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Online distributed motion planning for multi-vehicle systems

Ruben Van Parys and Goele Pipeleers

Abstract— This work presents an online distributed motion
planning strategy for cooperating vehicles. The motion plan-
ning is formulated as an optimization problem that returns
smooth trajectories. These are parameterized as splines, which
allows a representation with a limited number of variables
and enables guaranteed constraint satisfaction with a finite
set of constraints. The computations for solving the problem
are distributed among the agents by using the Alternating
Direction Method of Multipliers (ADMM). In order to cope
with a dynamic environment and disturbances, the algorithm
is formulated in a receding horizon fashion, such that the
future part of a motion trajectory is reoptimized iteratively.
The required update time and the amount of inter-agent
communication are reduced by performing only one ADMM
iteration per update. In this way the method converges over
the subsequent path updates. Simulations with a formation
of holonomic vehicles in a dynamic environment demonstrate
the capability of the proposed approach to generate optimal
trajectories at an update rate of 20 Hz.

I. INTRODUCTION

Spurred by enhancements in communication and com-
putation capabilities and by advances in miniaturization of
processors, actuators and sensors, networked multi-vehicle
systems have received increasing attention over the last
decades. Examples of application areas include surveillance,
search and rescue, automated highway systems and coopera-
tive transportation. This work deals with motion planning for
multi-vehicle systems and considers the problem of finding
optimal input trajectories for each vehicle to steer it from an
initial location towards a desired destination, while satisfying
interaction constraints between the agents, such as attaining a
formation, avoiding collisions with each other or meeting at
the destination position. In the meantime each vehicle should
respect its own kinematic and dynamic limitations and avoid
collisions with the environment.

A straightforward way to perform the motion planning
is to solve the resulting problem globally, considering all
agent’s objectives and constraints. This requires the avail-
ability of a central unit which computes the trajectories and
communicates them to the corresponding agents. Although
this approach can result in the optimal solution, it scales
badly with the number of agents in terms of computation
as well as communication load. This strategy is therefore
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mostly applied to offline motion planning problems for small
groups of vehicles [1]–[3]. In order to acquire an algorithm
for which the computation effort is quasi independent of the
number of agents, one should opt for a distributed approach
for which the agents communicate with a limited number
of neighbors. This is performed in [4] by applying dual
decomposition to solve an offline path following problem
of an aircraft formation. However, in order to deal with
changes in the environment or with inaccurate trajectory
following due to disturbances or model-plant mismatch, it is
desired to recalculate the trajectories repeatedly. The search
for such online strategies, combined with a distribution of
the computations, quickly leads to the domain of Distributed
MPC [5]–[7]. In every MPC update this approach performs
a distributed iterative procedure until convergence. Each of
these iterations however requires the solution of an opti-
mization problem and involves substantial communication
with neighboring agents. In order to achieve sufficiently high
update rates, distributed MPC is currently predominantly
looking at tracking problems that translate into simple convex
optimization problems.

This work proposes an online distributed motion planning
algorithm for cooperating (non-)linear vehicle systems in
an environment with stationary and/or dynamic obstacles.
The problem is written as an optimization problem which
is solved in a distributed way by using ADMM and for-
mulated as such that only nearest neighbor communication
is required. To the best of the authors’ knowledge, only
a few contributions do consider free motion planning in
an obstructed space [8]. These approaches allow a single
non-convex anti-collision constraint and handle it through
some kind of convexification. The approach proposed in
this paper allows multiple non-convex constraints, which
can result from the presence of non-linear system models,
and directly solves the non-convex problem. In order to
reduce the amount of communication and to increase the
update rate, an updating scheme is proposed in which only
one ADMM iteration is performed per trajectory update.
Simulations demonstrate that the ADMM iterations converge
over the subsequent trajectory updates. These updates are
performed at a fairly fast rate with only a limited loss of
optimality.

Section II introduces the motion planning problem for
multi-agent systems, while Section III and IV describe how
this problem can be solved in a distributed and online
way. Thereafter the proposed approach is illustrated with
numerical examples in Section V. Finally, Section VI draws
concluding remarks.



