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SUMMARY
This paper introduces the circle fit method for the determination of multi-modal Rayleigh dis-
persion and attenuation curves as part of a Multi-Channel Analysis of Surface Waves (MASW)
experiment. The wave field is transformed to the frequency-wavenumber (fk) domain using a
discretized Hankel transform. In a Nyquist plot of the fk-spectrum, displaying the imaginary
part against the real part, the Rayleigh wave modes correspond to circles. The experimental
Rayleigh dispersion and attenuation curves are derived from the angular sweep of the central
angle of these circles. The method can also be applied to the analytical fk-spectrum of the
Green’s function of a layered halfspace in order to compute dispersion and attenuation curves,
as an alternative to solving an eigenvalue problem.
A MASW experiment is subsequently simulated for a site with aregular velocity profile and
a site with a soft layer trapped between two stiffer layers. The performance of the circle fit
method to determine the dispersion and attenuation curves is compared with the peak picking
method and the half-power bandwidth method. The circle fit method is found to be the most
accurate and robust method for the determination of the dispersion curves. When determining
attenuation curves, the circle fit method and half-power bandwidth method are accurate if the
mode exhibits a sharp peak in the fk-spectrum. Furthermore,simulated and theoretical atten-
uation curves determined with the circle fit method agree very well. A similar correspondence
is not obtained when using the half-power bandwidth method.
Finally, the circle fit method is applied to measurement dataobtained for a MASW experiment
at a site in Heverlee, Belgium. In order to validate the soil profile obtained from the inversion
procedure, force-velocity transfer functions were computed and found in good correspondence
with the experimental transfer functions, especially in the frequency range between 5 Hz and
80 Hz.

Key words: Joint inversion – numerical approximation and analysis – seismic attenuation –
surface waves and free oscillations - wave propagation.

1 INTRODUCTION

Determination of dynamic soil characteristics of shallow soil layers is important for the study
of different problems in civil and geophysical engineering, such as ground borne vibrations or
site amplification (Kausel & Assimaki, 2002). Dynamic soil properties can be determined using
laboratory and in situ methods. In situ methods have the advantage of not disturbing the soil
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and examining large volumes of soil, in contrast to laboratory methods, which are susceptible
to local variations of soil properties. Among the most popular in situ test methods are the surface
wave experiments, which are simpler to perform and less expensive than borehole methods. Active
Multichannel Analysis of Surface Waves (MASW) methods (Park et al., 1999; Foti et al., 2011) are
often used to determine (multi-)modal Rayleigh dispersionand attenuation curves, which can be
inverted to determine the shear wave velocity and material damping ratio profile of the soil. The
solution of the inverse problem, however, is non-unique dueto the limited identified frequency
range. In order to reduce non-uniqueness, multi-modal inversion of dispersion and attenuation
curves is preferred above single mode inversion (Xia et al.,2003; Socco & Strobbia, 2004).

Many approaches have been developed to estimate multi-modal surface wave dispersion curves
(Socco et al., 2010). These dispersion curves are often determined by transforming the measured
vibrations from the time-space domain to the frequency-wavenumber (fk)-domain and picking
the maxima (Park et al., 1999; Socco & Strobbia, 2004). However, most of these transformation
methods suffer from near field effects (Zywicki & Rix, 2005).Zywicki and Rix (2005) identify
two sources of near field effects: the presence of body wave propagation, which has a significant
effect on the near wavefield and model incompatibility due tothe use of transformation methods
which assume plane waves, while the wavefield generated by a point source is cylindrical. Both
near field effects distort the estimates of the Rayleigh phase velocity. As the signal-to-noise ratio
is highest in the near field, it remains preferable to includenear field information in the inversion
process. This can be accomplished with an appropriate wave field transformation that accounts for
the cylindrical symmetry of the spreading wave field, such asthe cylindrical beamformer (Zywicki
& Rix, 2005) or a Hankel transformation (Forbriger, 2003; Badsar et al., 2010). Body waves,
however, still influence the location of the Rayleigh wave poles in the fk-spectrum. This problem
can be solved by defining the theoretical dispersion curves as the local maxima of the analytical
fk-spectrum of the soil’s Green’s function.

Most methods for the determination of attenuation curves are based on spatial decay measure-
ments of surface waves and assume that a single Rayleigh wavemode is dominant. They may lead
to incorrect results if multiple modes significantly contribute to the wave field (Lai et al., 2002;
Foti, 2004; Xia et al., 2002). In order to account for multiple modes, Badsar et al. (2010) pro-
posed the half-power bandwidth method, which determines the attenuation of the Rayleigh wave
modes based on the width of the Rayleigh peaks in the fk-domain. In the case of a single dominant
Rayleigh wave mode, this method is as accurate as methods based on the spatial decay of surface
waves; it is more accurate when multiple modes contribute significantly to the wave field. Misbah
& Strobbia (2014) recently proposed a method for estimatingthe complex wavenumbers of mul-
tiple modes, which can be considered as a high resolution subspace-based method for arbitrary
receiver layout and source shot positions (Foti et al., 2014). The estimated attenuation coefficients,
however, can still be influenced by interaction of differentmodes and event identification remains
important.

In this paper, the circle fit method, originally developed todetermine eigenfrequencies and
modal damping ratios in structural dynamics (Ewins, 1984),is used to determine multi-modal
Rayleigh dispersion and attenuation curves. Results are compared with the peak picking method
and the half-power bandwidth method. It is shown that the circle fit method is not influenced by
near field effects and less sensitive to mode interaction.

Wave propagation in a multi-layered halfspace with dynamicsoil characteristics of a site in
Lincent (Belgium), which is used as a benchmark, is discussed. Determination of Rayleigh disper-
sion and attenuation curves with the peak picking method andthe half-power bandwidth method
is briefly reviewed. The circle fit method is subsequently introduced as an alternative for the de-
termination of multi-modal dispersion and attenuation curves.

Next, a MASW experiment is simulated for a site with a regularvelocity profile to compare
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the results obtained with the circle fit method, the peak picking method and the half-power band-
width method. Leakage and aliasing effects due to the truncation and discretization of the Hankel
transform are discussed. This is followed by a similar analysis for a site with a soft layer trapped
between two stiffer layers, in which case the peaks in the fk-spectrum are due to different higher
order Rayleigh wave modes corresponding to an apparent phase velocity and attenuation coef-
ficient. It is investigated how the results obtained with thecircle fit method are affected by this
velocity inversion.

Finally, the circle fit method, and a combination of the peak picking method and the half-power
bandwidth method, are applied to determine experimental dispersion and attenuation curves from
a MASW experiment at a site in Heverlee, Belgium. Both profiles are used to simulate the force-
velocity transfer functions and corresponding fk-spectra, that are subsequently compared with the
experimental results.

2 METHODOLOGY

2.1 Wave propagation in layered media

Wave propagation in layered media can be studied with the direct stiffness method (Kausel &
Roësset, 1981) in the fk-domain, as implemented in the ElastoDynamics Toolbox (EDT)
(Schevenels et al., 2009). The displacementsŨ(kr, ω) are related to the tractions̃P (kr, ω) by:

K̃(kr, ω)Ũ(kr, ω) = P̃ (kr, ω). (1)

The stiffness matrixK̃(kr, ω) is a function of the frequencyω, the radial wavenumberkr and the
following dynamic soil characteristics of each layer: the shear wave velocityCs, the dilatational
wave velocityCp, the material damping ratiosβs andβp in deviatoric and volumetric deformation,
the densityρ and the thicknessd. Analytical expressions for the stiffness matrices of a halfspace
and a layer element were derived by Kausel & Roësset (1981).Material damping is assumed to be
rate independent in the low frequency range and can be accounted for by applying the correspon-
dence principle, valid for small damping ratios (Rizzo & Shippy, 1971). This results in the use of
complex Lamé coefficientsµ(1 + 2βsi) and(λ+ 2µ)(1 + 2βpi).

Dilatational waves (P-waves) and vertically polarized shear waves (SV-waves) are uncoupled
from horizontally polarized shear waves (SH-waves). Relation (1) is therefore decomposed as:

K̃P−SV(kr, ω)ŨP−SV(kr, ω) = P̃P−SV(kr, ω), (2)

K̃SH(kr, ω)ŨSH(kr, ω) = P̃SH(kr, ω). (3)

where the stiffness matrix̃KP−SV(kr, ω), displacement vector̃UP−SV(kr, ω) and traction vector
P̃P−SV(kr, ω) model P-SV wave propagation and the stiffness matrixK̃SH(kr, ω), displacement
vectorŨSH(kr, ω) and traction vector̃PSH(kr, ω) model SH wave propagation.

If the traction vectorP̃P−SV(kr, ω) in equation (2) corresponds to a vertical Dirac impulse in
space and time, the fundamental solution or Green’s function ũG

zi(kr, z, ω) is obtained, where the
first indexz refers to the loading direction and the second indexi to the displacement component.
In this paper, Green’s functions will primarily be evaluated along the surfacez = 0 and the
dependence on the vertical coordinatez will be omitted.

