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Abstract—This work presents a general framework that en-
ables one to compute near- and far-field interactions inside a
circuit simulator environment, aimed at efficient system-level
EMC analysis. For readability, the paper is subdivided in
two parts. Part I focuses on deriving (high-order) spherical
wave based macro-models in optimal time and describes two
truncation criteria which define the maximum complexity of
the models. The latter is generally a compromise between the
accuracy of reconstructed near-fields and the computation time
for evaluating interactions between these models, and is therefore
a crucial parameter when such models are to be applied in
fast circuit solvers. Existing guidelines on truncating spherical
wave expansions are held against the newly derived criteria. In
part II, the framework is extended with optimized routines that
enable one to compute efficiently near- and far-field interactions
between the macro-models discussed in part I. It will be shown
that by extensive understanding of spherical wave expansions,
the underlying computations only add negligible computational
cost compared to traditional S-parameter simulations, partially
contributed to correctly chosen truncations of the applied models.

Index Terms—System-Level EMC Analysis, Macro-Modeling,
Generalized Scattering Matrix, Spherical Wave Expansion, Trun-
cation Criteria.

I. INTRODUCTION

Electromagnetic (EM) simulation tools offer electrical en-
gineers and designers an increasing level of flexibility as well
as an increasing number of analysis techniques applicable to
their product design and validation towards Electromagnetic
Compatibility (EMC) compared to traditional measurements
in reverberant or (semi-)anechoic chambers. Where the latter
only allow an engineer to mark a product as passed or failed,
simulation techniques such as Finite Difference Time Domain
(FDTD), Finite Element Method (FEM), and Method of Mo-
ments (MoM) allow one to visualize and predict unwanted
phenomena which possibly lead to a failed result in a certified
EMC test lab. However, simulating a full model of a real
electrical design, which in general consists of small details
(narrow traces and vias, integrated circuits, small active and
passive components), electrically large (multi-layer) Printed
Circuit Boards (PCBs) and long complex cable bundles, would
demand too large an amount of computational resources.
Therefore, existing commercial EM tools [1]–[5] try to over-
come these problems by offering (often advanced) modules
which enable a user to extract sub-parts and afterwards re-
combine separate results - both obtained from simulations as
from custom measurements - using appropriate sub-level and
system-level simulation engines. Examples of such ‘hybrid’

simulation techniques are among others equivalent dipole
based engines [6]–[8]; source-reconstruction techniques based
on equivalent current distributions [9] or combined circuit/full-
wave simulation engines [10], [11].

Among these ‘hybrid’ techniques, the expansion wave con-
cept is extensively used in literature to more efficiently model
EM emission, immunity and coupling and is applied to a
wide range of problems [12]–[15]. Spherical Wave Expansions
[16] (SWEs) are of special interest in EMC analysis as one
is commonly confronted with unwanted radiation from arbi-
trary Devices Under Test (DUTs) in contrast to e.g. antenna
analysis, in which one often has prior knowledge about the
radiation pattern of an antenna. Moreover, a SWE formulation
is easily linked to a set of equivalent scattering parameters (S-
parameters). Subsequently, S-parameters can be used to model
or simulate not only voltages and currents at a DUT’s circuit
ports, but also fields radiated by the DUT, and this in a very
straightforward manner. After all, the entire full-wave analysis
can be hidden for the user, who can simply ‘plug and play’
with models available from a common library, as he is used
to work with in currently existing circuit simulators.

The well-known theory of SWEs is used in the first part
of two papers to create a library of S-parameter based macro-
models which take into account (unwanted) emission from a
DUT. Contrary to current applications of SWE-based models,
the novelty of the presented work lies in (i) a new workflow
that combines the derivation of high-order models in optimal
time and two truncation criteria; and (ii) applying these macro-
models in fast EM circuit solvers taking into account emission
and mutual coupling effects between models without affect-
ing computation times compared to traditional S-parameter
simulations. It is shown that by optimally truncating the
models, their complexity (i.e. number of modes) is minimized
without compromising accuracy of reconstructed fields or the
evaluation of model interactions. In SWE theory, it is generally
suggested to truncate a model at a SWE order N = kR0+n1
[17]–[19], where k is the wave number, R0 the radius of
the minimum-sphere enclosing all sources and n1 a constant
commonly set to 10. Two references are found in literature
[17], [20] that cite an estimate of n1 as O

(
3
√
kR0

)
, but no

validation is given. Nevertheless, this paper will show that due
to the broadband and unintentional radiation characteristics
of DUTs in EMC problems, this truncation criterion will
not suffice and subsequently two new truncation criteria are
derived: one based on the power radiated by a DUT in its
far-field region and a second one based on the stored reactive
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Fig. 1. The log-periodic antenna (a), the PCB (b) and the inverted-F antenna
(c) in their respective coordinate systems, modeled using Keysight Empro
[23]. A close-up of the PCB dimensions is shown in (d).

energy present in the near-field region of a DUT.
Based on the work presented in this paper, the second

part [21] will apply SWE based macro-models in fast EM
circuit solvers and discuss (i) computing general interactions
in optimal time based on optimized routines and a thorough
understanding of SWE theory; and (ii) adapting the presented
routines to evaluate a full cylindrical measurement set-up of a
DUT with negligible increase in computation time compared
to (i).

