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Abstract

An overview is given of the known relations between various dynamical
properties of fractal structure" such as vibration density, diffusion and

electrical resistivity. Examples are given from the family of walk-generated
fractals: SAW with and without bridges, /<-tolerant walks and randorn walks.

Results are also discussed for a deterministic model, depending on a top-
ological parameter/which describes the relative scaling between the sizes of
clusters and bridges in the fractal.

l. Inhoduction

Static (geometric) properties of fractals have been widely
accepted as describing properties of a large collection of
physical objects that exhibit some kind of self-similarity [].
One of the first examples was given by the use of the self-
avoiding walk (SAW) as a model for describing the relation
between the mass and the linear size of a polymer 12, 31.

Although materials like alloys may be better described by the
fractals appearing in the percolation problem, the properties
of polymeric substances will be best understood in terms of
fractal structures obtained through some kind of linear walk.
The conformations of these walks may be determined by
various types of interactions and their statistics may become

temperature dependent. This is, €.9., the case for polymers
undergoing a @-transition to the collapsed state [4J.

During recent years, a lot of attention has been devoted to
the dynarn-ical properties of fractals. This was triggered by
some experiments in which the energy density of the vibra-
tional states of the fractal object played an important role.
These excitations were called "fractons" by Alexander and
Orbach [5J, who also pointed out the relation between these

fractons and other dynamical properties. Most theoretical
and numerical work up to now concentrated on the proper-
ties of percolation clusters and related models. The purpose

of the present report is to show that also walk generated

structures are interesting and challenging enough and that
their investigation certainly contributes substantially to our
understanding of fractal dynamics.
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In this paper we first briefly review the basic concepts in
this domain and the interconnection between various dynami-
cal phenornena; thereafter we will report some results obtained
both by numerical and analytical methods, on random and
on special deterministic fractal models respectively.

2. Dynamical properties of fractals

The relation between various dynamical properties, like
harmonic vibrations and diffusior, was first described for
systems with random dynamical parameters [6], but applies
equally to systems with structural randomness, as they occur
in many fractals. These properties are described by equations
of the general form

Lu(r, t) : Tu(r, t),

where T is a differential operator with respect to the time t.
For the diffusion equatioo, T : 01fu and u represents the
probability P for finding a particle at site r. For the vibrations
T - A2lAf and n describes the local deformation from equi-
librium. On discrete lattice systeffis, A has to be approximated
by

Lu(r) N Nu, € Lfu, ui),

where jr runs over the nearest neighbours of site i.
The solutions of eq.(l.l) may be obtained from the eigen-

functions of the A -operator (with suitable boundary con-
ditions). They obey

(1.3)(N +E)Yg(r):0.
The vibrations are, e.9., described with the amplitudes c, by

u(r, t) : I r"Vr(r) exp ( - ir ,[E).
E

The diffusion equationo with the initial condition P(r, 0) :
d,,s is solved as

(l.l)

(1.2)

(1.4)

P(r, t) : L *t(O)Yr(r) e-e

B I ors(s)Yt(o)Yr(r) e-' (1.5)

Here, A@) is the spectral density of the A'. The long-time
behaviour of P(r, t) is dominated by the lower part of this
spectrum. If, in analogy with the vibrational spectrum in



The exponent / is the geometrical fractal dimension of the

structure and it appears in eq.(1.10) for reasons of nor-
malization. Since this expression can also be written as

Euclidean spaces, w€ define a spectral dimension t AV

Q(ar) : a@)H€ *d'

(where E : 0f), and thus

A(E) oc g-t+dtz,

it becomes immediately clear from eq. (1.5) that for I @

P(0, t) { t*drz

The diffusion of a particle on a fractal structure is usually
described in terms of the effective dimensionality d* of the

random walk problem, through the relation

(r'(l)) € t't&,

which links the mean square displacement to the diffusion
time. The exponent d* can be connected to the spectral

dimension / through a scaling argument for P(r, t), which
should behave like

P(r, t) t- r-a -f ?o* lt).
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Alexander-Orbach conjecture [5] that for such fractals
il : 413 in all dimensions; this conjecture has proven to be a
very good approximation. We will nevertheless focus our
discussion mainly on random walk problems, not only
because our own contribution was in this field, but also because

historically the whole discussion started when Stapleton et al.

