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Bloch theorem for isogeometric analysis of periodic

problems governed by high-order partial differential

equations
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Claus Claeysa,b, Wim Desmeta,b

aKU Leuven, Department of Mechanical Engineering, Division PMA
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bMember of Flanders Make.

Abstract

With the emergence of isogeometric analysis (IGA), numerical rotation-free
solutions to high-order partial differential equations (PDEs) are facilitated.
Indeed, IGA allows the use of high-order-continuous basis functions through
the domain. For periodic systems, the Bloch theorem is useful for analyzing
wave propagation, restricting the analysis to a single unit cell and applying
periodic boundary conditions. However, in the literature, boundary condi-
tions are only accounting for C0-continuity, and we propose in the present
paper to enforce the G1-continuity as well or to maintain the angle in case of
unit cells meeting at kinks. While G1-continuity is enforced by maintaining
the collinearity between adjacent control points, in the presence of kinks, vari-
ations of the field derived with respect to opposite in-plane edge normals are
linked by the Rodrigues rotation matrix. This method applied at collocation
points belonging to the unit cell edges can be viewed as a novel approach
of coupling multi-patch geometries with kinks, avoiding the use of nonlin-
ear multipliers or additional bending strip elements. Both transfer-matrix
and indirect methods of the Bloch theorem are investigated, for respectively
quasi-one and quasi-two-dimensional wave propagation in periodic structures
discretized by NURBS-based IGA. Dispersion curves of a set of numerical
problems treating isogeometric rotation-free extensible elastica (beams) and
Kirchhoff-Love shells are then analyzed.
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Preprint submitted to Elsevier October 11, 2016



Keywords: Bloch theorem, NURBS-based isogeometric analysis,
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1. Introduction

Wave propagation in infinite periodic systems is of interest in a large range
of applications, such as acoustic metamaterials [1, 2] and non-destructive
evaluation for structural health monitoring [3]. To this end, the Bloch theo-
rem also sometimes called the Bloch-Floquet theorem can be used, reducing
the analysis to a single unit cell on which periodic boundary conditions are
applied [4–7].

While periodic boundary conditions in previous works only account for
the C0-continuity, the consequences of its direct use in higher-order partial
differential equation (PDE) is demonstrated in the following example. We
consider an infinite straight uniform Euler-Bernoulli beam governed by the
fourth-order PDE

∂2w

∂t2
+ CB

∂4w

∂x4
= 0, (1)

where w(x, t) is the transversal displacement, t and x the time and space
variables, and CB the sound speed of flexural waves [8]. Considering a finite
period, Bloch theorem in its classical version can be used but requires an
extra degree of freedom (dof), the rotation θ = ∂w

∂x
, to reduce the order of

the PDE. If instead Eq. (1) is solved directly without enforcing the higher-
order-continuity at the boundaries, the investigated problem is different from
the original one and presents periodic hinges (Fig. 1). While for the Euler-

a)
b)

...

...
...
...

Period

Figure 1: Infinite Euler-Bernoulli beam (a), and problem considered instead (b) if Eq. (1) is
solved directly without accounting for the higher-order-continuity of the periodic boundary
conditions.

Bernoulli beam problem, the second-order derivative of the transversal dis-
placement corresponds to the beam rotation, high-order derivatives are not
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always physically meaningful quantities [9]. Moreover, with the emergence of
isogeometric analysis (IGA), rotation-free formulations and in general higher-
order PDEs become more and more popular.

Firstly introduced by Hughes et al. [10], IGA aims at filling the gap be-
tween computational mechanics and computer aided design (CAD) systems.
It generalizes the finite element (FE) method by considering an isoparamet-
ric approach for which the basis functions used to represent the geometry
are the same as the ones used to approximate the solution field. Since
non-uniform rational B-splines (NURBS) are especially used in CAD sys-
tems, allowing the exact representation of conic geometries, NURBS-based
IGA is considered here. One of its main advantages is that high-order con-
tinuous NURBS basis functions can be obtained, allowing direct solutions
to high-order problems. Examples of high-order structural formulations for
which NURBS-based IGA is used are the isogeometric rotation-free cable
[11], extensible-elastica [9], Kirchhoff-Love rod [12], Bernoulli beam [13], and
Kirchhoff-Love shell [14–17]. Additional application fields where high-order
PDEs are involved are amongst others the gradient elasticity [18], the in-
compressible elasticity with stream functions [19], the Cahn-Hilliard phase-
field model [20, 21], the Laplace-Beltrami triharmonic problem [21], and the
Navier-Stokes equation [22].

Enforcing boundary conditions in the Bloch theorem can be viewed as
multi-patch coupling. In NURBS-based IGA, C0-coupling is trivial for con-
forming patches [23], whereas it requires static condensation [24–27] or en-
richment of the variational formulation (e.g. Nitsche [28], Lagrange multi-
pliers [29, 30], and Penalty [31] methods) for non-conforming patches. For
conforming patches and a uniform parametrization, enforcing the geometri-
cal G1-continuity is equivalent to maintain the collinearity of adjacent con-
trol points at the joint interface [14, 18]. Otherwise, if patches meet at a
kink, for Kirchhoff-Love shells, the bending strip or the blended methods
can be used [32, 33]. An alternative consists in enforcing the rotational
Dirichlet boundary conditions by the Penalty or Lagrange multiplier meth-
ods [17, 34, 35]. Note that for Reissner-Mindlin plates, the formulation is
in general not rotation-free, and the G1-continuity or the kink angle can be
maintained by using the director vectors [36, 37].

In the present work, we introduce a novel method for rotation-free dis-
cretizations with conforming patches meeting at kinks. The main idea is the
introduction of the Rodrigues rotation matrix [38] linking the two derivatives
computed with respect to the in-plane edge normals.