Table 1 presents the dynamic soil characteristics of a site in Lincent (Belgium) situated along
the high speed line L2 between Brussels and Köln (Badsar et al., 2010). This site consists of a
silt layer, followed by a layer of fine sand on top of a sequenceof stiff layers of arenite and clay.
Dynamic soil characteristics were determined by means of Spectral Analysis of Surface Wave
(SASW) tests, Seismic Cone Penetration tests (SCPT) and seismic refraction tests (Schevenels



4 R. Verachtert et al.

Table 1.Dynamic soil characteristics of the site in Lincent (Belgium).

Layer d Cs Cp βs = βp ρ
[m] [m/s] [m/s] [-] [kg/m3]

1 1.4 128 286 0.044 1900
2 2.7 176 286 0.038 1900
3 ∞ 355 1667 0.037 1900

et al., 2008; Karl, 2005; Karl et al., 2006). This site is represented as a horizontally layered half-
space with two layers on top of a halfspace; the increase of the dilatational wave velocity in the
halfspace is most probably due to saturation of the soil. This soil profile is subsequently used to
illustrate the presented

Figure 1a shows the modulus of the normalized vertical Green’s function ¯̃uG
zz(kr, ω) as a func-

tion of the frequencyω and the phase velocityCr = ω/kr along the surface of the horizontally
layered halfspace corresponding to the site in Lincent (table 1). The normalized simulated Green’s
function ¯̃uGS

zz (kr, ω) presented in figure 1b will be discussed in subsection 3.1.1.The Green’s func-
tion ũG

zz(kr, ω) is normalized using the maximum modulus occuring at each frequency. The peaks
in this spectrum correspond to Rayleigh waves or free surface waves with complex wavenumbers
kRj(ω) that are solutions of the following eigenvalue problem:

det K̃P−SV(kr, ω) = 0. (4)

The rootskRj(ω) can be determined by a search algorithm that minimizes the determinant in terms
of the complex wavenumberkr. The surface motion of a propagating Rayleigh wave at frequency
ω is proportional to a zero-th order Hankel function of the second kind (Aki & Richards, 2002):

uzz(r, t) ∝ Re
(

H
(2)
0 (kRj(ω)r)e

+iωt
)

. (5)

The far field approximation of this expression is (Aki & Richards, 2002):

uzz(r, t) ∝ Re

(

e+i(ωt−kRj(ω)r+π/4)/
√

|kRj(ω)r|
)

. (6)

The theoretical Rayleigh phase velocity of thej-th mode is obtained asCT
Rj(ω) = ω/Re(kRj(ω)).

Figures 1a and 2a show the dispersion curves of the first four modes.CT
R1(ω) varies from the

Rayleigh phase velocity of the underlying halfspace at limiting low frequencies to the Rayleigh
phase velocity of the top layer at limiting high frequencies. The Rayleigh phase velocity of the
higher wave modes varies from the shear wave velocity of the underlying halfspace to the shear
wave velocity of the top layer at limiting high frequencies.The cut-on frequencies of the second,
third and fourth Rayleigh mode are 14 Hz, 24 Hz and 48 Hz, respectively. The theoretical dis-
persion curvesCTp

Rj (ω) andCTc
Rj (ω) are determined with the peak picking and circle fit method,

respectively, and will be discussed in subsection 2.2.1.
Attenuation of the Rayleigh waves is due to geometrical and material damping. The geometri-

cal or radiation attenuation, due to wavefront spreading, is proportional tor−1/2. Material damping
is related to the dissipation of energy. The theoretical Rayleigh attenuation coefficient represent-
ing material damping of modej is calculated asAT

Rj(ω) = −Im(kRj(ω)). Figure 2b shows the
attenuation curves of the first four modes. At low frequencies,AT

R1(ω) is mainly determined by the
material damping of the underlying halfspace. At higher frequencies,AT

R1(ω) is more influenced
by the top layers. The energy dissipation of higher Rayleighmodes in the different soil layers is
more difficult to predict, such that attenuation is not strictly increasing when the material damp-
ing ratios in the top layers are higher than in the underlyinglayers. The theoretical attenuation
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Figure 1. Fk-spectrum of (a) the normalized analytical Green’s function ¯̃uGzz(kr, ω) with Rayleigh dis-
persion curvesCT

Rj(ω) (j = 1, . . . , 4) (black lines) and (b) the normalized simulated Green’s function
¯̃uGS
zz (kr, ω) with spatial aliasing limit (black line).

curvesATh
Rj (ω) andATc

Rj(ω) are determined with the half-power bandwidth and circle fit method,
respectively, and will be discussed in subsection 2.2.2.

2.2 Frequency-wavenumber analysis of the Green’s function

Alternatively to solving the eigenvalue problem (4), the Rayleigh dispersion and attenuation curves
can be determined at lower computational cost by analysis ofthe Green’s functioñuG

zz(kr, ω) in the
frequency-wavenumber domain, as the location and width of the peaks in figure 1a are determined
by the Rayleigh phase velocity and attenuation coefficient,respectively.

2.2.1 Determination of the Rayleigh phase velocity

In order to determine the Rayleigh phase velocity, assumptions are made regarding the shape of
the Rayleigh peak. Badsar et al. (2010) determine the Rayleigh attenuation coefficients from the
width of the Rayleigh peaks using the half-power bandwidth method. The underlying assumption
for this method is that, in the case of hysteretic material damping, the peaks of the Green’s function
ũG
zzj(kr, ω) in the vicinity of each Rayleigh wavenumberRe(kRj(ω)) can be approximated as
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Figure 2. Rayleigh (a) dispersion curvesCT
Rj(ω) (j = 1, 2, 3, 4) (black lines),CTp

Rj (ω) (red lines) and

CTc
Rj (ω) (green lines) and (b) attenuation curvesAT

Rj(ω) (black lines),ATh
Rj (ω) (red lines) andATc

Rj(ω)
(green lines).
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Figure 3. Modulus of (a) the normalized analytical Green’s function¯̃uGzz(kr, ω) (black line) at50Hz
and ¯̃uGzz(Re(k

T
Rj(ω)), ω) (j = 1, 2, 3, 4) (black circles),¯̃uGzz(k

Tp
Rj (ω), ω) (red crosses) and̃̄uGzz(k

Tc
Rj(ω), ω)

(green asterisks) and (b) the normalized simulated Green’sfunction ¯̃uGS
zz (kr, ω) (black line) at50Hz and

¯̃uGS
zz (Re(k

T
Rj(ω)), ω) (black circles),̄̃uGS

zz (k
Sp
Rj(ω), ω) (red crosses) and̃̄uGS

zz (k
Sc
Rj(ω), ω) (green asterisks).

follows as a function of the real wavenumberkr:

ũG
zzj(kr, ω) ≃ C1j(ω)

β2
j − 1 + iαj

+ C2j(ω), (7)

whereβj = kr/Re(kRj(ω)) andαj = 2ARj(ω)/Re(kRj(ω)). The complex mode dependent con-
stantsC1j(ω) andC2j(ω) are introduced to obtain a better approximation of the Green’s function,
as will be explained in the following. The range of wavenumbers for which only the first term in
equation (7) is a good approximation depends on the separation of the different Rayleigh peaks and
the interaction with different wave modes. For dominant Rayleigh waves,C2j(ω) is small com-
pared to the peak amplitude ofũG

zzj(kr, ω) and a good estimatekTp
Rj (ω) of the real part ofkT

Rj(ω)
can be found by peak picking.

Figure 3a shows the modulus of the normalized analytical Green’s function¯̃uG
zz(kr, ω) at50Hz

and the locations of the Rayleigh modes determined by the peak picking method. The largest peak
in figure 3a corresponds to the fundamental Rayleigh mode. The other peaks at smaller wavenum-
bers correspond to higher Rayleigh modes. The Rayleigh wavenumber estimates of the first three
modes are very accurate and the markers indicating the wavenumberskTp

Rj (ω) andkT
Rj(ω) perfectly

overlap. The fourth mode could not be identified, as there is no peak corresponding to Re(kT
R4(ω)).

The peak atkr = 0.83 rad/m actually corresponds to the fifth mode. Peak picking isperformed
for the first four Rayleigh modes for frequencies up to 100 Hz.The normalized simulated Green’s
function ¯̃uGS

zz (kr, ω) presented in figure 3b will be discussed in subsection 3.1.1.Figure 2a com-
pares the theoretical dispersion curvesCTp

Rj (ω) = ω/kTp
Rj (ω), determined with the peak picking

method, withCT
Rj(ω). The first two modes are accurately identified in the considered frequency

range. The peak picking method could only identify the thirdmode for frequencies above 34 Hz
and converged to other modes below this frequency because the Rayleigh peak is too small to be
identified. Similarly, the fourth mode could only be identified for frequencies above 72 Hz.

