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ABSTRACT
We investigate type I multiple orthogonal polynomials on 7 intervals which have a
common point at the origin and endpoints at the r roots of unity w’?, j =0,1,...,r—

1, with w = exp(2mi/r). We use the weight function |z|*(1—2")%, with a, 3 > —1 for
the multiple orthogonality relations. We give explicit formulas for the type I multiple
orthogonal polynomials, the coefficients in the recurrence relation, the differential
equation, and we obtain the asymptotic distribution of the zeros.
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1. Introduction

Various families of multiple orthogonal polynomials have been worked out during the
past few decennia, even though the notion of multiple orthogonality goes back at least
to Hermite in the framework of Hermite-Padé approximation. There are two types
of multiple orthogonal polynomials. Let # = (n1,n2,...,n,) be a multi-index of size
|il = ny +ng + -+ n, and let pq,...,p, be positive measures for which all the
moments exist. Type I multiple orthogonal polynomials for (u1, ..., i) are given by a
vector (Aj 1, ..., Ag,) of r polynomials, with deg Ay ; = n;—1, such that the following
orthogonality conditions hold:

> [t ans@) dusta) =0, 0<k< il -2
j=1

with normalization

> [l ) o) = 1.
j=1
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The type II multiple orthogonal polynomial for the multi-index (nq,...,n,) is the
monic polynomial Pj; of degree |7i| for which the following orthogonality conditions
hold:

/ZL'kPﬁ(ZE) duj(x) =0, 0<k<n;—1,

for 1 < j < r. The orthogonality conditions for type I and type II multiple orthogonal
polynomials give a linear system of |7i| equations for the |7i| unknown coefficients of
the polynomials. If the solution exists and if it is unique, then we call the multi-index
7i a normal index, and if all multi-indices are normal, then the measures (p1, ..., fi)
are a perfect system. See [2] [8, Ch. 23] [13, Ch. 4.3] for more information on multiple
orthogonal polynomials (polyorthogonal polynomials).

An important perfect system of measures was introduced by Angelesco® in 1919 [1]
and later independently suggested by Nikishin [12]. An Angelesco system has r mea-
sures fi1,. .., ftr Where p; has support in an interval A; and the intervals Ay, ..., A,
are pairwise disjoint. Actually the intervals may be touching. Kalyagin [9] gave an
explicit example of an Angelesco system which is basically a generalization of Jacobi
polynomials. He considered the two intervals [—1,0] and [0, 1] and investigated the
type II multiple orthogonal polynomials P, ,,, satisfying

0
/ P (2)z*(1 = 2)*(1+ 2)%z[Yde =0, 0<k<n-—1,
-1

1
/ Pp(x)z"(1 — 2)*(1 + )P x| dz = 0, 0<k<m-1,
0

and investigated the asymptotic behavior of P, ,,, and later, with Ronveaux [10], found
a third order differential equation, a four term recurrence relation and the asymptotic
behavior of the ratio of two neighboring polynomials. We call these multiple orthogonal
polynomials Jacobi-Angelesco polynomials. Type I Jacobi-Angelesco polynomials were
only recently investigated for the case @ = 3 = 7 = 0 because they turn up in
the analysis of Alpert multiwavelets [7]. In this paper we will extend these type I
Legendre-Angelesco and Jacobi-Angelesco polynomials to r intervals. We take a special
configuration for the r intervals by having one common point 0 and placing them on an
r-star in the complex plane, with endpoints at the r roots of unity w’, j = 0,1,...,r—1,
with w = e2™/7 see Figure 1.

To preserve the symmetry, we take a weight function w(x) = |2|%(1 — 2")® and the
measure p; is supported on the interval A; = [0,w/™1], j = 1,...,r with this weight
function as its Radon-Nikodym derivative. The orthogonality properties for the type
I multiple orthogonal polynomials are then given by

r wi—1
S [ s @l st de =0, 0<k< -2
j=1790

LThis is in fact Aurel Angelescu, a Romanian mathematician who wrote a PhD thesis in 1916 under supervision
of Paul Appell at the Sorbonne in Paris.
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Figure 1. r-star for r = 5 with w = €27%/5,

and normalization
r witl
Z/ DA (@)l (1 — o) de = 1.
j=1"0

Observe that we are not using complex conjugation, hence the corresponding bilin-
ear form is not an inner product. Nevertheless the type I multiple orthogonal poly-
nomials will exist and they are unique, at least for multi-indices on the diagonal
i = (n,n,...,n) or near the diagonal 7 + €}, where €y is the kth unit vector in Z".
We will investigate these type I multiple orthogonal polynomials in Section 2 where
we give an explicit formula for the polynomials, prove their multiple orthogonality,
give the recurrence coefficients in the nearest neighbor recurrence relations and obtain
a differential equation, which we use to get the asymptotic distribution of the zeros.
We give the results and the proofs for r = 2 in full detail. In Section 3 we consider
the general case r > 1 and again give an explicit expression for the type I multiple
orthogonal polynomials, prove their multiple orthogonality, give the recurrence coeffi-
cients of the nearest neighbor recurrence relation near the diagonal, give a differential
equation of order r + 1, and work out the asymptotic distribution of the zeros. The
results and the proofs are more complicated and technical, and we only outline the
necessary modifications of the proofs for the case r = 2 to general r.

The type II Jacobi-Angelesco polynomials are somewhat easier to analyze, because

for i = (n,n,...,n) they are given by a Rodrigues type formula
d’ﬂ
27 (1= 2")* Pa(x) = Cu(e, B) ST =),
x

where C),(a, 3) is a constant that makes Py a monic polynomial. These polynomials
will not be considered in the present paper.



2. Type I Jacobi-Angelesco polynomials for »r = 2

Type I Legendre-Angelesco polynomials appeared in [7], where they were used to ex-
pand Alpert multiwavelets. In this case one has r = 2 and the polynomials (Ay, y, Bn,m)
are such that deg A,, ,,, = n — 1, deg B,, ,, = m — 1, and the orthogonality conditions
are

1
/ (An7m(:n)X[_170](:E) + Bn7m($)X[071](ZE))ZEk dr =0, 0<k<n+m-—2,
-1

with the normalization given by
! 1
/1 (An7m(:13)x{_170](:n) + Bn7m($)X[071](ZE))ZEn+m_ dr = 1.