4



The paper is organized as follows. In Sec. 2, NURBS-based IGA is briefly
reviewed, and in Sec. 3, periodic boundary conditions are revisited. The
inverse method [39–43] of the Bloch theorem is then presented in Sec. 3.4
for quasi-two-dimensional wave propagation. However, since this method is
restricted to waves propagating without attenuation, the transfer-matrix ap-
proach [5, 44–46] is investigated as well for quasi-one-dimensional structures
in Sec. 3.5. By quasi-one-dimensional wave propagation, we mean that the
wave propagates in one direction whereas the structure can be up to three
dimensions. Finally, in Sec. 4, the applicability of the proposed method is
demonstrated in a set of numerical problems including wave propagation
into a ring, a longitudinally-wrinkled helicoid, a flat and undulated shell,
a periodic dome, and an expanded metal sheet. Both rotation-free exten-
sible elastica (beam) and Kirchhoff-Love shell elements are used for these
examples.

2. Isogeometric Analysis

2.1. NURBS basis functions

We consider the representation of the geometry by means of non-uniform ra-
tional B-splines (NURBS) [10]. A B-spline of polynomial order p is defined by
a knot vector Ξ = {ξ1 ≤ . . . ≤ ξn+p+1}, with n the number of basis functions
forming the B-spline. The ith (i = 1, . . . , n) B-spline basis function Np

i (ξ) is
derived from the knot-vector using the Cox-De Boor recursive formula [47]:

N0
i (ξ) =

{
1 if ξi ≤ ξ < ξi+1,

0 otherwise,

Np
i (ξ) =

ξ − ξi
ξi+p − ξi

Np−1
i (ξ) +

ξi+p+1 − ξ
ξi+p+1 − ξi+1

Np−1
i+1 (ξ), for p ≥ 1,

(2)

and examples of B-spline basis functions with their first derivatives are shown
in Fig. 2. Assigning a weight wi ∈ R to every B-spline basis function, NURBS
basis functions are defined by the ratio

Rp
i (ξ) =

Np
i (ξ)wi

n∑
iw=1

Np
iw

(ξ)wiw

. (3)
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Figure 2: B-spline basis functions (Eq. (2)) (a,c) and its first derivatives (b,d) of order
p = 2 (a,b) and p = 3 (c,d), and with the knot span Ξ = {0 0 0 0.25 0.5 0.75 1 1 1} (a,b)
and Ξ = {0 0 0 0 0.25 0.5 0.75 1 1 1 1} (c,d).

Given two univariate B-spline basis Np
i (ξ) (i = 1, . . . , n) and M q

j (η) (j =
1, . . . ,m), respectively of order p and q, and associated to the two knot
vectors Ξ = {ξ1 ≤ . . . ≤ ξn+p+1} and H = {η1 ≤ . . . ≤ ηm+q+1}, a bivariate
NURBS basis function is defined as

Rp,k
i,j (ξ, η) =

Np
i (ξ)M q

j (η)wi,j
n∑

iw=1

m∑
jw=1

Np
iw

(ξ)M q
jw

(η)wiw,jw

. (4)

NURBS surfaces S(ξ, η) are defined by

S(ξ, η) =
n∑
i=1

m∑
j=1

Rp,k
i,j (ξ, η)Bi,j, (5)
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where Bi,j are the control points. NURBS bases allow exact representation of
conical geometries. However, if all the weights are equal, NURBS degenerate
to B-splines since B-spline basis functions form a partition of unity. Using
the isogeometric approach, the displacement field u(ξ, η) is approximated by
the same basis functions that represent the geometry such that

u(ξ, η) =
n∑
i=1

m∑
j=1

Rp,k
i,j (ξ, η)ui,j, (6)

where ui,j is the displacement at the control point Bi,j.
Knot vectors define a partition of the parametric domain and non-uniform

knot vectors and repeated knots are the key of the NURBS flexibility, al-
lowing locally-refined, geometric descriptions and reduced continuity of the
basis functions. In particular, across the knot ξi of multiplicity mi such that
1 ≤ mi ≤ p, the basis functions are Cp−mi-continuous. For the purpose of
the present work, at least globally Cp−mi basis functions are used for internal
knots with 1 ≤ mi ≤ p − 1 for p ≥ 2. Moreover, if the multiplicity of the
first and last knot is p+ 1, the knot vector is open (or clamped), whereas if
this multiplicity is smaller than p+ 1, the knot vector is unclamped.

2.2. Equation of motion

In the present work, we focus on periodic problems governed by high-order
PDEs. While the formulations are not explicitly detailed here since they de-
pend on the considered PDE, we assume that the discretization is rotation-
free and performed with the Galerkin method, such that symmetric mass
(M) and stiffness (K) matrices can be obtained. Since these quantities are
nonlinear for large deformations, the deformation around the equilibrium po-
sition is assumed to be small to allow their linearization. Assuming harmonic
waves with angular frequency ω, the equation of motion for the discretized
periodic unit cell reads(

K− ω2M
)
u = f , (7)

where u and f are are displacement and force vectors corresponding to the
control variables, respectively.

3. Bloch Theorem For High-Order Partial Differential Equations

Wave propagation in quasi-two-dimensional periodic structures is investi-
gated with the Bloch theorem, restricting the analysis to a single unit cell,
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and taking advantage of periodic boundary conditions [4]. We denote rP the
position of the point P within the reference cell, and by ρP = rP+nxex+nyey
the same position P relative to the {nx ny}-th unit cell, where ex and ey are
the basis vectors of the direct lattice. Assuming a harmonic wave with an-
gular frequency ω and amplitude û, the wave displacement u(rP , t) at time
t and position rP is given by

u(rP , t) = ûek·rP−iωt, (8)

where i2 = −1 and k is the wave vector. The wave at the point ρP yields

u(ρP , t) = u(rP , t)e
(nxµx+nyµy), (9)

where the propagation constant components µx = k · ex and µy = k · ey
are complex numbers such that their real and imaginary parts represent the
attenuation and phase constants, respectively.

Given two open knot vectors such that Ξ = {ξ1 = 0 ≤ . . . ≤ ξn+p+1 =
1} and H = {η1 = 0 ≤ . . . ≤ ηm+q+1 = 1}, for problems requiring C0-
continuity, the relation between opposite sides of the unit cell are derived for
the displacement field u(ξ, η) from Eq. (9) and from equilibrium conditions
for the force field f(ξ, η) [6] such that:

u(1, η) = +eµxu(0, η),

u(ξ, 1) = +eµyu(ξ, 0),
(10a)

f(1, η) = −eµxf(0, η),

f(ξ, 1) = −eµyf(ξ, 0).
(10b)

For high-order PDEs, this relation has to be completed to account for the
high-order continuity, and we focus first to the case of a smooth transition
between two adjacent unit cells (illustrated in Fig. 3a for the case of a curve),
whereas the case of units meeting at kinks (Fig. 3b) is investigated in Sec. 3.6.