[0] explained their experiments on proteins by assuming a
SAW-like fractal nature, with a spectral density (1.6), where
they conjectured d : drnru ( = 5/3). Since a SAW is topologi-
cally a one-dimensional structure, both vibrations and dif-
fusion on it should be identical to the d = I problem. This
means, e.g., that for vibrations eq. (1.6) is valid with / : l.
For diffusion, we can say that the average length traveled
along the SAW after t steps will be proportional to .[, which
corresponds to a real distance (r) oc tttd, or d* : 2il;from
eq. (1.12), we again obtain d - l. The resistivity, finally, tells
us that two points at a distance r will on the average have an
y'length along the SAW between them; thus ( : /and from
eq. (1.14) again d- : 2il.

It has been suggested I U that the above results might
change drastically when - after construction of the SAW
walk - one enriches the structure by adding bonds (either for
elastic forces, diffusion paths or resistors) between all visited
nearest-neighbour sites of the embedding lattice. The conjec-
ture was based on the remark that this might form a suf-
ficiently compact structure, on which the diffusion would be
normal, i.e., d*: 2, such that il: d. Through extensive
numerical analysis [2], however, we have established that
this does not happen, at least not for a simple SAW with the
addition of all possible nearest-neighbour bridges. (This does,

of course, not exclude the possibility that such a phenomenon
might occur in a more collapsed state, which would arise
from a SAW with strong interactions.) Even if d* : 2 it
clearly excluded, there has been much debate in the recent
literature on whether d : I and ( : il strictly apply to the
SAW with nearest neighbour bridges. Many authors claimed
small deviations from these values, both on the basis of
Monte Carlo and other theoretical evidence. However, a

recent systematic approach to the conduction and topologi-
cal properties of the SAW with bridges [3] clearly showed
that ( - 1.33, excluding small deviations and confirming the
previous conjectures [2]. Since a nearest-neighbour bridge is,

on a coarse-grained level, equivalent with a self-intersection
of the walk, we have also investigated the so-called ft-tolerant
walks, in which each lattice site can be visited at most k times.
It was established before [4] that lr-tolerant walks belong to
the same univenality class as the SAW, as far as the static
fractal properties are concerned. Through a direct numerical
study of the diffusion problem on 2-tolerant walks, we also
established that this universality is also valid for the dynami-
cal parameters d, and /. Also the SAW with bridges belongs
to this same class. The behaviour of the above models is thus
very different from that ofpercolation cluster backbones, for
which the linear character is a property gradually disappear-
ing upon consideration of larger and larger scales, where
multiple connectivity dominates the dynamic properties.

In the limit /< -- @, the k-tolerant walk becomes a free
random walk (RW), which might be a good model for long
polymers without strong repulsive forces between its con-
stituents. The mathematical properties of a RW are very well
established [l5], and it is well known that d : 2 for d > 2.

The electrical resistivity was the first dynamical property

(1.6)

(1.7)

(1.8)

(t.e)

(1.10)

(1 .1 2)

(1.1 5)

(t.13)

(r.14)

fatd* gvd" l0

[with s(x) - x-a&f(x)J, comparison
that

-t 2a
A:1-.

dn

This equation allows us to determine the low frequency scal-

ing of the spectral density of the vibrations through the

asymptotic behaviour of the diffusion for t m.
It was soon discovered that the previously defined

exponents are also related to the problem of the electrical

resistivity on a fractal resistor network. If the resistance A(r)
between two points at a distance r on the fractal (with identi-
cal resistors on the bonds of the structure) scales for r "+ m
like

(l.ll)
with eq. (1.8) tells us

A(r) € t(,

one can prove [7] that

d*: il+C.
Since this connection was first established through Einstein's
relation

g2Q 
,o : t{D

between the electrical conductivity o, density q and diffusion
consta nt D, relation ( I . l4) is often called the Einstein relation
for fractals. It can also be derived from the Green function of
the A-operator from eq. (1.3) t8l. This relation provides us

with an independent way of determining the dynamical
exponents, through the direct calculation of the exponent (.