Part I starts with a recapitulation of SWE based macro-
models in section II, followed by a discussion on the energy
flow around a DUT in Section III. Based on expressions for
the radiated power and the stored reactive energy in function
of a SWE, truncation criteria for the presented SWE based
macro-models are proposed in Section IV. These criteria are
validated by reconstructing the near-field on a minimum-
sphere enclosing the DUT being modeled from its SWE. Three
examples are studied (see Figure 1): (i) a log-periodic antenna
that is commonly used in EMC measurements (Type: ETS
Lindgren EMCO 3146); (ii) a PCB comprising a trace routed
over a gap; and (iii) an on-board inverted-F antenna e.g. used
in cellphones. A detailed description of the Inverted-F antenna
can be found in [22]. For the latter, a substrate thickness of 0.8
mm has been selected, while the PCB thickness amounts to
1.6 mm. All examples are analyzed between 200 MHz and 2
GHz. In what follows, matrices are denoted by bold symbols.

II. SWE BASED MACRO-MODEL OF A DUT

A. Background

Due to the discrete character of a SWE, it perfectly fits to
the widespread known S-parameter format commonly used for

Radio Frequency (RF) analysis. This implies the possibility to
define ‘radiation ports’ able to transmit and receive spherical
waves, rendering a definition of a Generalized Scattering
Matrix [17]–[19], [24]:

Sdut =

(
Sel [U × U ] Sinc [U × V ]

Srad [V × U ] Sscat [V × V ]

)
(1)

This Generalized Scattering Matrix (GS-Matrix) consists
of an electrical S-matrix Sel, a radiation S-matrix Srad, an
incidence S-matrix Sinc and a scattering S-matrix Sscat. A
DUT’s SWE based macro-model is built by computing a set
of ‘radiation’ S-parameters that link the incident waves aj
at the DUT’s U circuit ports to U collections of V radiated
spherical waves Qi,j :

Srad,i,j =
Qi,j
aj

(2)

As such, a (V × U) matrix is created, where U is the number
of circuit ports and V the number of radiation ports (or
spherical waves). All spherical waves are computed from
sampled near-field data on the minimum-sphere of the DUT,
which encloses all radiating sources or sampled far-field data
at infinity, using an optimized routine described in Section
II-B. How both sets of spherical waves are related to each
other will be discussed in Section III. Due to reciprocity [17],
Sinc, which relates incident spherical waves to outgoing waves
bj at the U circuit ports, can be derived directly from Srad.
Furthermore, Sscat, representing scattering of incident spher-
ical waves, can be assumed to equal the zero-matrix. After
all, the low directionality of emitted energy in common EMC
problems will ensure that the twice back-scattered energy is
low enough. As a result, the GS-Matrix can be derived from
one full-wave simulation when the DUT is transmitting.

B. Optimized Derivation

Among the different formulations and definitions for SWEs
being used in literature, the definition and power-normalization
according to [17] is used in the work below (see Appendix
A). Although the most common approach to compute a SWE
is by point matching of (spherically) sampled field data and
matrix inversion, it is shown in [25] that this method fails
when the number of spherical waves becomes large or when
the radius of the spherically sampled data becomes very small.
A more efficient and numerically stable approach is to make
use of the orthogonality properties of spherical wave functions
and apply a smart combination of a Fast Fourier Transform
(FFT), a Discrete Cosine Transform (DCT) and a Discrete Sine
Transform (DST) of the captured fields, and this in contrast
to more conventional quadrature routines.

TABLE I
COMPUTATION TIME SWE BASED MACRO-MODELS (IN SECONDS)

N=25 N=50 N=75 N=100

SWE Electric Near-field 1.5 5.2 11.6 21.4
SWE Magnetic Near-field 1.5 5.5 12.1 22.3

SWE Electric Far-field 1.2 3.6 10.2 17.8
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Fig. 2. The TE(a) and TM(b) N- and M- radiated power spectra of the log-
periodic antenna obtained from both near-field (NF) data and far-field (FF)
data.

1) Expanding near-field data: Based on the expressions
given in Appendix A and the orthogonality properties of spher-
ical wave functions [17], the general derivation of the SWE
from a set of tangential electrical near-field data (Eφ, Eθ)
captured on a sphere with radius r is computed as:

Q
(3)
s=1,m,n =

√
η

k

(−1)m√
2πn (n+ 1)

1

R
(3)
1n (kr)

(
m

|m|

)−m
×

{− (i ·m) I1 (Eθ (θ, φ))− I2 (Eφ (θ, φ))} (3a)

Q
(3)
s=2,m,n =

√
η

k

(−1)m√
2πn (n+ 1)

1

R
(3)
2n (kr)

(
m

|m|

)−m
×

{− (i ·m) I1 (Eφ (θ, φ)) + I2 (Eθ (θ, φ))} (3b)

