000 2.173 7.293 97.021
RAVar(¢,) 2.000 1.964 1.730 1.250 1.730 1.964 2.000

S.4 Quantile-based asymmetric normal densities

Figure presents some examples of the Asymmetric normal densities. From these plots
the impact and meaning of the different parameters are clearly visible.
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Figure S.1: Asymmetric normal densities with o = (0.25,0.50,0.75) and pu = 0 for dif-
ferent values of o; and (bottom right) with o = 0.25, 0 = 1 and for various values of

L.

S.4.1 Calculation of the ML estimators

In Section |5.3.2 we checked that the working conditions for applying the maximum like-
lihood methodology of Section [3.2] are fulfilled. The details of this estimation method for
the case of the asymmetric normal quantile-based density are provided below.

Let m is the first number for which ¢i (Ym)) < 0, ie., g1, (Yim-1)) > 0. For the
algorithm described in Section [3.2] we have,

(a) given o € (0,00) and a € (0, 1), the MLE of p is

Y(m) if gllf(y(m)) >0
=Tl 0) = ey S v et £ v,
i=1 i=m 3 /
(1—a)2(m—1)+a2(n—m+1) if gl—(Yv(m)) < 0.

(b) given p € (Y1), Y(n)) and « € (0, 1), the MLE of o is

G =0(p, ) = “_TO‘)Q D (Vi = p)1(Y; < p) + %2 > (Y = w)L(Y; > p).

i=1 i=1

(c) given p € (Y1), Yn) and o € (0,00), the MLE of o is @ = (1, 0), where @ is the
root of the equation

— = =Y (Vi = wHal(Y; > p) — (1= )I(Y; < p)] =0,

i=1
which lies in (0, 1).
Using the algorithm presented in Section [3.2] we can find the MLE of 6.

10



S.4.2 Comparison between the asymptotic variances of MoM
and ML estimators

The graphical representation of the ratio’s RAVar(fi,) and RAVar(¢,) for the asymmetric
normal density is provided in Figure[S.2] Similar remarks as for Figure [4.1] can be made.

20
|

15
(MLE)
n )
1.3 1.4

Asy.Var(@i™M)/ asy.var@-)
10
|
Asy.Var(GgM"M)) /Asy.Var(o!
1.2

11

0
|
1.0
!

Figure S.2: Asymmetric normal density. The ratio of asymptotic variances of W, (left)
and ¢, (right) obtained by MoM and MLE as a function of the indez-parameter c.

S.4.3 Comparison between finite-sample performance of MoM
and ML estimators: simulation study

We want to investigate the finite-sample performance of the MoM and ML estimators for
the asymmetric normal density in . For this purpose, we generate 100 samples of
sample size n from the asymmetric normal distribution in (5.8) with 4 =0, 0 = 1,2,3
and a = 0.25,0.5,0.75. For the generation of the sample we use an inversion method:
(1) we generate from a random variable U from U(0,1); and (2) generate Y by using
Y = F;YU). For each sample we compute the MoM and ML estimates. Based on
the 100 simulated samples, the average of the estimates, and the approximated bias are
obtained. Similarly, an approximation of the variance and subsequently the approximated
Mean Squared Error (MSE) of the estimator are obtained. The results, for sample sizes
n = 20 and 100 are presented in Table when « is unknown (and estimated) and in
Table [S.5 when « is considered known.

It is clearly seen that for larger sample size the MoM and ML estimates are closer. For
n = 100 the MLE performs in most cases better than the MoM estimators with respect to
bias and MSE. For sample size n = 20 however, the MoM performs better (with respect
to MSE) than the MLE for estimating p and a. The MSE-values for o are relatively close
for both estimators. The MoM estimators for ¢ and « exhibit a smaller bias than the ML
estimators. This is not so for the estimation of . Boxplots for both estimators, based on
the 100 simulated samples of size n = 100, are presented in Figure [S.3] The true values
of the parameters are indicated with the dotted horizontal lines.
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Table S.4: Comparison of MLE versus MoM for the sample size n = 20 and n = 100 for
the AND(u,o0,a) distribution.

\ \ n =20
(o) | a | Bias(jz) Bias(o) Bias(a) MSE(uz) MSE(e ) MSE(a)

MLE 0.308 0.398 0.050 2.894 0.207 0.040
0.25 | MoM 0.372  —0.046 0.042 2.206 0.226 0.026

MLE 0.038 0.356 0.012 4.414 0.145 0.084
(0,1) | 0.5 | MoM —0.053 —0.125 —0.004 1.156 0.051 0.025
MLE —0.153 0.375  —0.039 3.389 0.192 0.045

0.75 | MoM —0.563 —0.060 —0.055 2.802 0.247 0.035

MLE 0.661 0.828 0.054 11.763 0.898 0.042
0.25 | MoM 0.745 —0.092 0.041 8.825 0.902 0.026

MLE 0.142 0.744 0.018  14.186 0.628 0.088
(0,2) | 0.5 | MoM —0.106 —0.251 —0.004 4.624 0.206 0.025

MLE —0.237 0.771 —0.035 14.613 0.783 0.050
0.75 | MoM —1.125 —0.121 —0.055 11.207 0.988 0.035

MLE 1.001 1.256 0.055  26.521 2.061 0.042
0.25 | MoM 1.117 —0.138 0.041 19.857 2.030 0.026

MLE 0.220 1.123 0.018 31.980 1.437 0.089

(0,3) | 0.5 | MoM —0.158 —0.376 —0.004  10.405 0.463 0.025
MLE 0.343 1.166 —0.034  33.325 1.790 0.051
0.75 | MoM —1.688 —0.181 —0.055 25.216 2.224 0.035

n =100

MLE —0.094 —0.075 0.013 0.603 0.074 0.007
0.25 | MoM 0.154 —0.015 0.014 0.845 0.131 0.012

MLE 0.003 0.035 0.002 0.385 0.010 0.008

(0,1) | 0.5 | MoM 0.031 —0.024 0.004 0.284 0.007 0.006
MLE —0.191 0.106 —0.022 0.676 0.070 0.008

0.75 | MoM  —0.013  —0.094 0.005 1.123 0.169 0.016
MLE 0.185 0.148 0.012 2.400 0.292 0.007

0.25 | MoM 0.308 —0.029 0.014 3.380 0.524 0.012
MLE 0.008 0.070 0.002 1.539 0.039 0.008

(0,2) | 0.5 | MoM 0.062 —0.048 0.004 1.135 0.028 0.006
MLE —0.346 0.207 —0.021 2.625 0.273 0.008

0.75 | MoM —0.026 —0.187 0.005 4.491 0.674 0.016

MLE 0.267 0.220 0.012 5.413 0.657 0.007

0.25 | MoM 0.462 —0.044 0.014 7.605 1.179 0.012

MLE 0.005 0.104 0.001 3.461 0.088 0.008
(0,3) | 0.5 | MoM 0.092 —-0.072 0.004 2.554 0.063 0.006

MLE -0.517 0.310 —0.020 5.907 0.612 0.008
0.75 | MoM  —0.038 —0.281 0.005 10.104 1.517 0.016

S.5 Quantile-based asymmetric Student’s-t densities

Student’s-t distributions are widely used in financial econometrics and risk management,
since in these applications empirical distributions are typically less peaked and have heav-
ier tails than the normal distribution. The skew Student’s-t distribution is a popular al-
ternative of a skew normal distribution. There are several definitions of skew Student’s-t

12



Table S.5: Comparison of MLE versus MoM for the sample size n = 20 and n = 100 for
the AND(u, o) distribution (case o known).

