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Abstract
Isogeometric analysis allows the use of shell formulations without rotational degrees of freedom, but describ-
ing complex geometries typically requires multiple NURBS patches, that are often non-conforming. This
work presents a flexible method for coupling such multipatch geometries in isogeometric frameworks and
applies it to rotationless Kirchhoff-Love shell analysis. The rotationless formulation requires the enforcing
of C1-continuity across patch interfaces. The present work does this by satisfying interface constraints in a
master-slave formulation, where the interface constraints can be derived using only the mesh information.
Eliminating the slave variables from the system of equations results in a reduced system matrix. Whereas
the C0-part of the coupling is a global coupling in the weak form, the C1-continuity is enforced by a strong
point-wise coupling in certain well-chosen collocation points along the interface. The proposed method can
be applied without any user interaction, both for conforming and for non-conforming patch configurations.
This is demonstrated for a set of problems of dynamic shell analysis. Together with the rotationless character
of the isogeometric shell formulation, the coupling method allows analysing complex shell structures in a
computationally efficient manner.

1 Introduction

IsoGeometric Analysis (IGA) is a numerical modelling method introduced by Hughes et al. [1, 2]. It can be
seen as a generalisation of the Finite Element Method (FEM) that uses spline-based shape functions. In doing
so, IGA addresses the issue that geometry descriptions in Computer Aided Design (CAD) on the one hand
and in Computer Aided Analysis (CAE) on the other hand remain very different, even though they represent
the same geometry. This difference requires time-consuming meshing steps to translate a CAD geometry
to an analysis-suitable CAE mesh. IGA therefore aims to unify the geometry representations in design
and analysis by introducing CAD basis functions into a CAE environment. The traditional element-based
discretisation and the associated (usually low-order polynomial) shape function expansions are replaced
by CAD-based mappings and associated functions, which are typically spline-based descriptions like Non-
Uniform Rational B-Splines (NURBS). This allows the CAD geometry to be directly plugged into the CAE
tool, in essence rendering the meshing step redundant. IGA has already been studied extensively and applied
successfully to a multitude of problem types, as illustrated by the overview presented in [3].

A particularly interesting application where NURBS basis functions can add a lot of value is thin shell ana-
lysis. For thin shells, transverse shear deformations can be neglected, making the Kirchhoff-Love theory
applicable. This in contrast to the Reissner-Mindlin theory, which does take into account those shear defor-
mations and is typically used for thick shell analysis. But although a lot of shell structures in engineering
practice can be regarded as thin shells, the use of Reissner-Mindlin theory is significantly more common in



state-of-the-use finite element codes. This is mainly because Reissner-Mindlin elements only require C0-
continuity, whereas the Kirchhoff-Love theory needs C1-continuous elements. The latter is not so easy to
obtain for arbitrary geometries when using conventional Lagrange polynomials as shape functions. NURBS
functions, on the other hand, are much smoother and can easily achieve higher inter-element continuities.
Isogeometric shell elements are therefore very appealing for use in a Kirchhoff-Love shell formulation. This
avoids the use of rotational Degrees Of Freedom (DOFs) — thereby significantly reducing the resulting
system matrix size — and in addition does not suffer from the locking phenomena typically encountered
in (low-order) Reissner-Mindlin elements. Moreover, the geometrically exact character of the isogeometric
approach can be a crucial advantage for shell models, which can be very sensitive to small imperfections [4].

Despite the fast progress IGA has made since its conception in 2005 [1], its application in a NURBS-based
context still presents some open issues. These mainly stem from the tensor-product topology of NURBS,
which makes free-form geometries difficult to create using a single NURBS surface patch. Complex geome-
tries therefore usually consist of several patches. Although C1-continuity is easily achieved within a single
patch, it is not straightforward to obtain across patch boundaries — even maintaining C0-continuity can
be challenging for arbitrary patch configurations. Given their importance in IGA, patch coupling methods
have already been the subject of many research papers — although mainly focused on C0-coupling [5–10].
Typically, mortar methods [9, 10], Nitsche’s method [7, 8], or penalty approaches [8] provide the coup-
ling. The C1-coupling of conforming patches has been studied particularly in the context of Kirchhoff-Love
shells [11–15]. Maurin et al. [15] present a C1-coupling approach in an isogeometric framework for unit cell
modelling. The bending strip method proposed by Kiendl et al. in [12] couples two bordering patches by
adding a strip of fictitious material with a unidirectional bending stiffness, thus preventing patch interfaces
from acting as hinges. Schmidt et al. [13] employ this technique for coupling trimmed NURBS patches.
This bending strip method, however, is rather limited in the interface types it can handle. The presence of
non-conforming patches, for instance, further complicates the patch coupling, but is very common in typical
CAD geometries. The modelling of complex shell structures therefore requires a framework that can impose
C1-continuity of non-conforming patches in a flexible manner. The method presented in [16] introduces a
robust framework for coupling non-conforming patches based on fundamental NURBS refinement proper-
ties. Although it mainly focuses on C0-problems [17], it also illustrates a simple method of collinear control
variables for enforcing C1-continuity for relatively simple geometries. Breitenberger et al. [18] also treat
the C1-coupling of Kirchhoff-Love shells (including non-conforming and even trimmed geometries), but by
means of a penalty approach.