In above expressions, Q(3)
s=1,m,n and Q

(3)
s=2,m,n represent

outward propagating spherical waves - distinguishing between
a Transverse Electric (TE) mode (s=1) and a Transverse
Magnetic (TM) mode (s=2) -, k is the wave number, η is
the free-space admittance, and n and m respectively denote

the order and degree of a spherical wave. Further, the integrals
I1 (f (θ, φ)) and I2 (f (θ, φ)) represent twice-transformed field
data on a spherical grid with radius r. To optimally evaluate
I1 and I2, first the one-dimensional FFT f̃ (θ,m) of the data
f (θ, φ) in φ is taken, which is subsequently transformed into
its Discrete Sine (DST) or Discrete Cosine (DCT) transform,
depending on the parity of the mode’s degree m being com-
puted:

I1 =

∫ π

0

f̃(θ,m)
mP

|m|
n (cos θ)

sin θ
sin θdθ =

∫ 1

−1

kmax∑
k=0

ykTk(x)dx

(4a)

I2 =

∫ π

0

f̃(θ,m)
dP
|m|
n (cos θ)

dθ
sin θdθ =

∫ 1

−1

k′max∑
k=0

y′kTk(x)dx

(4b)

For m being even, f̃ (θ,m), as well as mP
|m|
n (cos θ)
sin θ and

dP
|m|
n (cos θ)
dθ are being transformed to sine series, while for

odd m, cosine series are used. In other words, the integrands
in I1 and I2 reduce to series of Chebyshev polynomials
Tk (x), allowing one to reduce the integrals I1 (f (θ, φ))
and I2 (f (θ, φ)) to simple sums over respectively Chebyshev
coefficients yk and y′k. As a consequence, near-field data on a
spherical grid is efficiently but exactly expanded into a set of
spherical waves in the order of seconds. Due to the sampling
criteria of the transforms, minimal 2N +1 samples in θ and φ
are necessary, N being the bandwidth of the model. Remark
that N should be taken sufficiently high in order to avoid
under-sampling. More details on choosing N will be given in
Section IV. Truncating at N = 50 - equivalent to 2N (N + 2)
or 5200 modes - using 301 samples in both θ and φ takes about
5.2 seconds on a dual core 2.1 GHz processor, as shown in
Table I. From this table, a linear relationship can be found
between the number of unknowns (= 2N (N + 2)) and the
computation time of a model using the approach described
above.

In equations (4a) and (4b), it is assumed that the sine and
cosine transforms of Associated Legendre Functions (ALFs)
are available before computation. To avoid transforming a
large set of ALFs each time, new relations are derived in
Appendix B that recursively compute the DST or DCT of
ALFs, depending on the parity of degree m. Multiplying
two sine or cosine series is optimally implemented as the
convolution of two fourier series.

Equations (3a) and (3b) can easily be adapted to expand
sampled magnetic fields on the minimum-sphere of the DUT
using the relation between ~E and ~H in Equation (12).

2) Expanding far-field data: Instead of near-field data on
the minimum-sphere, field data on a sphere with any radius can
be used to evaluate equations (3a) and (3b). Therefore, also
the far-field pattern can be expanded into a set of spherical
waves:
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Fig. 3. TE(a) and TM(b) N- and M- reactive power spectra of the log-periodic
antenna obtained from electric (E) and magnetic (H) near-field data.

Q
(3)
s=1,m,n =

√
η

4π
(−1)m

√
2

n (n+ 1)

1

(−i)n+1(
m

|m|

)−m
{− (i ·m) I1 (Eθ (θ, φ))− I2 (Eφ (θ, φ))} (5a)

Q
(3)
s=2,m,n =

√
η

4π
(−1)m

√
2

n (n+ 1)

1

(−i)n(
m

|m|

)−m
{− (i ·m) I1 (Eφ (θ, φ)) + I2 (Eθ (θ, φ))} (5b)

In equation (5), Eθ and Eφ represent the sampled far-field
pattern of a DUT. Evidently, the obtained expansion will form
a subset of the expansion derived using near-field data of the
DUT. This will be explored more thoroughly in the following
section.

III. ELECTROMAGNETIC ENERGIES IN THE NEAR-FIELD
AND FAR-FIELD REGION

The power flow in time-harmonic fields is described by the
complex Poynting vector:

~S =
1

2
~E × ~H∗ (6)

By substituting the SWE of electric and magnetic fields and
integrating equation (6) over a spherical surface with radius r,
one obtains a complex quantity associated with the complex
power flow through a surface S:

∫ 2π

0

∫ π

0

~S · r̂r2 sin θdθdφ

=
∑
smn

{
1

2
+

1

2
i (−1)3−s (kr)2

(
1

kr
+

d

d (kr)

)
·

|h(1)n (kr)|2
}
|Q(3)

smn|2

=Prad + 2iω (We −Wm) (7)

Equation (7) relates the radiated power and the net time-
average stored reactive energy in the field of a DUT to its
expansion coefficients. Given that the radiated power and the
net stored reactive energy are real quantities, and observing
that the quantity depending on kr in Equation (7) can be
shown to be always finite [17], it follows that a DUT’s SWE is
always bandwidth-limited. In the following two subsections,
the bandwidth-limitation of an arbitrary DUT’s SWE, both
computed from near-field and far-field data, will be verified
using a simplified wire-model of the log-periodic antenna,
modeled in NEC [26]. In addition to the net reactive stored
energy, expressions for the total reactive stored energy are
given in section III-B. In section IV, the results in this section
will be used to present a set of new approaches to correctly
truncate the expansion aiming to reconstruct the near-field on
the minimum-sphere of a DUT.

