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ABSTRACT. We consider copula modeling of the dependence between two or more random
variables in the presence of a multivariate covariate. The dependence parameter of the
conditional copula possibly depends on the value of the covariate vector. In this paper
we develop a new testing methodology for some important parametric specifications of this
dependence parameter: constant, linear, quadratic, etc. in the covariate values, possibly
after transformation with a link function. The margins are left unspecified. Our novel
methodology opens plenty of new possibilities for testing how the conditional copula depends
on the multivariate covariate and also for variable selection in copula model building. The
suggested test is based on a Rao-type score statistic and regularity conditions are given under
which the test has a limiting chi-square distribution under the null hypothesis. For small
and moderate sample sizes, a permutation procedure is suggested to assess significance. In
simulations it is shown that the test performs well (even under misspecification of the copula
family and/or the dependence parameter structure) in comparison to available tests designed
for testing for constancy of the dependence parameter. The test is illustrated on a real data

set on concentrations of chemicals in water samples.
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1. INTRODUCTION

Conditional copulas provide a convenient way to model the dependence between random
variables whose dependence structure is possibly influenced by covariates. See Patton [18]
for an early reference, Acar et al. [2] and Abegaz et al. [1] for semiparametric estimation,
and Veraverbeke et al. [26] and Gijbels et al. [14] for nonparametric estimation of conditional
copulas, among others.

A crucial fact in conditional copula modeling is that, in general, the covariates influence
the conditional copula on two levels: the copula itself (the dependence structure) may change
with the value of the covariate vector, and the margins may be influenced by the covariate
vector. An important simplification occurs when the dependence structure remains unchanged
whatever the realized value of the covariate vector. This simplification is often referred to as
‘the simplifying assumption’; see, e.g., Hobaek Haff et al. [15], Acar et al. [4], Stober et al.
[23] and Gijbels et al. [11].

In this paper we contribute to testing for covariate effects on conditional copulas, and this
within a parametric copula setting. The literature on such testing problems is quite limited.
It includes a semiparametric likelihood ratio type of test—not assuming any structure on the
functional dependence parameter in a given copula—that was proposed and studied in Acar
et al. [3]; and nonparametric tests, leaving the copula dependence structure as well as the
margins fully unspecified. In contrast to these semiparametric and nonparametric approaches,
this paper presents a new approach, in which the starting point is to model parametrically
the copula, but also its functional dependence parameter. The margins are left unspecified.
Despite this parametric framework for both the copula and the dependence parameter, it
turns out that the test proposed herein continues to have a very good performance under
misspecification of one or both of these parts. This is an important first advantage. A second,
more practical, advantage is that the proposed test does not require any choice of smoothing
parameter (due to its major parametric setting). Thirdly, the developed test methodology
can be applied for several testing problems: (i) testing for no covariate effect; (ii) testing for
specific effects of a selection of covariates; (iii) testing for specific effects of all covariates (such
as linear versus quadratic).

The paper is further organized as follows. In Section 2 we present the statistical frame-
work, and briefly review semiparametric and nonparametric tests that are available in the
literature. The new test methodology is exposed in Section 3, in which the essential elements
of the derivation of the test and its asymptotic behavior are presented. Details about the
theoretical results, including their proofs, are provided in the Appendix. The test methodol-
ogy is applicable to several testing settings, as is explained in Section 3. In Sections 4 and 5

the test methodology is illustrated in various testing problems, in a univariate as well as a
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multivariate covariate setting. The use of the test in statistical analysis is demonstrated in a

real data example in Section 6.

2. STATISTICAL FRAMEWORK AND STATE-OF-THE-ART

In this section we first introduce the statistical framework, the main testing problem of

interest, and briefly indicate major testing procedures available in the literature.

2.1. Statistical framework. Suppose we have n independent and identically distributed ob-
servations (Y11, Y21, X1), ..., (Yin, Y2n, X;,) from a random vector (Y7, Ya, X), where Y] and Y3
are univariate random variables and X is a d-dimensional random vector. Let H (y1,y2,x) be
the cumulative distribution function of (Y1, Y2, X). Denote the joint and marginal distribution

functions of (Y1, Y2), conditionally on X = x, as

Hy(y1,92) =Pr(Y1 <u1,Ys <12 | X =x),

Fix(y1) =Pr(Y1 <y | X =x), Fox(y2) =Pr(Yo <y | X =x).

If Fix and Fyy are continuous, then by Sklar’s theorem (see, e.g., Sklar [22], Nelsen [17])
applied to the conditional probability distribution setting, there exists a unique copula Cx

that links the conditional margins into the conditional joint distribution through the relation

Hx(y17y2) = Cx{le(yl)y F2x(y2)}-
The function Cy is called a conditional copula.

A first interest in this paper is to test whether the conditional copula Cx really depends

on x. More formally, we want to test the hypothesis

Ho : vx,x’ERx Cx =Cx (1)
versus the alternative

Ha: E|x,x’ERx Cx 7é Cxr,
where Rx denotes the domain of the covariate X.
2.2. State-of-the-art. In what follows, suppose for a moment that we can observe Uy; =
Fix,(Y1i), U2 = Fox,(Y1;) from the conditional copula Cx,. If these observations are not

available (i.e., Fix and Fyx are unknown), then one needs to estimate these, via estimation

of the conditional margins, and work with pseudo-observations, denoted by ((711', (721)
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2.2.1. Semiparametric approach of Acar et al. [3]. In Acar et al. [3] the conditional copula
function is modeled as
Cx(u1,u2) = C(uy, ug; 0(x)), (2)

where C(+,-;0) is a given parametric copula function, where for simplicity we assume here
f € R. The dependence on x is brought in via the parameter 6 that is allowed to depend on
X, i.e., by considering an unknown function #(x) instead of an unknown parameter §. Assume
that the density associated with C exists, and denote it by c(-, -; 8(x)).

Roughly speaking the test statistic is based on comparing the log-likelihoods computed
under the alternative and the null hypothesis. More formally, under the null hypothesis 6(x)
does not depend on x, thus the log-likelihood is given by

n
0y (Hp) = ZlHC(Uu, Usi; §n),

i=1

where §n is the maximizer of the log-likelihood above.
Under the alternative hypothesis, let gh(XZ) be the estimate of the parameter 6(X;) using

a local-likelihood method. Estimation of the unknown function 6(-) requires smoothing/local
techniques, and in the d-variate covariate setting this involves nonparametric estimation of
the d-variate function #(x). One thus has to face the usual curse of dimensionality issue. Acar
et al. [3] focus on the univariate setting (i.e., d = 1) and hence, with h a smoothing parameter
in estimating the univariate function 6(-), consider the log-likelihood under the alternative
hypothesis

n

Co(Hash) = Ine(Uy, Uns; 0(X5)).

i=1

Finally the test statistic is given by

An(h) =0 (Hys; h) — £,(Hp).

2.2.2. Nonparametric approach of Gijbels et al. [13]. This test is based on the fact that when
the conditional copula Cx does not depend on the realized covariate vector value x, then
the associated conditional Kendall’s tau function 7(x) (see, e.g., Gijbels et al. [14]) does
not depend on x, i.e., is constant and equals 74 = E{7(X)}, called the average conditional
Kendall’s tau. The test of Gijbels et al. [13] then consists of measuring the squared distance
between a nonparametric estimator 7, (x) of 7(x) and a nonparametric estimator 7' of 74.

More precisely the test is based on the test statistic

I _
Vil = g Zl{Tn(Xz) - 7—;14}2>
1=
where 74 = 3" | 7,(X;)/n. See Veraverbeke et al. [26] and Gijbels et al. [14] for nonparamet-

ric conditional copula estimation (and association measures) in a univariate covariate setting,

and Gijbels et al. [10] in a multivariate covariate setting.
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Obviously, the test V1 is based on estimating nonparametrically the conditional Kendall’s
tau 7(x) and the average conditional Kendall’s tau 74. Hence, it is a nonparametric test

involving also the choice of smoothing parameters (e.g., bandwidths).

3. NEW SEMIPARAMETRIC APPROACH

Similarly as in Acar et al. [3] the idea is based on the likelihood. Suppose that model (2)
holds, where 0(x) = (01 (x),...,Qq(x))T is an unknown g¢-dimensional parameter possi-
bly depending on the value of the d-dimensional covariate x = (1,...,24)'. Further
suppose that 6(x) is parametrized as 6(x) = a(x;,), where a = (ag,...,q,)" and
=, .., @Z)q)T are unknown parameters with values in R? and R, respectively. Moreover,
let the parametrization be done in such a way that if o is the zero vector 0, = (0,...,0)7,
then a(x;0p;%) does not depend on x (and thus the simplifying assumption holds). Note
that for notational simplicity, we used the same notation for the dimension of the dependence
parameter 0(x) and the parameter 1, which will be considered as a nuisance parameter. Since
we will mainly deal with the case of a real-valued dependence parameter (i.e., 8(x) € R), we
chose to keep the notation simple. Throughout the paper, we assume that the parameters
(e, 7)) in the semiparametric model are identifiable.

Under the above described semiparametric framework, testing the null hypothesis (1) is

equivalent to testing
Ho:aa=0, Hi:a#0,. (3)

Assume for a moment that the margins are known. Then, a suitable test statistic for test-
ing (3) can be found within the framework of tests based on the likelihood in the presence
of a nuisance parameter (). Although any of the three tests (likelihood ratio, Wald or Rao
score test) can be used, in what follows we concentrate on the Rao score test. The reason is
that the test statistic of this test does not require the estimation of a. This is convenient in
particular when a permutation principle is used to improve the Type I error properties of the

test in small or moderate samples. In Section 3.2, we describe the proposed test methodology.

3.1. Examples of settings and testing problems. Let us look more closely to the above
framework in which the conditional copula and its functional dependence parameter are of

parametric form, viz.
Cx(u1,u2) = C(ug,ug; 0(x)) with 0(x) = a(x;a, ) ,

where a characterizes completely the dependence (or not) of 6(x) (and hence of Cx(-,-)) on
X, whereas the parameter 1) is a nuisance parameter.
For example, in a bivariate covariate setting (i.e., d = 2), one could model the conditional

dependence between Y; and Y; by, say, a Frank copula with parameter 6(x), x = (z1,22) ',



6 IRENE GIJBELS!, MAREK OMELKA2#, MICHAL PESTA2 AND NOEL VERAVERBEKE3-4

where 0(x) takes values in R, since for a Frank copula, the parameter can take positive and

negative values. There are many possible modeling choices for #(x), such as

(i) 0(x) =¥ 4+ a1w1 + aswe, where thus p =2 and ¢ = 1;
(i) O(x) = + o121 + 0421‘% + azxo + 04430% + asxix9, Wwhere p =5 and g = 1;
(iii) O(x) = Y1 + Pax1 + axa, where p =1 and ¢ = 2;
(iv) O(x) = Y1 + ax1 + Y322 + a179 + @23 + azz1T2, where thus p = 3 and ¢ = 3.

