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Failure probability under uncertain surrogate model predictions
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Abstract. In current engineering practice, surrogate models are increasingly applied for the substitution of computation-
ally demanding numerical models in the context of predicting failure probabilities. However, while computationally very
efficient, these models in general do not predict the same model responses as compared to the real numerical model. As
such, when these surrogate models are applied in the context of estimating the failure probability of the structure, this
estimate is uncertain and affected by the precision of these surrogates. Two commonly applied surrogate models directly
provide, next to a nominal response, also an estimate of the uncertainty that is attributed to this response: Kriging and
Interval Predictor Model. The goal of this paper is to objectively compare these two methods in terms of deterministic
accuracy, the conservatism of the estimate of the uncertainty and the computational cost that is needed to construct and
evaluate the surrogate model.

1 INTRODUCTION

Nowadays, the design of engineering structures, systems or networks is largely based on virtual work flow. These work
flows are particularly crafted on the application of numerical methods for the solution of the sets of differential equations
that model and describe the physical processes involved in such engineering applications. However, since these methods
do not traditionally account for the inherent and unavoidable non-deterministic nature of the modelled processes, a large
degree of over-conservatism needs to be included in the engineering design to prevent premature failure of the structure
(i.e., the structure is no longer capable of fulfilling its initial design purpose). This conservatism might possibly cancel
out the improvements achieved through the numerical optimization procedures applied in the structural design process.

Therefore, nowadays engineering design processes should account for the non-determinism in e.g., the mechanical
properties of the used materials, the loading of the structure, etc. Then, based on a solid mathematical description of these
properties, the reliability of these structures can be effectively assessed and included even in the earliest design stages.
In practice, the assessment of the reliability is made by computing the probabilitythat the structure is failing to satisfy
its initial design requirements given the randomness or uncertainty on its structural properties and functional loading
environment.

Given a model m : Rnx 7→ Rny that predicts the structural responses y ∈ Y ⊂ Rny , based on a vector of parameters
x∈X ⊂Rnx of the model, such responses y can be grouped as belonging to either the failure domain F or the safe domain
S . In this expression, X and Y are respectively the sets of physically attainable model parameters and responses. Both
F and S are identified by the so-called limit state function g : Rny 7→ R, which expresses the domains as:

S = {y | y = m(x), x ∈X , g(y)> 0} (1a)
F = {y | y = m(x), x ∈X , g(y)≤ 0} (1b)

As the actual value of the model parameters in x is either inherently variable, unknown or both, also the prediction of
the model responses y is not deterministic. In a probabilistic context, both quantities are modelled as a random vectors,
and their realizations are respectively distributed according to the probability density functions fX (x) and fY (y). Since
the model response is in this context random, the probability of failure Pf , that is, the probability that the structure does not
satisfy its performance requirements, is expressed as the probability of a model response belonging to the failure domain
F :

Pf = P(y ∈F ) =
∫
Rny

IF (y) fY (y)dy (2)
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with IF 7→ {0,1} the indicator function, which is defined as:

IF =

{
0 ⇐⇒ Y ∈S

1 ⇐⇒ Y ∈F
(3)

In practice, the considered model m() can be high-dimensional in terms of parameters and responses. Moreover, the
indicator function IF is in most cases non-linear. Therefore, it is generally intractable to obtain an analytical solution to
the integral in eq. (2). As a solution hereto, simulation methods are commonly applied to approximate the probability of
failure, based on a large number of realizations of the non-deterministic parameters x and obtaining the corresponding
model responses y. For example, in the specific case of applying Monte Carlo analysis, the integral in eq. (2) is following
the law of large numbers approximated as:

P̂f ≈
1

NPf

NPf

∑
i=1

IF (yi) (4)

with NPf the number of evaluations of the model m(). It can be shown that the variance of this estimator is equal to:

Var(P̂f ) =

√
1−Pf

Pf ·NPf

(5)

