APPROXIMATE CENTRAL LIMIT THEORY AND
STATISTICAL INFERENCE WITH CONTAMINATED
DATA

BEN BERCKMOES AND GEERT MOLENBERGHS

ABSTRACT. We refine the classical Lindeberg-Feller central limit
theorem by obtaining asymptotic bounds on the Kolmogorov dis-
tance, the Wasserstein distance, and the parametrized Prokhorov
distances in terms of a Lindeberg index. We thus obtain more gen-
eral approximate central limit theorems, which roughly state that
the row-wise sums of a triangular array are approximately asymp-
totically normal if the array approximately satisfies Lindeberg’s
condition. Stein’s method plays a key role in the development of
this theory. We use the theoretical results to study the asymptotic
behavior of the sample average estimator in the presence of data
contamination.

1. INTRODUCTION

Throughout, we assume that all random variables are defined on a
fixed probability space (2, F,P).

Let £ be a standard normal random variable, that is, a normally
distributed random variable with E[¢] = 0 and E[¢%] =1, and {&,+} a
standard triangular array (STA) of random variables, that is, a trian-
gular array

1,1
So1 o2
&1 &32 &33
of random variables with &, 1, . . ., &, independent for all n, E[¢,, x] = 0

for all n, k, and »7;_ E[&2,] =1 for all n.
Recall that the sequence (3 &ux), is said to converge weakly to
€ iff

n—oo

lim P an,k <zo| =Pl < )
k=1
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for all 2y at which the map 2 — P[{ < 2] is continuous, or, equivalently,

ifft
h <Z gn,k)
k=1

for all A : R — R bounded and continuous.
We say that {, x} satisfies Feller’s condition iff

lim E

n—o0

= E[n(¢)]

lim maxE &, =0, (1)

n—oo k=1

and Lindeberg’s condition iff
. - -
nl—>lnolo kz; [én,ku |£n,k‘ > E} =0

for all e > 0. It is easily seen that Lindeberg’s condition implies Feller’s,
but that the converse does not hold.

The above language allows us to formulate the following result, which
belongs to the heart of classical probability theory.

Theorem 1.1 (Lindeberg-Feller Central Limit Theorem). Let £ and
{&.x} be as above. If {&,1} satisfies Lindeberg’s condition, then the
sequence (3 p_; Enk)n converges weakly to £ The converse holds if
{&nx} satisfies Feller’s condition.

The number

Lin ({&,}) = sup lim sup ZE [{ka, |€nk| > 6} (2)

e0 n—oo 1

was introduced in [BLV13] as the Lindeberg index. Notice that it
produces for each STA a number between 0 and 1, and that it is 0 if
and only if Lindeberg’s condition is satisfied. So it could be thought
of as a number which measures how far a given STA deviates from
satisfying Lindeberg’s condition.

Furthermore, let d(n,n") be a metric on random variables with the
property that lim,, . d(n,n,) = 0 is equivalent with weak convergence
of (n,)n to n, and define the quantity

Ad (Z Ene = 5) = limsup d <§7 ank) : (3)
h=1 k=1

n—oo

Clearly, (3) assigns a positive number to each STA which is 0 if and
only if the row-wise sums of the STA are asymptotically normal. Thus
this number measures how far a given STA deviates from having an
asymptotically normal sequence of row-wise sums.
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Now, using the numbers (2) and (3), the first part of Theorem 1.1
boils down to the implication

k=1
Observe that Theorem 1.1 fails to provide any information for the large
class of STA’s which fail to satisfy Lindeberg’s condition, regardless
of whether Lin({,}) is large or small. Thus the following natural
question arises.

Question 1.2. Suppose that we are given an STA {&, .} which is close
to satisfying Lindeberg’s condition in the sense that Lin({&,}) is non-
zero but small. Is it still possible to conclude that the row-wise sums
of {&n i} are close to being asymptotically normal in the sense that

M Oy &np — &) is small?

Let us briefly describe how in the case where d is the Kolmogorov
metric

K (n,n') = Sugﬂf’)[n <z =Py <z,
xTe

a positive answer to Question 1.2 can be derived from the existing
literature.
The following refinement of the sufficiency of Lindeberg’s condition

in Theorem 1.1 was obtained in terms of the Kolmogorov distance in
[066] and [F68].

Theorem 1.3. Let & be as above. Then there exists a universal con-
stant C' > 0 such that

K (@ng) <C (ZE (€7 ki1l > 1]+ B [[ensl®; sl < 1})
k=1 k=1 k=1

for all STA’s {&x} and all n.

It was shown in [F68] that the constant C' in Theorem 1.3 can be
taken equal to 6. A proof of Theorem 1.3 based on Stein’s method was
given in [BH84], and in [CS01], combining Stein’s method with Chen’s
concentration inequality approach, it was established that C' can be
taken equal to 4.1, the best value known so far up to our knowledge.