A. Radiated Power

Based on the expression of the radiated power in Equation
(7) one is able to define the normalized radiated power N-
spectrum and M-spectrum as:

Pnormn{TE,TM} =

∑n
m=−n|Q

(3)
s={1,2}mn|

2

Prad
(8a)

Pnormm{TE,TM} =

∑N
n=|m||Q

(3)
s={1,2}mn|

2

Prad
(8b)

Both spectra are normalized to the total radiated power
Prad.

Figure 2 shows the computed TE and TM radiated power
spectra of the log-periodic antenna at 200 MHz, computed
both from near-field and far-field data. One remarks that the
total radiated power converges to a constant value when taking
into account an increasing number of modes. After all, the
power in the highest orders is sufficiently low compared to
the power in the lower orders. The monotonically decreasing
behavior of the near-field spectra for large values of a mode’s
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(a) (b)

(c) (d)

Fig. 4. Reconstructed near-field (Er) in V/m on the minimum-sphere of the PCB, working at 2 GHz, computed from far-field data after under-truncating the
model (a); after truncating the model at N = dkR0e (b); and after truncating the model based on the radiated power spectrum (c). In addition, the fields (in
V/m) obtained using a full-wave solver are shown in (d).

order n and degree m is caused by the large-valued Hankel
functions in Equation (13) when n and m become much larger
than kr.

The lower bound on the far-field spectra is due to the
absence of modes higher than a certain truncation n = NFF
- where NFF is a model-dependent constant extracted from
a model’s far-field spectra - in the radiated fields, resulting
in numerical noise for n > NFF . This is in accordance to
the observation that only part of the energy being present in
the near-field region of the DUT will effectively radiate. As a
result, one possesses a starting point to truncate a computed
spherical wave expansion. From theory, it is known that
modes with n� kR0, R0 being the radius of the minimum-
sphere enclosing the DUT, are heavily attenuated outside this
minimum radius. Figure 2 shows that an additional number
of modes n = kR0 + n1 is obtained from the available far-
field data. In section IV, some examples will be given showing
that in certain cases, the near-field can be reconstructed with
extremely high precision from far-field data only. Moreover,
it will be shown in [21] that it is possible to validate the
computation of near-field interactions using models derived
from far-field data.

B. Reactive Energy

By taking the imaginary part of the complex Poynting
vector, one obtains the net time-average reactive energy flux
through an elementary surface dS, being equal to the differ-
ence between the stored electric and magnetic energy flux.
In the far-field region, the complex Poynting vector is purely
real, implying the net reactive energy to equal zero. Spherical
modes with a degree n ≤ kr represent propagating modes,
having therefore a net reactive energy close to zero. However
modes with n� kr are evanescent, meaning that a TE-mode
will have its stored magnetic energy to be larger than its stored
electric energy and inversely for a TM-mode. Subsequently,
these modes will have a net reactive energy about equal to
the larger quantity of its electric and magnetic stored energy.
Due to these properties, the spherical wave spectrum of the net
stored reactive energy shows a rather flattened trend reaching
from n = 0 towards ∞. Because in this paper a truncation
criterion is of main interest, the further discussion focuses on
the total stored reactive energy which is present outside the
minimum radius of the DUT. This quantity will prove to be a
good measure for the bandwidth of a near-field dataset. The
sum of the electric and magnetic energy density in the region
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outside the minimum-sphere of a DUT is obtained by solving
the integral below:

Wtot =

∫ ∞
r0

∫ 2π

0

∫ π

0

{ε0
4
| ~E|2 + µ0

4
| ~H|2

}
r2

sin θdθdφdr (9)

As the integrand in Equation (9) also includes the radiated
energy, the integrand converges to a non-zero value for kr →
∞, leading to an undefined integral. This can nevertheless be
avoided by subtracting the electric and magnetic energy in the
far-field using the expressions in Equation (17). Finally one
is left over with the sum of the stored reactive electric and
magnetic energy in the fields:

Wreactive =
1

4ω

∑
smn

|Q(3)
smn|2

∫ ∞
kR0

{[
R

(3)
1n (kr)R

(4)
1n (kr)+

R
(3)
2n (kr)R

(4)
2n (kr)

]
(kr)

2 − 2 + n (n+ 1) ·

z(3)n (kr) z(4)n (kr)
}
d (kr) (10)

Numerical quadrature rules can be used to solve the integral
in Equation (10), because the integral asymptotically ap-
proaches zero for kr →∞. In literature, only a few references
[27], [28] provide analytical expressions for this integral,
although no direct derivation is given. Main disadvantage
of using numerical quadrature or analytical expressions to
evaluate (10) is that the products of Hankel functions lead
to numerical overflow for large n and small kr. A work-
around is to write (10) as a finite series

∑2n+1
i=1,i=odd

ci/(kr)i,
and to combine series truncation, scaling and conversion to a
logarithmic scale in order to avoid numerical overflow.