This work introduces a method for coupling non-conforming NURBS patches in Kirchhoff-Love shell ana-
lysis in a flexible and user-friendly manner, without requiring the determining of proper penalty factors or
introducing additional variables like Lagrange multipliers or rotational DOFs at the patch boundaries. The
remainder of the text is structured as follows. The next section briefly introduces some preliminaries on
NURBS and their use in IGA. Section 3 then presents the proposed coupling method, detailing both the
C0- and the C1-coupling parts. Its accuracy is then illustrated through numerical case studies in section 4,
followed by some concluding remarks.

2 Isogeometric analysis in a NURBS-based context

This section introduces the terminology and formulae regarding NURBS surfaces and the use of their corre-
sponding basis functions as shape functions in the context of IGA. A more detailed explanation about IGA
can be found in [1, 2] and about NURBS in particular in [19].

NURBS are built starting from B-splines, which are piecewise polynomial functions. A set of B-splines is
defined by a knot vector Ξ = [ξ1, ξ2, . . . , ξn+p+1] for a given polynomial order p. This knot vector is a
sequence of non-decreasing coordinates in the parameter space ξ, where ξk ∈ R (k = 1, 2, . . . , n + p + 1)
with n the number of basis functions making up the B-spline. Open knot vectors are standard in CAD,
with the first and the last knot each having a multiplicity of p + 1. A set of n one-dimensional B-spline
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basis functions Np
i (ξ) (i = 1, . . . , n) can then be obtained recursively using the Cox – de Boor recursion

formula [20, 21]:

p = 0 : N0
i (ξ) =

{
1 ξi ≤ ξ < ξi+1

0 otherwise
,

p > 0 : Np
i (ξ) =

ξ − ξi
ξi+p − ξi

Np−1
i (ξ) +

ξi+p+1 − ξ
ξi+p+1 − ξi+1

Np−1
i+1 (ξ).

(1)

To now generate a NURBS basis Rpi (ξ), a weight wi is assigned to every B-spline function Np
i (ξ):

Rpi (ξ) =
Np
i (ξ)wi
W (ξ)

=
Np
i (ξ)wi

n∑
iw=1

Np
iw

(ξ)wiw

for i = 1, . . . , n, (2)

with W (ξ) being the weighting function. Each Rpi (ξ) is a piecewise rational function, since Np
i (ξ) and

W (ξ) are both piecewise polynomial. In fact, B-splines are a subset of NURBS that are obtained when
all the weights wi are equal. It is worth noting that NURBS bases form partitions of unity. Using a set of
vector-valued weighting coefficients Pi ∈ R3 called control points, the basis functions can be combined to
form a NURBS curve C(ξ):

C(ξ) =
n∑
i=1

Rpi (ξ)Pi. (3)

Multivariate NURBS entities are generated by taking the tensor product of univariate NURBS bases. Given
a pair of knot vectors Ξ = [ξ1, ξ2, . . . , ξn+p+1] and H = [η1, η2, . . . , ηm+q+1] for two polynomial orders
p and q, a bivariate NURBS basis is defined as

Rp,qi,j (ξ, η) =
Np
i (ξ)M q

j (η)wi,j
n∑

iw=1

m∑
jw=1

Np
iw

(ξ)M q
jw

(η)wiw,jw

for i = 1, . . . , n
j = 1, . . . ,m, (4)

where Np
i (ξ) and M q

j (η) represent univariate B-spline basis functions of respectively order p and q, asso-
ciated with knot vectors Ξ and H , respectively. A NURBS surface geometry S(ξ, η) is then defined in
analogy with a NURBS curve using a net of control points Pi,j ∈ R3:

S(ξ, η) =
n∑
i=1

m∑
j=1

Rp,qi,j (ξ, η)Pi,j . (5)

It should be noted that the control points are in general not interpolatory, meaning that they do not necessar-
ily lie on the surface they define. Figure 1 illustrates the differences between conventional polynomials and
NURBS when used for quadratic shape functions in the one-dimensional case. The figure clearly shows that
the Lagrangian functions are interpolatory but only C0-continuous. In contrast to this, quadratic NURBS are
C1-continuous but do not interpolate the nodes. They also have a wider support than the Lagrangian polyno-
mials, although this does not lead to system matrices with a higher bandwidth. The total number of functions
that any of the basis functions shares support with is at most 2p + 1, for NURBS as well as for Lagrangian
polynomials. It is also worth noting that the quadratic Lagrange elements all require a middle node, meaning
that the 7 nodes in fig. 1a represent 3 elements. In the NURBS case, each node (i.e. unique knot) represents
an element boundary, resulting in 6 elements in fig. 1b. In general, for a given polynomial order and number
of elements, a NURBS mesh contains fewer shape functions than a conventional polynomial mesh.

Applying the isoparametric paradigm, a NURBS basis can be used in shape function expansions to approx-
imate field variables. Taking u(ξ, η) to represent the (scalar) primary variable, its approximation û(ξ, η)
becomes:

u(ξ, η) ≈ û(ξ, η) =
n∑
i=1

m∑
j=1

Rp,qi,j (ξ, η) · di,j =
n·m∑
l=1

Rp,ql (ξ, η) · dl, (6)
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(a) Quadratic Lagrangian shape functions for equally
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(b) Quadratic NURBS shape functions for a uniform
open knot vector. These NURBS functions are B-splines
N2

i (ξ) as defined in eq. (1).

Figure 1: One-dimensional quadratic shape functions for a mesh consisting of seven nodes (indicated by •) using
(a) conventional polynomials and (b) NURBS.

where dl are the unknown control variables to be solved for, with l = i + (j − 1) ·m a single counter
replacing i and j. Using a Galerkin approach, these same shape functions are then also used as test functions
in a weighted residual formulation.

Equation (5) represents a single NURBS surface patch. A general NURBS surface, however, typically
consists of a combination of multiple patches — so-called multipatch surfaces. Each patch is formed by
a concatenation of knot spans. These are bounded by (non-identical) knots and represent the elements in
the mesh. Across a knot ξi, the basis functions have a Cp−mi-continuity, with mi the multiplicity of knot
ξi. NURBS bases are therefore very flexible regarding inter-element continuity: almost arbitrarily high
continuities can be obtained. Across patch boundaries, however, care needs to be taken to ensure that the
field variable space maintains the required continuity. When enforcing C0-continuity across patches with
matching meshes, this process is trivial, but it cannot be done straightforwardly in a more general case.

3 Multipatch isogeometric Kirchhoff-Love shell structures

The shell structures in this work are modelled using isogeometric Kirchhoff-Love shells [11], taking into
account membrane and bending effects while neglecting transverse shear deformations. Consider a thin, flat
shell of thickness t (much smaller than its other dimensions), and of a homogeneous, isotropic and linearly
elastic material of density ρ, Young’s modulus E and Poisson’s coefficient ν. Let X = {X1, X2, X3}T
be the undeformed configuration in three-dimensional space, with X3 the out-of-plane coordinate of the
cartesian coordinate system. The deformation u = {u1, u2, u3}T of the midsurface then fully describes the
shell deformation. Assuming small deformations, the in-plane and out-of-plane motions are decoupled and
are governed by separate dynamic equations. The steady-state dynamic equation of bending in a thin flat
shell (using a harmonic time-dependency given by the angular frequency ω) is governed by the following
equation [22]:

∇4u3(X1, X2)− k4
b · u3(X1, X2) =

p(X1, X2)

D
, (7)

with ∇4• = ∂4•
∂X4

1
+ ∂4•

∂X2
1∂X

2
2

+ ∂4•
∂X4

2
the biharmonic operator and p(X1, X2) the external (normal) load. The

bending stiffness D and the bending wavenumber kb are defined as:

D =
Et3

12(1− ν2)
, (8)

kb =
4

√
ρstω2

D
. (9)
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The in-plane motion is given by u1(X1, X2) and u2(X1, X2) and is governed by the following dynamic
equations of motion (leaving out the (X1, X2)-dependency for the sake of brevity):

∂2u1

∂X2
1

+
1− ν

2

∂2u1

∂X2
2

+
1 + ν

2

∂2u2

∂X1∂X2
+

1− ν2

E
bX1 +

ρ(1− ν2)ω2

E
u1 = 0

∂2u2

∂X2
2

+
1− ν

2

∂2u2

∂X2
1

+
1 + ν

2

∂2u1

∂X1∂X2
+

1− ν2

E
bX2 +

ρ(1− ν2)ω2

E
u2 = 0

, (10)

with bXi the body force acting on the shell in direction Xi.