II. PROBLEM FORMULATION
A. General problem formulation

The motion planning problem for multi-vehicle systems
searches for each vehicle’s state and input trajectories, both
included in xi(·) : [0, T ]→ Rn, with T the considered time
horizon. Optimal trajectories are obtained by minimizing the
sum of all vehicles’ objectives Ji and are subject to some
state and input constraints, described by a set Xi. Each
agent has several neighbors, denoted by the set Ni and an
interaction constraint gij implies a relation between the state
and/or input xi and xj of respectively an agent i and its
neighbor j. With N the number of vehicles, the motion
planning problem generally translates into an optimization
problem of the following form:

minimize
∀i: xi(·)

N∑
i=1

Ji(xi)

subject to xi(t) ∈ Xi
gij(xi(t),xj(t)) = 0, ∀j ∈ Ni
∀t ∈ [0, T ], ∀i ∈ {1, ..., N} .

(1)

B. Formation of holonomic vehicles
In the examples of Section V, a formation of holonomic

vehicles is considered. These vehicles can translate freely in
a plane, which can for instance be obtained by equipping
a mobile platform with four separately driven Mecanum
wheels [9]. The state xi ∈ R2 of each vehicle is the position
while its inputs ui ∈ R2 are the velocities in both x- and
y-direction, i.e. xi =

[
xTi uTi

]T
. In order to steer each

vehicle i towards its desired destination xT,i, the objective
is formulated as follows:

Ji(xi) =

∫ T

0

‖xi(t)− xT,i‖1dt . (2)

The system dynamics and input constraints are written as

ẋi(t) = ui(t) ,

umin,i ≤ ui(t) ≤ umax,i ,

u̇min,i ≤ u̇i(t) ≤ u̇max,i .

(3)

In order to start from a given location x0,i with a given
velocity v0,i, following constraints are introduced for all
vehicles:

xi(0) = x0,i , ui(0) = v0,i . (4)

Collision avoidance with obstacles in the environment results
in constraints on the states. These are constructed by imply-
ing the existence of a separating line between the (convex
hull of the) vehicle and the obstacle, as explained in [10].
Suppose the geometry of vehicle i is approximated as a circle
with radius rveh,i and the (convex hull of the) obstacle can
be represented by a convex polyhedron with corner points
yc. With nc the number of corner points, the anti-collision
constraints are expressed as

a(t)Txi(t)− b(t) ≥ rveh,i ,

a(t)T yc(t)− b(t) ≤ 0, ∀c ∈ {1, ..., nc} ,
‖a(t)‖2 ≤ 1 .

(5)

These constraints should be imposed for all vehicles and
all obstacles in the neighborhood, and at all times. Note
that the separating line, and therefore a and b, can change
over time. Also an obstacle’s position can change in time.
Constraints (3), (4) and (5) compose the set Xi of problem
(1). Finally the interaction between the vehicles is imposed
by the formation. The formation is defined by imposing a
relative position constraint with respect to the neighbors:

gij(xi(t),xj(t)) = xi(t)−xj(t)−∆xij = 0 , ∀j ∈ Ni .

C. Spline parameterization

Problem (1) corresponds to an infinite dimensional prob-
lem. In order to make it numerically tractable, an appropriate
parameterization of the trajectories and a proper reformula-
tion of the constraints on these trajectories are required. Both
problems can be tackled by approximating the trajectories
as splines [11]. In this way they correspond to piecewise
polynomials and are written as:

xi(t) =

n∑
k=1

xi,kbk(t) ,

with B-spline basis b = (b1, ..., bn) and B-spline coefficients
xi = (xi,1, ..., xi,n). By using B-splines, trajectories can
be represented as smooth, continuous functions by only a
limited number of variables x. Other advantages are a stable
evaluation of these functions and their derivatives and the
local (minimal) support of the basis functions. A thorough
introduction to B-splines can be found in [12]. The convex
hull property, which states that a B-spline is always contained
in the convex hull of its coefficients, implies that a spline
function is contained within the minimum and maximum
value of its coefficients. Therefore semi-infinite constraints
on splines can be imposed by only constraining its coeffi-
cients. Because any polynomial function of a spline is itself a
spline, also polynomial constraints on spline trajectories can
be relaxed in the same way. In order to use this approach, it
is required to express, transform or approximate constraints
on the trajectories as polynomials. It turns out that this
is possible for many vehicle models as for example non-
holonomic models, a quadrotor model and the considered
holonomic vehicle model.

