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Abstract

This paper introduces the stochastic time-dependent orienteering problem with time windows. The orienteering prob-
lem occurs in logistic situations where an optimal combination of locations must first be selected and then the routing
between these selected locations must be optimized. In the stochastic time-dependent variant, the travel time between
two locations is a stochastic function that depends on the departure time at the first location. The main contribution
of this paper lies in the design of a fast and effective algorithm to solve this challenging problem. To validate the
performance and the practical relevance of this proposed algorithm, several experiments were carried out on realistic
benchmark instances of varying size and properties. These benchmark instances are constructed based on an actual
large road network in Belgium with historic travel time profiles for every road segment.
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1. Introduction

The orienteering problem (OP) is defined on a graph in which the vertices represent geographical locations at
which a reward can be collected. Each arc in the graph represents a connection between two vertices and has a travel
time. The goal of the OP is to determine which subset of vertices to visit and in which order so that the total collected
reward is maximized and a given maximum total travel time is not exceeded. In addition, a feasible OP solution should
start and end at a predetermined vertex. The OP includes the knapsack problem (KP) and the travelling salesperson
problem (TSP) as subproblems. In contrast to the TSP, not all vertices can be visited in an OP due to the maximum
total travel time constraint. However, determining the shortest path between the selected vertices will be helpful to
visit as many vertices as possible within the available time.

The OP has many interesting applications in military surveillance, tourism and logistics. The military application
of the OP considers Unmanned Aerial Vehicle (UAV) mission planning to collect intelligence information about
different locations in the area of operations [22, 23, 25, 59, 67, 91]. The aim of these missions is to acquire as much
information as possible during the flight, while the length of the flight is limited by the available fuel capacity of
the UAV. To model personalized tourist trips, each vertex is a point of interest and the reward indicates the personal
appreciation of the point of interest by the tourist. In this application, a tourist wants to maximise the enjoyment by
visiting several different sightseeing locations, while the length of the tourist route is restricted by the total time the
tourist can spend on sightseeing. These problems are called tourist trip design problems and research was presented
in [33, 35, 70, 73, 74, 86–88, 91]. Gavalas et al. [34] present the most recent survey on algorithmic approaches for
this class of problems. When applied in logistic planning tools, which is also the main focus of this paper, a vertex
represents a customer and the reward reflects the profit margin when the customer is served. The aim is to select
the combination of customers and sequence that maximizes the total reward [37, 43, 82]. Other applications of the
OP include determining which suppliers to audit to maximize recovered claims [42], the planning of scouting tours to
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different high schools to scout sport players [6, 10] and pharmaceutical representatives who visit doctors to build brand
awareness [94]. Most of these applications are covered in more detail in the survey paper on the OP by Vansteenwegen
et al. [84].

As a result of the traffic intensification and the limited capacity of a road network, traffic congestion has become
a daily phenomenon. Congestion causes late arrivals at customers and increases transportation cost components.
Therefore, accounting for and avoiding traffic congestion has a large potential for cost savings [46]. In general,
congestion causes two undesirable effects to the transportation users: on the one hand it causes an increase of expected
travel time due to a reduction of the mean speed and queuing, and on the other hand it increases the variability of travel
times. Therefore, congestion is modelled by making various assumptions about the travel time required to traverse an
arc. If the travel time is a fixed value it is defined as being deterministic. If this travel time is not a fixed value but
the value is subject to variations, the travel time is said to be stochastic. On the other hand, a distinction should be
made between time-independent and time-dependent travel times. If the time to traverse an arc is not dependent on
the departure time during the day, it is considered to be time-independent and can be represented as a single value.
When the travel time changes based on the departure time, the travel time is said to be time-dependent. Therefore, in
a realistic road network, travel times are both time-dependent and stochastic. Due to possible traffic jams, the travel
time in a road network is dependent on the hour of the day. Moreover, many factors (weather conditions, congestion,
accidents, etc.) cause that one can never be sure when to arrive precisely at the destination.

Congestion itself is typically a local matter, it can be observed and confined within certain parts of the network and
affects a limited number of arcs. However, the consequences of congestion can propagate through a much larger part of
the network. Local arc travel time variation is experienced by various road network users travelling on different routes,
whose reactions causes changes in the traffic patterns elsewhere. For that, even if congestion effects are observable
and quantifiable at the arc level, it is important to extrapolate their effects to the route level. This concept is more
thoroughly discussed by Boyce et al. [9]. Since the decisions of road users rely on accurate and reliable travel time
estimation and prediction, knowing the variability of travel time might be as important as knowing its expected value.

Research on travel time variability and route choice models for point-to-point navigation already exists and there-
fore we refer to Corthout et al. [15] for more information. However, the mainstream vehicle routing research incor-
porates as travel time estimation, the mean route travel time or some measures of travel time reliability (i.e., 10th
and 90th percentile). As a consequence, route travel time variability is rarely considered in vehicle routing appli-
cations. The research described in this paper aims to show that, given the growing availability and detail of travel
time measurements, it is also possible and worthwhile to estimate route travel time distributions and link it directly
to the likelihood of collecting a reward or penalty at the customer. Furthermore, we will measure the impact of route
variability on the objective function.

Based on the two already mentioned travel time classifiers, four different variants of the orienteering problem can
be devised and they are listed in Table 1.

Table 1: Overview on orienteering problems with different travel time properties

time-independent time-dependent

deterministic OP TD-OP
stochastic OPSW TD-OPSW

In the classic OP the travel time is deterministic and time-independent. This means that in the problem formulation
the travel time is represented as a single constant value. Secondly, travel time information can have an amount of
uncertainty attached to it but still be independent of the departure time. The orienteering problem with stochastic travel
time information is called the orienteering problem with stochastic weights (OPSW). The travel time is represented
by a single probability distribution. Thirdly, the orienteering problem with time-dependent and deterministic travel
time information is called the time-dependent orienteering problem (TD-OP). Recall that in this case, the travel time
is dependent on the hour of the day the specific arc is taken. Therefore, it can no longer be seen as a single value
but as a function of values dependent on the departure time. As thoroughly discussed by Verbeeck et al. [89], the
time-dependent problem formulation allows to model the deterministic congestion related issues in routing problems
and multi-modal applications for logistic or tourist trip planners. In the fourth variant of the orienteering problem the
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travel time is both stochastic and time-dependent. Instead of being represented by a single value, the travel time at a
given hour of the day is now represented by a probability distribution. So the travel time on each arc is represented by
different probability distributions, each dependent on the departure time. This leads to the time-dependent orienteering
problem with stochastic weights (TD-OPSW). In this paper, we investigate the orienteering problem with both time-
dependent and stochastic travel times.

In addition to the modelling of the travel time on the arc, the problem considered in this paper, assumes that each
vertex has a time window (opening time and closing time) and a service time. Considering time windows in the
time-dependent orienteering problem makes this latter more realistic since both tourist attractions and customers have
opening hours in real-life situations. It is therefore an obvious step in the direction of modelling and solving realistic
routing problems [2]. On the other hand, by incorporating time windows the resulting waiting times, which postpone
the departure time at a vertex, directly affect the travel times in a time-dependent problem context. In order to develop
accurate travel time predictions it is necessary to take into account time windows. For example, departing earlier at a
vertex to avoid congestion might turn out to be not useful if you can not serve this subsequent vertex at the scheduled
arrival time because of the opening time of the time window. This makes the problem significantly more difficult
than the regular time-dependent orienteering problem. Furthermore, due to the stochastic nature of the travel times,
waiting and arriving late at vertices also has an influence on the variability of departure times and therefore also on
the variability of the total time of the route (See Section 4.1). Therefore, the problem discussed in this paper is called
the time-dependent orienteering problem with stochastic weight and time windows (TD-OPSWTW).

This paper makes several contributions to the state of the art. Firstly, the TD-OPSWTW is introduced and the
impact of time windows on the complexity of the time-dependent stochastic travel time calculation is discussed.
Secondly, two metaheuristic methods for the TD-OPSWTW are compared and the results are analysed. Important
construction concepts and practical insights are presented to stimulate further research. Thirdly, a set of problem
instances based on a large and real road network are made available together with an efficient pre-processing method
which allows to speed up significantly any solution method for the orienteering problem, or related problems such as
the TSP and VRP, with time-dependent and/or stochastic travel times. Finally, the impact of (not) accounting for time-
dependent stochastic travel times for the orienteering problem is investigated and stresses the importance of taking
into account a more realistic representation of travel times.

Following an extensive literature review in Section 2, the TD-OPSWTW is further described in Section 3. Then,
the solution method and instance generation procedure are proposed respectively in Section 4 and Section 5. The
most important part of the proposed solution method is the estimation algorithm that provides the departure time
distribution when travelling from one vertex to another. This algorithm can also be applied to other vehicle routing
problems with time-dependent stochastic travel times and time windows. The solution method is experimentally
evaluated in Section 6. Section 7 concludes this paper and discusses possible future work.

2. Literature Review

The name of the orienteering problem derives from the sport game of orienteering [12, 82]. In this game, individual
competitors start at a specified control point and try to maximize their reward by visiting checkpoints and returning
to the control point within a given time frame. Each checkpoint has a known reward and the objective is to maximize
the total collected reward. A comprehensive survey on the OP and its extensions can be found in Vansteenwegen et al.
[84].

Apart from our own research [89] and [90], time-dependent extensions of the OP(TW), called time-dependent
orienteering problem (with time windows) or TD-OP(TW), have, to the best of our knowledge, only been studied
by [1, 29, 33, 54]. We refer to Verbeeck et al. [89] and Verbeeck et al. [90] for a summary of the research on the
TD-OP(TW) and we will focus here on the stochastic aspects of the problem under consideration.

There exists three different types of stochastic orienteering problems: orienteering problems with stochastic
weights (OPSW) or travel times as called in this paper, orienteering problems with stochastic profits (OPSP) and
orienteering problems with both stochastic profits and weights called stochastic scouting problems (SSP). The TD-
OPSWTW discussed in this paper belongs to the stochastic weight type. The OPSP was introduced by Ilhan et al.
[42] and the SSP was presented by Barros & Evers [6].

Next, solution methods for the OPSW were presented in [11, 24, 25, 63, 64, 79, 81]. Teng et al. [81] study
the time constrained TSP where both the travel and service time are independent discrete random variables. The
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objective is to maximize the total profit collected on a route while a limit is set to the total travel and service time of
a route. A penalty is taken proportional to the amount in excess of this time limit. This problem is formulated as a
two-stage stochastic problem with recourse, where in the first stage a subset of customers are sequenced before the
travel and service time are realized and in the second stage the expected penalty is imposed on the objective function.
Unlike the TD-OPSWTW, the problem discussed by Teng et al. [81] is limited to discrete travel and service time
distributions. The problem only uses a single penalty parameter as a mechanism for maintaining the feasibility of the
solution. Tang & Miller-Hooks [79] propose a selective TSP with discrete stochastic service times and allow readily
extension for discrete stochastic travel times as well. They formulate the problem as a chance-constrained stochastic
integer program where the objective is to maximize the total profit collected minus the travel cost from a route while
restricting the probability that the route length exceeds a certain threshold. The problem introduced by Tang & Miller-
Hooks [79] incorporates deadlines via a chance constraint rather than modelling the economic cost of their violation
using a penalty as in the case of the TD-OPSWTW.