For curved shells, the bending and membrane phenomena are no longer decoupled like in the flat case, but
by using convective curvilinear coordinates the stresses and strains in the curved shell can be separated into
bending and membrane contributions. For details on this and on other aspects concerning the employed
Kirchoff-Love shell theory, the interested reader is referred to [11]. The present work studies dynamic, time-
harmonic problems which means that the formulation in [11] needs to be extended to also take into account
inertia effects (represented by the terms in ω2 in eqs. (7) and (10)).

Equation (10) is a set of second-order partial differential equations, and a weighted residual formulation
of the weak form therefore requires C0-continuous elements. Equation (7), however, is of fourth order,
meaning that the shape function compatibility requirements demand at least C1-continuity. In traditional
shell elements, with C0-continuity between them, this is typically ensured by introducing rotational DOFs.
An isogeometric approach on the other hand, with higher continuity of the NURBS basis functions, allows
the implementation of rotationless shells using only the translational displacements as DOFs (in this case the
deformation in a global coordinate system). The C1-continuity is embedded in the NURBS basis, provided
that quadratic or higher-order functions are used. This holds true within a single NURBS patch, but across
patch borders the C1- and even the C0-continuity needs to be explicitly enforced. The remainder of this
section describes how this is done in the present work for the general case of non-conforming meshes.

3.1 Enforcing C0-continuity across patch boundaries

For conforming meshes (i.e. meshes with matching mesh lines and the same interface basis functions), the
C0-coupling is trivial and can be done by simply merging corresponding control variables on the interface
(i.e. matching them one-to-one). This is not an option for non-conforming meshes, in which case the tech-
nique explained below is used; a more detailed study of it can be found in [16].

Consider two non-conforming patches like in the top left illustration of fig. 2. They are numbered 1 and
2, and are assumed to be of the same degree. To couple them, they are virtually refined until they are
conforming (like in the top right of the figure), after which the regular one-to-one matching is enforced. This
virtual refinement is done by inserting into the interface knot vectors the uncommon knots: the knots that
are present in the other patch’s knot vector, but not in that of the patch itself. In other words: given the two
interface knot vectors Ξ1 and Ξ2, refine them until they are both identical to Ξ1∪2 = Ξ1 ∪ Ξ2 (taking into
account knot multiplicities). This refinement process is referred to here as virtual uncommon knot insertion.
It is virtual in the sense that the refined discretisations are never used for shape function expansions; they are
only used for generating the coupling equations resulting from a one-to-one matching of the refined control
variables. It can be represented by extraction operators A1 and A2 (similar to those for Bézier extraction
presented in [23]) that link the original control variables d1 and d2 to the control variables dv1 and dv2 of the
virtually refined versions:

dvi = Aidi i = 1, 2. (11)

These extraction operators Ai contain the linear combinations of the original control points that are required
to obtain each refined control point. Details on how to compute them are given in [16], but it is worth
remarking that their assembly only requires information about the knot vector and about the NURBS weights.
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No shape function evaluations whatsoever are needed. Ensuring the continuity now consists in enforcing
dv1 = dv2, or equivalently, using the original control variables di:

A1d1 = A2d2. (12)

Directly enforcing this entire set of constraints results in exact satisfaction of the C0-continuity but will in
general lead to an overconstraining of the interface and convergence to the wrong global solution. Therefore,
both patches are instead coupled in a weak sense by expressing the variables of the more finely discretised
patch (the slave) in function of those of the more coarse one (the master). Using subscripts ‘m’ and ‘s’ for
the master and slave patch, respectively, this yields the following continuity relationship:

ds = A+
s Amdm, (13)

with A+
s the pseudo-inverse of As. This reduces the number of interface constraints by satisfying eq. (12) in

a least-squares sense, allowing an accurate global solution without overconstraining the model. It is worth
noting that in the special case of hierarchical meshes (where one patch is a refined version of the other one),
eq. (13) leads to exact C0-continuity across the entire interface (since in that case As is the identity matrix).