We will infer a corollary from Theorem 1.3 which is related to Ques-
tion 1.2. To this end, we remark that it was pointed out in [L75] that
the truncation at 1 in Theorem 1.3 is optimal in the sense that

S B[40 il > 1]+ Y E[I&l s 16nl < 1]
k=1 k=1

is dominated by

Y E[E&n € A+ E[|&usl’ 1 &un € R\ A]
k=1 k=1
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for each Borel set A C R. Therefore, we easily derive from Theorem
1.3 that

K <5>an,k> <C (ZE [fi,k; &n | > 6} + 6)
k=1 k=1

for all ¢ > 0, which, calculating the superior limit of both sides and
letting € | 0, yields

n—0o00 e0 n—oo

lim sup K (f, Zgnk> < C'sup lim supZ]E [5121,1@3 & k| > e] )
k=1 k=1

Using the numbers defined in (2) and (3), we now derive the following
result as a corollary of Theorem 1.3.

Theorem 1.4. Let & be as above. Then there exists a universal con-
stant C' > 0 such that

A (Zgn,k ﬁ g) < OLin ({6,4))

for all STA’s {&, 1}

Remark 1.5. In [BLV13], combining Stein’s method with an asymp-
totic smoothing technique, it was established that the constant C' in
Theorem 1.4 can be taken equal to 1 if {&, 1} satisfies Feller’s condi-
tion.

Notice that Theorem 1.4 gives a positive answer to Question 1.2
in the case where d = K. It strictly generalizes the sufficiency of
Lindeberg’s condition in Theorem 1.1, and, contrary to Theorem 1.1,
it continues to provide useful information for STA’s which have a low
Lindeberg index, but which fail to satisfy Lindeberg’s condition. More
precisely, it allows us to conclude that (3°)_; &), is approximately
convergent to & if {&,, x} approximately satisfies Lindeberg’s condition.
Therefore, it seems plausible to refer to Theorem 1.4 as an approximate
central limit theorem.

The problem of generalizing Theorem 1.3 to the multivariate setting
is hard, and remains open. Notice however that recently, combining a
multivariate version of Stein’s method as outlined in e.g. [M09] and
[INPR10] with the establishment of an explicit integral representation of
a solution to the Stein PDE with a character function as test function,
a partial extension of Theorem 1.4 for the Fourier transforms of random
vectors has been obtained in [BLV16].

In this paper, we will focus on the following two questions concerning
Theorem 1.4.

1) Can we widen the scope of applicability of Theorem 1.4 by extend-
ing it to other probability metrics d?



5

2) Are there canonical situations in mathematical statistics in which
it is natural to invoke (an extension of) Theorem 1.47

In Section 2, we will address the first question. More precisely, we
will show that it is possible to extend the techniques used in [BLV13] to
a large class of test functions, leading to a general inequality. This in-
equality will in turn entail approximate central limit theorems, similar
to Theorem 1.4, for the Wasserstein distance, and even for the class of
parametrized Prokhorov distances. A natural example will show that it
is impossible to obtain a result of the same flavor for the total variation
distance.

In Section 3, we will provide an answer to the second question. More
precisely, we will investigate the asymptotic behavior of the sample av-
erage estimator, based on independent data which are contaminated
according to what is called the inflated variance model. We will es-
tablish the weak consistency of this estimator under a fairly general
condition. Moreover, it is shown that in many cases, the asymptotic
normality of this estimator can only be studied by relying on an ap-
proximate central limit theorem such as Theorem 1.4. The theoretical
results obtained in this section will be illustrated by an example and a
simulation study.

Some open questions are formulated in Section 4.

2. APPROXIMATE CENTRAL LIMIT THEORY

2.1. Some probability metrics. Let us start by giving a short de-
scription of the probability metrics that will play an important role in
the remainder of this paper.

Let P(R) be the collection of Borel probability measures on R. Fur-
thermore, let P;(R) be the set of all P € P(R) with finite absolute first
moment, i.e. for which [*_|z|dP(z) < oo.

The Wasserstein dlstance on P;(R), see e.g. [V03], is defined by the
formula

W(P.Q) =inf [ d(w,y)dr(a,y).
™ JRxR

where the infimum is taken over all Borel probability measures m on
R x R with first marginal P and second marginal (). Kantorovich
duality theory implies that the metric W can also be written as

W(P,Q) = sup / hdP — / hdQ)| , (4)

heX (R

where K(R) stands for the set of all contractions h : R — R, where h
is called a contraction iff |h(x) — h(y)| < |z — y| for all z,y € R. Also,
we have

W) = [ 1Fsta) ~ Fawlde = [ 150~ £ o) a
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with Fp (respectively Fg) the cumulative distribution function associ-
ated with P (respectively Q), and Fp' (respectively F, ') its general-
ized inverse.

The topology underlying the Wasserstein distance is slightly stronger
than the weak topology. More precisely, for P and (P,), in P;(R), it
holds that

lim W(P,P,) =0

n—oo

is equivalent with weak convergence of (P,), to P in addition to con-
vergence of <f_°°oo || dPn(x)> to [*°|x|dP(z). Also, the Wasserstein

distance is separable and corrrllplete, see [BOg].

Furthermore, for A € RJ, the (parametrized) Prokhorov distance
pA(P, Q) between probability measures P and @ in P(R) is defined to
be the infimum of all positive numbers a € R for which the inequality

P[A] < Q [A%] + a,
with

AP — {:UER| inf |z — af g)\a},
acA
holds for every Borel set A C R. One easily establishes that

p/\l(P7 Q) < p)\z(P>Q)

whenever \y < A;. In [B99] it is shown that, for each A € Ry, py is
a separable and complete metric which metrizes weak convergence of
probability measures.