Here ¢ refers to the dimension of the nuisance parameter since #(x) € R. Note that the

considered testing problem (3) is of a distinct nature for the different cases:

a) For (i) and (ii) this means that we are testing for no covariate effect.

b) For (iii) this means that we are testing for no effect from the covariate za, whereas
the covariate z1 is assumed to have a linear effect.

c¢) For (iv) we are testing for no effect from the covariate xo, whereas the covariate x
is assumed to have a quadratic effect and there is a possible first order interaction

between x1 and xs.

An important further remark is that, in contrast with the Frank copula, other copula
families have a restricted parameter space. For a Gaussian copula for example, § € (—1,1),
for a Clayton copula it is often assumed that 6 € (0, 00), and for a Gumbel copula 6 € [1, 00).

In case of a restricted parameter space, one must work with a link function g, viz.

0(x) = g{n(x)} = a(x; e, 9)

with n(x) as, e.g., in (i)—(iv) above. For example, considering (i) above, in case of a Clayton
or Gumbel copula, one could take g(x) = e* and g(z) = e” + 1 as link functions, respectively,

leading to

(iC) 0(x) = exp(v) + c1x1 + ox2);
(iG) O(x) = exp(V + @121 + agzo) + 1.

Obviously there are many possible choices of link functions, and many parametrizations of
the dependence parameter 0(x).

From the results in Sections 4 and 5 it can be seen that even when the parametric copula
function and/or the parametric form of #(x) (or the link function) are/is misspecified, the

proposed tests are still performing quite well when it comes to testing for no covariate effect.

3.2. Description of the suggested test. A detailed derivation and discussion of the sug-
gested test is provided for the case that the margins are not influenced by the covariate. The
proposed test, however, is also applicable when the margins are influenced by the covariate,

provided that appropriate pseudo-observations are used.
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3.2.1. Margins are not influenced by the covariate. Assuming that the margins are known,
Eq. (2) holds and the density of the covariate X does not depend on the parameters ¥ and
a, the log-likelihood is given by

ln(a, ) = ZlHC(Uu, Uzi; 0(Xy)) = Zln (Ui, Uiz a(X; o 9)),
i=1 i=1
where c(ul,ug; O(X)) is the assumed density of the copula of ¥; and Yo when X = x. Note
that if one could observe (Uy;, Us;), then the Rao score test of the hypothesis (3) would be

based on the score function

0
L «, ~
8a n( '(p) a:Opv’d’:'lpn
where Qan is the maximum likelihood estimator of ¥ when assuming a: = 0,,.
In practice the margins are usually unknown. If the covariate does not influence the mar-

ginal distributions, then one can replace the unobserved Uy;, Us; with the pseudo-observations
~ n ~ n
Uy = p— Fin(Y1;) and Uy = p—— Fon (Y2:), (4)

where Fi,, is the empirical distribution function of Yiq,..., Y7, and analogously for Fy,.

In addition to the lack of knowledge about the margins, the second problem encountered
in practice is that one can never be sure that the selected parametric form of the copula is
correct. Thus our aim is to construct a test that performs well, even if the copula family is

misspecified. That is why we denote

p(ur, uz,x; 0, 1) = Incg(ug, ug; a(x; a, 1)),

where cg(u1,uz;a(x; a, 1)) should be now understood as the copula density associated to a
Reference copula Cr that is not necessarily the true copula C'. The suggested test statistic
will be based on the score

n

Z SOL (ﬁl’b fj?i? X’Lv 0p7 IZn)v

1
S =
! \/ﬁizl

where

Sa(’LLL'LLQ,X;a,’l,b) - (U1,U2,X;a,'l,b)-

oo’
Finally for testing the null hypothesis (1), we suggest the following Rao-like test statistic

R, = ST {avar(S,)} 'S, (5)

where avar(S,) is an estimate of the asymptotic variance of S,,, that is consistent under the

null hypothesis.
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Derivation of a\a@n). We now give an insight into the construction of a@@n). Formal
derivations and results can be found in the Appendix. Since here we suppose that the margins
are not influenced by the covariate, we can work with the pseudo-observations (ﬁli,ﬁgi)
defined in (4).

Denote I(c;p) the Fisher-like information matrix of a random vector (Uy;, Uz, X;) and

note that this matrix can be written in block form as

o _ Iaa(a7¢) Ia’lﬂ(a?'lp)
I( ’w) <I¢a(av¢) I¢¢(aad))>7

where for instance Iy (o, ) = —E{8?p(Uy;, Uzi, Xi; ;1) / (8a 81,DT)} is the upper right

corner, which is a submatrix of dimension (p, q).

(6)

Let 7,~ZJ be the value of the parameter identified under the null hypothesis, i.e.,

Y = argmax E p(Uy;, Uz, X303 9).
"

Under the null hypothesis one then gets the asymptotic representation (see Lemma 3 in the

Appendix)
vn (%an - TZ) = {Lypy(0p, @Z)}_l\}ﬁ Z sy (U4, Uzi, X5 05, ¥) + op(1), (7)
i=1
where

0
Sy (U1, U2, X; o, 1) = o p(u1, uz, X; a, ).

Provided that one can proceed as in standard regular models (see the Appendices for

necessary conditions and technical details) one gets, with the help of (7),

- L Zsa(ﬁu, Usi, X5 0p; 17’) — Io(0p, %) V0 (1~Pn - 1~P) +op(1)

S
\/ﬁ =1

1 n — ~ ~
= % Z Sa (Uu, Ui, X5 0p, ":b)
=1

~ ~ 1 & - o~ ~
— Top(0,, 1) { Iy (0, )} 1% > sy (Uni, Uiy X5 0p39) + 0p(1). (8)
i=1
Now denote the joint score function as

s(u1, ug, X39) = (s, (u1, u2, X3 0p; 1), s, (U1, u, X; 053 9)) T,

where for notational simplicity we dropped the value of the parameter a which in what follows

is always set equal to 0,. Then, under the null hypothesis by Theorem 1 of the Appendix,

1 da o~ -
%ZS(UM,U%X%’!P)W pta(0piq: 2) 9)
i1
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as n — 0o, where
Y = var {S(Ul,UQ,X; 1,~b) —I—/ / [I{Ul S’Ul}—vl]s(l)(yl,vg,x;{b) dC(Ul,UQ) de(X)
0,12 JR?
—I—/ / [1{U2 <wy} — UQ]S(Z) ('1}1,1)2,X; 17)) dC(Ul,UQ)dFX(X)},
[0,1]2 JR

with C' being the copula of U; and Uy (under the null hypothesis) and s\9)(-) = ds(-)/du;.

Analogously as for the matrix in (6), let us write the matrix ¥ in block form as

> 2cxcx an
Tpa Dyy
Moreover for simplicity of notation put Iy = Iaqp(0p, Tp) and analogously for Inq, Iy and
Ipo. Now combining (8) and (9) yields

1 & - ~
S, = 7zsa(UliaU2i7Xi;0pa’¢n) WNP(OmV)a (10)
\/ﬁ i=1
where
V = (Lpxps —TapT50) = (Tpsepy T T L) T
pxps ~Lanplapy pXps — Larpdopy
= Zaa — Loy Ly Tpa — Zay Ly lpa + Tag Ly S Ly Tyas

with I,x, being the identity matrix of dimension (p,p). This result is formally stated in
Theorem 2 in the Appendix, where its proof is given.
The asymptotic variance of S,, can be estimated as

— 1

avar(S,) =

— Z,)", (11)

> (Zi—Z,)(Zi -
=1

where
T P £ DN L) g
Zi = sa(U1i, Uzi, Xi50p:%,) + 94 (Uri) + 94 (Uai)
~ o~ ~ o~ ~ ~(1) , ~ ~(2) , ~
— Loy Ilztll){s¢(U1iaU2iaXi§0p§¢n) +795p)(U1i) +19£[,)(U2i)}7
with
~ 1 — 5Sa(ﬁ1i,ﬁm,xi;a;'¢))
Toy = —— ’ ~
YT ; PVl a=0,p=1,,
N 8S¢([~]1ia[~]2iyxi§a§"p)
Ly = —— Z 3,¢,T ‘a=0p;1¢):{[’n7

n-
=1
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and for k € {1, 2},

~(k 1 n ~ ~ ~ o~ ~

191(3()(“) = > [1H{u < Ty} — Uiy s (U1, Usj, X3 0p, b,,),
j=1

~(k 1 & - . -~ -

9y (u) = 3" [t < Oy} - O] s (01 0oy X5:0,,5,).

1

J
3.2.2. Margins are influenced by the covariate. Often, the margins are influenced by the co-
variates. To remove this effect one can use various methods depending on what can be
assumed about this effect; see, e.g., the beginning of Section 5 in Gijbels et al. [12]. Let f/ﬂ
be the values of Yj; already adjusted for the effect of the covariate. Then mimicking (4) one

can define the estimated ‘pseudo-observations’ as
= n -~ = -~ n ~ ~
Ui = a1l Fin (Yﬁ) and Uy = T Fon (Y2%)7

where Fi,(y) = Yoy 1{}71% < y}/n is the empirical distribution function of the adjusted

observations }71“1, e ,?ﬁl and analogously for ﬁgn(y)

With properly adjusted pseudo-observations, the test statistic R,,, based now on the score
n

1 —~ —~ ~
=7 Z Sor (Ui Uai, X Op; by, )
i=1

will have the same asymptotic distribution under the null hypothesis as the test statistic,

Sy

when margins are not influenced by the covariate. It should be mentioned that it is only in
case of proper adjustments that the variance-covariance matrix V remains the same, and can
be estimated similarly as before (replacing (Us;, Us;) with (U, Us;) everywhere). See Gijbels

et al. [12] for details about possible appropriate adjustments.

3.3. Assessing significance. Provided that under the null hypothesis (9) holds, the estimate
of avar(S,,) given by (11) converges in probability to the regular matrix V, then the Cramér—
Slutsky theorem (under the null hypothesis) yields

R, ~ XZ (12)

as n — oo, where Ry, is given by (5). Thus for large sample sizes one can assess the significance
of the test statistic by using this asymptotic result.

In small and moderate samples we recommend to use a permutation procedure which reads

as follows.
(1) Keep ([711, ﬁgl), - ((71”, ﬁgn) fixed and permute X;,...,X,, to obtain X7,...,X*.
(2) Recalculate the test statistic based on triples (Ui, U1, X3), ..., (Ui, U2n, X3).

These steps are carried out for a large number of permutations, say B, and the p-value of the
test statistic is then calculated from the empirical distribution of these B ‘observed’ values

of the test statistic. See for instance p. 158 of Davison and Hinkley [8]. The permutation
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tests are exact only in the situation that the marginal distributions are not affected by the

covariate.

