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Abstract—This paper aims to compute the high-
frequency parameters of an inset permanent magnet
synchronous machine. A homogenization technique for
the computation of the eddy currents and the iden-
tification of the d-q model at high-frequency of the
synchronous machine are briefly recalled. The simula-
tion strategy for the Inset PM motor is introduced.
A comparison between the high-frequency parameters
is highlighted considering 2D and 3D models of the
machine in order to validate the homogenization tech-
nique. Different operating conditions are considered:
both at no load and under load. Good agreement has
been found between 2D and 3D results.

Index Terms—Sensorless control, permanent magnet
machines, eddy currents, finite element (FE) method,
homogenization, lamination stack.

I. Introduction
Nowadays, advanced industrial applications require

electrical drives and machines that have to be more and
more reliable and compact. For this reason, sensorless
applications are becoming increasingly interesting thanks
to several benefits: e.g. reduction of the drive costs,
increase of the fault-tolerance of the system and more
compact machines. Indeed, these techniques are adopted in
various applications, such as aerospace, industrial drivers,
automotive, etc.

For those purposes, an evaluation of the self-sensing
capability of the machine must be performed. It has been
proposed for induction motors [1], [2], induction generators
[3], [4], and synchronous machines [5], [6]. Therefore, there
are many research works that study the self-sensing capa-
bility considering also the effect of the cross saturation.
Nevertheless, there is another phenomenon which has not
been totally investigated, i.e. the induction of the eddy
currents in the laminations which can be further exploited
to determine the rotor position with higher accuracy.

In order to assess the self-sensing capability of an electri-
cal machine by means of signal injection, a high-frequency
(hf) d-q model can be adopted as in [7] and together
with a finite element technique in [8], [9]. This approach
consists in injecting hf sinusoidal signals superimposed at
the steady state operating point. This allows to compute
the hf inductances and resistances, even when the machine

operates at zero speed. As said above, the eddy currents
induced in the laminations by the hf signals may help
better evaluating the self-sensing capability by including
them in the FE analysis. For this purpose, there are
different ways, such as the adoption of homogenization
technique [10] which is employed to compute the eddy
currents in the laminations of the electrical machine and
which permits to reduce the computation time.

Therefore, in this paper, a d-q model at high-frequency
of synchronous PM machine is adopted considering ho-
mogenization technique for the computation of the eddy
currents in the laminations. In particular, a compari-
son of the model is carried out by taking into account
different polynomial orders of homogenization technique.
Afterwards, the simulation procedure of an inset PM
machine is introduced in order to compute the hf machine
response that can be described by means of three complex
parameters which form a symmetrical matrix [7]. A brief
comparison between 2D and 3D models considering only a
lamination thickness of the inset PM motor is presented.
In addition, the hf parameters are shown for different
operating conditions adopting two polynomial orders of
homogenization (n=0, n=2). Finally, the machine saliency
and the error of the position estimation are computed [14],
[15].

II. Eddy current equations in a lamination
A lamination of an electrical machine is considered.

The lamination is parallel to the xy-plane and exhibits
a thickness d along z-axis. The middle of the thickness
d coincides with z=0. The iron is assumed magnetically
isotropic and nonhysteretic, and its electrical conductivity
σ is constant. The lamination carries a B induced by the
permanent magnets as well as by the windings.

In order to compute the eddy currents induced in the
lamination, the following differential equations and consti-
tutive laws can be considered:

∇×E = −∂B
∂t
, ∇×H = J, ∇ ·B = 0,

Jeddy = σE, H = ν(B2)B,
(1)

where E is the electrical field, B the magnetic flux density,
H the magnetic field and Jeddy the eddy current density.978-1-4673-8463-6/16/$31.00 c© 2016 IEEE



Moreover, the reluctivity ν = µ−1 is a function of B2.
In this paper 2D and 3D eddy current models are

considered.

A. 2D Lamination Model
A 2D model of the electrical machine is considered. The

magnetic flux density B and the eddy current density
Jeddy in the lamination cannot explicitly computed due to
the 2D geometry, therefore, a homogenization technique is
considered [10]. The homogenization technique allows to
implement 1D problems coupled with the FE equations
approximating, in this case, the behaviour of the fields in
the lamination. To apply that homogenization technique,
the equations described in [10] have to be coupled in
the formulation of the field. From the values obtained by
the formulation resolution, it is possible to reconstruct
the trend of B and Jeddy applying the homogenization
technique in the post-processing. In our case two homoge-
nization orders have been considered: 0- and II-order and
it means the magnetic flux density is considered constant
and approximated with a II-order polynomial as function
of z, respectively. 0- and II-orders should be sufficient for
approximating the magnetic field in the lamination for
the considered frequencies, lamination thickness and the
consequent penetration depth.