\ \ n =20 \ n =100
a | (p o)l Bias(11) Bias(g) MSE(n) MSE(c ) | Bias(iz) Bias(o) MSE(i) MSE(o)
0.95 MLE <0.001 0.020 0.190  0.023]| —0.002 0.002  0.051  0.006
- MoM  0.006 -0.016 0245  0.026| 0.006 0.001 0.065 0.006
0.50| (0,1) [MLE 0042 0.008  0.250  0.028] —0.00L  0.009 ~ 0.035  0.005
‘ MoM —0.028 —0.014 0.153  0.022| <0.001 0.003 0.036  0.006
MLE —0.024 0.052 0.229  0.026] 0.040 0.011  0.005  0.024
0.75 MoM —0.086 —0.016 0286  0.024| —0.001 0.003  0.063  0.007
MLE <0.001 0.040 0.761  0.092] 0.003 —0.004 0206 0.022
0.25 MoM  0.013 —0.031 0980  0.105| 0.011 0.003 0.261  0.024

0.50] (0,2) MLE 0.084 0.015 0.998 0.111| —0.500 —0.004 0.206 0.022
: " |MoM —0.055 —0.027  0.613 0.089| 0.001  0.006 0.145 0.023

MLE -0.048 0.104 0.917 0.106| 0.079  0.022 0.202 0.019

0.75 MoM —0.171 —0.032  1.143  0.096| —0.003 0.006 0.252  0.028
MLE <0.001 0.060 1.711  0.206] 0.006 —0.007 0.463  0.050
0.25 MoM  0.019 —0.047  2.205 0.236| 0.017 0.004 0587  0.053

(0,3) MLE 0.127  0.023 2.246 0.249| —0.004 0.028 0.315 0.043

0.50 MoM —0.083 —0.041  1.379  0.200| 0.001 0.009 0327  0.052
MLE -0.072 0.156  2.062 0.238 0.118 0.032 0456  0.042
0.75 MoM —0.257 —0.047  2.571 0.216| —0.004 0.009  0.567  0.062
I R e T B
e ) e
v . °] - O a is unknown 2
i ~ i | O a isunknown ° s | O aisknown .
A : @ ais known o . o . —

T T T T T T
(MoM) A(MLE) (MoM) (MLE) ~(MoM) AMLE) ~(MoM) A(MLE)
h Hn On On On On

; .
/U\ﬁ\MOM) /u\ﬁ‘MLE)
i [ (i

Figure S.3: Aymmetric normal density. Boxplots for estimation of u (left), o (middle)
and « (right), of the MoM and ML estimates for the true values (u, ¢, ) = (0,1,0.25)
(indicated by the dotted horizontal lines in red color), based on samples of size n = 100.

distributions available in the literature. The most popular skew Student’s-t density was
obtained by using the methodology of |Azzalini| (1985)) in (1.1]):

Hhy)=2F0w)fly) AeR, yeR, (S.5)

where f(y) is a Student’s-t density symmetric about 0 and F'(y) is its cumulative distri-
bution function. In this case, the density involves an incomplete beta function, leading
to the relative intractability of the distribution function. Variations of this density have
been discussed by |DiCiccio et al.| (1997), Branco and Dey| (2001)), Azzalini and Capitanio
(2003), |Azzalini and Genton| (2008), among others. Branco and Dey (2001) and |Gupta
(2003)) extended this density to the multivariate case.
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Fernandez and Steel| (1998), following the approach in (|1.2), proposed the class of
skew Student’s-t densities

_ (v+1)

(y—n)? 2 :
o) = 2 T8 1| [ U s
v, \Y5 s ’7+ (Z>\/_¢ (u;l) .
: 1+ 7282 ] it y<pu,

where ;1 and ¢ are the location and scale parameters, respectively.
The third type of skew Student’s-t distribution was proposed by |Jones and Faddy
(2003) with as density

1

fu1,V2 (y) = E

, (S.7)

vi+3 vat+3
R e M v s

(1 + 1va + 32 (1 + 10+ 9y?)

where k = B(vy, v2)\/ (11 + 12)207™27 1 Jand vy, vy > 0, with B(m,n) = fol tm (1=t tdt
the beta function. When vy = v, = v, then f,, ,,(y) in corresponds to the standard
symmetric Student’s-t density with 2v degrees of freedom. When vy < vy or vy > vy,
foi0s(y) is negatively or positively skewed, respectively.

Recently, another type of an asymmetric Student’s-t distribution was proposed by
Zhu and Galbraith| (2010):

_ (vo+1)

() 1+ i(zf’;‘iﬂ i ysp
fT,V1,V2 (y; 22 ¢) - - V2 \H _2T )_45(1/1;1) (88)
Zh(v) |1+ 2 (45) ] ity <p,

where 7 € (0, 1) is the skewness parameter, v; > 0 and v, > 0 are the left and right tail

parameters respectively, and k(v) = \/(V(%;r(lggi and 7 = Tk(yl)z?(ly_ll)k(m).

S.5.1 Definition of the asymmetric Student’s-t densities

Consider for the reference symmetric density, a Student’s-t density with v degrees of
freedom, for which the density is as indicated in Table Recall that the beta function
B(m,n) can be expressed in terms of Gamma functions as

I'(m)l'(n)

B(m,n) = m,

and since I’ (%) = /7, the density of a symmetric Student’s-t can be written as

fly) = ﬁ;)(l i %) —(u+1)/2.