3. Frectons on random walks

A lot of attention in the literature has been spent on the

dynamical properties of percolation clusters at criticality (for
a recent review, see Ref. t9l). The best known result is the
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Fig. I. Typical sample of fractal structure generated by a random walk of
40 000 steps on the square lattice.

investigated on the structure generated by the RW on a
regular lattice [ 6] (in this reference, however, the resistivity
of a bond was equal to the nurnber of times this bond was
visited by the RW; the general belief is that this model is in
the same universality class as a model with unit resistances for
all visited bonds, such as was investigated by us). Through
Monte-Carlo methods, it was found that ( N I and 1.5 for
d: 2 and 3 respectively. Through the relations (1.12) and
(1.14) this leads to t : 413 and 8/7 respectively. In d : 3,
the diffusion problem was studied directly 1171, confirming
the result d* : 3.5. In the Same letter, however, it was argued
that, since an infinite RW in d : 2 occupies the entire space,
the dynamical properties of the generated structure must
be identical with those of an Euclidean lattice, leading to
d*:2,d:2and(:0.

It is indeed true that a RW with I steps becomes a trivial
object ind : Zinthe L --' m limit. If (r'(L, r)) is the mean
square distance traveled by a diffusing particle at time t on a
RW of length L, one clearly should have

04

0 10 2a 30 /-0 50 60

t

Fig.2. Estimates for lld* from eq. (2.3) with A - I on a 50-step random
walk on the square lattice.

it very slowly crosses over into the asymptotic region, where
for r -'+ oo according to eq . (2.2) one should have d* : oo.

An extensive numerical analysis in this intermediate region
U4, l8] seems to indicate the presence of logarithmic correc-
tions to the expression ( I .9). If one forgets about these
corrections, one may observe the cross-over froin the initial
normal diffusion into this large intermediate region of fractal
diffusiotr, by plotting as a function of r the estimates for I ld,
obtained from

(2.3)

For very short RW-lengths, the fractal structure is too poor
to manifest itself, and the curve is monotonously decreasing
(see, e.g., Fig. 2). For longer lengths, the cross-over from
norrnal to fractal behaviour can easily be seen (see Fig. 3),
but the second cross-over time (due to the finiteness of the
structure) is much too large to be observed; obviously the
fractal plateau stretches out over a very long time scale. If one
keeps the time r fixed at a relatively small value one can also
study explicitly the cross-over from fractal to normal behav-
iour [9J. From a physical point of view, however, we believe
that understanding the fractal dynamical behaviour is a more
interesting problem.

In order to obtain an independent check on the validity of
our conclusion that the global dynamical behaviour of the
Rw is determined by a spectral dimensionality A : 4/3, we
have repeated the electrical resistivity calculations on our
RW's, using the transfer-matrix technique [20], and we find
confirmation of the results of reference [ 6] for the longer
walks (( : 1.05 t 0.05), whereas for short walks the esti-
mates for ( become smaller. Since the resistivity is a global
property of a walk, its behaviour for long walks is indeed
dominated by the presence of the intermediate plateau (Fig. 3).

€06

lg [r* 
tn <fl{' rr>] : I

but, for all finite L

(2. 1)

lt*[W] -o (2.2)

In spite of these statements, there is abundant numerical
evidence that for all large, but finite, l-values, the RW
behaves as a non-trivial self-similar fractal over a large range
of intermsdiate length scales. In Fig. I we show a typical
sample of such a structure, generated by a 40 000 step RW on
the square lattice. One should remark how clusters of occu-
pied sites, holes and loops are present in various sizes. The
clusters are often connected through long and narrow
paths that will hinder the free diffusion of a particle (or
the propagation of a phonon). Wh en L increases, the whole
pattern will grow, and one can expect relatively more clusters
of larger diameter. Such a structure will undoubtedly lead to
a situation where the diffusion is initially, fior small r, rather
nortnal [the particle diffuses inside a large cluster with d* : 2