3.4. Impact of the reference copula choice on size and power of the test. Note
that in constructing the test statistic R,, we work with a reference copula Cr which may
differ from the true (unknown) copula. Our theoretical results however (see, e.g., Theorem 2)
are valid for any reference copula that satisfies the conditions of the theorems. This implies
that the proposed test remains consistent even if the reference copula is misspecified (i.e.,
is different from the true copula). Consequently, one might wonder how restrictive are the
assumptions under which the theoretical results hold. In the simulation study in Section 4,
we illustrate the finite-sample impact of misspecifying the reference copula. As long as the
parameter space of the reference copula allow to cover the type of dependence embodied
by the true copula, such a choice is safe. For instance, if the true copula describes negative
dependence, and the reference copula can only range over all non-negative dependencies, then
this is not a good choice.

One might wonder further about the power properties of the test under local alternatives.
It is outside the scope of the current paper to study this in detail. However, under an
alternative hypothesis when there is a dependence on x, the statistic S, would still converge
to a multivariate Gaussian distribution, but with no longer a zero mean, but with a mean
that depends on how 6(x) departs from a constant (say) under such a local alternative. As
a result the statistic R, would converge, under such local alternatives, to a non-central chi-
square distribution. In case of a misspecified reference copula, this would influence the size

of the non-centrality parameter, leading to a possible reduction of power.

3.5. Extensions. As was already pointed out via examples in Section 3.1, it is straightfor-
ward to apply our methodology for testing that only part of the covariate vector has an effect
on the conditional dependence structure. To formalize this, let X;g) stand for the set of
dy elements of X; for which we want to test whether there is an effect. Denote by X;g) the

remaining d — d; covariates. Thus one can write
X = (Xz‘T(S)’XiT(NS))T’
and analogously write x = (x(TS), XE—NS)). The testing problem of interest is then
Ho : Vxerx Ox = Ox(5),  Hi: Ixerx Ox # Oxg)-

The only difference is that now the function a(x;0,;1)) can still depend on X(s)-
To assess the significance one can again use that the test statistic converges under the null
hypothesis to a y2-distribution with p = d — d; degrees of freedom. Alternatively one can use

the modified permutation procedure which is as follows
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(1) Keep (611, (721, Xl(s)), R (ﬁln, ﬁgn, Xn(S)) fixed and permute Xl(NS)7 e 7Xn(NS) to

obtain XT(NS), .. ,X:L(NS).
(2) For each ¢ € {1,...,n}, put X} = (Xi(s): Xj(ng)) and recalculate the test statistic
based on triples ((711, ﬁzl,XT), ey (l//\'ln, ﬁgn, Xr).

Note that the above tests can be used also for variable selection in model building.

4. SIMULATION STUDY: UNIVARIATE COVARIATE X

In this section we consider a univariate covariate X so that we can compare with the
semiparametric test of Acar et al. [3] and the nonparametric test of Gijbels et al. [13]. First
we consider the problem of testing any effect of the covariate. We consider situations in which
the copula is correctly specified as well as settings where this is not the case. In a second
subsection we want to test for the presence of other than a linear term of the covariate in
the form of the conditional parameter, and in this case the parametric form of the copula is
always considered to be correctly specified.

The R-computing environment [19] was used to perform the simulations.
4.1. Testing for any effect of the covariate.

Distribution of the covariate. In all simulation models the covariate X is distributed uniformly

on the interval [2, 5], as in Acar et al. [3].

Margins. The main purpose of this section is to illustrate that the proposed procedure can
be used also in the same setting as in Acar et al. [3] and Gijbels et al. [13]. We therefore
restrict ourselves mostly to the case that the margins are not influenced by the covariate.
Only for one model we also present the results for the case that the margins are influenced

by the covariate.

Copula models. We consider two sets of models. The first set of models is as in Acar et al.
[3], and is listed in Table 1. These models constitute the semiparametric type of modeling
discussed briefly in Section 2.2. Note that under Model 1 the null hypothesis (1) holds.

TABLE 1. First set of models. The function 6(x) = g{n(z)} for the prespecified

copula family.

Family | Model 1 Model 2 Model 3 Link function
Frank 8 25 —4.2x 1+25(3—2)? g(z) ==
Clayton el exp(—1.2 4 0.8z) exp{2 — 0.5(x — 3.8)%} g(z) =€*
Gumbel | /2 +1 exp(1.5 — 0.42)+1 exp{—1+0.5(x —4)?} +1 | g(z) =¢® +1
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The second set of models consists of copulas that are mixtures of two copulas, viz.
Ca(u1,u2) = w(@) C1(ur, uz) + {1 — w(@)}Ca(u1, ug),

with the weight function w(z) and copulas C; and Cs as given in Tables 2 and 3, respectively.
Note that the null hypothesis (1) holds under Model 4 but that these copulas are not of the

form Cy(+,-) = C(+,;0(zx)), and hence with Models 4-6 we are in misspecification settings.
TABLE 2. Second set of models. The weight function w(z).

Model 4 ‘ Model 5 ‘ Model 6
w(w) =05 | w(z) = (z—2)/3 | w(z) = (x — 3.5)2/1.52

TABLE 3. Second set of models. The copulas C7 and Cs.

C 1 02

Frank - mixt independence copula Frank copula with 8 = 8

Clayton - mixt | independence copula  Clayton copula with 8 = 3

Gumbel - mixt | independence copula Gumbel copula with 8 = 2.65

For completeness we also consider Model 3, but now with margins that are influenced by

the covariate, as follows
Hi:Sin{27T(Xi—1/2)}+Eli, Ygi:é'm’, 1€ {1,...,71},

where the variables €1;, £9; and X; are independent variables, and where each of the variables
e1; and e9; has density 1 — |z| on the support [—1,1]. We refer to this as Model 3X in the
tables.

Sample sizes and number of samples. We consider the sample sizes n = 50, 100 and 200. We
generate 5000 samples to estimate the levels of the tests. Further 1000 samples are generated

to estimate the power of the tests.

Considered tests. For clarity of presentation we write the subscript R when denoting the
reference copula, the reference dependence parameter and the reference link function for
construction of our test.

The following tests are included in the simulation study:

e The test of Acar et al. [3] - A, (h) in (2.2.1) with cross-validation choice of the band-

width.
e The test of Gijbels et al. [13] based on the test statistic V;,; in (2.2.2).
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Further tests based on the suggested test statistic (5) are included, with the parameter
Or(z) = gr(¥ + a1 z + as %), (13)

where gp is a reference link function and we are testing that (a1, 2) = (0,0). We used the

following three reference copula families and reference link functions for constructing the test:

a) Frank family with gr(z) = z — R,-frank and R;perm)—fmnk
b) Clayton family with gr(xz) = exp{z} — Ry-clayt. and R%perm)—clayt.
¢) Gumbel family with gr(x) = exp{z} + 1 — Ry,-gumb. and R%perm)—gumb.

where the superscript ®¢"™) indicates that the permutation test is used to assess significance.

For the permutation procedure we use B = 999 throughout the paper. All tests are performed

at the nominal 0.05 significance level.

sign. level = 0.05 Model 1 Model 2 Model 3 Model 3X

50 100 200 50 100 200 50 100 200 50 100 200
Frank — A, (h) 0.051 0.064 0.059 | 0.480 0.836 0.985 | 0.401 0.822 0.995 | 0.455 0.735 0.990
Frank — Vi1 0.053 0.056 0.044 | 0.424 0.781 0.995 | 0.308 0.635 0.940 | 0.280 0.596 0.950
Frank — Ry-frank 0.053 0.057 0.050 | 0.340 0.757 0.987 | 0.591 0.911 1.000 | 0.501 0.906 0.997
Frank — RP“™)_frank 0.052 0.051 0.044 | 0.329 0.738 0.984 | 0.494 0.879 0.999 | 0.396 0.875 0.997
Clayton — Ay (h) 0.073 0.071 0.069 | 0.837 0.994 1.000 | 0.490 0.832 0.985 | 0.340 0.670 0.940
Clayton — V1 0.061 0.064 0.064 | 0.574 0.933 1.000 | 0.190 0.345 0.645 | 0.130 0.274 0.570
Clayton — Rp-clayt. 0.064 0.059 0.060 | 0.747 0.992 1.000 | 0.380 0.735 0.979 | 0.153 0.606 0.963
Clayton — RP¢™™ _clayt. | 0.050 0.046 0.050 | 0.677 0.987 1.000 | 0.306 0.670 0.971 | 0.110 0.524 0.951
Gumbel — My, (h) 0.063 0.067 0.070 | 0.217 0.446 0.745 | 0.265 0.592 0.925 | 0.340 0.565 0.955
Gumbel — Vy; 0.060 0.052 0.049 | 0.180 0.334 0.590 | 0.157 0.328 0.655 | 0.170 0.304 0.630
Gumbel — Rp-gumb. 0.060 0.057 0.059 | 0.207 0.445 0.802 | 0.272 0.690 0.962 | 0.201 0.669 0.942
Gumbel — RP™™) _gumb. | 0.046 0.046 0.051 | 0.176 0.380 0.768 | 0.273 0.659 0.954 | 0.220 0.631 0.934
Frank — Ry-clayt. 0.154 0.153 0.126 | 0.375 0.550 0.754 | 0.180 0.573 0.935 | 0.148 0.552 0.940
Frank — RP“™™ _clayt. 0.051 0.049 0.049 | 0.194 0.323 0.535 | 0.199 0.595 0.923 | 0.156 0.613 0.921
Frank — R,-gumb. 0.070 0.073 0.067 | 0.357 0.583 0.882 | 0.260 0.720 0.977 | 0.186 0.682 0.980
Frank — RPS™)_gumb. 0.048 0.049 0.047 | 0.271 0.501 0.833 | 0.332 0.765 0.979 | 0.275 0.734 0.982
Clayton — Rp-frank 0.060 0.060 0.058 | 0.659 0.979 1.000 | 0.161 0.447 0.881 | 0.076 0.459 0.875
Clayton — RP™™ _frank | 0.054 0.051 0.051 | 0.652 0.976 1.000 | 0.167 0.431 0.866 | 0.078 0.439 0.864
Clayton — Rp-gumb. 0.089 0.087 0.078 | 0.469 0.725 0.950 | 0.181 0.304 0.528 | 0.079 0.219 0.514
Clayton — RPS™™ _gumb. | 0.047 0.050 0.052 | 0.334 0.609 0.909 | 0.086 0.178 0.393 | 0.042 0.135 0.391
Gumbel — R,,-frank 0.053 0.058 0.055 | 0.214 0.411 0.703 | 0.387 0.683 0.937 | 0.319 0.693 0.940
Gumbel — RP™™)_frank | 0.050 0.049 0.049 | 0.180 0.352 0.674 | 0.297 0.612 0.921 | 0.240 0.636 0.928
Gumbel — Ry-clayt. 0.127 0.132 0.109 | 0.199 0.349 0.551 | 0.144 0.428 0.810 | 0.118 0.430 0.790
Gumbel — RP"™ _clayt. | 0.049 0.050 0.050 | 0.126 0.199 0.403 | 0.115 0.368 0.725 | 0.127 0.351 0.718