Finally, the total variation distance dpy (P, Q) between probability
measures P and ) in P(R) is defined by the number

drv (P, Q) = Sup |P[A] — Q[A][,

the supremum of course taken over all Borel sets A C R. One easily
verifies that dry is a complete metric, that, for each A € Ry,

p)\<P7 Q) S dTV<P7 Q):

and that the limit relation
1}1101%(137 Q) =drv(P,Q) (5)

holds true. Note however that d7y is not separable and that its under-
lying topology is strictly stronger than the weak topology.

For a general and systematic treatment of the theory of probability
metrics, we refer the reader to the excellent expositions [Z83] and [R91].



7

2.2. A general inequality. Let £ be as in Section 1 and A : R — R
a continuous map for which E |h({)| < co. Then the Stein transform
of h is the map f;, : R — R defined by the formula

fa(w) =2 /w (h(t) — E[n(&)]) e~"/2dt. (6)

— 00

The crux of Stein’s method is that, for any random variable 7, we have

E [h(§) — h(n)] = Elnfu(n) — fL(0)],

and that, in many cases, it is easier to find upper bounds for the deriva-
tives of fj, than for the derivatives of h, see e.g. [BC05] and [CGS11].

We will now establish a general inequality in terms of the Stein trans-
form, which will allow us to extend Theorem 1.4 to many of the above
described probability metrics. For the proof, it basically suffices to
notice that the techniques developed in [BLV13] can be extended to a
very general collection of test functions. For the sake of completeness,
we present the proof in Appendix A.

Theorem 2.1. Let & and {&,x} be as in Section 1, and let h : R — R
be any continuously differentiable map with a bounded derivative. Then
the Stein transform fy, defined by (6), is twice continuously differen-
tiable, has bounded first and second derivatives, and the inequality

()

e+ (5w Ifien) = fite )ZE & 46l =

z1,x2€R

(7)

IN

+ (s 157600 — )] ) b o]

1,72€R

holds for all n and all € > 0.

2.3. Approximate central limit theorems. We will apply Theorem
2.1 to obtain results similar to Theorem 1.4 for the Wasserstein distance
(Theorem 2.4) and the parametrized Prokhorov distances (Theorem
2.8). Where needed, we tacitly transport these probability metrics to
random variables via their image measures.

The following lemma guarantees that we can capture the Wasserstein
distance with continuously differentiable contractions.

Lemma 2.2. The Wasserstein distance on P1(R) is given by

W(P,Q) = Sup hdP —

heX(R

(8)

where K.(R) stands for the set of all continuously differentiable con-
tractions h : R — R.
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Proof. Let h : R — R be a contraction and fix ¢ > 0. We will show
that there exists a smooth contraction which is closer than € to h for

the || - ||co-norm. Once this is established, the lemma will follow from
formula (4).
Let
bR =R

be positive and smooth, with support contained in the interval [—e, €],
and such that

/R Yely)dy = 1.

Put

he(w) = (hx $0)(z) = /

R

h(z — y)e(y)dy = / Ve(x — y)h(y)dy.
R
Then A, is smooth. Furthermore, for z;, 29 € R,
|he(1) = he(22)|
[ e =ty = [ bt~ iy
R R

< / IA(z1 — y) — h(zs — y)| be(y)dy,

which is, h being a contraction, bounded by [, (y)dy = 1, and we
infer that A, is also a contraction. Finally, for z € R,

Ih(z) — he(a)
[ ) = o= ) we<y>dy\

_ ‘ [ 0o -t —y>>we<y>dy\, 9)
h (10)

the last equality following from the fact that the support of ¢, is con-
tained in [—€,€]. Now, h being a contraction, it follows that the ex-
pression in (9) is bounded by €, whence

|1h — hel|oo < €.
This concludes the proof. U

The following lemma belongs to the folklore of Stein’s method, see
e.g. [BCO5], p.10-11.

Lemma 2.3. Let h and f, be as in Theorem 2.1. Then
[ falloo < 4l [|oo (11)

and
[ falloo < 2[E[R(E)] — hlloo (12)



and
/3 oo < 2[|12||so- (13)

Theorem 2.4. Let & be as in Section 1. Then there exists a universal
constant Cy > 0 such that

A (Z e — s) < CywLin ({£.4))

k=1
for all STA’s {&,x } which satisfy Feller’s condition (1). Moreover, Cw
can be taken equal to 8.

Proof. Let h : R — R be a continuously differentiable contraction.
Then

sup £ (21) = fi(w2)] < 20fufloe < 8]l < 8, (14)
x1,T2€
by (11), and
sur;le/{(arl) = Ji(@2)] < 201y lloc < 41 |0 < 4, (15)
1,22

by (13). Furthermore, combining (7) with (13), (14), and (15), yields
()] .
k=1

< 2 . > ¥

< e+t 8ZE (€045 1Ens] > €] + 4 i E (1€
for all STA’s {&,x}, all n, and all € > 0. Finally, assuming that {&, s}
satisfies Feller’s condition, taking the supremum over all h € K .(R),

calculating the superior limits, and letting € | 0, we see that that (8)
and (16) lead to the desired result. O

E

Lemma 2.7 reveals that we can capture all parametrized Prokhorov
distances by one collection of smooth test functions. Its proof will be
based on two additional lemma’s.