Using this into (2.1]) leads to the five parameter asymmetric Student’s-t density

NI

I, | <1+ (y—¢fi)2)_ T oy p
v ; 9 = 7V7H S.9
Pripew (i 1, 0) (A1 +A2) /B2, %) <1 FREST (Ty)2> 2 it y<up. o
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For v = 1, the density fx, .. (y; i, @) turns out to be the asymmetric Cauchy density.
With the Student’s-t reference symmetric density, (2.12)) leads to the four parameter
asymmetric Student’s-t density

20(1 — 1—1—0‘72&272 it y>u
Jow(ys s @) = d)j_(B(laZ) ( 1( f ) ) ! (S.10)
2 (L EEe)) T sk

For a random variable Y having density (respectively density ) we say
that Y ~ ATD(u, ¢, A1, A2, v) (respectively Y ~ ATD(u, ¢, a, v)).

Figure depicts the density for u =0, » =1, a = 0.25, and various values of
v. From this figure it is clearly seen that the shape of the asymmetric Student’s-t density
ATD(u = 0,¢ = 1, = 0.25,v) is similar to the shape of asymmetric normal density
AND(p = 0,0 =1, = 0.25) for large v. As such this property is inherited from a similar
property for the reference symmetric density.

wn
S — — ATD(u=0,9=1,v=1
ATD(p=0,09=1,v=3
--oo ATD(u=0,¢=1,v=5
- - ATD(u=0, ¢=1,v=30)
g AND(u=0,0=1)
o
>
&
=]
wn
)
o
o R
=] =
o T T T T T
-10 0 10 20 30

Figure S.4: Asymmetric Student’s-t density for p =0, ¢ =1, a = 0.25 and various values
of v, together with an asymmetric normal density with the same values for p, ¢ and «.

The most popular existing skew Student’s-t density is obtained via (S.5)) introducing
location and scale parameters i and ¢ and refering to the symmetric Student’s-t density
f with v degrees of freedom:

olime) = A () yer, (5.11)
¢ ¢ )

This skew Student’s-t density has a very different form than the asymmetric Student’s-t
density . In the latter density u equals the ath quantile of the distribution. Figure
provides a visual comparison between the two densities. From this it is clearly seen
that density is simply the result of introducing a scale factor « in the positive and
the negative orthants of the standard Student’s-t density such that the density retains the
same unique mode pu. In contrast, the modes of the skew Student’s-t density are
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Figure S.5: Left: Asymmetric Student’s-t densities from (S.10) for different index values
a. Right: Skew Student’s-t densities as in (S.11)) for different index values . Location

and scale parameters are ;t =0 and ¢ = 1, and degrees of freedom v = 15.
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Figure S.6: Asymmetric Student’s-t distribution with o = (0.25,0.50,0.75) and p = 0 with
different values of ¢; and (bottom right) oo = 0.25, = (—5,0,5,10) and ¢ = 1. Degrees
of freedom v is 20.

different for different index values A\ (and fixed u). Figure provides some more plots
of densities belonging to the family in (S.10)).

Remark S.5.1. As in the general setting, the density in (S.6) is a special case of
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ATD(p, ¢, A1, A2, V), obtained by taking A\; = v, and Ay = % Taking A\; = #7 Ay = ﬁ
and v; = vy = v, it is seen that density ([S.8)) is also an element of the family of densities

in (S.9).

S.5.2 Properties of the asymmetric Student’s-t densities

Application of Theorems [2.1] 2.2 and and Corollary [2.1] to the setting of Section [5.1]
leads to the properties of the densities in and as summarized in Table .

For applying the general results in Section we need to calculate the characteristic
quantities for the reference symmetric Student’s-t density. See also Section [3.4]

For the symmetric Student’s-t distribution with v degrees of freedom, the cumula-
tive distribution function is F(y) = 1 — %I,,nyz (¥,1) for y > 0, where I,-(%,3) is the
regularized incomplete beta function (known as a cumulative distribution function of a
beta distribution) defined in terms of the incomplete beta function and the complete beta

function, i.e.

*

Y
v 1. By(%3) v 1 5- 3~
Iy*(§’§):y—2 where By*(§7§):/sz (1 —s)27!ds.
0

See [Johnson et al. (1995)). Using Theorem and the above expression for F, we then
find, for y < p,

Frouw (Y 11, 0) = F(A =2 1-F(x
)\17)‘27 (y :u ¢) )\1+>\2 ( 1( ¢ )) >\1+)\2[ ( 1( ¢ ))]
2o 229 1 v 1
= - 11—zl (=, =
M nr Tt (55)]
)\2 v 1

ESWLACIEL
where I, (%, %) is the regularized incomplete beta function with y* =

For y > pu, we get

)\2 — )\1 2)\1 y—u /\2 — )\1 2)\1 1 v 1
Fx pow (Y 1, 0) = F(\ = 1= —L.(=, =
oW 0) = S T ) = S R T (D)
)\1 v 1
—1— 2
AL+ Ao ‘”(2’ 2>’
where I+ (%, 3) is the regularized incomplete beta function with z* = ﬁ As such
1+7

we obtain the expression for the cumulative distribution function in Table
From the expression for the cumulative distribution function one can then derive the
quantile function by considering I;'(%, 1) the inverse regularized incomplete beta func-

tion, i.e. z = I7(%,3) is equivalent to s = I.(%, 3). This leads to the expression for the

quantile function in Table [S.6]

Next, for applying Theorem , we need to calculate the quantities p, = 2 fooo s"f(s)ds.
First of all recall that the beta function B(m,n) = fol t™=1(1 —t)"1dt can be written as:

o] xmfl
B(m,n) = ———dz, m,n >0,
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which is easily derived by using the change of variable = & in the definition of B(m,n).

For 1, we obtain, using the change of variable x = t*/v,

Q/wt“f(t)dt 2 /OO U g /Oo o
Hor = = v v = ryl v _r z
0 VVB(3.5) Jo 1+ )5 B(3,5) Jo (1+a)2+atis

5 x

r 1 v r

— 5 B(§+272_§>
1 v
B(3,3%)

This gives the expression provided in Ta’lble
SD(Y= v 2

L e = uiz’ s = “Gch and = Gy
Obviously some lower bounds on v need to be imposed for these quantities to be fi-
nite. Applying Theorem leads to the expressions for central moment, mean, variance,
skewness and kurtosis as given in Table [S.6]

For A\ = Ay, we get back the skewness 74.=0 (for v > 3) and kurtosis 7y, =
(for v > 4) of a symmetric Student’s-t density.