Figure 2 illustrates this coupling procedure. The bottom part of the figure represents the coupled patches
(with ds and dm linked by eq. (13)), the top left part the uncoupled ones. The top right illustration shows the
refined (virtual) configuration, where dv1 = dv2 has to hold.

dm dvs dvm

virtual uncommon knot insertion

dvm
s

= Am
s
dm

s

ds = A+
s Amdm

dm

ds = A+
s dvm

ds =

dm dvs dvm

virtual uncommon knot insertion

dvα = Aαdα

ds = A+
s Amdm

dm

ds = A+
s dvm

ds =

Figure 2: Illustration of the C0 patch coupling concept. Using restrictions resulting from the one-to-one matching of
(virtually) uncommon knot-inserted meshes (top right) that are transformed back to the original control variables (top
left), C0-continuity conditions can be (weakly) enforced within a master-slave relationship (bottom), only retaining the
master DOFs. Because the right patch is the less refined one, it acts as the master.
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3.2 Adding C1-continuity across patch boundaries

Consider two conforming patches with an arbitrary interface curve like in fig. 3a. Without loss of generality,
the interface curve is assumed to be the patch boundary located at η = 1 for both patches, meaning the
parametric coordinate running along the interface is ξ. Along this parametric coordinate (i.e. tangential to
the interface), the discretisation is already C1-continuous. To now ensure the C1-continuity of the out-of-
plane displacement u3(ξ, η) across the interface, the following should hold:

∂u
(1)
3

∂n
(1)
int

(ξ, 1) +
∂u

(2)
3

∂n
(2)
int

(ξ, 1) = 0, (14)

where the superscript •(i) refers to quantities pertaining to patch i, and with n
(i)
int (ξ) being the in-plane unit

vector normal to the interface and pointing towards the interior of the patch (cf. fig. 3a). It can be calculated
as the normalised version of the vector product ∂S

(i)(ξ,η)
∂ξ ×

(
∂S(i)(ξ,η)

∂ξ × ∂S(i)(ξ,η)
∂η

)
. Imposing constraint (14)

is significantly less straightforward than enforcing the purely C0 coupling. This is mainly because the shape
function derivatives on the interface are not only influenced by the interface control variables, but also by
those next to the interface. The derivatives therefore strongly depend on the specific geometrical mapping,
which prevents an elegant coupling that requires only the linking of control variables without the need for
shape function evaluations — except in some special cases like the ones presented in [16]. Therefore, a
collocation approach is chosen to enforce eq. (14) point-wise.

1 2

n int
(2)n int

(1)

η  

ξ ξ

η  

(a) The two NURBS surface S(i)(ξ, η) with an indication
of the collocation points (•) and the interface normals
nint.

(b) Overlay of the mesh with the control polygon. The
control variables indicated in bold determine the shape
function derivatives at the interface.

Figure 3: A (planar) conforming two-patch configuration illustrating the C1 coupling procedure. The grey lines delin-
eate the elements.

The images of Greville abscissae [24] are used as collocation points. Greville abscissae are computed as
knots averages, and their interpolation is proved to be stable (in 1D) up to at least polynomial order 3 [25].
They have already been applied successfully in isogeometric collocation frameworks, but there are also
alternatives like Demko abscissae [26]. These are proved to be always stable, but need to be obtained
iteratively. Given a knot vector [ξ1, ξ2, . . . , ξn+p+1], the n Greville abscissae ξ̄i are obtained as

ξ̄j =
1

p
(ξj+1 + ξj+2 + . . .+ ξj+p) , j = 1, . . . , n. (15)

This means that there are as many collocation points as there are basis functions (in a single patch) along the
interface, namely n. Collocating eq. (14) in (the images of) these Greville abscissae then yields

∂u
(1)
3

∂n
(1)
int

(ξ̄j , 1) +
∂u

(2)
3

∂n
(2)
int

(ξ̄j , 1) = 0, j = 1, . . . , n. (16)
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Or, considering a NURBS shape function expansion for u3 like the one in eq. (6), this can be rephrased in
terms of the control variables (i.e. the DOFs) as follows:

L(1)∑
l=1

C
(1)
l,j · d

(1)
l +

L(2)∑
l=1

C
(2)
l,j · d

(2)
l = 0, j = 1, . . . , n, (17)

where d(i)
l are the control variables for patch i (l = 1, . . . , L(i)), and C

(i)
l,j are constants determined by

the derivatives of the basis functions in the jth collocation point. These derivatives on the interface are
determined only by the control variables on and around the interface, as indicated in bold in fig. 3b. Denoting
these control variables as d

(i)
O (On the interface) and d

(i)
N (Next to the interface), the constraints in eq. (17)

can be written in matrix form as follows:

C
(1)
O d

(1)
O + C

(1)
N d

(1)
N + C

(2)
O d

(2)
O + C

(2)
N d

(2)
N = 0, (18)

where the jth row of the matrices C
(i)
? contains the corresponding constants C(i)

l,j from eq. (17).