Lemma 2.5. We have, for P and (P,), in P(R),
sup lim sup py(P, P,) = sup limsup sup (P[A] — P, [A(a)}) , (17

A>0 n—oo a>0 n—oo A

the second supremum of the right-hand side taken over all Borel sets

A CR.

Proof. Suppose that the right-hand side of (17) is dominated by 6 > 0.
Then, for any A > 0, there exists n such that for all £ > n and all Borel
sets A C R, P[A] < P,[AX)] + 0, that is, py(P, P,) < 6. We conclude
that also the left-hand side of (17) is dominated by 6.

Conversely, suppose that the right-hand side of (17) is larger than
6 > 0. Then there exists a > 0 such that for each n there exist k£ > n
and A C R Borel such that, putting A = af~*, P[A] > P,[ARM)] + 6,
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that is, pA(P, P;) > 6. We infer that also the left-hand side of (17) is
larger than 6. O

The following lemma was established in full generality in [BLV11]
(Section 2, Lemma 2.2) to study the so-called weak approach structure
on the set of probability measures on a separable metric space, see
also [L15]. It is a crucial step to become an approximate central limit
theorem for the parametrized Prokhorov distances. The fact that we
can take sufficiently smooth maps is easily seen in the proof given there.

Lemma 2.6. For each a« > 0 and each € > 0 there exists a finite
collection Hy of continuously differentiable maps h R — [0,1] with
bounded first derivative, such that for all @ € P(R

/th /th‘+e

the first supremum taken over all Borel sets A C R.
Conversely, for each continuous map h : R — [0,1] and each ¢ > 0
there exists o > 0 such that for all Q € P(R)

/thP—/thQ

the supremum again taken over all Borel sets A C R.

sup (P[A] - QIA™]) < max

< sup (P[A] = Q[A]) + ¢,

Lemma 2.7. Let H be the collection of continuously differentiable
maps h : R — [0, 1] with a bounded derivative. Then, for P and (P,),
in P(R),

hdP —

sup lim sup py(P, P,)) = sup lim sup (19)

A>0 n—oo heH n—oo

Proof. By Lemma 2.5, it suffices to show that the right-hand side of
(19) equals the right-hand side of (17).
Fix a and ¢ > 0, and choose, according to the first assertion in

Lemma 2.6, a finite collection H, of continuously differentiable maps
h: R — [0, 1] with bounded derivative, such that (18) holds. But then

lim sup sup (P[A4] — P, [A®])
A

n—oo
/ hdP — / hdP,

hdP, |+ €
R

hdP,
R

< limsup max
n—oo h€X}o

hdP —

= max limsup
he¥o nooo

the last equality following from the finiteness of H,. This shows that
the right-hand side of (19) dominates the right-hand side of (17).

The converse inequality follows analogously from the second asser-
tion in Lemma 2.6. Il
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Theorem 2.8. Let & be as in Section 1. Then there exists a universal
constant Cp > 0 such that

)\p>\ <Z fn,k — 5) < CpLin <{€n,k})

k=1
for all X\ > 0 and all STA’s {&,.1} which satisfy Feller’s condition (1).

Moreover, Cp can be taken equal to 4.

Proof. Let h : R — [0, 1] be a continuously differentiable map with a
bounded derivative. Then

sup | fy (1) = fi(w2)| < 20 fillee < 4IE[RE)] - hlle <4, (20)

r1,r2€R

by (12), and
sup | fy (x1) = f3 (z2)] < 2[fillee < 417 ]|oc, (21)

z1,22€ER

by (13). Furthermore, combining (7) with (13), (20), and (21), yields

h(€) —h (Z u)]

< [ lsce + 4’;1@ (60 k3 1€nkl = €] + 4|7l oc max B[, ]
for all STA’s {&, 1}, all n, and all € > 0. Finally, assuming that {&, s}
satisfies Feller’s condition, calculating the superior limits, and letting
€ } 0, we see that that (19) and (22) lead to the desired result. O

E (22)

Notice the remarkable fact that the constant C'p in Theorem 2.8 does
not depend on the parameter A. This, in light of relation (5), suggests
that an approximate central limit theorem in the spirit of Theorem 1.4
for the total variation distance dpy might be derived from Theorem
2.8. However, the following example shows that this is not the case.

Example 2.9. Let £ and {&,,} be as in Section 1, and assume that
{&.kx} consists of discrete random variables and satisfies Lindeberg’s
condition. Then

Lin({&nk}) =0

and, each ZZ=1 &n i also being discrete,

drv (aZm) =1

k=1
We conclude that there does not exist a constant C > 0 such that

Ay (Z Sk — 5) < CLin({&x})
=1

for all STA’s {&, 1} satisfying Feller’s condition.
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We summarize the information obtained in Theorem 1.4 and Remark
1.5, Theorem 2.4, and Theorem 2.8, in the following result. We put

Ap (Z Ene — §> = sup A, (Z Enk = 5) :
k=1 AER k=1

Theorem 2.10. Let & be as in Section 1. Then, for eaché € {K, W, P},
there exists a universal constant Cs > 0 such that

s (Z Enk = 5) < CsLin ({&,1})
k=1

for all STA’s {&nx} satisfying Feller’s condition (1). Moreover, Ck
can be taken equal to 1, Cyw equal to 8, and Cp equal to 4.