If only the modulus of the Green’s function is considered, valuable information related to the
phase is lost. Following theoretical developments of Ewins(1984) in structural dynamics to deter-
mine eigenfrequencies and modal damping ratios, the circlefit method is presented to determine
the Rayleigh wavenumber. Figure 4 shows a Nyquist plot of theGreen’s functioñuG

zz(kr, ω) at
50Hz for 500 equidistant wavenumbers fromkr = 0.01 rad/m tokr = 5 rad/m, mapping its imag-
inary part against its real part in the frame of referenceRe − Im. It is observed that the different
Rayleigh peaks correspond to circles. If the original frameof referenceRe− Im is translated (sub-
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Figure 4. Nyquist plot of the Green’s functioñuGzz(kr, ω) at 50Hz (blue dots), fitted circle for the first
Rayleigh wave mode (green line), andũGzz(Re(k

T
R1(ω)), ω) (black circle),ũGzz(k
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R1 (ω), ω) (red cross) and

ũGzz(k
Tc
R1(ω), ω) (green asterisk).

tractingC2j(ω) in equation (7)) and rotated (dividing byC1j(ω) in equation (7)) to the frame of
referenceRe′ − Im′, the approximation of the Green’s functionũG′

zzj(kr, ω) in the vicinity of the
Rayleigh wavenumberRe(kRj(ω)) can be written as:

ũG′
zzj(kr, ω) ≃ 1

β2
j − 1 + iαj

, (8)

which is equivalent to introducing complex parametersC1j(ω) = 1 andC2j(ω) = 0 in equation
(7). It can be demonstrated that the real and imaginary part of ũG′

zzj(kr, ω) are related as:

Re(ũG′
zzj(kr, ω))

2 +

(

Im(ũG′
zzj(kr, ω)) +

1

2αj

)2

=

(

1

2αj

)2

, (9)

which is the equation of a circle with centre(0, −i/(2αj)) on the imaginary axis and radius
1/(2αj), hence the name of the method.

It is observed in figure 4 that the spacing between the different points is largest in the vicinity
of ũG

zz(Re(k
T
R1(ω)), ω). This is equivalent to stating that the angular sweep∂θj/∂kr of the central

angleθj , subtending the arc betweenũG′
zzj(kr, ω) and the negativeIm′-axis, attains a maximum at

Re
(

kT
R1(ω)

)

. This property is proven in the following. In order to express θj as a function of the
wavenumberkr, the phaseφũG′

zzj
of the Green’s function is related to the central angleθj (figure 4):

φũG′

zzj
=

θj
2
− π

2
. (10)



8 R. Verachtert et al.

It follows that:

tan

(

θj
2

)

= − cot
(

φũG′

zzj

)

= −
Re(ũG′

zzj(kr, ω))

Im(ũG′
zzj(kr, ω))

=
β2
j − 1

αj
, (11)

so that:

θj = 2 arctan

(

β2
j − 1

αj

)

. (12)

Differentiation with respect toβj results in:

∂θj
δβj

=
4βj

αj



1 +

(

β2
j − 1

αj

)2




, (13)

which attains a maximum atβj = 1.001 for a realistic valueαj = 0.1. For a relatively large value
αj = 0.4, the maximum is obtained atβj = 1.02, which is still relatively close to 1. Asβj is
defined askr/Re(kRj(ω)), the angular sweep∂θj/∂kr attains a maximum atkr = Re(kRj(ω)).
The bias introduced by the circle fit method is very small and not influenced by the transformation
from ũG

zzj(kr, ω) to ũG′
zzj(kr, ω), or independent of the complex constantsC1j(ω) andC2j(ω), as

opposed to the peak picking method. Therefore, the circle fitmethod is proposed in this paper to
estimate the real part ofkRj(ω), without prior knowledge ofC1j(ω) andC2j(ω).

In appendix A, a search algorithm is described to determine the circle fit estimatekTc
Rj(ω) and

the corresponding theoretical Rayleigh phase velocityCTc
Rj (ω) = ω/kTc

Rj(ω). Computation of the
complex constantsC1j(ω) andC2j(ω) gives no benefit when calculating the dispersion curves and
is therefore not performed. As can be noticed on figure 4,ũG

zz(k
Tc
R1(ω), ω) perfectly corresponds

with ũG
zz(k

T
R1(ω), ω).

The fitted circles in figure 5a correspond to the Rayleigh peaks in figure 3a of the first, sec-
ond and third mode. There is no circle corresponding to the fourth mode. The smaller circles,
corresponding to higher Rayleigh wave modes, are shifted further away from the origin than the
circle corresponding to the first mode, relatively to their radius, resulting in less accurate estimates
kTp
Rj (ω) obtained with the peak picking method. The estimateskTc

Rj(ω) obtained with the circle fit
method are not affected by the shifting of the circles and themarkers indicating the wavenum-
berskTc

Rj(ω) andkT
Rj(ω) perfectly overlap in figures 3a and 5a. The normalized simulated Green’s

function ¯̃uGS
zz (kr, ω) presented in figure 5b will be discussed in subsection 3.1.1.

Figure 2a shows the estimatesCTc
Rj (ω) of the Rayleigh phase velocity obtained with the circle

fit method, for the first four Rayleigh modes, for frequenciesup to 100 Hz. The first two modes
are completely identified and the circle fit method is slightly more accurate than the peak picking
method. The third and fourth mode are identified for frequencies above 48 Hz and 72 Hz, respec-
tively. For these modes, the peak picking method is slightlymore accurate. This indicates that the
Rayleigh peaks of these modes are influenced by other wave modes. Nevertheless, it is shown in
the next section that the circle fit method is more robust whenapplied to a simulated surface wave
experiment.

2.2.2 Determination of the Rayleigh attenuation coefficient

Badsar et al. (2010) propose a generalized formulation of the half-power bandwidth method to
determine the Rayleigh attenuation coefficientATh

Rj (ω) of different modes for the case of weak
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Figure 5. Nyquist plot and fitted circles (green lines) of (a) the normalized analytical Green’s function
¯̃uGzz(kr, ω) at 50 Hz and̄̃uGzz(Re(k

T
Rj(ω)), ω) (j = 1, 2, 3, 4) (black circles),̄̃uGzz(k

Tp
Rj (ω), ω) (red crosses)

and ¯̃uGzz(k
Tc
Rj(ω), ω) (green asterisks) and (b) the normalized simulated Green’sfunction ¯̃uGS

zz (kr, ω) at 50

Hz and ¯̃uGS
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Rj(ω)), ω) (black circles),̄̃uGS
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terisks).

damping:

ATh
Rj (ω) =

krb − kra

2
√

γ−2 − 1
, (14)

wherekra andkrb are wavenumbers smaller and larger thankTp
Rj (ω), such that:

| ũG
zz(kra, ω) | = | ũG

zz(krb, ω) |= γ | ũG
zz(k

Tp
Rj (ω), ω) | . (15)

For the classical choice ofγ = 1/
√
2, kra andkrb are the so-called half-power bandwidth points.

Badsar et al. (2010) suggest to useγ = 0.99 in order to avoid influence of neighbouring Rayleigh
wave peaks. The method assumes thatC2j(ω) in equation (7) equals zero, but also gives good
estimates for small values ofC2j(ω).

Figure 2b shows the estimate of the attenuation coefficientsATh
Rj (ω) obtained with the half-

power bandwidth method, at the frequencies for which the corresponding modes were identified
with the peak picking method. The attenuation coefficientATh

R1(ω) of the first mode is accurately
quantified in the frequency range considered,ATh

R2(ω) is accurate up to 60 Hz,ATh
R3(ω) is accurate

between 38 Hz and 60 Hz, andATh
R4(ω) is not accurate at all. At frequencies higher than 60 Hz, the

Rayleigh peaks corresponding to the higher modes are less accurate, as they are not sufficiently
separated. In order to reduce the influence of interacting Rayleigh modes on the estimation of the
attenuation coefficients, the circle fit method is alternatively proposed (Ewins, 1984).

For wavenumberskra andkrb in the vicinity ofkTc
Rj(ω) andkra < kTc

Rj(ω) < krb, the following
expressions can be derived from equation (11):

tan

(

| θj(kra, ω)
2

|
)

=
1−

(

kra
kTc

Rj
(ω)

)2

αj
, (16)

tan

(

| θj(krb, ω)
2

|
)

=

(

krb
kTc

Rj
(ω)

)2

− 1

αj

, (17)
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whereβj is replaced by the circle fit estimatekr/kTc
Rj . Summing both equations and replacing

αj = 2ATc
Rj(ω)/k

Tc
Rj(ω) results in the theoretical Rayleigh attenuation coefficient determined with

the circle fit method:

ATc
Rj(ω) =

k2
rb − k2

ra

2kTc
Rj(ω)

[

tan
(

|θj(krb,ω)|

2

)

+ tan
(

|θj(kra,ω)|

2

)] . (18)

If kra andkrb are chosen such that| θj(kra, ω) |=| θj(krb, ω) |= π/2, equation (18) reduces to
ATc

Rj(ω) = (k2
rb − k2

ra)/(4k
Tc
Rj(ω)); for weak damping, this can be further simplified toATc

Rj(ω) =

(krb − kra)/2. This is equivalent to equation (14) forγ = 1/
√
2, in which casekra andkrb are the

half-power bandwidth points. The circle fit method is only equivalent to the half-power bandwidth
method if the complex constantC2j(ω) equals 0. As the central angleθj does not depend upon
C2j(ω), the circle fit method is more robust than the half-power bandwidth method.

