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Absolute transition frequencies of the 2s 2S1=2 → 2p 2P1=2;3=2 transitions in Beþ were measured for the
isotopes 7;9–12Be. The fine structure splitting of the 2p state and its isotope dependence are extracted and
compared to results of ab initio calculations using explicitly correlated basis functions, including
relativistic and quantum electrodynamics effects at the order of mα6 and mα7 × ln α. Accuracy has been
improved in both the theory and experiment by 2 orders of magnitude, and good agreement is observed.
This represents one of the most accurate tests of quantum electrodynamics for many-electron systems,
being insensitive to nuclear uncertainties.
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Fine structure splittings in two-electron atoms have
attracted much interest as a test of bound-state QED for a
long time. Not only helium [1] but also heavier heliumlike
systems up to fluorine F7þ have been studied by using laser
spectroscopy [2–4]. While the helium fine structure was
calculated up to the order ofmα7 and currently serves as one
of themost preciseQED tests in two-electron systems [5], the
extension of such calculations to three-electron systems
proved to be much harder. The main reason is the consid-
erably more difficult application of the three-electron com-
putational methods with explicitly correlated functions as
compared to the two-electron ones. Nevertheless, it has been
recently possible to perform the complete calculation ofmα6

andmα7 × ln α contributions to the lithium fine structure [6]
leading to the most accurate QED test with lithium atoms.
Measurements of the 2p fine structure splitting in light

three-electron systems are limited in accuracy for isotopes
with nonzero nuclear spin due to the unresolved hyperfine
structure (hfs) in the 2p3=2 level. This has been the reason
for the fluctuating fine structure splittings in lithium [7,8]
being reported for a long time and turned out to be caused
by quantum interference effects in the observation of the
unresolved resonance lines [9]. Once this issue had been

resolved experimentally, good agreement with ab initio
calculations was obtained [10].
With increasing Z, relativistic and QED contributions

grow in size, and studying such systems allows for further
tests of bound-state QED. However, only for the lightest
systems, the nonrelativistic QED (NRQED) perturbative
approach can be used. Already in the mid-Z region, e.g.,
Si11þ, relativistic effects in the electron-nucleus interaction
must be accounted for exactly by solving the Dirac
equation being correct to all orders in the electron-nucleus
interaction αZ. In this nonperturbative approach, an explicit
treatment of electron correlations is not possible anymore.
Instead, the interelectron interaction is expanded in a
perturbation series of 1=Z and α [11]. Hence, these tests
in light and heavy ion systems probe QED at different
values of the field strength and are thus complementary.
The most accurate tests of QED in heavier three-electron
systems are those of the 2s1=2 → 2p1=2 transition energy in
lithiumlike uranium [12] and the g factor in Si11þ [13].
For further tests on low-Z ions, the Beþ and B2þ ions are

suitable candidates, since their transition wavelengths at
313 and 205 nm, respectively, are still accessible by using
cw lasers with second-harmonic or fourth-harmonic gen-
eration. The most accurate measurement of the splitting in
Beþ ions was performed in a Penning trap with a precision
of about 60 MHz [14]. Unfortunately, there is no stable
isotope with zero nuclear spin below 12C forming a three-
electron system. However, radioactive ion beam facilities
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can provide the isotopes 10Be and 12Be with half-lives of
1.6 × 106 a and 23.6 ms, respectively. These have zero
nuclear spin and are thus ideal candidates for an accurate
determination of the fine structure splitting in a three-
electron, Z ¼ 4 system. Other advantages of the even-even
isotopes are the absence of quantum interference effects
that lead to problems in the case of lithium isotopes and
hyperfine-induced fine structure mixing that can also affect
the splitting magnitude.
In this Letter, we report on experimental and theoretical

results for the total transition frequencies and 2p1=2;3=2 fine
structure splittings in 7;9–12Beþ. The experimental accuracy
is improved by 2 orders of magnitude for the stable isotope
9Be, and the splittings in the radioactive isotopes are reported
for the first time. They are all obtained from frequency
measurements in the 2s1=2 → 2p1=2 (“D1”) and the 2s1=2 →
2p3=2 (“D2”) transitions using a sophisticated variant of
(on-line) collinear laser spectroscopy [15]. Moreover, they
yield the variation of the fine structure splitting along the
chain of isotopes, the so-called splitting isotope shift (SIS).
This differential observable can be extracted with high
accuracy from the calculations, since the mass-independent
relativistic and QED contributions cancel out. The SIS
provides also a valuable consistency check of the exper-
imental results [16]. Finally, we take advantage of the fact
that the fine structure splitting has been measured on a chain
of isotopes, among them two spin-zero isotopes without hfs.
The higher accuracy of these measurements, being insensi-
tive to nuclear structure corrections, is transferred to the
stable isotope 9Be using the calculated SIS. This procedure
reduces the splitting uncertainty in 9Be by another factor of 4
and represents now together with the fine structure splitting
in lithium [6,10] the highest-precision test of relativistic
many-body theory for light many-electron systems.
Absolute frequency measurements on 7;9–12Be in a fast