3.1. G1-continuity between two adjacent unit cells

For problems requiring G1-continuity between two adjacent unit cells, the
first derivatives in the parametric space of opposite sides are linked by the
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Collinear Not collinear
a) b)

Period Period

Figure 3: Periodic NURBS curve with control points represented by •. G1-continuity (a)
and kink (b) between two adjacent unit cells.

following relations:

∂u(1, η)

∂ξ
= +eµxc0(η)

∂u(0, η)

∂ξ
,

∂u(ξ, 1)

∂η
= +eµyc0(ξ)

∂u(ξ, 0)

∂η
,

(11a)

∂f(1, η)

∂ξ
= −eµxc0(η)

∂f(0, η)

∂ξ
,

∂f(ξ, 1)

∂η
= −eµyc0(ξ)

∂f(ξ, 0)

∂η
,

(11b)

where the geometrical constants c0 are defined in terms of the original geom-
etry S by

c0(η) =

∥∥∥∥∂S(1, η)

∂ξ

∥∥∥∥ / ∥∥∥∥∂S(0, η)

∂ξ

∥∥∥∥ ,
c0(ξ) =

∥∥∥∥∂S(ξ, 1)

∂η

∥∥∥∥ / ∥∥∥∥∂S(ξ, 0)

∂η

∥∥∥∥ . (12)

Note that tangential to the interface, the G1-continuity is automatically en-
sured by the C0 one (e.g. ∂u(1,η)

∂η
= eµxc0(η)∂u(0,η)

∂η
). Before considering

wave propagation in multiple directions, we focus first on the quasi-one-
dimensional case.

3.2. Quasi-one-dimensional wave propagation

The dofs are reorganized into left, right, and internal regions, denoted re-
spectively ( )L, ( )R, and ( )I (Fig. 4a,b), such that the generalized dis-
placement and force vectors can be written as u = {uTL, uTR, uTI }T and
f = {fTL, fTR, fTI }T .
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a) c)uRuL uI

uRuL uI

uLT uT uRT

uRuL uI

uRBuLB uB

b)

u1 u2 un-1 un+1...

Figure 4: Examples of quasi-one-dimensional (a,b) and quasi-two-dimensional (c) wave
propagation into structures constructed from univariate (a) and bivariate (b,c) NURBS
basis.

Considering a curvilinear structure constructed from a univariate NURBS
basis Rp

i (ξ) (Fig. 4a), using Eq. (6), the displacement and first derivative at
one extremity are supported by one and two basis functions, respectively
(Eq. (2) and Fig. 2). Denoting ui the displacements of the ith control point
(i = 1, . . . , n from left to right), left, right and internal regions are com-
posed by uL = {uT1 , uT2 }T , uR = {uTn−1, uTn}T , and uI = {uT3 , · · · ,uTn−2}T
(Fig. 4a). Eqs. (10a) and (11a) can be recasted in terms of the control vari-
ables for displacements u(0)

du(0)

dξ

 =

 1 0
dRp

1(0)

dξ

dRp
2(0)

dξ

⊗ Id

[u1

u2

]
= [NL ⊗ Id] uL, (13) u(1)

du(1)

dξ

 =

 0 1
dRp

n−1(1)

dξ

dRp
n(1)

dξ

⊗ Id

[un−1
un

]
= [NR ⊗ Id] uR, (14)

where ⊗ is the Kronecker product and Id an identity matrix whose size
corresponds to d, the number of dof per control point. Proceeding similarly
with the force vector, and then plugging Eqs. (13) and (14) into Eqs. (10)
and (11) leads to a relation between the displacements/forces of opposite
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sides:

uR = + eµxNXuL, (15a)

fR =− eµxNXfL, (15b)

where

NX = [NR ⊗ Id]
−1 [NL ⊗ Id]

=
[
N−1R NL

]
⊗ Id

=

[
1 + c′x −c′x

1 0

]
⊗ Id.

(16)

The geometrical constant c′x can be directly determined from the initial ge-
ometry S using the relation SRNX = SL.

Similarly, for quasi-one-dimensional wave propagation in structures con-
structed from a bivariate NURBS base (Fig. 4b) and with collinear adjacent
control points at the interface,

NX =


1 + c′x,1 −c′x,1 · · · 0 0

1 0 · · · 0 0
...

...
. . .

...
...

0 0 · · · 1 + c′x,m −c′x,m
0 0 · · · 1 0

⊗ Id. (17)

3.3. Quasi-two-dimensional wave propagation
As processed in the one-dimensional case, the dofs are reorganized into left,
right, bottom, top, left-bottom, left-top, right-bottom, right-top, and internal
regions, denoted respectively ( )L, ( )R, ( )B, ( )T , ( )LB, ( )LT , ( )RB, ( )RT , and
( )I (Fig. 4c), such that the generalized displacement and force vectors can
be written in the form u = {uTL, uTR, uTB, uTT , uTLB, uTLT , uTRB, uTRT , uTI }T
and f = {fTL, fTR, fTB, fTT , fTLB, fTLT , fTRB, fTRT , fTI }T . The matrix NX of
Eq. (17) can be also reorganized into subgroups such that Eq. (15a) reads uR

uRB
uRT

 = eµx

NXII 0 0
0 NXBB 0
0 0 NXTT

 uL
uLB
uLT

 . (18)

For the wave propagating in the y direction, a similar equation is obtained,
such that uT

uLT
uRT

 = eµy

NYII 0 0
0 NYLL 0
0 0 NYRR

 uB
uLB
uRB

 , (19)
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where

NY =



1 + c′y,1 · · · 0 −c′y,1 · · · 0
...

. . .
...

...
. . .

...
0 · · · 1 + c′y,n 0 · · · −c′y,n
1 · · · 0 0 · · · 0
...

. . .
...

...
. . .