In order to fit a circle through the points corresponding to the Rayleigh peak, the width of the
Rayleigh peak needs to be known. Sufficient points on the Rayleigh circle must be chosen in order
to obtain an accurate fit, but the wavenumber range of these points cannot be too large in order to
avoid influence of other wave modes. A bandwidth∆kr = ATh

Rj (ω) is proposed. For a Rayleigh
circle which passes through the origin, this bandwidth spans 30% of the circle, which is found
to be adequate. Equation (14) can therefore be used to determine the width of the Rayleigh peak.
Appendix B describes an algorithm to obtain the Rayleigh attenuation curves based on equation
(18).

Figure 2b shows the estimates of the attenuation coefficientATc
Rj(ω) obtained with the circle

fit method, at the same frequencies for which the Rayleigh phase velocities were identified. The
attenuation coefficientATc

R1(ω) of the first mode is accurately determined.ATc
R2(ω) is accurate up to

35 Hz, andATc
R3(ω) andATc

R4(ω) are not accurate. The attenuation coefficient determined with the
half-power bandwidth method corresponds better to the theoretical attenuation coefficient for all
modes. The attenuation coefficient determined with the circle fit method, however, is an unambigu-
ously determined characteristic of the Rayleigh mode, which can be used in an inversion process
to determine the material damping ratio profile of a site. Moreover, it is shown in the next section
that the attenuation coefficient determined with the circlefit method is more robust and easier to
identify than the attenuation coefficient determined with the half-power bandwidth method, espe-
cially for non-dominant Rayleigh waves. The attenuation coefficient determined with the circle fit
method is thus more adequate for the multi-modal inversion of experimental attenuation curves.

3 SIMULATED MASW EXPERIMENTS

In an active MASW experiment, the soil is excited by a hammer impact, a drop weight or a
shaker on a surface foundation, and the velocity or acceleration response is measured with differ-
ent receivers (geophones or accelerometers) along a measurement line in the free field. From this
response, an experimental fk-spectrum is obtained, which can subsequently be used to determine
experimental estimates of Rayleigh dispersion and attenuation curves. In this section, MASW
experiments are simulated considering impact loading on a layered halfspace with a regular veloc-
ity profile, corresponding to the site in Lincent introducedin the previous section, and a layered
halfspace with an irregular velocity profile where a soft layer is trapped between two stiffer layers.
The computed response allows to compare Rayleigh dispersion and attenuation curves determined
by the circle fit method, the peak picking method and the half-power bandwidth method.
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Figure 6. Amplitude of the simulated Green’s function̂uGS
zz (r, ω) for the site in Lincent.

3.1 Site with a regular velocity profile

3.1.1 Simulated free field vibration

A surface wave experiment is simulated by calculating the vibration response of a horizontally
layered halfspace, corresponding to the site in Lincent (Belgium), due to a vertical impact at the
surface. This impact is simulated by a Dirac impulse in spaceand time that is directly applied to
the soil as it can be demonstrated that the effect of dynamic foundation-soil interaction is limited
if the wavelengths in the soil are large compared to the dimensions of the foundation (Schevenels,
2007). The free field vibrations therefore correspond to theGreen’s functions. As demonstrated
in the previous section, the Green’s functionũG

zz(kr, ω) can be calculated analytically in the fk-
domain. An inverse Hankel transform from the wavenumber to the spatial domain accounts for the
cylindrical symmetry of the wavefronts:

ûG
zz(r, ω) =

∫ ∞

0

ũG
zz(kr, ω)J0(krr)kr dkr. (19)

This inverse Hankel transformation is performed by means ofthe ElastoDynamics Toolbox (EDT)
for MATLAB (Schevenels et al., 2009). The Green’s functionũG

zz(kr, ω) exhibits a first order
singularity and is therefore decomposed into a singular part, which is transformed analytically, and
a regular part, which is transformed numerically with 5000 wavenumbers, logarithmically sampled
between10−8ω and104ω [rad/m] for each frequencyω. Figure 6 shows the resulting simulated
vertical displacement̂uGS

zz (r, ω) at the soil’s surface, calculated for an array of 100 equidistant
receivers located fromrmin = 1m to rmax = 100m from the source with a receiver spacing
∆r = 1m. The effect of material damping is larger at high frequencies or decreasing Rayleigh
wavelength.

These samples are subsequently used in a truncated forward Hankel transform to obtain the
simulated fk-spectrum̃uGS

zz (kr, ω). The simulated fk-spectrum̃uGS
zz (kr, ω) differs from the analyt-

ical fk-spectrumũG
zz(kr, ω), as it is affected by the spatial sampling related to the receiver setup.

Following Forbriger (2003), Badsar et al. (2010) replace the Bessel functionJ0(krr) by the zero-
th order Hankel function of the first kindH(1)

0 (krr)/2 to reduce aliasing by accounting for the fact
that the wave field consists of outgoing waves only. The following transformation is obtained:

ũGS
zz (kr, ω) =

1

2

∫ rmax

0

ûGS
zz (r, ω)H

(1)
0 (krr)r dr. (20)

This integral is evaluated using a generalized Filon quadrature using linear interpolation (Frazer
& Gettrust, 1984). Due to the spatial sampling ofûGS

zz (r, ω) with receiver spacing∆r, the fk-
spectrum suffers from spatial aliasing for wavenumberskr > π/∆r. The simulated Green’s func-
tion ¯̃uGS

zz (kr, ω) is normalized so that the maximum modulus equals 1 at each frequency and is
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shown in figure 1b as a function of the frequency and the phase velocityCr = ω/kr. The equiv-
alent spatial aliasing limit becomesCaliasing

r = ω∆r/π. At 62 Hz, this aliasing limit crosses the
dispersion curve of the fundamental mode, resulting in larger peaks for the higher modes, when
compared with the analytical fk-spectrum.

Truncation of the Hankel transformation tormax in equation (20) results in leakage and widen-
ing of the Rayleigh peaks, and thus an overestimation of the attenuation coefficient. Leakage
mostly affects low frequencies were the attenuation coefficient is small. In order to reduce leakage,
an exponentially decaying windoŵw(r, ω) = e−Âart(ω)r is applied to the frequency-space domain
data when calculating the attenuation coefficient (Badsar et al., 2010). A similar windowing tech-
nique is commonly used in structural dynamics to determine the damping ratio of weakly damped
systems from a free vibration signal with limited duration (Fladung & Rost, 1997). The application
of an exponential window can be considered as the introduction of artificial damping, resulting in a
stronger spatial decay of the surface waves. The decay rate is determined bŷAart(ω), the smallest
positive value that satisfies the following inequality:

| ŵ(rmax, ω)û
GS
zz (rmax, ω) |

| ŵ(rmin, ω)ûGS
zz (rmin, ω) |

≤ q (21)

The application of the window ensures that the amplitude ratio of the response at the farthest and
the nearest receiver does not exceed a valueq. The optimal value ofq depends on the receiver
setup. Badsar et al. (2010) recommend a valueq = 10−4 for the setup used here.

The simulated fk-spectrum can subsequently be used to calculate the simulated Rayleigh
phase velocitiesCSp

Rj(ω) = ω/kSp
Rj(ω) andCSc

Rj(ω) = ω/kSc
Rj(ω) with the peak picking method

and the circle fit method, respectively. Similarly, the simulated attenuation coefficientsASh
Rj(ω)

andASc
Rj(ω) are determined with the half-power bandwidth method and thecircle fit method, re-

spectively, from the simulated fk-spectrum. Due to the use of the exponential window,̂Aart(ω)
should be subtracted from the obtained attenuation coefficient. No window function is used when
determining the Rayleigh phase velocity.