ion beam (β ¼ υ=c ¼ 3 × 10−3) were performed by apply-
ing the frequency-comb-based simultaneous collinear-anti-
collinear spectroscopy technique [15]. Unlike the standard
collinear laser spectroscopy approach, this technique
allows one to extract also total transition frequencies with
high accuracy. This is based on the simple relation from
special relativity for the rest-frame transition frequency
ν20 ¼ νa · νc that has recently been tested to parts-per-billion
accuracy [17]. The frequencies νa and νc are the laser
frequencies measured in the laboratory system at which
resonant excitation of the ion beam is observed with
anticollinear and collinear laser beams, respectively. A
similar approach was used in the past to determine fine
structure splittings in He-like ions of the second row of the
periodic table to test QED calculations [2–4] and to
calibrate acceleration voltages in on-line collinear spec-
troscopy [18]. The availability of frequency combs [19]
facilitates this technique, and the measurements performed
here are more than an order of magnitude more precise than
those reported before on He-like systems.

In order to extract the fine structure splitting, the optical
transition frequencies of the D1 and D2 lines at about
313 nm were determined. The data presented here were
collected in two beam times (run I and run II) at the
radioactive beam facility ISOLDE/CERN. The different
isotopes were produced in fragmentation reactions induced
by 1.4-GeV protons impinging on a uranium carbide target,
laser ionized and delivered with beam energies of about
50 keV to the collinear laser spectroscopy setup
COLLAPS. Here, the ion beam was superimposed with
copropagating and counterpropagating laser beams behind
a 10° electrostatic deflector with an angular deviation of
less than 0.5 mrad. Laser light was produced with two
continuous-wave dye lasers operating at the fundamental
wavelengths of 624 and 628 nm for collinear and anticol-
linear excitation, respectively. They are both referenced to a
frequency comb as described in Refs. [15,20], and the
second harmonic was generated after fiber transport in two
external cavities at the beam line.
Resonance fluorescence was observed in the optical

detection region, at which voltages up to �10 kV can
be applied for Doppler tuning. For 12Be, an ion-photon
coincidence detection was used for background rejection of
scattered laser light when detecting the signal with the low
production rate of about 8000 ions=s [20]. The hfs in the
2s 2S1=2 → 2p 2P1=2;3=2 transitions was fitted by using the
Casimir formula with the hyperfine coefficients A and B.
The even isotopes 10;12Be do not exhibit hfs and have been
used to study the experimental line shape.
The individual lines, shown in Fig. 1, each exhibit a

satellite peak occurring at higher beam energy. It is caused

FIG. 1. Fluorescence spectra of 9Be (top row) and 10Be (bottom
row) in the 2s1=2 → 2p1=2 (left,D1) and the 2s1=2 → 2p3=2 (right,
D2) transition as a function of the Doppler-tuning voltage applied
to the high-voltage amplifier. A two-component Voigt profile was
fitted for each hyperfine component to account for the small
satellite peak caused by inelastic collisions. The distance corre-
sponding to the 2p fine structure splitting Δνfs is indicated.
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by inelastic collisions during the transport through the
beam line, which can lead to excitation of the 2p state
transferring motional energy into the atomic system
which subsequently decays to the ground state. Hence, a
two-peak structure consisting of a main peak and a satellite
shifted by 4 V, both with Voigt profiles, is fitted for each
hyperfine component. The Lorentzian linewidth of the
Voigt profile was kept fixed at the natural linewidth of
19.64 MHz. The Doppler width, the interval factors A and
B, the ratio of the main to satellite peak intensities, the
intensities of the main peaks, and the center of gravity (cg)
were free parameters for χ2 minimization. From the fitting,
a full width at half maximum of about 40 MHz was
obtained, resulting from a residual Doppler width of
about 30 MHz.
Fitting independently the collinear and the anticollinear

spectra, we obtain the cg of the hfs for the collinear
scan νc and the anticollinear scan νa. These were then
used to calculate the absolute rest-frame transition fre-
quency ν0 and adding the recoil-correction term δνrec ¼
hν2photon=Mc2, which corresponds to the shift required to
ensure energy and momentum conservation during the
absorption process of the photon. It contributes with about
200 kHz to the absolute transition frequency.
The transition frequencies of the D1 and D2 lines from

both beam times are summarized in Table I. Only
measurements of the stable isotope 9Be were reported
previously [14] but had 2 orders of magnitude less
accuracy. Our statistical uncertainty is indicated in the first
parentheses, while the total uncertainty is listed in the
second ones: A systematic uncertainty of 510 kHz was
added in quadrature, arising from a possible misalignment