Campbell et al. [11] propose an orienteering problem with stochastic travel and service times (OPSTS) where a
customer specific penalty is incurred for each scheduled customer not reached before a given known general deadline.
However, contrary to the regular orienteering problem, the routes do not need to end at an end vertex. They investigate
special versions of the problem that can be solved optimally and present variable neighbourhood search heuristics to
solve the general versions of the problem. In comparison with the TD-OPSWTW discussed in this paper, time-
dependent travel times, time windows and the constraint that routes need to start and end at the predefined vertex
were added to the problem formulation of Campbell et al. [11] and the service times are deterministic. Apart from
these additions the objective function of the TD-OPSWTW is very similar to the one proposed by Campbell et al.
[11]. Evers et al. [24] compare a robust optimisation to the two-stage orienteering problem with stochastic weights
using a case study. Contrary to the two-stage approach of Teng et al. [81], during the second stage no penalties
are imposed but the recourse action of returning to the end vertex is made when the remaining capacity equals the
expected weight required to return from the current location to the end depot. A certain amount of extra capacity
is assumed to be available to cover for possible late arrivals at the end vertex. In Papapanagiotou et al. [64] and its
extension Papapanagiotou et al. [63], the objective function of the OPSTS proposed by Campbell et al. [11] is further
investigated. The authors compare the effectiveness of an exact objective evaluation versus a Monte Carlo sampling
method and a hybrid method which combines aspects of the latter two.

Evers et al. [25] study an orienteering problem with a stochastic weight on each arc and a hard constraint on
the total weight of a route. They introduce a two-stage recourse model where a recourse action of aborting the
route (returning to the depot) is taken in the second stage. This action is executed when the remaining capacity
equals the expected weight required to return from the current location to the end depot. They propose a sample
average approximation procedure to solve the problem, in which the objective function is approximated using Monte
Carlo sampling. Lau et al. [51] present the time-dependent orienteering problem with stochastic weights and call
it the dynamic orienteering problem with (discrete) stochastic travel times. The authors propose, apart from the
time-dependent stochastic travel times, a risk-sensitive criterion to allow for different risk preferences and develop
a branch-and-bound algorithm and a local search algorithm to solve the DSOP. They also provide two approaches
to calculate the travel time distributions: a sampling approach and a matrix-based approach. Unlike Campbell et al.
[11], there is no customer specific penalty, only a general penalty for a route with a length that exceeds the maximum
allowed travel time.

The orienteering problem with stochastic weights and time windows is discussed by [22, 94]. Firstly, Evers et al.
[22] extend the orienteering problem with uncertain travel and service times, time windows and the addition of new
vertices (targets) during the flight, for the case of online stochastic UAV mission planning. They call this problem the
maximum coverage stochastic orienteering problem with time windows (MCS-OPTW), which generates a route with
a maximum expected profit of targets that are known in advance. During the execution of the route, a heuristic similar
to Vansteenwegen et al. [85] is used to re-plan the route each time a target is visited. Apart for the time-independent
stochastic travel times, the difference with the TD-OPSWTW is that there is no penalty received for scheduled vertices
that are not visited and late arrivals at the depot are also allowed. Furthermore, for the TD-OPSWTW all vertices are
known in advance and a route needs to be found. Secondly, Zhang et al. [94] propose a stochastic orienteering problem
with time windows where the travel time is deterministic but the waiting time at a customer is a discrete stochastic
variable dependent on the arrival time at a customer. When serving a customer within its time window a reward is
gained, otherwise a penalty is taken. The authors propose an analytical formula to compute the expected reward from
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a route that takes into account the recourse actions of not travelling to a scheduled customer and deciding not to wait
at a customer. Furthermore, they propose a VNS heuristic similar to Campbell et al. [11] to solve this problem. The
difference with the TD-OPSWTW proposed in this paper resides in the fact that the travel times are time-dependent
stochastic variables and the waiting time originates from arriving too early at a customer. Furthermore, no recourse
actions are modelled or taken into account during the evaluation of possible solutions.

In general, these solution methods do not take into account the impact of time windows on the convolution of
the departure time and travel time distribution. The proposed sampling approaches only work because, when no time
windows are considered, independent distributions of the same type (discrete and gamma distributions are used in
most cases) can be added together. However, in case of time windows, the resulting waiting times or late arrivals
significantly complicate the calculation of the departure time distribution. In this paper, the aim is to find a route that
takes into account stochastic travel times and time windows during the optimization process.

Existing solution methods for the related time-dependent vehicle routing problem (TD-VRP) described in [21, 28,
38, 41, 46, 71, 83, 95] and the time-dependent vehicle routing problem with time windows (TD-VRPTW) which can
be found in [5, 13, 16, 19, 27, 39, 48, 57, 58, 60, 62, 65, 72, 92] provide inspiration on how to efficiently deal with time-
dependency and time windows. Most of these works are also mentioned by the survey paper about time-dependent
routing problems [36]. This paper also provides an overview on the various speed models that are developed by Ahn
& Shin [3], Fleischmann et al. [28], Ichoua et al. [41], Malandraki & Daskin [58] to model more realistic congestion
behaviour between vertices.

As far as solution methods are concerned, tabu search is the most commonly applied metaheuristic for the TD-
VRP(TW) [21, 41, 57, 60, 62, 71, 83, 92, 95]. Other algorithms that have been developed for the TD-VRP(TW)
include a genetic algorithm [38], a heuristic combining route construction and route improvement [13, 27, 65], a
variable neighbourhood search approach [48], an iterated local search [39] and three ant colony systems [5, 19, 95].
Osvald & Stirn [62] present a distribution problem of fresh vegetables in which the perishability represents a critical
factor. They apply tabu search to this problem and test their algorithm on data of the Slovenian food market. They
achieved improvements of up to 47% reduction in perished goods. Kok et al. [47] presented a heuristic based on
dynamic programming for TD-VRP while considering driving hour regulations. Kuo [49] studied a variant of TD-
VRP aiming to minimize the total fuel consumption. The authors proposed a simulated annealing procedure for
finding the routing plan with the least total fuel consumption. Experiments showed that the proposed method provided
a 24.6% improvement in fuel consumption over the method based on minimizing transportation time and a 22.7%
improvement over the method based on minimizing transportation distances. Maden et al. [57] proposed and applied
a tabu search heuristic for the TD-VRPTW on real data from an electrical wholesale company in the SouthWest of
the UK. The proposed approach led to savings in CO2 emissions of about 7%. Based on the heuristic of Maden et al.
[57], Ehmke et al. [21] test a planning system for city logistics service providers efficiency and adaptability to time-
dependent planning data sets and the quality and structure of resulting delivery tours. Soler et al. [72] transform the
TD-VRPTW into an asymmetric capacitated vehicle routing problem in order to solve it with a state-of-the-art exact
and heuristic solution method. Kok et al. [46] use a time-dependent shortest path algorithm together with a restricted
dynamic programming heuristic to tackle real-life TD-VRP test instances. Dabia et al. [16] developed a branch-and-
price algorithm for the TD-VRPTW. They used new dominance criteria which enabled them to solve some small and
medium sized instances. Nguyen et al. [60] introduce a tabu search meta-heuristic for the time-dependent multi-zone
multi-trip vehicle routing problem with time windows. A diversification strategy, guided by an elite solution set and
a frequency-based memory, is used to search for unexplored good regions. Zhang et al. [95] developed a hybrid
algorithm that integrates both ant colony system and tabu search algorithms for the time-dependent vehicle routing
problem with simultaneous pickup and delivery. Wen & Eglese [92] present a new algorithm for TD-VRPTW inspired
by tabu search and shows how costs for freight distribution may be influenced by traffic conditions using a case study
in the London area. Setak et al. [71] present the time-dependent vehicle routing problem in a multigraph where one
vertex can be accessible from another with more than one arc and proposed a tabu search solution method for this
problem.

Solution methods for the vehicle routing problem with stochastic travel times and time windows are presented
in [4, 20, 55, 68, 76, 78]. Ando & Taniguchi [4] propose a genetic algorithm and focus on small-sized problem
instances (up to 25 vertices) and Russell & Urban [68] develop a tabu search method where the performance of the
solution approach is evaluated on well-known problem instances with 100 vertices. Li et al. [55] proposed a heuristic
algorithm based on a tabu search method and tested their procedure on problem instances with up to 100 vertices. In
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the problem proposed by Taş et al. [76] and Taş et al. [78], the vertices have soft time windows. In [76] the authors
propose a tabu search method together with a post-optimization method, while in [78] a column generation procedure
and a branch-and-price solution approach are applied. Ehmke et al. [20] developed a chance-constrained approach
where restrictions are placed on the probability that individual time window constraints are violated. They propose a
way to estimate this probability for all customers. The approach considers how to compute the start-service time and
arrival time distributions for each customer. The computational experiments show how the solutions change for well-
known data sets across different levels of customer service and two types of travel time distributions. This approach
is similar to the estimation algorithm proposed in this paper as the arrival and departure time are approximated by a
normal distribution with estimated mean and variance. However, apart from the addition of time-dependency in this
paper, in the case of a late arrival a customer can still be serviced in the paper of Ehmke et al. [20].

Research dedicated to the stochastic time-dependent vehicle routing problem with time windows or STD-VRPTW
can be found in [53, 75, 77]. In [53] the time-dependent travel times are the result of a stochastic process due to traffic
congestion. The proposed queueing models are solved for problem instances with up to 80 vertices by an algorithm
based on a tabu search method. In the problem formulation discussed by Taş et al. [77] vertices have soft time
windows. The authors propose tabu search and an adaptive large neighbourhood search to solve this problem. Sun
et al. [75] propose a method to convert the STD-VRPTW into a TD-VRP problem and use a formerly presented route
construction algorithm to solve the converted problem.

Time-dependent extensions for the dial-a-ride problem were investigated in [30, 31, 69]. Fu [30] and Fu [31] inves-
tigate dial-a-ride paratransit scheduling problems subject to tight service time constraints and time-varying, stochastic
traffic congestion. Firstly, Fu [30] investigates the potential effects of these variations on the operational characteris-
tics of a paratransit system such as vehicle productivity and schedule reliability are examined. A series of numerical
experiments was performed on a practical problem from the city of Edmonton, Alberta, under hypothetical travel
time variation patterns. A set of recursive relations is identified by Fu [31] to approximate the distribution param-
eters of arrival times at individual stops of a given route. This allows to extend conventional heuristic algorithms
with only a marginal increase in computational complexity. Schilde et al. [69] adapted four existing metaheuristics
for the stochastic time-dependent dynamic dial-a-ride problem using statistical information available about historical
accidents.