An explicit expression for these polynomials was given in terms of two families of
polynomials p, and g, given by

pali) = kZ:O ("5 %) (2.1
and

i)=Y ;) (“%)(—1)“—%’? (2.

k=

[en]

One has (see [7, Prop. 5 in §4.1])

Theorem 2.1. The type I Legendre-Angelesco polynomials for multi-indices on the
diagonal are given by

1 (3n+2)!
Briin1(w) = §mpn($% Ani1n1(7) = —=Bugi g (—2),

and for |n —m| =1 one has

wBasia@) = (" o) (" Yo

wba@ = (" )+ (" T o)

and
An+1,n($) = Bn,n+1(_$)a Apnit () = Bn+1,n(_$)a

where the normalizing constant is given by v, = 2(5 + 1),(2n)!/(3n+ 1)



We will extend this result by taking a more general Jacobi-type weight function and
by using integration on an r-star with r > 2.

2.1. Explicit expression

Let us first consider the case r = 2 and the weight function w(z) = |z|?(1 —22)®. The
type I Jacobi-Angelesco polynomials (A, Bym) then satisfy

1
[ (A @xior @)+ B @xoa@)atlel (1=%) do =0, 0 <k < mpm=2,

with the normalization given by

1
[ (Au@xioraa) + Bun(@ixon@)a™ " el (1 - 2 do = 1.

The polynomials A, ,, and B, , on the diagonal can be expressed in term of the
polynomials

' B " /n F(n—l—a—l—#—l—l) kK
pn(:n’a’ﬁ)_,;<k>r(n+a+1)r(#+1)(_l) v (2:3)

Theorem 2.2. The type I Jacobi-Angelesco polynomials on the diagonal are given by

1 (2a+6+2n+2)p41

Bntin1(2) = 5 - pn(z;a,3),  Anpint1(z) = —Bnyinr (—7).

Proof. If we take Api1pn41(2) = —Bpyint1(—2), then the integral for the orthogo-
nality conditions is

1
/ (At @X1,0(0) + Bt (2)0y @) ol (1 = ) o

1
= (1 - (_1)k)/0 Bn+1,n+1($)$k$6(1 — %)% dz.

This is 0 whenever k is an even integer, so we only need to prove
1 .
/ ol a, )z P (1 — 2?) dx = 0, 0<j<n-1. (2.4)
0
Take the polynomial (1 —z2)¢—1 = Zi:l (é) (—=1)*z?* then clearly ((1—2%)"—1))/z
is an odd polynomial of degree 2¢ — 1 and thus it is sufficient to prove

20
Mmﬁ(l—:nz)ad‘r:&—sozoa l<l=mn,

/01 pn(7; v, B)



where
1
Sp = / pa(; 0, B)2°~1(1 — 22)* dz.
0

Using the expression (2.3) we find

n T Btk 4 4 1
Sy = Z (’I’L> (n +a+ 2 —L_ ) (_1)n—k/ :L,k—l—ﬁ—l(l . $2)€+a dx
=0 \F/T(n+a+ DI +1) 0

:F(£+a+1)i<n>(—1)“—kr(n+a+#+1)
T(n+a+1)&=\k) B+k T(+a+2E 1)

where we used the beta integral

! r(&8)r 1
/$k+6—1(1_$2)£+adm:EB<k‘+ﬁ’£+a+1>: ()Nl +a+1)

0 2\ 2 ML ptra+1)

From this we see that

1 & (n _ B+k (a+1);— (a+ ZE 4 1)
Se—Sog=——— —1)"F (¢ —+1 £
Lm0 (a+1)ng<k>( O R Btk
where we used the Pochhammer symbol

~ T(a+n)
=T

We see that for 1 < ¢ < n this is of the form

Se— So = m > (Z)(—l)"‘kwn_l(k:),

k=0

where 7,_1(k) is a polynomial of degree n — 1 in k. Hence by (2.5) in Lemma 2.3,
which we prove right after this, we see that Sy — Sy = 0 for 1 < ¢ < n, proving the
relations (2.4).

For the normalization we need to show that

2n!
2n+2a+p+2

1
Jurt 2/ pu(w; a, B)z" 2P (1= 2?)* da = 2(=1)"+ (Sny1 — So)-
n+1 0

Recall that S, — Sg = 0, so that S;,+1 — Sg = Sp+1 — Sp, and

_ " /n _\n—k 1

and then the result follows from (2.6) in Lemma 2.3. O

In the proof of the previous theorem we used the following result.



Lemma 2.3. For all integers n > 1 one has

n

3 (:) (—)" k™ =0, 0<m<n-—1, (2.5)

and

3 (Z) () = (t)”!ﬂ, LER\{0,-1,—2,...,—n}.  (26)
k=0 "

Proof. From Newton’s binomial formula

(z+y)" = En: (:) AT

k=0

we find, after differentiating m times with respect to x

n! nem " /n k! e
(n—m)!($+y) =2 <k> (k—m)'$k v

k=m ’
If we takex =1 and y = —1, then for 0 < m <n —1

n

3 (:) ()" (k —m + 1), = 0.

k=m

Since (kK —m + 1),, is a monic polynomial of degree m in k, this is equivalent with
(2.5).
For the second identity we use the beta integral

n!
(t)n—l—l ’

1
/ 7N 1 —2)"dx =B(t,n+1) =
0

and if we expand (1 — x)" then we also find
1 n 1 n _1)k
=11 — ) o — <”> 1 k/ ktt=1 g, — (”)( ‘

/0:”( :”)mkzzok()(]:” mZka

Comparison of both integrals gives (2.6). O

For the type I Jacobi-Angelesco polynomials above and below the diagonal we need
a second family of polynomials

' B " /n F(n—l—a—l—ﬁ"'g_l—l—l) ek k
qn (75, B) —;:% <k‘> F(n+a+1)F(6+§_1 +1)(—1) x". (2.7)

Observe that g, (z; o, 8) = pp(z; o, f — 1). We then have



Theorem 2.4. The type I Jacobi-Angelesco polynomials near the diagonal are given
by