However, when a sufficiently accurate estimation of a very small Pf (i.e. Pf < 10−3) is desired (e.g. with a coeffi-
cient of variation of less than 5%), a very high number of evaluations of the model m() is needed. Additionally, in the
analyses dealing with realistic engineering problems, a single evaluation of m() might take up to several minutes or even
hours, leading to a situation where the application of standard Monte Carlo simulation becomes quickly computationally
intractable unless high performance computing facilities are readily available. As an attempt to alleviate this problem,
advanced Monte Carlo methods, also known as variance reduction techniques, such as Line Sampling (Koutsourelakis
et al., 2004), Subset simulation (Au and Beck, 2001), and more recently SubSet-∞ (Au and Patelli, 2016) have been
introduced. These methods have been applied to large scale problems in e.g. (Au and Beck, 2003; Schuëller et al., 2004;
Pradlwarter et al., 2005), and the gain in computational efficiency has been numerously illustrated (e.g., (Schuëller and
Pradlwarter, 2007)). Although these highly advanced methods typically require less model evaluations as compared to
standard MC, they still prove to be insufficiently accurate in case IF (yi) is highly non-linear. In that case, still a large
number of evaluations are typically necessary to obtain a sufficiently small variance of the estimator.

As an alternative approach to alleviate the computational expense, the functional relation of the full model m() is
commonly approximated by a less computationally intensive surrogate model ŷ = m̂(x). Such a surrogate model aims at
approximating the numerical procedure of the full model m() with simple mathematical relationships, which takes less
computational effort to evaluate than the solution of the model. The mathematical relationships of the surrogate model
are calibrated by providing a supervised learning algorithm with x-y pairs, obtained from a limited number of runs of m(),
with the target of minimizing a certain norm of the prediction error (e.g., ||y− ŷ||22) of the model. The accuracy of m̂ is
commonly assessed by computing the prediction error over x-y pairs that did not belong to the training data set.

However, since a less complicated relationship m̂ is applied to predict y, the surrogate approximation introduces a
prediction uncertainty to the model response y (Viana and Haftka, 2012). Consequently, this prediction uncertainty prop-
agates to uncertainty concerning the computed probability of failure, that has to be effectively estimated and accounted
for in such approximated analyses. In this work, two types of surrogate models are considered, both showing the advan-
tage of providing the analyst with an estimate of the uncertainty of to predicted response: Kriging and Interval Predictor
Models. This paper presents an approach to handle this multi-level uncertainty. As a first step, the application of standard
Monte Carlo is compared to Line Sampling and SubSet simulation in order to indicate that in some cases still surrogate
models are needed in order to limit the computational expense. Then, an in depth study of the effect of the training of
these surrogate models on the accuracy of the prediction of small failure probabilities in a non-linear simulation model is
illustrated.

2 UNCERTAIN SURROGATE MODEL PREDICTIONS

This section provides an overview of the considered surrogate modelling techniques that are considered in this paper:
Kriging and Interval Predictor models. Since these models provide the analyst with an estimate of the uncertainty on the
prediction of the model response, such uncertainty in the model output will propagate to the computed probabilities of
failure in the form of bounds of the estimation.

2.1 Kriging

Kriging, also commonly referred to as Gaussian Process Modelling, approximates the full model m() as the sum of a
functional regression model F(β ,x), where F is usually a polynomial function and β indicating the regression terms, and
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a stationary zero-mean Gaussian stochastic process z(x) (Krige, 1951). Formally, the Kriging surrogate model m̂Kr() for
the lth response is expressed as:

ŷl = m̂l,Kr(x) = F(β:,l ,x)+ zl(x) (6)

with l = 1, ...,ny. As such, a single Kriging model is constructed for each separate response. For the remainder of the
paper, index l is omitted for the sake of notational simplicity. When a vector of model responses is considered, it is
implicitly implied that a single Kriging model was constructed for each response. In eq. (6), the polynomial regression
model is given as the linear superposition of a number of functions f (x) : Rn 7→ R:

F(β ,x) = f T (x)β (7)

where β are the corresponding regression coefficients that have to be estimated. The auto-covariance of the stationary
zero-mean Gaussian stochastic process z(x) is given as:

E[z(xi),z(x j)] = σ
2R(θ ,xi,x j) (8)

with σ the process variance and R(θ ,xi,x j) the correlation model between two xi,x j in X . The correlation model is
characterised by a set of coefficients θ .