The earliest studies on modelling the travel time and speed on arcs of the network were performed by Berry &
Belmont [7]. The speed on an arc was found to be normally distributed. Kharoufeh & Gautam [45] showed that travel
times were roughly normally distributed, although slightly skewed, indicating that a log-normal distribution might
be interesting as an alternative. The results of Taniguchi et al. [80] and Kwon et al. [50] show that there is always
a certain minimum time needed to cover the distance. After this minimum time, the probability corresponding to
travel times higher than this minimum, increases rapidly to a maximum after which this probability slowly decreases
with a long tail. Therefore, Taniguchi et al. [80] advise to use log-normal distributions instead of normal distributions.
Furthermore, Noland & Polak [61] and Clark & Watling [14] also assume route travel times to be well approximated by
normal or log-normal distributions, under the condition that arc travel times are (sufficiently) independent variables on
a day-to-day time scale, or that the network is under user equilibrium constraints. Although assuming normality offers
numerous analytical and computational advantages, it imposes some unrealistic restrictions such as symmetry and
non-zero probability of negative travel times. Subsequently, the conventional (2-parameter) log-normal distribution is
bounded below by zero leading to unreasonable free flow speeds.

The distributions of the travel times most commonly applied in the field of vehicle routing problems to solve
road logistic problems are uniform, normal, log-normal, shifted gamma and gamma distributions [11, 26, 30, 31,
44, 53, 55, 63, 68, 76–79]. The gamma distribution is the most commonly used [11, 26, 53, 63, 68, 76–78]. These
distributions can be estimated using different data sources such as floating car data, automatic vehicle identification
and inductive loop detectors [56, 66, 93, 96]. Although the calculation of arc travel time distributions is possible
through these data sources, the relationship between these distributions and travel time distributions at the route level
is not straightforward [32, 40]. Because arc flows and travel times are often highly mutually correlated, the calculation
of route travel time variability can not always be calculated by summing up the arc travel time variability. However,
in this paper we will assume that the travel times on the arcs are uncorrelated. Correlation could, for instance, be
incorporated by developing a network-consistent, time-dependent travel time layer like in the work of Schilde et al.
[69] and Lecluyse et al. [52].

Next to this extensive literature survey, the main contribution of this paper is to show that it is possible to solve the
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stochastic time-dependent version of the orienteering problem with (hard) time windows without using for example
a 2-stage stochastic programming approach or computational expensive Monte Carlo simulations. Instead a meta-
heuristic is proposed that takes the stochastic aspects of the problem into account during the optimization process.
Furthermore, the significant impact of time windows on the variability of the solution is theoretically and empirically
shown as time windows are often not included in the problem formulations of the orienteering problem with stochastic
travel times. Therefore, in this paper, for the problem instances based on real-life data, time slots with a length of
15 minutes will be used and the stochastic travel times are assumed to be normally and independently distributed.
Contrary to the commonly used gamma distribution, the normal distribution is chosen as it facilitates the travel time
estimation process because of its analytical properties (convolution, truncation, symmetry). In future research the
focus could be placed on the adaptation of the solution procedure to handle the more realistic probability distributions
such as the gamma distribution.

3. Problem description

The TD-OPSWTW is defined based on the formulation proposed by Campbell et al. [11]. Let Vc = {1, ..., v} be
a set of serviceable vertices. Vertex 1 represents the start vertex and vertex v represents the end depot. Furthermore,
it is assumed that there is an arc (i, j) between all i and j in Vc. Each vertex i ∈ Vc has a deterministic non-negative
reward ri as well as a deterministic non-negative penalty ei. The reward is earned when visiting the vertex between
its opening time oi and closing time ci and the penalty is incurred if the arrival occurs after its closing time which
means the vertex is not visited. This penalty represents direct payment or a loss of goodwill. In reality, there is a
cost associated with a failure to service a planned customer. Note that deterministic models generally do not (have to)
consider this cost. The time window is defined for the start of the service and not the end. Let Ti, j,td be a non-negative
stochastic variable representing the time required to traverse arc (i, j) when departing at time td. It is assumed that the
distribution on Ti, j,td is known for all i, j and td. Next, let si be the deterministic non-negative service time at vertex i.

Let the random variable Ai be the planned arrival time at vertex i. For a realization (actually observed value ) Ai

of Ai, we assume that a reward ri is earned for Ai ≤ ci and a penalty ei is incurred otherwise. Let ω be a route or
sequence of the vertices in the selected set M ⊆ Vc which begins at the vertex 1 at time t0 and ends at end vertex v.
The opening time of the start and end vertex is set equal to t0 and their rewards are set to 0. Subsequently, the closing
time of the end vertex is set equal to t0 + tmax and its incurred penalty is set equal to ev. This way a penalty is also
incurred if the route length exceeds the predetermined length, tmax. The expected reward of the route is equal to the
following equation in which P stands for the probability:∑

i∈ω

[P(Ai ≤ ci) · ri − (1 − P(Ai ≤ ci)) · ei] (1)

We seek a route ω∗ such that the expected reward of ω∗ is larger than or equal to the expected reward of ω for every
ω.

Furthermore, the time is discrete and divided into in κ time slots. This means that for every vertex i to j and for
every time slot t ∈ κ there exists a normally distributed travel time (Ti, j,t). Finally, let tp

t
and tpt represent the moment

at which time slot t starts and ends respectively.

4. Solution method

The proposed solution method for the TD-OPSWTW is an ant colony optimization algorithm that takes into
account the expected reward and the stochastic travel times using an estimation algorithm. Before this method is
discussed in more detail, the Monte Carlo sampling and the estimation algorithm that provide a way of calculating the
travel time is described in Section 4.1.

4.1. Arrival time and objective function calculation

Given a sequence of vertices, an algorithm is required to calculate the arrival time distribution for every included
vertex. This distribution allows to determine the probability that a reward or a penalty is collected and therefore
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allows to calculate the expected profit of the vertex. The output of this algorithm is the expected profit when executing
the proposed route in a stochastic context. In this research, two methods are proposed for this task: a Monte Carlo
simulation and an estimation algorithm.

In general, three cases can occur when travelling from one vertex to another vertex:
1. The traveller arrives within the opening hours of the vertex which enables the traveller to collect the reward

after servicing the vertex. A service time is added to the arrival time.
2. The traveller arrives before the opening time of the vertex which forces him to wait first and collect the reward

after servicing the vertex. The departure time is equal to the opening time plus the service time.
3. The traveller arrives after the closing time of the vertex which forces him to collect the penalty without servicing

the vertex. No service time is added in this case and the departure time is equal to the arrival time.

Recall that the closing time of the end depot is set equal to t0 + tmax and the penalty, ev is defined. Therefore, the third
case also penalizes for the fact of having a total time larger than tmax.

Given the fact that our travel times are assumed to be normally distributed, the resulting arrival distribution which
is equal to the convolution of the departure time distribution and the corresponding travel time distribution will also
be normally distributed if the departure time is also normally distributed. In most cases this departure time will be
normally distributed. However, problems arise when waiting is necessary at a vertex, when the vertex can not be
served or when the width of the departure time distribution spans multiple time slots. As will be discussed in the
three subsequent subsections, in such cases the arrival and/or departure time distribution and the resulting distribution
can no longer be categorized as normal. Therefore, executing the convolution of such an irregular departure time
distribution with a subsequent normal travel time distribution becomes a complex task. Sampling these distributions
during the execution of a metaheuristic is computationally expensive. Therefore, an estimation algorithm (Section
4.1.5) is used during the execution of the metaheuristic and its final solution sequence is validated using a Monte
Carlo simulation (Section 4.1.4).

These three cases will now be explained, together with the way they are dealt with during the execution of the
metaheuristic, i.e., by the estimation algorithm. Note that for a given random variable D, φD stands for its probability
density function, ΦD stands for its cumulative distribution function and Φ−1

D represents its inverse cumulative distri-
bution function. All equations derived in the subsequent sections were obtained and validated using the commercial
software Mathematica 10.0 combined with the mathStatica 2.7 package.

4.1.1. Width of departure time distribution spanning multiple time slots
When calculating the arrival time distribution, a time slot needs to be found which corresponds with a departure

time distribution. Based on this time slot the correct travel time distribution can be obtained. Recall that each arc can
have a different travel time distribution for each time slot. Therefore, it is important that the departure time distribution
is convoluted with the travel time distribution that matches the time slot of that departure time distribution. However,
the departure time distribution may span more than one time slot. If the mean departure time would be used to find an
appropriate time slot, a part of the departure time distribution is convoluted with the wrong travel time distribution.

Let D ∼ N(µD, σ
2
D) represents the departure time and let g > 0 be the start time of a time slot. Furthermore,

let X1 ∼ N(µ1, σ
2
1) be the travel time corresponding to the first time slot and let X2 ∼ N(µ2, σ

2
2) be the travel time

corresponding to the second time slot. Then, the random variable A representing the arrival time is equal to the
following piecewise function:

A =

D + X1 if D ≤ g
D + X2 if D > g.

Let er f (x) be the error function:
2
√
π

∫ x

0
e−t2

The probability density function of A equals:

φA(t) =

e
−

(µD+µ1−t)2

2(σ2
D+σ2

1)
erf

 σ2
1(g−µD)+σ2

D(g+µ1−t)
√

2σDσ1

√
σ2

D+σ2
1

+1


√
σ2

D+σ2
1

−

e
−

(µD+µ2−t)2

2(σ2
D+σ2

2)
erf

 σ2
2(g−µD)+σ2

D(g+µ2−t)
√

2σDσ2

√
σ2

D+σ2
2

−1


√
σ2

D+σ2
2

2
√

2π
. (2)
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The mean of the arrival time distribution is equal to:

µA = µD +
1
2
µ1

(
erf

(
g − µD
√

2σD

)
+ 1

)
+

1
2
µ2

((
−erf

(
g − µD
√

2σD

)
− 1

)
+ 1

)
. (3)

The variance is equal to:

σ2
A =

1
4

e
−

(g−µD)2

2σ2
D

e (g−µD)2

2σ2
D

(µ1 − µ2) 2

− erf
(

g − µD
√

2σD

)2

− 1


+2σ2

1erf
(

g − µD
√

2σD

)
+ 2

(
−σ2

2

(
erf

(
g − µD
√

2σD

)
− 1

)
+ 2σ2

D + σ2
1

))
+4

√
2
π

(µ2 − µ1)σD

 .
(4)

Details on the derivations of these equations can be found in Appendix A.
As an example, we choose the departure time distribution D ∼ N(11, 1). The start of time slot 2 is located at 12

(g), the travel time associated with time slot 1 is T1 ∼ N(1, 0.01) and the travel time associated with time slot 2 is
T2 ∼ N(1.2, 0.25). Note that at this point no information concerning the destination vertex is needed since the arrival
time distribution is calculated. This example is visualised in Figure 1. On the left panel we can see the departure
time distribution in black, as well as the start and end of time slot 1 indicated by a black vertical line. The part of the
distribution that is located after the end of time slot 1 is shaded in orange. The part of the distribution that is located
before the start of time slot 1 is very small and is therefore ignored. In this case the part of departure time distribution
ranging from 7 to 12 needs to be convoluted with T1 while the part of departure time distribution ranging from 12 to
15 needs to be convoluted with T2. On the right panel the real arrival time distribution is drawn in black.