...
0 · · · 1 0 · · · 0


⊗ Id. (20)

3.4. Inverse method of the Bloch theorem

By solving the systems (18) and (19), u can be expressed in terms of a
reduced vector u(r) as:

u =



uL
uR
uB
uT
uLB
uLT
uRB
uRT
uI


=



I 0 0 0
eµxNXII 0 0 0

0 I 0 0
0 eµyNYII 0 0
0 0 I 0
0 0 eµxNXBB 0
0 0 eµyNYLL 0
0 0 eµx+µyNXTTNYLL 0
0 0 0 I




uL
uB
uLB
uI

 = A(µ)u(r),

(21)

where I is the identity matrix and where NXTTNYLL can be replaced by
NYRRNXBB since only 5 equations are independent among the 6 equations
composing the systems (18) and (19). This is similarly to the coupling of
four surface patches [48].

Defining the reduced force vector as f (r) = {fTL, fTB, fTLB, fTI }T and fol-
lowing the same procedure as the one used for displacements, Eqs. (10b) and
(11b) lead to the relation

f = A(µ+ π)f (r). (22)

Assuming no internal forces (f I = 0), a purely propagating wave (Re(µ) =
0), and substituting Eq. (21) into Eq. (7), then multiplying both sides by
AH(µ), where H denotes the conjugate transpose, gives:[

K(r)(µ)− ω2M(r)(µ)
]
u(r) = 0, (23)
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where K(r)(µ) = AH(µ)KA(µ) and M(r)(µ) = AH(µ)MA(µ) are the re-
duced (or condensed) stiffness and mass matrix, respectively. Eq. (23) is an
eigenvalue problem which gives eigenvalues ω corresponding to the propaga-
tion constants µ. However, by assuming a wavenumber purely imaginary,
the attenuation part of the dispersion relation cannot be obtained with this
method, contrary to the transfer-matrix approach.

3.5. Direct method of the Bloch theorem (transfer-matrix approach)

Instead of fixing the wavenumber and looking for associated frequencies, one
can fix the frequency and compute the propagation constants. While this
method has been recently extended to two-dimensional wave propagation
[45, 46, 49], we focus here on quasi-one-dimensional problems [44] for waves
propagating in the x direction.

As done for the force and displacement vectors, the dynamic stiffness
matrix (Eq. (7)) is reorganized by regions such that

D(ω) = K− ω2M =

DLL DLR DLI

DRL DRR DRI

DIL DIR DII

 , (24)

where Dαβ(ω) = Kαβ − ω2Mαβ ({( )α, ( )β} ∈ {( )L, ( )I , ( )R}). In absence
of internal forces, Eq. (24) is recasted using static condensation as[

DLL DLR

DRL DRR

] [
uL
uR

]
=

[
fL
fR

]
, (25)

where Dαβ = Dαβ −DαID
−1
II DIβ. Eq. (25) is rearranged to define a relation

between opposite sides of the unit cell:[
uR
−fR

]
=

[
−D−1LRDLL D−1LR

DRRD
−1
LRDLL −DRL −DRRD

−1
LR

] [
uL
fL

]
= T

[
uL
fL

]
, (26)

where T(ω) is the transfer-matrix. Recasting Eq. (15) to[
uL
fL

]
= e−µx

[
N−1X 0

0 N−1X

] [
uR
−fR

]
, (27)

its combination to Eq. (26) gives[[
N−1X 0

0 N−1X

]
T(ω)− Ieµx

] [
uL
fL

]
= 0. (28)
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Given a frequency ω, associated propagation constants are found by solving
the eigenvalue problem (28). However, for a large number of dofs, Eq. (28)
might lead to spurious results due to ill-conditioning of the transfer-matrix
[50]. Moreover, as it will be shown in Sec. 4.1.1, similar spurious results are
observed when high-order-continuity at the boundary is enforced, even if the
number of dof is small. To avoid this numerical issue, it is better to define
the eigenvalue problem in terms of (eµx + e−µx), and following the procedure
detailed in [44, 50], one gets

[[
NT

XDRL 0
0 DLRNX

]
− sech(µx)

2

[
−DLL −NT

XDRRNX +NT
XDRL −DLRNX

−NT
XDRL + DLRNX −DLL −NT

XDRRNX

]] [
uL
uL

]
= 0,

(29)

where sech( ) is the hyperbolic secant function. The efficiency of this alter-
native approach together with the inverse method is demonstrated in a set
of numerical problems in the next section, but before the case of patches
meeting at kinks is investigated.

3.6. Unit cells meeting at kinks

 V(η)

 n(1,η)

∂C(1,η)
∂ξ

n(0,η)

∂C(0,η)
∂ξ

 V(η)

Figure 5: Translational periodic structure in the ξ direction with unit cells meeting at
kinks. Element boundaries in black lines. Note that for this specific configuration, the
derivatives in the parametric space are not perpendicular to the edges.

When a kink is present at an interface between two patches, the angle formed
by in-plane edge normals has to be preserved during the deformation (Fig. 5).
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Considering a kink parallel to the η direction, the constraint of Eq. (11a) is
replaced by

n(1, η) = eµxc0(η)Rθ,V n(0, η), (30)

where n(α, η) = ∂S(α,η)
∂η

×
(
∂S(α,η)
∂ξ
× ∂S(α,η)

∂η

)
(α ∈ {0, 1}) is normal to

the patch interface and tangent to the surface. Rθ,V is the Rodrigues ro-

tation matrix around the axis V = ∂S(α,η)
∂η

/
∥∥∥∂S(α,η)

∂η

∥∥∥ by an angle of θ =

atan2 (‖n(0, η)× n(1, η)‖ , n(0, η) · n(1, η)) (Appendix A). Contrary to the
case of the G1-continuity (Eq. (11a)), for the case of the kink, the angle of
the rotation is fixed but not its axis, and its variation has to be accounted
for in three-dimensional structures.

However, noting that V = n(0, η)× n(1, η)/ ‖n(0, η)× n(1, η)‖ in pres-
ence of a kink, Eq. (30) is similar to Eq. (A.1) and it is shown in Appendix
A that such problem is ill-posed. Indeed, this can be explained by the fact
that the in-plane edge normals are not independent from the rotation axis.