For the characteristic function we need to calculate the function p*:

oo 1 0 eity
+ it
@ (t)z/ eV f(y)dy = —=— 1~ / ——— e dy
0 VVB(3,5) Jo (1+%£)=

v+1

_ V% > zty (y >_ 2
— - +y dy
B(3.%) /0

Forr =1,2,3,4, we get u; =

3(v—2)
v—4

vz v + 1
= —I(it,\/v, ),
B(5.5)
where, I(p,z,p) = [° (inf ) ~dy. Using Theorem [2.3|we obtain the characteristic function

of the asymmetric Student s-t density (S.9 -

2elth \ov2 ito v+1 vz ite v+1
t) = I - N ) I N Yy T &
2= ) [B(%,%) (=5 Vo) B(L,2) (5 V" )}
B Uz et it v+1 it v+1
= (/\1+/\2)B(%7%) |:)\21(_ )\1 7\/;> 2 )+)\1[( 27\/;7 2 ):|

Remark S.5.2. It is important to mention that the regularized incomplete beta function
and the inverse regularized incomplete beta function are available in standard software,
for example in MATLAB.

We summarize the findings in Table [S.6] introducing the following shorthand nota-
tions:

2(T (v/2-1/2))* 3%°T (v/2-1/2) N VRT (v)2 —3/2)
/2 (T (v/2))° (v =2)v/7T (v/2) vl (v/2)

(v+1)I'(v/2-3/2)

2(v —2)yal (v/2)

b:
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g1 = (v —3)(T(v/2)*(5a* — 10a® 4+ 100 — 5a + 1)
92 = (1 =2a)*(e(1 = a)(v — 11) + v + 1)(I'(v/2))*(T((v — 1)/2))*

1 1

*

Yy = —— and = .
1 4 e (uzuy 1422 ()

v

Table S.6: Properties of the four parameter asymmetric normal densities in (S.9)).

Property
cumulative \ )
~22 ] .(% % if <
distrib. function F w11, 0) = ()‘1+/\2))\y (52) ) y=H
1 - (/\1+1)\2)IZ*<§’ 3) it y>up
M_/\%\/V[Il ' (ul)_l} if ﬁ<(>\1+>\2)
B(A+Ag) \272
quantile function | Fy'y (8) = %2
/L‘i‘)% [ 1 : u1:| if B>(>\1)-\-2)\2)
Ta- D1+12) (5.1)
central moment
. V§¢r AT +(= )'r>\7’+1 B(Z+ilr_1
EY —p)" (v>r) (/\1+/\2)[ YV QB(;% 2
755 [

mean E(Y) f+o/% NEd /\;1,\);2
variance V (Y)

2 r(“zh)\?
v>2) | O - 2 ()} o]
skewness Vs
(V > 3) ()\17)\2)[()\1 ) a+/\12)\2b] -

{2 (c) J o]
kurtosis Yiu
(v > 4) (v—2)(3g1 —2m(v—4)ga—3(A1—A2)* (v—2) (v—3) (v—4) (T (v/2—1/2))*)

(v=4) (A —22)>(r=2)(D((v=1)/2)> 7 (T(v/2)* (M2 =M A2 +A22) ) (v—3)
characteristic

: 2M1 A l/Z I3 zt(b v+1 itgp v+1

function () —(/\1“12)28(2%—’%)@ tu[ I(— % v v) + )\2 ( VA2 )}

S.5.3 Parameter estimation in asymmetric Student’s-t densities

Let Y1,Y3, ..., Y, be a random sample of size n from an ATD(u, ¢, o, v) density defined in
(S.10). Note that in this an example the reference density f involves a parameter k = v,
leading to 0 = (i, ¢, a, V).

S.5.3.1 Method-of-moments estimation

In case v is known we have three parameters to estimate, and we proceed as explained
in Section In case (a,v) is unknown, we can estimate v and a simultaneously
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using the sample skewness and kurtosis, since both population skewness and kurtosis
only depend on v and «. Alternatively, we can estimate v and « simultaneously us-
ing Mj =n~'>" I(Y; < u) and the sample skewness. In case (a,v) is unknown, we

cannot provide a closed form expression for the method-of-moments estimator oMM —

(M%MOM), (MoM) | (MoM) M(LMOM))T of 0 = (1, 6,a,v)".

When («, v) is known the asymptotic normality for the method-of-moments estimator
is provided in Theorem 3.1} This expression for the asymptotic variance-covariance matrix
involves the quantities kq, ko, k3 and k4, obtained using with the values for y, as in
Table for f the symmetric Student’s-t density. If only v is unknown, the asymptotic
normality for method-of-moments is given in Theorem . If (o, v) is unknown, then we
can apply (a modified version of) Theorem with M) the sample skewness and we
need to require that pgy (6y) = F(Y?) < oo.

S.5.3.2 Maximum likelihood estimation

With the reference symmetric density f in (3.7) a symmetric Student’s-t density with v
degrees of freedom, the log-likelihood function of 8 = (i, ¢, a, )T equals

In[L, (e, 1, 6, )] = nln(2a) + nln(l — a) — nln(e) — gm(y) - nln[B(%, g)]

v+ 1 v+ 1
— < . _ - .
5 ;]I(YZ < u)In [L(K, 0)} ; ;H(K > p)In [R(Yz,e)}
(S.12)
where we denoted
1—a)? ,u—Y 2Y, —
LVi@) =1+ VO‘) (£ ; ) and R(Yi;e)zu%( r; B2 (813

The MLE of 6 is a solution to the problem maxgee In[L,(«, i, ¢, V)].

In the sequel we have to distinguish the cases that v is known or not, in addition to «
known or not. When v is known we can just apply Theorem [3.4] and need Assumptions
(B1)—(B4) to hold for this. When v is unknown, we use Theorem and need to
check whether Assumptions (B1), (C1) and (C2) hold. Of course, Assumption (B1) now
concerns the extended parameter space: 6 = (u, ¢, a, k7)T € ©.

In verifying the assumptions the following lemma will be very helpful.

Lemma S.5.1. If Y follows an asymmetric Student’s-t distribution (S.10]), then

i) E[n L(Y, 0)I(Y < )] = aD(v) (S.14)
i) E[In R(Y,0)[(Y > )] = (1 — a)D(v) (S.15)
1 w—Y\m avs B, vem)

W () 10 =6 = e ay (510

1 (Y—,u
(R(Y,0))"\ ¢

)m]I(Y > u)} - (S.17)
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Proof.

