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Abstract. The main goal of the paper is to contribute to the area of acoustical simulations.
Authors deal with the approach of numerical methods, particularly the Finite volume method.
The boundary conditions used are of Robin type, and they include rigid piston on one side of
the domain, and changing boundary conditions on other sides. Further the numerical solution
of one case is compared with the analytical one.
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1 Introduction

Acoustical visualization of various spaces has gained great importance in engineering praxis.
Simulations are an effective tool in various areas like architecture, concert hall acoustics, or
acoustics of health care facilities. Presented paper shows the approach made by numerical
methods, which have become more common in this field.

Numerical methods in the area of acoustics solve the Helmholtz equation

M A+ k2A = 0, (1)

where k is the acoustic wavenumber and A is the amplitude. This equation represents the
time-independent form of the wave equation. Next section shows how to solve the Helmholtz
equation by means of the Finite volume method.

The previous work [5] includes solving the Helmholtz equation (1) for unknown complex func-
tion u with impedance boundary conditions [2]

ikβu+
∂u

∂n
= g. (2)
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Here u is the numerical value of the unknown function (e.g. the acoustic pressure). The function
g on right side can be generally seen as the source, and β is the relative surface admittance.

Remark: When considering an acoustical application, where u represents the sound pressure,
and using the linearised one-dimensional Euler Equation in acoustics ρ0 ∂v∂t +

∂u
∂x

= 0, where v is
the acoustic particle velocity and ρ0 the nominal density, (2) can be written as ikβu = ρ0

∂v
∂t
+g =

iρ0ωv + g. Considering a boundary without having a source term g, the ratio between the
acoustic pressure u and the acoustic particle velocity v can be written as v

u
= kβ

ρ0ω
= β

ρ0c
, where

c is the acoustic speed of sound. In acoustics the ratio u
v
is known as the acoustic impedance,

and the ratio v
u
as the acoustic admittance. Thus β can be seen as the non-dimensional acoustic

admittance.

It is important to note which normal is under consideration. Previously we did the calculation
with outward normal and set the value to β = 1, as was done in [1]. This problem requires
attention because in acoustical praxis, where it represents the simulation of the wall with
maximum sound absorption (i.e. the simulation of free space), the inward normal is considered
and this sign is opposite [4].

In this paper we consider the square domain of size 8 metres with rigid piston on left side. The
boundary condition of the piston, moving with velocity vpiston, is prescribed as

∂u

∂n
= −iρωvpiston. (3)

Here ρ = 1.2kg/m3 is the density of air, ω is the angular frequency measured in rad/s and
given by

ω = 2πf,

vpiston = 1m/s is the starting velocity of the piston, and i is the imaginary unit. f is frequency
measured in Hz, and it is set to different values.

In first case presented in this paper, the boundary conditions on other sides than the rigid
piston, are prescribed as zero Neumann boundary conditions

∂u

∂n
= 0. (4)

This simulates the wall with β = 0, which means an acoustically hard wall with maximum
energy reflected. In second case authors wanted to simulate the free space. The source function
is set to g = 0, so the boundary conditions are in the form

iku− ∂u

∂n
= 0. (5)

And finally in the last case, the boundary conditions on right side of the square domain are
given by (5), and on the up and down side by (4). The section 3 shows the results of the
simulations.

2 Finite volume method and the Helmholtz equation

This section briefly describes solving the Helmholtz equation by the Finite volume method.
For detailed description see [6].
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As the solution of the equation (1) is based on complex values, its approximate solution is given
by

u = ur + iui, (6)

where ur and ui represent the real and imaginary part, respectively. By the standard way
(which includes integration, Green’s theorem, discretization, etc.) we obtain from the original
Helmholtz equation the following

up(4− k2m(p))−
∑

q=1,...,4

uq = 0, (7)

which is valid for square interior finite volumes. up is the approximated value on particular
finite volume, uq is the value on its neighbour, m(p) is the size of the finite volume, and q
denotes its neighbours. This equation is obtained for both real and imaginary part of the
solution. Whereas these two values are divided, they are linked on the boundary of the domain
by boundary conditions stated later in this section.

The equations for the finite volumes on the boundary or in the corner are similar, but they
include also the value uqext, which is the value on the exterior finite volume. These values are
eliminated from the boundary conditions (2), which for real and imaginary part are of the form

∂ur
∂n

− kui = 0, (8)

∂ui
∂n

− kur = 0. (9)

After this calculation, the system of linear equations is obtained. This system is created from
two interconnected systems (real and imaginary), which can not be divided, as is seen in (8)
and (9). Once it is solved, the real and imaginary values are known for every finite volume.

3 Numerical results

In this section the numerical results of all programs implementing the Finite volume method
are presented.

3.1 Rigid piston and zero Neumann boundary conditions (RPN)

First results to be presented are with the rigid piston on left side, and Neumann boundary
conditions on other sides (β = 0). Figures 1 and 2 show the numerical results for two different
frequencies (10 and 100Hz). Number of discretizing points on one side of the domain is n = 50
(i.e. 2500 finite volumes).

As we see, the real part is in both cases zero. It points up that the numerical solution is
right, as it is clear that the zero solution of real part is complying the prescribed boundary
conditions. Physically, it means that the acoustic pressure in the square cavity is out of phase
with iρ0ωvpiston, and thus in phase with the prescribed velocity vpiston of the piston.
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(a) (b)

Fig. 1. RPN for f = 10Hz, n = 50 (a) real part (b) imaginary part.

(a) (b)

Fig. 2. RPN for f = 100Hz, n = 50 (a) real part (b) imaginary part.