To overcome this problem, the idea is to expressed n as a variation of
the geometry with respect to the normal direction, such that Eq. (30) can
be recasted to

∂S(1, η)

∂n
= eµxc0(η)Rθ,V

∂S(0, η)

∂n
, (31)

where c0(η) =
∥∥∥∂S(1,η)

∂n

∥∥∥ / ∥∥∥∂S(0,η)
∂n

∥∥∥ and

∂S(α, η)

∂n
= n(α, η) =

n∑
i=1

m∑
j=1

(
∇Rp,k

i,j (α, η) · n(α, η)
)
Bi,j(α, η), (32)

with ∇ = [ ∂
∂x

∂
∂y

∂
∂z

]T . After replacing S, the initial geometry, by S + u,

the deformed one, linearization of Eq. (31) assuming u small and keeping θ
constant leads to

∂u(1, η)

∂n
= eµxc0(η)

(
Rθ,V

∂u(0, η)

∂n
− δRθ,V

∂S(0, η)

∂n

∂u(0, η)

∂η

)
, (33)

where δRθ,V is detailed in Eq. (A.3). Since ∂u(α,η)
∂n

is derived with respect
to the undeformed geometry, it is valid only for small deformations, an as-
sumption which is anyway required for dispersion analysis with the Bloch
theorem.
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While Eq. (33) has to be valid for all η, only 2m equations can be imposed,
where m is the number of control points in the η direction (Eq. (4)). To define
the values of η = η̂ at which Eq. (33) is collocated, the Demko abscissae are
used, following the approach of isogeometric collocation [51, 52]. They are
obtained iteratively (command chbpnt in MATLAB) and are demonstrated
to be stable. Otherwise, the Greville abscissae can be used but their stability
is proved only for polynomial order smaller or equal than 3 [52].

Akin to Eqs. (13) and (14), Eqs. (10a) and (33) can be arranged in matrix
form such that Eq. (18) is now a full matrix uR

uRB
uRT

 = eµx

NXII NXIB NXIT

NXBI NXBB NXBT

NXTI NXTB NXTT

 uL
uLB
uLT

 . (34)

Proceeding similarly in the y direction, one gets: uT
uLT
uRT

 = eµy

NYII NYIL NYIR

NYLI NYLL NYLR

NYRI NYRL NYRR

 uB
uLB
uRB

 . (35)

By solving the systems (34) and (35), Eq. (21) is updated with:

A(µ) =



I 0 0 0
AR→L AR→B AR→LB 0

0 I 0 0
AT→L AT→B AT→LB 0

0 0 I 0
ALT→L ALT→B ALT→LB 0
ARB→L ARB→B ARB→LB 0
ART→L ART→B ART→LB 0

0 0 0 I


, (36)

where

AR→L = eµxNXII + e2µx+µyNXIT IYXNYLRNXBI ,

AR→B = eµx+µyNXIT IYXNYLI , (37a)

AR→LB = eµxNXIB + NXIT IYX

[
e2µx+µyNYLRNXBB + eµx+µyNYLL

]
,

AT→L = eµx+µyNYIRIXYNXBI ,

AT→B = eµyNYII + eµx+2µyNYIRIXYNXBTNYLI , (37b)

AT→LB = eµyNYIL + NYIRIXY

[
eµx+2µyNXBTNYLL + eµx+µyNXBB

]
,
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ALT→L = eµx+µyIYXNYLRNXBI ,

ALT→B = eµxIYXNYLI , (37c)

ALT→LB = IYX

[
eµx+µyNYLRNXBB + eµxNYLL

]
,

ARB→L = eµxIXYNXBI ,

ARB→B = eµx+µyIXYNXBTNYLI , (37d)

ARB→LB = IXY

[
eµx+µyNXBTNYLL + eµxNXBB

]
,

ART→L = eµxNXTI + e2µx+µyNXTT IYXNYLRNXBI ,

ART→B = eµx+µyNXTT IYXNYLI , (37e)

ART→LB = eµxNXTB + NXTT IYX

[
e2µx+µyNYLRNXBB + eµx+µyNYLL

]
,

ART→L = eµx+µyNYRRIXYNXBI ,

ART→B = eµyNYRI + eµx+2µyNYRRIXYNXBTNYLI , (37f)

ART→LB = eµyNYRL + NYRRIXY

[
eµx+2µyNXBTNYLL + eµx+µyNXBB

]
,

and

IYX =
[
I− eµx+µyNYLRNXBT

]−1
,

IXY =
[
I− eµx+µyNXBTNYLR

]−1
.

(38)

Note that similarly to the system (18), the system (34) is composed of 5 un-
knowns and 6 equations. However, the 6 equation are now not linearly inde-
pendent, and two different expressions for the term uRT are found (Eqs. (37e)
and (37f)). In spite of this, the use of Eq. (37e) and (37f) provides almost
identical results which made not possible to establish which one to choose.
The average of both terms appeared to be the most reasonable choice and
has been employed in this work.

4. Numerical Results

In this section, structural slender beam and shell problems are presented,
and the following formulations are used. Beams are modeled by isogeomet-
ric planar extensible-elastica elements [9], whereas shells are modeled using
isogeometric Kirchhoff-Love elements [14]. These both theories account for
axial/membrane and bending strains, but neglect shear ones, in agreement
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with the assumption of slenderness. They have also the advantage of be-
ing rotation-free such that only three and two dofs per control point are
required in the case of shells and planar beams, respectively. While the
Galerkin method is used, bending strains in the weak form are described
by second-order derivatives of the displacement field, such that the NURBS
basis functions have to be at least C1-continuous inside the domain.

If not specified, the following material notation and numerical values are
used: the Young’s modulus is E = 70 GPa, and the density ρ = 2700 kg m−3.
In addition, for shells, ν = 0.33 is the Poisson ratio and G = E/(2(1− ν)) is
the shear modulus.

In order to compare numerical results with the theoretical convergence
order, the following approach is used. For a given eigenvalue problem where
λhk is the kth approximated eigenvalue (h being the mesh size), the error can
be estimated by [53–56]

|λk − λhk|
|λk|

≤ C
(
hλ

1/(2m)
k

)β
, (39)

where λk is the exact solution, C a constant, and β = 2(p + 1 − m) the
estimated convergence order, with p the basis order and m the problem order
in the weak form (2m being the PDE order).