As can be seen in this specific case, the original arrival time distribution does not look normally distributed but is
relatively well approximated using a normal distribution. During the execution of the metaheuristic the arrival time
distribution is assumed to be normally distributed with a mean and variance given by equation (3) and (4) respectively.
The approximation for this specific case is drawn in dashed orange.
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Figure 1: Effect of departure time spanning multiple time slots on arrival time distribution with µD = 11, µ1 = 1, µ2 = 1.2, σ2
D = 1, σ2

1 = 0.01,
σ2

2 = 0.25 and g = 12

4.1.2. Arriving early at a vertex
When a traveller arrives before the opening time (o) of a vertex, a waiting time and service time (s) are added to

the arrival time A ∼ N(µA, σ
2
A). In a stochastic case, waiting at a vertex converts the normally distributed arrival time

distribution into a departure time which is a combination of a mass point and a truncated normal distribution.
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The random variable D represents the departure time and equals the following piecewise function:

D =

o + s if A ≤ o
A + s if A > o.

Its probability density function therefore equals

φD(t) =


e
−

(µA+s−t)2

2σ2
A

√
2πσA

o + s − t < 0
1
2

(
erf

(
−µA−s+t
√

2σA

)
+ 1

)
t = o + s.

(5)

The mean and variance (µD and σ2
D) of this departure time distribution are given by the following equations:

µD =
1
2

(o − µA)
(
erf

(
o − µA
√

2σA

)
− 1

)
+
σAe

−
(o−µA)2

2σ2
A

√
2π

+ o + s, (6)

σ2
D =

1
4
∗

4 ∗
σA(µA − o)e−

(o−µA )2

2σ2

√
2π

−
σ2

A

2

 erf
(

o − µA
√

2σA

)

−(o − µA)2erf
(

o − µA
√

2σA

)2

+ µ2
A + o2 −

2σ2
Ae
−

(o−µA )2

σ2
A

π
− 2µAo + 2σ2

A

 .
(7)

Details on the derivations of these equations can be found in Appendix B.
As an example, we define an arrival time distribution with a mean of 9 and a variance of 1, the opening time is

equal to 10 (o) and the service time (s) is set equal to 1. This example is visualised in Figure 2. On the left panel we
can see the arrival time distribution in black and the opening time indicated by a black vertical line. The part of the
distribution that is located before the opening time (84%) is shaded in orange. On the right panel the real (piecewise)
departure time distribution is drawn in black. Since we have a 84% chance to arrive early, the real departure time
consists of a mass point of 84% at time 11 (the sum of the opening time and the service time). The other part of the
departure time distribution is formed by shifting 1 time unit to the right the part of the arrival time distribution that is
located after the opening time.

During the execution of the metaheuristic, this piecewise departure time distribution is approximated as a normal
distribution with a mean and variance given by equation (6) and (7) respectively. The approximation for this example
is drawn in dashed orange.
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Figure 2: Arrival and departure time distribution in the case of an early arrival with µA = 9, σ2
A = 1, s = 1 and o = 10 .
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As can be seen in the expression of both the mean and the variance of the departure time distribution, the opening
time has an effect on the departure time distribution. An example of this effect for an arrival time distribution with
a mean equal to 9 and a variance and service time equal to 1 can be seen in Figure 3. Note that in this figure only
the opening time is variable while the mean and the variance of the arrival time distribution are kept equal to 9 and
1 respectively. This means for example that an opening time greater than 9 corresponds to a scenario with a high
probability of arriving early. In Figure 3a there can be seen that for a high probability of arriving early (right side of
Figure 3a) the mean departure time is equal to the opening time plus the service time. However, for low probability
of arriving early (left side of Figure 3a) the mean is equal to the mean arrival time (9) plus the service time (1) of
the vertex. In between, a convex function limits the growth of the departure time when the opening time increases.
On Figure 3b there can be seen that the variance decreases in a non-linear way when the probability of arriving early
increases up to the fact that the departure time becomes deterministic. There can be concluded that arriving early at
vertices decreases the variability in a TD-OPSWTW solution due to the waiting before the time window opens.
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Figure 3: Effect of the opening time on µD and σ2
D with µA = 9, σ2

A = 1 and s equal to 1.

4.1.3. Arriving late at a vertex
A vertex cannot be served for the part of the arrival time distribution that is larger than the closing time (c), so no

service time should be added to this part of the arrival time distribution. Recall that the time windows are defined for
the start of the service and not for the completion of the service.

When the arrival time distribution is defined as A ∼ N(µA, σ
2
A), the random variable D represents the departure

time and equals the following piecewise function:

D =

A + s if A ≤ c
A if A > c.

Note that the transformation from A to D is not one to one. In particular, there is a zone of overlap where both sub
functions of the piecewise function can contribute to one value of D.

The probability density function of D is given by:

φD(t) =



e
−

(t−µA )2

2σ2
A

√
2πσA

c + s ≤ t

e
−

(µA+s−t)2

2σ2
A

√
2πσA

c ≥ t

e
−

(µA+s−t)2

2σ2
A +e

−
(t−µA)2

2σ2
A

√
2πσA

c < t < c + s.

(8)
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The mean and variance (µD and σ2
D) of the resulting departure time distribution are given by the following equations:

µD =
1
2

(
s erf

(
c − µA
√

2σA

)
+ 2µA + s

)
, (9)

σ2
D = −

1
4

s2erf
(

c − µA
√

2σA

)2

−

√
2
π
σAse

−
(c−µA )2

2σ2
A +

s2

4
+ σ2

A. (10)

Details on the derivations of these equations can be found in Appendix C.
As an example, we define the arrival time distribution A ∼ N(µA, σ

2
A) with a mean of 16 and a variance of 1, the

closing time (c) is equal to 17 and the service time (s) is set equal to 1. This example is visualised in Figure 4. On the
left panel we can see the arrival time distribution in black and the closing time indicated by a black vertical line. The
part of the distribution that is located after the closing time is shaded in orange. On the right panel the real (piecewise)
departure time distribution is drawn in black and the proposed approximation in orange. Note that the elevated part of
the original departure time distribution between 17 and 18 originates from both arrival times that were either on-time
or too late. For example an arrival time equal to 16.5 is transformed to a departure time equal to 17.5 but an arrival
time equal to 17.5 leads also to the same departure time of 17.5.

During the execution of the metaheuristic, this piecewise departure time distribution is approximated as a normal
distribution with a mean and variance given by equations (9) and (10) respectively. The approximation for this example
is drawn in dashed orange.
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Figure 4: Arrival and departure time distribution in the case of a late arrival with µA = 16, σ2
A = 1, s = 1 and c = 17.

Similarly to the effect of the opening time, an example of the effect of the closing time on the mean and variance
of the departure time distribution for two different values of the service time is visualised in Figure 5. For the case
where s = 1, the mean departure time increases and becomes closer to the default value of 17 as the probability of
arriving late (higher values of c) increases (Figure 5a). The effect of the closing time on the variance resembles in this
case a parabolic function which opens downwards, indicating that the variance first decreases for high probabilities
of arriving late, then hits a minimum for the 50% probability of arriving late and then increases again when the
probability of arriving late decreases (Figure 5b). For the case where the service time equals 4, the curve for the mean
departure time follows a similar pattern as discussed above (Figure 5c). However, the curve of the variance shown in
Figure 5d deviates strongly from Figure 5b. The variance increases for low probabilities of arriving late and achieves
a maximum for the 50% probability whereafter the variance drops for high probabilities of arriving late. Finally, there
can be concluded that late arrivals severely complicate the calculation of the departure time distribution.
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Figure 5: Effect of the closing time on µD and σ2
D with µA = 16, σ2

A = 1 and s respectively equal to 1 and 4.

4.1.4. Monte Carlo simulation
The pseudo code of the Monte Carlo simulation is provided in Algorithm 1. Since in every iteration the departure

time is deterministic, it is possible to find exactly one corresponding travel time distribution with a deterministic
departure time. Subsequently, a random percentile of this travel time distribution is chosen as travel time value.
The deterministic arrival time therefore equals the sum of the deterministic departure time and the randomly chosen
percentile of the travel time distribution. Afterwards, the three cases mentioned above are checked for this arrival time
value and a corresponding reward or penalty is obtained. This process is repeated for every vertex in the solution. This
algorithm returns the expected reward of the input solutions sequence by dividing the sum of all rewards belonging
to the 10,000 iterations by the number of iterations. This maximum number of iterations is set equal to 10,000 since
preliminary experiments showed that the objective function no longer shows significant deviations. Although not
shown in Algorithm 1, this Monte Carlo simulation is also extended to capture the arrival time distribution at the
end vertex of the solution. This allows to measure the difference in mean and variance between the arrival time
distribution, originating from the Monte Carlo simulation, and the one produced by the estimation algorithm. This
comparison can be found in Section 6.1.

4.1.5. Estimation algorithm
This algorithm provides an estimate of the departure time distribution at j when travelling from vertex i to vertex

j with a departure time Di ∼ N(µDi , σ
2
Di

) at i. The pseudo code is displayed in Algorithm 2. During the execution,
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Algorithm 1 Monte Carlo simulation- input: solution ω, maxiterations

sumreward = 0
for iteration = 1 to maxiterations do

reward = 0
departuretime = t0
for i = 2 to |ω| do

a = ω[i − 1]
b = ω[i]
k = f ind time slot(departuretime)
rnd = random number in the open interval (0, 1)
arrivaltime = departuretime + Φ−1

Ta,b,k
(rnd)

if arrivaltime < ob then
departuretime = ob + sb

reward = reward + rb

else if arrivaltime ≤ cb then
departuretime = departuretime + sb

reward = reward + rb

else
reward = reward − eb

departuretime = arrivaltime
end if

end for
sumreward = sumreward + reward

end for
expreward = sumreward/maxiterations
RETURN expreward
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every distribution is assumed to be normal which helps speeding up the calculation of the convolution product of two
distributions.