Finally, by using the spline parameterization, problem (1)
can be reformulated in terms of the spline coefficients xi for
each vehicle i:

minimize
∀i: xi

N∑
i=1

Ji(xi)

subject to xi ∈ Xi
gij(xi, xj) = 0 , ∀j ∈ Ni
∀i ∈ {1, ..., N} .

(6)

The objective and constraint functions, reformulated in terms
of spline coefficients, are written in Sans-serif font.



III. DISTRIBUTED FORMULATION

In problem (6), many of the constraints only apply to
one specific agent while the objective is composed of the
individual objectives of the different agents. The only cou-
pling in the problem is imposed by the interaction constraints
gij . The goal of this section is to decouple the problem
to distribute the computational load of solving the motion
planning problem among the agents. This decoupling is de-
rived using the Alternating Direction Method of Multipliers
(ADMM), which is a well-known strategy in the area of
distributed (convex) optimization. For a thorough review of
the history, theory and applications concerning ADMM, the
reader is referred to [13]. Before applying ADMM, (6) is
first reformulated as following equivalent problem:

minimize
∀i: xi,zi,zij

N∑
i=1

Ji(xi)

subject to xi ∈ Xi
gij(zi, zij) = 0 , ∀j ∈ Ni
xi = zi , xj = zij , ∀j ∈ Ni
∀i ∈ {1, ..., N} .

(7)

By introducing the slack variables zi and zij , each agent gets
a replica of its own trajectory and those of its neighbors. This
removes the coupling in gij . The basic idea behind ADMM
is to solve an appropriate dual problem of (7). There are
many ways to formulate this problem, depending on which
constraints are dualized. Based on the rules formulated in [4],
which aims at reducing the duality gap, only the constraints
concerning the equality between the x and z variables are
dualized. ADMM makes use of the augmented Lagrangian
function which adds an extra quadratic penalty term in order
to yield better convergence properties. For problem (7), this
becomes:

Lρ =

N∑
i=1

(
Ji(xi) + λTi (xi − zi) +

ρ

2
‖xi − zi‖22

+
∑
j∈Ni

(
λTij(xj − zij) +

ρ

2
‖xj − zij‖22

))
,

=

N∑
i

(
Lρ,i(xi, zi, λi) +

∑
j∈Ni

Lρ,ij(xj , zij , λij)
)
,

=

N∑
i

(
Lρ,i(xi, zi, λi) +

∑
j∈Ni

Lρ,ji(xi, zji, λji)
)
.

The last equality is true because bidirectional interaction is
assumed (i.e. j ∈ Ni ⇔ i ∈ Nj). λi and λij represent the
dual variables associated with the dualized constraints. Note
that these variables can be interpreted as the coefficients of
corresponding spline trajectories. The dual function is written
as:

q(λi, λij) = inf
∀i: xi∈Xi

∀i,∀j∈Ni: gij(zi,zij)=0

Lρ .

By maximizing this dual function, the optimum is found.
ADMM solves this dual problem by using gradient ascent.

The gradient of q with respect to the dual variables is
evaluated by first searching for the x+

i , z+
i and z+

ij which
minimize Lρ. In this way, the gradient can be evaluated as:

∇λi
q = x+

i − z+
i ,

∇λij
q = x+

j − z+
ij .

In ADMM, the search for the variables that minimize Lρ is
split in two consecutive steps. First Lρ is minimized over
xi and in a second step it is minimized over zi and zij . In
this way, both steps can be decoupled and solved in parallel
by the agents. Finally, the motion planning problem can be
distributed by performing an iterative process, where in each
iteration the following three consecutive steps are performed:

xk+1
i := argmin

xi
Lρ,i(xi, zki , λki ) +

∑
j∈Ni

Lρ,ji(xi, zkji, λkji)

s. t. xi ∈ Xi ,

(8)

(
zk+1
i

zk+1
ij

)
:= argmin

zi,zij
Lρ,i(xk+1

i , zi, λki ) +
∑
j∈Ni

Lρ,ij(xk+1
j , zij , λkij)

s. t. gi(zi, zij) = 0 , ∀j ∈ Ni ,
(9)

λk+1
i := λki + ρ(xk+1

i − zk+1
i ) , (10)

λk+1
ij := λkij + ρ(xk+1

j − zk+1
ij ) , ∀j ∈ Ni .