4.1. Quasi-one-dimensional wave propagation

4.1.1. Ring

In this first example, a slender planar ring is investigated and modeled us-
ing isogeometric extensible-elastica, which have the advantage to represent
exactly the curvature. Dispersion is analyzed using the revisited Bloch the-
orem, and instead of modeling 2π of the circumference, corresponding to
the periodicity by translation, rotational symmetries are accounted for, such
that only a small angle θ of the ring is modeled (Fig. 6). This reduction
of the problem is possible after updating the boundary conditions [57], and
consists in replacing the identity matrix Id in Eq. (16) by the transpose of
the rotation matrix

Rot
T
θ =

[
cos θ − sin θ
sin θ cos θ

]
. (40)
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Figure 6: Portion θ = π/4 of a circle described by a NURBS curve of polynomial order
p = 2 and h-refined with 2 elements.

Numerical dispersion curves are shown for r = 10t and θ = 2π/32 in
Fig. 7, and compared to an analytical dispersion equation derived from beam
theory [8]:

κ6 −
(
κ20 +

2

r2

)
κ4 −

(
β4 +

κ20
r2
− 1

r4

)
κ2 +

(
κ20 −

1

r2

)
β4 = 0, (41)

where κ = θrµx is the wavenumber, κ20 = ω2ρ/E, β4 = ω2ρA/(EI), r the
ring radius, and t = 1 mm the thickness. For a square cross section, the
present case, A = t2 is the area, and I = t4/12 the area-moment of inertia.
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Eq. (41)

Eq. (28)
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Figure 7: Dispersion relation for the ring normalized by ω0 = π2
√
E/ρ, obtained with

the inverse (Eq. (23)) (a) and direct (Eqs. (29) and (28)) (b) methods, and compared to
the analytical Eq. (41). Quadratic NURBS basis is used and discretized by 2 elements
(Fig. 6).

For the dispersion curves obtained with the inverse method (Eq. (23)),
results match analytical solutions, except for one branch which is evanescent
(Re(µx) 6= 0), and therefore, cannot be captured by this method (Fig. 7a).
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Figure 8: Error versus mesh size h for the inverse (Eq. (23)) and direct (Eq. (29)) methods,
at µx = i and ω(µx = i), in gray and black lines, respectively, and with p = 2 and p = 3
with round and square markers, respectively. Convergence order estimates (Eq. (39)) for
m = 2 and p = {2, 3} in dashed lines.

Indeed, Eq. (23) is derived assuming a purely propagating wave (Re(µx) = 0).
For the transfer-matrix approach, if Eq. (28) is used (dashed lines in Fig. 7b),
spurious results are obtained. While the number of dof is small (only 8 dofs),
the ill-conditioning of the eigenvalue problem results from the C1-continuity
constraint. Indeed, the same simulation performed with classical FE and for
the same number of dof gives accurate results, as shown in [57]. To avoid
ill-conditioning, Eq. (29) is used instead and analytical results are this time
recovered (full lines in Fig. 7b).

Convergence plots are shown in Fig. 8, for the inverse and well-posed
direct Bloch method with different NURBS basis orders. Convergence orders
are found in agreement with convergence estimates (Eq. (39)), validating the
proposed method for this example.

4.1.2. Longitudinally-wrinkled helicoid

Twisted and stretched elastic ribbons handle multiple morphological insta-
bilities [58, 59] and we focus here on the longitudinally-wrinkled helicoids
(Fig. 9a). For some specific configurations, while the global structure is in
tension, twisting the ribbon compresses regions close to the centroid both in
the longitudinal and radial directions, such that a periodic buckled pattern
can be obtained (ripples). In the present paper, a steel ribbon from Brütsch
& Rüegger is used and has the following characteristics: width W = 12.7
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mm, thickness t = 0.04 mm, length L = 25 cm, Young Modulus E = 210
GPa, Poisson ratio ν = 0.3, and density ρ = 7800 kg m−3. In order to get
the first longitudinally-wrinkled mode, the strip is stretched by a tension
T = 67 N then twisted by an angle Θ = π (Fig. 9b). The thin ribbon is
modeled by isogeometric Kirchhoff-Love elements [14] capable of handling
large geometrically-nonlinear deformations. Quadratic NURBS basis func-
tions are used and the domain is discretized by 30 and 300 elements in the
radial and longitudinal directions, respectively. Simulation results are shown
in Fig. 9c,d and we refer the reader to [60] for more details.

σVonMises bending (105 Nm-2)
54.543.53

a)

c) d)

λlon

L/2

x
y

T

Θ

b)

Figure 9: Experimental test (a), coarse numerical model (b), numerical deformed model
(c), and numerical Von Mises bending stress projected in the undeformed configuration
(d) of the longitudinally-wrinkled helicoid. Only half of the specimens are represented.

Similarly to the tetrahelix studied in [57], the longitudinally-wrinkled
helicoid in general does not possess purely translational symmetries (the helix
step over the buckling period is in general not a rational number). However,
a screw symmetry is present (a translation combined to a rotation) and to
account for it, Id in Eq. (16) is replaced by the transpose of the rotation
matrix [57, 61]

Rot
T
θ =

1 0 0
0 cos θ − sin θ
0 sin θ cos θ

 , (42)

where θ = Θλlon/L and λlon the buckling period (Fig. 9). Note that the
period of the screw symmetry can be still reduced by a factor 2 and we refer
the reader to [61] for more details.

Dispersion curves are shown in Fig. 10, and the main finding is that
the periodic deformation couples longitudinal and flexural modes, such that
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longitudinal waves become dispersive. As a side note, it is shown in [60]
that dispersion of longitudinal waves is a key component in the formation of
solitary waves and its quantification with the Bloch theorem is fundamental
for analytical wave characterizations.
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ω
/ω
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Re(µx)
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L
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L
Ft

Figure 10: (a) Dispersion curves for the longitudinally-wrinkled helicoid obtained with
Eq. (29) and normalized by ω0 = 2π

l

√
E/ρ. Purely propagating branches corresponding

to longitudinal (L), transverse/radial flexural (Ft/Fr), and shear (Si) modes (i denotes
the mode number) in color lines and evanescent modes in gray shades, from black to white
lines corresponding to Re(µx) = [0 0.15].