TABLE 4. In Models 1—38 the margins are not influenced by X. In Model 3X

the margins are influenced by the covariate. Rejection frequencies for sample
sizes n = 50,100 and 200.
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sign. level = 0.05 Model 4 Model 5 Model 6

50 100 200 50 100 200 50 100 200
Frank - mixt — Ap(h) 0.088 0.130 0.146 | 0.465 0.780 0.990 | 0.370 0.815 0.985
Frank - mixt — Vj1 0.054 0.058 0.053 | 0.405 0.715 0.930 | 0.097 0.185 0.445
Frank - mixt — Ry-frank 0.096 0.075 0.066 | 0.467 0.757 0.953 | 0.386 0.734 0.971
Frank - mixt — RP"™)_ frank 0.051 0.050 0.051 | 0.346 0.683 0.943 | 0.272 0.627 0.956
Frank - mixt — Rp-clayt. 0.053 0.057 0.061 | 0.164 0.414 0.805 | 0.267 0.563 0.832
Frank - mixt — RP™_clayt. 0.046 0.049 0.047 | 0.201 0.450 0.802 | 0.241 0.418 0.728
Frank - mixt — Rp-gumb. 0.056 0.055 0.058 | 0.174 0.490 0.863 | 0.293 0.650 0.929
Frank - mixt — RP"™)_gumb. 0.046 0.058 0.050 | 0.242 0.541 0.866 | 0.258 0.563 0.900
Clayton - mixt — A, (h) 0.363 0.350 0.337 | 0.540 0.845 0.975 | 0.580 0.895 1.000
Clayton - mixt — Vp1 0.054 0.053 0.052 | 0.400 0.710 0.935 | 0.080 0.171 0.425
Clayton - mixt — Ry,-frank 0.094 0.075 0.060 | 0.436 0.692 0.955 | 0.379 0.715 0.966
Clayton - mixt — RPS™)_frank | 0.051 0.048 0.047 | 0.325 0.611 0.940 | 0.259 0.616 0.952
Clayton - mixt — Ry-clayt. 0.055 0.068 0.068 | 0.190 0.530 0.909 | 0.419 0.787 0.982
Clayton - mixt — RP*"™ _clayt. | 0.051 0.056 0.050 | 0.202 0.555 0.909 | 0.353 0.629 0.948
Clayton - mixt — Rp-gumb. 0.059 0.043 0.047 | 0.127 0.351 0.765 | 0.167 0.465 0.855
Clayton - mixt — RPS™™ _gumb. | 0.056 0.048 0.052 | 0.164 0.456 0.802 | 0.180 0.430 0.819
Gumbel - mixt — A (h) 0.303 0.337 0.198 | 0.445 0.815 0.980 | 0.535 0.885 0.995
Gumbel - mixt — Vi1 0.049 0.048 0.042 | 0.417 0.729 0.985 | 0.083 0.175 0.430
Gumbel - mixt — Ry,-frank 0.098 0.077 0.067 | 0.435 0.766 0.960 | 0.443 0.764 0.981
Gumbel - mixt — RP™™_frank | 0.053 0.051 0.051 | 0.332 0.692 0.945 | 0.316 0.687 0.974
Gumbel - mixt — Ry-clayt. 0.053 0.058 0.061 | 0.141 0.351 0.796 | 0.257 0.534 0.855
Gumbel - mixt — RP"™ _clayt. | 0.051 0.056 0.051 | 0.190 0.395 0.795 | 0.234 0.416 0.767
Gumbel - mixt — Ry,-gumb. 0.050 0.053 0.059 | 0.225 0.545 0.956 | 0.390 0.784 0.989

Gumbel - mixt — RP"™ _gumb. | 0.050 0.052 0.053 | 0.287 0.611 0.950 | 0.346 0.673 0.980

TABLE 5. Models 4—6, the margins are not influenced by X. Rejection fre-

quencies for sample sizes n = 50,100 and 200.

The results are presented in Tables 4 and 5. To facilitate the reading of Table 4 we present
results for the test based on correctly specified copula models in the first block, and results for
misspecified reference copulas (and parameters/links) in a second major block. The second

block thus allows to judge how the test performs in case of reference model misspecification.

Some findings. The asymptotic y2-approximation of the distribution of the suggested test
statistic R,, under the null hypothesis is often (but not always) appropriate.

If the copula family is correctly specified (see the first block of Table 4) then the performance
of the suggested test (using the true copula) is usually comparable with the test of Acar et al.
[3]. The advantage of the suggested test is that it continues to work reasonably well even if the
copula family is misspecified. This can be seen by comparing results from the second block in
Table 4 with the corresponding ones in the first block, as well as by looking at Table 5. Note
also from Table 4 that when the margins are influenced by the covariate, and we are working
with properly adjusted pseudo-observations, the performances of the test are comparable; see
the column ‘Model 3X’.
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Relatively to its competitors the suggested tests do a slightly better job for ‘quadratic
models’ (i.e., Models 3 and 6). The reason is that in constructing the proposed test statistic,
we assumed that 6(x) is of the form (13). Thus for ‘linear models’ (i.e., Models 2 and 5) the

quadratic term is (at least in Model 2) useless.

4.2. Testing for other than a ‘linear’ effect of the covariate. In this subsection the
copula family and the link function g are always correctly specified. The null hypothesis is

that the copula parameter is of the form

0(z) = g(vo + Y1), (14)

where 1y and 11 are unknown parameters. The alternative is that the copula parameter has
a more complex form.
In our framework we test the above hypothesis by assuming for the reference dependence

parameter the ‘quadratic model’

Or(z) = g(vo + 12 + az?)

and testing the null hypothesis Hgy : @ = 0. Note that other ways of modeling the deviation
from model (14) are possible depending on what is assumed about this deviation.

As far as we know such a hypothesis was considered only in Acar et al. [3]. For comparison
purposes, we use therefore the same design. As in Section 4.1 the covariate X is distributed
uniformly on the interval [2,5] and the margins are not assumed to be influenced by the
covariate, except for Model 3X (with a same influence as before). The models are listed in
Table 6. We consider all the models used in Acar et al. [3] and also add two new models (see
Model 3 for the Clayton and Gumbel families).

TABLE 6. Models 1-3. The function 0(x) = g{n(z)} for the prespecified copula family.

Family Model 1 Model 2 Model 3 Link function
Frank 25 - 4.2z 1+25(3—x)? 12 4 8 sin(0.4 z%) glz) ==z
Clayton | exp(—1.2+0.8x) exp{2 — 0.5 (z — 3.8)?} exp{2 — 4 sin(0.42%)} g(z) =€
Gumbel | exp(1.5 —0.42) +1 exp{—14+05(x —4)?} +1 exp{—1+2sin(x)}+1| g(x) =" +1

Some findings. The results are in Table 7. The findings can be summarized as follows.

a) The test suggested in this paper is usually better in keeping the probability of Type I
error than the test of Acar et al. [3].

b) If the effect of the covariate is quadratic (and the family and link function are correctly
specified), then the suggested test has also slightly better power properties (when

taking the level properties into consideration).
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sign. level = 0.05 Model 1 Model 2 Model 3 Model 3X

50 100 200 50 100 200 50 100 200 50 100 200
Frank An(h) 0.050 0.044 0.045 | 0.202 0.320 0.605 | 0.606 0.931 1.000 | 0.247 0.905 0.999
Frank Rn,-frank 0.041 0.043 0.043 | 0.344 0.614 0.902 | 0.480 0.763 0.965 | 0.340 0.789 0.968
Clayton Ap (h) 0.160 0.126 0.094 | 0.345 0.615 0.920 | 0.965 1.000 1.000 | 0.861 1.000 1.000
Clayton Rp-clayt. | 0.038 0.043 0.039 | 0.303 0.629 0.947 | 0.481 0.784 0.955 | 0.398 0.784 0.968
Gumbel Ay (h) 0.132 0.102 0.090 | 0.189 0.257 0.420 | 0.560 0.820 0.992 | 0.312 0.776 0.994
Gumbel Rp-gumb. | 0.042 0.054 0.054 | 0.063 0.178 0.465 | 0.580 0.882 0.998 | 0.336 0.808 0.996

TABLE 7. Testing for other than a linear effect. In Models 1—38 the margins
are not influenced by the covariate. In Model 3X the margins are influenced

by the covariate. Rejection frequencies for sample sizes n = 50,100 and 200.

c) If the effect of the covariate is more complex than quadratic, such as in Model 3, then
the test of Acar et al. [3] has usually better power properties. The difference in powers
can be either substantial if the effect deviates much from the linear effect (Model 3
with Clayton copula) or moderate (Model 3 with Frank copula). In models where the
deviation can be well approximated by the quadratic function (Model 3 with Gumbel

copula) the difference in powers can be even in favour of the proposed test.

To sum it up, the test of Acar et al. [3] has very good power properties. Nevertheless, the
test proposed herein has the following advantages: (i) it is better in keeping the level even
under model misspecifications; (ii) it is not so computationally intensive (the computing time
is substantially smaller) as the test of Acar et al. [3] that requires to solve many (the sample
size times the number of the grid points in the cross-validation procedure) optimisation tasks,

due to the involvement of a smoothing parameter choice.

5. SIMULATION RESULTS: A MULTIVARIATE COVARIATE

In this section we consider a two-dimensional covariate generated by a two-dimensional
Gaussian copula with correlation coefficient equal to 0.5. First we consider the problem of
testing of the effect of the whole covariate vector. Then we test that only the first component

of the covariate influences the conditional copula as described in Section 3.5.
5.1. Testing for any effect of the (whole) covariate.

Considered models. In the simulation models we consider Frank copulas or mixtures involving
these. A first set of models, Models 1-3, involves a single Frank copula in which the parameter
function 6(x) is as listed in Table 8.

In a second set of models, Models 4-6, the conditional copula is given by

Cx(u1,u2) = w(x) Ci(ug,u2) + {1 — w(x)} Ca(uy, uz),
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TABLE 8. First set of models for the multivariate covariate setting, with Frank

copula family with parameter function 6(x) as listed.

Family ‘ Model 1 Model 2 Model 3
Frank ‘ 8 8 (w1 —2x2+1.5) 8[2/[1+exp{22% —4dz1 — 22} — 1]

with C7 and Cy as in the first line of Table 3 and the weight function w(x) = w(z1,x2) as in
Table 9.

TABLE 9. Second set of models for the multivariate covariate setting, with

T = (x1+ x2)/2.