between ion and laser beams or both laser beams
(500 kHz), uncertainty of the Rb clock frequency used
for the frequency comb (40 kHz), and a small recoil
contribution due to multiple scattering of photons
(100 kHz). Uncertainties for the misalignment and the
recoil were determined experimentally by measuring the
observed shifts with intended misalignment and by study-
ing the power dependence of the resonance position,
respectively. It is obvious from Fig. 1 that the determination
of the fine structure splitting in the even isotopes 10;12Be
is much easier than in the odd isotopes, where especially
the cg in the D2 line is less accurate due to the unresolved
hfs. Note that each of the two peaks consists actually of
three components. Contrarily, in the even isotopes Δνfs is
just given by the peak distance.
Based on the experimental transition frequencies,

the fine structure splitting Δνfs and the SIS δνA;9sis ¼
Δνfsð9BeÞ − ΔνfsðABeÞ were calculated and are included
in Table I. The total uncertainties of the transition frequen-
cies were added in quadrature, since the dominant part
(beam alignment) is uncorrelated between the two beam
times. For measurements that were both taken during one
beam time, this might lead to an overestimation of the total
uncertainty. The fine structure splitting in 9Be can be
compared with accurate theoretical calculations briefly
presented in the following.
The most convenient approach for the accurate descrip-

tion of light few-electron systems is based on NRQED.
Relativistic, retardation, electron self-interaction, and
vacuum polarization contributions can all be accounted
for perturbatively by the expansion of the level energy in
powers of the fine structure constant α:

TABLE I. Absolute transition frequencies ν0 for the beryllium isotopes under investigation obtained in runs I and II. The first
uncertainties are statistical, and the second ones are the total uncertainty. In the other columns, the fine structure splittings Δνfs, the
experimental and theoretical [21] splitting isotope shifts δνsis, and the transferred fine structure splittings Δνfs;ABe→9Be for

9Be based on
the measured splittings in the radioactive isotopes according to Eq. (2) are listed. The bottom row shows the splitting isotope shift
between the two even isotopes 10Be and 12Be. Evaluation of δνA;9sis and Δνfs;ABe→9Be for

7;9;11Be after run II required information from run
I, since D2 lines of these isotopes were not measured in run II. All values are in MHz.

ν0 ν0 Δνfs δνA;9sis

Isotope Run D1 D2 D2 −D1 Exp Theory Δνfs;ABe→9Be

7Be I 957 150 316.2 (8) (9) 957 347 374.5 (9) (11) 197 058.4 (14) 5.1 (22)a
7Be II � � � � � � � � � 4.9 (21) 6.036(1) 197 064.4 (14)
9Be I 957 199 552.9 (8) (10) 957 396 616.6 (14)(15) 197 063.7 (20)
9Be II 957 199 553.40 (12)(52) � � � 197 063.2 (16) 0.0 0.0 197 063.2 (16)
9Be b 957 199 652 (120) 957 396 802 (135) 197 150 (64)
10Be I 957 216 876.9 (14)(15) 957 413 943.9 (8) (10) 197 067.0 (23) −3.5 (24)a
10Be II 957 216 876.84 (42)(66) 957 413 942.17 (10)(55) 197 065.3 (9) −2.1 (18) −2.096 (1) 197 063.2 (9)
11Be I 957 231 118.1 (11)(12) 957 428 185.2 (14)(16) 197 067.1 (23) −3.6 (25)a
11Be II 957 231 118.11 (10)(52) � � � 197 067.1 (17) −3.9 (23) −3.965 (1) 197 063.1 (17)
12Be II 957 242 944.86 (33)(61) 957 440 013.60 (28)(58) 197 068.7 (9) −5.5 (18) −5.300 (1) 197 063.4 (9)
12–10Be II � � � � � � δν12;10sis ¼ −3.4 (6) −3.203
aZakova et al. [22].
bBollinger et al. [14].
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EðαÞ ¼ mα2Eð2Þ þmα4Eð4Þ þmα5Eð5Þ þmα6Eð6Þ þ � � � ;
ð1Þ

where the expansion coefficients EðiÞ may include powers
of ln α. The accuracy achieved for He-, Li-, and Be-like
systems far exceeds all other computational approaches,
which rely on Dirac-like methods. It is particularly visible
for the fine structure, where relativistic methods [23–26]
have achieved only one or two significant digits, while the
NRQED approach can provide about eight digits, e.g., in
the helium fine structure of P levels [27].
Here we extend results obtained for the fine structure