3. STATISTICAL INFERENCE WITH CONTAMINATED DATA

3.1. Motivation and framework. We will now consider at a statisti-
cal situation in which it is beneficial to rely on the approximate central
limit theory developed in the previous section.

Let F' be a cumulative distribution function on the real line with

/_ " pdF(z) = 0

and -
/ 2?dF(x) = 1.
Fix p € R and let Xy, Xo, ..., X, ... be independent observations

of F(- — p) which are contaminated according to the inflated variance
model (see [TSM85], p.108), that is

X (1= p)FC = ) 4o (1),

k
where p € [0,1] and o, € [1,00[. Notice that this is a natural model to
express the fact that for each observation X, there is a large probability
1 — py. of observing the correct target distribution F(-— ), and a small
probability py of observing a contaminant with distribution F(£).
Observe that
E[Xk] =

and

Var[X;] = (1 — px) + proj.
Now define the sample mean in the usual way as

Notice that
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and )
_ Sn
Var[X,] = (g)
where
sp=Y [(1—px)+ propl.
k=1
Also,
s2>n (23)

because o7 > 1 for all k. Here we will investigate up to what extent
the estimator X, is weakly consistent for p in the sense that
-~ P

X = 1, (24)
ie.
lim P Hu—yn’ > 6} =0
n—oo
for all € > 0, and asymptotically normal in the sense that
n < w

n

with £ as in Section 1, i.e. (Sﬂ (7n — u)) converges weakly to &.
Notice that in the uncontaminated case where or = 1 for all k, the
Weak Law of Large Numbers implies the truth of (24) and the Central
Limit Theorem entails the validity of (25). It will turn out that in the
contaminated case, the asymptotic normality is often only tractable by

an approximate central limit theorem such as Theorem 2.10.

3.2. Consistency and asymptotic normality. We keep the termi-
nology and the notation from above.

The following relatively straightforward result shows that the con-
taminated sample mean is weakly consistent under a fairly mild condi-
tion.

Theorem 3.1. Suppose that

n—oo TL2

1 n
lim — Zpka,z =0. (26)
k=1

Then

X, 5o
Proof. Assume without loss of generality that ;= 0. For ¢ > 0, Cheby-
shev’s inequality gives

P[|Xn|>¢ < = Var[X,)]
11 & 1 &
= 3|2 (1—Pk)+ﬁZPk0i ;
k=1 k=1
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which easily implies that

limsup P HX | > 6} < —hmsup Zpkak.

n—oo n—o0
This finishes the proof. Il

We now turn to the asymptotic normality of X,. It turns out that
the STA {si (Xy — u)}, which is of crucial importance, satisfies Lin-

deberg’s condition if the sequence of contaminating variances (oy), is
controllable in a sense made precise in the following theorem.

Theorem 3.2. Suppose that

1
i, o = 0 27

Then the STA {i (Xy — u)} satisfies Lindeberg’s condition, i.e.

o ({0 o

Proof. Assume without loss of generality that 4 = 0 and let X be a
random variable with cumulative distribution function F. Then, for

e >0,

a 1 > 1

Y E <—Xk> =X, ze]
—1 Sn Sn

n

1 2 1 - 2 2 €Sn
k=1 =1
which is

1 n
< 5D (1=p)E [X%[X] > es,]

s
k=1
ZPkaE X% |X| > ¢ ]
\/ maxk 02
X% X[ > € ]
max,C o2

” k=1
The latter quantity converges to 0 as n tends to oo by (23) and (27).
This finishes the proof.

< E[X?%|X|>es,| +E

Remark 3.3. Observe that (27) implies (26).

The classical central limit theory now leads to the following result.
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Theorem 3.4. Let & be as in Section 1 and suppose that

1
lim — maxo? — 0.
n—o00 52 k=1

Then o
— (X, — ) > &

Sn

Proof. Notice that the n-th rowwise sum of the STA {i (Xy — u)}

coincides with - (7n — u). Now apply Theorem 3.2 and Theorem
1.1. O

If the sequence (oy), cannot be controlled by condition (27), then
it is more appropriate to make use of the approximate central limit
theory of Section 2. As Feller’s condition plays an important role in
this theory, we start with the following characterization.

Theorem 3.5. The STA {i(Xk - M)} satisfies Feller’s condition if

and only if

1
lim — maxpkak = 0. (28)
n—oo S5 k=

Proof. Assume without loss of generality that © = 0. Now
n 1 1 n 1 =» 9
max & L—2Xk} -2 max(1 —py) + 52 AP
whence, by (23),
. n 1 2 . 1 n 2
hinj;jp 1%13;(1[2 g Xi| = hflnﬁs;ip g Max py0.

This finishes the proof. O
Remark 3.6. Observe that (27) implies (28), which in turn implies

(26).
Theorems 3.8 and 3.9 will reveal that even in the absence of condi-
tion (27), the Lindeberg index of the STA {i (Xy — ,u)} can still be

bounded from above. Moreover, it can be explicitly computed under a
fairly easy set of conditions.
We first need the following lemma.

Lemma 3.7. Suppose that the sequence (% > ory pka,%)n 1s bounded
and let X be a random wvariable with cumulative distribution function
F. Then

({20

1
= supsuplimsup — 2 Z proiE [X2 | X| > —]

>0 >0 n—oco Sp k] Ok
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where [-] is the ceiling function.