B. 3D Lamination Model
In order to validate the homogenization technique men-

tioned above, a 3D lamination model of the electrical
machine is considered [11]. The eddy currents in the
laminations are explicitly computed according to (1).

III. Finite element simulations of the d-q hf
model

The classical rotor oriented d-q reference frame is con-
sidered in order to describe the machine behaviour at high-
frequency. The hf voltages and currents are considered
as sinusoidal small variations around the steady state
operating point in order to compute the hf inductances
and resistances. As assumption, the machine is operated
at zero speed. Therefore, since hf injection signals is par-
ticular advantages for standstill or quasi-zero applications,
the rotor is at standstill during simulations. The phasor
complex notation is adopted.

The hf parameters can be defined as follows [7]:[
Usd

Usq

]
=

[
żdd żdq

żqd żqq

] [
Isd

Isq

]
(2)

where Ūsd and Ūsq are the hf voltages of d- and q-
axis applied to the stator terminals, respectively; Īsd and
Īsq are the hf currents of d- and q-axis at the stator
terminals; while żdd, żdq=żqd, żqq are the hf impedances.
The hf impedances are complex numbers and they can be
represented by real and imaginary parts as:

żdd = rdd + jωldd żdq = rdq + jωldq

żqd = rqd + jωlqd żqq = rqq + jωlqq
(3)

These parameters describe the hf response of the ma-
chine at the stator terminals taking into consideration
the impact of the eddy currents. They may thus be used
to find out the self-sensing capability of the machine
considering the effect of the parasitic phenomena such as
eddy currents.

Finite element simulations have been carried out adopt-
ing the small-signal technique [8]. The machine parameters
żdd, żdq=żqd and żqq may thus be easily computed. Such
parameters are calculated in the d-q frame taking into
account different operating points at different frequency
values as well as different angles of the rotor position.

The proposed simulation strategy is composed of:
1) bias simulation: a nonlinear magnetostatic sim-

ulation is performed in a specific working point
(Isd0, Isq0) and for a specific value of the rotor
position θm. This allows to consider the nonlinearity
of the iron and all the sources in the machines, i.e.
PMs and winding currents. The B0 of each element
of the mesh is stored for the next step.

2) reluctivity tensor construction: from the stored
B0, the differential reluctivity tensor for the small-
signal simulations is computed.

3) small-signal simulation: afterwards, a time-
harmonic simulation in the frequency domain is car-
ried out. In particular, considering different values
of the injection frequency f but adopting the same
rotor position θm of the magnetostatic simulation.
Two current driven simulations are required supply-
ing each axis separately in order to compute the
parameters żdd, żdq=żqd and żqq.

IV. Application example
By way of validation of the adopted homogenization

technique, a particular inset PM machine is considered.
This kind of machine is obtained starting from a Surface
Mounted PM machine and by adding a sort of iron teeth
between each couple of magnets. In Fig. 1 a sketch of
the geometry of the machine is shown and, as can be
noticed, the width of the iron teeth is different. This effects
a reduction of the torque ripple and this technique is
called shifting of the PMs [12]. In addition those iron teeth
introduce anisotropy which permits a better determination
of the self-sensing capability. In Table I the main data are
reported. More detailed information about the machine
can be found in [13].

Fig. 2 shows the magnetic flux lines in the machine at no
load and at nominal load conditions. As can be noticed,
the leakage flux through the iron teeth is relevant, this
amounts to have a reduction of the torque because the
linkage flux is lower. Nevertheless, this aspect is neglected
during the analysis of the machine.

The motor has been simulated either in a 2D or a
3D model with the technique mentioned in Sec. III. In
addition, in the 2D model the homogenization technique
for the computation of the eddy currents is implemented.



Fig. 1. Cross-section of the inset machine.