in He and Li to Beþ. Since expansion coefficients EðiÞ are
expressed in terms of first- and second-order matrix
elements of operators with the nonrelativistic wave func-
tion, the accuracy of the numerical calculation strongly
depends on the quality of this function. For example,
Muliticonfigurational Hartree-Fock calculations [28–30]
are accurate only to three digits, because the wave function
is a combination of Slater determinants and does not satisfy
the cusp condition. A much more accurate nonrelativistic
wave function can be obtained by using an explicitly
correlated basis such as Hylleraas functions [16,21,31,32].
Even though three-electron integrals with explicitly corre-
lated functions aremuchmore complicated than two-electron
ones, the obtained numerical results for Beþ can be almost as
accurate as for He. We will report details in a separate paper
[33]. Numerical results are summarized in Table II. The fine
structure arises at the order ofmα4; the nuclear recoil term at

this order, denoted Eð4;1Þ
fs , is comparable in size with mα6

contributions but of opposite sign. Finally, Eð7;0Þ
fslog are leading

logarithmic contributions in mα7, and uncertainty due to
uncalculated nonlogarithmic terms is estimated as 50% of its
size. The nuclear spin of odd isotopes leads to hyperfine-
induced fine structure splitting, changing the splitting by
δEfs. Accurate values reported for all isotopes in Ref. [21] are
used in the following analysis. In total, the fine structure

splitting in 9Be amounts to 197 068.0(25) MHz, which is
about 4.5 MHz larger than the experimental value in Table I
corresponding to about 1.5σ of the combined uncertainties.
Previous experimental results included in Table II were more
than an order of magnitude less precise. Since we have
measured the fine structure splitting of the other isotopes as
well, we have used this information to significantly improve
the accuracy of the 9Be splitting as described below.
The SIS can be traced back to two contributions: mass-

dependent terms in the fine structure Hamiltonian and
hyperfine-induced mixing. While in Ref. [31] only the
former have been calculated, the influence of the hfs was
included in Ref. [21].
The SIS relative to the 9Be fine structure splitting is

plotted in the left part of Fig. 2. The lowest point plotted in
green is the SIS between 12Be and 10Be which can be
determined to the highest precision, since hfs is absent.
Filled circles represent corresponding theoretical results. It
is striking that all experimental results practically coincide
with the theory, much better than expected from the size of
the error bars. This reflects probably an overestimation of
our systematic uncertainties or a much better cancellation
of the contributing effects than expected in our conservative
estimate. The only noticeable deviation from theory is
observed for 7Be (0.5σ). In this case, no data have been
taken in run II due to a lack of beam time.
Since the calculated SIS is accurate at a level that by

far exceeds that of the experiment (uncertainty on the
kilohertz level), we can use it to compare the results for
the different isotopes and to reduce the uncertainty of the
9Be measurement. The fine structure splitting in 9Be can be

TABLE II. Fine structure splitting of the 2p states in 9Beþ in
units of MHz. δEfs is the hyperfine mixing correction, and Eð4;1Þ

fs
the nuclear recoil term at the order ofmα4. The uncertainty due to
neglected terms is estimated to be 50% of Eð7;0Þ

fslog .

9Beþ Ref.

Eð4;0Þ
fs 197 039.15 (8) [21]

Eð4;1Þ
fs −21.27 [21]

Eð6;0Þ
fs 45.4 (4)

Eð7;0Þ
fslog 4.6 (23)

δEfs 0.03 [21]
Efs (theo) 197 068.0 (24) this work
Efs (theo) 197 024 (150) Yan et al. [31]
Efs (exp) 197 150 (64) Bollinger et al. [14]
Efs (exp) 197 063.48 (52) This work

FIG. 2 (color online). Experimental results and comparison
with theory for the splitting isotope shift (left) and for the fine
structure splitting of all isotopes transferred to 9Be (right). The
legend belongs to both graphs. The SIS data were clearly
improved in run II compared to the previously reported data
[22]. Combining all Δνfs;ABe→9Be results in 9Be fine structure
splitting with an accuracy of about 2.5 ppm.
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calculated from the measured splitting of other isotopes
according to

Δνfs;ABe→9Be ¼ ΔνfsðABeÞ − δνA;9sis;theory: ð2Þ

Results are included in Table I and plotted in Fig. 2. The
average splitting and standard deviation for 9Be is
197063.47(53) MHz. Uncertainty is thus further reduced
fourfold and more than 2 orders of magnitude compared to
the literature [14].
In summary, we have measured transition frequencies in

the D1 and D2 lines of 7;9–12Be and determined the fine
structure splittings. The SIS was extracted, and excellent
agreement with ab initio calculations was found. This
verifies that the mass effect in such calculations is well
under control. Using the calculated SIS values, we were
able to transfer the accuracy of the measurements of the
spin-zero isotopes 10;12Be to 9Be, resulting in a fourfold
improvement of the measurement accuracy to 2.5 ppm.
Agreement between the experiment and theory is reason-
able and constitutes one of the most precise tests of QED in
many-electron systems.
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