In general, to construct the arrival time distribution, the departure time distribution is convoluted with the match-
ing normal travel time distribution (lines 10-12). The time slot k, corresponding to the mean of the departure time
distribution, is selected to find the corresponding travel time distribution (line 1). However, if the proportion of the
departure time distribution that is located in another time slot than the time slot that corresponds with the mean of
the distribution, is bigger than 1%, the arrival time distribution will be approximated. If a part (larger than 1%) of
the departure time distribution is situated in a lower time slot, then g is set equal to k. The arrival time distribution is
approximated using a normal distribution with a mean equal to equation (3) and a variance equal to equation (4) (lines
2-5). In the other case that a part (larger than 1%) of the departure time distribution is located in a subsequent time
slot, then g is set equal to k + 1. The arrival time distribution is approximated using a normal distribution with a mean
equal to equation (3) and a variance equal to equation (4) (lines 6-9).

After the convolution of the departure time and the travel time into the arrival time distribution, three scenarios can
occur on arrival at vertex j: an early arrival, a late arrival or an on-time arrival. For an early arrival the departure time
is approximated using a normal distribution with a mean equal to equation (6) and a variance equal to equation (7)
(lines 14-16). In the case of a late arrival the departure time is approximated using a normal distribution with a mean
equal to equation (9) and a variance equal to equation (10) (lines 17-19). An on-time arrival requires the addition of a
service time to the mean of the arrival time distribution in order to obtain the departure time distribution. The variance
remains unchanged (lines 20-22). Finally, this algorithm outputs the expected reward of vertex j.

Algorithm 2 Estimation algorithm -input: vertex i, vertex j, departure time Di ∼ N(µDi , σ
2
Di

)

1: k = f ind timeslot(µDi )
2: if ΦDi (tpk) > 0.01 then
3: g = tpk

4: µA j = eq. 3 (g,Di,Ti, j,k−1,Ti, j,k )
5: σ2

A j
= eq. 4 (g,Di,Ti, j,k−1,Ti, j,k)

6: else if ΦDi (tpk+1) − ΦDi (tpk) < 0.99 then
7: g = tpk+1
8: µA j = eq. 3 (g,Di,Ti, j,k,Ti, j,k+1 )
9: σ2

A j
= eq. 4 (g,Di,Ti, j,k,Ti, j,k+1 )

10: else
11: µA j = µDi + µTi, j,k

12: σ2
A j

= σ2
Di

+ σ2
Ti, j,k

13: end if
14: if ΦA j (o j) > 0.01 then
15: µD j = eq. 6 (o j, A j)
16: σ2

D j
= eq. 7 (o j, A j)

17: else if ΦA j (c j) < 0.99 then
18: µD j = eq. 9 (c j, A j)
19: σ2

D j
= eq. 10 (c j, A j)

20: else
21: µD j = µA j + s j

22: σ2
D j

= σ2
A j

23: end if
24: RETURN D j
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4.2. Pre-processing

A set of neighbours is defined for each vertex i ∈ Vc. This set, NBi, is computed before the start of the solution
procedure. A vertex j is considered a neighbour of vertex i if the following equation holds:

oi + si + f fi, j ≤ c j (11)

In this equation, f fi, j represents the time-independent travel time. Subsequently, these neighbours are first stored in a
list, sorted according to the following equation:

r j

s j + f fi, j
(12)

In this way, neighbours with a higher reward and a smaller service and time-independent travel time are ranked first.
If the number of neighbours in this list is greater than NBmax, only the first NBmax neighbours are stored as the set of
neighbours for the vertex under consideration. These neighbour sets are used in the construction method and the local
search moves. In the remainder of this text, a vertex j is called a neighbouring vertex of vertex i if j is included in the
neighbour set of i. Various values where tested for NBmax and a value equal to 45 seemed a good trade-off between a
scalable computational time and solution quality.

4.3. Stochastic ant colony system (SACS)

The structure of the SACS is similar to the ant colony system proposed for the TD-OPTW as described by Verbeeck
et al. [90] and consists of 3 phases which are executed on a set of solutions during a predetermined amount of iterations
Nc.

Firstly, ants, which represent solutions, are created in a construction phase. The second phase consists of an
improvement phase where the ants are improved using three local search moves. Thirdly, in the global pheromone
update phase the pheromone values belonging to the arcs of the best ant (of the iteration) are increased. An overview
of the algorithm is provided in Algorithm 3 and the different components are described below. The best solution found
in an iteration is defined as ωib, ωgb represents the best solution found during the entire optimization procedure and
F(ωx) refers to the objective function (expected reward) of solution ωx.

The ACS is executed until 10,000 trial solutions have been created. The exact value of Nc is therefore adjusted to
the value of max ants. For example when 20 ants are used, 500 iterations were allowed in order to generate 10,000
trial solutions.
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Algorithm 3 Ant colony system for TD-OPSWTW - input parameters: α, β, ρ, max ants, τinit,Nmax
ni

ωib = 0, ωgb = 0, Nni = 0, iteration = 0
while iteration < Nc do

Initialize parameters: τ, η (τinit)
for i = 1 to max ants do

Construct solution & local pheromone update (τ, η, α, β, ρ)
Swap
Calculate max start

Insert (max start)
Replace (max start)

end for
ωib = arg max(F(ω1), F(ω2), ..., F(ωmax ants))
if F(ωib) > F(ωgb) then
ωgb = ωib

Nni = 0
else

Nni = Nni + 1
end if
Global pheromone update (τ, ωib, Nni, Nmax

ni )
iteration = iteration + 1

end while
Monte Carlo simulation (ωgb)
RETURN ωgb

4.3.1. Construction phase
The construction phase, displayed in Algorithm 4, starts with an empty solution. During each iteration, a random

vertex from the candidate list is selected using a roulette wheel selection method. During the execution of this method,
the probability of selection is based on a memory structure (τ) and a heuristic ratio (η). The candidate list consists
of all unvisited vertices that can be inserted into the solution and increase the expected reward of the solution when
added. This increase in expected reward of the solution consists of the increase in expected reward, due to adding the
unvisited vertex to the solution, minus the change in expected reward when travelling from this newly added vertex
to the end vertex. In short, this means that late arrivals are allowed during the construction phase as long as it is
beneficial. Finally, this phase stops when the candidate list is empty except for the end vertex. The memory structure
follows the same logic as described in [90]. The pheromone values of arcs used during the construction phase are
decreased while the values of the arcs belonging to the iteration best solution are increased.

4.3.2. Using local search moves in a stochastic context
Three local search moves are used in the ACS solution method: swap, insert and replace. They are visually

represented in Figure 6. Firstly, the swap local search move tries to exchange two solution member vertices in order to
save travel time. We define y and z as the vertices that will be exchanged, k and l as the predecessor and successor of y
and m and n as the predecessor and successor of z. After verification that k and l are neighbours of z and that m and n
are neighbours of y, the vertices y and z are temporarily exchanged. Otherwise, this swap pair (y, z) is discarded before
further evaluation. Afterwards, the new arrival time for the vertices between k and n is calculated while accounting for
time window restrictions. Next, the decrease in travel time (calculated from k to n) of the possible swap is calculated
using the estimation algorithm. Only if this decrease in mean and variance is positive, the swap is executed. However,
it is unsure that this exact decrease in travel time can be gained also for the whole solution due to waiting times and the
time-dependent stochastic nature of succeeding travel times after vertex n. Nevertheless, since the mean and variance
of the departure time distribution at n are reduced, we are sure that departing from vertex n guarantees that our new
arrival time at the end depot will be equal to or smaller than the previous one. Therefore, this approach is chosen
to avoid a complete evaluation of the solution. The swap local search move is run in a first-improving manner and
stopped when no more feasible improvements can be found.
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Algorithm 4 SACS construction phase- input parameter: α, β

i = 0
ω[i] = 1
µD[i] = 0
σD[i] = 0
while ω[i] , v do

CL = ∅

a = ω[i]
for all available neighbours b of a except v do

X=estimation algorithm(a, b,D[i])
expreward = ΦX(cb) ∗ rb − (1 − ΦX(cb)) ∗ eb

V=estimation algorithm(b, v, X)
endexpreward = expreward − (1 − ΦV (cv)) ∗ ev

if endexpreward > 0 then
add vertex b to CL
store X and expreward

end if
end for
if CL , ∅ then

for all vertices r ∈ CL do
calculate lr (α, β)

end for
roulette wheel selection method
add selected vertex to ω and update the solution

else
ω[i + 1] = v

end if
i = i + 1

end while
local pheromone update

18



Secondly, the insert and replace local search moves make use of a local evaluation metric called max start. This
metric is created by calculating for every vertex in the current solution, the latest possible start time of the service at the
vertex, before the objective function of the solution decreases, using the 99th percentile of the travel time distribution.
Other percentiles (50th, 77.1th, 90th) were tested but the results did not deviate much. This can be explained by
the relatively high penalty for arriving late at the end vertex. This process is shown in Algorithm 5. Note that the
latest possible start time is searched given the current total length of the route. This means that if the solution already
contains a late arrival at the end depot, this increase in travel time compared to tmax is taken into account as feasible
time during the calculation of max start (lines 7-9).

Algorithm 5 Calculation of max start - input solution ω

1: sz = |ω|
2: latestarrival=Φ−1

D[sz](0.99)
3: if latestarrival ≤ tmax then
4: max start[sz] = tmax

5: ta = t0 + tmax

6: else
7: max start[sz] =latestarrival
8: ta =latestarrival
9: end if

10: i = sz − 1
11: while i > 0 do
12: z = ω[i + 1]
13: y = ω[i]
14: k = find time slot (ta)
15: td = ta − Φ−1

Ty,z,k
(0.99)

16: if td > cy + sy then
17: td = cy + sy

18: end if
19: max start[i] = td
20: ta = td − sy

21: i = i − 1
22: end while

Concerning the insert procedure, a vertex y can only be inserted between x and z into the solution when the 99th
percentile of the new arrival time distribution at z (calculated using the estimation algorithm) is smaller than the
max start of vertex z. When vertex y is actually included in the solution, the algorithm updates the arrival times from
x to y, as well as the arrival times at the vertices succeeding vertex y. This is necessary, because the insertion of
vertex y has most likely caused a change in waiting and/or travel time for the arcs of the solution succeeding vertex y.
Secondly, for the vertices preceding vertex z, a recalculation of the max start local evaluation metric is required. The
insert local search move is executed in a best-improving manner and stopped when no more feasible improvements
can be found.