4.2. Quasi-two-dimensional wave propagation

For quasi-two-dimensional wave propagation, dispersion curves are shown in
the contour of the irreducible Brillouin zone (IBZ) defined by the triangle
ΓXM such that Im(µ(Γ)) = [0, 0]T , Im(µ(X)) = [π, 0]T , and Im(µ(M)) =
[π, π]T [4] (Fig. 11).

4.2.1. Thin flat shell

An infinite thin flat shell is investigated in this example using four different
unit cells, allowing investigations of a nonuniform knot vector, a curved con-
tour, and derivatives in the parametric space which are not aligned (Fig. 12).
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Figure 11: First Brillouin zone and irreducible Brillouin zone in gray.

These flat surfaces are generated by taking the tensor product of two identi-
cal planar B-spline curves rotated each other by the angle π/2. Parameters
of the B-spline curves are given in Table 1 for each configuration.

Table 1: B-spline curve parameters from which B-spline surfaces of Fig. 12 are generated.
Ξ is the knot vector and Bx and By are respectively the x and y components of the control
point coordinates. ξlog1 = 1− log (2(exp−1)/3 + 1) and ξlog2 = 1− log ((exp−1)/3 + 1).
B-spline basis order is p = 2.

Shape Ξ Bx By

Fig. 12a {0 0 0 1/3 2/3 1 1 1} {0 l/6 l/2 5l/6 l} {0 0 0 0 0}
Fig. 12b {0 0 0 ξlog1 ξlog2 1 1 1} {0 l/6 l/2 5l/6 l} {0 0 0 0 0}
Fig. 12c {0 0 0 1/3 2/3 1 1 1} {0 l/6 l/2 5l/6 l} {0 − l/8 0 l/8 0}
Fig. 12d {0 0 0 1/3 2/3 1 1 1} {0 l/6 l/2 5l/6 l} {0 0 0 l/8 0}

The dispersion curves obtained from the revisited Bloch method are given
in Fig. 13a for a period l = 0.1 m. Longitudinal (‘L’), in-plane shear (‘S’),
and flexural (‘F’) branches are found in agreement with analytical dispersion
equations [8]

ωL =

√
E

(1− ν2)ρ
κ, (43a)

ωF =

√
Et2

12(1− ν2)ρ
κ2, (43b)

ωS =

√
G

ρ
κ. (43c)

Note that in Fig. 12a-c, the control points at the boundary are collinear
such that the simplified Eq. (21) can be used, which is not the case of Fig. 12d
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a) b)

c) d)

Non collinearCollinear

Figure 12: (a-d) Flat periodic unit cell in dark gray surrounded by one element width
of the rest of the periodic pattern. B-spline surfaces are constructed from the tensor
product of two perpendicular B-spline curves. These curves are different in (a-d) and
their parametrization is given in Table 1.

where the full Eq. (36) is required. Convergence orders for the four configura-
tions are then compared to the error estimate in Fig. 14. It is found that for
longitudinal/shear and flexural modes, the convergence orders are β = 4 and
β = 2, respectively. This is in agreement with the fact that the axial/shear
strains are first-order problems into the weak form (m = 1), whereas bending
deformations involve second-order derivatives (m = 2) (Eq. (39)).
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Figure 13: Dispersion curves normalized by ω0 = 2π
l

√
E

(1−ν2)ρ for flat (Fig. 12a) (a) and

undulated (Fig. 15) (b) shells in the IBZ contour. Full and dotted lines are obtained with
Eq. (23) and the PWE method [62], respectively. These plots are shown for a refinement
of 32 subdivisions in both directions.

  a) b) c)

10-12

10-10

10-8

10-6

10-4

4

 
10-23.10-3

| ω
-ω

h |
/ ω

h

Fig. 11a
Fig. 11b
Fig. 11c
Fig. 11d  10-12

10-10

10-8

10-6

10-4

10-23.10-3

| ω
-ω

h |
/ ω

h

4

Fig. 11a
Fig. 11b
Fig. 11c
Fig. 11d  10-6

10-4

10-2

100

10-23.10-3

| ω
-ω

h |
/ ω

h

2

Fig. 11a
Fig. 11b
Fig. 11c
Fig. 11d

Figure 14: Dispersion frequency error versus mesh size h of a flat shell for axial (a),
shear (b) and bending (c) branches at µx = µy = 3iπ/4. Considered unit cells are
shown in Fig. 12a-d and are represented here from black to light gray lines, respectively.
Convergence order estimates (Eq. (39)) with m = 1 (a,b) and m = 2 (c) in dashed lines.

4.2.2. Undulated shell

In this example, an undulated shell is investigated where a point xs =
{xs, ys , zs} belonging to the surface is defined by

zs(xs, ys) =
z0
2

(
cos

(
2π

l
xs

)
+ cos

(
2π

l
ys

))
, (44)

where l and z0 are the undulation period and magnitude, respectively. Since
the surface is expressed through a transcendental function [63], it cannot be
exactly described by a NURBS surface. Hence an approximation is found by
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projecting the flat surface described in Fig. 12a on the undulated geometry
and minimizing the error in a least-square sense [47].

The resulting geometry is shown in Fig. 15 for l = 0.1 m, ζ = z0/l =
0.05 and γ = t/l = 0.05, and corresponding dispersion curves are shown
in Fig. 13b and are found in good agreement with plane wave expansion
(PWE) method [62]. However, this method assumes orthogonality between
the lines of the principal curvature, and therefore, it cannot be used as an
exact reference for convergence purpose.

a) b)

l
z0

Figure 15: Undulated shell composed of 9 unit cells (a), and with detailed view of one
profile (b).

As a side note, it is shown in [61] that the minimum period by translation
is the one considered here, but that the unit cell used in the Bloch theorem
can be reduced by two considering the two glide symmetries of this structure.