Vn(aa ﬁ)Bn—l—l,n(‘r) = Vn,l(aa ﬁ)Qn(fm «, ﬁ) - Vn,2(aa ﬁ)pn(fﬂ; «, ﬁ)v (2'8)
Wn(avﬁ)Bn,n—l-l(:E) = Vn,l(avﬁ)(hl(fn;avﬁ) +Vn,2(aaﬁ)pn(fmavﬁ)v (29)

and
An—l—l,n(fn) = Bn,n—l—l(_fn)a An,n—l—l (517) = Bn+1,n(_$)v (210)

where vy, 1 (v, B) and vy 2(a, B) are the leading coefficients of py(x; o, ) and g, (x; o, B)
respectively

T(n+a+ 24241
I'(n+ o+ 1)0(ZE)

I(n+a+ 2" +1)
v, «, == ) V, «, =

and

27’L!I/n71(04, ﬁ)

Wn(avﬁ) = (2n—|—2a—|—ﬁ—|—1)n+1

Proof. The degree of the polynomial By, 1, is n — 1 since the leading coefficients of
pn, and g, are cancelled by subtracting the polynomials, but the degree of B,, ;11 is n
since we add the polynomials now. So it remains to prove the orthogonality. By (2.10)
we see that

1

0
/ 2P Api (@) |2|P(1 = 2*)* dx + / 2* By n(x)2’(1 — %)% da
-1 0

1 1
= (—1)k/ :Eanm_H (:E):Eﬁ(l - :172)0‘ dx + / :Ean+17n($)$6(1 - :172)0‘ dx.
0 0

By using (2.8)—(2.9) this is equal to
k\ Yn,1 ! k 2
(1 +(—1) > = / g (z; a,ﬁ):pﬁ(l — %) %dx
Tn Jo

1
- (1 - (—1)k> %/0 :Ekpn(:n; a,ﬁ):pﬁ(l — :172)0‘ dx.

When k=2j+1isodd (0<j<n-—1) thisis
na ! 2j+1 2
222 [y, (0, 9)2%(1 - 2 da,
Yn Jo
which vanishes because of (2.4). When k = 2j is even (0 < j < n — 1) the integral

reduces to

1
g/nl / g, (230, B)eP(1 — #2)* da,
Tn Jo



and this vanishes because ¢, (z; o, 3) = pp(z; , 5 — 1) and again by (2.4). This proves
the orthogonality. For the normalization we need

1

0
1= / 2" Ay 10 (2)|2)P (1 — 22)* da + / 2" By 10 (2)2P (1 — 22) da
-1 0

1
=27 [ 2, (20, B)2P (1 — 2?)* da.
Tn Jo

The latter integral is

1 1
/ 2" gy (25 0, B)27(1 — 22)* da = / 22" Mp, (v, B — 1)z 11 — 2%)*dx
0 0
n!
(2n+2a+ B+ np1’

which gives the normalizing constant ~,(a, (3). O

2.2. Recurrence relation

Multiple orthogonal polynomials satisfy a system of linear recurrence relations con-
necting the nearest neighbors [15]. For the type II multiple orthogonal polynomials
they are

$Pn,m($) = Pn—l—l,m(:E) + Cn,mPn,m($) + an,mPn—l,m($) + bn,mPn,m—1($)a
$Pn,m($) = Pn,m+1($) + dn,mPn,m($) + an,mPn—l,m($) + bn,mPn,m—1($)-

The recurrence relations are very similar for the type I multiple orthogonal polynomi-
als:

$Qn,m($) = Qn—l,m($) + Cn—l,an,m($) + an,an+1,m($) + bn,an,m—l—l (517)7
$Qn,m($) = Qn,m—1($) + dn,m—lQn,m($) + an,an+1,m($) + bn,an,m+1($)-

The same recurrence relation holds with @, ,, replaced by A, ,, or By, »,. The coeffi-
cients an m, bp,m can be computed as

Kn,m b . /\n,m
n,m —

Gn.m =

Y A Y
Rn4+1,m n,m+1

where Ky, and A, ,, are the leading coefficients of A,, ,,, and B,, ,, respectively. This

can easily be seen by checking the leading coefficients in the recurrence relation. If we
write

2 2

An,m(!ﬂ) = /fn,miﬂn_l + 5n,m$n_ + -, Bn,m($) = An7m$m_1 + emmgpm_ 4+

then one also has

5n,m 5n+1,m /\n,m Rn,m+1

Cn—1m =

Kn,m Rn4+1,m /\n,m—l—l Rn,m ’



_ Eam €n,m+1 /\n—l—l,m Rn,m
dn,m—l — - - .
/\n,m /\n,m—l—l /\n,m Rn4+1,m

For the Jacobi-Angelesco polynomials near the diagonal we then have

Proposition 2.5. The recurrence coefficients for the Jacobi-Angelesco polynomials
on the diagonal are

P n(n+ a)(2n+ 2a + B) b
nn — Bn+2a+p+1)Bn+2a+3)B3n+2a+5—1)’ n,n n,ns
and
L GnenesoNGeesnogregy
e ’ n,n—1 — C'I’L—l,’n'

(3n+2a + 8 — 1)0(n 4 o 4 =120

Proof. The two leading coefficients can easily be obtained from Theorem 2.2 and
Theorem 2.4 and give

12n+2a+ 0+ 2)nt1
An—l—l,n—l—l — 5( nl )n+ Vn,l(OZ, ﬁ), Rn+ln+1l = (_1)n+1An+1,n+17
and
Uno(a, B)2n+2a+ B+ 1)p41
An,n—l—l = n72( ﬁ)( ﬁ )n—l— s Rn4+1,n = (_1)nAn,n+1-

n!