A similar logic is applied for the replace move which tries to replace an included vertex by a non-included vertex
with a higher expected reward. The replace local search move is run in a first-improving manner and stopped when
no more feasible improvements can be found.
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Figure 6: Overview of local search moves

5. Instance generation

This section discusses in detail, the generation of realistic test instances for the TD-OPSWTW based on the
available data. These test instances are based on the ones proposed for the TD-OPTW in [90]. In turn, these instances
were based on the real road network of Belgium, the Netherlands and Luxembourg. From this road network containing
84,720 vertices (V) and 116,683 arcs (A), 36 time-dependent stochastic test instances are extracted with a number of
vertices ranging from 20 to 100. The difference resides in the fact that the travel times are now stochastic and a penalty
is defined for every vertex. This penalty, also for the end vertex, is set independent of the magnitude of the lateness.
This implies that in theory visiting additional vertices and collecting the reward before going to the end vertex might
counter the collected penalty at the end vertex. In order to avoid this behaviour, the closing time of the regular vertices
is set smaller than or equal to tmax. The penalty for regular vertices is equal to 20% of their respective reward. The
penalty for arriving late at the end vertex is set equal to the highest reward over all regular vertices of the instance. The
instances are also available at http://www.mech.kuleuven.be/en/cib/op/. The accompanied historical travel
time data, consisting of travel time observations for every time period of 15 minutes for a representative Tuesday, is
used to fit a set of normal travel time distributions for every arc during 96 time slots (κ = 96). Since for every arc and
time slot combination only one travel time estimate is available, the standard deviation for a particular combination
of an arc and time slot is set equal to the variability over all time slots of the arc. The average coefficient of variation
(cv = σ

µ
) is therefore equal to 0.5%, which is rather low. Other coefficients of variation and penalty ratios (pr = ri

ei
)

will be used when the proposed algorithm is tested (Section 6.2).
The time-independent and time-dependent stochastic travel times between each pair of vertices representing ser-

viceable customers to visit Vc ∈ V , are constructed. The time-independent travel time ( f fi, j) is calculated using
Dijkstra’s shortest path algorithm and assuming that arcs can be traversed at their maximum allowed speed. These
estimates are used to solve the problem instances as deterministic time-independent orienteering problems as will
be described in Section 6.2. Furthermore, these estimates are also used to construct the neighbourhood structure as
described in Section 4.

The stochastic time-dependent travel time distributions (T ) are calculated using an adapted version of Dijkstra’s
algorithm inspired by the research of Demeyer et al. [17]. The Dijkstra algorithm [18] is a label-setting algorithm with
labels representing the lowest cost between the start vertex and the destination vertex. During initialization, the label
of the start vertex is set to zero and all other labels are set to infinity. The set P contains all (non-permanent) vertices
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whose labels have been updated by the algorithm. In every iteration, the vertex with the lowest label is removed from
the set P and made permanent. Then, all labels of the neighbouring vertices are updated. More specifically, if the
sum of the label of the investigated (permanent) vertex and of the arc cost is smaller than the previous label of the
neighbouring vertex, then the label is changed to this sum. This process is repeated until the destination vertex has been
made permanent. The time-dependent stochastic Dijkstra’s algorithm requires that labels are no longer single values,
but probabilistic distributions of travel times. Two operations need to be defined: comparing labels and updating
labels. Deciding which of two labels is the best is no unambiguous process. Usually a fixed percentile such as the
90th percentile is used to compare the labels. In the work of Demeyer et al. [17], 5 equally spread percentiles (10th,
30th, 50th, 70th, 90th) are used during the update of the labels. However, in this research the labels are compared
on the 99th percentile since we want to obtain reliable routes. Furthermore, it is assumed that the travel times on the
arcs are independent (no correlation between the arcs) and normally distributed (µ, σ2), which enables us to easily
calculate the arrival distribution as the sum of the departure time distribution and the travel time distribution:

µarrival = µdeparture + µtravel

σ2
arrival = σ2

departure + σ2
travel

Subsequently, the arrival time distribution becomes the departure time distribution when subsequent arcs are added to
a route. So unlike the research of Demeyer et al. [17], no discrete approximation of the distribution is used.

We validated our stochastic implementation using a Monte Carlo simulation on the final path returned by the
Dijkstra algorithm. Our Monte Carlo simulation was also used to verify the performance of the stochastic Dijkstra
procedure of Demeyer et al. [17]. We could conclude that their procedure significantly underestimates the variance
of the travel time on the proposed path. A possible explanation provided by Bickel et al. [8] is that the distribution is
approximated using 5 percentiles that do not match the moments of the normal distribution.

The resulting time-dependent travel time distributions for each arc between two vertices are stored. As an indica-
tion of the performance of this procedure, for the set of 20, 50 and 100 vertices respectively 2, 6 and 13 minutes of
calculation time is required.

6. Results

The SACS was programmed in C++ and all tests in this section were performed on a computer with an i5 2.6 GHz
processor and 8 GB of memory. For the calculation of the cumulative and inverse normal distribution function, the
Boost C++ 1.55.0 library was used.

6.1. Validation of the estimation algorithm

The estimation algorithm is compared with the Monte Carlo procedure, both described in Section 4.1, based on
the final solution sequence (ωgb) outputted by the SACS. Recall from Section 4.1 that we approximated the real
distribution for the three different cases using a normal distribution with adapted mean and variance. Therefore, the
same solution sequence can have a different objective function when evaluated by the estimation algorithm or the
Monte Carlo procedure.

The average difference after five runs over all instances concerning the arrival time distribution at the end vertex
is smaller than 0.01% for the mean arrival time at the end vertex and 0.67% for the variance. This results in an
objective function deviation of only 0.01%. As a comparison, during the initial research phase, the SACS was also
executed using an inferior estimation algorithm. During this algorithm, each normal arrival/departure time distribution
was discretised using four-point Gaussian quadratures of a normal distribution. The benefits and downsides of this
approximation are discussed by Bickel et al. [8]. The corresponding action to each of the three cases discussed in
Section 4.1 is then applied separately to the four different percentiles of the arrival/departure distribution. When
comparing this method to the results of the Monte Carlo procedure, this way of working leads to an average deviation
of 0.04% for the mean arrival time, 7.9% for the variance and 0.15% for the objective function. The simplest estimation
algorithm consists of taking the convolution of the departure time distribution and the travel time distribution (which
corresponds with the mean of the departure time distribution) while ignoring the three different cases. This leads to
an average deviation of 0.02% for the mean, 8.19% for the variance and 0.32% for the objective function.
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Table 2: Overview on the performance of SACS and ACS

SACS ACS (π=77.1th)

|Vc| % imp cpu (s) sd % imp cpu (s) sd

20 21.9 1.2 0.23 21.0 0.1 1.95
50 22.7 3.8 0.20 21.5 0.4 0.25
100 26.8 5.9 0.67 26.0 0.7 0.55

Overall 23.8 3.7 0.37 22.8 0.4 0.92

6.2. Evaluation of the SACS algorithm

To the best of our knowledge, this is the first time the TD-OPSWTW is proposed. Therefore, the SACS algorithm
cannot be compared to other solution methods. However, to evaluate its performance, all TD-OPSWTW instances
were also solved as deterministic and time-independent orienteering problems with time windows (OPTW) according
to the mixed integer problem formulation presented in [90] using a commercial solver. Afterwards, this optimal
solution is evaluated in a stochastic context using the Monte Carlo simulation. Then, a comparison can be made
between this stochastically evaluated OPTW solution and a genuine stochastic solution proposed by the SACS. More
specifically, the percentage difference between the expected reward of SACS solution method and the expected reward
of the evaluated optimal OPTW solution is calculated as follows :

% imp =
S ACS expreward − OPTW expreward

OPTW expreward
∗ 100 (13)

Other performance metrics are the standard deviation of the improvement and the required CPU time. These
performance metrics of the SACS algorithm are displayed in Table 2.

Secondly, the SACS is compared with the ACS for the TD-OPTW using a predefined travel time percentile on ev-
ery arc. The resulting deterministic TD-OPTW solutions are subsequently validated using a Monte Carlo simulation.
This way of working differs from the two stage approach used in [24, 25] for the fact that the route is never aborted
and penalties are imposed for late arrivals. Table 3 provides an overview of the effect of executing the algorithm with
different percentiles of the travel time distribution on every arc. Constructing routes with the 1st percentile corre-
sponds to searching for an optimistic solution, while using the 99th percentile corresponds to finding a limited-risk or
pessimistic solution. In the last column the average improvement is displayed when the best solution is taken over all
solutions corresponding to the 5 different travel time percentiles. Based on this table, using the 77.1th percentile of
the travel time distribution results in the best performance for this set of instances. In general, the optimal percentile
(π) is instance specific and depends on the penalty ratio and the coefficient of variation of the network.

The SACS slightly outperforms the regular ACS on quality (1%) but needs significantly more computation time
than the deterministic version of the ACS. However, this computation time is relative as in reality the ACS needs to
be executed for every percentile of the travel time distribution in order to determine which percentile returns the best
result. The solutions proposed by the SACS are on average 23.8% (0.37 standard deviation) better than executing
the optimal solution sequence calculated for a stochastic environment. This is expected as the average coefficient
of variation of the instances is rather low (0.5%). It turns out that not taking into account the time-dependent and
stochastic nature of the travel time has a significant impact on the quality of the proposed solutions in a realistic
problem context. Finally, it can be concluded that accounting for time-dependent and stochastic travel times during
the optimization process augments the performance of the proposed solutions but at the same time also requires higher
computational efforts.

If we enhance the Monte Carlo simulation by adding a recourse action that prohibits a departure to a vertex which
has a 100% probability of arriving late, the SACS was still able to improve the evaluated optimal OPTW solutions by
12.2%. This recourse action is based on the fact that in real-life a driver is not going to depart to a customer if the sum
of the departure time and the deterministic time-independent travel time to this customer is larger than the closing
time at this customer.
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Table 3: The avg % imp for the ACS for different percentiles of the travel time distribution

Percentile of travel time distribution (π)
|Vc| 1st 22.9th 50th 77.1th 99th best

20 7.9 13.2 19.0 21.0 21.0 22.1
50 16.4 18.4 21.9 21.4 21.5 22.6
100 16.5 21.9 26.8 26.0 25.7 27.3

Overall 13.6 17.8 22.6 22.8 22.7 24.0

6.3. Impact of stochastic travel times

To measure the impact of not taking into account stochastic travel times during the optimisation process, the
SACS approach is compared against the solution to the certainty equivalence problem using the ACS. When solving
the certainty equivalence problem, the mean of the stochastic travel time is taken as travel time estimate.

The detailed results are displayed in Table 4 and a summary is provided in Table 5. The first four columns of Table
4 list respectively the name, amount of vertices, the maximum allowed travel time and time window restrictiveness for
each problem instance. The labels S, M, L display the span (closing time minus opening time) of the time windows
(small, medium, large). The succeeding column displays the expected reward (expreward) of the evaluated optimal
ACS solution. In the 6th column, the expected reward of the TD-OPSWTW solution created by the SACS is given.
Finally, the last two columns display the percentage improvement (imp) of the SACS versus the evaluated TD-OPTW
solution and also the diversity (div) between the two solution sequences. The diversity between two solutions A and
B is calculated as the sum of the number of vertices in A not present in B and the number of vertices in B not present
in A, divided by the total amount of vertices present in A and B (start and end vertex not included).