Imposing eq. (18) enforces continuity of the gradient of the solution in the case of conforming meshes. For
non-conforming meshes, the same master-slave approach with virtual refinement as presented in section 3.1
can be used. Equation (18) then should be expressed for the virtually refined configuration (cf. fig. 2).
Defining a master and a slave patch and a set of extraction operators A•? such that dv•? = A•?d•? (cf.
eq. (11)), it can be expressed as function of the original DOFs:

CsOAsOdsO + CsNAsNdsN + CmOAmOdmO + CmNAmNdmN = 0. (19)

Expressing this, again using a pseudo-inverse, as function of the slave variables next to the interface and com-
bining it with the C0-constraint (13) then yields the set of constraints for enforcing C0- and C1-continuity:{

dsO = A+
sOAmOdmO

dsN = − (CsNAsN)+
[(

CsOAsOA+
sO + CmO

)
AmOdmO + CmNAmNdmN

] . (20)

Non-planar shells

For the sake of simplicity, the procedure explained above treated planar shells, and the C1-coupling was done
assuming there are only out-of-plane DOFs. If the shell is instead curved, or contains kinks, the concept of
the coupling remains the same but care should be taken that it is imposed to the correct DOFs. To be
precise, the gradient of the out-of-plane deformations should be coupled. This can be done by using the unit
vectors npatch normal to the patch surface, on the interface (i.e. the out-of-plane unit vector on the interface).
Equation (14) then needs to be modified as follows:〈{

∂u
(1)
1

∂n
(1)
int

,
∂u

(1)
2

∂n
(1)
int

,
∂u

(1)
3

∂n
(1)
int

}
,n

(1)
patch

〉
+

〈{
∂u

(2)
1

∂n
(2)
int

,
∂u

(2)
2

∂n
(2)
int

,
∂u

(2)
3

∂n
(2)
int

}
,n

(2)
patch

〉
= 0, (21)

with 〈•, ?〉 denoting the dot product and with the dependency on (ξ, 1) left out for the sake of brevity. Starting
from this C1-constraint and using the DOFs uk in all three coordinate directions Xk, the rest of the coupling
procedure proceeds completely analogously. Equation (20) becomes:

dk,sO = A+
sOAmOdk,mO, k = 1, 2, 3

3∑
k=1

dk,sN = −
3∑

k=1

(Ck,sNAsN)+
[(

Ck,sOAsOA+
sO + Ck,mO

)
AmOdk,mO + Ck,mNAmNdk,mN

] . (22)

The constraint matrices Ck,•? now take into account the components of the normal vector npatch in coordinate
direction k. It is important that the definition of npatch is consistent across patches, in the sense that it should
always originate from the same side of the geometry.
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Patch configurations with multiple interfaces

The coupling equations (22) for the entire shell structure (containing one or more interfaces) can be combined
into a single matrix equation Rdms = 0, where R is the global constraint matrix and dms the vector of all the
unknowns involved in the coupling constraints. This vector is the union of all the master and slave DOFs:
dms = dm ∪ds. In a general case with more than one interface, the global constraint matrix R might contain
some linear dependencies (e.g. due to circular dependencies at patch cross points). These can be removed
by computing the Reduced Row Echelon Form (RREF) of R and retaining only the non-zero rows. Assume,
without loss of generality, that the DOFs are ordered in such a way that the slave DOFs ds act as pivots in the
resulting RREF matrix RRREF. The nD remaining linearly independent coupling equations can be expressed
as RRREFdms = 0 with RRREF =

[
InD×nD −TDI

]
, where InD×nD is the identity matrix of size nD. The matrix

TDI expresses the resulting relationships that impose the interface coupling between the nD dependent DOFs
dD (i.e. a subset of the slave DOFs ds) and the remaining independent DOFs dI = dms \ dD:

dD = TDIdI. (23)

By condensing out the DOFs dD from the system matrix according to eq. (23), the global system of equations
can now be solved while taking into account the continuity conditions for all the interfaces.