From this the coefficients a,, and b, , follow easily using the formulas above. For
Cn—1,n and d, ,—1 one also needs the last but one leading coefficient and the calculus
is a bit longer. O

2.3. Differential equation

Theorem 2.6. For o, 3 > —1 the polynomial p,(z; , B) given in (2.3) satisfies the
third order differential equation

z(1—2%)y" + (B+2—(2a+8+ 6):132)3/’ +(n—1)(3n+4a+28+6)zy’
=n(n—1)2n+2a+ G+2)y. (2.11)

Proof. From (2.3) it is easy to see that
(5, ) = nppa (2500 + 1, B+ 1), (2.12)
and then of course also
(s, B) = n(n — pp—a(a+2, 5 +2). (2.13)

Hence differentiation lowers the degree n but increases the parameters o and . On

10



the other hand, one has for o, 5 > 1
(271 = 2*) pa(@; a, B)) = 211 = 2®)* (20 + 20+ B)pnsa(w;a — 2,5 - 2)
— (Bn+ 4o+ 20)appa (00— 1,6 —1)). (2.14)
Indeed, if we work out the left hand side, then
(27(1 = 2®) pa(w; @, B)) = 2771 (1 — &%) e (@),
where 7,49 is a polynomial of degree n + 2 given by
Tusa(@) = (B(1—2%) — 200 p (s B) + o1 —ad)ph (s ). (2.15)
One can check, by comparing coefficients and using (2.3), that
Tnt2(z) = 2n+2a+0)ppio(x; a—2, f—2)—(3n+4a+28)xpp+1(x; a—1, f—1), (2.16)

but alternatively one can also observe that for a;, 5 > 0

1 1
/ 2721 — 2 o (x)2? H de = / (:pﬁ(l — %)% (z; a, ﬁ))/:n% dz
0 0

1
= —2k‘/ 2?1 = 22)%, (z; o, Bz Ldx
0

= 0, 0<k<n,

where we used integration by parts and the orthogonality to odd powers (2.4). There-
fore m,12 is a polynomial of degree n+ 2 which satisfies n+ 1 orthogonality conditions
for odd powers with the weight 2%72(1 — 22)®~1 on [0,1], so it belongs to a linear
space of polynomials of dimension 2 and can be written as a linear combination of
two linearly independent polynomials from that space. For a;, 3 > 1 the polynomials
Pryo(z;a0—2, 3 —2) and xp,41(z; 0 — 1, 3 — 1) are two such polynomials and by (2.4)
they are orthogonal to odd powers 22! for 0 < k < n with weight 2772(1 — 22)~!
on [0, 1], hence m,12(2) = apppi2(z;a—2,0—2) + bpxppii(z;a—1, 3 —1). The coef-
ficients a,, and b, can be found by comparing the leading coefficient and the constant
coefficient.

To find the differential equation we multiply (2.13) by 2°+2(1 — 22)**2 and differ-
entiate to find

271 =)0 | (B 4+ 2)(1 - 2?) — 20%(a + 2)|pll (a0 9)
+ 2?21 =) 2 (a0, B)
=n(n— 1Dzl (1 — gH)ott <(2n +2a + B+ 2)pn(z; a, B)

— (3n+4a+26+6)apu 1 (z,0+ 1, 5+1)),

where we used the property (2.14) for the right hand side. Remove the common factor
P11 — 22)2*+! and use (2.12), then the differential equation (2.11) follows. O

11



2.4. Asymptotic zero behavior

Theorem 2.7. The asymptotic zero distribution of the polynomials p,(z; c, B) given
in (2.3) is independent of o and B and is given by a measure on [0, 1] with density

VB(L+VI— a4 (1 - VT—a?)/?

= - 0 1. 2.17
uz(z) = o PEYEN; s , <z < (2.17)
Proof. Let z1y, %2y, ..., %y be the zeros of p,(x;«, 3). Since this is an Angelesco

system, it is known that these zeros (which are the zeros of B4 1) are simple and
on the interval (0, 1) (see, e.g, [13, Prop. 3.4 in Ch. 4.3]). The normalized zero counting
measure is

1 n
Hn = Ez:lémj,na
J:

and its Stieltjes transform is

1 ’ o
Su(z) = /0 dpn(@) _ 1 pu( 0 )

2= npn(z;a, 3)

The sequence (i, )y, is a sequence of probability measures on the compact interval [0, 1],
and hence by Helley’s selection principle [3, §25], it contains a subsequence (i, ) that
converges weakly to a probability measure p on [0, 1], i.e.,

k—o0

. ! 1 !
lim /0 £(2) dyiny () = lim —Jz:jf(:cj,nk): /0 f(@) dpu(z),

for every continuous function f on [0, 1]. The weak limit p can depend on the subse-
quence, but we will show it is independent of the choice of converging subsequence.
Observe that p!,(z) = np,(2)Sn(z) so that

1
) = (2)8(2) 4 () = a(e) (83 + 15005)) .
and
/1! 3 3 3 ! 1 1"
PE) = npa(2) ($3() + 25,(050(2) + 58U(=) ).
Insert this in the differential equation (2.11) then

2(1—22)n3pp (2) (Sg + %SnS;L + %Sﬁ{) +[B+2—(20+6+6) 2*|n’py (2) (S?L + %S&)

+(n—1)Bn+4a+ 26+ 6)znp,(2)S, —n(n—1)2n+2a+ G+ 2)p,(2) = 0.
(2.18)

The weak convergence of the sequence (ji,, )i to p implies that S, converges uniformly

12



on compact subsets of C\ [0, 1] to the Stieltjes transform S of u,

1
S(z) = /0 dp(z)

z—x

But then also S;, and S] converge uniformly on compact subsets of C \ [0,1] to S’
and S”, respectively. Then taking the limit for n = ny — oo in (2.18), after dividing
by n3p,(2), gives the algebraic equation

2(1—2%)83(2) +325(2) —2=0.

Observe that this equation does not contain « and  anymore. This algebraic equa-
tion has three solutions, and we need the solution that gives a Stieltjes transform, in
particular we need the solution which is analytic on C\ [0, 1] and lim,_ 25(2) = 1.
Solving the cubic equation gives the following three solutions

24— 22+ ((—1 + (1= 22)"12)(22 - 1)22)2/3

Si1(z) = )
1 (23— 2)((—1 1 (1— 22)-1/2)(:2 — 1)z2) /3

SR )] (G e e [ G 1222 + (14 iv3)22(2* - 1)
(223 — 22) ((—1 + (1 — 22)~1/2) (22 — 1)2z2)1/3 :

(1 +iv3) (=1 + (1— 2272 (22 = 1)22)*% 1 (1 - iv/3)22(22 — 1)
(223 — 22) (=1 + (1 — 22)~1/2)(22 — 1)222)/® '

S3(z) = —

One can check that

lim 251(2) = =2, lim 2S3(2) = lim 2S3(z) =1,

Z—0Q Z—0Q Z—0Q
hence either S5 or S3 is the desired solution. From the Stieltjes-Perron inversion for-
mula (or Sokhotsky-Plemelj formula)