(2.1)], then goes over into an intermediate regime, after which

Physica Scripta 729

05

2000 4000 6000 8000 10000

t
Fig.3. Estimates for lld* from eq. (2.3) with A : 100 on a 20000-srep
random walk on the square lattice.
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includes, e.g., the case ;f : I or constant link lengths). For
thesefvalues we obtain d* : 2.66 and A : 1.44,

A simple intuitive way to understand the result (3.1) goes

as follows. Equation (1.10) implies that for all length rescal-

ings / we have

P(r, t) t\' la P(lr, ld* t). (3.4)

For norrnal diffusion on a regular lattice, we have d* - 2,

which means that time has to be scaled by I'if length is scaled

by /. In our deterministic model, where it is natural to choose

the iterative rescaling factor / : 2 for the lengths, the above
results mean that time has then to be rescaled with a factor
f* : l'-f. In other words, the fractal structure imposes an

additional rescaling of the time by the factor / which repre-
sents the rate with which the diffusion probabilities decrease.

Smaller diffusion rates (or long bottleneck links as in Fig. I )
need indeed longer times to produce diffusion, Below a

certain limit f,, however, the most dominant effect is the
simple presence of bottlenecks, and not their strengths. The

exact expression for f, can be explained with topological
arguments.

The main conclusion from these arguments for the dif:
fusion on random walks is that the 4 : 3 can be explained

from the presence of a hierarchy of clusters interconnected
with links whose lengths scale approximately with the

diameter of the clusters. This corresponds indeed to f : 2 in
our model. For a rescaling of the lengths with a factor /, the

time has then to be rescaled by 12 for nornal diffusiono and

again by a factor / for the presence of the links: together /3.
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FiS.4. Iterative construction of a class of models, depending on a family of
parameters {D(') }.

4, A deterministic model

In order to better understand the results obtained in our
numerical simulation, wr decided to perfonn some analytical
calculations on deterministic fractals, whose structure tries to
reflect the basic properties of the RW fractals. From our
simulations (as in Fig. I ) we learned that such fractals

contained both clusters and bridges of various sizes. We

have combined these in a model, whose infinite structure is

obtained iteratively as demonstrated in Fig. 4. The links

represented by |t'l may scale in an as yet unspecified manner.

The Euclidean distance between the beginning and end points

of these b(n)-links need not to be constant, as might be sug-

gested by our figure; if these distances, say /n scale like /" tr Ln

with t
be equal to 2, like in our RW fractals. The path lengths of
these links, however, may scale in a different way, since these

links may have rather irregular forms. This means that we

ffiay, e.g., consider our structure as a model for a fractal
resistor network with A : 2, but with resistances & on the

D(')-links that scale as -Rn { f", where f may be any positive

number. The same network may be used for diffusion calcula-

tions; neglecting the waiting times introduced by the lengths

of these links, the analogon of this hierarchy of resistances R,

is a hierarchy of diffusion transition rates bn x f -'. Likewise,

for the vibrational problem this corresponds to a hierarchy of
spring constants scaling as f *n.In principle, we have a dif-
ferent model for every value of f.

On this model we have performed two independent cal-

culations [21J. The diffusion equations have been decimated

on this self-similar structureo leading to the result that the

long-time behaviour of P(r, r) is dominated by a 4-exponent
given by

dn:2+lnffln? (f>f")
: 2 + lnf"fln2 (f <f"),

where

f" : I + ,lztz ,ry 1.707 .

Also, the electrical resistivity has been calculated in an itera-

tive wty, and the result confirms the Einstein relation (1.14)

for all values of f: ( : d* 2.

These results would explain the values obtained from our
simulations, if we might infer from Fig. I that the path

lengths of the links between clusters scale linearly with the

diameters of the clusters. This would indeed mean that/ : 2,

dn : 3 and A : 4F. Although our model predicts non-

universal values for the dynamical exponents, one should

remark that there is a large universal regime (f < f,, which

(3.1)

(3.2)

(3.3)