%) . 2 _
Elnvony <l = [t (10 B s oy
o[ (L= =gy, (=) =y —F
N /Ooln(1+ (5 )) (1+ = 5 )) Ty
= gbl\/_ﬂf /0 In(1+ 2%)(1+ 22)_"7“612
2 %0 »
“ag ), MO0 e (S.18)
where we denoted €' = [2a(1 — O‘)]W\/;B(%, ¥)]7!, and used a change of variable z =

(1 —a)(n —y)l[Vrel .
We next note that, using a change of variable r = /v z, we find

e B(i v
/ (14 2%~ WD2g, = M (S.19)
0

2

Differentiating both sides of (S.19) with respect to v, using Lemma 3.6 in Newey and
McFadden| (pp.2152 [1994) that ensures that the order of integration and differentiation
can be interchanged, we obtain

o v+1 1 1
/ In(1 + 22)(1+ 22~ dz = = B(=, Z)D(u). (S.20)
; 27\972
Using ([S.20]), we find from (S.18)),
2 o v
En L(Y,0L(Y < p)] = % / In(1 + 2%)(1 + 2%~ dz = aD(v).
B(ﬁa 5) 0

Similarly, we can prove expression (ii), as well as (ii7) and (iv). O

Lemma is useful to derive expressions for the Fisher information matrix for
the four parameter setting in our asymmetric Student’s-t density. These expressions
are provided in the following proposition, for the cases a unknown and v known, and
(extension) the case that both o and v are unknown.

Proposition S.5.1. Suppose Y ~ f,,(y; i1, ¢) follows an asymmetric Student’s-t density
(S.10)). Then the following holds.

(a). If v is known, the Fisher information matrix Z(0), with @ = (u, ¢, a)” is given by
a(l—a) (v+1) 0 __ 8Ir(v/243/2)
@2 (v13) rr(3)L (v/2)
— 2v 2(1—2a)v
1(6) = 0 o) 30 13)
_ 8T(v/2+3/2) _2(1=2a)v 502v—3a?-5av+3at2v
IR AITD  dall-a)(+3) 2 (1P (v13)

b). If v is unknown, the Fisher information matrix Z(60), with now @ = a, T s
(b) : (), (1, ¢, a,v)",

a(l—a) (v+1) 0 _ 8 (v/2+3/2) 0
& (1) VL))
0 2v _2(1-2a)v . 2
I(O) _ #2(v+3) pa(l—a)(v+3) d(v+1)(v+3)
_ 8D(v/2+3/2) _2(1—20)v 502v—3a2—5av+3at2v 2(1-2a)
VI dall—a)(v+d) a2(1—a)’ (v+3) a(—a) (1) (7+3)
2 2(1-20) 1y (v45)
i 0 e ateeerm P - mpmer |
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Proof.

(a). In case v is know, we can use Proposition , which provides the expression for the
Fisher information matrix in (3.11)). We therefore just need to check Assumptions
(B3) and (B4).
To check Assumption (B3) we need to calculate the quantities 71,v2 and 73. The
derivative of the standard symmetric Student’s-t density is

S
) (14 2)5

_ [ (f(9) o (v+1)2 [ s . (v+1)
%_/0 f(s) a V%B(%, )/0 (1+£)V§5d 2(v+3)

(S.21)

I T P CR VS (7 Rt )
72_/0 £(s) VZB(%,%)/O T R P N ey

and these are finite, for all v. Furthermore it is easily seen, starting from expression

(S:21)), that [} sf(s)ds = —0.5, and hence Assumption (B4) holds.

(b). If v is unknown, then we need to calculate the additional first and second order
derivatives of the likelihood function, with respect to v. We find

O*In fo,(Yip, ¢)

Op ov
1 1)7(1 - a)? (455 1—a)'(v+1) (555)
ey ) ety
1 (v+1) 042(%) atv+1) (%)3
b_ o }7 I > ) + PR I(Y > p)
&In fo, (Y 1, e (5) e (5)
nfag,b(ayﬂﬁb) :_(1V2¢) <¢L) (Y <p)+ 4 1/)3;“)(22) I(Y < p)
__¢< ‘j;> ]1<Y>u>+a“§+;”@w>u)

2] Y; LY )2 el
O In fo, (Y, 9) {_ (o) 5V (-a@s+n) (F5 ) }]I(Y < 1)
Ja Ov




621nfa,, Y;,Ua(b —a)? —a)2(v (d)z
) g b+ {5 - S} ey < )
a? a?(v (Yiu)
+{g -2 2y > )
1—a)t p=Y\4 4/Y —pN\4
et {0 Ty <+ Sy >
Using Lemma [S.5.1] we find,
P , ]
S[PI LV 6)]
i o v

E'62 I fo,(Yiud)1 2
i ¢ Ov I o+ 1)(v+3)

I 0% fo,(Yip,0)]  2a—1 [ 3 1 B 2(1 —2a)
I OJa Qv I a(l—a)lv(v+3) v+ a(l—a)(v+1)(v+3)
0% fo, (Y, 5, &) 1 1 1 3

E b = D _

i ov? ] 22 2 ) v (v+1) * 2v%(v + 3)
1 (v +5)
— D .
2 (V) + 2v(v+1)(v + 3)

O

Theorem establishes the asymptotic normality result for the ML estimators of
the asymmetric Student’s-t density.

Theorem S.5.1. Assume Assumption (B1) holds.

(a). If v is known, then the MLE oM (,uq(qMLE), SO &%MLE))T of 8y = (10, ¢o, )T
is consistent and asymptotically normally distributed:

\/ﬁ(é\;MLE) —6y) N N3(0,Z(6y)71) as n — 00,

where
[Z(6)7,, [Z0) '],y [Z(0)'],4
(0)"' = [Z(6)7',, [Z(6)',, [Z(6) Y,y |
[Z(0)7 5, [Z(0)7 5, [Z(0) 754
with
o1, = v (v 1) (v +3) (0 (v/2))°

20(1-a) (v (0 (v/2)° (v + 1) - 227
_ B _ 16Tl (V/2—|—3/2)(1—2a)f‘(1//2) (v +3) ¢?
[Z(6) 12 = [Z(6) 21 = 5o (1— ) [ (C(o/2) 0+ 17 (r(u/2+3/2))2] ;
_ AIT (/2T (/24 3/2) (v + 3) V76
3um (T(1v/2))° (v + 1) — 82 (T (v/2+ 3/2))°
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[Z(6) a2
(v +3) (w (v+1) (502 = ba+2) v — 3% + 3a) (T (v/2))? v — 160a(1 — a) (T (v/2 + 3/2))2) ¢
2 (1—a)v <3m (C(v/2)% (v + 1)2 — 32 (T (v/2 + 3/2))2) ’
o (v+1)(1—20a) (T (v/2)* (v+3)v
3vr (T (v/2))* (v +1)* =32 (T (/2 + 3/2))*
a(l—a) (T /2) rvv+3)(v+1)
3vm (D (v/2))* (v+1)* =32 (' (v/2 +3/2))*

[Z(0) )2z = [Z(0) Y32 =

[Z(0) s =

(b) If (o, v) is known, and 8 = (u, @), then

¢°(v+3) 0
I(e)_l _ a(l—a)(v+1)
¢? (v+3)
0 2v
(c) If (a,v) is unknown, then the MLE @3 = (pMUP) gMEE) o (MLE) ) (MEENT - p

0o = (1o, do, v, )7 is asymptotically normally distributed:
V(@M — 0g) 5 Ny(0,Z(8)7Y)  as n— oo,

where Z(0) is the Fisher information matrix presented in Proposition (b).