As such, first the degree of the polynomial regression model and the correlation function family are selected by the
analyst, based on expert opinion. Then, the correlation coefficients, process variance and correlation parameter θ are
determined using a supervised learning procedure. Specifically, nt couples of model parameters xtr and corresponding
responses ytr of the full model m() are provided. Based on these couples, the necessary parameters are determined
following a maximum likelihood approach (Lophaven et al., 2002).

Since Kriging associates a Gaussian random variable to each predicted ŷ = m̂Kr(x), also an estimation of the variance
ζ (x) to the prediction is given by the Kriging model. Moreover, it can be shown that Kriging is an unbiased predictor, as
it is exact (i.e., zero variance and deviation from mean) for the provided training points xtr. However, the variance of the
prediction (and as such the uncertainty) increases when the distance ||xtr− x||2 from the training points becomes larger.
As such, when considering the k ·σ -bounds, with k ∈ Z+, the response of the Kriging predictor can as such be interpreted
as an interval:

ŷI = [m̂Kr(x)− k ·ζ (x); m̂Kr(x)+ k ·ζ (x)] (9)

This interval is by definition symmetric around the deterministic estimate of the Kriging model. By applying this
method for each model response yl , l = 1, ...,ny, an interval vector ŷI containing the k ·σ confidence intervals of the
model response is obtained next to the deterministic estimate ŷl of the model response. Note that the assumption that the
discrepancy between the actual model and the regression model as a stationary zero-mean Gaussian stochastic process
can only be fulfilled when the order of the chosen regression model is sufficiently similar to m(). In practice however,
this condition is not so trivial to obtain, since m() is in general unknown for the entire sample space, especially when m()
requires considerable computational expense to be evaluated.

2.2 Interval Predictor Model

Conversely to most surrogate modelling approaches, Interval Predictor Models (IPM) provide the analyst with a set-
valued mapping mI

IPM : x 7→ yI ⊂Y , instead of only one crisp value (Campi et al., 2009; Crespo et al., 2014). Specifically,
the IPM translates the crisp valued vector of input parameters x to an interval vector yI bounding the range of the actual
crisp model prediction. This interval vector yI is defined as:

ŷI =
{

y | y = pT ·φ(x), p ∈ pI} (10)

with φ(x) a suitable polynomial basis with predefined order d, p ∈ Rd a vector containing the expansion parameters for
the polynomial basis and apex T denoting the vector transpose operation. The parameters p are determined by providing
nt couples of model parameters x and corresponding responses y of the full model m(). However, instead of determining
a single set of crisp parameters p, the training of the IPM consists of determining the boundaries (i.e. p and p) such that
all (x,y) are encapsulated by the predicted intervals of the IPM. This is obtained according to a constrained optimization
approach where the expectancy of the interval range is minimized, while ensuring that yi < yi < yi, i = 1, ...,ny, with yi in
this case a training sample. Based on the trained IPM, the lower and upper bound, being y and y of the prediction interval
vector ŷI are estimated as:

y = 0.5∗ (p+ p)t ·φ(x)−0.5∗ (p− p)t ·φ(|x|) (11a)

y = 0.5∗ (p+ p)t ·φ(x)+0.5∗ (p− p)t ·φ(|x|) (11b)

Note that the IPM does not provide a crisp value of the model response. For comparison with the crisp value that
is provided by the full model m() and the Kriging predictor, the midpoint of the interval, obtained as 0.5 ∗ (y− y) is
considered.
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2.3 Interval failure probability

From the previous, it can be understood that both Kriging and IPM surrogate models either give an estimate of the
uncertainty on the prediction of ŷ or provide the analyst with a set-valued response that prescribes this uncertainty. In
both cases, the predicted response ŷ is modelled as belonging to an interval ŷI . As such, in the context of estimation the
reliability of the considered structure given a vector of random model parameters x∼ fX (x), the resulting random model
responses can be regarded as belonging to a probability box [ŷ] due to the superposition of the interval uncertainty from
the surrogate model on the probabilistic description of the response y stemming from the random model parameters x.
As such, in the context of determining the structural reliability, also the probability of failure P̂f becomes interval valued.
Specifically, P̂I

f can be computed as:

P̂I
f =

∫
Rny

IF ([ŷ]) f I

Ŷ I
([ŷ])d[ŷ] (12)

which can be solved following e.g. a nested optimisation approach (Liu et al., 2017).
However in this specific context, some considerations allow for simplification of this equation. In case of Kriging, the

superimposed interval uncertainty on the predicted model response is strict in the sense that the upper and lower bounds
do not cross. This is a direct result from the truncation of the random variable that is associated to each predicted response.
Also, since during the training of the IPM, the explicit constraint yi < yi < yi, i= 1, ...,ny is included, a similar observation
can be made in this context. Therefore, only the extreme bounds of the predicted response intervals need to be considered
in the evaluation of the failure probability. As such, eq. (12) can be split up as:

P̂ f =
∫
Rny

IF (ŷ) f Ŷ (ŷ)dŷ ≈ 1
NPf

NPf

∑
i=1

IF (ŷi) (13a)

P̂ f =
∫
Rny

IF (ŷ) f
Ŷ
(ŷ)dŷ ≈ 1

NPf

NPf

∑
i=1

IF (ŷi) (13b)

where, f Ŷ (ŷ) and f
Ŷ
(ŷ) are respectively the distribution function of the lower and upper bounds on the prediction of the

surrogate model. It should be noted that this computation only requires a single call to the surrogate model m̂(), as both
Kriging and IPM provide the analyst with the confidence bounds on the model prediction.

In case dependent random model parameters are considered, the computation of the failure probability is usually
performed in standard normal space (SNS). Due to the interval-valued uncertainty that is attributed to each realization of
the random model responses, also the limit state function becomes interval valued after transformation to SNS. However,
it can be shown that due to the monotonicity of the iso-probabilistic transformation to SNS (see (Jiang et al., 2011)), the
minimum and maximum value of the limit state function correspond to the vertices of the interval-valued uncertainty on
the model response realizations. Therefore, the above argumentation also holds in this case.

3 UNCERTAIN FAILURE PROBABILITY ESTIMATION

In the study of the uncertainty concerning the estimation failure probability due to the application of surrogate mod-
elling techniques, Adjiman’s function fad j : R2 7→ R is used for illustrative purposes. Specifically, fad j is applied as it
allows for fast computation, and hence rigorous study, while still presenting challenging non-linear behaviour for both the
estimation of the failure probability using the function directly and the surrogate modelling. fad j is defined as:

y = fad j(x1,x2) = cos(x1) · sin(x2)−
x1

(x2
2 +1)

(14)

Based on this function, decreasing levels of failure probability are estimated by considering the threshold value for
yth ∈ {2, 2.5, 3, 3.1, 3.2, 3.3, 3.4, 3.5, 3.6, 3.7, 3.8, 3.9, 3.95, 4}. In a first attempt, advanced Monte Carlo methods such
as Line Sampling and SubSet simulation, as well as regular Monte Carlo simulation are applied, and their performance in
terms of necessary number of function evaluations and variance of the predictor are compared. Then, different surrogate
models for Adjiman’s function are constructed using two techniques:

• an Interval Predictor Model, based on a 6th-order polynomial basis,

• a Kriging model with 2nd-order regression model F(β ,x) and an exponential correlation model R(θ ;xi,x j) =
exp(−θ |xi− x j|),

and these surrogate models are applied to perform a large scale Monte Carlo integration of eq. (2). Both modelling
techniques are applied to the same training data sets containing either 100, 250, 500, 750 or 1000 deterministic training
samples. Additionally, the Kriging model is also trained following an iterative adaptive training approach that was pro-
posed in the context of interval computations by (De Munck et al., 2009), using an initial training set size of 10 samples



Proceedings of the joint ICVRAM ISUMA UNCERTAINTIES conference
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and an increase of 5 additional training points per iteration. This method is based on adaptively sampling the space of
the model inputs, based on the Maximum Improvement metric. The adaptive refinement is stopped when the maximum
number of allowed samples is reached, or no further refinement is possible. Herein, the maximum amount of additional
training samples is also taken as 100, 250, 500, 750 or 1000.

It should be noted that no computational gain is expected in the application of a surrogate model for the considered
test function. Nonetheless, it allows for conceptually comparing the accuracy in predicting small failure probabilities of
the considered surrogate modelling techniques in a rigorous way.