3.1.2 Rayleigh dispersion curves

Figure 3b shows the modulus of the normalized simulated Green’s function ¯̃uGS
zz (kr, ω) at 50

Hz. The value of the Green’s function at the real partRe(kT
Rj(ω)) of the theoretical Rayleigh

wavenumber and at the real wavenumberskSp
Rj(ω) andkSc

Rj(ω), estimated by means of the peak
picking method and the circle fit method, respectively, are indicated with markers. These mark-
ers perfectly overlap for the first Rayleigh mode. Due to the discretization and truncation of the
wavenumber transformation (20), the Rayleigh peaks in the simulated Green’s functioñ̄uGS

zz (kr, ω)
are no longer perfectly located atRe(kT

Rj(ω)). The shift is negligible for the first Rayleigh mode,

but becomes more apparent for the higher modes, resulting ina difference betweenkSp
Rj(ω) and

Re(kT
Rj(ω)). This is explained by examining the Nyquist plot of¯̃uGS

zz (kr, ω) at 50 Hz (figure 5b).
When compared to figure 5a, the fitted circles are shifted withrespect to the origin. For the higher
modes, this shift is large compared to the radius of the circle. Therefore, the modulus of¯̃uGS

zz (kr, ω)
is affected significantly. As a result, the Rayleigh peak corresponding to the third mode is located
betweenRe(kT

R3(ω)) andRe(kT
R4(ω)), as can be seen in figure 3b. There is no Rayleigh peak that

corresponds to the fourth mode at 50 Hz.
Comparing figures 5b and figure 5a, it is noticed that the discretization and truncation of the

wavenumber transformation (20) only has a small influence onthe angular sweep of the central an-
gle of the Rayleigh circles. The estimateskSc

Rj(ω) obtained with the circle fit method are therefore

less influenced by this transformation than the estimateskSp
Rj(ω) obtained with the peak picking
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method. As a result,kSc
R1(ω) andkSc

R2(ω) perfectly matchRe(kT
R1(ω)) andRe(kT

R2(ω)). The differ-
ence betweenkSc

R3(ω) andRe(kT
R3(ω)) is noticeable, butkSc

R3(ω) still remains more accurate than
kSp
R3(ω).

Figure 7a compares the estimatesCSp
Rj(ω) of the dispersion curves obtained by applying the

peak picking method to the simulated fk-spectrum, with the theoretical dispersion curvesCT
Rj(ω)

and the curvesCTp
Rj (ω) obtained by applying the peak picking method to the analytical fk-spectrum,

in the frequency range whereCTp
Rj (ω) were accurately identified. Figure 7b similarly compares

the estimatesCSc
Rj(ω) of the dispersion curves obtained by applying the circle fit method to the

simulated fk-spectrum, with the theoretical dispersion curvesCT
Rj(ω) and the curvesCTc

Rj (ω) ob-
tained by applying the circle fit method to the analytical fk-spectrum, in the frequency range where
CTc

Rj (ω) was accurately identified. Both figures show that the dispersion curves of the first mode
obtained with the peak picking method and the circle fit method both matchCT

R1(ω) for frequen-
cies above 10 Hz. At frequencies below 10 Hz, leakage makes itimpossible to trace the dispersion
curve. For the second mode, bothCSp

R2(ω) andCSc
R2(ω) matchCT

R2(ω) in the considered frequency
range, but the circle fit method is more accurate. The same holds for the fourth Rayleigh mode.
With the circle fit method, an almost perfect match is found betweenCSc

Rj(ω) andCTc
Rj (ω) for all

modes at all identified frequencies above 10 Hz. Although it was possible to accurately identify
the third Rayleigh mode by applying the peak picking method to the analytical Green’s function
ũG
zz(kr, ω) at frequencies above 34 Hz, this is not possible by applying the peak picking method

to the simulated Green’s functioñuGS
zz (kr, ω) at frequencies below 60 Hz. The estimates of the

Rayleigh phase velocityCSc
R3(ω) by means of the circle fit method are accurate for frequencies

above 50 Hz.
These results show that the circle fit method allows to determine the dispersion curves of

multiple modes in a larger frequency range and with higher accuracy than the peak picking method.
It is possible to determine accurate dispersion curves for frequencies above the spatial aliasing
limit. It was shown in this section that the dispersion curves obtained by applying the circle fit
method to a simulated fk-spectrum correspond better to the theoretical dispersion curves obtained
by applying the circle fit method to the analytical fk-spectrum than to the theoretical dispersion
curves obtained from the solution of an eigenvalue problem.Therefore, it is beneficial to use the
circle fit method for the determination of both the theoretical and the experimental dispersion
curves in an inversion procedure where the misfit between these curves is minimized to determine
the shear wave velocity profile of a site.
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Figure 7. Theoretical Rayleigh dispersion curvesCT
Rj(ω) (j = 1, 2, 3, 4) (black lines) and approximations

(a) CTp
Rj (ω) (green lines) andCSp

Rj(ω) (red lines) obtained by applying the peak picking method and(b)

CTc
Rj (ω) (green lines) andCSc

Rj(ω) (red lines) obtained by applying the circle fit method to the analytical and
simulated fk-spectrum.
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3.1.3 Rayleigh attenuation curves

Comparison of figures 3a and 3b shows that the wavenumber transformation results in a widening
of the second Rayleigh peak and, consequently, an overestimation of the attenuation coefficient.
This overestimation is visible at 50 Hz in figure 8a, comparing ASh

Rj(ω) obtained by applying the
half-power bandwidth method to the simulated fk-spectrum,with AT

Rj(ω) obtained analytically,
andATh

Rj (ω) obtained by applying the half-power bandwidth method to theanalytical fk-spectrum,
in the same frequency range as the corresponding dispersioncurves. A good correspondence be-
tweenASh

Rj(ω) andAT
Rj(ω) or ATh

Rj (ω) is obtained only for the first mode, in the frequency range
from 15 to 90 Hz. The Rayleigh attenuation is overestimated at lower frequencies due to leakage
and at higher frequencies due to aliasing. For the higher modes, no sufficient match is obtained
between the estimated and theoretical curves.

Figure 8b shows a similar comparison betweenASc
Rj(ω) obtained by applying the circle fit

method to the simulated fk-spectrum,AT
Rj(ω), obtained analytically, andATc

Rj(ω), obtained by
applying the circle fit method to the analytical fk-spectrum, in the same frequency range where
the dispersion curves were obtained. For frequencies between 15 and 70 Hz, there is a very good
fit betweenASc

Rj(ω) andATc
Rj(ω) for all four modes, even if the correspondence betweenATc

Rj(ω)

andAT
Rj(ω) is not good. For the first mode, there is a good fit for all considered frequencies

above 15 Hz. These results demonstrate that it is possible touseATc
Rj(ω) as an inversion target

for a multi-modal inversion of Rayleigh attenuation curvesand that the circle fit method is more
robust than the half-power bandwidth method, which only results in a good fit for the first mode.
The determination of attenuation curves is less accurate for frequencies above the spatial aliasing
limit.

The circle fit method allows to determine the Rayleigh attenuation curves in a larger frequency
range and for more modes than the half-power bandwidth method. For non-dominant modes, the
estimates of the attenuation coefficients obtained with thecircle fit method are more accurate than
those obtained with the half-power bandwidth method. For the fundamental mode, the estimates
are slightly less accurate. The circle fit method can also be used to determine the theoretical at-
tenuation curves of a layered halfspace with known properties at a lower computational cost than
required for the solution of the eigenvalue problem (4). Although these alternative attenuation
curves do not fit the ”true” attenuation curves that are solutions of this eigenvalue problem, they
match very well with the attenuation curves estimated from asimulated wavefield experiment.
Therefore, it is beneficial to use the circle fit method for thedetermination of both the theoretical

(a)
0 20 40 60 80 100

0

0.05

0.1

0.15

0.2

0.25

Frequency [Hz]

A
tte

nu
at

io
n

co
ef

fic
ie

nt
[r

ad
/m

]

(b)
0 20 40 60 80 100

0

0.05

0.1

0.15

0.2

0.25

Frequency [Hz]

A
tte

nu
at

io
n

co
ef

fic
ie

nt
[r

ad
/m

]

Figure 8. Theoretical Rayleigh attenuation curvesAT
Rj(ω) (j = 1, 2, 3, 4) (black lines) and approximations

(a)ATh
Rj (ω) (green lines) andASh

Rj(ω) (red lines) obtained by applying the half-power bandwidth method and

(b)ATc
Rj(ω) (green lines) andASc

Rj(ω) (red lines) obtained by applying the circle fit method to the analytical
and simulated fk-spectrum.
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and the experimental attenuation curves in an inversion procedure were the misfit between these
curves is minimized to determine the material damping ratioprofile of a site.
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3.2 Site with an irregular velocity profile

3.2.1 Simulated free field vibration

The peaks in the analytical and simulated fk-spectrum of theGreen’s function of a regular
soil profile with increasing shear wave velocity with depth usually correspond to well separated
Rayleigh modes. In the case of an irregular soil profile wheresoft layers are trapped between stiffer
layers, however, higher Rayleigh modes may significantly affect the fk-spectrum and the dominant
Rayleigh wave (Gucunski & Woods, 1992).