4 Numerical examples

This section demonstrates the accuracy of the proposed coupling method through some numerical case stud-
ies. The IGA models are all computed in MATLAB with in-house code that uses functionalities from the
IGAFEM framework [3].

4.1 Free vibrations of a hemispherical shell

In [27], Niordson studies the free vibration spectra of thin elastic spherical shells, based on Kirchhoff-Love
shell theory. He finds that bending modes constitute an important part of such spectra, in particular in the
lower frequency region. Therefore, the bending behaviour of such shells should be properly incorporated in
order to accurately model the vibration behaviour. An accurate C1-coupling method is therefore crucial here.

Consider a hemispherical shell of radius R, which can be modelled geometrically exactly using a multipatch
NURBS discretisation of fourth order. This is illustrated by the mesh in Figure 4, comprising four identically
sized patches along the base of the sphere, and one bigger patch on the top. Niordson gives reference values
for the free-free eigenfrequencies, in the form of the dimensionless number Ω [27]:

Ω = 2πfR

√
(1− ν2)

ρ

E
, (24)

Figure 4: Non-conforming NURBS mesh of the hemisphere, consisting of five biquartic patches. The thick lines
indicate the patch boundaries.

VIBRO-ACOUSTIC MODELLING AND PREDICTION



where f is the eigenfrequency. To evaluate the accuracy of the proposed patch coupling method, the eigenfre-
quencies are studied numerically using non-conforming meshes (like in fig. 4) and compared to Niordson’s
reference values. The numerical values used here are R = 1 m, t = R/100, E = 200 GPa, ρ = 7800 kg/m3,
ν = 0.3. Figure 5 plots the convergence of the first four non-zero eigenfrequencies, comparing the enforcing
of C1-continuity versus only imposing C0-continuity. The plots clearly show that C0-continuity alone is not
sufficient to ensure convergence. For the first two eigenfrequencies it seems as if also the accuracy using
the full C1-coupling stagnates, but this is due to the limited number of significant digits for the small corre-
sponding reference values given in [27] (respectively Ω1,ref = 0.0123 and Ω2,ref = 0.0339). The third and
fourth eigenfrequencies show that the C1-coupling does converge.
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(a) First eigenfrequency.
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(b) Second eigenfrequency.

500 700 1000 2000 3000
10−5

10−4

10−3

10−2

10−1

100

# DOFs [–]

|Ω
3
−

Ω
3
,r

ef
|

Ω
3
,r

ef
[–

]

C1

C0

(c) Third eigenfrequency.
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(d) Fourth eigenfrequency.

Figure 5: Convergence of the relative error for the four lowest non-zero eigenfrequencies of a hemispherical shell,
comparing C1- versus C0-continuity enforcement. Without imposing the C1-continuity, there is no convergence.

4.2 Forced response of a structure containing kinks

This example studies a curved structure containing kinks which is clamped at its bottom edges, as shown in
fig. 6. It consists of six B-spline patches: the four patches making up the top part have curved interfaces and
the clamped patches in addition meet their neighbours at a kink (indicated in green), i.e. a line where there
is no G1-continuity (continuity of the gradient of the geometry mapping). This in order to present a general
patch coupling configuration. The structure is excited by a point force of 1 kN in the negative z-direction
placed at the centre of the outer edge. Since this point force as well as the boundary counditions are placed
symmetrically, the response should also be symmetric (with respect to the x-axis).

The dynamic response of this shell configuration is studied in a frequency range from 0 to 500 Hz, in par-
ticular in the response point indicated by the blue dot in fig. 6. An FE model is used as reference solution,
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Figure 6: Kinked shell structure consisting of 6 patches (kinks indicated in green). It is clamped at the bottom edges
(indicated by the thick black lines) and excited by a point force at the centre point of the outer boundary (indicated by
a red arrow). The blue dot is the response point for analysing the frequency behaviour.

computed using 20 801 SHELL63 elements in ANSYS. With 6 DOFs per node, this leads to more than
126 000 reference DOFs. Using a 10 elements per wavelength rule of thumb, this reference model should be
valid up to 2500 Hz. Figure 7 shows the IGA meshes used for verification against this reference model. They
are bicubic B-spline patches, both a conforming and a non-conforming one. The meshes comprise 1014 and
939 elements, respectively. This respectively results in 4608 and 4329 uncoupled DOFs. After eliminating
the slave DOFs using the coupling equations, the models are left with 4168 and 3887 master variables to be
solved for, respectively.

(a) Conforming mesh (4608 DOFs).

(b) Non-conforming mesh (4329 DOFs).