1
u(z) = —— lim IS (z + de), 0<z<l,
T e—0+

we find that Sy is the correct solution and it is the Stieltjes transform of the den-
sity (2.17). Hence every convergent subsequence has the same limit, and from the
Grommer-Hamburger theorem [6] it follows that p,, converges weakly to the measure
with density wuo. O

3. Type I Jacobi-Angelesco polynomials for general r
We now consider the type I Jacobi-Angelesco polynomials on the r-star for general

r > 1. The results and the proofs are similar to the case r = 2 but they are more
complicated and technical. This is why we decided to explain the case r = 2 in detail
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and only give the results and the modifications in the proof for the general case in this
section. The type I Jacobi-Angelesco polynomials for the multi-index (nq,ng, ..., n,)
on the r-star (see Figure 1 for r = 5) and parameters «, 3 > —1 are given by the

vector of polynomials (A%Ojiﬁ ), .. .,A%Ofr’ﬁ )) which is uniquely defined by
8)

(1) degree conditions: the degree of A(ﬁaji isnj —1,
(2) orthogonality conditions
Z / FACP - —0,  O<k<|i-2 (31
(3) normalization condition:
r wi—1
}:A LA (@) 231 — 27 da = 1. (3.2)
j=1

We have used the weight |z|?(1 — z7)® on the r-star so that we can use the rotational
symmetry and w = e>™/" is the primitive rth root of unity.

3.1. Explicit expression

The polynomials A%aj’ﬂ ) on the diagonal can be expressed in terms of the polynomials
- I(n+a+ 2t +1
o) = Y- (1) O et (3.3
= \E)T(n+ a+ 1D)I(ZE 4 1)

Observe that for = 2 this coincides with (2.3).

Theorem 3.1. The type I Jacobi-Angelesco polynomials on the diagonal i = (n + 1,
n+1,...,n+1) are given by

AL (@) = A pu(w ™z 0, B),
with normalizing constant

Vs _ Llmtrat B4r)u
n+1,r — .

n!

Proof. The degree conditions are clearly satisfied. The orthogonality conditions (3.1)
become

1
N S [t a5, 91270 a7 e =0,
0

7=1
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for 0 < k <rn+ r — 2. Since w is the primitive rth root of unity, we have

i(wﬂ"l)’”l _ {0, if k+1 2 0 mod r,

= r, ifk+1=0modr,

so we only need to prove
1 .
/ 2 p (x5, B) 2P (1 — 27)dx = 0, 1<j<n. (3.4)
0

We will consider the polynomials ((1 — z")* — 1)/z of order ¢ — 1 and show that
Sy — Sy =0 for 1 < /¢ <n, where

1
SZ :/ pn($7avﬁ)$ﬁ_1(1 _$T)a+€dm’
0

as we did in the proof of Theorem 2.2. It turns out that for 1 </ <n

1 " /n B+k
Se—So—mZ<k>7Tn—1,é< . >,

k=0

where 7,_1 ¢ is a polynomial of degree n — 1, and this vanishes because of (2.5) in
Lemma 2.3. For the normalization we need to prove

n!

Spi1—So =S, —S, = (=11 ,
e A . FES

(3.5)

and this follows from (2.6) in Lemma 2.3. O

Next, we will show that the type I Jacobi-Angelesco polynomials above the diagonal
can be written as a linear combination of r polynomials p,(z;a, § — 7) with 0 < j <
r—1.

Theorem 3.2. Let7 = (n,n,...,n) and € be the unit vector in N” with 1 on the kth
(a,8)

position. The type I Jacobi-Angelesco polynomials Aﬁ+€k j are given by

AL () = Ayt moa (w7 a)w ™, (3.6)

where the polynomials Ap, 0 < £ <1 — 1 are given by

r—1 0j
[e] w .
T Aue) = Y~ gmypalasa, 8- ), (3.7)
j=0 Un

with normalizing constant

(g _ mmln+a+ 1)F(%)F(rn+ra+ﬁ+ 1) (3.8)
Tl = : :
o F(n—l—a—l—%)lﬂ(rn—l—n—l—ra—l—ﬁ—l—%
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and Vy(L B s the leading coefficient of pn(x; a, 3)

ap_ _Llnta+B2+1)
T(n+a+ 1022 4 1)

(3.9)

Proof. We will first determine the degree of the polynomials Ay. For £ = 0 we see
that deg Ag = degpn(z;a, 3 — j) = n, which implies that deg Ailo_tf)J = n for all
j=12,...;r. For £ =1,2,...,7 — 1 the coefficient of ™ on the right hand side of

(3.7) is given by
- rt

1—
Z - 1—25 =0

Therefore for all k # j we have deg A( ’6 %) < p and one can check that it is in fact
n — 1. For the orthogonality and the normahzatlon we need the following integral to
vanish for all £ =0,1,2,...,7rn — 1 and to be equal to one for ¢ = rn:

Z/O fAﬁjif L@lal’(1 - 2"y da,
j=1

and this expression is equal to

w2 m=k) ¢ 1yi1 1 ¢
(5) 2 (a,8—m) 2 (W /0 pn(z; o, B—m)z™P (1 — 2")* da.
v,

Tn,r m=0 Yn j=1

The second sum in this expression is

i(w“mﬂ)j_l _ {r, if{4+m+1=0modr,

o 0, iff{+m+1%0modr.

Therefore we need to show that
1 .
/ pu(z; 0, B —m)z =B (1 — ") de = 0, 1<j<n,
0
and the latter follows from (3.4). For the normalization we need to show that

1= Z/ P ALY (@)lal (1~ ) d

wr(k 1) 1 5
=T 7(La75) (a,ﬁ—r+1)/0 pn($7avﬁ_r+1)$ (1—217) dZE,

and this follows from the explicit expressions (3.8) and (3.9) for Ty(L %) and v\ and

the expression (3.5) for the integral. O
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We also give an explicit expression for the type I Jacobi-Angelesco polynomials
A(a7ﬁ)
n

below the diagonal, i.e., for i i where 7 = (n,n,...,n).