Figure 9a shows the normalized analytical Green’s function¯̃uG
zz(kr, ω) and the dispersion

curvesCT
Rj(ω) of the first ten Rayleigh modes of the soil profile described intable 2, used in sev-

eral benchmark studies on irregular soil profiles (Lai, 1998; Tokimatsu et al., 1992; Zomorodian &
Hunaidi, 2006); the shear wave velocity of the second layer is lower than in the first and third layer.
As a result, the dominant Rayleigh peak in the fk-spectrum consists of multiple Rayleigh modes.
At frequencies below 100 Hz, the mode jumps can be clearly identified. At higher frequencies,
however, it is not possible to distinguish different modes and the Rayleigh peak should be treated
as an apparent or effective Rayleigh mode (Lai, 1998), whichis affected by mode interaction. Fig-
ure 9b shows the fk-spectrum of the normalized simulated Green’s function¯̃uGS

zz (kr, ω), computed
for a receiver setup with∆r = 1m andrmax = 80m, as well as the spatial aliasing limit. This fig-
ure clearly shows that it is possible to identify the Rayleigh dispersion curve at frequencies above
the spatial aliasing limit.
3.2.2 Rayleigh dispersion curves

Figure 10a compares the estimateCSp
R1(ω) of the first effective dispersion curve, obtained by

applying the peak picking method to the simulated fk-spectrum, with the theoretical dispersion
curveCTp

R1 (ω) obtained by applying the peak picking method to the analytical fk-spectrum. Figure
10b similarly compares the estimateCSc

R1(ω) of the dominant effective dispersion curve, obtained
by applying the circle fit method to the simulated fk-spectrum, with the theoretical dispersion
curveCTc

R1(ω) obtained by applying the circle fit method to the analytical fk-spectrum. Around
5 Hz, the Rayleigh dispersion curve descends steeply due to the large velocity contrast between
the third layer and the underlying halfspace. Both figures show a very good match between the
theoretical and simulated curve.

From the simulated fk-spectrum of the normalized analytical Green’s function¯̃uG
zz(kr, ω) in

figure 9a, other higher order effective Rayleigh modes can bedetermined from different Rayleigh
peaks. Figure 11a compares the estimateCSp

R6(ω) of the sixth effective dispersion curve, obtained
by applying the peak picking method to the simulated fk-spectrum, with the theoretical dispersion
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Figure 9. Fk-spectrum of (a) the normalized analytical Green’s function ¯̃uGzz(kr, ω) with Rayleigh dis-
persion curvesCT

Rj(ω) (j = 1, . . . , 10) (black lines) and (b) the normalized simulated Green’s function
¯̃uGS
zz (kr, ω) with spatial aliasing limit (black line), for the irregularsoil profile.
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Table 2.Dynamic soil characteristics of the irregular soil profile.

Layer d Cs Cp βs = βp ρ
[m] [m/s] [m/s] [-] [kg/m3]

1 2.0 180 300 0.03 1800
2 4.0 120 200 0.03 1800
3 8.0 180 1286 0.03 1800
4 ∞ 700 1323 0.03 1800

curveCTp
R6 (ω), obtained by applying the peak picking method to the analytical fk-spectrum. This

apparent Rayleigh mode consists of 2 Rayleigh modes with a small mode jump from the sixth to
the fifth mode at 63 Hz. The fit between the two curves is slightly less good than was the case
for the first effective dispersion curve. Figure 11b similarly compares the estimateCSc

R6(ω) of the
sixth effective dispersion curve, obtained by applying thecircle fit method to the simulated fk-
spectrum, with the theoretical dispersion curveCTc

R6(ω) obtained by applying the circle fit method
to the analytical fk-spectrum. A perfect match between the theoretical and simulated dispersion
curve is obtained.
3.2.3 Rayleigh attenuation curves

Figure 12a compares the estimateASh
R1(ω) of the first effective attenuation curve, obtained

by applying the half-power bandwidth method to the simulated fk-spectrum, with the theoretical
attenuation curveATh

R1(ω), obtained by applying the half-power bandwidth method to the analytical
fk-spectrum. Good agreement is obtained for frequencies between 10 Hz and 120 Hz, except in the
neighbourhood of the Rayleigh mode jumps. The interaction between two close Rayleigh peaks
results in an increased effective Rayleigh attenuation coefficient at frequencies close to the mode
jumps.

Figure 12b shows a similar comparison between the estimateASc
R1(ω) of the first effective

attenuation curve, obtained by applying the circle fit method to the simulated fk-spectrum, with the
theoretical attenuation curveATc

R1(ω), obtained by applying the circle fit method to the analytical
fk-spectrum. A slightly better match is obtained at frequencies between 10 Hz and 140 Hz. A
good match is also obtained at frequencies close to the mode jumps above 50 Hz. Because the
mode jumps result in an increased apparent Rayleigh attenuation coefficient, inversion of apparent
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Figure 10. First effective Rayleigh dispersion curves (a)CTp
R1 (ω) (green line) andCSp

R1(ω) (red line) ob-
tained by applying the peak picking method and (b)CTc

R1(ω) (green line) andCSc
R1(ω) (red line) obtained by

applying the circle fit method to the analytical and simulated fk-spectrum for the irregular soil profile.
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Figure 11. Sixth effective Rayleigh dispersion curve (a)CTp
R6 (ω) (green line) andCSp

R6(ω) (red line) ob-
tained by applying the peak picking method and (b)CTc

R6(ω) (green line) andCSc
R6(ω) (red line) obtained by

applying the circle fit method to the analytical and simulated fk-spectrum for the irregular soil profile.

attenuation curves can help identifying the location of mode jumps. This information cannot be
obtained from the Rayleigh dispersion curves.

Figure 13a compares the estimateASh
R6(ω) of the sixth effective attenuation curve, obtained

by applying the half-power bandwidth method to the simulated fk-spectrum, with the theoretical
attenuation curveATh

R6(ω), obtained by applying the half-power bandwidth method to the analyt-
ical fk-spectrum. The agreement between the theoretical and simulated attenuation curve is not
sufficient to be exploited in an inversion process.

Figure 13b similarly compares the estimateASc
R6(ω) of the sixth effective attenuation curve,

obtained by applying the circle fit method to the simulated fk-spectrum, with the theoretical at-
tenuation curveATc

R6(ω), obtained by applying the circle fit method to the analyticalfk-spectrum.
The agreement between the effective Rayleigh attenuation coefficients obtained with the circle fit
method is good. This example shows that the circle fit method,as opposed to the half-power band-
width method, is also robust for the determination of the theoretical and experimental Rayleigh
dispersion and attenuation curves in the case of an irregular soil profile.
4 APPLICATION TO MEASUREMENT DATA

4.1 Experimental data

All methods discussed in section 2 are applied to data collected at a site in Heverlee, Belgium.
Based on geological information and CPT tests, it is concluded that the site consists of a quaternary
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Figure 12. First effective Rayleigh attenuation curves (a)ATh
R1(ω) (green line) andASh

R1(ω) (red line) ob-
tained by applying the half-power bandwidth method and (b)ATc

R1(ω) (green line) andASc
R1(ω) (red line)

obtained by applying the circle fit method to the analytical and simulated fk-spectrum for the irregular soil
profile.
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Figure 13. Sixth effective Rayleigh attenuation curves (a)ATh
R6(ω) (green line) andASh

R6(ω) (red line) ob-
tained by applying the half-power bandwidth method and (b)ATc

R6(ω) (green line) andASc
R6(ω) (red line)

obtained by applying the circle fit method to the analytical and simulated fk-spectrum for the irregular soil
profile.

layer with a thickness between5m and15m consisting of loose to densely packed sand, followed
by a tertiary layer, consisting of medium dense to dense sandwith sand stone concretions in the
upper meters.

A MASW test was performed in September 2016 (Verachtert & Degrande, 2017). Surface
waves were generated by means of more than 100 hammer impactson a0.4 m × 0.4 m × 0.08 m
aluminum foundation. The acceleration at the soil’s surface was measured at 79 receiver positions
between 1 m and 80 m. The force-velocity transfer functionĤE

zz(r, ω) is shown in figure 14a. It is
multiplied with the frequency spectrum of a hammer impact force, followed by an inverse Fourier
transformation from the circular frequencyω to the timet, to obtain the free field accelerations
aEzz(r, t) (figure 14b). The seismic traces are scaled individually, sothat the effect of geometrical
and material damping cannot be observed. The coherence between successive receivers and the
signal to noise ratio are very good. The Rayleigh wave and itsdispersive behaviour can clearly be
observed. The dominant Rayleigh wave has an average velocity of 185 m/s. These time signals are
used to determine the normalized experimental fk-spectrum¯̃HE

zz(kr, ω) (figure 14c), following the
procedure explained in subsection 3.1.1. The fk-spectrum shows a clear peak with constant phase
velocity for frequencies up to78Hz, indicating that the surface response in this frequency range is
dominated by the fundamental Rayleigh mode and that the sitecan be represented as a homoge-
neous halfspace. At frequencies below 5 Hz, the accuracy of the fk-spectrum¯̃HE

zz(kr, ω) is too low
for a reliable estimation of the dispersion curveCE

R(ω). Consequently, the largest Rayleigh wave-
lengthλE

Rmax that can be measured is about40m. At frequencies above 78 Hz, the fk-spectrum is
influence by spatial aliasing; the spatial aliasing wavelength equalsλE