Proof.

(a)&(b) To obtain consistency and asymptotic normality, we can apply Theorem
and respectively. It thus only remains to check whether Assumption (B2) holds.
We find, using also ([S.20)),

v+1) s

| mslses = [ ]| mivms g - ¢
g/Ooo‘ln(ﬁB(é,%))‘f@)der/OOO‘@Q In(1+ )

~—

1 v
292

_ (B
NI w9

1 v
919 (v+1)
2°2 2\ 2

— | m(vwB(

= | m(v7B(, 2))

= [m(vwB(5, %)

Use of Theorem [3.3] then leads to consistency, and application of Theorem [3.4] con-
cludes this part of the proof.
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(c) We apply Theorem [S.3.2 after having checked Assumptions (C1) and (C2). For

Assumption (C2), it only remains to check the first order derivative with respect to

v. We get
ol fo,(YVipg) 1 1 v v+1
v = =5 av(E) ()
- [m L(Y,0)I(Y < ) + In R(Y,0)I(Y > u)}
2 2
1 (1 —a)?(i5E a?( =5
Vz; | L(Y,B)d) ) IYsw+ R((YTSO) ]
= o+ D)~ [ WLV OT(Y < )+ ROV, OI(Y > )]
2 2
1 (1 —a)?(i5E a?( =5
| L(Y,<0)¢ MY sp)+ R<(Yq,50)> 1y > )
Using Lemma [S.5.1] this leads to
Ooln fo (Y u, 1 1 1
E[ n f, ,a(y 13 ﬁb)} = 5 §D(l/) _ §|:aD<]/) +(1- a)D(V)}
v+1 av (1-ay B(3.%)
W[(l OZ)2' (1—a) + o’ 2 } ' Bé7 g)
11 1 +1 1
= 5 5P~ 3P0+ g o+ (e
I S S
== _E + 5 — Y

and Assumption (C2) holds.

Assumption (C1) also holds. This can be easily checked, in a similar way as the
proof of Theorem [3.3] This completes the proof.

[]

S.6 Quantile-based asymmetric logistic densities

The logistic distribution is often used as a competitor of normal and Laplace distributions,
and has attracted wide attention from both theoretical and application point of view (see,
for example Johnston et al., |1994; Balakrishnan, [2013). Like other skew distributions,
skewed forms of the standard logistic distribution also have a wide range of applications
in real life data sets (Hazarikaa and Chakrabortyb| 2014). Several skew logistic densities
have been proposed in the literature.

For example, using the methodology of [Azzalini| (1985) in (L.1), and taking the stan-
dard symmetric logistic density as f and its cumulative distribution function as I1, [Wahed
and Ali (2001)) proposed a skew logistic density, and discussed some of its properties. This
skew logistic density is given by

_(y—n)
o

2e
My, 0) = — — (S.22)

p{l+e 7 P{l+e }
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where y € R,u € R,¢ > 0 and A € R. Wahed and Alj (2001 observed that the
cumulative distribution function of the skew logistic density in with parameter A
cannot be computed in a closed form unless A\ = 0. Also, for any A, the mean and the
variance cannot be computed analytically. The properties of the skew logistic density in
have been studied extensively in, for example, Nadarajah| (2009) and |Gupta and
Kundu| (2010)). Using Taylor series expansion, Nadarajah| (2009) presented the double

series representation of ([S.22))

_ AN HR) (y=p)

2y N0 (-1 (-2 — R .
_Z'zozig:o( ‘)(k)e 2 it y>u
Ayne) =4 27 7 o
e Iy T () (R)e i y<p

By following the methodology of |Azzalini| (1985)), | Asgharzadeh et al. (2013]) proposed
a generalized skew logistic distribution by considering in f(y) to be a type III
generalized logistic density, and for I1(y) its cumulative distribution function (see Johnson
and Kotz 1970):

1 e Y

fly) =g-(y) = B 0T e for — oo <y < o0

with 7 > 0 and
B B, (1,7)

- B(r,7)’

where z = (1 + e ¥)~'. Herein B(7,7) and B,(7,7) are the usual beta function and
the incomplete beta function, respectively, where the latter is defined as B,(m,n) =
Jy t™ (1 — t)"tdt, for x > 0. The resulting generalized skew logistic density is then

Iy, 0,7) = EQT(U>GT [A(uﬂ for —oco <y < o0
¢ ¢ ¢

with A € R. When 7 = 1, this density reduces to the skew logistic density in ([S.22]) .

There is no explicit form of a quantile function in the generalized skew logistic density.

Recently, [Sastry and Deepesh (2016]) proposed another form of a skew logistic density,

obtained by the methodology of Fernandez and Steel| (1998)) in ((1.2)):

e—v(y—;&) .
it y>up
gy — 2 ) () (5.23)
vy, @) = Cuew S.23
! (1+72)¢ e(’:i> if yS,u

where p and ¢ are the location and scale parameters, respectively. When ~ = 1, this
reduces to the symmetric logistic density.

S.6.1 Definition of the asymmetric logistic densities

Using the standard symmetric logistic density in (2.1) we get the asymmetric logistic
density with index-parameters A\; and Ay, location parameter 1 € R and scale parameter

26



o > 0:

_ y—p
2M1 9 (1+67A2<7)>
eyt @) = ~——— e S.24
IO SR | ey y<p 52

2
_ —1
(1 e A1 ( 1) ))

From (2.12)) using for the reference density a standard symmetric logistic density, we
obtain the three parameter asymmetric logistic density

e if gy >
—_—m 1
2a(1 — «) (1+e_a(y<_b”)>2 v
foz(yv /’L7 ¢) = ¢ 67(1,(1)(%) (825)

N2 if y<u
(He—(l—a)(“Ty))

We denote Y ~ ALD(u, ¢, A1, A2), respectively Y ~ ALD(u, ¢, «) if Y has density
(S:24). respectively (S.25).