Multiplying Wreactive by the angular frequency ω gives the
total reactive power and will be used further as the main quan-
tity characterizing the near-field of a DUT. The reactive pow-
er spectra ωWnorm

n{TE,TM}(N-spectrum) and ωWnorm
m{TE,TM}(M-

spectrum) are defined analogous to the radiated power spectra
but normalized to the total reactive power ωWreactive:

ωWnorm
n{TE,TM} =

1

4ωWreactive

n∑
m=−n

|Q(3)
s={1,2}mn|

2

∫ ∞
kR0

{[
R

(3)
1n (kr)R

(4)
1n (kr) +R

(3)
2n (kr)R

(4)
2n (kr)

]
(kr)

2

+n (n+ 1) z(3)n (kr) z(4)n (kr)− 2
}
d (kr) (11a)

ωWnorm
m{TE,TM} =

1

4ωWreactive

N∑
n=|m|

|Q(3)
s={1,2}mn|

2

∫ ∞
kR0

{[
R

(3)
1n (kr)R

(4)
1n (kr) +R

(3)
2n (kr)R

(4)
2n (kr)

]
(kr)

2

+n (n+ 1) z(3)n (kr) z(4)n (kr)− 2
}
d (kr) (11b)

Note that Wreactive is also proportional to the quality factor
by a factor ω/Prad, commonly used in antenna analysis as a
measure for the performance of an antenna. Nevertheless, the
discussion below will always use the reactive power spectrum
which is normalized to the total reactive power, and not
the quality factor spectrum in which the normalization factor

(a)

(b)

Fig. 5. Reconstructed near-field (Er) in V/m on the minimum-sphere of the
log-periodic antenna, working at 2 GHz, computed from far-field data after
truncating the model based on the radiated power spectrum (a), followed by
the fields (in V/m) obtained using a full-wave solver (b).

equals the total radiated power. This choice implies that any
truncation criterion based on these spectra will use the total
reactive power as reference, which intuitively has a more
clear link with the electric and magnetic field distribution
in a DUT’s near-field, as seen from equation (9), than the
quality factor. Each value in the reactive power spectrum thus
denotes the contribution of an order n or degree m to the
field distribution in a DUT’s near-field region. Observe from
Figure 3 that, analogous to the radiated power spectrum of
far-field data, the reactive power spectrum of near-field data
asymptotically approaches a lower bound for increasing n.
The latter observation suggests that the lower bound on the
near-field spectra, analogous to the case of far-field radiated
power spectra, is due to the high attenuation of modes higher
than a certain truncation n = NNF . More importantly, from
a certain n on, expanding E-fields and H-fields results in
different spectra (see Figure 3). Section IV will verify that
the correct TE-spectrum is only obtained from H-fields, while
the correct TM-spectrum has to be computed from E-fields.
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

Fig. 6. Reconstructed electric (Er) (a) and magnetic (Hr) (b) near-field on the minimum-sphere of the inverted-F antenna, working at 200 MHz, computed
from magnetic and electric near-field data, respectively; reconstructed near-field (Er) on the minimum-sphere of the Inverted-F antenna, working at 200 MHz,
computed using an under-truncated (e) and an over-truncated (f) model, both derived from both electric and magnetic near-field data; reconstructed near-field
(Hr in (c), Er in (g)) on the minimum-sphere of the Inverted-F antenna, working at 200 MHz by truncating the model, derived from both electric and
magnetic near-field data, based on the reactive power spectrum. For comparison, the magnetic and electric near-fields obtained using a full-wave solver are
shown in (d) and (h), respectively. The electric fields are displayed in V/m and the magnetic fields in A/m.
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IV. TRUNCATING SWE BASED MODELS

This section describes a set of approaches to truncate models
obtained by expanding near- and far-field data into spherical
waves. Truncation is always split up into two separate steps:
(i) TE-truncation and (ii) TM-truncation, in order to obtain
a minimum number of modes. Equation (3) showed that the
radial electric field component is constituted of TM-modes
only while the radial magnetic component is constituted of TE-
modes only. Due to the latter observation and for conciseness
of the presented work, only the radial field components are
shown in what follows, although all field components have
been verified. Validation is done using the three DUTs shown
in Figure 1 and modeled in the full-wave simulation tool
Keysight Empro [23], with minimum-spheres having radii of
55 cm, 10 cm and 3.5 cm for the log-periodic antenna, the
PCB, and the inverted-F antenna, respectively.