Theorem 3.3. For everyr > 1, a, 3> —1 and i = (n,n,...,n) with n > 0 we have

YDA (@) = (0 a0, 8- 1)

n—ek,)
— T g (0T e e, B), (3.10)

V-1

where the normalizing constant %(L ;6) 18 given by

) _ r(n—I0(n+a + 21
" F(n—l—a)lﬂ(%ﬁl—|—1)(rn—|—ra—|—ﬁ—1)n'

(3.11)

Proof. Observe that for j # k the degree of A( ’63 ; is n — 1 but that for j = k the

leading term =z vanishes and the degree is n — 2. For the orthogonality relations we
need to verify that the following integral vanishes for 0 < ¢ < rn — 3:

S [T A e e
=1

n—1

and this expression is equal to
T

1 1 o -
_(@.B) /0 71— :Er)a(’/v(z—’lﬁ) Z(Wj D21 (20,8 -1)

Yn,r j=1

— WF 1)E:W_l)“lpn_1(:'3;oz,ﬁ)) da

J=1

The two sums involving the roots of unity w are

i(w£+2)j—1 _ ) ifl+2=0modr,
=1 0, if¢+2#0modr,

and

i(w£+1)j_1: r, iff+1=0modr,
0, if/+1#0modr,

so the integral vanishes whenever ¢ + 2 # Omodr and £ + 1 # 0O mod r. In case
{=rj—2for1<j<n-—1weneed to verify

1
/ :13”_2+5(1 — ") p_1(x; 0, 6 —1)dz =0,
0
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and this holds because of (3.4). In case / =7j — 1 for 1 < j <n — 1 we need

1
/ :L”_Hﬁ(l — ") pp_1(x; a, B) dx = 0,
0

which again follows from (3.4). For the normalization we need to show that

T w1
1 = Z/O 2" 2AGY) (2)]a] (1~ 2") d
j=1

1
= ) [ e ) s (w05 - 1) do
'Yn,vj 0

and this follows by using the normalization given in Theorem 3.1. O

3.2. Recurrence relation

For general r the nearest neighbor recurrence relations for the type I multiple orthog-
onal polynomials are

2Q(x) = Qa—s, () + ba—g 1Qa (1) + Y a7 Qrtz, (z),
=1

for 1 < k < r, where Qz(z) = Z;Zl Az j(T)X[0wi—11 (7). This relation can also be
stated in terms of the individual polynomials on each part of the r-star and one has
forevery j =1,2,...,71

T
v Az (1) = Asi_g, (%) + bi_g, 1 An j(2) + > a5 pAsye, 5(2),
/=1

for 1 < k < r. For the type II multiple orthogonal polynomials the recurrence relations
are

T
xPy(z) = Prye, (v) + bﬁJCPﬁ(l') + Z a1 Pr_g, (z),
/=1

for 1 < k < r. An explicit expression for the recurrence coefficients for the Jacobi-
Angelesco polynomials near the diagonal is given by

Proposition 3.4. Let i = (n,n,...,n) be a diagonal multi-index for r > 1. Then
a g = @D <k <,
where
alef) — n(n+ a)(rn 4+ ra+ ) F(%)F(n Lot ++_1)

T ek B n rac ) DL L (a2
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Furthermore for r > 1

where

ot _ (et ET s =y

T

(’I’L + a4+ %ﬁ_l)r(n +o+ n—l—f—l )F(n+ﬁ—2 + 1)'

T

n,r

Proof. If we write

then

A = )

and this ratio can be evaluated by using Theorem 3.1 which gives

Lrn+ra+B), Tot+at+ 2=ty 000
Kk = — v ’
T

(n—1)! F(n—l—oz)F(@—l—l)
and Theorem 3.2 which gives

(rntra+ft Doy Dlntat B0 )
nl T(n+ a+ 1)r(&0eel)

Ri+é. k =

The coefficients b;_g, 1 can be computed in a similar way, but the computations are
a bit longer and only the case r > 1 is covered. For r = 1 the computations are
slightly different but in that case the result is known because this corresponds to
Jacobi polynomials on [0, 1]. The expression for b;_g,  is

I8
Ok Ontéhk Kii g Kité, k

bi—g = —— .
—Ck,
Kk Ki+teéy .k (=1 04k Kk Bii4-é, .0

From Theorem 3.1 one finds

+5-2
5y = _(rn—l—ra—l—ﬁ)nf(n—l—a—i- n e )w(—k+1)(n—2)’ n>2,

’ r(n — 2)I0(n + a)0("E=2 4 1)

and from Theorem 3.2

5 nw(—k+Dn Ti D=0 4 1) (n+ o+ AT 4 )
7. "k”k = — 1 - 3
e (a.8) . F(% + 1)F(TL + o+ n"}ﬁ + 1)
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and for ¢ # k

P I G Sw(k_g)jr(mf—j + D)0(n+a + 282120 4 )
7i+ep,k — (a,8) T n+f—-1-j DT n+B—j 1 .
Tour =0 (L A DD (4 o+ M 4 1)

Combining all these results gives the desired expression for b;_z, 1. 0

Observe that one can easily find the asymptotic behavior of these recurrence coef-
ficients as n — oo by using [14, 5.11.12]

I'(n+a) aeb

T 1 b) ~n*Y n — 0o,
which gives

1 (avﬁ) — 7,,” 1 (avﬁ) — 77"

A (r+ 1)272/7  nooo b (r+ 1)1/

The limit for bgf}’ﬁ ) is valid for r > 1.

3.3. Differential equation

In this section we will give a linear differential equation of order r+-1 for the polynomial
pn(x; o, B) given in (3.3). The differential equation is a combination of lowering and
raising operators for these polynomials, i.e., differential operators that lower or raise
the degree of the polynomial and raise/lower the parameters o and 3.

Lemma 3.5. For the polynomial p,(x; «, 3) given in (3.3) one has for o, 3 > —1 the
lowering property

Po(x;a, 8) = npp_1(z;a +1, 6+ 1), (3.12)

and for o, 3 > r — 1 the raising property
T
(27 (1=2")0py (w0, B)) = 22 (A=) 1Y ol ParFp, (i a—k, B—F), (3.13)
k=1

where

™ = (~1)F [(;) (ra+B) + (Z i 1) k‘n] .