Remark S.6.1. As in the other examples of families of asymmetric densities, the skew
logistic density in (S.23)) is a special case of ALD(u, ¢, A1, A2), obtained by taking A\; =~
and Ay = +

S.6.2 Properties of the asymmetric logistic densities

The properties for Y having an asymmetric logistic density as in (S.24) or (S.25)), fol-
low from application of our general results in Section 2.2 We only need the involved
characteristics for the symmetric logistic density.

The cumulative distribution function and quantile function of a symmetric logistic
density are recalled in Table [S.7] For the quantities p,., we use the Taylor series represen-

tation ﬁ = > n(=1)""Ye s and find
/ s"e "*ds
0

MrQ/OOOSTf(S)dS/OOOST(le—;> = f:
2 N R G
20 (r +

nr—l—l

Dn(r),

where 7(r) is the Dirichlet eta function which is defined by

n 1

Z — 217 (r),

n=1

in which {(r) is the Riemann zeta function. The Riemann zeta function can be written

as ((r) = 300 o

In particular, for r = 1,2, 3,4, we have pu; = 21n(2), uy = %2,”3 =127(3) and py = L7t
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e~V
14+e~Y?

Finally, for calculating the function ¢*(¢) we use the change of variable u =
and obtain

1
v [T ity . Y [yt — )t
¥ (t) /0 € f/\1,)\2(yay'7 ¢)dy /0 € (1+€,y)2dy /0 u ( U) du
=B

(1 —it, 1 +it),

N|=

where B,( = [y t" 11 —t)"dt is the lower incomplete Beta function.
Puttmg all together, and mtroducmg the following notation

ar =In(2) 7 (A2 = Mg + X%) — 12 (A2 + A2 n(3),

leads to the properties of the asymmetric logistic density in ([S.24]) as summarized in Table
21

S.7l For \; = Ay (symmetric densities case), the skewness v4=0 and the kurtosis yx, = %

Table S.7: Properties of the four parameter asymmetric logistic densities in (|S.24)).

Property
cumulative o
: if y<u
(A1+A2) |:1+e_)\1 (%'ﬁ)]
distrib. function | F), x,(y; i, @) =
’ Ao—A1 4 21 lf Y >
PYEDYS _A2<L_&) H
(>\1+)\2)|:1+e ¢ ]
L n(22— — 1 if
quantile function F)\_ll/\ (B) = = (5(/\1“2) ) S (A1+/\2
2 2 n ((/\1+>\2)—ﬂ(>\1+)\2)) if 8>
K= A2 BA1+A2)—=A2+1 >\1+>\2) )
central moment
, (1) o [AVT - (—)rAl D
E(Y —p) (A1+/\2 ¢ { ; AT ? Wn(r)
mean E(Y) o+ 2¢ ’\All/\’f In(2)

variance V(Y) AQAQ {()\1 )\2)2{’73—2 — 4(ln(2))2} + %ﬂﬂ
O A2) 1200 A3)7(3)—27 n(2) (A e AB)+ 1600 —a) (D) 1]

3

{(Al A2)2{f_4(1n(2)) } *1*372’*?} ’

7t (A% +207)+120xIn(2) A2 —A1)? (A1 +A2) (a1—6 (A2 —A1)%(In(2))?)

2
15(A14+A2) ’7()\1—>\2)2 { 2—2—4(1n(2))2}+%“

skewness Vg

kurtosis Yiu

characteristic

function ¢(t) (/\21%?:2 |:)\2B (1 Z;f—?, 1+ Z,f—(f) + A B1 (1+ i;_fa 1 - Z;_f)]

In contrast to the asymmetric logistic density , the newly-proposed asymmetric
logistic density allows for closed-form simple expressions for all important characteristics.

Figure depicts the cumulative distribution function (left panel) and the quan-
tile function (right panel) when Y ~ ALD(y, ¢, «), for two values of a. Recall that

Folpi py ¢) = a and F ' () = p.
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Figure S.7: Cumulative distribution function (left) and quantile function (right) for p =0,
¢ =1 and a = (0.25,0.50).

S.6.3 Parameter estimation in asymmetric logistic densities

Based on an i.i.d. sample Yi,...,Y, from Y ~ ALD(u,¢,a) we consider method-of-
moments estimation and maximum likelhood estimation.

S.6.3.1 Method-of-moments estimation

The fourth moment of the random variable Y exists, and application of Theorem [3.1]
together with the values for p, tabulated in Table leads to the asymptotic normality
result for the method-of-moments estimators for the parameters p and ¢.

é:(lMoM) _ (ﬁ(MOM), $(MOM)>T of 0 —

Theorem S.6.1. The method-of-moments estimator " ”

(i, )T satisties

V(00 — 05) 5 Ny(0,T(6,))  as n— oo,

where,

with
275.7879 (by (@) — ba(a)n (3)) ¢
['(0), = 5 2 2)2
a? (1 —a)?(0.6269 — a + a?)
B 884723 (bs(a) — ba(a)n (3)) ¢
()2 =T(0)21 = 7 (1 - a)(0.6269 — a + a2)”
27.9432 (bs(a) — (a* — 203 + 1.7502 — 0.75  + 0.125) 1 (3)) ¢2
1'(6)2,2 = 2 2
(a? — a + 0.6269)
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where the following notations were used:

bi(a) = (0.9220 a® — 2.7659 o° + 3.7829 o — 2.9556 o + 1.3710 &> — 0.3540 v + 0.0398)
by(cr) = (a —2.9999 a° + 4.0833 a* — 3.16667 o + 1.4583 0> — 0.3750 o + 0.04167)
bs(a) = (0.9255 a® — 2.3137 a* + 2.6133 0% — 1.6064 o® + 0.5242 e — 0.0715)

by(a) = (a® — 2.5a* +2.7969 & — 1.6953 &> + 0.5468 o — 0.0742)

bs(a) = 0.9401 o* — 1.8803 a® + 1.6882 0> — 0.7481 a + 0.1323.

For brevity we do not elaborate on the case « is unknown.

S.6.3.2 Maximum likelihood estimation

With f the symmetric logistic density, the expression of the log-likelihood function ((3.7)
for @ = (i, ¢, )T equals

In[L, (1, ¢, a)] = nIn[2a(1 — a)] = nln(¢) — (1 — @) Z( 5 JIY; < p)
- 2Xn:1n (1 + 6_(1_0[)(“;Yi)>]1<1/'i <p) - ai(yi ; LY, > u)

—2) I (1+ e_a(%))H(Yi > ).
=1

The MLE of p, ¢ and « is obtained from the optimization problem maxgee In[L, (1, ¢, @)].
To apply Theorem [3.4] we need to check whether Assumptions (B2)—(B4) hold.