Model 4 \ Model 5 \ Model 6
w(x) =05 | w(x) =7 | w(x) = 4(z - 0.5)°

Considered tests. The following test statistics are included in this simulation study:
a) The test of Gijbels et al. [13] given by the test statistic Vj,; in (2.2.2).
Further the proposed test using the following copula reference models:
b) Frank family assuming that 0z(x) = ¥+ a1 21 +ag x2 — Ry,-frank and R,(lperm)—frank;
¢) Frank family assuming that O (x) = ¢+a1 11+ag Ta+as 23+ 23 — R,-frank (quadr.)
and RPE™- frank (quadr.);
d) Clayton family with Or(x) = exp(¥) + aq 1 + ag x2) — Ry,-clayt. and R,(qp”m)—clayt.;
e) Gumbel family with §p(x) = exp{¥+aq r1+ag z2}+1 — Ry,-gumb. and Rq(q,pwm)—gumb.
Note that for most models (except for Models 1 and 2 with the linear or quadratic form for

the dependence parameter) we are in settings of misspecification.

Some findings. The results can be found in Table 10, and can be summarized as follows.

a) The nonparametric test of Gijbels et al. [13] performs very well compared to the
suggested tests.

b) Of course, there is some loss of power if the copula family is misspecified.

c) Note that the suggested tests (with the exception of R,-frank (quadr.) and R%perm)—
frank (quadr.)) have practically no power in Model 6. An explanation for this is that
in this model the effect of the covariate on the conditional copula is ‘quadratic’, but

these tests assume only a ‘linear’ effect.

5.2. Testing for an (partial) effect of the second coordinate of the covariate. We
consider Frank copulas or mixtures involving these. A first set of models, Models 1-3, involves

a single multivariate Frank copula in which the parameter function 6(x) is as listed in Table 11.



TESTING COVARIATE EFFECTS
sign. level = 0.05 Model 1 Model 2 Model 3

50 100 200 50 100 200 50 100 200
Frank - Vp1 0.051 0.050 0.048 | 0.517 0.911 0.995 | 0.218 0.458 0.800
Frank - R,-frank 0.047 0.047 0.046 | 0.622 0.949 1.000 | 0.258 0.458 0.768
Frank - RP"™)_frank 0.053 0.050 0.047 | 0.610 0.949 1.000 | 0.217 0.430 0.757
Frank - Ry-frank (quadr.) 0.055 0.056 0.058 | 0.476 0.887 0.999 | 0.182 0.364 0.707
Frank - RP"™)_frank (quadr.) 0.051 0.049 0.047 | 0.402 0.848 0.996 | 0.120 0.287 0.642
Frank - Rp-clayt. 0.141 0.144 0.111 | 0.502 0.771 0.940 | 0.258 0.371 0.559
Frank - R _clayt. 0.049 0.052 0.049 | 0.329 0.622 0.888 | 0.168 0.243 0.446
Frank - Ry-gumb. 0.061 0.065 0.052 | 0.582 0.854 0.986 | 0.231 0.410 0.671
Frank - RP¢"™)_gumb. 0.046 0.051 0.043 | 0.500 0.813 0.984 | 0.200 0.371 0.641

Model 4 Model 5 Model 6

Frank - mixt - Vp1 0.053 0.049 0.054 | 0.274 0.507 0.820 | 0.097 0.140 0.240
Frank - mixt - Ry,-frank 0.081 0.067 0.054 | 0.349 0.588 0.890 | 0.068 0.050 0.059
Frank - mixt - RP*"™_frank 0.047 0.050 0.049 | 0.273 0.531 0.871 | 0.048 0.047 0.052
Frank - mixt - Ry-frank (quadr.) 0.124 0.091 0.072 | 0.340 0.526 0.830 | 0.202 0.362 0.681
Frank - mixt - RP¢"™)_ frank (quadr.) | 0.051 0.047 0.047 | 0.189 0.416 0.770 | 0.107 0.263 0.593
Frank - mixt - Rp-clayt. 0.047 0.052 0.056 | 0.113 0.294 0.657 | 0.136 0.113 0.100
Frank - mixt - R -clayt. 0.058 0.054 0.050 | 0.150 0.349 0.647 | 0.077 0.049 0.061
Frank - mixt - Rp-gumb. 0.032 0.040 0.048 | 0.128 0.309 0.753 | 0.084 0.085 0.072
Frank - mixt - RP*"™ _gumb. 0.051 0.049 0.049 | 0.202 0.390 0.767 | 0.064 0.065 0.054

TABLE 10. Testing for any effect of the

influenced by the covariate. Rejection frequencies for sample sizes n = 50,100

and 200.

covariate (d = 2), the margins are not

TABLE 11. First set of models for the multivariate covariate setting, with

Frank copula family with parameter function 0(x) = g(n(x)) as listed.

Family | Model 1 Model 2 Model 3 Link function
Frank 8 8 (z1 +0.5) 8(x1 —2x2 +1.5) glz) ==z

Clayton et exp(—1.2+4 5z1) exp{—1.2+3z1 +3x2} g(z) =e€”

Gumbel | e'/2 41 exp(1.5—1.4z1)+1 exp{l.5 — 0.7z —0.7z2} +1 | g(x) = e +1

19

In a second set of models, Models 4-6, the conditional copula is given by (15), with C; and

(5 as in the first line of Table 3 and the weight function w(x) = w(z1,z2) as in Table 12.

TABLE 12. Second set of models for the multivariate covariate setting.

Model 4 | Model 5 |

Model 6

w(x) = 0.5 | wx) =1 | w(x) = (21 +12)/2

We want to test the null hypothesis that the conditional copula depends only on the first

coordinate of the covariate. Thus Models 1, 2, 4 and 5 represent the null hypothesis.
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sign. level = 0.05 Model 1 Model 2 Model 3

50 100 200 50 100 200 50 100 200
Frank — Rp-frank 0.050 0.052 0.047 | 0.048 0.053 0.057 | 0.722 0.977 1.000
Frank — RPS"™™)_frank 0.054 0.052 0.048 | 0.048 0.053 0.054 | 0.715 0.976 1.000
Clayton — Ry-clayt. 0.044 0.052 0.052 | 0.031 0.034 0.033 | 0.345 0.733 0.984
Clayton — RP™™ clayt. | 0.040 0.044 0.051 | 0.050 0.056 0.059 | 0.393 0.802 0.987
Gumbel — Ry,-gumb. 0.055 0.050 0.052 | 0.039 0.042 0.049 | 0.097 0.243 0.479
Gumbel — RP¢™™) _gumb. | 0.051 0.047 0.050 | 0.046 0.044 0.052 | 0.107 0.236 0.469
Frank — Ry-clayt. 0.092 0.110 0.090 | 0.087 0.104 0.091 | 0.506 0.791 0.958
Frank — RP™™) _clayt. 0.044 0.044 0.043 | 0.045 0.049 0.046 | 0.399 0.689 0.927
Frank — Ry-gumb. 0.056 0.056 0.056 | 0.052 0.054 0.056 | 0.598 0.909 0.994
Frank — RP™™ _gumb. 0.048 0.049 0.048 | 0.050 0.047 0.050 | 0.575 0.885 0.991
Clayton — Rp-frank 0.048 0.053 0.050 | 0.054 0.053 0.061 | 0.639 0.948 1.000
Clayton — RP™™)_frank | 0.048 0.052 0.049 | 0.053 0.052 0.059 | 0.641 0.943 1.000
Clayton — Rp-gumb. 0.058 0.061 0.052 | 0.040 0.054 0.062 | 0.281 0.576 0.894
Clayton — RP°™™ _gumb. | 0.043 0.046 0.048 | 0.045 0.051 0.052 | 0.282 0.561 0.870
Gumbel — Ry,-frank 0.042 0.054 0.053 | 0.044 0.046 0.046 | 0.103 0.187 0.396
Gumbel — RP™™)_frank | 0.045 0.053 0.050 | 0.052 0.050 0.046 | 0.115 0.200 0.392
Gumbel — Ry,-clayt. 0.085 0.091 0.084 | 0.087 0.086 0.089 | 0.129 0.204 0.265
Gumbel — RP™™ _clayt. | 0.044 0.046 0.050 | 0.050 0.048 0.060 | 0.082 0.127 0.192

TABLE 13. Models 1—38 (testing for a partial effect of the second covariate).
The margins are not influenced by the covariate. Rejection frequencies for

sample sizes n = 50,100 and 200.

The assumed copula (reference copula for the test) is a Frank copula (with gr(z) = x) and

GR(X) = ¢1 + ¢2 r1 + axa.
Thus we test the null hypothesis Hg : & = 0 and the assumed alternative is H; : a # 0.
The results for margins not influenced by the covariate are in Tables 13 and 14.

Next we have considered also a simulation setting where the margins are influenced by the

covariate in the following way
Vi =sin{27 (X1, — 1/2)} + Xos + 614, Yo =e2, i€{l,...,n},

where the variables £1;, £2; and (X1;, X2;) are independent elements. Further each of the
variables €1; and e9; has density 1 — |z| on the support [—1, 1]. For brevity we only present

in Table 15 the results for the Frank and Frank mixture models.

Some findings. The findings can be summarized as follows.

a) The suggested tests perform well (i.e., keep the level and have some power) even if
the copula family is misspecified. The price to pay is some loss of power.
b) Not surprisingly, there is also some small loss of power if the margins are influenced

by the covariate.
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sign. level = 0.05 Model 4 Model 5 Model 6

50 100 200 50 100 200 50 100 200
Frank-mixt — Rp-frank 0.065 0.063 0.062 | 0.073 0.060 0.051 | 0.158 0.237 0.382
Frank-mixt — RPS"™_frank 0.046 0.050 0.054 | 0.058 0.052 0.047 | 0.121 0.212 0.367
Frank-mixt — Ry,-clayt. 0.045 0.054 0.061 | 0.059 0.085 0.081 | 0.085 0.172 0.268
Frank-mixt — RP"™ _clayt. 0.054 0.050 0.053 | 0.058 0.060 0.045 | 0.100 0.146 0.199
Frank-mixt — Rp-gumb. 0.038 0.037 0.045 | 0.048 0.064 0.068 | 0.086 0.190 0.310
Frank-mixt — RP"™™ _gumb. 0.048 0.045 0.048 | 0.060 0.060 0.061 | 0.108 0.182 0.293
Clayton-mixt — Ry,-frank 0.068 0.066 0.058 | 0.061 0.055 0.051 | 0.127 0.203 0.386
Clayton-mixt — RP"™_frank | 0.047 0.052 0.050 | 0.046 0.046 0.045 | 0.104 0.175 0.353
Clayton-mixt — Ry-clayt. 0.043 0.054 0.061 | 0.055 0.078 0.088 | 0.084 0.176 0.371
Clayton-mixt — RP"™ _clayt. | 0.048 0.046 0.050 | 0.067 0.061 0.059 | 0.099 0.162 0.319
Clayton-mixt — Ry-gumb. 0.029 0.042 0.057 | 0.042 0.058 0.064 | 0.058 0.127 0.254
Clayton-mixt — RP"™ _gumb. | 0.046 0.049 0.059 | 0.056 0.052 0.056 | 0.078 0.141 0.261
Gumbel-mixt — Ry-frank 0.065 0.058 0.053 | 0.065 0.058 0.058 | 0.134 0.236 0.390
Gumbel-mixt — RP"™_frank | 0.045 0.048 0.047 | 0.050 0.049 0.053 | 0.106 0.215 0.365
Gumbel-mixt — Rp-clayt. 0.038 0.053 0.063 | 0.058 0.075 0.079 | 0.081 0.160 0.263
Gumbel-mixt — RP"™ _clayt. | 0.047 0.050 0.054 | 0.064 0.055 0.053 | 0.114 0.148 0.219
Gumbel-mixt — Ry-gumb. 0.033 0.048 0.048 | 0.052 0.066 0.064 | 0.096 0.217 0.420

Gumbel-mixt — RP“"™ _gumb. | 0.040 0.046 0.045 | 0.062 0.058 0.054 | 0.121 0.211 0.382
TABLE 14. Models /—6 (testing for a partial effect of the second covariate).