For the three types of surrogate models, trained with different sets of training data, two commonly applied error
metrics are computed. Specifically, the R2-value and the Chebyshev norm (Dch) of the difference between the analytical
model and surrogate prediction are computed with a set of 300 samples that is completely disjoint with the set of training
specimens. The R2 of the prediction is defined as:

R2 = 1− ∑
300
i=1(yi− ŷi)

2

∑
300
i=1(yi−E[y])2

(15)

with E[y] the expected value of the realizations of the model response. The Chebyshev norm Dch is defined as:

Dch = lim
k→∞

(
300

∑
i=1
|ŷi− yi|1/k

)k

(16)

Specifically, both metrics are considered since R2 gives a global measure for the accuracy of the surrogate model,
whereas DCh gives a measure of the local accuracy. Both metrics are also commonly used in the context of assessing the
performance of surrogate models. All numerical computations, except for the adaptive Kriging refinement, are performed
using openCOSSAN (Patelli et al., 2012).

3.1 Advanced Monte Carlo sampling

As a first step in the analysis, the performance of Monte Carlo, Line Sampling, SubSet sampling and SubSet-∞ is
tested in terms of the estimation of the failure probability, the coefficient of variance of this estimation and the number
of samples that were needed to obtain the estimate. These simulation methods are applied directly using the analytical
function, as introduced in eq. (14), to ensure that this analysis is not biased due to prediction errors of the surrogate
models. Both x1 and x2 are assumed to be marginally uniform distributed within the interval [−4;4] with zero covariance.

The Monte Carlo and Line Sampling methods were applied until a coefficient of variance (CoV) of the estimator of 5%
was reached, albeit with a maximum of 107 samples. Hereto, the sampling was performed in batches of 5 ·102 samples for
Monte Carlo simulation and 200 lines for Line Sampling. Then, after each batch the CoV is estimated and the simulation
is stopped if CoV < 0.05. The important direction for Line Sampling was determined by means of finite differences
approach in the standard normal space. For both SubSet methods, the intermediate levels of Pf were set to 0.1 and the
initial population size was heuristically set until a sufficiently small CoV was obtained. A CoV of approx. 8% for the
prediction of Pf for yth = 2 was obtained at 103 samples for both methods, as the CoV did not improve significantly when
the population size was further increased. The same initial population size was kept constant for all other evaluations of
the failure probability.

Figure 1 illustrates the topology of the limit state function of Adjiman’s function in the standard normal space U .
Herein, u1 and u2 respectively correspond to u1 = Tu(x1) and u2 = Tu(x2), with Tu : X 7→ U a transformation operator
mapping responses from physical to standard normal space. This plot is generated by performing 5 · 104 Monte-Carlo
evaluations of the analytical function, with a threshold value of yth = 3.7. The red dots in this figure indicate the samples
laying in the failure domain F , whereas the samples in the safe domain S are indicated in green. As it may be noted, a
highly non-linear notched limit state function g(u) is obtained, which poses a challenge for the applied advanced Monte
Carlo methods.

Figure 2 shows the estimated failure probability, corresponding CoV and corresponding number of model evaluations
as a function of the threshold value. These values are obtained by applying Monte Carlo, Line Sampling, SubSet sampling
and SubSet-∞ to Adjiman’s functions, as described above. First, it can be seen that the estimate of the failure probability
as a function of the threshold of y is approximately equal for Monte Carlo and the SubSet methods, as long as the failure
probability remains moderately large (i.e., Pf > 10−3). However, the obtained results diverge significantly when smaller
failure probabilities are computed. Line Sampling on the other hand was not able to compute failure probability within
107 samples for any of the threshold values of y. This is a direct result of the high non-linearity of g(), combined with
the difficulty of finding the correct gradient in this specific case. As such, none of the lines was found to intersect the
failure domain. The application of Advanced Line Sampling (de Angelis et al., 2015) might prove to be a solution to this
problem, but will not be further considered in this analysis.

Concerning the CoV of the predictions, it can be noted that the variance on the failure probability predictor that is
obtained by Monte Carlo is up to a factor 5 smaller as compared to both SubSet methods. This is a direct result from the
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Figure 1: Failure domain F and safe domain S in standard normal space for Adjiman’s function

fact that in the case of Monte Carlo, additional samples were generated until a specified CoV of 5% was reached, whereas
the SubSet methods were heuristically tuned to minimise the CoV of the prediction. Moreover, in the case of SubSet
methods, the CoV measures up to 60% in the case of the smallest considered failure probabilities.