The SACS on average can improve the expected reward with 1.3% in comparison with the ACS. A time-dependent
stochastic orienteering problem has on average a solution that differs 28.3% from the time-independent and determin-
istic one. Based on Table 5, the SACS is more likely to improve instances with short time windows and a shorter al-
lowed maximum travel time as more late arrivals can be avoided. Instances with more vertices and a higher maximum
allowed travel time are more difficult to improve by the SACS and therefore negative improvements are sometimes
obtained. As the problem becomes less constrained, the advantage of the deterministic approach is rewarded because
of its simplicity.

23



Table 4: Impact of stochasticity per problem instance

|Vc| tmax TW ACS(π=50th) SACS imp div
name S,M,L expreward expreward % %

20.1.1 20 8 S 124.7 157.0 25.9 33.3
20.1.2 20 8 M 173.0 173.0 0.0 7.7
20.1.3 20 8 L 173.0 181.6 4.9 28.6
20.2.1 20 10 S 188.0 188.0 0.0 33.3
20.2.2 20 10 M 190.7 195.0 2.3 50.0
20.2.3 20 10 L 194.5 195.0 0.3 14.3
20.3.1 20 12 S 275.9 272.0 -1.4 9.1
20.3.2 20 12 M 239.7 239.6 0.0 15.8
20.3.3 20 12 L 259.0 259.0 0.0 23.8
20.4.1 20 14 S 255.8 274.0 7.1 21.7
20.4.2 20 14 M 275.0 275.0 0.0 4.4
20.4.3 20 14 L 268.0 268.0 0.0 21.7

50.1.1 50 8 S 287.8 288.0 0.1 14.3
50.1.2 50 8 M 274.0 274.0 0.0 15.8
50.1.3 50 8 L 280.5 289.0 3.0 20.0
50.2.1 50 10 S 298.0 298.0 0.0 4.8
50.2.2 50 10 M 310.0 310.0 0.0 50.0
50.2.3 50 10 L 326.9 327.5 0.2 12.0
50.3.1 50 12 S 324.4 337.0 3.9 65.2
50.3.2 50 12 M 410.3 412.1 0.4 12.0
50.3.3 50 12 L 366.0 366.0 0.0 46.2
50.4.1 50 14 S 461.9 470.0 1.7 24.1
50.4.2 50 14 M 439.0 434.9 -0.9 17.2
50.4.3 50 14 L 446.0 450.0 0.9 24.1

100.1.1 100 8 S 272.0 266.0 -2.2 50.0
100.1.2 100 8 M 278.0 278.0 0.0 26.3
100.1.3 100 8 L 343.0 343.0 0.0 11.1
100.2.1 100 10 S 351.0 351.0 0.0 23.1
100.2.2 100 10 M 350.3 361.0 3.0 68.0
100.2.3 100 10 L 370.0 370.0 0.0 38.5
100.3.1 100 12 S 435.9 437.0 0.3 15.2
100.3.2 100 12 M 450.0 444.0 -1.3 61.3
100.3.3 100 12 L 470.0 466.0 -0.9 14.3
100.4.1 100 14 S 478.0 479.0 0.2 76.5
100.4.2 100 14 M 484.7 489.0 0.9 24.3
100.4.3 100 14 L 538.0 525.0 -2.4 42.1

avg 1.3 28.3

These results are road network and instance specific but nonetheless they reflect that including stochastic informa-
tion in the model can improve the objective value.

Recall that the coefficient of variation (cv = σ
µ

) for the original set of instances was rather low (0.5%) and the
penalty ratio (pr = r

e ) was equal to 20% for the regular vertices while the penalty of the end depot was set equal to the
highest score of the instance. Therefore, the focus of the algorithm lies in generating routes with a high probability to
arrive on time.

In order to test a more diverse set of stochastic situations, the same test setup was performed with higher coeffi-
cients of variation and also different penalty ratios for all vertices including the end depot. To achieve this, for every
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Table 5: Impact of stochasticity versus problem characteristics

|Vc| %imp %div tmax %imp %div TW %imp %div

20 3.3 22.0 8 3.2 26.8 S 3.0 30.9
50 0.8 25.5 10 0.6 23.7 M 0.4 29.4
100 -0.2 37.5 12 0.1 22.5 L 0.5 24.7

14 0.8 28.5

arc and timeslot combination the standard deviation of the travel time (σ) was set equal to cv ∗ µ. The percentage
average improvement of the ACS solution method against the evaluated optimal OPTW solution over all instances is
displayed in Table 6. Firstly, there can be seen that the average improvement is higher than in Table 4 for these higher
levels of the coefficient of variation and the penalty ratio. The lowest result obtained in Table 6 equals 12.5% while the
overall average improvement for the original instances displayed in Table 4 is 1.3%. Therefore, the logical conclusion
that can be made is that it is worthwhile to take stochasticity into account when the variability of the travel times is
high. Secondly, given a certain coefficient of variation a higher penalty ratio always leads to a bigger increase in over-
all average improvement. Thirdly, given a certain penalty ratio the overall average improvement decreases when the
coefficient of variation increases. This is due to an overall decrease in performance of the proposed solution method
and the insert local search move in particular. This is a consequence of the max start local evaluation metric that
uses the 99% travel time percentile. Therefore, a vertex can only be inserted when it is almost certain that the insertion
will not lead to an additional lateness for subsequent vertices. This leads to very few candidates for feasible insertion
when the variation is extremely high. For example for a cv equal to 30%, the results can be improved by using a lower
percentile of the travel time (e.g. 77.1%) during the calculation of the max start local evaluation metric.

The average improvement against the evaluated optimal OPTW solution over all instances if we would apply the
ACO metaheuristic with two different percentiles is shown in Tables 7 and 8. When comparing the results from these
Tables with Table 6, it can be concluded that the ACS clearly outperforms the ACO solution method for instances
with a higher penalty ratio and coefficient of variation.

Table 6: Impact on the average improvement of ACS (%) for different coefficients of variation (%) and penalty ratios ( %)

pr cv 10 20 30

25 16.7 14.2 12.5
50 22.0 19.1 17.9

100 42.7 38.2 36.5

Table 7: Impact on the average improvement (%) of ACO (π=77.1th) (%) for different coefficients of variation and penalty ratios ( %)

pr cv 10 20 30

25 6.81 1.95 -1.62
50 15.75 10.80 6.31

100 41.65 34.89 29.57

Table 8: Impact on the average improvement (%) of ACO (π=99th) for different coefficients of variation (%) and penalty ratios ( %)

pr cv 10 20 30

25 -2.76 -13.95 -21.82
50 5.59 -6.72 -15.15

100 29.43 13.82 3.80
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6.4. Practical insights

When it is 100% certain that a vertex is visited on time, its variance of the departure time is equal to the variance
of its arrival time. The probability of arriving early at a vertex decreases the variance of the departure time (Section
4.1.2). As mentioned in Section 4.1.3, the probability of a late arrival can lead to an increase or decrease of the
variance of the departure time (σ2

D) depending on the ratio of the variance of the arrival time (σ2
A) and the service time

(s). When s is much higher than σ2
A (more than twice the size), σ2

D can become higher than σ2
A. In reality the service

time is also likely to be higher than σ2
A as the service time is usually several minutes while σ2

A is zero at the beginning
of the solution sequence and increases towards the end of the solution sequence as variance propagates through the
system. Therefore, in some cases, a possible late arrival at the end of the solution sequence decreases the variance of
the route.

Contrary to the deterministic version, a swap operator can, apart from reducing the travel time, also increase the
expected reward in a stochastic context. For example, if the swap operator is used on a solution with a late arrival at
a vertex, the reduction in travel time can lead to the fact that the traveller no longer arrives late at this vertex. This
means that the expected reward obtained at this vertex will increase. Therefore, an update of the expected reward
starting from vertex z is necessary after a successful swap move has been executed. Two additional (less restrictive)
decision criteria have been tried for evaluating possible swap pairs apart from comparing both the difference between
the mean and variance values of the departure time at n: only comparing the difference between the mean departure
times at n and comparing the difference between the 99th percentiles of the departure time at n. The problem with
these last two criteria is that a reduction in mean departure time can go along with a significant increase in variance of
the departure time which might cause a decrease in the objective function. This can happen because the probability of
arriving late at subsequent vertices might increase as well. There exist multiple reasons for this phenomenon. Firstly,
executing a swap move means that a set of arcs is replaced by another set of arcs in the solution and this new set
of arcs might have a higher variance. Secondly, as already mentioned above, late arrivals at the end of the solution
decrease the variance of the route. If after the execution of a swap move the late arrivals become on time arrivals, this
in turn might lead to an increase in route variability which in most cases means a late arrival at the end vertex. Only
a full evaluation of the solution for every swap pair can ensure that this adverse effect is not present. But since a full
evaluation is too computationally expensive, we opted to compare the difference of a possible swap move on both the
mean and variance.

Finally, comparing the 99th percentile of the updated arrival time distribution against the latest possible start (cal-
culated using the 99th percentile of the travel time) whether to decide if a vertex can be inserted (replaced) means that
there is also at least a 1% probability that you arrive late at the inserted (replaced) vertex and/or subsequent vertices.
Furthermore, inserting a vertex also leads to an increase in variance that propagates through the system. However, the
adverse effects of this assumption are marginal and the expected reward of inserting a vertex largely compensates for
the very small expected penalty of a late arrival towards the end of the solution sequence. Nonetheless, the insert and
replacement moves might cause small violations to the time budget but this effect is preferred as similar results cannot
be achieved using the deterministic ant colony system and its local search moves.