Recall the symmetric logistic density, f(s) = %, for all s. Assumption (B2) holds
because
[e.e] . 678
/ ‘hlf }f = /0 ‘—S—an(l‘i‘e |md8
oo 67,3
= 2 In(l+e°)—=d
p1 + /0 n(l+e )(1 ) s

= 2In(2) + 2/1 In(1 +u)ﬁdu
= 2In(2) —In(2)+1=1In(2) + 1 < oo.

Further, we find
e * 2e728

_ _|_ ,
(I4+e)?  (1+e)°

m [TUR, [T,

and calculate

f(s) (1+e=) 6
Yo = /0 —S(f () ds = /o S - S (1(1_6_65)4) ds = é + ln:())2)

B 00 ) f/(S))2 B o) ) 6—3(1_6—3)2 _ 2 71'2
we e e e
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Therefore Assumption (B3) is fulfilled.
Finally, regarding Assymption (B4), it is easily seen that lim, ., sf(s) = 0. Using
Theorem we can show that the ML estimator is asymptotically normal.

Theorem S.6.2. If Assumption (B1) holds, then the MLE oME) — (ﬁ%MLE), HMLE) a%MLE))T
of 8y = (o, o, p)? is asymptotically normally distributed:

V0, — 65) % N3(0,Z(6))")  as n— oo,

where Z(0) is the Fisher information matrix with inverse

13.7074¢2 4.4870(1—20)¢?
a(l—a) a(l—a) 4.4871 ¢
7(0)' = = | Mnile 1Z(8) V]2 (1.8804 — 3.76070)

44870¢  (1.8804 — 3.7607a)¢  1.8804a (1 — )

_ 0.4383(15.5640 a® —15.5640 a+4.2899 ) 2
where [Z(6) 1]y = ( ) )t

If v is a known quantity, then the inverse of the Fisher information matrix for estimation
of @ = (1, 9)" is

e 0
) = | “Y »
0 F3

S.7 Additional real-data application

Here we consider a data set consisting of measurements of strength (expressed in Giga-
pascal) for single carbon fibers and impregnated 1000-carbon fiber tows. Single fibers
were tested under tension at gauge length of 10mm. The data were reported in Table 4
of [Kundu and Mohammad Z.| (2009)). These data have been studied previously by Ragab
and Kundu| (2005)), Gupta and Kundu| (2010 and |Asgharzadeh et al.| (2013]).

The sample mean, variance, skewness and kurtosis of the data are 3.0593, 0.3855,
0.6328 and 3.2863 respectively. Kundu and Mohammad Z.| (2009) fitted a three param-
eter Weibull distribution but with known location parameter 0.75 to these data, leading
to a Kolmogorov-Smirnov distance of 0.0767, with corresponding P-value 0.8525. For
completeness of the analysis we also fitted a full-three parameter Weibull distribution, re-
sulting into Kolmogorov-Smirnov distance of 0.0680, and an associated P-value of 0.9136.
Asgharzadeh et al.|(2013) fitted the generalized skew logistic distribution to these data, re-
sulting into a Kolmogorov-Smirnov distance of 0.073, with corresponding P-value 0.8903.

We want to investigate the appropriateness of various symmetric and asymmetric
densities. The same set of densities as in Section 6] are considered. Tables and
present the ML estimates of the involved parameters in the models. For each density
model we present the value of the log-likelihood, the value of the Kolmogorov-Smirnov
test statistic and the associated P-value.

In all cases, the P-values are larger than 0.05, indicating no strong evidence against
any of the fitted models. The P-value is largest for the AND(u, ¢, v, ) model, closely fol-
lowed by the P-value from the ATD(u, o, @) model. Note that the maximal log-likelihood
value is the same for both models, and is among the largest across all models. For the
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Table S.8: Normal densities. MLEs (with NAP = Not Applicable), maximal log-likelihood
and corresponding AIC-value, value of the Kolmogorov-Smirnov test statistic and corre-

sponding P-value.

Density symmetric normal asymmetric normal densities

(1) (2): in | (3): in | (4) in
m 3.059 2.271 2.410 2.538
qg 0.6160 1.000 0.890 0.202
5 NAP NAP 3.210 NAP
A NAP 4.419 0.360 NAP
a NAP NAP NAP 0.222
T NAP NAP 0.967 NAP
Log-Likelihood —58.870 —55.902 —55.537 —55.580
AIC 121.740 117.804 121.074 117.160
KS 0.0990 0.0750 0.0610 0.060
P-value 0.5710 0.8705 0.9670 0.9972

Table S.9: Student-t and logistic densities. MLEs (with NAP = Not Applicable), mazimal
log-likelihood and corresponding AIC-value, value of the Kolmogorov-Smirnov test statistic
and corresponding P-value.

Student-t densities logistic densities
Densities | symmetric asymmetric densities ‘ symmetric ‘ asymmetric densities
(5) Student-t | (6): in | (7): in | (8) logistic | (9): in | (10): in

m 3.047 2.271 2.550 3.024 2.328 2.554
qg 0.616 1.000 0.210 0.352 0.550 0.119
h) NAP 4.419 NAP NAP 3.713 NAP
a NAP NAP 0.230 NAP NAP 0.230
v 28.783 26491.46 400 NAP NAP NAP
LogLik —58.792 —55.902 -55.580 —59.333 —56.794 —56.333
AlIC 121.584 119.804 119.160 122.666 119.588 118.666
KS 0.076 0.075 0.058 0.0940 0.084 0.079
P-value 0.8590 0.8705 0.9839 0.6337 0.7657 0.8266

asymmetric Student’s-t density we have to estimate one parameter more. The price to
pay for this is reflected in a higher AIC-value for this model. In conclusion, an asym-
metric normal density is the best choice for this dataset. Note that the P-value
for the Kolmogorov-Smirnov goodness-of-fit is larger than that obtained by Kundu and
Mohammad Z.| (2009) when fitting a three parameter Weibull model.

Figure (left panel) presents a histogram of the data, the three fitted symmetric
densities (with ML estimated parameters), in dashed lines, the three fitted asymmetric
densities in solid lines, as well as the fitted three parameter Weibull density, with and
without fixed location parameter (see Kundu and Mohammad 7./ (2009)). The right panel
of Figure depicts the Quantile-Quantile (Q-Q) plot comparing the fitted and empirical
quantiles of AND(u, o, ), together with a 45-degree reference line.
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Figure S.8: Left: Histogram of the data together with fitted symmetric densities (1), (5)
and (8); asymmetric densities AND, ATD and ALD, as well as the fitted two and three
parameter Weibull density. Right: Q-Q plot for the asymmetric normal distribution AND.
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