Finally, as concerns the computational efficiency in terms of necessary number of samples, it is clear that SubSet is
more efficient than Monte Carlo for the estimation of the failure probability. This is particularly true when small failure
probabilities are considered. However, in that context it should be noted that the variance of the Monte Carlo estimator
is an order of magnitude lower as compared to the variance of P̂f , as obtained by the SubSet methods, which limits the
credibility of the estimate. Moreover, both SubSet methods require in that case still more than 2000 model evaluations,
which is prohibitive when the estimation of the failure probability of a structure using computationally expensive computer
models m() is considered.

As such, it can be concluded that although highly performing advanced Monte Carlo methods exist to date, the esti-
mation of small failure probabilities in highly non-linear models still can prove to be computationally very demanding.
Therefore, even using these advanced Monte Carlo methods, the application of surrogate modelling techniques still proves
to be of importance, as the training of such surrogate model typically requires less model evaluations as compared to a
direct application of the advanced Monte Carlo methods for the estimation of a small probability of failure. As discussed
in section 2, this however imposes uncertainty on the prediction of the failure probability as well.

3.2 Surrogate model based estimation

This section presents results of the effect of the selection of the surrogate modelling approach and corresponding
training on the uncertainty that is attributed to the prediction, and aims at correlating these results with two commonly
applied error metrics. Using the constructed surrogate models, decreasing levels of failure probability are estimated by
performing Monte Carlo sampling until the CoV of the predictor was less than 5%, analogously to the method that was
applied in section 3.1.

3.2.1 Surrogate model performance
Table 1 lists the CPU-time on an Intel i7-7700HQ @ 2.8 GHz for constructing the Kriging and IPM surrogate models

and considered error metrics as a function of the size of the training data set size. A slightly higher computational cost is
associated to the training of an IPM surrogate, as compared to a regular Kriging model, which is caused by the constrained
optimization problem that needs to be solved. When more training samples are provided, the computational expense of
constructing the surrogate models increases, which in case of Kriging is explained by the increasing size of non-sparse
matrices that need to be inverted (see (Lophaven et al., 2002) for a discussion on the training procedure). It is noteworthy
that the training of the adaptive Kriging model is computationally the most expensive, as multiple Kriging models need
to be trained in an iterative approach, whereas the other approaches only perform the training once. Note that in this
iterative procedure, the training set sizes increase iteratively as well. Since the generation of new training points in this
iterative approach is in this case very inexpensive, the computational expense is dominated by the time that is needed for
the training of these Kriging models. In case a real numerical model is applied for the generation of training data, the
effect of the training of the Kriging models is expected to be less dominant in the total computational cost, as this method
reuses the training pairs that were provided in earlier iterations. Moreover, in that case, the differences in training time
that are listed in table 1 are also expected to be trivial with respect to the time for constructing the training data set.

The regular Kriging surrogate models perform better in terms of R2 and Dch as compared to the IPM, when comparing
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Florianópolis, SC, Brazil, April 8-11, 2018

Figure 2: Failure probability, coefficient of variance and the number of propagated samples for different threshold values
y for Adjimans function

the same models that were trained by equally large training data sizes. For example, a Kriging model trained with 250
samples performs better than any IPM in terms of R2-value.

Based on the computed performance metrics, the adaptive Kriging model seems to exhibit the worst performance. This
is explained by the fact that, instead of focussing on representing the entire model domain, the models are specifically
trained to accurately represent the extrema of the function (i.e., near the limit state function). As such, the R2-value is
expected to be comparatively lower since this value gives a measure of the global surrogate model accuracy. However,
since only the model performance in the neighbourhood of the limit-state function is of importance, this should not affect
the accuracy of the constructed surrogate models.