TABLE I
Main geometry and material data of the inset motor

Pole number 2p 4
Phase number m 3
Nominal Current In 3 A
Phase resistance Rph 6.75 Ω
Slot number Qs 24
Fill factor kfill 0.5
Air gap g 0.3 mm
External diameter De 120 mm
Inner diameter Di 70 mm
Slot height hs 15 mm
Back iron height hbi 10 mm
Stack length Lstk 40 mm
lamination thickness d 0.65 mm
PM coercitive field Hc −629 kA/m

A. hf parameters comparison of 2D and 3D models

At first, the 2D model is validated comparing the hf
parameters with the values computed through 3D simu-
lations. Several linear simulations with frozen reluctivity
have been carried out considering an injection frequency
range form 100 Hz to 2 kHz. The rotor is at standstill
and the d-axis of the rotor is aligned with the d-axis of
the windings. The motor works at no load, the currents
in the magnetostatic simulations are thus zero. The eddy
currents in the PMs are neglected. In the 3D model, only
one lamination of thickness d, obtained by extruding the
2D geometry along the thickness d, is analyzed. In Fig. 3
a detail of the lamination fo the 3D model is shown. The
surface and thickness discretisation is highlighted.

Fig. 4 shows the hf inductive parameters versus the fre-
quency. As can be noticed, the trend of the hf parameters
is expected due to the variation of the penetration depth
δ with the frequency. Therefore, the higher frequency, the
lower magnetic flux, and consequently inductances. The
trend of the 0-order results is totally different due to the
low order of approximation. A good agreement between
the 3D and II-order results is shown. Nevertheless, a slight

(a) no load.

(b) nominal load.

Fig. 2. Magnetic flux lines in the inset PM motor.

Fig. 3. Detail of the lamination in the 3D model of the inset machine.

difference is present due to the 3D effects. lqq is higher
than ldd due to the iron teeth between the PMs which are
centered on the d-axis.

Fig. 5 depicts the d- and q-axis hf resistive parameters
versus the frequency. The resistive parameters increases
with the frequency due to the higher losses in the lamina-
tions. As for the inductive parameters, the 3D and II-order
results are in good agreement, while the 0-order results are
quite different. rqq is higher than rdd for the same reason
as for the inductive parameters.

B. 2D Finite Element Simulations considering different
operating conditions

After the assessment of the homogenization technique
with the comparison with the 3D model, several 2D
nonlinear simulations have been performed taking into
account different operating conditions. The eddy currents
in the PMs are taken into account and they are explicitly
computed. The injection of the hf currents occurs by way
of coupled circuits with the FE model. It is thus easy to
compute the d- and q-axis voltages which are necessary
for calculating the hf parameters. The 2D simulations are
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Fig. 4. hf inductive parameters vs the injection frequency at no load.
Comparison between 2D (considering 0- and II-order homogeniza-
tion) and 3D models
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Fig. 5. d- and q-axis hf resistive parameters vs the injection frequency
at no load. Comparison between 2D and 3D models considering 0-
and II-order homogenization

performed as follows:
• the machine is operated in two different conditions:

no load and under load, with Isd0 = 0 A, Isq0 = 0 A
and Isd0 = 0 A, Isq0 = 3 A, respectively.

• the injection frequency is set for each operating con-
dition. The considered values are 100 Hz, 200 Hz,
400 Hz, 600 Hz, 800 Hz, 1000 Hz.

• for each operating condition and frequency, the angle
of the rotor position is varied between 0 and 60 degree
in order to assess the periodicity of the machine which
is of 30 mechanical degree.

• consequently, for each rotor position, the current of
d- and q-axis are driven separately.

• finally, the procedure is repeated for the 0- and II-
order homogenization technique.

Fig. 6 represents the hf inductive parameters versus the
rotor position for no load and under load operations. The
results are achieved considering a f=400 Hz. Looking at
Fig. 6(a), a slight difference between the results obtained
with n=0 and n=2 can be seen when the machine is in
no load. Furthermore, the values of ldd and lqq decrease
due to the saturation. Fig. 6(b) shows the ldq=lqd. It is
worth noticing that ldq=lqd and they decrease with the
saturation assuming negative values due to the sign of the
mutual coupling.
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Fig. 6. hf inductive parameters vs the rotor position for no load and
under load operations and considering two orders of homogenization
approximation. Injection frequency of 400 Hz

Fig. 7 shows the hf resistive parameters vs the rotor po-
sition when the injection frequencies are 400 and 1000 Hz
in no load condition. Fig. 7(a) exhibits rdd which increases
with frequency as expected. The difference between the
n=0 and n=2 increases with frequency in agreement to
Fig. 5. The same behaviour can be seen in Fig. 7(b) for rqq

whose value is much higher due to the iron teeth between
the PMs.