A. Far-field data

In case of expanding far-field data, under-truncating the
obtained model, leads to infinitely large errors due to the
large amplification of erroneous high-order modes (see Section
III-A). Therefore, if e.g. only far-field data are available to
build a model, one needs a reliable method to truncate the
computed expansion. Truncating at M{TE,TM} = dkR0e will
ensure a converged expansion, although Section III-A showed
the presence of an additional set modes in the radiated power
spectra. Therefore, the latter corresponds to over-truncating
far-field data.

In order to remove the erroneous tail of the computed expan-
sion, only the modes for which Pnormm{TE,TM} (dB) > AFF (dB)
are kept. In this notation, FF refers to expanding far-field
data, while A denotes a constant threshold which is applicable
only on the M -spectrum of a model. Reason for choosing
the M-spectrum is the sequence in computing the expansion,
outlined in section II-B. Thereupon, it becomes possible to
truncate N independently from M . After all, setting N equal
to M would mean that theoretically the power in the highest
m-mode is expanded in only one n-mode, namely a mode
having n = |m|. However, the integrals I1 and I2 in Equation
(4) can be expanded theoretically in a series of modes with
n = |m| → ∞. As a consequence, the tail of the truncated
M -spectrum will end up lower than the under-truncated M -
spectrum. To avoid this loss in power, the N-spectrum is
truncated at N = M + n1, where the constant n1 is chosen
in the way that the error between the truncated and the
under-truncated M-spectrum is smaller than a certain threshold
BFF (dB). Here again, FF refers to far-field data, and B now
denotes a constant threshold that is applied on the N -spectrum.
In the presented work, the thresholds AFF and BFF were
experimentally set to −130 dB and 0.5 dB, respectively.

Figure 4 shows the radial component of the reconstructed
near-field on the minimum-sphere of the PCB by under-
truncating the model (N = 100), truncating the model atdkR0e
and at Pnormm{TE,TM} (dB) = AFF (dB) together with the fields
obtained using a full-wave solver. Remark that the full-wave
field contains several large peaks indicating the presence of
erroneous high-order modes. Although the reconstructed fields

show similar trends, exactly reconstructing the near-field from
far-field data is not possible. In contrast, the radial component
of the reconstructed near-field of the log-periodic antenna,
shown in Figure 5, exhibits almost exact correspondence to
the full-wave field. This means that in this case the radiated
power is sufficiently large compared to the reactive fields in
the near-field, allowing one to reconstruct its near-field from
far-field data only with extremely high precision.

B. Near-field data

In contrast to far-field data, near-field data exhibit a mono-
tonically decreasing radiated power spectrum, as a result
of which it is not possible to derive a truncation criterion
based on the radiated power spectrum. Therefore, the reactive
power spectrum, which seems to asymptotically approach a
lower bound, is used to derive a truncation criterion for near-
field models. Section III-B discussed among others how E-
fields and H-fields lead to discrepancies in their corresponding
reactive power spectra from a certain n onwards. In order to
see which spectrum is the correct one, Figures 6a and 6b show
the radial component of the electric field reconstructed using
TM-modes expanded from magnetic fields and the radial com-
ponent of the magnetic field reconstructed using TE-modes
expanded from electric fields. No truncation criterion was
applied (under-truncation). One immediately remarks the noisy
large-valued graphs which can only be caused by large errors
in these TE- and TM-spectra. To obtain a solid truncation
criterion based on the reactive power spectrum, near-field
models have to be computed from both electric and magnetic
tangential fields on the minimum-sphere:
• TE-modes: computed from tangential magnetic fields
• TM-modes: computed from tangential electric fields
Similar to the far-field truncation criterion, only modes

for which ωWnorm
m{TE,TM} (dB) > ANF (dB) are kept. Now,

NF refers to expanding near-field data, while the threshold
A reflects truncating the M -spectrum, identically to Section
IV-A.

Using both electric and magnetic field data sampled on the
minimum-sphere to compute the model and after truncating
this model based on the normalized reactive power spectra
ωWnorm

m{TE,TM}, the reconstructed near-fields of the inverted-F
antenna as shown in Figures 6c and 6g are obtained. Note a
sufficiently good correspondence between the full-wave fields,
shown in Figures 6d and 6h, and the reconstructed fields. The
accuracy of the models can easily be decreased or increased
by changing the value of ANF , which is set experimentally
to −70 dB in the given examples. In this notation, A reflects
truncating the M -spectrum and NF refers to near-field data.
As a result, each degree m that is being left out from the
model, will not contribute more than −70 dB compared to
the total stored reactive power. The latter is related to the
sum of the squared values of the electric and magnetic fields.
Analogous to the proposed far-field truncation criterion, the
N-spectrum is truncated at N = M + n1, where n1 is a
constant chosen so that the truncated M-spectrum and the
under-truncated M-spectrum have a negligible discrepancy,
which is captured by the threshold BNF . In the latter, the
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Fig. 7. TE- and TM- truncation of the log-periodic antenna (a), the PCB (b), and the inverted-F antenna (c) model based on 3 different approaches: (i) FF
KR TE/TM: Truncating FF-model (TE/TM) @ N = dkR0e; (ii) FF TRUNC TE/TM: Truncating FF-model (TE/TM) based on its normalized Radiated Power
Spectra; and (iii) NF TRUNC TE/TM: Truncating NF-model (TE/TM) based on its normalized Reactive Power Spectra.