Proof. Assume w.l.o.g. that ;1 = 0 and choose K € R{ such that for
all n

1 n
- > i < K. (29)

Next, fix v > 0 small. Then, for n large, by (23) and (29),

-
1 €S
— § 2 X% X > 2
% k= PrOk { | | Jk}

1 2
< 7— Dk0},
o4
1 [yn]—-1
2
7 Pr0Oy,
[yn] —1 ;
< Ky,

whence
] — €S
lim sup — E oR [ X% X > =
n%oop 3% 1 Pr k |i ‘ | O :|

[yn]—1

< limsup — Z proiE {X2 | X| > ES"}
Ok

S
n—00 n p—

1 n
+ lim sup — Z proiE {X2 | X| > esn}

SRy S ok
< K7+hmsup = Z proiE {XQ | X| > Es"}
n—oo Sy k=[yn] Ok

Thus we have shown that

) 1 9 €Sp
lim sup = Zpkak]E [ | X > ] (30)

n—00 I Ok

1 n
= suplimsup — Z prOLE [Xz | X| > ES }

>0 n—oco S Ok
" k=[n]

Now, arguing analogously as in the proof of Theorem 3.2 and using
(30), we get

o ({0)

= suplimsup — ZE {XQ | X| > 65"1

e0 n—oo — O
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1 n
= supsup limsup — Z proiE [X2; |X| > —]

e>0 v>0 n—oo Sp ke[| Ok
. 1 < 9 9 €Sp
= supsuplimsup — Z poB | X5 | X| > —,
>0 €0 n—oo Sy P O
completing the proof. O

Theorem 3.8. The inequality

Lin ({Si(Xk - u)}) < lim sup si2 zn:pka,i (31)

always holds. If, in addition,

(1) (02),, is monotonically increasing,

1
(2) liminf —02 > 0,

n—oo M

I ,
(3) (E ;pkai) is bounded,

then the inequality in (31) becomes an equality.

Proof. Tnequality (31) is easily established by the fact that E[X?] = 1.
Now suppose that the three additional conditions in Theorem 3.8 are
fulfilled. The fact that

1
lim inf —UEL >0
n—,oo M
allows us to choose 6 > 0 and ng such that for all n > nyg

O'TQL > on. (32)

Furthermore, the boundedness of (% Py pkai)n allows us to pick K €
R{ such that for all n

1 n
- > miop < K. (33)
k=1
Now fix v > 0 small. Then, for n so large that
[yn] > no (34)
and for k£ such that
[yn] <k <n, (35)

we have, by (34), (35), (33), and (32),
(&)2::§X40—pw+iﬁ4mﬁ

O O’i
Y- p) + Y e
- ok
< Zzzl(l — i) + Zzzl pkﬁi

6[yn]
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1 [1 < 1 —
< —§ 1— —§ 2
< 5 (n ( Pk)+nk:1pk0k>

k=1
1+ K
- 6’}/ )
whence
n 1+ K
E{X2;|X|zi}21@ X2 X| > e |-
o 0y

with X a random variable with cumulative distribution function F'. In
particular,

1 © n
sup lim sup — Z proiE {XZ; | X| > i} (36)
e>0 n—oo Sp k=[n] Ok
1 1+ K
> suplimsup — Z poiE [ X2 X | > € SR
e>0 n—oo Sy k=[n] 5’7

= supE
e>0

1+ K| ] —
XEX] 2 ¢ T] hﬂi‘ipgkz[ f’““‘%
= "}/n

1 n
= limsup — Z pka,%,

n—oo S
" k=[yn]

where the last equality follows from the fact that E[X?] = 1. Combin-
ing Lemma 3.7 and the inequality shown by (36) gives

o{Lon-0)

1
= supsup limsup — Z proiE [XZ; | X| > —]

>0 e>0 mn—oco Sp ke [yn] Ok

n

. RS
> suplimsup — Z PrO:
>0 n—oo Sy k]

1 n
= limsup — Zpka,z,

n—oo Sy 1

the last equality following by mimicking the proof of Lemma 3.7. This
finishes the proof. O

Theorem 3.9. Suppose that

1 n
1) | - 21 s convergent to L € R,
0 (1) e
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1 n
2 — ' tto 0.
(2) (n kz:;pk> is convergent to

Then the inequality

Lin ({i(X’“ _ u)}) < HLL (37)

holds. If, in addition,
(3) (02),, is monotonically increasing,

(4) liminf —02 > 0,

n—oo M

then the inequality in (37) becomes an equality.

Proof. Theorem 3.8 gives

_ 1 _ I
L1n<{8—(Xk—,u)}> < 111rnsup8—22pkqC

n n—00 n —1
> he1 PrOG
= limsup k=1 k
n n 2
n—00 k:l(l — pr) + Zk:l PrOy,
1 2
n Zk:l PrOg

1 n 1 n 2
n—oo L= Y i1 Pkt Dop—1 PkO}

1+ L’

the last equality following from conditions (1) and (2) in Theorem 3.9.
This establishes (37). If conditions (3) and (4) in Theorem 3.9 are also
satisfied, then Theorem 3.8 shows that the first inequality in the above
calculation becomes an equality and we are done. O

Now Theorem 2.10 gives the following result.