7. Conclusion

This research proposes a solution method for the orienteering problem with time windows and time-dependent
stochastic travel times (TD-OPSWTW). This specific problem formulation applies to congestion related issues in re-
alistic routing problems that deal with uncertainty. In previous work [90], we discussed and solved the TD-OPTW
without considering stochastic travel times. Although we started from the same solution framework (ACS), the solu-
tion approach is adapted and improved significantly in order to deal with stochastic travel times. Moreover, a number
of original contributions and innovative insights in routing problems with stochastic travel times and time windows
are presented in this work. The stochastic ant colony system (SACS) uses a swap local search move and an insert and
replace local search move equipped with a local evaluation metric which speeds up the insertion/replacement process.
The combination of time-dependency, time windows and stochastic travel time severely complicates the calculation of
departure and arrival time distributions. Therefore, three prominent complications were defined in this paper and the
way they were handled by the proposed estimation algorithm is explained and might also be useful for other vehicle
routing problems with time windows and time-dependent stochastic travel times.
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The proposed solution method is evaluated based on solution quality and computational performance on realistic
problem instances based on the real road network of Belgium, the Netherlands and Luxembourg. Promising results
were obtained in a reasonable amount of computation time. The results of the SACS are compared with optimal
solutions for the regular OP with time windows, evaluated in a stochastic environment. The solutions proposed by
the SACS are on average 23.8% better than executing the optimal solution sequence of the regular OPTW in a time-
dependent stochastic environment. Secondly, the solutions generated by the ACS for TD-OPTW, using different
percentiles of the travel time distribution as input, were also evaluated in a stochastic environment and compared to
the solutions of the SACS. The SACS performs better than the ACS, independent of the used travel time percentile,
as it takes into account the stochastic nature of this problem. However, the SACS also requires a greater computation
time. An important practical insight is that a probability of a late arrival at a customer can lead to either an increase or
decrease of the variance of the departure time. This effect depends on the ratio of the variance of the arrival time and
the length of the service time. In general, at the beginning of the solution sequence, the service time is likely to be
higher than the variance of the arrival time as the service time comprises usually several minutes while the variance
of the arrival time is equal to zero at that point. However, the variance of the arrival time tends to increase towards the
end of the solution sequence. In short, a probability of a late arrival in the beginning of the solution sequence increases
the variance of the arrival time whereas a possible late arrival at the end of the solution sequence might decrease the
variance of the arrival time. The combination of these results should motivate vehicle trip planners to consider the
time-dependent and stochastic nature of the travel times in the future.

Possible extensions to this work should take into account that customers not served today must be served in the
near future. Including this consideration could lead to an interesting extension and significantly impacts the set of
customers selected on a given day. Determining a threshold value for the service time that influences the oscillation
of the variance of the departure time forms a second research opportunity. Adapting the estimation algorithm in order
that other types of travel time distributions (such as the gamma distribution) can be taken into account forms a third
research opportunity.
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Appendix A. Width of departure time distribution spanning multiple time slots

If D ∼ N(µ0, σ
2
0) represents the departure time and g > 0 the start of a time slot that divides the departure time

distribution into two parts. Furthermore, let X1 ∼ N(µ1, σ
2
1) be the travel time corresponding to the first time slot and

X2 ∼ N(µ2, σ
2
2) the travel time corresponding to the second time slot. Then, the random variable A represents the

arrival time and is equal to the following piecewise function:

A =

D + X1 if D ≤ g
D + X2 if D > g.

(A.1)

To find the probability density function of A, the following help functions need to be calculated:

• h1(z) which is the probability density function of (D + X1)|(D ≤ g)

• h2(z) which is the probability density function of (D + X2)|(D > g)

The probability density function of (D+ X1)|(D ≤ g) is the joint product of the individual probability density functions
or:

φ f1 =
φD

P(D ≤ g)
∗ φx1 (A.2)

Note that P stands for the probability. This function is inserted in Mathematica as follows:

f1 = (1/(Subscript[\[Sigma],0]*Sqrt[2*\[Pi]])*Exp[-(d - Subscript[\[Mu],0])^2/

(2 *Subscript[\[Sigma],0]^2)])/(1/2 (1 +Erf[(g - Subscript[\[Mu],0])/

(Subscript[\[Sigma],0]*Sqrt[2])]))*1/(Subscript[\[Sigma],1]*Sqrt[2*\[Pi]])*
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Exp[-(Subscript[x,1] - Subscript[\[Mu],1])^2/(2 *Subscript[\[Sigma],1]^2)];

domain[f1] = {{d,-Infinity,Infinity},{Subscript[x,1],-Infinity,Infinity}}

&& {Element[Subscript[\[Mu],0],Reals],Element[Subscript[\[Mu],1],Reals],

Subscript[\[Sigma],0] > 0,Subscript[\[Sigma],1] > 0,g > 0};

Afterwards, we apply the following transformation on f1 (D, X1) → (Z = D + X1,V = X1). The joint probability
density function of (Z,V) is called g1(z, v). Note that the transformation equation (Z = D + X1,V = X1) induces
dependency between Z and V . In particular, since Z = V + D and D < g, it follows that Z < V + g. We execute this
transformation in Mathematica using the Transform function and a Boole statement.

g1 = Transform[{z == d + Subscript[x,1],v == Subscript[x,1]},f1] Boole[z < v + g]

domain[g1] = {{z, -Infinity, Infinity},{v, -Infinity,Infinity}} &&

{Element[Subscript[\[Mu],0],Reals],Element[Subscript[\[Mu],1], Reals],

Subscript[\[Sigma],0] > 0,Subscript[\[Sigma],1] > 0, g > 0};

Finally, h1 is the marginal probability density function of Z = D+X1. This last procedure is performed in Mathematica
using the Marginal function:

h1 = Marginal[z, g1]

Similarly, h2 is calculated as follows: The probability density function of (D + X2)|(D > g) is the joint product of
the individual probability density function or:

φ f 2 =
φD

P(D > g)
∗ φx2 (A.3)

Afterwards, we apply the following transformation (D, X2) → (Z = D + X2,V = X2), the joint probability density
function of (Z,V) is called g2(z, v). h2 is the marginal probability density function of Z = D + X2. These procedures
are done in Mathematica as follows:

f2 = (1/(Subscript[\[Sigma],0]*Sqrt[2*\[Pi]])*Exp[-(d - Subscript[\[Mu],0])^2/

(2 *Subscript[\[Sigma],0]^2)])/(1/2(1 -Erf[(g - Subscript[\[Mu],0])/

(Subscript[\[Sigma],0]*Sqrt[2])]))*1/(Subscript[\[Sigma],2]*Sqrt[2*\[Pi]])

*Exp[-(Subscript[x,2] - Subscript[\[Mu],2])^2/(2*Subscript[\[Sigma],2]^2)];

domain[f2] = {{d, -Infinity, Infinity},{Subscript[x, 2], -Infinity,Infinity}} &&

{Element[Subscript[\[Mu],0],Reals],Element[Subscript[\[Mu],2], Reals],

Subscript[\[Sigma],0] > 0,Subscript[\[Sigma],2] > 0, g > 0};

g2 = Transform[{z == d + Subscript[x,2],v == Subscript[x,2]},f2] Boole[z > v + g]

domain[g2] = {{z, -Infinity, Infinity},{v, -Infinity,Infinity}}

&&{Element[Subscript[\[Mu],0], Reals],Element[Subscript[\[Mu],2], Reals],

Subscript[\[Sigma],0]>0,Subscript[\[Sigma],2]>0,g > 0};

h2 = Marginal[z, g2]

The probability density function of A is now equal to:

A = P(D ≤ g) ∗ h1(z) + P(D > g) ∗ h2(z) (A.4)

This is calculated using the Prob function in Mathematica as follows:

Dep = 1/(Subscript[\[Sigma],0]*Sqrt[2*\[Pi]])*Exp[-(d - Subscript[\[Mu],0])^2/

(2*Subscript[\[Sigma],0]^2)];

domain[Dep] = {d, -Infinity,Infinity} && {Element[Subscript[\[Mu],0], Reals],

Subscript[\[Sigma],0] > 0};

prob = Prob[g, Dep]

Arr = h1*prob + (1 - prob)*h2 // Simplify
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To calculate the mean and the variance let f3(d, x1, x2) denote the joint probability density function of (D,T1,T2)
which, by independence, is the product of the 3 individual normal probability density functions. Together with the
following function z, Mathematica can calculate the mean and variance of A using respectively the Expect and Var
function.

f3 = (1/(Subscript[\[Sigma],0]*Sqrt[2*\[Pi]])*Exp[-(d - Subscript[\[Mu],0])^2/(

2 *Subscript[\[Sigma],0]^2)])*(1/(Subscript[\[Sigma],1]*Sqrt[2*\[Pi]])*

Exp[-(Subscript[x,1] - Subscript[\[Mu],1])^2/(2 *Subscript[\[Sigma], 1]^2)])*(1/(

Subscript[\[Sigma],2]*Sqrt[2*\[Pi]])*Exp[-(Subscript[x,2] - Subscript[\[Mu],2])^2/(

2 *Subscript[\[Sigma], 2]^2)]);

domain[f3] = {{d,-Infinity,Infinity},{Subscript[x,1],

-Infinity,Infinity},{Subscript[x,2],-Infinity, Infinity}} && {Element[Subscript[\[Mu],0],

Reals], Element[Subscript[\[Mu],1], Reals],Element[Subscript[\[Mu],2], Reals],

Subscript[\[Sigma],0] > 0, Subscript[\[Sigma],1] > 0,Subscript[\[Sigma],2] > 0, g > 0};

z = Piecewise[{{d + Subscript[x,1], d <= g},{d + Subscript[x,2], d > g}}];

meana= Expect[z,f3]

vara = Var[z, f3]

Appendix B. Early arrival

Define normal arrival time function and help function z.

A = Exp[-(t - Subscript[\[Mu],a])^2/(2 Subscript[\[Sigma],a]^2)]/(Sqrt[2 Pi]

Subscript[\[Sigma],a]);

domain[A] = {t, -Infinity, Infinity} &&Subscript[\[Mu],a] > 0,

Subscript[\[Sigma],a] > 0, o > 0, s > 0};

z = If[t <= o, o + s, t + s];

Calculation of the mean using the Expect function

meand = Expect[z,A]

Calculation of the variance using the Var function

vard = Var[z,A]

Calculation of the continuous part of the probability density function using the Prob function

cdf = Prob[If[t < o, o + s, t + s] < d, A]

domain[cdf] = {d, -Infinity, Infinity}&& {Subscript[\[Mu],a] > 0,

Subscript[\[Sigma],a] > 0, o > 0, s > 0};

pdf = D[cdf, d]

domain[pdf] = {d, -Infinity, Infinity}&& {Subscript[\[Mu],a] > 0,

Subscript[\[Sigma],a] > 0, o > 0, s > 0};

Appendix C. Late arrival

Define normal arrival time function and help function z.

A = Exp[-(t - Subscript[\[Mu],a])^2/(2 Subscript[\[Sigma],a]^2)]/(Sqrt[2 Pi]

Subscript[\[Sigma],a]);

domain[A] = {t, -Infinity, Infinity} &&{Subscript[\[Mu],a] > 0,

Subscript[\[Sigma],a] > 0, c > 0, s > 0};

z = If[t <= c, t + s, t];
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Calculation of the mean using the Expect function

meand = Expect[z, A]

Calculation of the variance using the Var function

vard = Var[z, A]

Calculation of the probability density function using the Prob function

cdf = Prob[If[t < c, t + s, t] < d, A]

domain[cdf] = {d, -Infinity, Infinity}&& {Subscript[\[Mu],a] > 0,

Subscript[\[Sigma],d] > 0, c > 0, s > 0};

pdf = D[cdf, d] // Simplify

domain[pdf] = {d, -Infinity, Infinity}&& {Subscript[\[Mu],a] > 0,

Subscript[\[Sigma],a] > 0, c > 0, s > 0};
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