notation B now refers to truncating the N -spectrum, and this
threshold is experimentally set to 3 dB. A lower bound on N
is however always set equal to N = dkR0e where R0 is the
radius of the minimum-sphere enclosing all radiating sources.
Finally, no significant improvement in the reconstructed fields
is seen when an under-truncated model (N = 150, see Figure
6e) is used, while over-truncating the model (N = 20, see
Figure 6f) leads to unacceptably erroneous results. Subse-
quently, this observation intuitively clarifies the need for an
appropriate near-field truncation criterion which performs well
for arbitrary DUTs.

C. Comparison

All three examples have been modeled and truncated using
the proposed techniques described above and the obtained
truncations are shown in Figure 7. Notice that the number
of additional modes compared to kR0 that can be obtained
using far-field data is situated between 5 and 10. This value
is commonly mentioned in literature as the recommended
truncation of spherical wave expansions [17]–[19]. Each of
the DUTs seem to act dominantly as TM radiators, which also
reveals itself in stronger electric than magnetic fields in the
near-field region of the DUT. Remark that the obtained near-
field truncation clearly reveals how large the share of the stored
reactive energy is in the near-field region of a DUT, depending
on the size and the characteristics of the DUT under study. In
this respect, observe for example that the near-field and far-
field truncation of the log-periodic antenna nearly coincide
between 1.1 GHz and 2 GHz, revealing that the contribution
of non-radiating or evanescent waves in the antenna’s near-
field region is negligible at these frequencies, this in large
contrast to e.g. the inverted-F antenna.

V. CONCLUSION

This paper outlined a thorough discussion on spherical wave
based macro-models, meant to be applied in system-level EM
circuit simulators. Optimal algorithms were discussed that
compute fast and efficiently spherical wave spectra of arbitrary
DUTs based on tangential near-field or far-field data. Based on

a close look at the theory behind SWEs, first-time presented
to the authors’ knowledge, truncation criteria - both for near-
field and far-field SWE based models - were proposed that
ensure convergence of the reconstructed fields in a DUT’s
near-field region. An optimal algorithm to compute near-field
interactions using the above discussed models and the impact
of truncation on the computations’ accuracy and speed is
discussed in [21].

APPENDIX A
SPHERICAL WAVE FUNCTIONS [17]

Fields in source-free regions can be expanded in sums of
spherical waves [16]:

−→
E (r, θ, φ) =

k
√
η

∑
c={1,3}

2∑
s=1

∞∑
n=1

n∑
m=−n

Q(c)
smn×

−→
F (c)
smn(r, θ, φ) (12a)

−→
H (r, θ, φ) = −ik√η

∑
c={1,3}

2∑
s=1

∞∑
n=1

n∑
m=−n

Q(c)
smn×

−→
F

(c)
3−s,m,n(r, θ, φ) (12b)

The spherical wave functions ~F
(c)
1mn(r, θ, φ) and

~F
(c)
2,m,n(r, θ, φ) are defined as [17]:

~F
(c)
1mn (r, θ, φ) =

1√
2π

1√
n (n+ 1)

(
− m

|m|

)m{
R

(c)
1n (kr)

imP
|m|
n (cos θ)

sin θ
eimφθ̂ −R(c)

1n (kr)
dP
|m|
n (cos θ)

dθ
eimφφ̂

}
(13a)

~F
(c)
2mn (r, θ, φ) =

1√
2π

1√
n (n+ 1)

(
− m

|m|

)m{
n (n+ 1)

kr

R
(c)
1n (kr)P

|m|
n (cos θ) eimφr̂ +R

(c)
2n (kr)

dP
|m|
n (cos θ)

dθ
eimφθ̂

+R
(c)
2n (kr)

imP
|m|
n (cos θ)

sin θ
eimφφ̂

}
(13b)
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In these functions, the radial dependence is represented by
the function R(c)

sn (kr):R
(c)
1n (kr) = z

(c)
n (kr)

R
(c)
2n (kr) = 1

kr
d

d(kr)

{
krz

(c)
n (kr)

} (14)

To distinguish between inward and outward traveling waves,
the index c is used, following the definition of [29]:{

z
(3)
n (kr) = h

(1)
n (kr) Radiated waves

z
(1)
n (kr) = jn (kr) Incident waves

(15)

According to [17], the omitted time dependence is assumed
to be e−iωt and the spherical wave functions are power-
normalized such that they each radiate 1/2 W.