Figure 7: The bicubic B-spline meshes used for the isogeometric shell analysis of the kinked structure (top view,
looking in the negative z-direction). The thick lines indicate the patch boundaries.
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Figure 8 plots the frequency response curves for the vertical displacement of the response point (cf. fig. 6) for
these two meshes. Both curves show good agreement with the reference solution. The accuracy decreases
with increasing frequency, where a very slight shift of the response is introduced. This is the onset of the
well-known pollution effect [28]. Interesting to note is that there is no significant difference in performance
between the conforming and the non-conforming meshes.
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Figure 8: Amplitude of the vertical displacement in the response point in a frequency range from 0 to 500 Hz (with a
frequency resolution of 2 Hz), for the conforming and the non-conforming IGA model.

To assess the global accuracy of the IGA solutions, fig. 9 compares two plots of the total displacement am-
plitude obtained using the non-conforming model (cf. fig. 7b) and compares them to the FEM reference solu-
tion. Although the colour bars are slightly different between MATLAB and ANSYS, the correct deformation
fields can be clearly recognised in figs. 9b and 9d. Note that even though the IGA mesh is non-symmetric
(fig. 7b), the solutions are fully symmetric with respect to the x-axis (as they should be in this case).

5 Conclusions and outlook

A coupling method is introduced to enforce C1-continuity across NURBS patches in isogeometric Kirchhoff-
Love shell analysis. Although both the C0- and the C1-parts of the coupling make use of a master-slave
formulation in the case of non-conforming patches, the approaches for the two parts are quite different. The
C0-coupling consists of imposing constraints that hold for every (parametric) location along the interface,
whereas the C1-coupling explicitly matches first-order derivatives of the discretisation in certain well-chosen
collocation points. More specifically, the coupling imposes the gradient of the (out-of-plane) deformation
field in the (in-plane) direction normal to the interface to be equal across the interface. Based on these C0-
and C1-constraints and on the choice for master and slave patches (where the coarser patch is chosen as the
master), the slave variables can be eliminated from the system of equations, resulting in a reduced system
to be solved. The coupling method is assessed using two numerical case studies of dynamic shell analysis,
including curved geometries as well as kink connections. The coupling is found to yield accurate results,
also for non-conforming patch configurations where even a C0-coupling is non-trivial.

Future work will further extend the verification of the coupling method, including more complex geome-
tries and more general patch configurations. Of particular interest are configurations containing partially
overlapping interfaces (as opposed to full-length interfaces) as well as trimmed geometries.
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(a) FEM reference solution at 250 Hz. (b) IGA solution at 250 Hz.

(c) FEM reference solution at 500 Hz. (d) IGA solution at 500 Hz.

Figure 9: Top view of the plots of the total displacement amplitude [m] at 250 and 500 Hz for the non-conforming IGA
model (with indication of the patch boundaries) compared to the FEM reference solution.

Acknowledgements

The research of Laurens Coox is funded by a PhD grant of the agency of Innovation by Science and Tech-
nology in Flanders (IWT Flanders). The IWT Flanders is also gratefully acknowledged for its support
within the OPTIWIND project. The European Commission is gratefully acknowledged for its support of the
ANTARES research project (GA606817). The presented work is also partially supported by the Research
Fund KU Leuven and by Flanders Make, the strategic research centre for the manufacturing industry.

References

[1] T. J. R. Hughes, J. Cottrell, Y. Bazilevs, Isogeometric analysis: CAD, finite elemens, NURBS, exact
geometry and mesh refinement, Computer Methods in Applied Mechanics and Engineering, Vol. 194,
(2005), pp. 4135–4195.

[2] J. Cottrell, T. Hughes, Y. Bazilevs, Isogeometric Analysis: Toward Integration of CAD and FEA, John
Wiley & Sons (2009).

[3] V. P. Nguyen, C. Anitescu, S. P. Bordas, T. Rabczuk, Isogeometric analysis: an overview and computer
implementation aspects, Mathematics and Computers in Simulation, Vol. 117, (2015), pp. 89–116.

[4] G. M. Stanley, Continuum-based shell elements, Ph.D. thesis, Division of Applied Mechanics, Stanford
University (1985).

VIBRO-ACOUSTIC MODELLING AND PREDICTION



[5] J. Cottrell, T. J. R. Hughes, A. Reali, Studies of refinement and continuity in isogeometric structural
analysis, Computer Methods in Applied Mechanics and Engineering, Vol. 196, (2007), pp. 4160–4183.
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