From table 1, it should be noted that the Chebyshev norm is more sensitive to the cardinality of the training data
set, as is clear from the fact that it increases rapidly when smaller training data sets are applied in the training of the
surrogate. This is mostly explained by the local nature of the metric. Since smaller training data sets are less space-filling
as compared to larger data sets, these surrogate model are less trained for predicting local effects. The Chebyshev norm
considers the maximum local deviation from the analytical function, and hence it is more sensitive to the space-filling
properties of the training data set. This also explains why the Chebyshev norm is comparatively high for the adaptive
Kriging models, even when large training data sets were used for the training. However, in order to get a good estimation
of this error norm, a sufficiently space filling sampling of the analytical function should be present. This is in practice not
always computationally tractable.

3.2.2 Failure probability estimation uncertainty
The results for each estimation of the failure probability, for each of the constructed surrogate models is illustrated in

figure 3. Some considerations concerning the obtained accuracy of the deterministic estimate (i.e., the midpoint of the
interval for the IPM and the mean of the random variable that is predicted by Kriging) and corresponding bounds on the
prediction can be made. For the Kriging models, the 2 ·σ bounds are considered.

First, as is clear from fig 3, both the regular and adaptive Kriging models are reasonably capable of predicting the
large scale trend in failure probability as a function of the threshold value. The IPM surrogates on the other hand become
particularly inaccurate when the estimated failure probability becomes smaller than 0.01. Furthermore, they are not
capable of prediction failure probability that is smaller than 3 · 10−4. This is probably a direct result of the polynomial
basis that was used to fit a non-polynomial model. Since this basis is not capable of capturing the specific non-linearity of
Adjiman’s function, the model was made very conservative to fit all training points at the cost of local accuracy. As such,
it predicts all failure probabilities to be lower as compared to reality.

Secondly, as concerns the crisp estimate of the failure probability, it is clear that the adaptive Kriging model out-
performs the IPM and regular Kriging models in terms of crisp accuracy, especially when small failure probabilities are
considered. As can be noted, the adaptive Kriging model is the only surrogate that is found capable of predicting an, albeit
inaccurate, value for the failure probability for a threshold of y = 4, even when a small set of 110 training points is used. It
can also be noted that in case insufficient training samples are used for the construction of the regular Kriging model, the
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Table 1: Training time and considered error metrics for Kriging and IPM surrogate models, based on the size of the
training data set size.

Surrogate model training data size training time [CPU− s] R2 [−] Dch [−]
IPM 100 0.81 0.89446 2.816

250 1.45 0.98325 0.721
500 3.58 0.98266 0.639
750 11.0 0.98294 0.653
1000 13.1 0.98288 0.669

Kriging 100 0.21 0.98224 0.940
250 0.16 0.99863 0.247
500 0.21 0.99956 0.177
750 0.42 0.99980 0.142
1000 0.52 0.99989 0.0989

Adaptive Kriging 110 0.21 NaN 15.31
260 1.12 0.3617 12.75
510 7.35 0.7471 4.05
1010 77.4 0.9540 1.1011

(a) IPM (b) Kriging

(c) Adaptive Kriging
Figure 3: Comparison of the estimation of the failure probability of the analytical test functions, obtained by the real
function and the surrogate models.
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crisp predicted value of failure probability is not accurate, especially when smaller values for Pf (i.e. Pf < 5 · 10−3) are
considered. Finally, it is obvious that for all tested surrogate models the accuracy increases with the amount of training
samples, as was also predicted by the computed error metrics.

Third, also concerning the predicted bounds on Pf , it can be noted that the inclusion of more training samples generally
yields tighter confidence bounds on the failure probability. For the Kriging models, this stems from the random process
that is superposed on the regression model. When more points are located throughout the model domain, the relative
distance between training points decreases, and as such also the variance of the predicted random variable. It can be
noted that the prediction bounds of the adaptive Kriging model are less over-conservative as compared to the regular
Kriging model. This is a direct result from the fact that the adaptive training procedure of the Kriging model directs more
training points towards the zone with a high probability of failure. Therefore, given the same number of training points,
the sampling will be denser in the region of the input space where the extrema of the function are locate, and as such,
the variance of the Kriging estimator will locally be lower in this region. The bounds that are predicted by the IPM are
not always conservative with respect to the actual failure probability based on the full model. Indeed, when Pf < 1 ·10−2

are considered, the upper bound on the prediction under-estimates the failure probability. Furthermore, it can be noted
that especially the estimation of the lower bounds for all tested surrogate models fail when smaller failure probabilities
are considered. This is a direct result from the fact that small failure probabilities are harder to estimate. Furthermore,
also the situation can occur that the lower bound on the prediction does not intersect with the failure domain, yielding a
zero-valued failure probability.