3.2 Rigid piston and β = −1 boundary conditions (RPB)

This subsection shows the numerical results of the case with β = −1 on all sides but the left side
with the piston. The Figures 3 and 4 show again the numerical results for two frequencies with
n = 50. Obviously, the pressure distribution in the cavity is now more complex. The acoustic
wavefronts are not travelling only in horizontal direction, away from the vibrating piston, but
also partly in the direction of the up and down side of the domain. This is caused by the
β = −1 boundary condition on these sides of the domain. Please note that due to the fact that
the waves are not perpendicular to the up and down side of the domain, these boundaries do
not perfectly absorb the acoustic waves impinging on them, but will also be partly reflected.

(a) (b)

Fig. 3. RPB for f = 10Hz, n = 50 (a) real part (b) imaginary part.

3.3 Rigid piston, zero Neumann and β = −1 boundary conditions (RPNB)

These results (Figure 5 and 6) are for the case with piston on left side, Neumann boundary
conditions on up and down side, and β = −1 on right side of the domain. This type of
boundary condition was chosen, as to prevent the situation that the acoustic wavefronts are
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(a) (b)

Fig. 4. RPB for f = 100Hz, n = 50 (a) real part (b) imaginary part.

non-perpendicular incident upon the boundaries. For the right side of the boundary the acoustic
wave will be perpendicular incident, given the fact that the vibrating piston is on the opposite
site of the domain. Thus this side will be perfectly absorbent.

(a) (b)

Fig. 5. RPNB for f = 10Hz, n = 50 (a) real part (b) imaginary part.

(a) (b)

Fig. 6. RPNB for f = 100Hz, n = 50 (a) real part (b) imaginary part.

3.4 Analytical solution of RPNB

Here we also present the values of the L2 error and the experimental order of convergence
(EOC) of last case. The analytical solution used [1] is in the form

p(x, y) = cos(kx) + i sin(kx). (10)

The starting velocity of the piston vpiston had to be changed, and was calculated as

vpiston =
−1

ρc
. (11)

437



Here c = 340.29m/s is the speed of sound.

The L2 error was calculated as

√∑
((urnum − urexact)

2m(p)2 + (uinum − uiexact)
2m(p)2), (12)

where urnum and uinum are numerically calculated values. urexact and uiexact are the precise values
calculated from the exact solution. For EOC we used

L2errorh < Chα. (13)

Here h is the length of finite volume. α will be then calculated by

α = log2
L2errorh
L2error2h

, (14)

and from general theory [3] it is known that this value is expected to be converging to 2. Table
1 shows the L2 error and EOC for the frequency f = 1000Hz in the square domain of size 1
metre.

n L2error α
10 1.339592 1.5092620 0.470587 2.2986340 0.095650

Tab. 1. L2 error and EOC, f = 1000Hz.

4 Conclusion

The main idea of the article is to use numerical methods in the area of acoustical simulations.
Authors have chosen the Finite volume method, which is briefly described. The scheme works
with various forms of impedance boundary conditions. These conditions represent different
situations in praxis, e.g. the simulation of an acoustically absorbing wall or a hard wall.
Numerical results of three cases are presented. Moreover the analytical solution of one case,
together with L2 error and experimental order of convergence, is shown.

Numerical results presented have been already compared to results gained by software imple-
menting the Boundary element method. They are very close, which confirms that the results
are correct. Future work will include the comparison with other numerical methods, e.g. the
Finite element method, and comparison with the data obtained from acoustical measurements.

5 Acknowledgement

This work was supported by VEGA 1/0728/15.

438



References

[1] BABUŠKA, I. M., IHLENBURG, F., PAIK, E. T., SAUTER, S. A. A generalized Finite el-
ement method for solving the Helmholtz equation in two dimensions with minimal pollution.
In Comput. Methods Appl. Mech. Engrg. 128, 1995.

[2] CHANDLER-WILD, S., LANGDON, S. Boundary element methods for acoustics. Lecture
notes, University of Reading, Department of Mathematics, 2007.

[3] EYMARD, R., GALLOUËT, T., HERBIN, R. Finite volume methods. CIARLET, P. G.
(ed.) et al., Handbook of numerical analysis. Vol. 7: Solution of equations in Rn (Part 3).
Techniques of scientific computing (Part 3). Amsterdam: North-Holland/Elsevier, 713-1020,
2000.

[4] NORELAND, D. Impedance boundary conditions for acoustic waves in a duct with a step
discontinuity. Tech. Report, Department of Information Technology, Uppsala University,
2003.

[5] RIEČANOVÁ, I. Complex-valued solution of Helmholtz equation by Finite volume method.
International Student Conference on Applied Mathematics and Informatics 2015, Kočovce.

[6] RIEČANOVÁ, I. Finite volume method scheme for the solution of Helmholtz equation. 14th
Conference on Applied Mathematics Aplimat 2015, Bratislava.

Current address

Angela Handlovičová, doc., RNDr., PhD.
Slovak University of Technology in Bratislava
Faculty of Civil Engineering
Department of Mathematics and Descriptive Geometry
Radlinského 11, 813 68 Bratislava, Slovak Republic
Tel. number: +421 2 592 74417, e-mail: handlovicova@math.sk

Izabela Riečanová, Mgr.
Slovak University of Technology in Bratislava
Faculty of Civil Engineering
Department of Mathematics and Descriptive Geometry
Radlinského 11, 813 68 Bratislava, Slovak Republic
Tel. number: +421 2 592 74243, e-mail: riecanova@math.sk

Nicolaas Bernardus Roozen, Dr.
KU Leuven
Department of Physics and Astronomy
Laboratory for Soft Matter and Biophysics
Celestijnenlaan 200D, 3001 Leuven, Belgium
Tel. number: +32 16 372790, e-mail: bert.roozen@kuleuven.be

439