Rmin = 2∆r = 2m. Higher
modes affected by spatial aliasing can be observed in figure 14c). Since the phase velocity of the

(a)
0 20 40 60 80 100

0

20

40

60

80

Frequency [Hz]

D
is

ta
nc

e
[m

]

(b)
0

20

40

60

80

0 0.2 0.4 0.6 0.8 1

D
is

ta
nc

e
[m

]

Time [s] (c)
0 20 40 60 80 100

0

100

200

300

Frequency [Hz]

P
ha

se
ve

lo
ci

ty
[m

/s
]

Figure 14. (a) Modulus of the force-velocity transfer function̂HE
zz(r, ω), (b) accelerationaEzz(r, t) and

(c) normalized experimental fk-spectrum̃̄HE
zz(kr, ω) and spatial aliasing limit (black line) for the site in

Heverlee.
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Figure 15. Experimental (black line) (a) dispersion curve, (b) attenuation curve and (c) first arrival time
compared with the theoretical curves (green line) corresponding to soil profile 2. The experimental and
theoretical dispersion and attenuation curves are determined by means of the circle fit method.

fundamental Rayleigh wave is predominantly determined by the properties of the soil at depths
smaller than one third to one half of the Rayleigh wavelength, only the top 1 m of the soil has an
influence on the dispersion curve. It is, however, likely that the soil near the surface is heteroge-
neous and local variations may have a significant influence onthe high frequency response. Higher
frequencies are, therefore, not taken into account.

The experimental dispersion curveCE
R(ω) and attenuation curveAE

R(ω) are determined by
means of the methods discussed in section 2. Figures 15a and 16a show the experimental dispersion
curvesCEc

R (ω) determined with the circle fit method andCEp
R (ω) determined with the peak picking

method, respectively.CEc
R (ω) is slightly larger thanCEp

R (ω), with a relative difference of less than
10%. The theoretical curves of soil profiles 2 and 3 are determined in the next subsection as the
solution of an inverse problem.

Figures 15b and 16b show the attenuation coefficientAEc
R (ω) determined with the circle fit

method andAEh
R (ω) determined with the half-power bandwidth method, respectively. Due to leak-

age, the attenuation curves could only be identified for frequencies above 17 Hz.AEh
R (ω) is signif-

icantly larger thanAEc
R (ω) in the whole frequency range.

It is not possible to determine which method is the most accurate by solely considering the
experimental dispersion and attenuation curves. Both setsof curves are therefore used in an inver-
sion procedure to determine the shear wave velocity and material damping ratio. The resulting soil
profiles are used to simulate the force-velocity transfer functions. It will be shown in the following
subsection that the soil profile obtained by inversion of theRayleigh dispersion and attenuation
curves determined by means of the circle fit method results inthe most accurate force-velocity
transfer functions.

In order to constrain the inverse problem, the first arrival times of the P-waves are also identi-
fied from the free field accelerations. A Short Term Averaging/ Long Term Averaging (STA/LTA)
procedure is followed in order to detect the first arrivals (Withers et al., 1998). The STA/LTA ratio
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Figure 16. Experimental (black line) (a) dispersion curve, (b) attenuation curve and (c) first arrival time
compared with the theoretical curves (red line) corresponding to soil profile 3. The experimental and the-
oretical dispersion and attenuation curves are determinedby means of the peak picking and half-power
bandwidth method, respectively.
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Figure 17.STA/LTA ratioR(r, t) of the free field accelerationaEzz(r, t) and first arrival of the P-waves (blue
line).

R(r, t) shown in figure 17 is computed as follows:

R(r, t) =
1
NS

∑NS−1
k=0 aEzz

2
(r, t− k∆t)

1
NL

∑NS+NL−1
k=NS

aEzz
2(r, t− k∆t)

. (22)

NS = 4 andNL = 60 are used in the present analysis. Only time samples after thepretrigger of
t = 0.2 s are taken into account. The first arrival times are determined by fitting a bilinear curve
through the local maxima which are assumed to correspond to the first arrival of the P-wave. The
first arrival times are shown in figure 15c; this bilinear curve corresponds to a layered halfspace
with a layer with a thickness of 5.5 m and a low P-wave velocityof 280 m/s on top of a halfspace
with a P-wave velocity of1700 m/s.

4.2 Inverse problem

In order to determine the dynamic soil characteristics of the site, an inverse problem is solved.
The design variables in the optimization scheme are the layer thicknessd, the shear wave velocity
Cs, the ratioCs/Cp of the shear and dilatational wave velocity and the materialdamping ratioβs

(assumed to be identical for shear and dilatational waves).The densityρ is kept fixed. The layer
thicknessd is allowed to vary between 0.10 m and 10 m, the shear wave velocity Cs between
50 m/s and 1000 m/s, the ratioCs/Cp between 0.05 and 0.7, and the material damping ratioβs

between 0.01 and 0.15.
The objective functionf is formulated as follows:

f = wC

NC
∑

k=1

(

CT
R(ωk)− CE

R(ωk)

CE
R(ωk)

)2

+ wA

NA
∑

k=1

(

AT
R(ωk)− AE

R(ωk)

AE
R(ωk)

)2

+ wT

NT
∑

k=1

(

TT(rk)− TE(rk)

TE(rk)

)2

, (23)

whereCT
R(ωk) andAT

R(ωk) are the theoretical surface wave velocity and attenuation coefficient
at a frequencyωk andTT(rk) is the theoretical first arrival time of the P-wave at distance rk.
The dispersion and attenuation curves are computed forNC = 151 andNA = 126 equidistant
frequencies in the range shown in figures 15a and 15b, respectively. The first arrival times are
computed atNT = 79 receiver locations. Weighting factorswC = wA = 1 andwT = 0.25 are
used.

This optimization problem is a non-linear least-squares problem, which is solved by means of
the MATLAB functionlsqnonlin (mat, 2011). This algorithm is a subspace trust-region method
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Figure 18. (a) Shear wave velocity, (b) material damping ratio and (c) dilatational wave velocity of soil
profile 1 (blue line), 2 (green line) and 3 (red line). The black dots represent values obtained with rules of
thumb.

and based on the interior-reflective Newton method. The sensitivities of the dispersion and at-
tenuation curves with respect to the layer parameters are calculated analytically with the method
described by Verachtert & Degrande (2016).

First, an initial soil profile 1 is determined using rules of thumb (Foti et al., 2014). This profile
is subsequently used as starting profile of an optimization process, based on experimental disper-
sion and attenuation curves determined with the circle fit method, in order to obtain soil profile 2.
Finally, soil profile 3 is determined by solving an optimization problem based on the experimen-
tal dispersion and attenuation curves determined with the peak picking and half-power bandwidth
method, respectively. The transfer functions computed forsoil profiles 2 and 3 will finally be
compared with the experimental transfer functions.

The shear wave velocity is estimated asCs = 1.1CEc
R and the material damping ratio asβs =

λEc
R AEc

R /2π, while the corresponding depth is estimated asz = λEc
R /2.5 with λEc

R = CEc
R /f the

Rayleigh wavelength (Foti et al., 2014). The resulting shear wave velocity and material damping
profile are indicated with dots on figures 18a and 18b, respectively. Based on these values, an
initial soil profile 1 is proposed, consisting of two identical layers with a thickness of 2.75 m, a
shear wave velocityCs = 190 m/s and a material damping ratioβs = 0.038, on top of a halfspace
with a shear wave velocityCs = 207 m/s and a material damping ratioβs = 0.038 (table 3). The
total thickness of both layers equals the depth 5.5 m of the layer-halfspace interface in the P-wave
velocity profile that results from the first arrival times of the P-waves (figure 18c).

During a first optimization, the misfit between the theoretical and experimental dispersion and
attenuation curves determined with the circle fit method is minimized. The resulting soil profile
2 is shown on figure 18 and tabulated in table 3. The shear wave velocity profile and material
damping ratio of the first layer of soil profile 1 and 2 are very similar. The material damping
ratio of the second layer of soil profile 2 is significantly reduced. As the attenuation curve could

Table 3. Dynamic soil characteristics of soil profiles 1, 2 and 3.