The margins are not influenced by the covariate. Rejection frequencies for
sample sizes n = 50,100 and 200.

sign. level = 0.05 Model 1 Model 2 Model 3
50 100 200 50 100 200 50 100 200
Frank — Ry-frank 0.059 0.044 0.047 | 0.064 0.047 0.056 | 0.248 0.715 0.998
Frank — RP“™™)_ frank 0.054 0.044 0.047 | 0.059 0.044 0.054 | 0.224 0.704 0.995
Frank — Ry-clayt. 0.069 0.090 0.089 | 0.065 0.076 0.078 | 0.220 0.674 0.968
Frank — RP“"™™ _clayt. 0.046 0.049 0.048 | 0.050 0.037 0.040 | 0.206 0.562 0.932
Frank — Ry,-gumb. 0.040 0.048 0.051 | 0.044 0.057 0.065 | 0.218 0.583 0.980
Frank — RPS™™ _gump. 0.048 0.044 0.047 | 0.049 0.059 0.060 | 0.229 0.553 0.974

Model 4 Model 5 Model 6
Frank-mixt — Ry,-frank 0.075 0.056 0.059 | 0.074 0.058 0.058 | 0.092 0.188 0.366
Frank-mixt — RP"™_frank | 0.054 0.047 0.049 | 0.054 0.050 0.052 | 0.070 0.163 0.352
Frank-mixt — Rp-clayt. 0.024 0.044 0.063 | 0.038 0.090 0.091 | 0.057 0.163 0.326
Frank-mixt — RP* ™ _clayt. | 0.059 0.049 0.052 | 0.068 0.086 0.061 | 0.107 0.174 0.254
Frank-mixt — Rp-gumb. 0.025 0.041 0.050 | 0.035 0.059 0.074 | 0.050 0.141 0.252
Frank-mixt — RP"™ _gumb. | 0.057 0.054 0.057 | 0.067 0.062 0.066 | 0.097 0.154 0.236

TABLE 15. Models 1—6 (testing for a partial effect of the second covariate).

The margins are influenced by the covariate. Rejection frequencies for sample

sizes n = 50,100 and 200.

6. REAL DATA EXAMPLE

As an illustration we revisit the data on hydro-geochemical stream and sediment reconnais-

sance from Cook and Johnson [7]. These data consist of the observed log-concentrations of
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seven chemicals in 655 water samples collected near Grand Junction, Colorado. The data can
be found, e.g., as a data set called uranium in the R package copula [16]. In the analysis we
focus on the relationship between Cesium (Cs) and Scandium (Sc), given some of the other
chemicals.

For the analysis we use the Frank copula as the reference copula in our testing procedure.
This copula can capture both positive and negative dependencies, and it is in conformance,
e.g., with the fact that the dependence between these two variables is not extreme-value
[5]. The loess function in the R software was used to adjust for the possible effect of the
covariates on the margins. For testing for the effect of a single covariate (z) we consider the

conditional parameter of the form
Or(z) =Y + a1z + az 2?.
For testing any effect of a two-dimensional covariate (x = (x1,x2)) we use
Or(X) = ¥ + a1 o1 + ap o3 + Az xo + oy T3 + a5 1 T

Finally, for testing a partial effect of the second covariate (x2) when the first covariate (1)

is included we consider the model
Or(x) = Y1 + Yo a1 + Y327 + o 22 + a2 25 + a3 21 2.

Further to stabilize the effect of covariate we transform the values of the covariates into
(marginal) ranks. For comparison we also included the results based on the statistic V1 in
Gijbels et al. [13]; see also Sections 4.1 and 5.1. Results for testing for a partial effect are of
course not available (NA) for this nonparametric test.

Some of the results are presented in Table 16. Note that when considering any effect of
the univariate or multivariate covariate (lines 1, 2, 3, 6 and 7), our findings are mostly in
agreement with the findings based on the statistic V,,;. The only exception is the effect of
Lithium (Li) on line 6 which is not significant when testing with the help of V,,; but it is
slightly below the standard level of statistical significance when using the test statistic (5).

The new findings are on lines 4, 5, 8 and 9 concerning testing for partial effects of a bivariate
covariate vector. The results suggest that Co has an effect on the conditional copula even
if Ti is included (line 4). On the other hand when Co is included the effect of Ti is only
borderline (line 5).

Acknowledgments. The authors are grateful to the Editor-in-Chief, Associate Editor and

the reviewers for their valuable comments, which led to an improved manuscript.

APPENDIX

In this appendix we show all the results needed to prove (12) when margins are not influ-

enced by the covariate. First we start with some auxiliary results of independent interest.



TESTING COVARIATE EFFECTS 23

TABLE 16. p-values for the test of the simplifying assumption of Cesium and
Scandium when conditioning on one other chemical (lines 1, 2, 6) or two
additional chemicals (lines 3 and 7). Lines 4, 5, 8 and 9 contain the p-values
of the test that the conditional copula is affected by the first variable provided

that the second variable is included.

Cov. effect Va1 Ra-frank R%perm)—frank:
Ti 0.001 0.001 0.001
Co 0.003 0.001 0.001
Ti and Co 0.001 0.001 0.011
Co when Ti incl. | NA 0.003 0.005
Ti when Co incl. | NA 0.090 0.097
Li 0.151 0.018 0.021
Ti and Li 0.001 0.001 0.001
Li when Ti incl. | NA 0.010 0.011
Ti when Li incl. NA 0.001 0.001

Then we subsequently prove the asymptotic normality result (9), the asymptotic represen-
tation (7), asymptotic normality of (10) and finally the consistency of the estimator of the

asymptotic variance estimator (11).

A1l - Auxiliary results. We first introduce the notion of U-shaped functions (see, e.g.,
Shorack [20]).

Definition 1 (Subclasses of U-shaped functions). A function r : (0,1) — (0,00) is called
U-shaped if it is symmetric about 1/2 and decreasing on (0, 1/2].

(i) Let V be the set of continuous functions v on [0, 1], such that 1/v is U-shaped and
JH{o(t)}2dt < oo
(ii) For 0 < 8 < 1 and a U-shaped function r, we define

r(p5t) if0 <t <1/2,
rp(t) = .
r{l—pg(1 -t} ifl/2<t<1.

If for every 3 > 0 in a neighborhood of 0, there exists a constant Mg, such that rg < Mgr
n (0,1), then r is called a reproducing U-shaped function. We denote by R the set of

reproducing U-shaped functions.

Before we proceed, we need to generalize the results of Genest et al. [9] and Tsukahara [24]
for a score function, which is also a function of the covariate. Let Rx C R¢ be the support
of X and let J be a function from [0, 1]? x Rx to R.
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Suppose we observe independent random vectors (Y11, Y21, X1), ..., (Yin, Yon, X;,). Recall
that (ﬁ1i7ﬁ2i) are given by (4) and (Uy;, Uy;) = (Fl(Yli),Fg(Ygi)), where I and Iy are the

marginal distribution function of Y7; and Ys;, respectively.

Definition 2 (Class of Ji- and Jo-functions). A function J is called a J;-function if J is
continuous on (0,1)? x Rx and there exist functions 71,70 € R and M : Rx — R such that

| (w1, ug, x)| < M(x)r(ur) re(uz), (A1)

and
E{M(X) 7“1(U1)T2(U2)} < Q. (AQ)

Furthermore, a function J is called a Jo-function if there exist functions r1,79,71,72 € R,
vi,v9 € V, and M : Rx — R such that

| (w1, w2, x)| < M(x)r(ur) ro(uz),
T (uy, ug, x)| < M(x) 71 (ur) r2(ug), |JP (ur, ug,x)| < M(x) 1 (u)ia(ug), (A3)
where JU)(-) = 8J(-)/0u; (§ € {1,2}) is continuous on (0,1)? x Rx, and

E{M(X)r(Ur) r2(Uz)}* < o0,

- - (A4)
E {M(X) ’Ul(Ul)’I“l(Ul)TQ(UQ)} < 00, E {M(X) ’L)Q(UQ)T’l(Ul)T‘Q(Ug)} < 00.

Lemma 1. If J is a Ji-function, then

]. i = = T

=3 (O Uiy Xi) = B{J(U1, U2, X)}.

i=1

Proof. Due to the law of large numbers, it is sufficient to show that

I~ 7 7 RS Pr

Dy = |- i, U2i, X)) — — i, U2i, X : A
nZJ(Ul Usi, X5) nZJ(Ul Usi, Xi)| ——— 0 (A5)

i=1 i=1
Let € > 0 be given. For a given 6 € (0,1/2) (that will be specified later on), consider the

set
Is = {(u1,u2) : (u1,uz) € [0,1 —6)*}. (A6)

Thanks to the assumptions of the lemma, one can choose § > 0 and a compact set K C Rx
such that

E[M(X) Tl(Ul) TQ(UQ) 1{(U1, UQ,X) Q I5 X K}] < E. (A7)
Now, we introduce the set of indices

J5 = {’L : (Uli,UQZ',Xi) S 15 X K} (AS)
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and note that D,, introduced in (A5) can be bounded as

1 ~ 1
< | = . . P I . . .
< |0 D (U Uz Xa) = = > T (Ui Uz Xa) (A9)
1€Js i€Js
1 ~ o~ 1
— i Ui, Xi)| + — i U2y X))l Al
+n§rJ<U1 0 >r+n§|J<U1 Uni, X)| (A10)
1¢Jds 1ZJ§

Using (A1), (A7), and the law of large numbers, the second term in (A10) can be bounded as

1
- Z |J (U1, Uzi, X5)| < — ZM )1 (Uns) r2(Usq) 1{ (U1s, Uss, X;) € Is x K}
1€Js
= E[M(X) 7“1(U1)7“2 U2 1{(U1,U2,X) Z 15 x K}] +0P(1)