Each of these steps can be performed by the agents in
parallel. Step (8) concerns the standard motion planning
problem for one agent. However by introducing the dualized
constraints in the objective, it is ensured that the newly
computed trajectories xk+1

i do not deviate too much from
the corresponding replicas zki and zkji. Step (9) introduces the
interaction constraint gij and step (10) updates the weights
which are used in step (8) and (9) to penalize deviations
between the x and z variables. By performing these three
steps iteratively, it is shown for convex problems that the
variables converge towards the global optimum of (7) [13].
However in this work non-convex problems are examined,
but as Section V illustrates, convergence is still observed.

Note that during each step an agent needs information
of previous calculated variables by its neighbors. Therefore
after step (8), each agent should share their computed xk+1

i

trajectory with their neighbors. After step (10), they com-
municate zk+1

ij and λk+1
ij . The proposed formulation thus

requires two nearest neighbor communication cycles per
ADMM iteration.

IV. ONLINE FORMULATION

At this point the vehicle trajectories can be computed in a
distributed fashion. In this section, the method is adapted for
real-time implementation. This means that, while a vehicle
is following its trajectory, the future part of it is repeatedly
recalculated. In this way the algorithm can deal with a
changeable environment and inaccurate trajectory following
due to disturbances or modeling errors. One could execute
per trajectory update a full ADMM sequence until conver-
gence. This is however not feasible in practice as it would



involve too high a computation and communication load.
Therefore an updating scheme is proposed which executes
only one ADMM iteration per trajectory update. In this way,
the problem converges while the agents are heading towards
their destination. Each update a new time horizon and a
corresponding spline basis are defined. Because step (8), (9)
and (10) of an ADMM iteration require the information of
trajectories of the previous iteration, their future part should
first be expressed in the new basis before introducing them to
the next iteration. Section IV-A explains how to perform this
for spline trajectories. Additionally some constraints should
be adapted in order to make an online method possible. First
of all, initial state and input constraints as (4) should be
adjusted to take estimates at the start of the new horizon as
initial conditions. Secondly, the derivatives of the x, z and
λ trajectories should be enforced to be zero at the end of
the considered time window. Otherwise it is possible that
the extrapolation in combination with the ADMM iterations
result in unstable behavior in the presence of numerical
disturbances. These constraints should only be applied in
step (8) on xi and in step (9) on zi and zij . Due to step (10)
this automatically applies to λi and λij .

Algorithm I summarizes the proposed online procedure for
an agent i. It is recommended to start the online procedure
with a certain number of ADMM iterations before the start
in order to have a good initial trajectory to following. In
the examples of Section V, five initial ADMM iterations are
used.

Algorithm I: Online distributed algorithm for agent i

Perform n ADMM iterations and get x0
i , z0

i , z0
ij , λ

0
i , λ0

ij

repeat every ∆T : k = 0, 1, . . .

Start following trajectory xki (t)
Estimate x̂i = xi((k + 1)∆T )
Update horizon and transform xki , zki , zkji, λ

k
i , λkji

Perform step (8), using x̂i as initial condition
Communicate with agents j , ∀j ∈ Ni:

Send xk+1
i , receive xk+1

j

Perform step (9) and (10)
Communicate with agents j , ∀j ∈ Ni:

Send zk+1
ij , λk+1

ij , receive zk+1
ji , λk+1

ji

A. Update of the time horizon

Figure 1 illustrates the evolution of the time horizon for
the proposed approach. Figure 1a corresponds to the initial
phase of Algorithm I, where the considered time window is
[0, T ], indicated by the gray area. Recall that all variables
xi, zi, zij , λi, λij correspond to the coefficients of B-spline
parametrized time trajectories. Figure 1a illustrates a spline
trajectory that is computed before the first ADMM iteration.
The crosses indicate the knots, which are the points where the
spline encounters a discontinuity in one of its derivatives. The
splines considered here have discontinuities at the inner knots
in the dth derivative, with d the degree of the spline. The knot
sequence is chosen equidistant and the time ∆ξ between two

(a)

0 T

(b)

0 ∆T T

(c)

0 2∆T T

(d)

0 ∆ξ T +∆ξ

Fig. 1: Proposed updating scheme with update time ∆T
and knot interval ∆ξ = 3∆T . The gray area represents the
considered time horizon.

consecutive knots is chosen as an integer multiple of the
update time ∆T .