As such, the most performing method of the considered surrogate models in terms of needed training data, accuracy
and conservatism of the predicted Pf is adaptive Kriging, even though the commonly applied error metrics indicate
otherwise. This can be explained by the fact that the adaptive Kriging model aims at optimising the surrogate model
performance in those regions where extrema of the model are located. However, in other regions of the model, the
adaptive Kriging model generally does not perform well due to a lack of local training points. Hence, both error metrics
predict that the surrogate is inaccurate, whether for the intended use, the prediction of small failure probabilities, it is in
fact the most accurate. As such, when applying surrogate models for the estimation of small failure probabilities, these
metrics prove to be insufficient for the assessment of the surrogate model performance in the specific context of estimating
small failure probabilities.

Finally, it can be seen that by using a surrogate model, computational expenses for evaluating small failure probabilities
can be decreased drastically. This statement is based on the argumentation that the application of advanced Monte Carlo
methods for the estimation of small failure probabilities in conjunction with non-linear limit-state functions might prove
to be computationally very demanding as well.

4 CONCLUSIONS

In case highly non-linear limit state functions occur in the estimation of small failure probabilities, advanced Monte
Carlo methods such as Line Sampling or SubSet simulation may perform poorly or may still need a large number of
deterministic evaluations of a computationally expensive numerical model to converge to a sufficiently small coefficient
of variance on the estimator. A possible alternative approach lies in the application of computationally less expensive
surrogate models that approximate the responses provided by the full numerical model using simple mathematical rela-
tions that are calibrated in a supervised learning approach. However, due to the approximative nature of these surrogate
model predictions, uncertainty is as such attributed to the estimated failure probability. This paper therefore studies the
uncertainty that is attributed to the estimation of small failure probabilities via two surrogate modelling approaches that
provide the analyst with an estimation of this uncertainty: Kriging and Interval Predictor Models. Since the intervals
are used to model the uncertainty on the surrogate model estimation superpose on the propagated variability stemming
from the random model parameters, the failure probability should be computed using a probability box formulation of the
model response. It is shown that this problem reduces to computing two separate failure probabilities, using only a single
run of model evaluations.

A numerical case study is conducted using Adjiman’s function, since the application of a computational inexpensive
function allows for rigorous study of all aspects of the problem. First, the performance of advanced Monte Carlo tech-
niques is illustrated. Herein, it is illustrated that Line Sampling in conjunction with a gradient-based estimation of the
important direction fails in estimating the failure probability. SubSet and SubSet-∞ are shown to provide an estimate of
the failure probability at strongly reduced computational cost as compared to standard large-scale Monte Carlo, albeit
with a coefficient of variance (CoV) that is an order of magnitude higher.

Then, the application of three separate surrogate modelling approaches (IPM, regular Kriging and an adaptive Kriging
approach) in conjunction with large-scale Monte Carlo is illustrated for the estimation of increasingly smaller failure
probabilities in Adjiman’s function. Their performance in terms of crisp accuracy and conservatism on the bounds of the
prediction as a function of the size of the training data set is assessed. Moreover, it is aimed at correlation this performance
with two commonly applied error metrics, R2 and the Chebyshev norm computed using a separate validation data set, as
these are commonly applied in literature. It is shown that the adaptive Kriging method performs best in the estimation of
small failure probabilities in terms of crisp-value prediction, as well as the conservatism of the bounds of this prediction,
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albeit that the error metrics indicated otherwise. This apparent contradiction is explained by the fact that the adaptive
Kriging model is trained to perform optimally in the extrema of the function, whereas the error metrics provide a measure
of the surrogate model accuracy in the entire model domain.

Future work will include other adaptive surrogate modelling strategies in the analysis, as well as apply these methods
to other non-linear test functions to strengthen the conclusions. Furthermore, it is foreseen to apply these surrogate
modelling strategies in the estimation of small failure probabilities in a realistic non-linear FE model.
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