Proof. The lowering property (3.12) can easily be proved by differentiating the ex-
pression (3.3). To prove (3.13) we first observe that

[:Eﬁ(l — ") %y (x; a, ﬁ)]/ = :Eﬁ_l(l — :L"T)a_lwnw(:n), (3.14)
where 7,4, is a polynomial of degree n + r given by
Tntr(2) = (B(1 = 27) — ara”)pn(; a, B) + z(1 — 2")pj, (z; o, B). (3.15)
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Integrating by parts shows that for a, 3 > 0

1 1
/ ZEB_T(l _ ZET)Q_lﬂ'n_H(ZE)ZET(j—H)_l dr = / [:Eﬁ(l — "), (s @, ﬁ)]/ZETj dx
0 0
1
= —Tj/ 2%(1 = a")*pa(; 0, B)2"7 " da,
0

and by (3.4) this is zero for 1 < j < n but also for j = 0. So 7,4, is a polynomial
of degree n + r which is orthogonal to all ™ for 1 < ¢ < n + 1 with weight
2P77(1 — 27)*~! on the interval [0,1]. These are n + 1 orthogonality conditions. For
o, > r — 1 the r polynomials " *p, x(z;0 — k, 8 — k), 1 < k < r, have the
same orthogonality conditions, they are all of degree m 4+ r and they are linearly
independent, hence they span the linear space of polynomials of degree n + r with the
n + 1 orthogonality conditions. Therefore

Tontr (T Z a(a’ﬁ 2 Fpn(za—k, B—k), (3.16)
for some a(a’ﬁ ) k= 1,2,...,r. To find these coefficients, one compares the coefficients
of 27 in the latter expansion and (3.15). O

With these operators one can find the differential equation.

Theorem 3.6. For anyn € N, r > 1 and o, 3 > —1 the polynomial y = p,(z; , 3)
satisfies the differential equation

(1 — 2"y 4 (4 By + Z c,(fi’f):nky(k) =0, (3.17)
k=0

where the coefficients ck for 0 <k <r are given by

A = (1) (1), [(;) (ra+ 8) + (T Z 1> (rn+r — kn)] . (3.18)

Proof. From the lowering operation (3.12) one has

|
P (w50, 8) = ——pur(@at 1, B4 7).

(n—r)!
Multiplying both sides by x%+7(1 — 27)*" and differentiating gives

2 (1 — 2"yt (a5, B)
+ 2PN 1 = 2" B 4 ) (1 - a) — r(a+ 1)’ p) (2 a, B)

T

: - - + 7ﬁ+ —k
= - T)!:nﬁw 1 — gryetr—1 al(;n—rr ") Prrin(@ a1 —k, B+ 1 — k),
k=1
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where we used the raising operation (3.13) for the right hand side. Using the lowering
operation (3.12) one has

—r+ k)
Pn—rik(Tia+r =k B+r—k)= %pﬁf " (z;a, B),
hence we have

2(1—a2")py (@0, B) + [(B+7)(1 = 2") = r(a+r)2"]p}) (z; a, B)

T

_ (a+r,B+r) (’I’L -7+ k) r—k, _(r—k)/,.. _
Zak,n—r (n—r)! x Dby, (ZL’7OZ,ﬁ) - 07

k=1
or
z(1—2")p ™ (z; 0, B) + (B + 1)l (@ 0, B) + Zc(aﬂ 2*pF) (z; 0, B) = 0,
where
(o) _ _glactrpn (= R)!
k n r—k,n—r (n _ ,r,)' )
which gives (3.17) with (3.18). O

3.4. Asymptotic zero behavior

We now investigate the asymptotic distribution of the zeros of the type I Jacobi-

8)

Angelesco polynomials A%aj’. , 1 < j < r, for the multi-index 7 = (n,n,...,n) and

A are copies of the zeros of

pn(z; o, B) (which are on [0, 1], see Lemma 3.7), but rotated to the interval [0, w/ 1.
Hence we only need to investigate the asymptotic distribution of the zeros of p,, (z; «, 3)
given in (3.3). First we prove that the zeros of p,(z;«a, 3) are all on (0,1) whenever
a, # > —1. For this we modify the standard proof of the location of zeros of orthogonal
polynomials (see, e.g., [8, Thm. 2.2.5]).

n — 00. From Theorem 3.1 it is clear that the zeros of A(ﬁaj’.

Lemma 3.7. Let o, 3 > —1, then all the zeros of p,(z; , 3) given in (3.3) are simple
and lie in the open interval (0,1).

Proof. Suppose z1,...,x, are the zeros of odd multiplicity of p,(z;«, 3) that lie
n (0,1) and that m < n. Then consider the polynomial g, (z) = (2" — zf)(z" —
xh) -+ (z" — xl). This is a polynomial of degree rm with m real zeros on (0, 1) at
the points 1, . .., Z,, and no other sign changes on (0, 1). Hence p,(z; a, 3)gm(z) has
constant sign on (0, 1) so that

1
/O P 0, B)gon ()27 (1 — 7Y iz # 0.

But ¢, (z)z"~! contains only powers z77~! with 1 < j < m + 1 < n, hence by (3.4)
this integral is zero. This contradiction implies that m > n and since p,(z; o, 3) can
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have at most n zeros on (0, 1), we see that m = n. O

Denote the zeros of py(z;a, ) by 0 < 21, < 22 < -++ < T < 1. As before we
will use the normalized zero counting measure

1 n
o = Zl Oz, -
‘7:

Then (py,), is a sequence of probability measures on [0, 1], and by Helley’s selection
principle it will contain a subsequence (uy,, )i that converges weakly to a probability
measure 4 on [0, 1]. If this limit is independent of the subsequence, then we call it
the asymptotic zero distribution of the zeros of p,(z; o, 3). We will investigate this by
means of the Stieltjes transform

1 ' (2« 1 T
S"(Z):/o dpm () 1pn(za,0) S(z):/o dp( )’ cec\[0.1],

z—x  np(z0,8) z—x

and use the Grommer-Hamburger theorem which says that u,, converges weakly to p if
and only if S,, converges uniformly on compact subsets of C\ [0, 1] to S and z2S(z) — 1
as z — oo (see, e.g., [6]).

First we show that the weak limit of (i, )r has a Stieltjes transform S which satisfies
an algebraic equation of order r + 1.