In the first iteration of the proposed algorithm, the time
horizon is shifted to [∆T, T ], as illustrated in Figure 1b. In
order to extract a good hot start for the optimization of x1

i

from the previous solution x0
i , the latter coefficients need first

be transformed to the shifted time horizon. That is, shifted
coefficients x̃0

i are computed such that
n∑
k=1

x0
i,kbk(t) =

n∑
k=1

x̃0
i,k b̃k(t), ∀t ∈ [∆T, T ] .

The new B-spline basis b̃ is illustrated in Figure 1b. It has
the same knots as the original basis b, except for the first
knot, which is shifted to the new start point ∆T . A similar
transformation is performed on z0

i , z0
ij , λ

0
i and λ0

ij before
they are applied in the ADMM steps (8), (9) and (10) of the
first iteration of Algorithm I.

The first knot’s shift and the corresponding transformation
happen before each trajectory update. However when the
new starting point coincides with the second knot, a slightly
different approach is used. In this case the spline basis is
adapted as such that the second knot replaces the first one
while an extra knot is added at a distance ∆ξ from the
end of the time window. Only the first d − 1 and last d
coefficients should be recalculated by imposing continuity at
∆ξ and at T . In this way the spline is extrapolated over
a time ∆ξ in the end. This transformation is illustrated
from Figure 1c to 1d. The addition of the extra knot in the
end happens for two reasons. First of all, this preserves the
number of variables for which a spline is represented, which
is necessary to define and build the optimization problem
in advance. Secondly this approach allows to shift the time
horizon while a vehicle is moving. In this way it is not strictly
required that an agent reaches its target within a time T . This
is especially beneficial when a vehicle should unexpectedly
adapt its trajectory to avoid moving obstacles.
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Fig. 2: Motion and input velocity trajectories for a formation of four holonomic vehicles moving between two obstacles.
The gray lines indicate the computed trajectories to follow. The black lines represent the covered paths.

V. NUMERICAL EXAMPLES

A. Example 1: Formation moving in a static environment

This example examines a formation of holonomic vehicles
as described in Section II-B. This formation should move
between two obstacles in order to reach a desired destination.
The interconnection between the agents, which defines the
formation constraints and the communication topology, is
circular. This means that each agent has two neighbors, one
on the left and one on the right. The time horizon T is equal
to 10 s and splines with 10 knot intervals are chosen, i.e.
∆ξ = 1 s. The update time is ∆T = 0.1 s. The value of the
ADMM penalty parameter is ρ = 2. Applied on this example,
step (8) is a nonlinear program, while step (9) is an equality
constrained quadratic program. The first is solved with Ipopt
[14] with exact Hessians obtained using CasADi [15], the
latter is solved by directly solving the KKT system. For
both problems C code is generated by CasADi and built in
advance in order to acquire faster execution.

Figure 2 illustrates the motion of 4 holonomic vehicles in
a formation, for which the geometry of each is represented
by a circle. The gray lines indicate the future trajectories
computed by the proposed algorithm, while the black lines
represent the covered paths. Ideal trajectory following is
assumed. Also the input trajectories ux and uy are presented,
which are the velocities in respectively x- and y-direction.
The maximum bound is indicated by a dashed line and
equals 0.5 m/s. One can clearly notice how the velocity
trajectories are pushed more to their boundaries as more
trajectory updates are performed. Because the objective (2)
implicitly minimizes the motion time, this means that the
ADMM iterations converge towards a more optimal solution.
The input trajectories of the different agents also converge
towards each other. This implies better formation attainment
because ideally all vehicles should get the same input trajec-
tories as they start and end in perfect formation.