<e+op(1). (A11)

To bound the first term in (A10), Lemma A3 by Shorack [20] assures that there exists . €
(0,1) such that for all sufficiently large n

Pr{Vicq1,.n} Vieq1,2y Be Uji < Ui <1-8.(1-U;)} >1—e. (A12)

Taking into account (A12) and (A1) the first term in (A10) can be bounded with probability

greater than 1 — ¢ as follows

1 S
- Z |J (U4, Uz, Xy)| < = ZM ) r18. (Uni) rag. (U2i) 1{ (U1, Us, X;) € Is x K}
1€Js
= E[M(X) r15.(U1) r26.(U2) 1{ (U1, U2, X) ¢ Is x K}] + op(1)

< 0(e) + op(1). (A13)

By the uniform convergence of an empirical distribution function and the continuity of the
function J, the term on the right-hand side of (A9) converges to zero in probability. This
combined with (A11) and (A13) implies the statement of the lemma. O

Remark 1. Note that in our context X is independent of (Uy, Uz). Thus assumption (A2) can
be replaced with

E{M(X)} < 00, E{T’l(Ul)TQ(UQ)} < 00.
With the help of Hélder’s inequality it is easy to show that a sufficient condition for the
second assumption is that for some § > 0
—1+46 —146

ri(u) ={u(l—wu)} 7, rau)={u(l-uw)} 7,

where p, ¢ are positive constants such that 1/p+1/q = 1.
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Lemma 2. Let J be a Ja-function, and assume that E{J(U;,Us2,X)} = 0. Then
iznjj(ﬁ» Uy X~)—izn:¢(U- Usi, X;) + op(1)
\/ﬁ = 1y Y2iy ) — \/ﬁ v 1y U245 £ P )

where

d(ur,ug,x) = J(uy, ug, X) +/ [1{u1 <wv}-— Ul]J(l)(’Ul,’Ug,X) dH (v1,v2,x)
[0,1]2 xR

+/ [1{us < va} — s J? (v1,v2,x) dH (v1,v2,%),
[0,1]2x R4
where H stands for the joint cumulative distribution function of (Uy, Uz, X).

Proof. The proof will be divided into two steps. First, we will show that

1 &~ ~ 1 <«
\/ﬁ;J(Uu,Uzz’,Xz‘) = \/ﬁ;J(Uu,Uzz’,Xz‘)
- B . (A14)

1 . _
+ ; \/H;J(J)(Uli;U%;Xi)(Uj‘ —Uji) +op(1),

and second, we will prove that
1 <~ ~
il E (17 s X N
\/ﬁ = J J (Ulza U27,7X2)(U]’L Uj )

- \/152/ [1{Uji < vj} —vj] J(j)(vl,vz,x) dH (v1,v9,%x) +0p(1), (A1)

which together with (A14) provides the statement of the lemma.

Step 1: Proving (A14). By the mean value theorem,
L En J (Ui, Uy x-)——1 Ean(U- Uy, X;)
\/ﬁ £ 14, V24, g ) — \/ﬁ < 13y Y24y 40
2 n
1 . -
7 O~ U~ XU — U
"’]E_l Jn '§_1 JOUT;, Ug;, Xa) (Uji — Usi) (A16)

where U;i lies between ﬁj,; and Uj;. In what follows, we show that one can indeed replace
JON(U;, Us;, X;) with JU)(Uy;, Uy, X;) in (A16).
For n € [0,1/2) and ¢ € (0,1/2) (that will be specified later) define the processes

Vi [Fj{ 7 ()} = ]

an(u) - u’i(l — u)n )

ue (0,1). (A17)
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and

- n |15 Fiy FYu) —u
Fjn(u) = \F[nﬂun(l{_ju)v(v Jall

{ue [6/n,1—-6/n]}

+ Fjn(u) 1{u & [5/71, 1-— 5/n] } (A18)
First of all note that

~ n (-2 Fp{F7 N (u)} — u
Fjn(u) — Fjp(u) = \F[nﬂun](l{_]u)?(? -l —Fjn(u)| 1{ue [6/n,1-05/n]}

Vi [ Fju F7 (w)}
- P s e -,

which implies that

Y Fp{ 7 (u)}
wl(1 — u)n

sup [Fin(w) ~Fpuw) € sup
u€[0,1] u€e [(5/n,1—5/n]

Vi L
S ar 1 Qg @ —amy o (A19)

Further note that

Vi [ Fjn{F} " (w)} — u]

Fjn(u) = = + Bj, (w),
with .
n |1 Fip{F (u)} —u
Rj,(u) = [an(u) o [”“unu{_"u)fy - ] {u ¢ [6/n.1—6/n]}.

which is always nonnegative. It can be seen that, for j € {1,2},

Pr{ glax }R W(Uji) = O} = Pr <lr£1n Uj; > §/nand max Uﬂ <1l- 5/n)
ie{l,...,

> Pr( min U]Z>5/n)+Pr(r£1ax Uﬂ<1—5/n>— .

1<i<n
Since
Pr(lglll?nUﬂS(s/n) Pr(rgagx Uji>1— 5/n> =(1-4/n)",
we obtain
P R Uj;)=0p>2(1-6/n)" —
r{zegl,a}f } (U1 } >2( /)
Hence,
br {]IGIED;} ze?ll,a}fn}R ( ji) 7& O} s Pr {zenll,a}fn} Rilsn(Uh) ?é 0}
—f—Pr{ max RS, (Us) # 0}
i€{l,...,n}
< 2{1-2(1-¢/n)"+1}=4—-4(1-6/n)".
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Consequently,

1) _
Note that the right-hand side of (A20) tends to —3 + 4e~%, as n — oo, for any § € (0,1/2);
in the limit, for § going to 0, this bound tends to 1. So, by taking ¢ sufficiently small we get
that the event
1) 1)

45 = gy s, B0 = 0} = {0 ¥ic U € 1 =8/l ()
Therefore for the rest of the paper, we will work on the intersection with this event. Note
that (on A?)

V(Ui — Uji)
Ugi(1 = Uya)"

max max
je{1,2}ie{l,...,n}

- By (U30)]-
e wnax | [Rjn(Ua)]

Using this together with the Chibisov—O’Reilly theorem (see, e.g., Shorack and Wellner
[21], p. 462) for the process Fj,(u) and (A19) yields that

\/ﬁ(sz‘ - Uj')
jgﬁ}g} iegl?%n} Uji(l — Uj;)" p(1) (A22)

Now, let ¢ > 0 be given. Then, let us introduce I5, K and Js as in (A6) and (A8) with ¢

chosen such that
E [M(X)v1(U1)71(U1)r2(Uz) 1{(U1,U2,X) ¢ Is x K}] <¢,

; (423)
E [M(X) Ug(UQ)?“l(Ul)T'Q(UQ)l{(Ul, UQ,X) ¢ 15 X K}] < e.
With respect to (A22), one can bound (on A2)
L= i) oo ~ 1 <~ ~
‘\/ﬁ Z T, Usy, Xa) (Uji — Uys) — 7n ZJ(J)(UM; Ui, X3) (Uji — Ujs)
i=1 =1
1 . j * * j
<Op(1) - Z; ‘J(])(Uu, Us;, Xi) = J9 (Ui, Uai, X5 Ujl(1 = Uj)"
< 0p(1) { - 32 70w, U5, X0) — TO (U, Ui, Xo) (424)
i€Js
1 j * *
=3 W, U3 X) | UL = Uy (A25)
i)
1 .
—i—; Z ’J(])(Uh', UQi,XZ‘) anl(l — Ujiy] . (AQG)

iZJs
The term on the right-hand side of (A24) converges in probability to zero by the continuity
of JU). To deal with the term in (A25), one can choose 1 in (A22) arbitrarily close to 1/2.
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Thus similarly as in (A13), using (A12), (A3), (A23), and the law of large numbers, one can
bound (on A?)

1 1 * * 1 ~
- > ’J(])(Uu, Uz, Xi)| Uji(1 = Uz)" < 0Q1) — > vi(Us) #5(Usi) r3— (Us—j.)
i€t 1ZJs
< O(e) +op(1).

Analogously, one can also treat the term in (A26), which completes the proof of (A14).

Step 2: Proof of (A15). Let n € [0,1/2) be chosen such that vj(u) = O{u"(1—w)"}. Similarly
as in Step 1 of the proof, we will work on the intersection with the event A% defined (A21).
On A9 one has

\FZJ Uh,Ugl, Z)( z* - Zh Ul’LaUZ’L’ z) (A27)

where
En('LL1,U2,X) = J(j)(ul, ug,X) u;'(l — uj)”ﬁjn(uj),
with an defined in (A18). Further with the help of (A19) one has (on A9)
Fin(Usi) — Fin(Uss)] < o(1),
max  max | [Fin(Ui) = Fia(Uy)| < o(1)
where Fj,, is defined in (A17). Now using (A27) one gets

n

ZJ Uh,UQZ, l) (ﬁﬂ — Uji) = %Zhn(UliyUQhXi) —l—Op(l), (A28)
i=1
where hy, (u1, u2,x) = J9) (ug, ug, x) u?(l — u;)"Fjn(uj).

Now, by the Chibisov—O’Reilly theorem the process {]an cu € (0, 1)} converges in distri-
bution in the space of bounded function ¢>°([0,1]) (equipped with the supremum metric p).
Hence, by Theorem 1.5.8 of van der Vaart and Wellner [25] the process is asymptotically tight
and thus for each £ > 0 there exists a compact set K C £°°(]0, 1]) such that

l%rr_l}ioréf Pr(Fj, € K. 0) > 1 ¢,

where Koo = {g € £>°([0,1]) : dist(g9,K) < €/2} is an (¢/2)-enlargement around K, with
dist(g, K) = infzex 0(g, ). Thus, Pr(h, € H.) > 1 — ¢, where

He = {(w1, ug,x) — J9 (uy, ug, x) U?(l —u;j)"g(uj), g € ’Cs/2}'

Moreover, as the set K is compact, it can be covered by finitely many balls of radius /2.
Hence, for each € > 0 the e-bracketing number of K,/ with respect to the supremum norm is
finite. Since E[JU)(Uy, Us, X) UJ(1—Uj)" < oo, it is straightforward to show that for each
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€ > 0 the e-bracketing number of H, with respect to the Li-norm is finite. One can proceed
as in the proof of Theorem 2.4.1 of van der Vaart and Wellner [25] to show that for each ¢ > 0

1 n
sup | — Z (U1, Ui, X;) — E{R(U1, Uz, X)}| < &+ op(1).
heM. (N

Combined with the fact that with an arbitrarily high probability for all sufficiently large n
the function h,, lies in H,., this implies that

1 n
~ > (Ui, Uzi, Xi) = Bz {hn (U1, Uz, X)} + 0p (1), (A29)
=1

where Ez stands for an expectation taken with respect to Z = (Uy, U2, X). We stress this
here since the random function h,, (depending on (Uy;, Us;, X;), i € {1,...,n}) is considered

as fixed. It remains to calculate
L § ()
Ez{hn(Ul,Uz,X)} = ﬁz [I{Uji §vj}—vj] J (Ul,UQ,X) dH(Ul,UQ,X),
i=1
which together with (A28) and (A29) provides (A15). O
Remark 2. Analogously as in Remark 1, if X is independent of (Y7,Y3), then (A4) is satisfied
if

—1/246 —1/2+46
E{M(X)}? <oo, ri(w)={ul-uw} 7 . m={ul-u} ¢

for some § > 0 and p, ¢ positive constants such that 1/p+1/q = 1.