Theorem 3.10. Let £ be as in Section 1 and suppose that

1 n
(- i) i tto L € RY,
( ) (n ; pkO'k) 1S CONVErgen 0

1 n
2) [ = ' t o0,
(2) (n ;pk) is convergent to

(3) (Iil%f(pkai> is convergent to 0.

Then, for each 6 € {K,W, P},

_ L
s (53 (Xn—u)%) <Gt (38)

with CK = 1, CW = 8, and Op =4.



20 BEN BERCKMOES AND GEERT MOLENBERGHS

Proof. Theorem 3.5 is applicable to conclude that the STA {i (Xk — u)}

satisfies Feller’s condition. Furthermore, Theorem 3.9 reveals that the
Lindeberg index of this STA is bounded from above by HLL Finally,
the n-th row-wise sum of this STA coinciding with - (Yn — p), it
suffices to apply Theorem 2.10. O

We wish to make the following final reflection. If (), increases
monotonically and liminf,, %Un > (), then classical central limit the-
ory (Theorem 1.1) applied to the set of conditions imposed in Theorem
3.10 leads to the conclusion that the estimator X, fails to be asymp-

n

totically normal in the sense that the sequence (; (Yn - u)) does

not converge weakly to £&. However, inequality (38), derived from the
more general approximate central limit theory (Theorem 2.10), shows
that X, is still close to being asymptotically normal when L is small.

We empirically demonstrate these ideas in the next section through
an example and a simulation study.

3.3. Example and simulation study. We keep the terminology and
the notation from above.

In the following theorem we apply the results obtained in the previ-
ous section to a specific choice for py and o7. Recall that we say that
X, is weakly consistent (WC) for u if (24) holds and asymptotically
normal (AN) if (25) holds.

Theorem 3.11. Let
pr = pk™* with p € [0,1] and a € [0, 00|
and
of = s*k" with s € [1,00[ and b € [0, 00].
Then the following assertions are true.
(1) If b < 1, then X,, is WC for i and AN.
(2) Ifb>1 and a > b, then X,, is WC for pn and AN.
(3) If b > 1 and a = b, then X,, is WC for u, but fails to be AN.
However, for each 6 € {K,W, P},
2
- ps
A | — (X, — < Cs——, 39
(E @ e <ot (39)
with CK = 1, CW = 8, and CP =4.

Proof. Firstly, suppose that b < 1. Now, by (23),

1 n nb _
) axai = ) S le !
Sn k=1 Sn

which clearly converges to 0 as n tends to co. Thus condition (27)
is satisfied, which allows us to conclude from Theorem 3.4 that X,
is AN. Also, Remark 3.3 shows that condition (26) holds, whence we



21

infer from Theorem 3.1 that X, is WC for p. This establishes the first
assertion.
Next, consider the case where b > 1 and a > b. Then the sequence

proj, = psk'

converges to 0 as k tends to oo, whence

1 n
lim — Zpkai =0.
k=1

n—oo N

Now it easily follows from Theorem 3.1 that X, is WC for y and from
Theorem 3.10 that
n —
" (S—(Xn—u) %) _0
for any 6 € {K,W,P}. Put otherwise, X, is AN and the second

assertion is proved.
Finally, let b > 1 and a = b. Then

1 n
— peoy = ps”.
n

k=1

Now the proof of the third assertion goes along the same lines as the
proof of the second one. O

Theorem 3.11 shows for a specific example in which cases the sample
mean is an accurate estimator with desirable asymptotic properties.
Especially the third case is interesting, because although asymptotic
normality is lacking in the classical sense, it gives a concrete numerical
upper bound for how far the sample mean can maximally deviate from
being asymptotically normal. This allows us to conclude that when this
upper bound is small, it is still safe to assume asymptotic normality.
This might be interesting from a practical point of view.

In order to illustrate Theorem 3.11, we have conducted a simula-
tion study with the following setup. For specific instances of p, s, a,b
Xn—E[Xn]
,/Var[yn]
n = 1000, where we have assumed that F' = &, the cdf of a stan-
dard normal distribution. In each case the empirical cdf was based
on 5000 simulations. We have tested for asymptotic normality by cre-
ating a QQ-plot the graph of which contains bullets with coordinates
(®~1(t), €71(t)), where ¢ runs over a specific grid from 0 to 1. If a bullet
(@~1(t), €71(t)) is close to the line y = x, then ®~1(¢) ~ £~ 1(¢), whence
E(PI(t)) ~t = (P (t)). Thus on each QQ-plot we have also added
the graph of the line y = x. To each figure we have added the value of
the Lindeberg index governing the asymptotic normality of the sample
mean. Recall that the Lindeberg index takes values between 0 and 1.

The following conclusions can be drawn from this study.

we have created an empirical cdf € for with sample size
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Figure1(p=0.5,s=3,a=0.2,b=0.5, Lin=0) Figure2 (p=0.5,s=3,a=3,b=1,Lin=0)
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Figure 3 (p=0.01,s=1.5,a=1,b =1, Lin =0.02) Figure 4 (p=0.1,s=1.5,a=1,b=1,Lin=0.18)
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Figure 5(p=0.2,s=2,a=1,b =1, Lin =0.44) Figure 6 (p=0.5,s =4,a=1,b =1, Lin =0.89)
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If b < 1, then the first assertion in Theorem 3.11 states that - even if
p and s are large and a is below b - the sample mean is asymptotically
normal because the Lindeberg index is 0. This is confirmed by Figure
1.