For this example, the proposed distributed approach is
compared with a central approach, where each update the
general coupled problem (1) is solved. This central approach
results in the optimal solution for which the formation is
exactly attained at all times. However this approach has the
disadvantage that it scales badly with the number of agents.
Table I summarizes a comparison between the approaches for
a different number N of vehicles in the formation. In each
formation the vehicles are equally spaced over the contour of
a circle. Table I displays the average time tdit and tcit necessary
to execute a trajectory update for respectively the distributed
and central approach. One can clearly see how tcit increases
rapidly with the number of agents, while tdit stays almost
constant. The selected update time ∆T = 0.1 s could even
be reduced for the distributed approach, while it is too short
for the central approach for N ≥ 4. The time needed for
both approaches to build the optimization problems, generate
the C code and compile it, is expressed by tdbuild and tcbuild.
For the distributed approach, the problems concerning step
(8) and (9) should only be built for one agent because all
the considered vehicles are equal. This time increases steeply
for the central approach, which makes it very inconvenient to
use during prototyping. Although the covered paths using the
distributed approach do not differ much when applying the
central one, small deviations from the optimal objective and
formation do occur. These are illustrated in Table I, where
εJ expresses the relative deviation of the objective, while
ε∆x gives a measure for the average relative deviation of the
formation. With xi the position of an agent i and tf the total
motion time, ε∆x is computed as

ε∆x =
1

N

N∑
i=1

1

|Ni|
∑

j∈Ni

√
1

tf

∫ tf

0

(‖xi(t)− xj(t)‖2 − ‖∆xij‖2
‖∆xij‖2

)2

dt .

εJ is negative, indicating a lower objective for the dis-
tributed approach. This is possible because more freedom
is introduced in the optimization problem by dualizing the
equality constraints concerning the consensus between the
x and z variables. This results also in slight deviations
of the formation, expressed with ε∆x. These deviations in



t = 0 s t = 4.3 s t = 5.5 s t = 7.5 s t = 11.8 s

Fig. 3: Motion trajectories for a formation of four holonomic vehicles in a dynamic environment. The circular obstacle starts
moving at t = 4 s with a velocity of (−0.15, 0.15) m/s.

N tdit (ms) tcit (ms) tdbuild (s) tcbuild (s) εJ (%) ε∆x (%)

2 33.04 61.28 11.38 10.50 -1.14 0.11
4 31.39 152.83 11.38 18.80 -2.52 0.50
6 34.33 242.88 11.38 29.69 -1.40 0.31
8 37.04 354.93 11.38 42.81 -1.03 0.79

10 38.33 498.29 11.38 59.47 -1.78 0.68
12 39.17 596.21 11.38 70.91 -2.28 0.91
14 39.33 671.41 11.38 87.35 -2.76 1.29
16 44.62 852.19 11.38 106.61 -3.51 1.59
18 38.48 938.76 11.38 376.42 -4.65 1.90
20 39.21 1322.42 11.38 785.48 -5.55 2.19

TABLE I: Comparison between the proposed distributed and
a central approach for different number of agents.1

objective and formation are acceptable especially compared
with the strong improvement in update and build time. One
can change both deviations by varying ρ. A higher ρ will
result in a smaller formation error despite a loss in optimality.

B. Example 2: Formation moving in a dynamic environment

This example considers the same formation as in
Example 1 but there is now an extra circular obstacle which
is initially at standstill. However after 4 s, the vehicles
observe that the obstacle starts moving with a constant
velocity of (−0.15, 0.15) m/s. In the optimization problem
the speed of the obstacle is taken into account and Figure 3
illustrates how the agents adapt their trajectories in order to
avoid collisions. Initially these trajectories are not optimal
and contain large formation violations. However as the
updates proceed, these trajectories converge towards a new
optimum. The average time to execute a trajectory update
equals tdit = 47.15 ms, while the deviation from objective and
formation are respectively εJ = −1.87 % and ε∆x = 0.67 %.

VI. CONCLUSION AND FUTURE WORK

This paper presents a strategy to compute optimal trajecto-
ries for cooperating vehicles in an online and distributed way.
The decoupling of the problem is based on the Alternating
Direction Method of Multipliers (ADMM). In order to reduce
the update time and communication between the agents, an
approach is proposed for which only one ADMM iteration is
performed per trajectory update. Numerical simulations with
a formation of holonomic vehicles in a dynamic environment
show that the method can steer them to their destination in

1All simulations are performed on a notebook with Intel Core i5-4300M
CPU @ 2.60GHz x 4 processor and 8GB of memory.

2https://github.com/meco-group/omg-tools

an optimal way with an update rate of 20 Hz. The approach
and many illustrative examples are implemented as part of a
spline-based motion planning toolbox2. Future work includes
the extension of this approach to more complex problems
considering non-linear systems. The algorithm will also be
implemented on real-life holonomic vehicles.
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