4.2.3. Repeated dome

In this example, we consider a three-dimensional structure with unit cells
meeting at kinks: the repeated dome shown in Fig. 16a. Similarly to the
undulated shell, the geometry is modeled with isogeometric Kirchhoff-Love
shells, and is generated using the cosine function, but taking its absolute
value such that

zs(xs, ys) =
z0
2

∣∣∣cos
(π
l
xs

)
cos
(π
l
ys

)∣∣∣ , (45)

where in the present case, l = 0.1 m and z0 = 0.25l. The shell thickness
is t = 0.02l and the geometry is discretized by quadratic B-splines with 32
elements in both directions. Since units cells meet at kinks, Eq. (36) is used
to obtain dispersion curves (Fig. 16c), and results are compared to a solution
computed with the commercial software NX Nastran. Results are found in
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perfect agreement, except at high frequency, and is explained by the fact that
Reissner-Mindlin plate elements are used in NX Nastran, which account for
shear deformations, contrary to the Kirchhoff-Love theory.

To show that the variation of the rotation matrix should be accounted
for, the dispersion curves are also given when δRθ,V is neglected in Eq. (33),
and as expected, results do not converge to the correct solution.

Γ X M Γ
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0

0.05

0.1

0.15

0.2a) c)

b)

l

Full Eq. (33)
Partial Eq. (33)
NX Nastran

Figure 16: Repeated dome (a) with unit cells (b) meeting at kinks and resulting dispersion

curves normalized by ω0 = 2π
l

√
E

(1−ν2)ρ in the IBZ contour (c). Full and dashed lines are

obtained using Eq. (33), with and without considering variation of the rotation matrix,
respectively. Dotted lines are obtained with NX Nastran.

4.2.4. Expanded metal sheet

As a last example, we demonstrate the possibility to use multi-patch NURBS
surfaces inside a periodic unit cell by investigating expanded metal sheets
(Fig. 17). This structure is widely used in engineering [64], but to the best of
the author’s knowledge, it has not been investigated from a wave propagation
point of view. Note however the dispersion analysis of kirigami pyramidal
cores in [49], a structure constructed from expanded metal sheets.

One period of the specimen geometry is approximately reproduced from
the aluminum stock number E312081S from Metals Depotr, such that the
diamond profile shown in Fig. 17d is l = 24 mm long, h = 10 mm high, b = 8
mm deep, and the plate from which the structure is manufactured is t = 2
mm thick. The half length of the common interface should be r = l/5 but is
in reality reduced by e = r/3 due to the presence of a chamfer.
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Figure 17: Expanded metal sheet (a) viewed from top (b) with the periodic unit cell
composed of two patches (c), for which the profile is modeled by a B-spline curve (d).

To model the cut inside the unit cell, two bivariate B-spline patches are
used such that the diamond is divided into lower and upper parts. Kirchhoff-
Love shell elements are used and G1-continuity between the two patches is
maintained enforcing the collinearity of adjacent control points [14]. The
B-spline basis order is p = 2 and each knot vector is h-refined by 10 and 20
elements in the longitudinal and depth directions, respectively.

Noting that adjacent control points are collinear, Eq. (21) is used and
resulting dispersion curves are shown in Fig. 18. Note finally that the trans-
lation period used in the present work (dashed rectangle in Fig. 18b) could
have been replaced by a smaller one (dashed diamond in Fig. 18b) to reduce
the size of the eigenvalue problem [61]. However, this choice is justified by
the difficulties in modeling the smallest period with NURBS patches.

5. Conclusions

Wave propagation in periodic problems governed by high-order PDEs and
discretized by NURBS-based IGA is investigated by revisiting the boundary
condition of the Bloch theorem. Whereas the G1-continuity is enforced by
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Figure 18: Dispersion curves normalized by ω0 = 2π
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√
E

(1−ν2)ρ for the expanded metal

sheet shown in Fig. 17 in the IBZ contour.

applying periodic boundary conditions to maintain the collinearity between
adjacent control points, a different procedure is used in case of unit cells
meeting at kinks. The angle of the kink is maintained by introducing a rota-
tion matrix between variations of the field with respect to the in-plane edge
normals. These conditions are collocated at the Demko abscissae, commonly
used in the isogeometric collocation method. While the direct method of
the Bloch theorem is derived for quasi-two-dimensional wave propagation,
only the propagating wave is captured with this method. Evanescent waves
in quasi-one-dimensional structures are obtained with the transfer-matrix
approach. The applicability of the proposed method is shown in a set of
different numerical problems, and it is found that the convergence order of
the dispersion is in agreement with error estimates, validating the present
work.
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Appendix A. The Rodrigues rotation formula

Given W1 and W2 two arbitrary unit vectors, a rotation matrix Rθ,V exists
such that

W2 = Rθ,VW1, (A.1)

where [38]

Rθ,V = cos θI + sin θ [V ]× + (1− cos θ)V V T , (A.2)

and with [a]× b = a× b the cross product expressed as a matrix product

[a]× =

 0 −a(3) a(2)
a(3) 0 −a(1)
−a(2) a(1) 0

 .
Rθ,V describes a rotation by the angle θ = atan2 (‖W1 ×W2‖,W1 ·W2)
around the unit axis V = W1×W2/ sin θ, with atan2 being the four-quadrant
inverse tangent function.

Given θ constant (the angle has to be maintained), the variation of the
rotation matrix with respect to its axis times W1 is given by

δRθ,VW1 =
(
− sin θ [W1]× + (1− cos θ)VW T

1

)
δV . (A.3)

Replacing δV in terms of δW1 and δW2, Eq. (A.3) can be recasted as

δRθ,VW1 = − [W1]
2
× δW2+

(
[W1]× [W2]× − (1− cos θ)V V T

)
δW1. (A.4)

Finally, the variation of Eq. (A.1) reads(
I + [W1]

2
×
)
δW2 =

(
Rθ,V + [W1]× [W2]× − (1− cos θ)V V T

)
δW1. (A.5)

Noting that the determinant of the left-hand side of Eq. (A.5) is
∣∣I + [W1]

2
×

∣∣
=
(
‖W1‖2 − 1

)2
= 0, δW1 can be expressed in terms of δW2, but the prob-

lem (A.5) is ill-posed.
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