A2 - Theorem 1 and proof of (9). To proceed we need to formulate needed regularity

assumptions.
Assumptions R:

R1. The function p(u1, ug,X; a; 1)) is continuously differentiable with respect to ac and ¥ for

all (uq,ug,x).

R2. The function R(¢) = E{p(Uis, U2, X;;0p; %)} has under the null hypothesis a unique

maximizer .
R3. Under the null hypothesis E {sa(Uh-, Usi, X3 0p; 17))} =0,.

Foreach k € {1,...,p+q}, let us denote the kth element of s(u1, uz, x; ¥) by si(u1, u2, x;).
RA4. For each k € {1,...,p+ ¢}, the function sg(-, -, ,'1,~b) e Jo.

Theorem 1. Assume that Assumptions R1-R4 hold. Then, under H,

\/lﬁ > " s(Uni, Uni, X5 9) = \}ﬁ > d(Ui, Uni, Xi) + 0p(1), (A30)
i=1 i=1
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where
B(ur,uz,x) = s(ug, uz, x; )

/ / [1{us < v} — Ul] (Ul,vz,x; ;P) dC(v1,v2) dFx(x)
0,12 JRd

+/ / [1{uz <o} — vg]s@) (v1,v2,%; 1~b) dC(v1,v9) dFx(x), (A31)
0,12 JRd

which further implies (9).

Proof of Theorem 1. The asymptotic representation (A30) follows due to Lemma 2 applied to
each element s (u1,u2,x;) of the score function. The central limit theorem for independent
identically distributed vectors provides the asymptotic normality result (9). The existence of

a finite variance matrix is guaranteed by Assumption R4. O

A3 - Proof of representation (7). Let us define the partial score function as a function of

the nuisance parameter 1, i.e.,

1 & -

W) = = > su (Ui, Usis Xi; 0p, 1)

gt
Thus, the estimator QZJH of the nuisance parameter @ under the null is a solution of the
estimating equations Wn(;bn) = 04. In order to obtain some properties of J)n, the following
additional assumptions are postulated.
Assumptions I:

I1. The function s(u1, ug, X; %) is assumed to be continuously differentiable with respect to
for all (u1, ug,x). Further there exists an open neighborhood U of 7,~ZJ such that 0s(uy, ug2,x; ) /0
is continuous in (0,1)? x Rx x U and there exists a dominating function h(uy,us,x) € Ji
such that

sup

= 81,b

I2. The ¢ x g matrix Iy = —E {0sy (U1, Uz, X;0,, 1)/0% "} is nonsingular.

(U17U27X @ZJ)H < h(u,ug, x).

Lemma 3. Suppose that Assumptions 11, I2, and R1-R4 are satisfied, then (7) holds.

Proof of Lemma 8. Similarly as in the first part of the proof of Theorem 1 by Tsukahara [24],
we employ Theorem A.10.2 of Bickel et al. [6] for W, (1)) and the corresponding estimator 1,~bn
Note that Assumption (GMO) in that theorem is trivially satisfied due to Assumption R2.
Moreover, Assumptions I1 and I2 imply Assumption (GM3). Assumption (GM2) is also
satisfied as by Theorem 1

72% (Ui, Ui, X3 ) = Zﬁ% (Ui, Uzi, X;) + op(n=1/3),
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where ¢,, are the corresponding components of ¢ which is given in (A31). Thus, it remains
to check Assumption (U) from Theorem A.10.2. Therefore for each ¢ > 0 and for each
j. e {1,...,q}, it is sufficient to find a neighborhood U = { € U : || —2p|| < £} such that

3,4)
sup g Sap, U Z,U iy X3 0p, 0 <e+op(l
i 9¢ "/’J( 1 2 p ) 1,[; P( )

where Ig;f) stands for the (7,¢) element of Ly..
For simplicity of notation, let us put g;e(u, uz,x;19) = 0sy j(ur, uz, x;0p,) /0. As-

sumption I1 allows to adapt Lemma 1, which gives
1 ig-e(fh- Usi, Xi3 ) — 700 _ op(1).
n 4 - 7y ‘3 (3 (3 qp',/)
1=
Hence, it remains to show
Dn - 12115 Zgjf U117U217X271/) Zgjf U117U217X17¢) < €+0P(1) (A32)
cle =1

For a given 6 € (0,1/4) (that will be specified later on), let us introduce the sets I5 and Js as
n (A6) and (A8). Then the left-hand side of (A32) can be bounded by

Dn = sup |— Zggé U117U217X17¢ Zgjé UluUQuXu"p) (A33)
YeUe nZ€J5 Z€J5
9 ~
2N WUy, Usy, X5). A34
+n§ (Uti, U2iy X) (A34)
1¢Js

With probability going to 1 for each sufficiently large n, if (Uy;, Us;) € I, then ((711-, (721) €
I5/5. Thus for each ¢ € (0,1/4) the right-hand side of (A33) can be made arbitrarily small
(Assumption I1) up to op(1) term by considering a sufficiently small neighbourhood U..

Finally, analogously as in the proof of Lemma 1, one can show that

— Z (U, Uz, Xi) < O(1) E [M(X) r1(U1) 72(Us) 1{(U1, Uz, X) ¢ Is x K}] +o0p(1), (A35)
ZQJ,;

where K is a compact subset of Rx. The right-hand side of the inequality (A35) can be
made arbitrarily small by decreasing § and enlarging K. Combining (A33), (A34), and (A35)
verifies (A32). Thus by Theorem A.10.2 of Bickel et al. [6] one gets

v (, — ) = {Izpzp(op:;ﬁ)}l\/lﬁ Z &y (U, Uni, X5 0,,9) + op(1),
=1

which together with Theorem 1 gives (7). O
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A4 - Theorem 2 and proof of (10).
Theorem 2. Under Assumptions 11, I2, and R1-R4, (10) holds.

Proof of Theorem 2. Let sq,; be the jth element of the vector function s and S, ; the jth
coordinate of S,,. By the mean value theorem and using Assumption I1, there exists ¢Z,

which lies between 17Jn and 1,~b, such that

Z Sej (Uni, Uniy X3 03 40,,)

1
S =
" Vn i=1

Zsa,j(ﬁn,ﬁzi,xi;ﬂp,{b)
q 1 n 6 N N
Zﬁ;7 aJ(Uth%aXZaOpa"p ) \/ﬁ(d}n,ﬁ —T/Jg), (A36)

where {/;mg and 1’/;5 are the fth elements of an and 17[3, respectively.
Analogously as in the proof of Lemma 3, one can show that

n

1 0
HZ a@bg Sa,j(UllvUQ’LleaOpv,lnbn) - I( 1/;)+O ( )
=1

for all j € {1,...,p} and ¢ € {1,...,q}. The above equation combined with (A36) and
Lemma 3 yields that, for all j € {1,...,q},

1< ~ = ~
Sn.j = N Zsa,j (U1, Ui, X5 0, 7)
=1

+I(J71)p Iwwfzs¢ Ul’LaUQ’LaX’L70p7¢n) +0P( ) (A37)

where ng)p is the jth row of the matrix I . Hence, Theorem 1 (requiring Assumptions R1-

R4) and (A37) imply

I & ~ =~ ~
Sn = (Ipxp, —fmpI;,lj,)T > " s(Uni, Uni, X3 9) + op(1)
(it
—1 —1 —1 -1
= Np(0p, Baa = Loy Ly Bper — Do Ly Tpa + Loy Ty Spap Ly Ipar) s
where I, is the identity matrix of the dimension (p, p). O

A5 - Proving consistency of the asymptotic variance estimator (11). To proceed it
is useful to generalize the notion of Ja-functions introduced in Definition 2 so that it includes

also the parameter 1 from a parameter space O;.
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Definition 3 (J-functions). A function J : (0,1)2 x Rx x Oy is called a Jo-function if there
exist functions r1,7r9,71,72 € R, v1,v2 € V, and M : Rx — R such that

sup ‘j(ul,uzx;iﬁ)‘ < M(x) ry(u) r2(u2),
¢€@¢

sup j(l)(UhU%X;l/J)’ < M(x) 71 (u1) r2(u2), sup ‘j@)(ul,uz,x;iﬂ) < M (x) ry(ug)7a(us2),
1,[16911, ¢€@¢

where JU)(-) = 8.J(-)/0uj, j € {1,2}, is continuous on (0,1)? x Rx x Oy, and (A4) holds.
Theorem 3. Let Assumptions I1, I2, and R1-R4 hold. Suppose that there exists a neigh-

borhood U 0f1~p such that for each k € {1,...,p+ q}, the function sg(-,-,-,-) € T (with U
taken in place of Oy ). Then under the null hypothesis avar(S,,) % V.

Proof. Note that from the proof of Lemma 3 it follows that fdﬂ!’ LN Iy and completely
n—oo

analogously one can show that fa¢ SLLEN Ioqp and also that
n— o0

Zsk UlZaUQ’LaXZa'lnbn) Sk"(Ull?UQ’LaX’La'lpn) —> E{Sk(UbUQ?X 11b) Sk”(UlaUZaX d))}

for each k, k" € {1,...,p+ q}. Now the proof is finished provided that one shows that for
each k, k' € {1,...,p}

L~ 7 50 (7 1 1

=3 Bk (U1i)Ba e (Uni) = E{95,(U1) 95),(U1)} + op (1),

n
i=1

where
ﬁg)k(u) = / [1{u < v} — vj]s,gj)(vl,vg,x;@)dC(vl,vg)de(x), je{1,2}.

All the remaining terms can be handled analogously. Note that one can choose n € [0,1/2)
such that uniformly in u € (0, 1)

~09) 1H{u<U U ~ AU -

0] = 30 M P T By
J

1 01) 71 (01) ra(01) = ———— Op(1

> un(l_u)nngvl( 1j)7‘1( 1j)7‘2( 1j) - m p( )

This implies that (in probability) one has an integrable majorant 1/(u?7(1 —u)?7) for the set
of the functions { gn(u) = 1/9(;),{ (u) ﬁg)k/ (u) :neN } Thus one can proceed analogously as in

the proof of Lemma 3. O

N.B.: The references have been typeset according to JMVA standards.
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