In the far-field region, the spherical wave functions simplify
to their asymptotic forms [17]:

~Ksmn(r, θ, φ) = lim
kr→∞

{√
4π

kr

eikr
~F (c)
smn(r, θ, φ)

}
(16)

The far-field wave functions thus become:

~K1mn (θ, φ) =
2√

n (n+ 1)

(
− m

|m|

)m
eimφ (−i)n+1

{
imP

|m|
n (cos θ)

sin θ
θ̂ − dP

|m|
n (cos θ)

dθ
φ̂

}
(17a)

~K2mn (θ, φ) =
2√

n (n+ 1)

(
− m

|m|

)m
eimφ (−i)n{

dP
|m|
n (cos θ)

dθ
θ̂ +

imP
|m|
n (cos θ)

sin θ
φ̂

}
(17b)

From the orthogonality properties of general spherical wave
functions, e.g. given in [17], the orthogonality properties of
far-field spherical wave functions can be derived:∫ 2π

0

∫ π

0

~Ksmn (θ, φ) · ~Kσµν (θ, φ) sin θdθdφ

= 4πδsσδm,−µδnν(−1)m

APPENDIX B
COMPUTATION OF ASSOCIATED LEGENDRE FUNCTIONS

This section derives relations allowing one to compute

recursively the DST/DCT of P
|m|
n (cos θ), dP

|m|
n (cos θ)
dθ and

mP
|m|
n (cos θ)
sin θ . Only n + 1 coefficients need to be computed

and stored per function, while under- and overflow problems
as well as unstable behaviour of the functions near 0◦ and
180◦ are now avoided in a straightforward manner.

In contrast to existing algorithms presented in [30], [31],
now the recursion is applied directly on the DST/DCT of
Associated Legendre Functions (ALFs). Note that:

P
|m|
n (cos θ) =

{∑n
k=0 ak cos kθ if m = even∑n
k=1 ak sin kθ if m = odd

(18)

Fig. 8. Schematic recursive computation of Associated Legendre Functions:
Standard Forward Column method.

dP
|m|
n (cos θ)
dθ

mP
|m|
n (cos θ)
sin θ

=

{∑n
k=1 bk sin kθ if m = even∑n
k=0 bk cos kθ if m = odd

(19)

The DCT/DST of an ALF’s derivative is directly evaluated
from the ALF’s DST/DCT:

dP
|m|
n (cos θ)

dθ
=

{∑
k −akk sin kθ if m = even∑
k +akk cos kθ if m = odd

(20)

Based on the standard forward column recursion [30], the
DST/DCT of a set ALFs with maximum degree N is computed
recursively as follows (Figure 8):

• Recursively compute the DST/DCT of P
|m|
m (cos θ),

dP
|m|
m (cos θ)
dθ and mP

|m|
m (cos θ)
sin θ for m = 0, . . . , N

• For each m: perform a forward recursion in n, where
n = max (1,m),m+ 1, . . . , N

Choose as a starting point P
0

0 cos θ =
√
2/2. The first

recursion is a one-term recursion in m:

mP
m

m (cos θ)

sin θ
=

√
m(2m+1)

2 sin θP
m−1
m−1 (cos θ) if m ≥ 1

0 if m = 0

(21)

The DST/DCT of P
|m|
n (cos θ) is obtained by convolving

mP
|m|
m (cos θ)
sin θ and sin θ/m. Therefore, their DST/DCT is first

transformed to the corresponding DFT and afterwards the re-
sulting DFT is back-transformed to the appropriate DST/DCT

depending on the ALF’s degree m. Subsequently, dP
|m|
m (cos θ)
dθ

is evaluated using Equation (20).
In the second step, use P

m

m (cos θ) as a seed to compute the
ALFs for n = max (1,m), . . . , N . The case for m = 0 needs
to be handled as a special case in order to avoid a division by
0:
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P
0

n (cos θ) =an0 cos θP
0

n−1 (cos θ)− bn0P
0

n−2 (cos θ) if n > 1

an0 cos θP
0

n−1 (cos θ) if n = 1
(22)

where an0 and bn0 are defined as:

an0 =

√
(2n− 1) (2n+ 1)

n2
(23)

bn0 =

√
(2n+ 1) (n− 1)

2

n2 (2n− 3)
(24)

To avoid the factor cos θ causing an unstable recusion, for
m ≥ 1 the following recursion is used:

mP
m

n+1 (cos θ)

sin θ
= (25)

{
m
dP

m

n (cos θ)

dθ
+ nF−(n,m)(

mP
m

n−2 (cos θ)

sin θ

)}
F+
(n,m)

n− 1

if n > m+ 1

m
dP

m

n (cos θ)
dθ

F+
(n,m)

n−1 if n = m+ 1

(26)

where F−(n,m) and F+
(n,m) are defined as:

F−(n,m) =

√
(n− 1 +m) (n− 1−m)

(2n− 3) (2n− 1)
(27)

F+
(n,m) =

√
(2n− 1) (2n+ 1)

(n−m) (n+m)
(28)

ALF transforms with a bandwidth of 10, 50, 100 and 200
are computed in 0.05 s, 0.64 s, 2.55 s and 11.55 s, respectively
on 2.1 GHz dual core processor.
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