Proposition 3.8. Suppose p,, converges weakly to p, then the Stieltjes transform S
of 1 satisfies

r—1
2(1=2N) S T4y (=1t (T i 1> (r—0)2t8¢ = 0. (3.19)
=0 ¢

Proof. We first show that one can express the derivatives pgj ) of pn(2z; a, B) in terms

of S,, and its derivatives:
PP (250, B) = i pn(z; o, B)[SE(2) + %Gn,j(sm Sh,..., SV, >0, (3.20)

where Gy, ; is a polynomial in j variables with coefficients of order O(1) in n. This
polynomial is given recursively by

GnJ’(lEl, R :Ej) = $1Gn,j—1($17 o, . .., :Ej_l) + (] — 1)JE{_2JE2

GnJ’_l(lEl, ceey $j—1)$k+17

with G, 0 = 0. This can be proved by induction on j. It is obvious for j = 0 and for
j = 11it follows from Gy, 1(z) = 0 and

_1py(z0,8)
Snl2) = npn(z;a,3)
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Suppose now it holds for j, then for j + 1 we have

P (250, 0) = (0 (25 0 0))' = gl (35 D) [S12) + Gl (Su, S, S)

+ 1/ pp(z; a, B) [jS;LSQL Iy —diG J(S S’ ”_’Sy(Ly—l))}‘

Here we can use pl,(z; a, 3) = npn(z; @, 3)Sn(z) and the chain rule

L / TINER Oy / (-1)
G (S, Sy S )=>_58 :Eka(sn,sn,...,sn ),

which after collecting terms gives the desired formula (3.20) for j + 1.
Now insert the expressions (3.20) into the differential equation (3.17) to find

0 = 2(1—2")n"p,(2) [T+ + Gnm(s S

+ (r+ B)n"pp(z) [S:L + EGan(Sm N "Sf(Lr—l))]

1
+Zw 1) 0 pu(2) [Sh + —Gne(Sns- ., S,

Divide by n"*1p,(2) and let n = n; — co. From the convergence of S,,, to S uniformly

on compact subsets of C\ [0, 1], it also follows that all the derivatives Sy(fk) converge to
S0U) uniformly on compact subsets of C \ [0, 1]. Furthermore, from (3.18)

A W [}

n—oo N~ /+1 Y

so that in the limit we find the equation (3.19). Now observe that the equation does
not depend on the subsequence (ng)x anymore, so that every convergent subsequence
has a limit S satisfying equation (3.19). O

By using the binomial theorem, one can find
r+1
1
2:(—1)”’“’1 (T —; >(r —0)2*8 = — (28 +7r)(2S - 1),
(=0
so that the algebraic equation (3.19) simplifies to
28" — (28 4+ 7)(2S —1)" = 0. (3.21)

This equation has r + 1 solutions but we are interested in the solution which is a
Stieltjes transform of a probability measure on [0, 1]. By using the Stieltjes-Perron
inversion formula one can then find the asymptotic zero distribution measure .

Theorem 3.9. The asymptotic zero distribution of the polynomial p,(x; «, 3) as n —
oo is given by a measure which is absolutely continuous on [0,1] with a density w,

24



r—1

given by u,(z) = ra"w,(x"), where w, is given by

r+1 1 r+41 sinfsinrfsin(r + 1)0
7 |#'(0)] w2 |(r+1)sinrd — reisin(r + 1)6)2’

where we used the change of variables

1 (Sin(r + 1)9)”’1 -
e ¢ sin O(sinrd)" ’ 0<o< rr1 (3.22)

=
Il

and ¢, = (r+1)"+ /r7.

Proof. The proof is along the same lines as in [11] where the asymptotic zero dis-
tribution was obtained for Jacobi-Pineiro polynomials. The algebraic equation (3.21)
can be transformed by taking

28 g w
TS-1 T wovr
which gives
W — (r+ 1)2Z"W + 72" = 0. (3.23)

We look for a solution W of the form pe®? where 0 is real and p > 0. Take z = x € [0, 1]
and insert W = pe? into (3.23) to find

pr—l—lei(r—l—l)G o (,r, + 1)$rpei9 +rz” = 0.
Hence the real and imaginary parts satisfy

prcos(r +1)0 — (r+1)z"pcosf +ra” = 0, (3.24)
p T sin(r+1)0 — (r 4+ 1)z"psind = 0. (3.25)

From (3.25) we find

_ plsin(r+1)0
~ (r+1)sinf”’

T =z

and using this in (3.24), we find

r sin(r+1)0

p(E) = r+1 sinrf

Combining both gives (3.22). Note that when 6 € (0, 7/(r + 1)) one has p > 0. So for
# € [0,1] the equation (3.23) has a solution of the form pe?®. Observe that also pe~%
is a solution and in fact

Wi (i) = lizm, W (& +i€) = p(&)e®, W_(2) = lim, W (i —ie) = p(&)e %,
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are the boundary values of the function W which is analytic on C\ [0, 1]. From the
Stieltjes-Perron inversion formula (or the Sokhotsky-Plemelj formula) we can compute
the density u, as

1 p  sinf
= —(5_ - S = — .
ur(2) 27Tz'( (%) = 54+(x) mx |pei? — 1]2
Writing everything in terms of Z gives the required result. O

2_

1.5

0.5

Figure 2. The density u, of the asymptotic zero distribution on [0, 1] for » = 1 (solid), »r = 2 (dash), r = 3
(dash-dot), r = 4 (long dash) and r = 5 (dots).

We have plotted the densities u, on [0,1] for r = 1,2,3,4,5 in Figure 2. The case
r = 1 corresponds to the density

1

1
——  O<az<1,
T /(1 — )

ui(z) =

which is the well known arcsine distribution which is symmetric around x = 1/2. For
r > 1 the symmetry is gone. The case r = 2 corresponds to the density given in (2.17).
When x tends to the endpoints one has the behavior

ur($)N$_$v x —0,

up@)~ (1=a")™5, w1,

so that for fixed r the density u, has a singulartity of order ﬁ at the endpoint 0 and
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a singularity of order % at the endpoint 1. So for r > 1 the zeros are more dense near

the endpoint 1 than near the point 0. This is typical for an Angelesco systems where
the zeros on all the other intervals [0,w/~1], j = 2,...,r push the zeros on [0, 1] to the
right.

The asymptotic behavior of the zeros is similar to the asymptotic behavior of the
zeros of Jacobi-Pinéiro polynomials, which was studied by Neuschel and Van Assche
[11] and differs only by the change of variables ¢,y = z".
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