A more interesting case is reported in Fig. 8 which shows
the cross-coupling hf resistive parameters versus the rotor
position for 400 and 1000 Hz injection frequencies under
load condition. The rdq=rqd are negative due to the sign
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Fig. 7. hf resistive parameters vs the rotor position for 400 and
1000 Hz injection frequencies in no load condition.

of the mutual coupling and they become higher and more
oscillating with the load due to the saturation. In this case
a relatively high difference can be seen between the 0- and
II-order homogenization.
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Fig. 8. cross-coupling hf resistive parameters vs the rotor position
for 400 and 1000 Hz injection frequencies in under load condition.

Finally, Fig. 9 shows the q-axis hf resistive parameters vs
the rotor position for 400 Hz injection frequency in no load
and under load conditions. In comparison with Fig. 6(a)
a strong effect of the 0- and II-order homogenization is
exhibited in the resistive parameters due to the eddy
currents induced in the laminations. This effect can be
also seen in Fig. 5. The same behaviour occurs in the d-
axis resistive parameter rdd.
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Fig. 9. q-axis hf resistive parameters vs the rotor position for 400 Hz
injection frequency in no load and under load conditions.

To sum up, the hf resistive parameters are strongly
affected by the injection frequency because the losses due
to the eddy currents depend on the f2, whereas the hf
inductive parameters are not strongly influenced by the
injection frequency. Therefore, the eddy currents little
affect the hf inductive parameters. In addition, the 0-
order homogenization at high injection frequencies is not
sufficient due to the considerable skin effect.

C. Computation of the machine saliency and the error in
the position estimation

When d- and q-axis currents are not orthogonal due to
the mutual coupling between the d- and q-axis, symmet-
rical components can be adopted to investigate the self-
sensing capability of the machine [14], [15]. Therefore, both
d- and q-axis currents can be written as isd=i

f
sd+ibsd and

isq=i
f
sq+ibsq where ifsd and ifsq are the forward components

and i
b
sd and i

b
sq the backward components. The machine

saliency ξ can be then computed as:

ξ =

∣∣∣ifsd

∣∣∣ +
∣∣∣ibsd

∣∣∣∣∣∣ifsd

∣∣∣− ∣∣∣ibsd

∣∣∣ (4)

The angle error ε can be obtained through:

ε =
arg

(
i
f
sd

)
− arg

(
i
b
sd

)
2 (5)

Fig. 10 shows the machine saliency and the error in
the position estimation versus the rotor position in no
load and under load condition at 400 Hz for 0- and II-
order homogenization. As can be seen from Fig. 10(a), the
saliency ξ is well above one and it ensures a good tracking
of the rotor position. As expected, there is a saliency
oscillation with the rotor position which is considerable
under load due to the saturation. In Fig. 10(b) the error
angle ε is shown. At no load condition the error oscillates
around zero, while at nominal load it increases.

There is no apparent difference in the 0- and II-order
results due to the resistive part of the hf parameters
which can be neglected with respect the inductive part. It



permits to understand that the eddy currents mainly affect
the hf resistive parameters. If the machine were resistive-
based salient, the difference would be visible.
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Fig. 10. Machine saliency and position error vs the rotor position in
no load and under load condition considering an injection frequency
of 400 Hz

V. Conclusions
In this paper, the computation of the hf parameters of

an inset PM machine is presented, in particular, taking
into account the eddy currents in the laminations and in
the PMs. Moreover, the eddy currents in the laminations
are implemented considering a 0- and II-order homoge-
nization technique.

A comparison between the 2D and 3D models of the
inset PM machine is presented and there is a good agree-
ment between the II-order homogenization 2D and 3D
results. It is shown that the adoption of a 2D model with
proposed homogenization technique allows to reduce the
computational time and the model complexity. Further-
more, the hf parameters for different operating condition
and rotor position are presented highlighting the effect of
the saturation. If the degree of saturation increases, the
0-order homogenization does not manage to approximate
correctly.

Finally, the machine saliency and the error of the po-
sition estimation are computed. The machine presents a
saliency higher then 1. Such a condition is important for
a good tracking of the rotor position. In the considered
machine, the hf resistive parameters can be neglected with
respect the inductive one.
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