If b> 1 and a > b, then the second assertion in Theorem 3.11 states
that - even if p and s are large - the sample mean is asymptotically
normal because the Lindeberg index is 0. This is confirmed by Figure
2.

If b > 1 and a = b, then the third assertion in Theorem 3.11 provides
an upper bound for a canonical measure of the asymptotic normality
of the sample mean because the Lindeberg index is 1-1;;252' The larger
the Lindeberg index, the more deviation from asymptotic normality is
expected. This is confirmed by Figures 3 — 6.

4. OPEN QUESTIONS

We formulate some open questions which could be a source for future
research.
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Question 1. It would be nice to look for sharper constants in The-
orem 2.10.

Question 2. The possibility of (partially) extending Theorem 2.10
to a multivariate setting, or even to a Hilbert- or Banach-valued con-
text, is an interesting topic for further investigation.

Question 3. Theorem 3.11 does not handle the case where b > 1
and a < b. Assume without loss of generality that u = 0. Then,
arguing analogously as in the proof of Theorem 3.2, we easily see that

1 ] — €S
Li —X = li — E|X?%|X|> "2
in ({s k}) sup lim sup 32 Z { X > Uk:| )

n e>0 n—oo O

X being a random variable with cumulative distribution function F
and
o = s> kP

n n
s2=n —ka:_“ +pszzkb_“.
k=1 k=1

It would be of interest to examine the existence of a more explicit for-
mula for the Lindeberg index in this case. Also, the weak consistency
should be investigated.

and

Question 4. Strictly speaking, inequality (38) only shows that the
Lindeberg index is an upper bound for a natural index measuring the
asymptotic normality of the sample mean. This allows us to draw
the conclusion that the sample mean is close to being asymptotically
normal when the Lindeberg index is small, but we cannot say anything
about what happens when the Lindeberg index is large. However, our
simulation study empirically reveals that when the Lindeberg index
gets larger, the sample mean tends to deviate more from asymptotic
normality. It would be of interest to establish a useful lower bound for

As (1 (yn — u) — §> in terms of the Lindeberg index, which serves as

a theoretical underpinning of this observation. General lower bounds of
this type have been obtained in [BLV13] for the Kolmogorov distance,
but they are so unsharp that they do not have the power to predict
what we have seen in our simulation study.

APPENDIX A: PROOF OF THEOREM 2.1

We follow [BLV13], Section 2. We keep a continuously differentiable
h : R — [0, 1], with bounded derivative, fixed, and let f, be its Stein
transform defined by (6). Also, we put

Uz,k = E| Zk]
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The following lemma is easily verified. It can be found in e.g. [BCO05]
(p.10-11).

Lemma 1. f;, is twice continuously differentiable, has bounded first
and second derivatives, and

E[h(§)] = h(z) = zfu(x) — fi(z). (40)

The following lemma can be found in [BLV13] (Lemma 2.4). We give
the proof for completeness.

Lemma 2. Put

Onke = f (Z Eni + m) — fn (Z 5) — &uith (Z 5)

7k i7#k ik
and
nke = fi (Z 6 +€n,k> ~Ji (Z 5) &l (anﬂ) .
7k i7#k itk
Then
E (Z sn,k) I (Z sn,k) —fi (ngkﬂ
k=1 k=1 k=1
= D E[6usbur] = Y o2 iE [enn]. (41)
k=1 k=1

Proof. Recalling that &, and ), 21, §n,i are independent, E &nk] = 0,
and Y, 05, =1, we get

> E[€uibnr] — Y 02 4E [ens]
k=1 k=1

= Y E|&ukn <Zm)
k=1 k=1
it (Z 5)] —Y o2E|f (an,k)]
k=1 k=1

S E
k=1 ik
%_EE:IE[ ik}E: jz <§£:€"J> *_EE:O%JJE Snkjﬁ (jgzgﬁd)]
k=1 i#k k=1 i#k
j% (2{:5ﬁ¢>]
i#k

The last expression further reduces to
jﬁ (j{:gmk>]
k=1

—E

gnkj% <§E:§nd)]
i#k

E —E &) E

(j{:émk>(ﬁz<j£:§mk>

k=1 k=1

—> E & (Z 5)
k=1

ik

—E
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o))

+Y E & (Z 5n,i>
k=1 ik

which is easily seen to equal

(o) o(ge) o)

This finishes the proof. U

+Y 02 E &l E
k=1

The following lemma is an application of Taylor’s theorem.

Lemma 3. For any a,x € R,
|fula + ) — fala) — fr(a)z|
<min{ (sup_1fien) = el ) ol 17| 22

We are now in a position to present a proof of Theorem 2.1.

Proof of Theorem 2.1. For n and € > 0, we have, by (40), (41), and

(42)
()

k=1 k=1 k=1
< Y E[lnsburl] + Z T kB [lnl]
k=1

1
5 12l ZE €kl 5 1€n il < €]

E

IA

+( sup | fp(z1) = fi (22 >ZE ol 1en k] > €]

r1,2€R

+( sup 1) — £l (as )ZUME sl

r1,2€R

which proves the desired result since Y, o7, = 1.
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