Profile Layer Thickness Cs Cp βs = βp ρ
[m] [m/s] [m/s] [−] [kg/m3]

1 1 2.75 190 280 0.038 1900
2 2.75 190 280 0.038 1900
3 ∞ 207 1700 0.038 1900

2 1 3.1 195 280 0.041 1900
2 4.7 203 514 0.010 1900
3 ∞ 220 1743 0.047 1900

3 1 3.0 186 280 0.054 1900
2 5.2 204 543 0.010 1900
3 ∞ 222 1773 0.091 1900
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Figure 19. (a) Modulus of the simulated force-velocity transfer function Ĥzz(r, ω) and (b) normalized

simulated fk-spectrum̄̃Hzz(kr, ω) for soil profile 2.

not be obtained at low frequencies, the material damping ratio of the halfspace is very uncertain.
The dilatational wave velocity of the second layer is between the values of the first layer and the
halfspace, which in turn remain both close to their initial values. The theoretical dispersion curve,
attenuation curve and first arrival time corresponding to soil profile 2 show a very good fit with the
experimental curves in figure 15. It should be noted that other soil profiles could also result in an
acceptable fit between the theoretical and experimental curves. As the low frequency information
is limited, the inverse problem is not sensitive to dynamic soil characteristics at larger depths;
therefore, the depth and characteristics of the halfspace remain uncertain, especially the material
damping ratio.

Soil profile 2 is used as a starting profile for a second inverseproblem where the misfit between
the theoretical and experimental dispersion and attenuation curves determined with the peak pick-
ing and half-power bandwidth method is minimized. The resulting soil profile 3 is shown on figure
18 and tabulated in table 3. The main difference with soil profile 2 is the significantly higher ma-
terial damping ratio in the first layer and the halfspace. Thecorresponding theoretical dispersion
curve, attenuation curve and first arrival times are shown infigure 16. The correspondence be-
tween the theoretical and experimental dispersion curves and first arrival times is similar as for
soil profile 2. The fit between the experimental and theoretical attenuation curves of soil profile 3
is better above 50 Hz, but less good below 50 Hz.

Figure 19a shows that the simulated force-velocity transfer function Ĥzz(r, ω) of soil profile
2 is similar to the experimental transfer function (figure 14a). Figure 19b shows the normalized
simulated fk-spectrum̄̃Hzz(kr, ω) of soil profile 2. The location and width of the peak in the
simulated (figure 19b) and experimental (figure 14c) fk-spectrum correspond well. The higher
modes appearing in the experimental fk-spectrum (figure 14c) are not present in the simulated fk-
spectrum. Figure 19a hence indicates that the identified soil profile 2 can reasonably well be used
to predict vibrations below 80 Hz. The modulus and fk-spectrum of the simulated force-velocity
transfer function of soil profile 3 are very similar and therefore not shown.

In order to assess the correspondance between the experimental force-velocity transfer func-
tion ĤE

zz(r, ω) and the simulated transfer functionsĤS
zz(r, ω) for soil profile 2 and 3 in more detail,

results are presented for four receiver locations in figure 20. The 95% confidence region of the
experimental transfer function is also indicated and showsthat the measurement uncertainty is
very large at frequencies below 15 Hz. In the frequency rangebetween5Hz and80Hz, in the
near field as well as in the far field, the simulated transfer function for soil profile 2 corresponds
well with the experimental transfer function. At higher frequencies, the experimental and simu-
lated transfer function also correspond reasonably well, although no information above78Hz was
taken into account during the inversion procedure. Due to the increased material damping in soil
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Figure 20. Modulus of the experimental force-velocity transfer function ĤE
zz(r, ω) (black line) and simu-

lated transfer function̂HS
zz(r, ω) for soil profile 2 (green line) and 3 (red line) for a source-receiver distance

of (a) 5m, (b) 20m, (c) 40m and (d)60m. The light grey area delimits the95% confidence region of the
experimental transfer function.

profile 3, the response is underestimated in the whole frequency range when compared to the ex-
perimental transfer function. In the frequency range below5Hz, there is no agreement between
the experimental and the simulated transfer functions, because the experimental force-velocity
transfer functions are heavily affected by ambient noise. These results confirm that the circle fit
method (used for the determination of soil profile 2) is more adequate for the determination and
inversion of experimental dispersion and attenuation curves than the peak picking and half-power
bandwidth methods (used for soil profile 3), because the attenuation curve determined with the
half-power bandwidth method is overestimated in this experiment.

5 CONCLUSION

This paper introduces the circle fit method as a valuable method to determine both multi-modal
experimental dispersion and attenuation curves as part of aMASW experiment. The proposed
method employs the properties of the Nyquist plot of the Green’s function in the fk-domain to
determine the Rayleigh phase velocities and attenuation coefficients of multiple modes.

Two MASW experiments have been simulated in order to compareresults obtained with the
different methods for multi-modal determination of Rayleigh dispersion and attenuation curves.
Both the peak picking and circle fit methods allow the determination of multi-modal (effective)
dispersion curves, even at frequencies above the spatial aliasing limit. The simulated dispersion
curves obtained with the circle fit method, however, are the most robust and agree better and
in a wider frequency range with the theoretical dispersion curves, especially in the case of non-
dominant modes. Simulated (effective) attenuation curvesdetermined with the half-power band-
width method only agree with theoretical attenuation curves corresponding to dominant modes.
Simulated (effective) attenuation curves determined withthe circle fit method, on the other hand,
agree well with theoretical attenuation curves of all identified modes. These results suggest that the
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circle fit method is more robust. The Rayleigh attenuation coefficients obtained with the circle fit
method consequently are the most adequate target for a multi-modal inversion. Furthermore, it is
observed that effective attenuation curves contain information on the mode jumps in the apparent
Rayleigh dispersion curves.

Available methods as well as the proposed circle fit method are also applied to experimental
data collected at a site in Heverlee, Belgium. The simulatedforce-velocity transfer function cal-
culated for the soil profile based on the peak picking method and half-power bandwidth method
underestimates the experimental transfer function, whichindicates that the material damping ra-
tio and Rayleigh attenuation coefficients are overestimated. The simulated force-velocity transfer
function calculated for the soil profile based on the circle fit method shows a better agreement with
the observed transfer functions, confirming that the circlefit method is more robust when applied
on experimental data.
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APPENDIX A: CIRCLE FIT ALGORITHM FOR THE DETERMINATION OF
RAYLEIGH DISPERSION CURVES

The algorithm is a local search algorithm with fixed step size, which finds the nearest local maxi-
mum close to an initial guess of the Rayleigh wavenumber. After the local maximum is found, the
search step size is refined for better accuracy.

1. Choose an initial guesskTc0
Rj (ω) and a step size∆kr.

2. Choose a number of steps2N for the search region.
3. Calculate theL2-normL2(n) =| ũG

zz(k
Tc0
Rj (ω) +n∆kr, ω)− ũG

zz(k
Tc0
Rj (ω)+ (n− 1)∆kr, ω) |

for n = −N + 1,−N + 2, . . . , N .
4. Determinenmax for whichL2(nmax) is maximum.
5. If nmax = −N + 1, thenkTc0

Rj (ω) = ũG
zz(k

Tc0
Rj (ω)−N∆kr, ω) and return to step 3.

If nmax = N , thenkTc0
Rj (ω) = ũG

zz(k
Tc0
Rj (ω) +N∆kr, ω) and return to step 3.

Else,kTc0
Rj (ω) = kTc0

Rj (ω) + (nmax − 1/2)∆kr.
6. If ∆kr < ǫ, whereǫ is the desired wavenumber resolution, go step 7,

else refine the step size∆kr and return to step 2.
7. Obtain the circle fit estimate of the Rayleigh wavenumberkTc

Rj(ω) = kTc0
Rj (ω) and the phase

velocityCTc
Rj (ω) = ω/kTc

Rj(ω).

This algorithm is simple and efficient if a good initial estimate is chosen. In this paper,kTc0
Rj (ω) =

kTp
Rj (ω), which is usually close to the circle fit estimate and therefore a good starting point. The

initial step size∆kr is chosen so thatω/kTc0
Rj (ω)−ω/(kTc0

Rj (ω) +∆kr) = 0.5 m/s.N = 10 is kept
fixed throughout the algorithm. The search step size is refined once with a factor5.
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APPENDIX B: CIRCLE FIT ALGORITHM FOR THE DETERMINATION OF
RAYLEIGH ATTENUATION CURVES

1. DeterminekTc
Rj(ω) andATh

Rj (ω).
2. Choose a number of wavenumbers2N for the circle fitting.
3. Determine the location of the centre(xRj , yRj) of the circle to be determined as a linear least

squares fit through the points̃uG
zz(k

Tc
Rj(ω) + nATh

Rj (ω)/2N, ω), for n = −N,−N + 1, . . . , N .
4. Use equation (18) to calculate a mean estimate of the attenuation coefficient as follows:

ATc
Rj =

1

N2

N
∑

m=1

N
∑

n=1

(kTc
Rj +mATh

Rj/2N)2 − (kTc
Rj − nATh

Rj/2N)2

2kTc
Rj

[

tan
(

|θj(kTc

Rj
+nATh

Rj
/2N)|

2

)

+ tan
(

|θj(kTc

Rj
(ω)−nATh

Rj
/2N)|

2

)] . (B.1)

The range of wavenumbers selected to fit the circle corresponds to about 30% of a full circle
and is chosen large enough to obtain a good circle fit, but not too large, in order to avoid interfer-
ence with other Rayleigh wave modes. In this paper,N = 20 is used.


